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ABSTRACT: In this paper we study a set of orthogonal Polynomials { pn(x)} with respect a

certain given measure @(X) = da(X) related to the Taylor series expansion of the Xi-function

E(L/2+iz)
£(1/2)

fact that Riemann Hypothesis (with simple zeros) is equivalent to the limit
Ilm pZn(Z) — 5(1/24_ IZ)
0 Py (0)  S(1/2)

, this paper is based on a previous conjecture by Carlon and Gaston related to the

for a certain set of orthogonal Polynomials, we study the

a2n

2n)l=u,, = I da(x)x*" for even ‘n’ and 0 for n odd

0 -0

‘Hamburger moment problem’

here the moments {,un} are related to the power series expansion of Xi-function

1/2+iz) <& a
sW/2+iz) = Z(—l)n 220727 e also give the integral representation for the generating
s1/2) = a,

< 1/2+iz
function Z:(—l)”,umz2n = f(z) , in terms of the Laplace transform of s/2+iz)
n=0

£(/2)
the end of the paper we study the connection of our orthogonal polynomial set {pn(x)} with
EREM-EWE® 2= sas2+in)
X—y
through all the paper we will use the simplified notation {p, (X)} ={ pn(x)}:=0 Aa,}=1{a, }:=o
e Keywords: Keywords: Orthogonal Polynomials, moment problem, Riemann Xi-function.

,and in

the Kernel K(x,y)=C




ORTHOGONAL POLYNOMIALS
A set of Polynomials { P, (x)} are orthogonal with respect to a certain measure on L?(a,b) if
b
Ida(x) P, (X) P, (X)=h.5,, (J,, Kronecker delta), in this paper we will investigate a certain set

of Polynomials {pn(x)} on (—o0,00) respect to a certain even measure @(X) = da(X) = o(-X) ,
we have used mainly the notation of Szego’s [8] book in order to describe the properties of these
orthogonal Polynomials.

We will study a set of orthogonal Polynomials with respect to a certain measure with the following
properties

e Themeasure (X) = dea(X)is positive on the interval (—o0, ) , I da(x) >0 with

da(x) > 0 ,also it satisfies the functional equation @(X) = @(—X).
e The orthogonal Polynomials (Szego page 29) according to the property above will be odd or
even depending on the value of argument ‘n”  p,,.,(X) = —p,,.,(—X) and for the even case

P,,(X) = Pp,,(—X) this fact is related to the definition of the moment problem z4,, ., = 0 for
odd “k’ and /s, >0 for k even
e Alltheroots of p,(X)are REAL and distincts on the interval (—o0,0)

e  All the orthogonal polynomials { P, (X)} follow a 3-point recursive formula

P, (X) =(a,x+b,) P,y (X)—C,p,,(X) Nn=2,34,5,..
For some constants &, and D, , this allows a faster computation for every p, (X).

e Since the measure is even, the “‘Hamburger moment problem’ associated to this measure , will

have only non-zero even moment I da(X)x*" = 11, > 0 the odd moment vanish fz,,,, =0

—00
, for n=0 we can take 14, =1 , since in our case this ‘Hamburger moment problem’ is solvable

(the Taylor series for the Xi-function is unique) for the measure @(x) = da(X) , the Hankel
Matrix related to this moment problem defines a positive definite quadratic form

n ©

2
D sty = [ der(X) (U +UX+ X 4+ UX") 20 with U €C (1)
{70 .

In the paper [1] Carlon and Gaston showed the Riemann Hypothesis equivalence in term of orthogonal
. z 1/2+iz

Polynomials lim P20 (2) = &( )
e P, (0)  £(1/2)

@(X) = da(X) should be in order this formula to be true, our starting point is the taylor series for the

,However they do not specify what the measure

1 = (s
Xi function defined in terms of the Riemann Zetaas &(S) = 5 s(s-Drx ZF(E)J(S)

_ N 1 3 — 4 T d(Xs/ZlP'(X)) l " -1/4
5(3) - ;aZn (S _Ej a'2n - (2”)"!dx dx (EIn(X)) X 2




1 1 .
This formula (taylor expansion) is valid for |s| < R if we set S = St iz and divide all by £(1/2) the

1/2+iz )
M =1+ Z:ﬁ(—l)n z?" | the integrand inside (2) under a change of

c(1/2) 1

variable X = e can be considered as a ‘Hamburger moment problem’ we define

taylor series becomes

%(ZH)!zuZH = I da(x)x*" foreven‘n’ and 1,,,,=0 (3)

a, e
1 d(eu d\l;(ez“)j
u —ul2 _ X
o(x) =da(x) = 2/2) i e if x>0 ‘P(x)_nZ:l:e 4)
@(X) = w(—X)

From this definition we can see that this measure is even and positive , in this case the ‘Hamburger
moment problem’ can be solved by using the Taylor expansion of &£(1/2 +iz) near z =0, the odd
moment are 0 as one would expect by symmetry arguments and the first moment is normalized to be
M, =1, this relation between ‘Hamburger moment problem’ and orthogonal Polynomials is important in

order to avoid tedious calculations of the n-th order orthogonal polynomial p,(X) , for example in
general in order to obtain a orthogonal basis of Polynomials on a certain interval with respect to a given

measure da(X) one can use the set of non-orthogonal powers of x {1, X, XZ, X3, ....... } and then

compute P, (X) using the ‘Gram-Schmidt’ orthogonalization procedure

pn(x)=x“—§Lk(x)>>pk(x> 121 ®

=1
Po(X) k:0<pk(x)| P (x)

Here the scalar product is defined via the Stieltjes integral < f| g> = I da(x) f(x)g(x)

However this definition for p_ (X) make these orthogonal polynomials hard to compute for practical

calculations. A faster method to compute pn(X) without using the recurrence relation (5) is using the
Determinant of a Hankell Matrix whose entries are precisely the moments (in our special case)

a o0
f(Zn)! =, = I da(X)X*" , w,,,, =0 in this case we can compute the n-th orthogonal
0

—00

Polynomial as follows p,(X) = Det(H, | x) with:

n—n-1
10 1 Hy 1 0 u Hy
0 :u2 0 /un+1 :u2 0 :un+1
0 ()| D=l ©)
' Dn Dn—l "
/un—l /un :un+1 0 :un—l :un :un+1 0
1 X X2 Xn /un :un+1 /un+2 :uZn




20(2n)!'= ,,, this makes
0

the Determinant easier to compute without using ‘Gram-Schmidt’ Orthogonalization for every positive

n’, the relation to the conjecture proposed by Carlon and Gaston [1] is the fact that as N — oo then

Riemann Hypothesis is equivalent to lim pZn(Z) (/2 +iz)

7, (0)  E(L/2)
polynomials are real and distinct , and the polynomials must be odd or even functions, this hypothesis
seems to be plausible unless there are multiple non-trivial zeros of the Riemann Zeta function

S (p)=0=¢"(p) inthis case the conjecture could be false but Riemann Hypothesis still remain true.

Forn=0then D_, =1, (see reference [8] ), inourcase f,,,, =

, since all the roots of the orthogonal

Ullman [9] has studied the functional relation between orthogonal polynomials pn(x) and the
2n-1

determinant of a certain Hankell Matrix , if we define s, (X) = Z akz(k"l) to be the n-th section of a
k=0

Taylor power series then the distance |, (X) — P,,(X) | 0 as n — o, Carlon and Gaston [1]

_ _ S(/2+iz)
studied the convergence of the Hadamard product for the Xi-function £12) H
j=0 J

the idea is to associate the zeros of p,,(X) ,which we know to be real (and distincts) to these zeros of
1 .
the Xi-function over the critical line S = E +1Z , in this paper following their idea we have obtained an

even measure @(X) = da(X) = @(—X) , this ansatz comes from the definitions (2) (3) (4) , from the
definition of “Hamburger moment problem’ we cand find using the Borel resummation procedure the
following relations (generating function for the moments 4, in terms of the Xi-function )

a n L E@I2+izX) ¢ da(x)

f(z 20 (~1)"(2n)!z? e Z——=dx and f(z)=|——= O
()= nz(; 8 o '[ 5(1/2) @) J1—(izx)2
(Laplace transform ) (Stietjles transform )

The argument for the formula (7) were obtained by us in a previous paper regarding divergent series [5]
although we can prove (7) only in formal sense, in fact we have for the Laguerre or Legendre

Polynomials with measure and moment {sn =n!, o(x)= e’x} (Laguerre) and

1
{SZn =51 S, =0, ®,(X) = 1} (Legendre) , formula (7) can be stated as

1

e _(1\_ & o [ e dx tan” (z) (-1)"
El(_j_z(;n!( ) _[Ol+(zx) Z2n+1 J;1+(zx)

z 7)) &

(Laguerre) (Legendre)

These results were already known , in the case of Laguerre Polynomials, the integral representation is
just the Borel resummed series for the exponential integral , expression (8) can be used to extend the
domain of the power series to every real or complex ‘z’ (unless we have poles) , formula (7) can be used

in order to obtain some information about the moment (s, as Z — oo using

da(X) ( 1) Y7 an
Jx +7° kz(; oz a—Z(Zn)!:ﬂZH and g4, =0 (9)




As a final remark, we have constructed a set of orthogonal Polynomials P, (X) which are orthogonal

with respect to a certain known measure J. da(X)p,(X)p,,(X) =3,,, , the idea is if we could define a

m,n '

1 d"
d,o(x) dx"
depend on ‘n’ , if the conjecture lim P20 (2) = c/2+iz)

e P,,(0)  S(1/2)

zeros is true , then using Cauchy’s theorem we can give the following integral equation representation for
P,,(0) E(A/2+ix) (2n)!J dzQ*"(z)
CEWI2)  dy, Tt 27i L (z—x)"™

closed curve including the point z = x.

‘Rodrigues formula’ p,(X) = (a)(x) (Q(x))n) , where Q(x) is a function that does not

and Riemann Hypothesis with simple

here {dn} are some real constants and *C’ is a

Q(x)

Although many of the results were stablished in Cardon and Gaston’s paper he main difference with their
paper is that they did not specify any measure @(X) for the scalar product of function < fl g) involved

in the “‘Gram-Schmidt’ procedure neither they did give any Hankel determinant representation for the n-th
orthogonal Polynomial in terms of any known ‘moment problem’ , we have exploited the advantages of
having a symmetryc measure @(X) = @(—X) and the Hankel representation of orthogonal polynomials
to simplify the Numerical calculations , we also have compared our results with other results referring
Laguerre or Legendre Polynomials , our idea or conjecture is the following : the orthogonal polynomials

{ P, (X)} that Cardon and Gaston are looking for are related to the solvable moment problem

I da(X)x*" = u,, = 6;2” (2n)!>0 (neven), t,,, =0 (nodd) @(x)=da(x)=aw(-X) ,one
—0 0

we have solved the problem and obtained the measure, we use the Hankel representation of the

1
Polynomials p,(X) = ——=—== Det ( H, | x) to simplify the calculations to check if the conjecture in
Dn Dn—l
paper [1] is correct.

0 Relation between our given measure and the Fourier and Laplace integral for £(1/2 +iz):
Although it could seem that we have chosen our measure at random in order to get the set { P, (X)} ,

which is based only on the Taylor series expansion for the Xi-function ,we can also give a valid
argument based on the Fourier (cosine) integral formula for Z(z) = 5(1/2 + iZ)

=(z) = 4Idu®(u)cos(uz) with ®(u) = Z(Zn“ﬂzeg”’z - 3n27re5“/2)e‘”2”34“ (10)
0 n=1

The last expression inside (10) includes the first and second derivative of the Theta function

S 4u A - -
Y(x) = Ze evaluated at X =€ , to extend the defintion of @ to negative values of ‘u’ we
n=1
can impose the functional equation ®(u) = ®(—u) , we have the relation between our measure and the

. u
function involved in the Fourier Cosine transform (10) definition of £(1/2+1z) as @ (Ej = Aw(u)

a
, Ais a real-valued constant that does not depend on the values of —2 or (2n)! .
a'0



°° a,, (2n)!
We can reformulate our initial moment problem as I dxd (x)x*" oc A(ZTn) in terms of ®(u),
-0 0
. . . . . 2 » (zu) 2%
using the Taylor series expansion for the cosine function c0s(2zu) = Z(—l) W and
n=1 n):

integration term by term, we recover the well-knwon Taylor expansion for Xi-function

5(1/2+|z) N a2n
F/2) IS

Polynomials (with a change of varlable X =sin(t) ) and for the Legendre Polynomials

or- Tl £)- Lo 50 pyf,

. Suprisingly this kind of relation also holds for the Chebyshev

1 1
— J = Ejldt cos(xt) (11)

J,(4,)=0 n=0,1,2,3,..... Real roots of zeroth-order Bessel function, as it can be seen the functions
represented in (11) by a Fourier cosine transform with a certain measure , describe real function with
ONLY real roots. This @ (Uu) could be viewed as certain Probability distribution dF

Jdu( 2n4 212 3n27re5“’2)e‘”z”e“j: F(x)=Prob[Y <x] (12)

or if we define a G function via G_(z —iX) + G, (z +ix) = c0s(zx) and use the convolution definition

(G*dF)(z) = J. G(z—ix)dF(x), then the Xi-function is proportional to the linear combination

—00

(G, *dF)(z) +(G_*dF)(z) ,with G,(z+ix) defined on the upper/lower part of the complex
plane .

Also In formula (7) we gave the expression for the moment generating function as the Laplace transform
of the Xi function , now we extend by analytic continuation to define Laplace transform for complex

. 1/2+iz
values of ‘z’ via Z — =£SI and use the definition of inverse Fourier transform , assuming %
f(i/s)—f(-i/s
has only real zeros , then we can write ( )8' ( ) =d(s) validfor Se R™,
1S

© 2n
a, Z
f(z)= Z(—l)” (2n)!-2—— | An alternative method to invert the Laplace transform
a'O

Szego [8] is to define a set of secondary orthogonal polynomials via

f/z) _ dee‘” E(L/2+ix)
z 3 £(1/2)

K t) - X
the integral J Ww(t)dt =Q,,(X) , then the quotient (Pade approximant)
e —X

Q.0 (2)

2n

will converge to , then if we expand into power series

(r2) _} dato
2 X

f2n (2)=
is i 2i)!
_sQZH_E_z = Z(—l)' Cyi 2n % and perform a Laplace inverse transform to get the series
P2 (1S) %0 S

Z( 1)'c,; ,,X”' , the conjecture by Cardon and Gaston is equivalent to IIm NCyi o0 = o 5o both

= (2i)!




i a1 > . C,
series Z(—l)' —2— and Z(—l)' % must converge (either in the usual sense for the sum or in
i z
i=0

0 n=0
1 i

the sense of the Borel resummation for the divergent series ) to 2 1) zjde(x)e’“ ,(12)
0

£(1/2)
.~ (_1)2i a2i 1 . . . . .
B(x) = Z ~——2-— inthe limit N — oo , this method of continued fractions and Pade
o (21)! a; x
approximants applied to the moment problem is explained in [10] , expression (12) can be used to define
the values of E(z) = &£(1/2+iz) for Real ‘2’ .

o Orthogonal Polynomials {p,(x)} and Jacobi Matrices

For any set of orthogonal Polynomials {p, (x)} deduced from a moment problem
Moy = J dxa(x)x*" with an EVEN measure, we can construct a set of monic orthogonal

—00

Polynomials 7z, (x) =x" +........ r=0,1,2,.... ,which satisfy a three-term recurrence
equation in the form

T (X) =(t-a)r () - fm,(x) 7,0=0 7m(x)=1 k=0,1.2,.... (13)
These {¢}and {B,} are Real and positive constants that depend on the measure

o(X) , with J dxe(x) = B, by convenience, then we can define the Jacobi Matrix

—00

a B 0 .. 0
B a B . 0
0 \/,3_2 a, .. 0 |=J=J1 RealEigenvalues Jv=2v (14)
0 0 0 .. aq

Since the Jacobi Matrix is symetric ALL its eigenvalues are real and p,(4)=0 for

every ‘i’ , the Eigenvalues of the ‘N x N “ Jacobi Matrix are precisely the zeros of the
orthogonal polynomial of n-th degree defined in [13], if the conjecture by Cardon and
Gaston is correct, as n — oo the Eigenvalues of the Jacobi Matrix Operator J will be
asymptotic to the Zeros of the Riemann Xi-function , unfortunately we can not compute
the Eigenvalues of the ‘infinite-dimensional’ Matrices only check if the conjecture is
correct for some finite ‘n’ so we can give a Matrix model for the Riemann zeros in order
to prove the Riemann Hypothesis, the Matrix model would be based on the



representation of the Jacobi Matrix J for some detailed set of orthogonal polynomials
for further details we give the reference by Gautschi [2].

0 Lee-Yang circle theorem and the Xi-function &(1/2+iz)

Lee and Yang [1] proved that the zeros of certain partition functions in Statistical
mechanics lie on the unit circle p =€, we will not give a rigurous proof but give only

some hints in order to prove it and how could be applied to the Riemann Hypothesis for
the Xi-function, first we will need to make several asumptions and use several well-
known results for £(1/2+iz).

e Xi function can be represented by the Fourier integral
E(L/2+iz)
£(1/2)

in order to obtain the set of orthogonal Polynomials {pn(x)} :

=C J dxa(x)e™ ,with CeR ,the measure is the same we defined

e We can use ‘Analytic continuation’ to the complex plane z —is , this allows us
E(L/2+s)

£(@1/2)

function’ , and log

to define C <eSX > =CE (eSX ) as some kind of ‘moment generating

E@L/2+5) o =k, . ,
2 _— _Z—JogE(e” )=) 5" isthe ‘cumulant
E@/2) J ( ) nZ:;‘n!

generating function’ for a certain Random variable X
. . 1 1 . . , .
e The Xi-functions §(E+ zj and §(§+|zj admit “formal’ power series

. ) )
expansion in the form > —207*" and ) —20(-1)"z*"
n=0 ao n=0 ao

e The Probabilistic interpretation of w(Xx)=w(—X), is the fact that this positive

and even measure represents a ‘Probability distribution’ P[x < X] of a Random
a, _d_2§(1/2+iz)Z=0

variable X , with mean 0=(X) = and variance o> =—2=—=2——_—"2=0
a, dz £(1/2)

e GROMMER INEQUALITIES: J. Grommer showed that Riemann Hypothesis
was equivalent to the fact that if we take the Matrix M, ,whose entries are v, ;

with —%(%sz:vaz” ,has detM, >0 vnz1,butthese {v,| are
n=0

related to the cumulants and can be obtained via the recurrence relation between
the cumulants and the “Hamburguer moment problem’ for our measure @(X)

nlin-1 a
Vn :/un_Z(r_ljvrlunr ' :u2r :f and :u2r+1:0 r:0'1'2’ """ (15)
r=1 0



Letbe z; =z |e" the set of zeros for the Xi-function 5(%+ zj , the expansion (in

0

formal sense) Z% 2" = H (iz) will converge to 5(%+ zj , hence if
aO

n=0
H(iz;) =0=H(-iz;) = H(iz;) + H(-iz;) using the polar representation for the zeros
we will obtain the set of equations for the arguments 7; and the moduli |z, |

0

1+ 2|2 P cos(2ny,) =0=Y" 2“|z P sin2ny ) =0 j=1,2,3,.... (16)
n=1 ao

n=1
From the definition of the argument of a complex number ‘z’ n, €[0,2x] , the hardest

part of the theorem [1] is to prove that 7, =arg(z,) :% i=1,2,........ this makes the

e 1/2+i|z,
second equation inside (16) to be 0 and 1+ Z%(—l)n |z, "= :u for
1 A £@/2)

the first equation , which is the proof for Riemann Hypothesis.

If RH is true with 5( +|7 j:O, 7;eR, g(%+sj:0, {J—_laj}eR and

|a; [ (£1) =y, , from the definition of the modulus y; :\/(ﬁ)aj.\/(\/i_)aj we can

deduce that somehow there is an “‘inner’ symmetry for the imaginary part of the non-
trivial zeros, that is if we arrange the imaginary part of the non-trivial zeros in 4-tuples
(although not necessarily in increasing order ) then we would have the same
invariances/symmetries of the set for the roots of a quartic equation in the form

K, = {bz eR, xeC|x"£b* = 0} , this would explain why the roots of 5(%+ sj lie all
on the axis Re (s) =0, the symmetry imposed by K, , tells us that for the argument

(angle) of the complex roots of 5(%+ sj would satisfy 4n, =27 i=1,2,....

For the case of 5(%+ sj , related to the cumulant generating function , the idea is that
‘Lee-Yang’ theorem is valid to prove RH , from the functional equation for the Xi-
function &(1-s)=¢&(s) we can deduce that both 5(%+ sj and 5(%+ isj would be

|nh(x)

EVEN function, the same happens with and J,(ix) functions with ONLY real

roots , in fact after analytic continuation s — iz both functions are even on s or z , this
is why we have the hope that Riemann Hypothesis is true since f(a—s) is not even

after the analytic continuation unless a=1/2 , since §(§+ sj is even and positive for



every Real ‘s’ and it is defined via the integral J dxe®w(x) , however the function

should be invariant under the change s — —s so perhaps we should write for the xi-

function deex's'a)(x) Loli2ts) , but [s]
b c/2)

Re(s) =0 [16], Lee-Yang theorem refers to this in the sense of ‘phase transitions’ [10]

for a phase transition the derivatives are not longer continuos but they have ‘jumps’ i.e

% takes the value 1 or -1 depending on if X is positive or negative , this is why the
X

is NOT analytic at s=0 and along the line

non-trivial zeros of Riemann xi 5(1+ izj are of the form |a |(x1) =y,
2 J ]

o Probabilistic interpretation of the orthogonal polynomials pn(X) :

In Probability theory we have a ‘Determinantal process’ if the n-point correlation function of its

n
Eigenvalues satisfy  p(X;, X,,...o0, X, ) = det[K(xi , Xj)]_ ) for some integral Kernel operator ‘K’
i,j=
with the symmetry K (X, y) = K(Y, X) , this kind of determinantal process definition appears in
Bornemann’s [ 6 ] evaluation of the Fredholm Determinant of an integral operator on the interval

(—oo,oo) defined by the expressions

d(z):ii—n!;f Xm_T dX,..... _]O dxndet[K(xi,Xj)]inJ=1 d(z) =det[1+2zK] @)

With u(X) +z I dyK(x, y)u(y) = f(x) , and f a Real-valued function , Hilbert-Schmidt theory

[11] for symmetric Kernel theory says that all the eigenvalues of the integral operator

o= ZJ. dyK(y,X)#(y) , are REAI, hence ALL the roots of the Fredholm determinant defined in (17)

should be also real, Riemann Hypothesis would be then equivalent to the assertion

1/2+iz) & 72 . _ .
d(z) = 5(5(1/ 2 ) = nZ:(; 0! (-1)" w,, , with d(z) defined on (13) (18)

So the scaled Xi function is nothing but a ‘Fredholm determinant’ of certain integral operator with real
Eigenvalues, if we could find such operator then we would have proved the Riemann Hypothesis,
apparently there is a contradiction, since the Fredholm determinant includes powers of the form

(~2)" and Riemann Xi-function definition involves powers of the form (—1)"z*", this contradiction
can be saved if we conjecture that the Xi-function (scaled) is nothing but the Fredholm determinant

sli2+iz) d(z®) = det(1+ z2M.M ") = det(L+izM *).det(1-izM)  (19)

c(1/2)

And also we should have ONLY terms involving even powers of ‘z’ so in terms of Determinantal
processes in probability and taking into account the definition of Fredholm determinant (13) in terms of
the correlation functions , we should have

10



‘ =0 iff nis odd
[ dx, [ dx,... '[ dx, det[ K(x, ; )] Hont mEOT )
= | (-1)" 1, Iffnis even

Here (16) is interpretated as the expected number of n-tuples , of Eigenvalues of the Kernel operator
H(x,y) in (—00,0)X(—00,00)X....cvrveree. and so on , A possibility for the Kernel H(x,y) as an infinite-

dimensional analogue to M.M T is the “iterated” kernel

HOGY) = [ UOKOGOK@ Y 1=vTT  Kx)=Ky0) @)

An still open question would be , what is the Kernel K (X, y) = K(, X) , or what it should be ?, since
we are dealing with an Orthogonal Polynomial enssemble in Probability, then using the Christoffel-

2N
Darboux formula for the sum K, (X, y) = z P, (X)p; (y) p; (0) involving our set of orthogonal

i=0
polynomials {pn(x)} with respect to the measure @(X) defined in (4) in the limit 2N — oo ( See

Pn(z) _ S(A/2+i7)
Szego [8]) together with the Assumption of Cardon and Gaston for big n lim
7, (0)  E(L/2)

CONCLUSIONS AND FINAL REMARKS

Inspired by a previous idea based on a formulation for Riemann Hypothesis as the limit
P2 _ EQ/2+i2)
=0 Py, (0) S/ 2)

and using the coefficients for the Taylor series of Xi-function

5(2;212/2;2) Z( ) 2™ we have defined a ‘Hamburger moment problem’ based on the
n=0
d(e's,¥(e* C
measure 1 ( - ( )) e'?=w(x) , Y(x)= Ze_” ™ for x >0 , this definition
s(1/2) du =

can be extended to negative values by using the functional equation @(X) = @(—X) ,with the solution

to this moment problem we construct a set of orthogonal Polynomials { pn(X)} ,for even big ‘n’ the

1
Hankel determinant  p,, (X) = ——===Det(H,, | X) should approach to the Riemann Xi-
2n —2n-1

function divided by &(1/2) = a, as Cardon and Gaston deduced , from the measure @(X) we can give

- _ a(x) (D, 1 (1)
the (asymptotic) series representation for I = z 5,772 = ? f ; , in case
k=0

Pu(D) _W2+i)
P, (0)  EA12)

holds , then Riemann Hypothesis would follow from the fact that the the

0 2

z

infinite product I I (1— —ZJ and the determinant Det ( H,, | X) would have the same set of (real)
j=0 Vi

roots y; € R, s0 p,,(y)=0= 5( + Iy/j y € R n— oo, Numerical computations can be

simplified by the fact that for a fixed ‘2n” we can use the determinants of Hankel matrices to compute

11



P,, (X) . We also discuss another possible interesting viewpoints and the connection of our set of

Orthogonal Polynomials with some concepts of Probability theory and Integral operators, specially a
possible interpretation of the Xi-function as the Fredholm determinant of an operator

1/2+iz
M = det [1+ MM T] ,whose coefficients are related to the n-point correlation function of a

£(1/2)

certain determinantal process.
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