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1�Ù )ÛêØÄ:�Ù0�)ÛêØ¥��
Ä�VgÚ5�, ~XRiemann zeta ¼ê!Euler�È!Perron úª��"
§1.1 Riemann zeta¼ê½Â1.1.1. γ = lim

m→∞

(

1 +
1

2
+

1

3
+ · · · + 1

m
− log m

) ¡ǑEuler ~ê.3ê�þγ = 0.5772157 · · · .½Â1.1.2. Γ ¼ê½ÂǑ
1

Γ(s)
= seγs

∞
∏

n=1

(

1 +
s

n

)

e−
s
n .w, 1

Γ(s)
´�¼ê. d	Γ(s) 3��s ²¡þØ�:s = 0,−1,−2, · · · 	´)Û�, ù
:´Γ(s) �{ü4:.½Â1.1.3. �Re s = σ > 1 �, Riemann zeta ¼êζ(s) �½ÂǑ

ζ(s) =
∞
∑

n=1

1

ns
.�â½Â, ζ(s) 3�²¡Re s > 1 ´)Û�.½n1.1.1.

ζ(s) =
∏

p

(

1 − 1

ps

)−1

, Re s > 1.þª¡ǑEuler úª½Euler ð�ª.½n1.1.2. �Re s > 0, N ≥ 1 �, k
ζ(s) =

N
∑

n=1

1

ns
+

N 1−s

s − 1
− 1

2
N−s + s

∫ ∞

N

1
2
− {u}
us+1

du.

· 1 ·



2 1�Ù )ÛêØÄ:d½n1.1.2, ζ(s)�mÿ��²¡Re s > 0. d	w,ζ(s)3�²¡Re s > 0Ø�:s = 1 	´)Û�, ¿3:s = 1 k����4:, Ù3êǑ1.½n1.1.3. �ª
π− s

2 Γ
(s

2

)

ζ(s) = π− 1−s
2 Γ

(

1 − s

2

)

ζ(1 − s)¤á.þª¡Ǒζ ¼ê�¼ê�§. d¼ê�§, ζ(s)�mÿ���E²¡, Ù¥s =

−2,−4, · · · ,−2n, · · · ´ζ ¼ê�w,":. d	ζ ¼ê3�/0 ≤ Res ≤ 1 þk�¡õ��w,":.e¡�Ñ'uζ(s) ��w,":��
(Ø.½n1.1.4. �ρn = βn + iγn, n = 1, 2, · · · , ´ζ(s) ��w,":. Kk
∞
∑

n=1

1

1 + (T − γn)2
≤ c log(|T | + 2).½n1.1.5. �3ýé~êc > 0, ��3s ²¡�«�

Re s = σ > 1 − c

log(|t| + 2)Svkζ ¼ê�":.½n1.1.6.

ζ(σ + it) ≪ |t|(1−σ)/2 log |t|, 0 ≤ σ ≤ 1, |t| ≥ 2.

§1.2 Euler�È½Â1.2.1. ��êØ¼êf ¡Ǒ´���, XJf ØðǑ"¿�é?¿�(m,n) =

1, kf(mn) = f(m)f(n).��êØ¼ê¡Ǒ´�����, XJé¤k�m,n, Ñkf(mn) = f(m)f(n).~1.2.1. -fα(n) = nα, Ù¥α ´�½�Eê. Kfα(n) ´�����.~1.2.2. Möbius ¼êµ(n) ´���.~1.2.3. Euler ¼êφ(n) ´���.



§1.2 Euler �È 3~1.2.4. Liouville ¼êλ(n) ´�����.~1.2.5. Øê¼êσα(n) =
∑

d|n

dα ´���.~1.2.6. Dirichlet AÆχ(n) ´�����.½n1.2.1. -f ´�����êØ¼ê, �� ∞
∑

n=1

f(n) ýéÂñ. �o, ù�?ê�ÚUL«Ǒ3¤k�êþ�m���ýéÂñ��¡�È
∞
∑

n=1

f(n) =
∏

p

(

1 + f(p) + f(p2) + · · ·
)

.XJf ´�����, K�È�{zǑ
∞
∑

n=1

f(n) =
∏

p

1

1 − f(p)
.þ¡��È¡Ǒ?ê�Euler �È.½n1.2.2. b� ∞

∑

n=1

f(n)n−s éσ > σα ýéÂñ, �f ´��¼ê, Kk
∞
∑

n=1

f(n)

ns
=
∏

p

(

1 +
f(p)

ps
+

f(p2)

p2s
+ · · ·

)

, �σ > σα �.XJf ´�����, Kk
∞
∑

n=1

f(n)

ns
=
∏

p

1

1 + f(p)p−s
, �σ > σα �.~1.2.7.

ζ(s) =

∞
∑

n=1

1

ns
=
∏

p

1

1 − p−s
, �σ > 1,

1

ζ(s)
=

∞
∑

n=1

µ(n)

ns
=
∏

p

(

1 − p−s
)

, �σ > 1,

ζ(s − 1)

ζ(s)
=

∞
∑

n=1

φ(n)

ns
=
∏

p

1 − p−s

1 − p1−s
, �σ > 2,

ζ(2s)

ζ(s)
=

∞
∑

n=1

λ(n)

ns
=
∏

p

1

1 + p−s
, �σ > 1,

L(s, χ) =
∞
∑

n=1

χ(n)

ns
=
∏

p

1

1 − χ(p)p−s
, �σ > 1.



4 1�Ù )ÛêØÄ:
§1.3 Perronúªe¡�Perron úª�Ñ
¼êΦ(x) =

∑

n≤x

an �?êf(s) =

∞
∑

n=1

an

ns
�m�,«'X.½n1.3.1. �f(s) =

∞
∑

n=1

an

ns
�σ > 1�ýéÂñ, |an| ≤ A(n),Ù¥A(n) >

0 ´n �üNO¼ê, ��σ → 1+ �,

∞
∑

n=1

|an|n−σ = O
(

(σ − 1)−α
)

, α > 0.�oéu?¿�b0 ≥ b > 1, T ≥ 1, x = N + 1
2
, kúª

Φ(x) =
∑

n≤x

an =
1

2πi

∫ b+iT

b−iT

f(s)
xs

s
ds + O

(

xb

T (b − 1)α

)

+ O

(

xA(2x) log x

T

)

,Ù¥�O ~ê=�6ub0.



1�Ù Smarandache ê��þ�©Ù�Ù|^)Û�{,�)Euler�Èúª�Perronúª,ïÄ�
Smarandacheê��þ�©Ù5�, ¿�Ñ�
ìCúª.

§2.1 �3gÏfê���g,êa, XJØU�?¿≥ 2 ��êb �3 g��Ø, Ò¡Ǒ�3 gÏfê. lØ�¹0 Ú1 �g,ê8Ü¥,

–�K23 �¤k�ê,

–�K33 �¤k�ê,

–�K53 �¤k�ê,

......ù���e�, �K�N�ê�3 g��¤k�ê, ù�Ò����3 gÏfê�Ǒ: 2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15, 17, · · · .

F. Smarandache ïÆïÄ�3 gÏfê��5�. �!ò|^)Û�{ïÄTê��ìC5�.½n2.1.1. -A L«�3 gÏfê��8Ü. Kk
∑

a∈A
a≤x

a =
x2

2ζ(3)
+ O

(

x
3
2+ε
)

,Ù¥ε ´?¿�¢ê, ζ(s) ǑRiemann zeta ¼ê.½n2.1.2. -A L«�3 gÏfê��8Ü, φ(n) ǑEuler ¼ê. KkìCúª
∑

a∈A
a≤x

φ(a) =
x2

2ζ(3)

∏

p

(

1 − p + 1

p3 + p2 + 1

)

+ O
(

x
3
2+ε
)

.½n2.1.3. -A L«�3 gÏfê��8Ü, d(n) ǑDirichlet Øê¼ê. KkìCúª
∑

a∈A
a≤x

d(a) =
36x

π4

∏

p

p2 + 2p + 3

(1 + p)2

(

ln x + (2γ − 1) − 24ζ ′(2)

π2

· 5 ·



6 1�Ù Smarandache ê��þ�©Ù
−4
∑

p

p ln p

(p2 + 2p + 3)(1 + p)

)

+ O
(

x
1
2+ε
)

,Ù¥
ζ ′(2) = −

∞
∑

n=2

ln n

n2
.y3y²ù
½n. Ǒ�Bå�, ½Â¼êa(n) Xe:

a(n) =







0, XJ n = 1,
n, XJ k3 ∤ n, n > 1, k ≥ 2,

0, XJ k3 | n, n > 1, k ≥ 2.w,
∑

a∈A
a≤x

a =
∑

n≤x

a(n).�
f(s) = 1 +

∞
∑

n=1

a(n)

ns
.dEuler �Èúª, k

f(s) =
∏

p

(

1 +
a(p)

ps
+

a(p2)

p2s

)

=
∏

p

(

1 +
1

ps−1
+

1

p2(s−1)

)

=
ζ(s − 1)

ζ(3(s − 1))
.3Perron úª¥�

s0 = 0, b = 3, T = x
3
2 , H(x) = x, B(σ) =

1

σ − 2
,��

∑

n≤x

a(n) =
1

2πi

∫ 3+iT

3−iT

ζ(s − 1)

ζ(3(s − 1))

xs

s
ds + O

(

x
3
2+ε
)

.5¿�¼ê
ζ(s − 1)

ζ(3(s − 1))

xs

s3s = 2 k��{ü4:, 3êǑ
x2

2ζ(3)
.



§2.1 �3 gÏfê� 7l
∑

a∈A
a≤x

a =
∑

n≤x

a(n) =
x2

2ζ(3)
+ O

(

x
3
2+ε
)

.ùÒy²
½n2.1.1.�
f1(s) = 1 +

∞
∑

n=1

φ(a(n))

ns
,

f2(s) = 1 +

∞
∑

n=1

d(a(n))

ns
.dEuler �Èúª, k

f1(s) =
∏

p

(

1 +
φ(a(p))

ps
+

φ(a(p2))

p2s

)

=
∏

p

(

1 +
p − 1

ps
+

p2 − p

p2s

)

=
∏

p

(

1 +
1

ps−1
+

1

p2(s−1)
− 1

ps
− 1

p2s−1

)

=
ζ(s − 1)

ζ(3(s − 1))

∏

p

(

1 − ps−1 + 1

p2s−1 + ps + p

)

,

f2(s) =
∏

p

(

1 +
d(a(p))

ps
+

d(a(p2))

p2s

)

=
∏

p

(

1 +
2

ps
+

3

p2s

)

=
∏

p

(

(

1 +
1

ps

)2

+
2

p2s

)

=
∏

p

(

1 +
1

ps

)2






1 +

2
p2s

(

1 + 1
ps

)2







=
ζ2(s)

ζ2(2s)

∏

p

(

1 +
2

(ps + 1)2

)

.|^Ó���{��
∑

a∈A
a≤x

φ(a) =
x2

2ζ(3)

∏

p

(

1 − p + 1

p3 + p2 + 1

)

+ O
(

x
3
2+ε
)

,



8 1�Ù Smarandache ê��þ�©Ù±9
∑

a∈A
a≤x

d(a) =
36x

π4

∏

p

p2 + 2p + 3

(1 + p)2

(

ln x + (2γ − 1) − 24ζ ′(2)

π2

−4
∑

p

p ln p

(p2 + 2p + 3)(1 + p)

)

+ O
(

x
1
2+ε
)

.ly²
½n2.1.2 �½n2.1.3.

§2.2 k-fullê��k ≥ 2 Ǒ�ê, n Ǒg,ê. eé?¿�êp Ñkpk ∤ n, Ò¡n Ǒ�k gÏfê. edp | n �½�íÑpk | n, K¡n Ǒk-full ê. F. Smarandache ïÆïÄTê��5�. �!ò|^)Û�{ïÄk-fullê�ìC5�, ¿�Ñ�
ìCúª. ½n2.2.1. é?¿¢êx ≥ 1, k
∑

n∈A
n≤x

n =
6kx1+ 1

k

(k + 1)π2

∏

p

(

1 +
1

(p + 1)(p
1
k − 1)

)

+ O
(

x1+ 1
2k +ǫ

)

,Ù¥ǫ ´?¿�¢ê.½n2.2.2. �φ(n) ǑEuler ¼ê, Ké?¿¢êx ≥ 1, kìCúª
∑

n∈A
n≤x

φ(n) =
6kx1+ 1

k

(k + 1)π2

∏

p

(

1 +
p − p

1
k

p2+ 1
k − p2 + p1+ 1

k − p

)

+O
(

x1+ 1
2k +ǫ

)

.½n2.2.3. �α > 0, σα(n) =
∑

d|n

dα. Ké?¿¢êx ≥ 1, kìCúª
∑

n∈A
n≤x

σα(n)

=
6kxα+ 1

k

(kα + 1)π2

∏

p









1 +

pα+ 1
k (p

1
k − 1)

k
∑

i=1

(

1
pl

)α

+ pα+ 1
k + p

1
k − 1

(pα+ 1
k − 1)(p + 1)(p

1
k − 1)









+O
(

xα+ 1
2k +ǫ

)

.
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∑

n∈A
n≤x

d(n) =
6kx

1
k

π2

∏

p









1 +

(2p
1
k − 1)

k+1
∑

i=2

(

k+1
i

)

pk+1−i − kpk+ 1
k

(p + 1)k+1(p
1
k − 1)2









f(log x)

+O(x
1
2k +ǫ),Ù¥f(y) ´'uy �gêǑk �õ�ª.½n2.2.5. é?¿¢êx ≥ 1, k

∑

n∈A
n≤x

σα((m,n))

=
6kx

1
k

π2

∏

p∤m

(

1 +
1

(p + 1)(p
1
k − 1)

)

∏

pβ‖m

β≤k









1 +

p
1
k

β
∑

i=0

piα

p(p
1
k − 1)









×
∏

pβ‖m

β>k









1 +

β−1
∑

i=k

p− i
k

i
∑

j=0

pjα +

p
1
k

β
∑

i=0

piα

p(p
1
k − 1)









∏

p|m

(

p

p + 1

)

+O
(

x
1
2k +ǫ

)

,Ù¥m ´�½��ê, (m,n) L«m �n ���úÏê.½n2.2.6. é?¿¢êx ≥ 1, k
∑

n∈A
n≤x

σα((m,n))

=
6kx

1
k

π2

∏

p∤m

(

1 +
1

(p + 1)(p
1
k − 1)

)

∏

pβ‖m

β≤k

(

1 +
(pβ − pβ−1)p

1
k

p(p
1
k − 1)

)

×
∏

pβ‖m

β>k

(

1 +

β−1
∑

i=k

p− i
k (pi − pi−1) +

(pβ − pβ−1)p
1
k

p(p
1
k − 1)

)

∏

p|m

(

p

p + 1

)

+O
(

x
1
2k +ǫ

)

.y3y²ù
½n. Ǒ�Bå�, ½Â¼êa(n) Xe:

a(n) =







1, XJ n = 1;
n, XJ n ´ k-full ê;

0, XJ n Ø´ k-full ê.
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∑

n∈A
n≤x

n =
∑

n≤x

a(n).�
f(s) =

∞
∑

n=1

a(n)

ns
.dEuler�Èúª��,

f(s) =
∏

p

(

1 +
a(pk)

pks
+

a(pk+1)

p(k+1)s
+ · · ·

)

=
∏

p

(

1 +
1

pk(s−1)

1

1 − 1
ps−1

)

=
∏

p

(

1 +
1

pk(s−1)

)

∏

p

(

1 +
1

(pk(s−1) + 1)(ps−1 − 1)

)

=
ζ(k(s − 1))

ζ(2k(s − 1))

∏

p

(

1 +
1

(pk(s−1) + 1)(ps−1 − 1)

)

,Ù¥ζ(s) ´Riemann zeta ¼ê. w,kØ�ª
|a(n)| ≤ n,

∣

∣

∣

∣

∣

∞
∑

n=1

a(n)

nσ

∣

∣

∣

∣

∣

<
1

σ − 1 − 1
k

,Ù¥σ > 1 − 1

k
´s �¢Ü. KdPerron úªk

∑

n≤x

a(n)

ns0
=

1

2iπ

∫ b+iT

b−iT

f(s + s0)
xs

s
ds

+O

(

xbB(b + σ0)

T

)

+O

(

x1−σ0H(2x)min

(

1,
log x

T

))

+O

(

x−σ0H(N)min

(

1,
x

||x||

))

,Ù¥N ´��Cx ��ê, ||x|| = |x − N |. �
s0 = 0, b = 2 +

1

k
, T = x1+ 1

2k , H(x) = x, B(σ) =
1

σ − 1 − 1
k

,
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∑

n≤x

a(n) =
1

2iπ

∫ 2+ 1
k +iT

2+ 1
k−iT

ζ(k(s − 1))

ζ(2k(s − 1))
R(s)

xs

s
ds + O

(

x1+ 1
2k +ǫ

)

,Ù¥
R(s) =

∏

p

(

1 +
1

(pk(s−1) + 1)(ps−1 − 1)

)

.Ǒ
�OÌ�
1

2iπ

∫ 2+ 1
k +iT

2+ 1
k−iT

ζ(k(s − 1))xs

ζ(2k(s − 1))s
R(s)ds,·�rÈ©�ls = 2 +

1

k
± iT £�s = 1 +

1

2k
± iT . d�¼ê

ζ(k(s − 1))xs

ζ(2k(s − 1))s
R(s)3s = 1 +

1

k
k��{ü4:, 3êǑ

kx1+ 1
k

(k + 1)ζ(2)
R

(

1 +
1

k

)

.Kk
1

2iπ

(

∫ 2+ 1
k +iT

2+ 1
k−iT

+

∫ 1+ 1
2k +iT

2+ 1
k +iT

+

∫ 1+ 1
2k −iT

1+ 1
2k +iT

+

∫ 2+ 1
k−iT

1+ 1
2k−iT

)

×ζ(k(s − 1))xs

ζ(2k(s − 1))s
R(s)ds

=
kx1+ 1

k

(k + 1)ζ(2)

∏

p

(

1 +
1

(p + 1)(p
1
k − 1)

)

.ØJy²�Oª
∣

∣

∣

∣

∣

1

2πi

(

∫ 1+ 1
2k +iT

2+ 1
k +iT

+

∫ 2+ 1
k−iT

1+ 1
2k−iT

)

ζ(k(s − 1))xs

ζ(2k(s − 1))s
R(s)

∣

∣

∣

∣

∣

≪
∫ 2+ 1

k

1+ 1
2k

∣

∣

∣

∣

ζ(k(σ − 1 + iT ))

ζ(2k(σ − 1 + iT ))
R(s)

x2+ 1
k

T

∣

∣

∣

∣

dσ

≪ x2+ 1
k

T
= x1+ 1

2k
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1

2πi

∫ 1+ 1
2k−iT

1+ 1
2k +iT

ζ(k(s − 1))xs

ζ(2k(s − 1))s
R(s)ds

≪
∫ T

1

∣

∣

∣

∣

ζ(1/2 + ikt)

ζ(1 + 2ikt)

x1+ 1
2k

t

∣

∣

∣

∣

dt

≪ x1+ 1
2k +ǫ.5¿�ζ(2) =

π2

6
, dþ��

∑

n∈A
n≤x

n =
6kx1+ 1

k

(k + 1)π2

∏

p

(

1 +
1

(p + 1)(p
1
k − 1)

)

+ O
(

x1+ 1
2k +ǫ

)

.ùÒy²
½n2.2.1.½Â
f1(s) =

∞
∑

n=1
n∈A

φ(n)

ns
, f2(s) =

∞
∑

n=1
n∈A

σα(n)

ns
,

f3(s) =
∞
∑

n=1
n∈A

d(n)

ns
, f4(s) =

∞
∑

n=1
n∈A

σα((m,n))

ns
,

f5(s) =
∞
∑

n=1
n∈A

φ((m,n))

ns
.dEuler �Èúª�

f1(s) =
∏

p

(

1 +
φ(pk)

pks
+

φ(pk+1)

p(k+1)s
+ · · ·

)

=
∏

p

(

1 +
φ(pk)

pks

(

1

1 − 1
ps−1

))

=
ζ(k(s − 1))

ζ(2k(s − 1))

∏

p

(

1 +
p − ps−1

(pk(s−1) + 1)(ps − p)

)

;

f2(s) =
ζ(k(s − α))

ζ(2k(s − α))

×
∏

p









1 +

(ps−α − 1)ps
k
∑

i=1

( 1
pi )

α + ps + ps−α − 1

(pk(s−α) + 1)(ps−α − 1)(ps − 1)









;
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f3(s) =
ζk+1(ks)

ζk+12ks

×
∏

p









1 +

(2ps − 1)
k+1
∑

i=2

(

k+1
i

)

pk(k+1−i)s − kp(k2+1)s

(pks + 1)k+1(ps − 1)2









;

f4(s) =
∏

p

(

1 +
σα((m, pk))

pks
+

σα((m, pk+1))

p(k+1)s
+ · · ·

)

=
ζ(ks)

ζ(2ks)

∏

p|m

(

pks

pks + 1

)

∏

p∤m

(

1 +
1

(pks + 1)(ps − 1)

)

×
∏

pβ‖m

β≤k

(

1 +
σα(pβ)

pks(1 − 1
ps )

)

×
∏

pβ‖m

β>k

(

1 +

β−1
∑

i=k

σα(pi)

pis
+

σα(pβ)

pks(1 − 1
ps )

)

�
f5(s) =

ζ(ks)

ζ(2ks)

∏

p|m

(

pks

pks + 1

)

∏

p∤m

(

1 +
1

(pks + 1)(ps − 1)

)

×
∏

pβ‖m

β≤k



1 +
pβ − pβ−1

pks

(

1 − 1
ps

)





×
∏

pβ‖m

β>k



1 +

β−1
∑

i=k

pi − pi−1

pis
+

pβ − pβ−1

pks

(

1 − 1
ps

)



 .2d�q��{�yÙ{½n.

§2.3 M g��{ê�g,ê m ≥ 2, ��ê n = pα1

1 · · · pαr
r . ½Âm g��{ê

am(n) = pβ1

1 · · · pβr

r ,Ù¥
βi = min(m − 1, αi), 1 ≤ i ≤ r.
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F. Smanrandache ïÆïÄm g��{ê�5�. ½Âü�#�êØ¼êU(n)�V (n) Xe:

U(1) = 1, U(n) =
∏

p|n

p,

V (1) = 1, V (n) = V (pα1

1 ) · · · V (pαr

r ) = (pα1

1 − 1) · · · (pαr

r − 1),Ù¥n = pα1

1 · · · pαr
r . w,U(n) �V (n) Ñ´��¼ê. �!|^)Û�{ïÄU(n) �V (n) 3m g��{êþ�©Ù, ¿�Ñü�ìCúª.½n2.3.1. -A L«m g��{ê�8Ü. Ké?¿¢êx ≥ 1, kìCúª

∑

n∈A
n≤x

U(n) =
3x2

π2

∏

p

(

1 +
1

p3 + p2 − p − 1

)

+ O
(

x
3
2+ǫ
)

,Ù¥ǫ´?¿�¢ê.½n2.3.2. é?¿¢êx ≥ 1, k
∑

n∈A
n≤x

V (n) =
x2

2

∏

p

(

1 − 1

pm
+

1 − pm

pm+2 + pm+1

)

+ O
(

x
3
2+ǫ
)

.y3y²ù
½n. �
f(s) =

∞
∑

n=1
n∈A

U(n)

ns
.dEuler�Èúªk

f(s) =
∏

p

(

1 +
U(p)

ps
+

U(p2)

p2s
+ · · · + U(pm−1)

p(m−1)s

+
U(pm)

pms
+

U(pm+1)

p(m+1)s
+ · · ·

)

=
∏

p

(

1 +
1

ps−1
+

1

p2s−1
+ · · · + 1

p(m−1)s−1

+
1

pms−1
+

1

p(m+1)s−1
+ · · ·

)

=
∏

p



1 +
1

ps−1
+

1

p2s−1

(

1 − 1
ps

)
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=
ζ(s − 1)

ζ(2(s − 1))

∏

p

(

1 +
ps

(ps − 1)(p2s−1 + ps)

)

,Ù¥ζ(s)´Riemann zeta¼ê. ´�Ø�ª
|U(n)| ≤ n,

∣

∣

∣

∣

∣

∞
∑

n=1

U(n)

nσ

∣

∣

∣

∣

∣

<
1

σ − 2
,Ù¥σ > 2´s�¢Ü. 5¿�¼ê

ζ(s − 1)xs

ζ(2(s − 1))s

∏

p

(

1 +
ps

(ps − 1)(p2s−1 + ps)

)3s = 2 k��{ü4:, 3êǑ
x2

2ζ(2)
R(2),KdPerron úª�y

∑

n∈A
n≤x

U(n) =
3x2

π2

∏

p

(

1 +
1

p3 + p2 − p − 1

)

+ O
(

x
3
2+ǫ
)

.ùÒy²
½n2.3.1.½Â
g(s) =

∞
∑

n=1
n∈A

V (n)

ns
.dEuler �Èúªk

g(s) =
∏

p

(

1 +
V (p)

ps
+

V (p2)

p2s
+ · · · + V (pm−1)

p(m−1)s

+
V (pm)

pms
+

V (pm+1)

p(m+1)s
+ · · ·

)

=
∏

p

(

1 +
p − 1

ps
+

p2 − 1

p2s
+ · · · + pm−1 − 1

p(m−1)s

+
pm − 1

pms
+

pm+1 − 1

p(m+1)s
+ · · ·

)

=
∏

p

(

1 − 1
pm(s−1)

1 − 1
ps−1

−
(

1 − 1
ps−1

1 − 1
ps

)

(

pm−1

pms
− 1

ps

)

)

= ζ(s − 1)
∏

p

(

1 − 1

pm(s−1)
+

(

pm−1 − p(m−1)s
)

(ps − p)

pms(ps − 1)

)

.2d�q��{�y½n2.3.2.
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§2.4 Smarandache�n�çê�lØ�¹0 �1�g,ê8Ü¥,

–�K¤k�2k , k ≥ 2;

–�K¤k�3k , k ≥ 2;

–�K¤k�5k , k ≥ 2;

–�K¤k�6k , k ≥ 2;

–�K¤k�7k , k ≥ 2;

–�K¤k�10k , k ≥ 2;

· · · · · ·�gUYe�, �ª���¤¢�Smarandache �n�çê�:

2, 3, 5, 6, 7, 10, 11, 12, 13, 14, 15, 17, 18, 19, · · ·�A L«¤k��n�ç�8Ü. �!òïÄ�n�çê��þ�,¿�Ñ��ìCúª.½n2.4.1. �d(n) ǑDirichlet Øê¼ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n∈A
n≤x

d(n)

=

(

x − 3

4π2

√
x ln x + A1x

1
3 ln2 x + A2x

1
3 ln x + A3x

1
3 + A4

√
x

)

ln x

+(2γ − 1)x + A5

√
x + A6x

1
3 + O

(

x
139
429 +ǫ

)

,Ù¥ǫ ´?¿�¢ê, γ ´Euler~ê, A1, A2, A3, A4, A5, A6 ´�O��~ê.ÄkÚ\e¡��
Ún.Ún2.4.1. é?¿¢êx ≥ 1, k
∑

n≤x

d(n) = x ln x + (2γ − 1)x + O
(

x
139
429 +ǫ

)

,Ù¥ǫ ´?¿�¢ê, γ ´Euler~ê.y². ë�©z[32]. �Ún2.4.2. é?¿¢êx ≥ 1, k
∑

n≤√
x

d(n2) =
3
√

x ln2 x

4π2
+

B1

2

√
x ln x + B2

√
x + O

(

x
1
4+ǫ
)

;
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∑

n≤x
1
3

d(n3) =
6C0x

1
3 ln3 x

27π4
+

C1

9
x

1
3 ln2 x +

C2

3
x

1
3 ln x

+C3x
1
3 + O

(

x
1
6+ǫ
)

,Ù¥B1, B2, C0, C1, C2, C3´�O��~ê.y². ½Â
f(s) =

∞
∑

n=1

d(n2)

ns
, Re s > 1.dEuler �ÈÚd(n) ���5��

f(s) =
∏

p

(

1 +
3

ps
+

5

p2s
+

7

p3s
+ · · ·

)

=
∏

p

(

1 − 1

ps

)−1(

1 +
2

ps
+

2

p2s
+

2

p3s
+ · · ·

)

=
∏

p

(

(

1 − 1

ps

)−1

+
2

ps

(

1 − 1

ps

)−2
)

=
∏

p

(

1 − 1

ps

)−2(

1 +
1

ps

)

=
ζ3(s)

ζ(2s)
,Ù¥ζ(s) ´Riemann zeta¼ê. 3Perronúª¥�s0 = 0, T = x

1
2 , b =

3

2
, k

∑

n<x

d(n2) =
1

2πi

∫ 3
2+iT

3
2−iT

ζ3(s)

ζ(2s)

xs

s
ds + O

(

x
1
2+ǫ
)

.5¿�¼ê
ζ3(s)

ζ(2s)

xs

s3s = 1 k��3 �4:, 3êǑ
lim
s→1

1

2!

(

(s − 1)3
ζ3(s)

ζ(2s)

xs

s

)(2)

=
3

π2
x ln2 x + B1x ln x + B2x,Ù¥B1, B2´�O��~ê. Kk

∑

n≤x

d(n2) =
3x ln2 x

π2
+ B1x ln x + B2x + O

(

x
1
2+ǫ
)

.
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∑

n≤√
x

d(n2) =
3
√

x ln2 x

4π2
+

B1

2

√
x ln x + B2

√
x + O

(

x
1
4 +ǫ
)

.ùÒy²
Ún�1��úª.½Â
g(s) =

∞
∑

n=1

d(n3)

ns
, Re s > 1.KdEuler�Èk

g(s) =
∏

p

(

1 +
4

ps
+

7

p2s
+

10

p3s
+ · · ·

)

=
∏

p

(

1 − 1

ps

)−1(

1 +
3

ps
+

3

p2s
+

3

p3s
+ · · ·

)

=
∏

p

(

(

1 − 1

ps

)−1

+
3

ps

(

1 − 1

ps

)−2
)

=
∏

p

(

1 − 1

ps

)−2(

1 +
2

ps

)

=
ζ4(s)

ζ2(2s)

∏

p

(

1 − 1

(ps + 1)2

)

,Ù¥ζ(s)´Riemann zeta¼ê. 2dPerronúª��
∑

n≤x

d(n3) =
6

π4
C0x ln3 x + C1x ln2 x + C2x ln x + C3x + O

(

x
1
2+ǫ
)

,=Ò´
∑

n≤x
1
3

d(n3) =
6C0x

1
3 ln3 x

27π4
+

C1

9
x

1
3 ln2 x +

C2

3
x

1
3 ln x + C3x

1
3 + O

(

x
1
6+ǫ
)

,ly²
Ún2.4.2. �y3y²½n2.4.1. dÚn2.4.1�Ún2.4.2, k
∑

n∈A
n≤x

d(n)

=
∑

n≤x

d(n) −
∑

n≤√
x

d(n2) −
∑

n≤x
1
3

d(n3) + O





∑

4≤k≤ ln x
ln 2

∑

n≤x
1
k

d(nk)







§2.5 'usquarefree �squarefull ê� 19

=
∑

n≤x

d(n) −
∑

n≤√
x

d(n2) −
∑

n≤x
1
3

d(n3) + O





∑

4≤k≤ ln x
ln 2

x
1
k +ǫ





=

(

x − 3
√

x ln x

4π2
+ A1x

1
3 ln2 x + A2x

1
3 ln x + A3x

1
3 + A4

√
x

)

ln x

+(2γ − 1)x + A5

√
x + A6x

1
3 + O(x

139
429+ǫ),Ù¥Ai(i = 1, 2, · · · , 6)´�O��~ê.

§2.5 'usquarefree�squarefullê��p ǑÛ�ê. é?¿�p p���êa, ÷vaf ≡ 1 mod p ������êf ¡Ǒa é�p ��ê. XJf = p − 1, then a ¡Ǒ�p ���. ½Âprim(x)Ǒ�p �Ø�Lx ����ê8. d[36] ��
prim(x) =

φ(p − 1)

p − 1

(

x + O
(

2ω(p−1) · √p log p
))

,Ù¥φ(q) ǑEuler ¼ê, ω(q) Ǒq �ØÓ�Ïf��ê.d	, ���êXJØU�?Û�ê�k g��Ø, Ò¡Ǒk-free (k ≥ 2, Ǒ�ê). �L5, ���êq �¡Ǒk-full, XJp|q ��=�pk |q. NõÆöïÄLk-free êÚk-full ê�5�. ~X, ½ÂQk(x) ǑØ�Lx �k-free ê�ê8,

Gegenbauer[10] �Ñ
�Oª:

Qk(x) =
x

ζ(k)
+ O

(

x1/k
)

,Ù¥ζ(k) ǑRiemann zeta ¼ê.y3·��ÄØ�Lx �squarefree ½squarefull ���ê8. d[36] ��e¡�ü�·K.·K2.5.1. �p �Ø�Lx �squarefree ����ê8Ǒ
φ(p − 1)

p − 1

(

C1x + O
(

2ω(p−1) · p1/4 · (log p)
1/2 · x1/2

))

,Ù¥
C1 =

∏

p

(

1 − 1/p2
)

.·K2.5.2. �p �Ø�Lx �squarefull ����ê8Ǒ
φ(p − 1)

p − 1

(

C2x
1/2 + O

(

2ω(p−1) · p1/6 · (log p)
1/3 · x1/3

))

,
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C2 = 2











∑

q squallfree

( q
p)=−1

1/q3/2











(

1 − 1

p

)

,d	(q

p

) ǑLegendre ÎÒ.���ên ¡Ǒ´�p ��g�{, XJÓ{�§x2 ≡ n mod p k). d[33]·�k·K2.5.3. �p Ǒ�ê, 0 < a ≤ 1/128, x > p1/4+b �b = b(a) > 0. K�p�Ø�Lx �squarefree �g�{�ê8Ǒ
3

π2
x + O (x/pa) .þã·K¥�Ø��Ø´���. 3�!¥,·�|^Heath-Brown[14]ÚYoichi

Motohashi[30] ��ó�, ±9Dirichlet L- ¼ê�5�5�Ñn��Z��Oª. =Ò´y²e¡n�½n.½n2.5.1. �p �Ø�Lx �squarefree ����ê8Ǒ
pφ(p − 1)

(p2 − 1)ζ(2)
x + O

(

p9/44x1/2+ǫ
)

,Ù¥ǫ Ǒ?¿�¢ê.½n2.5.2. �p �Ø�Lx �squarefull ����ê8Ǒ
2C3pφ(p − 1)

(p2 − 1) ζ(2)
x1/2 + O

(

p9/44x1/4+ǫ
)

,Ù¥
C3 =





∏

p1 6=p



1 +
1

(

p
1/2
1 − 1

)

(p1 + 1)





−
∏

p1 6=p



1 +

(

p1

p

)

(

p1/2
1 −

(

p1

p

))

(p1 + 1)







 .½n2.5.3. �p �Ø�Lx �squarefree �g�{�ê8Ǒ
3

π2
x + O

(

p9/44x1/2+ǫ
)

.
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�¤½n�y², ·�I�A�Ún.Ún2.5.1. ��êp > 2, K
∑

k|p−1

µ(k)

φ(k)

k
∑′

a=1

e

(

aindn

k

)

=







p − 1

φ(p − 1)
, XJ n Ǒ� p ���;

0, Ù§,Ù¥ind n L«n é�p �±,��½��Ǒ.��I.y². ë�©z[38]. �Ún2.5.2. éu�q �?¿AÆχ, ·�k
L(1/2 + it, χ) ≪ (q (|t| + 1))

3/16+ǫ
.y². ë�©z[14]. �Ún2.5.3. �χ Ǒ�q ��AÆ, Kk

∫ T

0

|L(1/2 + it, χ)|2 dt

−φ(q)

q
T



log(qT/2π) + 2γ + 2
∑

p|q

(log p)/(p − 1)





≪
(

(qT )1/3 + q1/2
)

(log qT )
4
,Ù¥ T ≥ 1, γ ǑEuler ~ê.y². ë�©z[30]. �Ún2.5.4. �χ Ǒ�p ��AÆ, ¢êT ≥ 1, ·�k

∫ T

0

∣

∣

∣

∣

L(1/2 + it, χ)

t + 1

∣

∣

∣

∣

dt ≪ p9/44+ǫÚ
∫ T

0

∣

∣

∣

∣

ζ(1/2 + it, χ)

t + 1

∣

∣

∣

∣

dt ≪ T ǫ.y². �0 < u < p, dCauchy Ø�ª, Ún2.5.2 ÚÚn2.5.3 k
∫ T

0

∣

∣

∣

∣

L(1/2 + it, χ)

t + 1

∣

∣

∣

∣

dt
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=

∫ u

0

∣

∣

∣

∣

L(1/2 + it, χ)

t + 1

∣

∣

∣

∣

dt +

∫ T

u

∣

∣

∣

∣

L(1/2 + it, χ)

t + 1

∣

∣

∣

∣

dt

≪ u3/16+ǫp3/16 +

(∫ T

u

1

t + 1
dt

)1/2
[

∫ T

u

|L(1/2 + it, χ)|2

t + 1
dt

]1/2

≪ u3/16+ǫp3/16 + T ǫ





∫ T

u

d
(

∫ t

u
|L(1/2 + it, χ)|2 ds

)

t + 1





1/2

≪ u3/16+ǫp3/16

+
[

p1/3T ǫ−2/3 + p1/2T ǫ−1 + p1/3uǫ−2/3 + p1/2uǫ−1
]1/2

≪ u3/16+ǫp3/16 + p1/4uǫ−1/2.3þª¥�u = p1/11, ��
∫ T

0

∣

∣

∣

∣

L(1/2 + it, χ)

t + 1

∣

∣

∣

∣

dt ≪ p9/44+ǫ.aq�·�k
∫ T

0

∣

∣

∣

∣

ζ(1/2 + it, χ)

t + 1

∣

∣

∣

∣

dt ≪ T ǫ.y.. �Ún2.5.5. ½ÂA Ǒsquarefree ê�8Ü, χ Ǒ�p �?¿AÆ, Kk
∑

n≤x

n∈A

χ(n) =

{ p

p + 1
· x

ζ(2)
+ O

(

x1/2+ǫ
)

, XJχ ´�p �ÌAÆ;

O
(

p9/44x1/2+ǫ
)

, Ù§.y². w,k
∑

n≤x

n∈A

χ(n) =
∑

n≤x

µ2(n)χ(n).½Â
f(s) =

∞
∑

n=1

µ2(n)χ(n)

ns
,dEuler �Èúªk

f(s) =
∏

p1

(

1 +
χ(p1)

p1
s

)

=
L(s, χ)

L(2s, χ2)
.5¿�

∣

∣µ2(n)χ(n)
∣

∣ ≤ 1 Ú ∞
∑

n=1

∣

∣µ2(n)χ(n)
∣

∣n−σ ≤ ζ(σ).
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∑

n≤x

µ2(n)χ(n)

ns0
=

1

2πi

∫ b+iT

b−iT

f(s + s0)
xs

s
ds

+O

(

xbζ(b + σ0)

T

)

+O

(

x1−σ0 min

(

1,
log x

T

))

+O

(

x−σ0 min

(

1,
x

||x||

))

.=Ò´
∑

n≤x

n∈A

χ(n) =
1

2πi

∫ b+iT

b−iT

L(s, χ)

L(2s, χ2)

xs

s
ds

+O

(

xbζ(b)

T

)

+O

(

xmin

(

1,
log x

T

))

.XJχ Ǒ�p ��ÌAÆ, K3þª¥�b = 1/2, T = x1/2, dÚn2.5.4 N´��
∑

n≤x

n∈A

χ(n) ≪
∫ T

0

∣

∣

∣

∣

L(1/2 + it, χ)

L(1 + 2it, χ2)

x1/2+ǫ

(t + 1)

∣

∣

∣

∣

dt + O
(

x1/2+ǫ
)

≪ p9/44x1/2+ǫ.,��¡, XJχ Ǒ�p �ÌAÆ, duL(s, χ) = ζ(s)(1 − p−s), K�b = 2,

T = x3/2, ·�k
∑

n≤x

n∈A

χ(n) =
1

2πi

∫ 2+iT

2−iT

ζ(s)(1 − p−s)

ζ(2s)(1 − p−2s)

xs

s
ds + O

(

x1/2+ǫ
)

.y3rÈ©�ls = 2 ± iT £�s = 1/2 ± iT . d�, ¼ê
ζ(s)(1 − p−s)

ζ(2s)(1 − p−2s)

xs

s3s = 1 ?k����4:, 3êǑ
p

p + 1

x

ζ(2)
.
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1

2πi

(

∫ 2+iT

2−iT

+

∫ 1/2+iT

2+iT

+

∫ 1/2−iT

1/2+iT

+

∫ 2−iT

1/2−iT

)

× ζ(s)(1 − p−s)

ζ(2s)(1 − p−2s)

xs

s
ds

=
p

p + 1

x

ζ(2)
.5¿��Oª

1

2πi

∫ 1/2+iT

2+iT

ζ(s)(1 − p−s)

ζ(2s)(1 − p−2s)

xs

s
ds

≪
∫ 2

1/2

∣

∣

∣

∣

ζ(σ + it)

ζ(2σ + 2it)

x2+ǫ

T

∣

∣

∣

∣

dσ

≪ x2+ǫ

T
= x1/2+ǫ,

1

2πi

∫ 2−iT

1/2−iT

ζ(s)(1 − p−s)

ζ(2s)(1 − p−2s)

xs

s
ds

≪
∫ 2

1/2

∣

∣

∣

∣

ζ(σ − it)

ζ(2σ − 2it)

x2+ǫ

T

∣

∣

∣

∣

dσ

≪ x2+ǫ

T
= x1/2+ǫÚ

1

2πi

∫ 1/2−iT

1/2+iT

ζ(s)(1 − p−s)

ζ(2s)(1 − p−2s)

xs

s
ds

≪
∫ T

0

∣

∣

∣

∣

ζ(1/2 + it)

ζ(1 + 2it)

x1/2+ǫ

(t + 1)

∣

∣

∣

∣

dt

≪ x1/2+ǫ,Ïdk
∑

n≤x

n∈A

χ(n) =
p

p + 1
· x

ζ(2)
+ O

(

x1/2+ǫ
)

, XJχ ´�p �ÌAÆ.y.. �Ún2.5.6. ½ÂB Ǒsquarefull ê�8Ü, χ Ǒ�p �?¿AÆ, Kk
∑

n≤x

n∈B

χ(n) =







2f(χ)px1/2

(p + 1) ζ(2)
+ O

(

x1/4+ǫ
)

, XJχ2 ´�p �ÌAÆ;

O
(

p9/44x1/4+ǫ
)

, Ù§,
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f(χ) =

∏

p1 6=p



1 +
χ(p1)

(

p1/2
1 − χ(p1)

)

(p1 + 1)



 .y². ½Â¼êa(n) Xe:

a(n) =







1, XJ n = 1;
χ(n), XJ n Ǒsquarefull ê;

0, XJ n ØǑsquarefull ê.w,
∑

n≤x

n∈B

χ(n) =
∑

n≤x

a(n).�
f(s) =

∞
∑

n=1

a(n)

ns
,dEuler �Èúªk

f(s) =
∏

p1

(

1 +
χ2(p1)

p1
2s

+
χ3(p1)

p1
3s

+ · · ·
)

=
∏

p1

(

1 +
χ2(p1)

p2s
1

· ps

ps − χ(p)

)

=
∏

p1

(

1 +
χ2(p1)

p2s
1

)

∏

p1

(

1 +
χ3(p1)

(ps
1 − χ(p)) (p2s

1 + χ2(p))

)

=
L(2s, χ2)

L(4s, χ4)

∏

p1

(

1 +
χ3(p1)

(ps
1 − χ(p)) (p2s

1 + χ2(p))

)

.5¿�
|a(n)| ≤ 1 Ú ∞

∑

n=1

|a(n)|n−σ ≤ ζ(σ).�s0 = σ0 + it0, KdPerron úª��
∑

n≤x

a(n)

ns0
=

1

2πi

∫ b+iT

b−iT

f(s + s0)
xs

s
ds

+O

(

xbζ(b + σ0)

T

)

+O

(

x1−σ0 min

(

1,
log x

T

))

+O

(

x−σ0 min

(

1,
x

||x||

))

.
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∑

n≤x

n∈B

χ(n)

=
1

2πi

∫ b+iT

b−iT

L(2s, χ2)

L(4s, χ4)

∏

p1

(

1 +
χ3(p1)

(ps
1 − χ(p)) (p2s

1 + χ2(p))

)

xs

s
ds

+O

(

xbζ(b)

T

)

+ O

(

xmin

(

1,
log x

T

))

.|^Ún2.5.5 ¥��{·���
∑

n≤x

n∈B

χ(n) =







2f(χ)px1/2

(p + 1) ζ(2)
+ O

(

x1/4+ǫ
)

, XJχ2 ´�p �ÌAÆ;

O
(

p9/44x1/4+ǫ
)

, Ù§.y.. �y3·�5y²½n. ½ÂC Ǒ�p ����8. 5¿�
χa,k(n) = e

(

aindn

k

)´�p �AÆ, χa,k ǑÌAÆ��=�k = 1. ÏddÚn2.5.1 ÚÚn2.5.5 k
∑

n≤x

n∈A
n∈C

=
φ(p − 1)

p − 1

∑

k|p−1

µ(k)

φ(k)

k
∑′

a=1

∑

n≤x

n∈A
(n,p)=1

e

(

aindn

k

)

=
φ(p − 1)

p − 1

∑

k|p−1

µ(k)

φ(k)

k
∑′

a=1

∑

n≤x

n∈A

χa,k(n)

=
pφ(p − 1)

(p2 − 1)ζ(2)
x + O

(

p9/44x1/2+ǫ
)

.ùÒy²
½n2.5.1.5¿�χ2
a,k ǑÌAÆ��=�k = 1 ½k = 2. ÏddÚn2.5.1 ÚÚn2.5.6��
∑

n≤x

n∈B
n∈C

=
φ(p − 1)

p − 1

∑

k|p−1

µ(k)

φ(k)

k
∑′

a=1

∑

n≤x

n∈B

(n,p)=1

e

(

aindn

k

)

=
φ(p − 1)

p − 1

∑

k|p−1

µ(k)

φ(k)

k
∑′

a=1

∑

n≤x

n∈B

χa,k(n)
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=
2C3pφ(p − 1)

(p2 − 1) ζ(2)
x1/2 + O

(

p9/44x1/4+ǫ
)

.ùÒy²
½n2.5.2.½ÂD Ǒ�p ��g�{�8, dÚn2.5.5 ·�k
∑

n≤x

n∈A
n∈D

=
∑

n≤x

n∈A

1

2

(

1 +

(

n

p

))

=
x

2ζ(2)
+

1

2

∑

n≤x

n∈A

(

n

p

)

=
3

π2
x + O

(

p9/44x1/2+ǫ
)

.ùÒ�¤
½n2.5.3 �y².

§2.6 Smarandache�ê���ê¡Ǒ´1�aSmarandache �Ûê, XJ§��´óê, �´éÙê �,����ÒC¤Ûê. ~X
10, 12, 14, 16, 18, 30, 32, 34, 36, 38, 50, 52, · · ·Ñ´1�aSmarandache �Ûê. �A L«1�aSmarandache �Ûê�8Ü.aq/, �½Â1�aSmarandache �óê. XJ��Ûê�ê �,�����C¤��óê, �où�ê�¡Ǒ1�aSmarandache �óê. ~X

21, 23, 25, 27, 29, 41, 43, 45, 47, 49, · · ·Ò´1�aSmarandache�óê. -B L«1�aSmarandache�óê�8Ü.�!ïÄùüaê��5�, ¿�Ñ�
ìCúª.½n2.6.1. é?¿¢êx ≥ 1, k
∑

n∈A
n≤x

1 =
1

2
x + O

(

x
ln 5
ln 10

)�
∑

n∈B
n≤x

1 =
1

2
x + O

(

x
ln 5
ln 10

)

.½n2.6.2. �¢êx ≥ 1, d(n) ǑDirichlet Øê¼ê. KkìCúª
∑

n∈A
n≤x

d(n) =
3

4
x ln x +

(

3

2
γ − ln 2

2
− 3

4

)

x + O
(

x
ln 5
ln 10+ǫ

)



28 1�Ù Smarandache ê��þ�©Ù�
∑

n∈B
n≤x

d(n) =
1

4
x ln x +

(

1

2
γ +

ln 2

2
− 1

4

)

x + O
(

x
ln 5
ln 10+ǫ

)

,Ù¥γ ´Euler ~ê, ǫ ´?¿�¢ê.Ǒ
y²½n, ÄkÚ\ü�Ún.Ún2.6.1. é?¿¢êx ≥ 1, k
∑

n≤ x+1
2

d(2n − 1) =
1

4
x ln x +

1

4
(2γ + 2 ln 2 − 1)x + O(x

1
2+ǫ),Ù¥γ ´Euler~ê, ǫ ´?¿¢ê.y². �s ǑEê, Re s > 1. ½Âf(s)Ǒ

f(s) =
∞
∑

n=1

d(2n − 1)

(2n − 1)s
.dEuler �Èúªk

f(s) =
∏

p6=2

(

1 +
2

ps
+

3

p2s
+ · · ·

)

=
∏

p6=2

(

1 − 1

ps

)2

= ζ2(s)

(

1 − 1

2s

)2

,Ù¥ζ(s) ´Riemann Zeta¼ê.3Perron úª¥�s0 = 0, T = x1/2, b = 3/2, ��
∑

2n−1<x

d(2n − 1) =
1

2πi

∫ 3
2+iT

3
2−iT

ζ2(s)

(

1 − 1

2s

)2
xs

s
ds + O

(

x
1
2+ǫ
)

.5¿�¼ê
ζ2(s)

(

1 − 1

2s

)2
xs

s3s = 1 k����4:, 3êǑ
lim
s→1

1

1!

(

(s − 1)2ζ2(s)

(

1 − 1

2s

)2
xs

s

)′

=
1

4
x ln x +

1

4
(2γ + 2 ln 2 − 1)x,Ù¥γ ´Euler~ê. K��

∑

2n−1≤x

d(2n − 1) =
1

4
x ln x +

1

4
(2γ + 2 ln 2 − 1)x + O(x

1
2+ǫ).ùÒy²
Ún2.6.1. �
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∑

2n/∈A
2n≤x

1 = O
(

x
ln 5
ln 10

)�
∑

2n−1/∈B
2n−1≤x

1 = O
(

x
ln 5
ln 10

)

.y². �kǑ��ê, ÷v10k ≤ x < 10k+1. w,kk ≤ log x < k + 1. ´y
∑

2n/∈A
2n≤x

1 ≤ 5k.lk
∑

2n/∈A
2n≤x

1 ≤ 5log x = x
ln 5
ln 10 .aq���

∑

2n−1/∈B
2n−1≤x

1 = O
(

x
ln 5
ln 10

)

.ùÒy²
Ún2.6.2. �y3y²½n. dÚn2.6.2 k
∑

n∈A
n≤x

1 =
∑

2n≤x

1 −
∑

2n/∈A
2n≤x

1 =
1

2
x + O

(

x
ln 5
ln 10

)±9
∑

n∈B
n≤x

1 =
∑

2n−1≤x

1 −
∑

2n−1/∈A
2n−1≤x

1 =
1

2
x + O

(

x
ln 5
ln 10

)

.ly²
½n2.6.1.,��¡, dÚn2.6.1, Ún2.6.2 ±9�Oªd(n) ≤ nǫ k
∑

n∈A
n≤x

d(n) =
∑

2n≤x

d(2n) −
∑

2n/∈A
2n≤x

d(2n)

=
∑

n≤x

d(n) −
∑

2n−1≤x

d(2n − 1) −
∑

2n/∈A
2n≤x

d(2n)

= x ln x + (2γ − 1)x − 1

4
x ln x − 1

4
(2γ + 2 ln 2 − 1)x + O

(

x
ln 5
ln 10+ǫ

)
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=

3

4
x ln x +

(

3

2
γ − ln 2

2
− 3

4

)

x + O
(

x
ln 5
ln 10 +ǫ

)

.aq���
∑

n∈B
n≤x

d(n) =
∑

2n−1≤x

d(2n − 1) −
∑

2n−1/∈B
2n−1≤x

d(2n − 1)

=
1

4
x ln x +

(

1

2
γ +

ln 2

2
− 1

4

)

x + O
(

x
ln 5
ln 10+ǫ

)

.ùÒy²
½n2.6.2.

§2.7 k g�Ö¼ê�n, k Ǒ��ê, �k ≥ 2. bk(n) ¡Ǒn �k g�Ö¼ê, XJbk(n) ´��nbk(n) Ǒk g������ê. ½Âü�#�8Ü
B = {n ∈ N, bk(n) | n},
C = {n ∈ N, n | bk(n)}.�!|^)Û�{ïÄDirichlet Øê¼êd(n) 3ùü�8Üþ�þ�, ¿�Ñü�þ�úª.½n2.7.1. é?¿¢êx ≥ 1, k

∑

n≤x

n∈B

d(n) =
mx

1
m

ζm+1(2)
R(p

1
m )f(log x) + O

(

x
1

2m +ǫ
)

,Ù¥
R(p

1
m ) =

∏

p

(

1 +
pm
((

p
1
m − 1

)

(m + 1) + p
1
m

)

(p + 1)m+1(p
1
m − 1)2

−

(

p
1
m

)2 m+1
∑

i=2

(

m+1
i

)

pm+1−i

(p + 1)m+1(p
1
m − 1)2









,

f(y) ´'uy �õ�ª, gêǑm =

[

k + 1

2

]

, ǫ´?¿�¢ê.



§2.7 k g�Ö¼ê 31½n2.7.2. é?¿�¢êx ≥ 1, k
∑

n≤x

n∈C

d(n) =
x log x

ζ(l + 1)

∏

p

(

1 − (l + 1)(p − 1)

pl+2 − p

)

+ Ax + O(x
1
2 +ǫ),Ù¥l =

[

k

2

]

, AǑ~ê.y3y²½n. �n�IO�Ïf©)ªǑn = pα1

1 pα2

2 · · · pαs
s , Kw,k

bk(n) = bk(p
α1

1 pα2

2 · · · pαs

s ) = bk(p
α1

1 )bk(p
α2

2 ) · · · bk(p
αs

s ).=bk(n) ´��¼ê. �e5ïÄn = pα���¹.

(1) �α ≥ k, Kdbk(n)�½Âkbk(n) | n, ln ∈ B.

(2) �α ≤ k, Kbk(n) = pk−α. dþ��, �α ≥
[

k+1
2

] �n ∈ B, �α ≤
[

k
2

] �n ∈ C.y3½Â
f(s) =

∑

n∈B

d(n)

ns
.dEuler �Èúªk

f(s) =
∏

p

(

1 +
d(pm)

pms
+

d(pm+1)

p(m+1)s
+ · · ·

)

=
∏

p

(

1 +
m + 1

pms
+

m + 2

p(m+1)s
+ · · ·

)

=
∏

p

(

1 +
m + 1

pms
+

m + 1

pms(ps − 1)
+

ps

pms(ps − 1)2

)

=
ζm+1(ms)

ζm+1(2ms)

∏

p

(

1 +
pm2s(ps − 1)(m + 1) + ps

(pms + 1)m+1(ps − 1)2

−
(ps − 1)2

m+1
∑

i=2

(

m+1
i

)

pm(m+1−i)s

(pms + 1)m+1(ps − 1)2









,Ù¥ζ(s) ´Riemann zeta¼ê, m =

[

k + 1

2

]

.w,k
|d(n)| ≤ n,

∣

∣

∣

∣

∣

∞
∑

n=1

d(n)

nσ

∣

∣

∣

∣

∣

≤ 1

σ − 1 − 1
m

,
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m
´s �¢Ü. K3Perronúª¥�

s0 = 0, b =
2

m
, T = x

3
2m ,��

∑

n≤x

n∈B

d(n) =
1

2πi

∫ 2
m +iT

2
m−iT

ζm+1(ms)

ζm+1(2ms)
R(s)

xs

s
ds + O

(

x
1

2m +ǫ
)

,Ù¥
R(s)

=
∏

p









1 +

pm2s ((ps − 1)(m + 1) + ps) − (ps − 1)2
m+1
∑

i=2

(

m+1
i

)

pm(m+1−i)s

(pms + 1)m+1(ps − 1)2









.5¿�¼ê
ζm+1(ms)

ζm+1(2ms)
R(s)

xs

s3s =
1

m
k��m + 1 �4:, 3êǑ
lim
s→1

1

m!

(

(ms − 1)m+1ζm+1(ms)
R(s)xs

ζm+1(2ms)s

)(m)

= lim
s→1

1

m!

(

m

0

)

(

(ms − 1)m+1ζm+1(ms)
)(m) R(s)xs

ζm+1(2ms)s

+ lim
s→1

1

m!

(

m

1

)

(

(ms − 1)m+1ζm+1(ms)
)(m−1)

(

R(s)xs

ζm+1(2ms)s

)′

+ · · · · · ·

+ lim
s→1

1

m!

(

m

m

)

(ms − 1)m+1ζm+1(ms)

(

R(s)xs

ζm+1(2ms)s

)(m)

=
mx

1
m

ζm+1(2)
R

(

1

m

)

f(log x) + O
(

x
1

2m
+ǫ
)

,Ù¥f(y) ´'uy �õ�ª, gêǑk, ǫ ´?¿�¢ê. Ïd��
∑

n≤x

n∈B

d(n) =
mx

1
m

ζm+1(2)
R(p

1
m )f(log x) + O

(

x
1

2m +ǫ
)

,Ù¥
R
(

p
1
m

)
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=
∏

p

(

1 +
pm
(

(p
1
m − 1)(m + 1) + p

1
m

)

− (p
1
m − 1)2

∑m+1

i=2

(

m+1
i

)

pm+1−i

(p + 1)m+1(p
1
m − 1)2

)

.ùÒy²
½n2.7.1.��êk ≥ 2. ½Â
g(s) =

∑

n∈C

d(n)

ns
.dEuler �Èúªk

g(s) =
∑

n∈C

d(n)

ns

=
∏

p

(

1 +
d(p)

ps
+

d(p2)

p2s
+ · · · + d(pl)

pls

)

=
∏

p

(

1 +
2

ps
+

3

p2s
+ · · · + l + 1

pls

)

=
∏

p

(

1

1 − 1
ps

)

(

1 +
1

ps
+

1

p2s
+

1

p3s
+ · · · + 1

pls
− l + 1

p(l+1)s

)

= ζ(s)
∏

p

(

1 − 1
p(l+1)s

1 − 1
ps

− l + 1

p(l+1)s

)

=
ζ2(s)

ζ((l + 1)s)

∏

p

(

1 − (l + 1)(ps − 1)

p(l+2)s − ps

)

,Ù¥l =

[

k

2

]

. 2dPerron úª�y½n2.7.2.
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1nÙ 'u�
Smarandache ¼ê��¡?ê�Ù?Ø'u�
Smarandache ¼ê�Dirichlet ?ê�Âñ5, ¿�Ñ�
ð�ª.

§3.1 'uSmarandache�¼ê��¡?ê�n Ǒ��ê. Smarandache �¼êSP (n) ´�÷vn | mm �����êm. =Ò´
SP (n) = min







m : n | nm,m ∈ N,
∏

p|n

p =
∏

p|m

p







.�n �Hg,ê�, ��Smarandache �¼ê�ê�{SP (n)} Xe:

1, 2, 3, 2, 5, 6, 7, 4, 3, 10, 11, 6, 13, 14, 15, 4, 17, 6, 19, 10, · · ·�âSP (n) �½Â, �n Ǒ�ê��, k
SP (n) =























p, XJ 1 ≤ α ≤ p;

p2, XJ p + 1 ≤ α ≤ 2p2;
p3, XJ 2p2 + 1 ≤ α ≤ 3p3;
· · · · · ·
pα, XJ (α − 1)pα + 1 ≤ α ≤ αpα.�n �IO�Ïê©)ªǑn = pα1

1 pα2

2 · · · pαr
r . eé�Nαi(i = 1, 2, · · · , r)kαi ≤ pi, KkSP (n) = U(n), Ù¥

U(n) =
∏

p|n

p.w,SP (n) Ø´��¼ê. ~X
SP (8) = 4, SP (3) = 3, SP (24) = 6 6= SP (3) × SP (8).�!ïÄ�SP (n) k'����¡?ê, ¿�Ñ�
ð�ª.

· 35 ·
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Smarandache ¼ê��¡?ê½n3.1.1. �s ǑEê, ÷vRe s > 1, Kk
∞
∑

n=1

(−1)n−1µ(n)

(SP (nk))
s =



























2s + 1

2s − 1

1

ζ(s)
, XJ k = 1, 2;

2s + 1

2s − 1

1

ζ(s)
− 2s − 1

4s
, XJ k = 3;

2s + 1

2s − 1

1

ζ(s)
− 2s − 1

4s
+

3s − 1

9s
, XJ k = 4, 5,Ù¥µ(n) ǑMöbius ¼ê, ζ(s) ǑRiemann zeta ¼ê.5¿�ζ(2) =

π2

6
, ζ(4) =

π4

90
. 3½n¥�s = 2, 4, ��e¡��
ð�ª.

∞
∑

n=1

(−1)n−1µ(n)

(SP (nk))
2 =























10

π2
, XJ k = 1, 2;

10

π2
− 3

16
, XJ k = 3;

10

π2
− 3

16
+

8

81
, XJ k = 4, 5,�

∞
∑

n=1

(−1)n−1µ(n)

(SP (nk))
4 =























102

π4
, XJ k = 1, 2;

102

π4
− 15

256
, XJ k = 3;

102

π4
− 15

256
+

80

6561
, XJ k = 4, 5.y3y²½n. 5¿��mǑóê�, µ(2m) = 0;�mǑÛê�, µ(2m) =

−µ(m). Ïd
∞
∑

n=1

(−1)n−1µ(n)

(SP (nk))
s =

∞
∑

m=1

µ(2m − 1)

(SP ((2m − 1)k)s
−

∞
∑

m=1

µ(2m)

(SP ((2m)k)s

=

∞
∑

m=1

µ(2m − 1)

(SP ((2m − 1)k)s
+

∞
∑

m=1

µ(2m − 1)

(SP (2k(2m − 1)k)s
.�k = 1 ½2 �,

µ(n)

SP (nk)
´��¼ê. ¯¢þé?¿p����êm,n,�µ(mn) = 0�, kµ(m) = 0 ½µ(n) = 0, lµ(m)µ(n) = 0. Ïd

µ(mn)

SP (mknk)
=

µ(m)

SP (mk)

µ(n)

SP (nk)
=

µ(m)

m

µ(n)

n
.XJµ(mn) 6= 0, Kkµ(m) 6= 0, µ(n) 6= 0, l

SP (mknk) = SP (mk)SP (nk) = mn.
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µ(n)

SP (nk)
=

µ(n)

n´��¼ê.�k = 1 ½2 �, d�ª
∞
∑

n=1

µ(n)

ns
=
∏

p

(

1 − 1

ps

)

=
1

ζ(s)
,±9Euler �È��

∞
∑

n=1

(−1)n−1µ(n)

(SP (nk))
s =

∞
∑

m=1

µ(2m − 1)

(SP ((2m − 1)k))s
+

∞
∑

m=1

µ(2m − 1)

(SP (2k(2m − 1)k))s

=
∏

p6=2

(

1 − 1

ps

)

+
1

2s

∏

p6=2

(

1 − 1

ps

)

=
2s + 1

2s

2s

2s − 1

∏

p

(

1 − 1

ps

)

=
2s + 1

2s − 1

∞
∑

n=1

µ(n)

ns

=
2s + 1

2s − 1

1

ζ(s)
.ùÒy²
½n�1�«�¹.�k = 3 �, 5¿�SP (23) = 4, lk µ(1)

(SP (23))s
=

1

4s
, ±9

µ(2m − 1)

(SP (23(2m − 1)3))s
=

µ(2m − 1)

2s(2m − 1)s
, m > 1.Ïd

∞
∑

n=1

(−1)n−1µ(n)

(SP (n3))
s =

∞
∑

m=1

µ(2m − 1)

(SP ((2m − 1)3))s
+

∞
∑

m=1

µ(2m − 1)

(SP (23(2m − 1)3))s

=

∞
∑

m=1

µ(2m − 1)

(SP ((2m − 1)3))s
+

1

4s
− 1

2s
+

∞
∑

m=1

µ(2m − 1)

2s(2m − 1)s

=
∏

p6=2

(

1 − 1

ps

)

− 2s − 1

4s
+

1

2s

∏

p6=2

(

1 − 1

ps

)

=
2s + 1

2s

2s

2s − 1

∏

p

(

1 − 1

ps

)

− 2s − 1

4s

=
2s + 1

2s − 1

1

ζ(s)
− 2s − 1

4s
.ùÒy²
½n�1�«�¹.
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Smarandache ¼ê��¡?ê�k = 4 ½5 �, 5¿�SP (2k) = 4, SP (3k) = 9, lk
µ(2)

(SP (2k))s
=

1

4s
,

µ(3)

(SP (3k))s
= − 1

9s
,

µ(2m − 1)

(SP (2k(2m − 1)k))s
=

µ(2m − 1)

2s(2m − 1)s
, m > 2,±9

µ(2m − 1)

(SP ((2m − 1)k))s
=

µ(2m − 1)

(2m − 1)s
, m ≥ 2.KdEuler �Èúªk

∞
∑

n=1

(−1)n−1µ(n)

(SP (nk))
s

=

∞
∑

m=1

µ(2m − 1)

(SP ((2m − 1)k))s
+

∞
∑

m=1

µ(2m − 1)

(SP (2k(2m − 1)k))s

= − 1

9s
+

1

3s
+

∞
∑

m=1

µ(2m − 1)

(2m − 1)s
+

1

4s
− 1

2s
+

∞
∑

m=1

µ(2m − 1)

2s(2m − 1)s

= − 1

9s
+

1

3s
+
∏

p6=2

(

1 − 1

ps

)

− 2s − 1

4s
+

1

2s

∏

p6=2

(

1 − 1

ps

)

=
2s + 1

2s

2s

2s − 1

∏

p

(

1 − 1

ps

)

− 2s − 1

4s
+

3s − 1

9s

=
2s + 1

2s − 1

1

ζ(s)
− 2s − 1

4s
+

3s − 1

9s
.l�¤
½n�y².

§3.2 'un
1
m ��êÜ©±9Ø�Ln���mg��m Ǒ�½���ê, ¿½Â¼ê

am(n) =
[

n
1
m

]

,Ù¥[x]L«Ø�Lx����ê. ~X, a2(1) = 1, a2(2) = 1, a2(3) = 1, a2(4) =

2, a2(5) = 2, a2(6) = 2, a2(7) = 2, a2(8) = 2, a2(9) = 3, a2(10) = 3, · · · .�n Ǒ��ê, w,�3����êk ÷vkm ≤ n < (k + 1)m. ½Â
bm(n) = km,



§3.2 'un
1
m ��êÜ©±9Ø�Ln ���m g� 39=bm(n) ´Ø�Ln ���m g�. ~X�m = 2 �kb2(1) = 1, b2(2) = 1,

b2(3) = 1, b2(4) = 4, b2(5) = 4, b2(6) = 4, b2(7) = 4, b2(8) = 4, b2(9) = 9,

b2(10) = 9, · · · .�!ïÄ'uam(n) �bm(n) �ü�Dirichlet ?ê, ¿�Ñ�
�ª.½n3.2.1. �m Ǒ�½���ê. Ké?¿¢ês > 1, Dirichlet ?ê
f(s) =

∞
∑

n=1

(−1)n

as
m(n)Âñ, �k

∞
∑

n=1

(−1)n

as
m(n)

=

(

1

2s−1
− 1

)

ζ(s),Ù¥ζ(s) ´Riemann zeta ¼ê.½n3.2.2. �m Ǒ�½���ê. Ké?¿¢ês > 1
m

, Dirichlet ?ê
gm(s) =

∞
∑

n=1

(−1)n

bs
m(n)Âñ, �k

∞
∑

n=1

(−1)n

bs
m(n)

=

(

1

2ms−1
− 1

)

ζ(ms).d½ná=��e¡�íØ.íØ3.2.1.

∞
∑

n=1

(−1)n

a2
m(n)

= − 1

12
π2,

∞
∑

n=1

(−1)n

a3
m(n)

= −3

4
ζ(3),

∞
∑

n=1

(−1)n

b2
2(n)

= − 7

720
π4,

∞
∑

n=1

(−1)n

b3
2(n)

= − 31

30240
π6,

∞
∑

n=1

(−1)n

b2
3(n)

= − 31

30240
π6,

∞
∑

n=1

(−1)n

b3
3(n)

= −255

256
ζ(9).íØ3.2.2. �s,m Ǒ��ê, �m ≥ 2. Kk

∞
∑

n=1

(−1)n

bs
m(n)

=

∞
∑

n=1

(−1)n

bm
s (n)

.y3y²ù
½n. é?¿��ên, w,��k(k + 1)m − km ��ên ��am(n) = k. lk
f(s) =

∞
∑

n=1

(−1)n

as
m(n)

=

∞
∑

k=1

∞
∑

n=1
am(n)=k

(−1)n

ks
.
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Smarandache ¼ê��¡?ê�k ǑÛê�, k
∞
∑

n=1
am(n)=k

(−1)n

ks
=

−1

ks
.�k Ǒóê�, Kk

∞
∑

n=1
am(n)=k

(−1)n

ks
=

1

ks
.nÜùü«�¹��

f(s) =

∞
∑

t=1
k=2t

1

(2t)s
+

∞
∑

t=1
k=2t−1

−1

(2t − 1)s

=
∞
∑

t=1

1

(2t)s
−
( ∞
∑

t=1

1

ts
−

∞
∑

t=1

1

(2t)s

)

=

∞
∑

t=1

2

2sts
−

∞
∑

t=1

1

ts
.w,�s > 1 �f(s) Âñ, �k

f(s) =
∞
∑

n=1

(−1)n

as
m(n)

=

(

1

2s−1
− 1

)

ζ(s).ùÒy²
½n3.2.1.|^Ó���{´y
gm(s) =

∞
∑

n=1

(−1)n

bs
m(n)

=

∞
∑

k=1

∞
∑

n=1
bm(n)=km

(−1)n

kms

=

∞
∑

t=1
k=2t

1

(2t)ms
+

∞
∑

t=1
k=2t−1

−1

(2t − 1)ms

=

∞
∑

t=1

2

2mstms
−

∞
∑

t=1

1

tms
.w,�s > 1

m
�g(s) Âñ, �k

gm(s) =

∞
∑

n=1

(−1)n

bs
m(n)

=

(

1

2ms−1
− 1

)

ζ(ms).ly²
½n3.2.2.
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§3.3 �ê��mg�Ü©�n,m Ǒ��ê, �m ≥ 2. ½ÂCm(n) Ǒn ��m g�Ü©, =Ò´
Cm(n) = min

{ n

dm
: dm|n, d ∈ N

}

.�n = pα1

1 pα2

2 · · · pαs
s , KkCm(nm

1 n2) = Cm(n2), ±9
Cm(n) = pα1

1 pα2

2 · · · pαs

s , � αi ≤ m − 1.é?¿��êk, ½Â¼êδk(n) Xe,

δk(n) =

{

max {d ∈ N : d | n, (d, k) = 1} , XJ n 6= 0,
0, XJ n = 0.�A L«÷v�§Cm(n) = δk(n) ���ên �8Ü. =

A = {n ∈ N : Cm(n) = δk(n)} .�!ïÄ�8ÜA k'�Dirichlet ?ê�Âñ5, ¿�Ñ�
ð�ª.½n3.3.1. �m ≥ 2 ´�½���ê. Ké?¿¢ês > 1, k
∞
∑

n=1
n∈A

1

ns
=

ζ(s)

ζ(ms)

∏

p|k

1 − 1
ps

(

1 − 1
pms

)2 ,Ù¥ζ(s) ǑRiemann zeta ¼ê,
∏

p

L«é¤k�ê��È.5¿�
ζ(2) = π2/6, ζ(4) = π4/90, ζ(6) = π6/945,d½ná=��e¡��
�ª.íØ3.3.1. ½Â

B = {n ∈ N : C2(n) = δk(n)},
C = {n ∈ N : C3(n) = δk(n)}.Kk
∞
∑

n=1
n∈B

1

n2
=

15

π2

∏

p|k

p6

(p2 + 1)(p4 − 1)±9
∞
∑

n=1
n∈C

1

n2
=

305

2π4

∏

p|k

p10

(p4 + p2 + 1)(p6 − 1)
.
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Smarandache ¼ê��¡?êy3y²½n. ½Â¼êa(n) Xe:

a(n) =

{

1, XJ n ∈ A,
0, Ù§.é?¿¢ês > 0, w,k

∞
∑

n=1
n∈A

1

ns
=

∞
∑

n=1

a(n)

ns
<

∞
∑

n=1

1

ns
.5¿��s > 1 � ∞

∑

n=1

1

ns
Âñ, K�s > 1 � ∞

∑

n=1
n∈A

1

ns
ǑÂñ.y3�Ä8ÜA. dCm(n)�δk(n)�½Â��Cm(n)�δk(n)Ñ´��¼ê,Ïd�)�§Cm(n) = δk(n), �I�Än = pα ���¹. �n = pα, (p, k) = 1�, Cm(pα) = δk(p

α) k)��=�1 ≤ α ≤ m − 1. �n = pα, p | k �,KCm(pα) = δk(p
α) k)��=�m | α. dEuler �Èk

∞
∑

n=1
n∈A

1

ns
=

∏

p

(

1 +
a(p)

ps
+

a(p2)

p2s
+ · · · + a(pm−1)

p(m−1)s
+ · · ·

)

=
∏

p∤k

(

1 +
a(p)

ps
+

a(p2)

p2s
+ · · · + a(pm−1)

p(m−1)s

)

×
∏

p|k

(

1 +
a(p)

pms
+

a(p2)

p2ms
+

a(p3)

p3ms
+ · · ·

)

=
∏

p∤k

(

1 +
1

ps
+

1

p2s
+ · · · + 1

p(m−1)s

)

×
∏

p|k

(

1 +
1

pms
+

1

p2ms
+

1

p3ms
+ · · ·

)

=
ζ(s)

ζ(ms)

∏

p|k

1 − 1
ps

(

1 − 1
pms

)2 ,Ù¥ζ(s) ´Riemann zeta ¼ê,
∏

p

L«é¤k�ê��È. dd�¤
½n�y².

§3.4 'uk gÖê��¡?ê�n, kǑ��ê,�k ≥ 2. ak(n)¡Ǒn�kgÖê,XJak(n)´��nak(n)Ǒk g������ê. AO/, ©O¡a2(n), a3(n), a4(n) Ǒ²�Öê, á�Ö



§3.4 'uk gÖê��¡?ê 43ê, ogÖê. �!ïÄDirichlet ?ê
∞
∑

n=1

1

(nak(n))s�5�, ¿�ÑA�ð�ª.½n3.4.1. �s ǑEê, ÷vRe s ≥ 1. Kk
∞
∑

n=1

1

(na2(n))s
=

ζ2(2s)

ζ(4s)
,Ù¥ζ(s) ǑRiemann zeta ¼ê.½n3.4.2. �s ǑEê, ÷vRe s ≥ 1. Kk

∞
∑

n=1

1

(na3(n))s
=

ζ2(3s)

ζ(6s)

∏

p

(

1 +
1

p3s + 1

)

,Ù¥∏
p

ǑL«é¤k�ê��È.½n3.4.3. �s ǑEê, ÷vRe s ≥ 1. Kk
∞
∑

n=1

1

(na4(n))s
=

ζ2(4s)

ζ(8s)

∏

p

(

1 +
1

p4s + 1

)(

1 +
1

p4s + 2

)

.3þã½n¥©O�s = 1, 2, ¿5¿�
ζ(2) =

π2

6
, ζ(4) =

π4

90
, ζ(6) =

π6

945
, ζ(8) =

π8

9450
,

ζ(12) =
691π12

638512875
, ζ(16) =

3617π16

325641566250
,l��e¡��
�ª.íØ3.4.1.

∞
∑

n=1

1

na2(n)
=

5

2
;

∞
∑

n=1

1

na3(n)
=

ζ2(3)

ζ(6)

∏

p

(

1 +
1

p3 + 1

)

;

∞
∑

n=1

1

na4(n)
=

7

6

∏

p

(

1 +
1

p4 + 1

)

∏

p

(

1 +
1

p4 + 2

)

.
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∞
∑

n=1

1

(na2(n))2
=

7

6
;

∞
∑

n=1

1

(na3(n))2
=

715

691

∏

p

(

1 +
1

p6 + 1

)

;

∞
∑

n=1

1

(na4(n))2
=

7293

7234

∏

p

(

1 +
1

p8 + 1

)

∏

p

(

1 +
1

p8 + 2

)

.y3y²½n. é?¿��ên, �n = l2m, Ù¥m Ǒ�²�Ïfê, Kda2(n) �½Âk
∞
∑

n=1

1

(na2(n))s
=

∞
∑

l=1

∞
∑

m=1

|µ(m)|
(l2mm)s

=

∞
∑

l=1

∞
∑

m=1

|µ(m)|
l2sm2s

= ζ(2s)
∏

p

(

1 +
1

p2s

)

=
ζ2(2s)

ζ(4s)
,Ù¥µ(n) ǑMöbius ¼ê. ùÒy²
½n3.4.1.é?¿��ên, �n = l3m2r, Ù¥(m, r) = 1, rm ´�²�Ïfê, Kda3(n) �½Âk

∞
∑

n=1

1

(na3(n))s
=

∞
∑

l=1

∞
∑

m=1

∞
∑

r=1
(m,r)=1

|µ(m)||µ(r)|
(l3m2rmr2)s

= ζ(3s)

∞
∑

m=1

|µ(m)|
m3s

∞
∑

r=1
(m,r)=1

|µ(r)|
r3s

= ζ(3s)

∞
∑

m=1

|µ(m)|
m3s

∏

p∤m

(

1 +
1

p3s

)

=
ζ2(3s)

ζ(6s)

∞
∑

m=1

|µ(m)|
m3s

∏

p|m

1
(

1 + 1
p3s

)

=
ζ2(3s)

ζ(6s)

∏

p



1 +
1

p3s

(

1 + 1
p3s

)





=
ζ2(3s)

ζ(6s)

∏

p



1 +
1
1

p3s+ 1
p3s



 .ùÒy²
½n3.4.2.



§3.5 'uk gÖê��
ð�ª 45é?¿��ên, �n = l4m3r2t, Ù¥(m, r) = 1, (mr, t) = 1, mrt ´�²�Ïfê, Kda4(n) �½Âk
∞
∑

n=1

1

(na4(n))s

=
∞
∑

l=1

∞
∑

m=1

∞
∑

r=1

∞
∑

t=1
(m,r)=1

(mr,t)=1

|µ(m)||µ(r)||µ(t)|
(l4m3r2tmr2t3)s

= ζ(4s)

∞
∑

m=1

∞
∑

r=1
(m,r)=1

|µ(m)||µ(r)|
m4sr4s

∞
∑

t=1
(mr,t)=1

|µ(t)|
t4s

=
ζ2(4s)

ζ(8s)

∞
∑

m=1

∞
∑

r=1
(m,r)=1

|µ(m)||µ(r)|
m4sr4s

∏

p|mr

1

1 + 1
p4s

=
ζ2(4s)

ζ(8s)

∞
∑

m=1

∞
∑

r=1
(m,r)=1

|µ(m)||µ(r)|
m4sr4s

∏

p|m

1

1 + 1
p4s

∏

p|r

1

1 + 1
p4s

=
ζ2(4s)

ζ(8s)

∞
∑

m=1

|µ(m)|
m4s

∏

p|m

1

1 + 1
p4s

∏

p∤m

(

1 +
1

p4s + 1

)

=
ζ2(4s)

ζ(8s)

∞
∑

m=1

|µ(m)|
m4s

∏

p|m

1

1 + 1
p4s

∏

p

(

1 + 1
p4s+1

)

∏

p|m

(

1 + 1
p4s+1

)

=
ζ2(4s)

ζ(8s)

∏

p

(

1 +
1

p4s + 1

)(

1 +
1

p4s + 2

)

.ùÒy²
½n3.4.3.

§3.5 'uk gÖê��
ð�ª�n, k Ǒ��ê, �k ≥ 2. ak(n) ¡Ǒn �k gÖê. XJak(n) ´��nak(n) Ǒk g������ê. �!ïÄ�ak(n) k'�Dirichlet ?ê, ¿�Ñ�
ð�ª.½n3.5.1. �α, β ǑEê, ÷vRe α ≥ 1, Re β ≥ 1. Kk
∞
∑

n=1

1

nαaβ
k(n)

= ζ(kα)
∏

p









1 +

1 − 1

p(k−1)α+(k−1)2β

pα+(k−1)β − 1









,
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Smarandache ¼ê��¡?êÙ¥ζ(α) ´Riemann zeta ¼ê,
∏

p

L«é¤k�ê��È.½n3.5.2. �α, β ǑEê, ÷vRe α ≥ 1, Re β ≥ 1. Kk
∞
∑

n=1

(−1)n

nαaβ
k(n)

=

(

1 − 2(2kα − 1)(2α+(k+1)β − 1)

2(k+1)α+(k−1)β − 2α−(k−1)2β

)

ζ(kα)

×
∏

p









1 +

1 − 1

p(k−1)α+(k−1)2β

pα+(k−1)β − 1









.5¿�
ζ(2) =

π2

6
, ζ(4) =

π4

90
, ±9 ζ(8) =

π8

9450
.dþã½ná=��e¡��
ð�ª.íØ3.5.1. 3þã½n¥�α = β, k = 2, k

∞
∑

n=1

1

(na2(n))α
=

ζ2(2α)

ζ(4α)
;

∞
∑

n=1
2∤n

1

(na2(n))α
=

ζ2(2α)

ζ(4α)
· 4α − 1

4α + 1
;

∞
∑

n=1

(−1)n

(na2(n))α
=

ζ2(2α)

ζ(4α)
· 3 − 4α

1 + 4α
.íØ3.5.2. 3íØ3.5.1 ¥�α = β = 1 ½α = β = 2, k = 2, ��

∞
∑

n=1

1

na2(n)
=

5

2
,

∞
∑

n=1

1

(na2(n))2
=

7

6
;

∞
∑

n=1
2∤n

1

na2(n)
=

3

2
,

∞
∑

n=1
2∤n

1

(na2(n))2
=

35

34
;

∞
∑

n=1

(−1)n

na2(n)
= −1

2
,

∞
∑

n=1

(−1)n

(na2(n))2
= − 91

102
.y3y²½n. é?¿��ên, �n = mkl, Ù¥l Ǒ�k gÏfê, Kdak(n) �½Âk

∞
∑

n=1

1

nαaβ
k(n)

=

∞
∑

m=1

∞
∑

l=1

∑

dk|l

µ(d)

mkαlαl(k−1)β
= ζ(kα)

∞
∑

l=1

∑

dk|l

µ(d)

lα+(k−1)β
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= ζ(kα)
∏

p

(

1 +
1

pα+(k−1)β
+

1

p2(α+(k−1)β)
+ · · · + 1

p(k−1)(α+(k−1)β)

)

= ζ(kα)
∏

p









1 +
1

pα+(k−1)β

1 − 1

p(k−1)(α+(k−1)β)

1 − 1

pα+(k−1)β









= ζ(kα)
∏

p









1 +

1 − 1

p(k−1)α+(k−1)2β

pα+(k−1)β − 1









,Ù¥µ(n) ǑMöbius ¼ê. ùÒy²
½n3.5.1.,��¡, ØJy²
∞
∑

n=1
2∤n

1

nαaβ
k(n)

=

∞
∑

m=1
2∤mkl

∞
∑

l=1

∑

dk|l

µ(d)

mkαlαl(k−1)
=

∞
∑

m=1
2∤m

1

mkα

∞
∑

l=1
2∤l

∑

dk|l

µ(d)

lα+(k−1)

=
2kα − 1

2kα

ζ(kα)(2α+(k−1)β − 1)

2α+(k−1)β − 2(k−1)(α+(k−1)β)

∏

p









1 +

1 − 1

p(k−1)α+(k−1)2β

pα+(k−1)β − 1









=
ζ(kα)(2kα − 1)2α+(k−1)β

2(k+1)α+(k−1)β − 2α−(k−1)2β

∏

p









1 +

1 − 1

p(k−1)α+(k−1)2β

pα+(k−1)β − 1









.2d½n3.5.1 ��
∞
∑

n=1

(−1)n

nαaβ
k(n)

=
∞
∑

n=1

1

nαaβ
k(n)

− 2
∞
∑

n=1
2∤n

1

nαaβ
k(n)

=

(

1 − 2(2kα − 1)(2α+(k−1)β − 1)

2(k+1)α+(k−1)β − 2(k−1)2β−α

)

ζ(kα)
∏

p









1 +

1 − 1

p(k−1)α+(k−1)2β

pα+(k−1)β − 1









.ly²
½n3.5.2.
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§3.6 'uü�¼ê�Dirichlet?êé?¿��ên, ½Â¼êZ∗(n) ÚZ(n) Xe:

Z∗(n) = max

{

m ∈ N :
m(m + 1)

2
≤ n

}

,±9
Z(n) = min

{

m ∈ N : n ≤ m(m + 1)

2

}

.=Ò´`, Z∗(n) L«÷v
m(m + 1)

2
≤ n�����êm, Z(n) L«÷v

n ≤ m(m + 1)

2�����êm.~X, Z∗(1) = 1, Z∗(2) = 1, Z∗(3) = 2, Z∗(4) = 2, Z∗(5) = 2, Z∗(6) = 3,

Z∗(7) = 3, Z∗(8) = 3, Z∗(9) = 3, · · · , Z(1) = 1, Z(2) = 2, Z(3) = 2, Z(4) = 3,

Z(5) = 3, Z(6) = 3, Z(7) = 4, Z(8) = 4, Z(9) = 4, Z(10) = 4, · · · .�!ïÄ�Z∗(n)ÚZ(n)k'�Dirichlet?ê�Âñ5,¿�Ñ�
ð�ª.½n3.6.1. é?¿Eês, �¡?ê
∞
∑

n=1

(−1)n

(Z∗(n))s�
∞
∑

n=1

(−1)n

(Z(n))s
,�s > 0 �Âñ, �s ≤ 0 �uÑ.½n3.6.2. �s ǑEê, ÷vRe s > 2, Kk

∞
∑

n=1

1

(Z∗(n))s
= ζ(s − 1) + ζ(s)�

∞
∑

n=1

1

(Z(n))s
= ζ(s − 1),Ù¥ζ(s) ´Riemann zeta ¼ê.



§3.6 'uü�¼ê�Dirichlet ?ê 49½n3.6.3. �n Ǒ��ê, s ǑEê, �Re s > 1, Kk
∞
∑

n=1

(−1)n

(Z∗(n))s
=

2

4s
ζ(s) − 1

2s
ζ(s)±9

∞
∑

n=1

(−1)n

(Z(n))s
=

(

1 − 1

2s

)

ζ(s) − 2

4s
ζ

(

s,
1

4

)

,Ù¥ζ(s, α) ǑHurwitz zeta ¼ê.d½n3.6.3 ��e¡�íØ.íØ3.6.1.
∞
∑

n=1

(−1)n

(Z∗(n))2
= −π2

16
.y3y²½n. b�

m(m + 1)

2
≤ n <

(m + 1)(m + 2)

2
,KZ∗(n) = m �k

(m + 1)(m + 2)

2
− m(m + 1)

2
= m + 1�), l

∞
∑

n=1

(−1)n

(Z∗(n))s
=

∞
∑

n=1
Z∗(n)=m

(−1)n(m + 1)

ms
.�m ǑÛê�, þ¡��Ñ-�
. �m Ǒóê�, Kk

∞
∑

n=1

(−1)n

(Z∗(n))s
= − 1

2s
+

1

4s
− 1

6s
+ · · · + (−1)n

(2n)s
+ · · ·

= − 1

2s

(

1

1s
− 1

2s
+

1

3s
+ · · ·

)

.Ón��
∞
∑

n=1

(−1)n

(Z(n))s
= − 1

1s
+

1

3s
− 1

5s
+

1

7s
+ · · · + (−1)n

(2n − 1)s
+ · · · .ly²
½n3.6.1.b�

m(m + 1)

2
≤ n <

(m + 1)(m + 2)

2
,
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Smarandache ¼ê��¡?êKZ∗(n) = m �k
(m + 1)(m + 2)

2
− m(m + 1)

2
= m + 1�), Ïd

∞
∑

n=1

1

(Z∗(n))s
=

∞
∑

m=1

m + 1

ms
= ζ(s − 1) + ζ(s).|^Ó���{��

∞
∑

n=1

1

(Z(n))s
=

∞
∑

m=1

m(m + 1)

2
− (m − 1)m

2
ms

= ζ(s − 1).ùÒy²
½n3.6.2.�e5y²½n3.6.3. Ón´y
∞
∑

n=1

(−1)n

(Z∗(n))s
= − 1

2s
+

1

4s
− 1

6s
+ · · · + (−1)n

(2n)s
+ · · ·

= −
(

1

2s
+

1

6s
+

1

10s
+ · · · + 1

(4n − 2)s
+ · · ·

)

+

(

1

4s
+

1

8s
+ · · · + 1

(4n)s
+ · · ·

)

= − 1

2s

(

1

1s
+

1

3s
+ · · · + 1

(2n − 1)s
+ · · ·

)

+
1

2s

(

1

2s
+

1

4s
+ · · · + 1

(2n)s
+ · · ·

)

=
2

4s
ζ(s) − 1

2s
ζ(s),±9

∞
∑

n=1

(−1)n

(Z(n))s
= − 1

1s
+

1

3s
− 1

5s
+ · · · + (−1)n

(2n − 1)s
+ · · ·

=

(

1

1s
+

1

3s
+

1

5s
+ · · · + 1

(2n − 1)s
+ · · ·

)

−2

(

1

1s
+

1

5s
+ · · · + 1

(4n − 3)s
+ · · ·

)

=

(

1 − 1

2s

)

ζ(s) − 2

4s
ζ

(

s,
1

4

)

.l��½n3.6.3.
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§3.7 �Euler¼êk'����§é?¿��ên ≥ 1, Euler ¼êφ(n) ´�Ø�Ln ��n p����ê�ê8. d	½ÂJ(n) Ǒ�n ��AÆ�ê8, ¿-A L«÷v�§
φ2(n) = nJ(n)���ên �8Ü.�!ïÄ�A k'�Dirichlet ?ê�Âñ5, ¿�Ñ�
ð�ª.½n3.7.1. é?¿¢ês >
1

2
, k

∞
∑

n=1
n∈A

1

ns
=

ζ(2s)ζ(3s)

ζ(6s)
,Ù¥ζ(s) ´Riemann zeta ¼ê.�s = 1 �2, ¿5¿�

ζ(2) = π2/6, ζ(4) = π4/90,

ζ(6) = π6/945, ζ(12) = 691π12/638512875,á=��e¡��ª:

∞
∑

n=1
n∈A

1

n
=

315

2π4
ζ(3) ±9 ∞

∑

n=1
n∈A

1

n2
=

15015

1382

1

π2
.y3y²½n. 5¿�φ(n) �J(n) Ñ´��¼ê. d?�n = pα �, k

J(p) = p − 1, φ(p) = p − 1, J(pα) = pα−2(p − 1)2±9φ(pα) = pα−1(p − 1). K�©n«�¹�Ä�§φ2(n) = nJ(n) �).

(a) w,n = 1 ´�§�).

(b) �n > 1 �, �n = pα1

1 pα2

2 · · · pαs
s �αi ≥ 2(i = 1, 2, · · · , k). Kk

J(n) = pα1−2
1 (p1 − 1)2 · · · pαk−2

k (pk − 1)2±9
φ2(n) =

(

pα1−1
1 (p1 − 1)pα2−1

2 (p2 − 1) · · · pαk−1
k (pk − 1)

)2
.3ù«�¹e, n Ǒ´�§�).
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(c) �n = p1p2 · · · prp

αr+1

r+1 · · · pαk

k , Ù¥
p1 < p2 < · · · < pr, αj > 1, j = r + 1, r + 2, · · · , k,Kφ2(n) = nJ(n) ��=�

φ2(p1p2 · · · pr) = p1p2 · · · prJ(p1p2 · · · pr)½ö
(p1 − 1)2(p2 − 1)2 · · · (pr − 1)2 = p1p2 · · · pr(p1 − 2)(p2 − 2) · · · (pr − 2).w,pr ØU�Ø(p1−1)2(p2−1)2 · · · (pr−1)2. K3T�/e�§φ2(n) = nJ(n)�).nÜ±þ�¹��, �§φ2(n) = nJ(n) ¤á��=�n = pα1

1 pα2

2 · · · pαs
s , Ù¥αi > 1, ½ön = 1, =A ´1 ±9¤kSquare-full ê�8Ü.½Â¼êa(n) Xe:

a(n) =

{

1, XJ n ∈ A,

0, Ù§.é?¿¢ês > 0, w,k
∞
∑

n=1
n∈A

1

ns
=

∞
∑

n=1

1

ns
.5¿��s > 1 � ∞

∑

n=1

1

ns
Âñ, KdEuler �È��

∞
∑

n=1
n∈A

1

ns
=

∏

p

(

1 +
a(p2)

p2s
+

a(p3)

p3s
+ · · ·

)

=
∏

p

(

1 +
1

p2s
+

1

p3s
+ · · ·

)

=
∏

p



1 +
1

p2s

(

1 − 1
ps

)





=
∏

p

p2s − ps + 1

p2s − ps
=
∏

p

p3s + 1

ps(p2s − 1)

=
∏

p

p6s − 1

ps(p2s − 1)(p3s − 1)
=
∏

p

1 − 1
p6s

(1 − 1
p2s )(1 − 1

p3s )

=
ζ(2s)ζ(3s)

ζ(6s)
,Ù¥ζ(s)´Riemann zeta¼ê,
∏

p

L«é¤k�ê��È.ùÒy²
½n3.7.1.
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§3.8 �aDirichlet?ê9Ùð�ª�n,m Ǒ��ê, �m ≥ 2. n �m gÖêbm(n) ´���nbm(n) Ǒm g������ê. é?¿��êk, ½Â¼êδk(n) Xe:

δk(n) =

{

max{d ∈ N : d | n, (d, k) = 1}, XJ n ≤ 0,
0, XJ n = 0.�A L«÷v�§δk(n) = bm(n) �¤k��ên �8Ü. �!ïÄ�8ÜA k'�Dirichlet ?ê�Âñ5, ¿�Ñ�
ð�ª.½n3.8.1. �m Ǒ�óê. Ké?¿¢ês > 1 ±9��êk, k

∞
∑

n=1
n∈A

1

ns
=

ζ
(m

2
s
)

ζ(ms)

∏

p|k

p
3
2 ms

(pms − 1)
(

p
1
2 ms − 1

) ,Ù¥ζ(s) ´Riemann zeta ¼ê,
∏

p

L«é¤k�ê��È.d½ná=��e¡�íØ.íØ3.8.1. ½ÂB = {n : n ∈ N, δk(n) = b2(n)}. Kk
∞
∑

n=1
n∈B

1

n2
=

15

π2

∏

p|k

p6

(p4 − 1)(p2 − 1)
.íØ3.8.2. ½ÂC = {n : n ∈ N, δk(n) = b4(n)}. Kk

∞
∑

n=1
n∈C

1

n2
=

∞
∑

n=1
n∈B

1

n4
=

105

π4

∏

p|k

p12

(p8 − 1)(p4 − 1)
.íØ3.8.3. ½ÂC = {n : n ∈ N, δk(n) = b4(n)}. Kk

∞
∑

n=1
n∈C

1

n3
=

675675

691

1

π6

∏

p|k

p18

(p12 − 1)(p6 − 1)
.y3y²½n. é?¿¢ês > 0, w,k

∞
∑

n=1
n∈A

1

ns
<

∞
∑

n=1

1

ns
.
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Smarandache ¼ê��¡?êdu�s > 1 � ∞
∑

n=1

1

ns
Âñ, K�s > 1 � ∞

∑

n=1
n∈A

1

ns
ǑÂñ. y3�Ä8ÜA.�n = pα1

1 pα2

2 · · · pαs
s . dδk(n) �bm(n) �½Â��δk(n) �bm(n) Ñ´��¼ê.K�I�Än = pα ��/.b�n = pα �(p, k) = 1, Kkδk(p

α) = pα, ±9
bm(pα) =







pm−α, XJ 1 ≤ α ≤ m;

pm+m[ α
m ]−α, XJ α > m � α 6= rm;

1, XJ α = rm,Ù¥r ´?¿��ê, [x] L«Ø�Lx �����ê. Kδk(p
α) = bm(pα) ��=�α =

m

2
.b�n = pα �(p, k) 6= 1, Kδk(p

α) = 1. l�§δk(p
α) = bm(pα) k)��=�n = prm, r = 0, 1, 2, · · · .y3dEuler �Èúª��

∞
∑

n=1
n∈A

1

ns
=

∏

p∤k

(

1 +
1

p
m
2 s

)

∏

p|k

(

1 +
1

pms
+

1

p2ms
+

1

p3ms
+ · · ·

)

=
∏

p

(

1 +
1

p
m
2 s

)

∏

p|k

1

1 − 1
pms

∏

p|k

(

1 +
1

p
m
2 s

)−1

=
ζ(m

2
s)

ζ(ms)

∏

p|k

p
3
2ms

(pms−1)(p
1
2ms + 1)

,Ù¥ζ(s)´Riemann zeta¼ê,
∏

p

L«é¤k�ê��È.ùÒy²
½n3.8.1.

§3.9 pg�ê��p Ǒ�½��ê, n Ǒ��ê. p g�ê�Sp(n) �½ÂǑ:

Sp(n) = min{m : m ∈ N, pn | m!}.d	½Â
S(n) = min{m : m ∈ N, n | m!}.N´y²S(p) = p ±9S(n) < n (Ø�n = 4 ±9n = p ��/). lk

π(x) = −1 +

[x]
∑

n=2

[

S(n)

n

]

,



§3.9 p g�ê� 55Ù¥π(x) L«1 �x �m��ê��ê, [x] L«Ø�Lx ����ê.�!ïÄ�Sp(n) k'�Dirichlet ?ê, ¿�Ñ�
ð�ª�ìCúª.½n3.9.1. é?¿�êp ±9Eês(Re s > 1), k
∞
∑

n=1

1

Ss
p(n)

=
ζ(s)

ps − 1
,Ù¥ζ(s) ´Riemann zeta ¼ê.AO/, �s = 2, 4, p = 2, 3, 5, ��íØ3.9.1.

∞
∑

n=1

1

S2
2(n)

=
π2

18
;

∞
∑

n=1

1

S2
3(n)

=
π2

48
;

∞
∑

n=1

1

S2
5(n)

=
π2

144
;

∞
∑

n=1

1

S4
2(n)

=
π4

1350
;

∞
∑

n=1

1

S4
3(n)

=
π4

7200
;

∞
∑

n=1

1

S4
5(n)

=
π4

56160
.½n3.9.2. �p Ǒ�½��ê. Kéu?¿¢êx ≥ 1, kìCúª

∞
∑

n=1
Sp(n)≤x

1

Sp(n)
=

1

p − 1

(

ln x + γ +
p ln p

p − 1

)

+ O
(

x− 1
2 +ǫ
)

,Ù¥γ ´Euler ~ê, ǫ Ǒ?¿�¢ê.½n3.9.3. �k Ǒ?¿���ê. Kéu?¿�êp ±9¢êx ≥ 1, kìCúª
∞
∑

n=1
Sp(n)≤x

Sk
p (n) =

xk+1

(k + 1)(p − 1)
+ O

(

xk+ 1
2+ǫ
)

.y3y²½n. �m = Sp(n). epα ‖ m, K3ê�Sp(n) ¥m ¬Eα g.lk
∞
∑

n=1

1

Ss
p(n)

=
∞
∑

m=1
pα‖m

α

ms
=
∑

pα

∞
∑

m=1
(m,p)=1

α

pαsms

=
∞
∑

α=1

α

pαs
ζ(s)

(

1 − 1

ps

)

=

(

1 − 1

ps

)

ζ(s)

∞
∑

α=1

α

pαs
.
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(

1 − 1

ps

) ∞
∑

α=1

α

pαs
=

1

ps
+

∞
∑

α=1

1

p(α+1)s

=
1

ps
+

1

ps

(

1

ps − 1

)

=
1

ps − 1
,��ð�ª

∞
∑

n=1

1

Ss
p(n)

=
ζ(s)

ps − 1
.ùÒy²
½n3.9.1.�x ≥ 1 Ǒ?¿¢ê, ØJy²

1

2πi

∫ b+iT

b−iT

∞
∑

n=1
Sp(n)≤x

xs

Ss−k
p (n)s

ds

=

∞
∑

n=1
Sp(n)≤x

Sk
p (n) + O









∞
∑

n=1
Sp(n)≤x

xb

Sb−k
p (n)

min

(

1,
1

T ln( x
Sp(n)

)

)









,±9
1

2πi

∫ b+iT

b−iT

∞
∑

n=1
Sp(n)>x

xs

Ss−k
p (n)s

ds

= O









∞
∑

n=1
Sp(n)≤x

xb

Sb−k
p (n)

min

(

1,
1

T ln( x
Sp(n)

)

)









,Ù¥k Ǒ?¿�ê. nÜþãüªk
1

2πi

∫ b+iT

b−iT

xs

s

∞
∑

n=1

1

Ss−k
p (n)

ds

=

∞
∑

n=1
Sp(n)≤x

Sk
p (n) + O

( ∞
∑

n=1

xb

Sb−k
p (n)

min

(

1,
1

T ln( x
Sp(n)

)

))

.2d½n3.9.1 ��
∞
∑

n=1
Sp(n)≤x

Sk
p (n) =

1

2πi

∫ b+iT

b−iT

ζ(s − k)xs

(ps−k − 1)s
ds
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+O

(

xb min

(

1,
1

T ln( x
Sp(n)

)

))

.�k = −1 �, �b =
1

2
, T = x, ¿rÈ©�l1

2
± iT £�−1

2
± iT . d�¼ê

ζ(s + 1)xs

(ps+1 − 1)s3s = 0 k����4:, 3êǑ
1

p − 1

(

ln x + γ − p ln p

p − 1

)

.Ïdk
1

2πi

∫ 1
2+iT

1
2−iT

ζ(s + 1)xs

(ps+1 − 1)s
ds =

1

p − 1

(

ln x + γ − p ln p

p − 1

)

+
1

2πi

(

∫ − 1
2−iT

1
2−iT

+

∫ − 1
2+iT

− 1
2−iT

+

∫ 1
2+iT

− 1
2+iT

)

ζ(s + 1)xs

(ps+1 − 1)s
ds.ØJy²�Oª

∣

∣

∣

∣

∣

1

2πi

(

∫ − 1
2−iT

1
2−iT

+

∫ 1
2+iT

− 1
2+iT

)

ζ(s + 1)xs

(ps+1 − 1)s
ds

∣

∣

∣

∣

∣

≪
∫ 1

2

− 1
2

∣

∣

∣

∣

ζ(σ + 1 + iT )x1/2

(pσ+1+iT − 1)T

∣

∣

∣

∣

dσ

≪ x
1
2

T
= x−1/2,±9

∣

∣

∣

∣

∣

1

2πi

∫ − 1
2+iT

− 1
2−iT

ζ(s + 1)xs

(ps+1 − 1)s
ds

∣

∣

∣

∣

∣

≪
∫ T

0

∣

∣

∣

∣

ζ(1/2 + iT )x−1/2

(p1/2+iT − 1)(1/2 + t)

∣

∣

∣

∣

dt

≪ x−1/2+ǫ.lk
∞
∑

n=1
Sp(n)≤x

1

Sp(n)
=

1

p − 1

(

ln x + γ +
p ln p

p − 1

)

+ O
(

x−1/2+ǫ
)

.ùÒy²
½n3.9.2.�k ≥ 1�, �b = k+
3

2
±9T = x, ¿rÈ©�ls = k+

3

2
£�s = k+

1

2
.d�¼ê

ζ(s − k)xs

(ps−k − 1)s
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Smarandache ¼ê��¡?ê3s = k + 1 k��{ü4:, 3êǑ
xk+1

(p − 1)(k + 1)
.|^Ó���{��

∞
∑

n=1
Sp(n)≤x

Sk
p (n) =

xk+1

(p − 1)(k + 1)
+ O(xk+ 1

2 +ǫ).ly²
½n3.9.3.

§3.10 149�Smarandache¯Ké?¿�êp ±9��ên, �Sp(n) Ǒ��Sp(n)! �pn �Ø�����ê.~X, S3(1) = 3, S3(2) = 6, S3(3) = 9, S3(4) = 9, S3(5) = 12, S3(6) = 15,

S3(7) = 18, · · · .�!ïÄ�Sp(n) k'�Dirichlet ?ê�Âñ5, ¿�Ñ�
�ª.½n3.10.1. é?¿¢ês, k
∞
∑

n=1

Sp(n)

ns
= (p − 1)ζ(s − 1) + R1(s, p), s > 2

∞
∑

n=1

φ(n)Sp(n)

ns
=

(p − 1)ζ(s − 2)

ζ(s − 1)
+ R2(s, p), s > 3,Ù¥

R1(s, p) ≤ p − 1

log 2

∞
∑

n=1

log n + log p

ns
,

R2(s, p) ≤ p − 1

log 2

∞
∑

n=1

φ(n)(log n + log p)

ns
.ÄkÚ\��Ún.Ún3.10.1. é?¿�êp ±9��ên, k

n(p − 1) ≤ Sp(n) ≤
(

n +
log(np)

log 2

)

(p − 1).y². ØJy²
Sp(n)! =

∏

p1≤Sp(n)

pα(p1)
1 , α(p1) =

∞
∑

m=1

[

Sp(n)

pm
1

]

,
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p1≤x

L«éØ�Lx ��ê��È. 5¿�pn | Sp(n), ��
n ≤ α(p) =

∞
∑

m=1

[

Sp(n)

pm

]

≤
∞
∑

m=1

Sp(n)

pm
=

Sp(n)

p − 1
.,��¡, dp | Sp(n) ��pn ∤ (Sp(n) − 1)!. Ïd

n − 1 ≥
∞
∑

m=1

[

Sp(n) − 1

pm

]

≥
∞
∑

m=1

Sp(n) − 1

pm
−

∞
∑

m=1
pm≤Sp(n)−1

1

≥ Sp(n) − 1

p − 1
− log(np)

log 2
.lk

Sp(n) ≤
(

n − 1 +
log(np)

log 2

)

(p − 1) + 1 ≤
(

n +
log(np)

log 2

)

(p − 1).ùÒy²
Ún. �y3y²½n. dÚn3.10.1 ��
Sp(n) = n(p − 1) + O((p − 1)(log n + log p)),lk
∞
∑

n=1

Sp(n)

ns
= (p − 1)ζ(s − 1) + R1(s, p), s > 2,Ù¥

R1(s, p) ≤ p − 1

log 2

∞
∑

n=1

log n + log p

ns
.aq�y½n3.10.1 �Ù{úª.

§3.11 �Smarandache�²�Ïf¼êé?¿��ên,�Smarandache�²�Ïf¼êZW (n)´�÷vn | mn �����êm. w,ZW (1) = 1. �n > 1 �, Kk
ZW (n) = p1p2 · · · pk,Ù¥p1, p2, · · · , pk ´n �ØÓ�Ïf.�!ïÄZW (n) �þ�, ¿�Ñ�
ð�ª�ìCúª.
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Smarandache ¼ê��¡?ê½n3.11.1. �α, s Ǒ¢ê, ÷vs − α > 1 ±9α > 0. Kk
∞
∑

n=1

ZW α(n)

ns
=

ζ(s)ζ(s − α)

ζ(2s − 2α)

∏

p

[

1 − 1

ps + pα

]

,Ù¥ζ(s) ´Riemann zeta ¼ê,
∏

p

L«é¤k�ê��È.½n3.11.2. é?¿¢êα > 0 ±9x ≥ 1, k
∑

n≤x

ZW α(n) =
ζ(α + 1)xα+1

ζ(2)(α + 1)

∏

p

[

1 − 1

pα(p + 1)

]

+ O
(

xα+ 1
2+ǫ
)

.5¿�
∑

n≤x

ZW 0(n) = x + O(1) ±9 lim
α−→0+

αζ(α + 1) = 1,d½n3.11.2 á=��4�
lim

α→0+

1

α

∏

p

(

1 − 1

pα(p + 1)

)

= ζ(2).y3y²½n. �α, s Ǒ¢ê, ÷vs − α > 1 �α > 0. ½Â
f(s) =

∞
∑

n=1

ZW α(n)

ns
.dEuler �Èúªk

f(s) =
∏

p

[

1 +
pα

ps
+

pα

p2s
+ · · ·

]

=
∏

p

[

1 +

1
ps−α

1 − 1
ps

]

=
∏

p

[(

1 + 1
ps−α

1 − 1
ps

)

(

1 − 1

ps + pα

)

]

=
ζ(s)ζ(s − α)

ζ(2s − 2α)

∏

p

[

1 − 1

ps + pα

]

.ùÒy²
½n3.11.1.é?¿¢êα > 0 ±9x ≥ 1, w,k
|ZW α(n)| ≤ nα ±9 ∣

∣

∣

∣

∣

∞
∑

n=1

ZW α(n)

nσ

∣

∣

∣

∣

∣

<
1

σ − α
,Ù¥σ ´s �¢Ü. 3Perron úª¥�

s0 = 0, b = α +
3

2
, T > 2,
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∑

n≤x

ZW α(n) =
1

2πi

∫ α+ 3
2+iT

α+ 3
2−iT

f(s)
xs

s
ds + O

(

xα+ 3
2

T

)

.5¿�¼ê
f(s)

xs

s3s = α + 1 k��{ü4:, 3êǑ
ζ(α + 1)xα+1

ζ(2)(α + 1)

∏

p

[

1 − 1

pα(p + 1)

]

.�T = x, ��
∑

n≤x

ZW α(n) =
ζ(α + 1)xα+1

ζ(2)(α + 1)

∏

p

[

1 − 1

pα(p + 1)

]

+ O
(

xα+ 1
2+ǫ
)

.ùÒy²
½n3.11.2.
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1oÙ Øê¼ê�Smarandache ¼ê�·Üþ��Ù|^)Û�{,ïÄêØ¥Í¶�DirichletØê¼ê��
Smarandache¼ê�·Üþ�, ¿�Ñ�
ìCúª.

§4.1 'u²�Öê���ìCúª�n Ǒ��ê. S(n) ¡Ǒn �²�Öê, XJS(n) ´��nS(n) Ǒ��²�ê�����ê. �!ïÄØê¼ê3Tê�þ�ìC5�.½n4.1.1. é?¿¢êx ≥ 3, k
∑

n≤x

d(S(n)) = c1x ln x + c2x + O
(

x
1
2 +ǫ
)

,Ù¥d(n) ´Øê¼ê, ǫ ´?¿�¢ê,

c1 =
6

π2

∏

p

(

1 − 1

(p + 1)2

)

,

c2 =
6

π2

∏

p

(

1 − 1

(p + 1)2

)

×
(

∑

p

2(2p + 1) ln p

(p − 1)(p + 1)(p + 2)
+ 2γ − 1

)

,d	∏
p

L«é¤k�ê��È,
∑

p

L«é¤k�ê�Ú, γ ǑEuler ~ê.Ǒ
y²½n, ÄkÚ\e¡�Ún.Ún4.1.1. é?¿¢êy ≥ 3, kìCúª
∑

n≤y

d(n)|µ(n)| = c′1y ln y + c′2y + O
(

y
1
2 +ǫ
)

,Ù¥µ(n) ´Möbius ¼ê, ~êc′1 �c′2 �½ÂXe:

c′1 =
36

π4

∏

p

(

1 − 1

(p + 1)2

)

,

· 63 ·
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c′2 =

36

π4

∏

p

(

1 − 1

(p + 1)2

)

×
(

∑

p

2 ln p

(p + 1)(p + 2)
+
∑

p

4 ln p

p2 − 1
+ 2γ − 1

)

.y². �
T =

√
y, A(s) =

∏

p

(

1 − 1

(ps + 1)2

)

.KdPerron úªk
∑

n≤y

d(n)|µ(n)| =
1

2πi

∫ 1+ǫ+iT

1+ǫ−iT

ζ2(s)

ζ2(2s)
A(s)

ys

s
ds + O

(

y
1
2+ǫ
)

,Ù¥µ(n) ´Möbius ¼ê, ǫ ´?¿�¢ê.5¿�¼ê
ζ2(s)

ζ2(2s)
A(s)

ys

s3s = 1 k����4:, 3êǑ
Ress=1

(

ζ2(s)

ζ2(2s)
A(s)

ys

s

)

= c′1y ln y + c′2y,Ù¥
c′1 =

36

π4

∏

p

(

1 − 1

(p + 1)2

)

,

c′2 =
36

π4

∏

p

(

1 − 1

(p + 1)2

)

×
(

∑

p

2 ln p

(p + 1)(p + 2)
+
∑

p

4 ln p

p2 − 1
+ 2γ − 1

)

.lk
∑

n≤y

d(n)|µ(n)| = c′1y ln y + c′2y + O(y
1
2+ǫ).ùÒy²
Ún4.1.1. �y3y²½n. dÚn4.1.1 k

∑

d≤x

d(S(n)) =
∑

ak2≤x

d(S(ak2)) =
∑

ak2≤x

d(a)|µ(a)|
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=
∑

k≤√
x

∑

a≤ x
k2

d(a)|µ(a)|

=
∑

k≤√
x

(

c′1
x

k2
ln

x

k2
+ c′2

x

k2
+ O

(

x
1
2+ǫ

k1+2ǫ

))

= c′1ζ(2)x ln x + (c′2ζ(2) + 2c′1ζ
′(2)) x + O(x

1
2+ǫ).½Â

c1 = c′1ζ(2) =
6

π2

∏

p

(

1 − 1

(p + 1)2

)±9
c2 = c′2ζ(2) + 2c′1ζ

′(2) = c′2ζ(2) − 2c′1ζ(2)
∑

p

ln p

p2 − 1

=
6

π2

∏

p

(

1 − 1

(p + 1)2

)

(

∑

p

2(2p + 1) ln p

(p − 1)(p + 1)(p + 2)
+ 2γ − 1

)

.dþ��
∑

n≤x

d(S(n)) = c1x ln x + c2x + O
(

x
1
2 +ǫ
)

.ùÒy²
½n4.1.1.

§4.2 ng��{ê�k gÖê�g,ên = pα1

1 pα2

2 · · · pαr
r , K
a3(n) = pβ1

1 pβ2

2 · · · pβr

r¡Ǒ3 g��{ê, Ù¥
βi = min(2, αi), 1 ≤ i ≤ r.�k ≥ 2 ´�½��ê, XJbk(n) ´��nbk(n) Ǒk g������ê, Ò¡bk(n) Ǒn �k gÖê. �!|^)Û�{ïÄê�a3(n)bk(n) �ìC5�,¿�Ñ�
ìCúª.½n4.2.1. é?¿¢êx ≥ 1, k

∑

n≤x

a3(n)bk(n) =
6xk+1

(k + 1)π2
R(k + 1) + O

(

xk+ 1
2+ǫ
)

,
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R(k + 1) =
∏

p

(

1 +
p3 + p

p7 + p6 − p − 1

)

.�k ≥ 3 �,

R(k + 1)

=
∏

p

(

1 +

k
∑

j=2

pk−j+3

(p + 1)p(k+1)j
+

k
∑

j=1

pk−j+3

(p + 1) (p(k+1)(k+j) − p(k+1)j)

)

.½n4.2.2. �φ(n) ǑEuler ¼ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

φ(a3(n)bk(n)) =
6xk+1

(k + 1)π2
R∗(k + 1) + O

(

xk+ 1
2+ǫ
)

.Ù¥�k = 2 �,

R∗(k + 1)

=
∏

p

(

1 +
p2 + 1

p6 + 2p5 + 2p4 + 2p3 + 2p2 + 2p + 1
− 1

p2 + p

)

.�k ≥ 3 �,

R∗(k + 1) =
∏

p

(

1 − 1

p2 + p
+

k
∑

j=2

pk−j+3 − pk−j+2

(p + 1)p(k+1)j

+

k
∑

j=1

pk−j+3 − pk−j+2

(p + 1) (p(k+1)(k+j) − p(k+1)j)

)

.½n4.2.3. �α > 0, σα(n) =
∑

d|n

dα. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

σα(a3(n)bk(n)) =
6xkα+1

(kα + 1)π2
R(kα + 1) + O

(

xkα+ 1
2+ǫ
)

.Ù¥�k = 2 �,

R(kα + 1)

=
∏

p

(

1 +
p

p + 1

(

pα + 1

p2α+1
+

(p3α+1 − 1)p2α+1 + p4α − 1

(p3(2α+1) − p2α+1)(pα − 1)

))

.�k ≥ 3 �,

R(kα + 1) =
∏

p

(

1 +
pkα+1 − p

(p + 1)(pα − 1)pkα+1
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+

k
∑

j=2

p(k−j+3)α+1 − p

(p + 1)(pα − 1)p(kα+1)j

+

k
∑

j=1

p(k−j+3)α+1 − p

(p + 1)(pα − 1) (p(k+j)(kα+1)j − p(kα+1)j)

)

.½n4.2.4. �d(n) ǑDirichlet Øê¼ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

d(a3(n)bk(n)) =
6x

π2
R(1)f(log x) + O

(

x
1
2 +ǫ
)

,Ù¥f(y) ´'uy �õ�ª, gêǑk. d	�k = 2 �,

R(1) =
∏

p

(

1 +
p3

(p + 1)3

(

3p + 4

p3 + p
− 3

p2
− 1

p3

))

.�k ≥ 3 �,

R(1) =
∏

p



1 +

k
∑

j=2

(

k − j + 3 −
(

k+1
j

)

)

pk−j+1

(p + 1)k+1

+

k
∑

j=1

k − j + 3

(p + 1)k+1(pj−1 − pj−k−1)
− 1

(p + 1)k+1

)

.y3y²½n. ½Â
f(s) =

∞
∑

n=1

a3(n)bk(n)

ns
.dEuler �È��, �k = 2 �k

f(s) =
∏

p

(

1 +
a3(p)bk(p)

ps
+

a3(p
2)bk(p

2)

p2s
+ · · ·

)

=
∏

p

(

1 +
1

ps−2
+ p2

(

1

p2s
+

p

p3s

)(

1

1 − p−2s

))

=
ζ(s − k)

ζ(2(s − k))

∏

p

(

1 +
ps + p

(ps−2 + 1)(p2s − 1)

)

.�k ≥ 3 �k
f(s) =

∏

p

(

1 +
a3(p)bk(p)

ps
+

a3(p
2)bk(p

2)

p2s
+ · · ·

)

=
∏

p

(

1 +
1

ps−k
+ p2

k
∑

j=2

pk−j

pjs
+

(

1

1 − 1
pks

)

k
∑

j=1

pk−j+2

p(k+j)s

)
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=

∏

p

(

1 +
1

ps−k

)

×
(

1 +
ps−k

1 + ps−k

(

k
∑

j=2

pk−j+2

pjs
+

k
∑

j=1

pk−j+2

p(k+j)s − pjs

))

=
ζ(s − k)

ζ(2(s − k))

×
∏

p

(

1 +

k
∑

j=2

ps−j+2

(ps−k + 1)pjs
+

k
∑

j=1

ps−j+2

(ps−k + 1)(p(k+j)s − pjs)

)

.w,kØ�ª
|am(n)bk(n)| ≤ n2,

∣

∣

∣

∣

∣

∞
∑

n=1

am(n)bk(n)

nσ

∣

∣

∣

∣

∣

<
1

σ − k − 1
,Ù¥σ > k + 1 ´s �¢Ü. KdPerron úª��

∑

n≤x

am(n)bk(n)

ns0
=

1

2iπ

∫ b+iT

b−iT

f(s + s0)
xs

s
ds

+O

(

xbB(b + σ0)

T

)

+O

(

x1−σ0H(2x)min

(

1,
log x

T

))

+O

(

x−σ0H(N)min

(

1,
x

||x||

))

,Ù¥N ´��Cx ��ê, ||x|| = |x − N |. �s0 = 0, b = k + 2, T = x3/2,

H(x) = x2, B(σ) =
1

σ − k − 1
, k

∑

n≤x

am(n)bk(n) =
1

2iπ

∫ k+2+iT

k+2−iT

ζ(s − k)

ζ(2(s − k))
R(s)

xs

s
ds

+O
(

xk+ 1
2+ǫ
)

,Ù¥
R(s) =







































∏

p

(

1 +
ps + p

(ps−2 + 1)(p2s − 1)

)

,XJk = 2;
∏

p

(

1 +
k
∑

j=2

ps−j+2

(ps−k + 1)pjs
+

k
∑

j=1

ps−j+2

(ps−k + 1)(p(k+j)s − pjs)

)

,XJk ≥ 3.
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1

2iπ

∫ k+2+iT

k+2−iT

ζ(s − k)

ζ(2(s − k))
R(s)

xs

s
ds.rÈ©�ls = k + 2 ± iT £�s = k + 1/2 ± iT . d�¼ê

ζ(s − k)xs

ζ(2(s − k))s
R(s)3s = k + 1 k��{ü4:, 3êǑ

xk+1

(k + 1)ζ(2)
R(k + 1).Kk

1

2iπ

(

∫ k+2+iT

k+2−iT

+

∫ k+1/2+iT

k+2+iT

+

∫ k+1/2−iT

k+1/2+iT

+

∫ k+2−iT

k+1/2−iT

)

× ζ(s − k)xs

ζ(2(s − k))s
R(s)ds

=
xk+1

(k + 1)ζ(2)
R(k + 1).ØJ���Oª

∣

∣

∣

∣

∣

1

2iπ

(

∫ k+1/2+iT

k+2+iT

+

∫ k+2−iT

k+1/2−iT

)

ζ(s − k)xs

ζ(2(s − k))s
R(s)ds

∣

∣

∣

∣

∣

≪
∫ k+2

k+1/2

∣

∣

∣

∣

ζ(σ − k + iT )

ζ(2(σ − k + iT ))
R(σ − k + iT )

x2

T

∣

∣

∣

∣

dσ

≪ xk+2

T
= xk+ 1

2�
∣

∣

∣

∣

∣

1

2iπ

∫ k+1/2−iT

k+1/2+iT

ζ(s − k)xs

ζ(2(s − k))s
R(s)ds

∣

∣

∣

∣

∣

≪
∫ T

1

∣

∣

∣

∣

ζ(1/2 + it)xk+1/2

ζ(1 + 2it)t
dt

∣

∣

∣

∣

≪ xk+ 1
2+ǫ.5¿�ζ(2) =

π2

6
, dþ��

∑

n≤x

a3(n)bk(n) =
6xk+1

(k + 1)π2
R(k + 1) + O

(

xk+ 1
2+ǫ
)

.
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½n4.2.1.½Â
f1(s) =

∞
∑

n=1

φ(a3(n)bk(n))

ns
,

f2(s) =
∞
∑

n=1

σα(a3(n)bk(n))

ns
,

f3(s) =

∞
∑

n=1

d(a3(n)bk(n))

ns
.dEuler �Èúª±9φ(n), σα(n), d(n) �½Â��, �k = 2 �k

f1(s) =
∏

p

(

1 +
φ(a3(p)bk(p))

ps
+

φ(a3(p
2)bk(p

2))

p2s
+ · · ·

)

=
∏

p

(

1 +
p2 − p

ps
+

(

p2 − p

p2s
+

p3 − p2

p3s

)(

1

1 − p−2s

))

=

(

1 +
1

ps−2
− 1

ps−1
+

(p2 − p)(ps + p)

p3s − ps

)

=
ζ(s − 2)

ζ(2(s − 2))

∏

p

(

1 +
ps−2

ps−2 + 1

(

(p2 − p)(ps + p)

p3s − ps
− 1

ps−1

))

.�k ≥ 3 �k
f1(s) =

∏

p

(

1 +
1

ps−k
− 1

ps−k+1
+

k
∑

j=2

pk−j+2 − pk−j+1

pjs

+
k
∑

j=1

pk−j+2 − pk−j+1

p(k+j)s − pjs

)

=
ζ(s − k)

ζ(2(s − k))

∏

p

(

1 − 1

ps−k+1 + p
+

k
∑

j=2

ps−j+2 − ps−j+1

(ps−k + 1)pjs

+

k
∑

j=1

ps−j+2 − ps−j+1

(ps−k + 1)(p(k+j)s − pjs)

)

.,	�k = 2 �, k
f2(s) =

ζ(s − 2α)

ζ(2(s − 2α))

×
∏

p

(

1 +
ps−2α

ps−2α + 1

(

pα + 1

ps
+

(p3α − 1)ps + p4α − 1

(p3s − ps)(pα − 1)

))

.
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f2(s) =

ζ(s − kα)

ζ(2(s − kα))

∏

p

(

1 +
ps − ps−kα

(ps−kα + 1)(pα − 1)ps

+

k
∑

j=2

p(3−j)α+s − ps−kα

(ps−kα + 1)(pα − 1)pjs

+

k
∑

j=1

p(3−j)α+s − ps−kα

(ps−kα + 1)(pα − 1)(p(j+j)s − pjs)

)

.d	�k = 2 �, k
f3(s) =

ζ3(s)

ζ3(2s)

∏

p

(

1 +
p3s

(ps + 1)3

(

3ps + 4

p3s + ps
− 3

p2s
− 1

p3s

))

.�k ≥ 3 �k
f3(s) =

ζk+1(s)

ζk+1(2s)

∏

p



1 +

k
∑

j=2

(

k − j + 3 −
(

k+1
j

)

)

p(k−j+1)s

(ps + 1)k+1

+

k
∑

j=1

k − j + 3

(ps + 1)k+1(p(j−1)s − p(j−k−1)s)
− 1

(ps + 1)k+1

)

.2dPerron úª±9y²½n4.2.1 ��{��Ù�½n.

§4.3 'u�\k gÖêéu?¿��ên, n �k gÖêbk(n) ´���nbk(n) Ǒk g������ê. aq�½Â�\k gÖêak(n). XJak(n) ´��ak(n) + n Ǒk g�����K�ê, Kak(n) ¡Ǒn ��\k gÖê. ~X, �k = 2 �, ��
n = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 · · ·

a2(n) = 0 2 1 0 4 3 2 1 0 6 5 4 3 2 1 · · ·�!ïÄak(n) �d(ak(n)) �þ�5�, ¿�ÑA�ìCúª.½n4.3.1. é?¿¢êx ≥ 3, k
∑

n≤x

ak(n) =
k2

4k − 2
x2− 1

k + O(x2− 2
k ).½n4.3.2. é?¿¢êx ≥ 3, k

∑

n≤x

d(ak(n)) =

(

1 − 1

k

)

x ln x +

(

2γ + ln k − 2 +
1

k

)

x



72 1oÙ Øê¼ê�Smarandache ¼ê�·Üþ�
+O

(

x1− 1
k ln x

)

,Ù¥γ ´Euler ~ê.Ǒ
y²½n, kÚ\e¡�ü�Ún.Ún4.3.1. éu?¿¢êx ≥ 3, k
∑

n≤x

d(n) = x ln x + (2γ − 1)x + O(x1/2),Ù¥γ ǑEuler ~ê.y². ë�©z[1]. �Ún4.3.2. �x ≥ 3 Ǒ¢ê, f(n) Ǒ�KêØ¼ê, ÷vf(0) = 0. KkìCúª
∑

n≤x

f(ak(n)) =

[x
1
k ]−1
∑

t=1

∑

n≤g(t)

f(n) + O





∑

n≤g([x1/k])

f(n)



 ,Ù¥[x] L«Ø�Lx ����ê, ±9
g(t) =

k−1
∑

i=1

(

i

k

)

ti.y². é?¿¢êx ≥ 1, ���êM ÷v
Mk ≤ x < (M + 1)k.5¿��n �H«m[tk , (t+1)k) ��ê�, ak(n) Ǒ�H«m[0, (t+1)k − tk −1]��ê, ¿�f(0) = 0. lk

∑

n≤x

f(ak(n)) =

M−1
∑

t=1

∑

tk≤n<(t+1)k

f(ak(n)) +
∑

Mk≤n≤x

f(ak(n))

=
M−1
∑

t=1

∑

n≤g(t)

f(n) +
∑

g(M)+Mk−x≤n<g(M)

f(n),Ù¥
g(t) =

k−1
∑

i=1

(

i

k

)

ti.
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[

x
1
k

]

, K��
∑

n≤x

f(ak(n)) =

[

x
1
k

]

−1
∑

t=1

∑

n≤g(t)

f(n) + O





∑

n≤g([x1/k])

f(n)



 .ùÒy²
Ún4.3.2. �y3y²½n. dÚn4.3.1 ±9Euler �Úúª, ��
∑

n≤x

ak(n) =

[

x
1
k

]

−1
∑

t=1

∑

n≤g(t)

n + O





∑

n≤g([x1/k])

n





=
1

2

[

x
1
k

]

−1
∑

t=1

k2t2k−2 + O(x2−2/k)

=
k2

4k − 2
x2−1/k + O(x2−2/k).ùÒy²
½n4.3.1.,��¡, dÚn4.3.1 �Ún4.3.2, k

∑

n≤x

d(ak(n))

=

[

x
1
k

]

−1
∑

t=1

∑

n≤g(t)

d(n) + O





∑

n≤g([x1/k])

d(n)





=

[

x
1
k

]

−1
∑

t=1

(

ktk−1

(

ln ktk−1 + ln

(

1 + O

(

1

t

)))

+(2γ − 1)ktk−1
)

+ O(x1−1/k ln x)

=

[

x
1
k

]

−1
∑

t=1

(

k(k − 1)tk−1 ln t + (2γ + ln k − 1)ktk−1

+O(tk−2)
)

+ O(x1−1/k ln x)

= k(k − 1)

[

x
1
k

]

−1
∑

t=1

tk−1 ln t + (2γ + ln k − 1)k

[

x
1
k

]

−1
∑

t=1

tk−1

+O(x1−1/k ln x).2dEuler �Úúª, ØJy²
∑

n≤x

d(ak(n)) =

(

1 − 1

k

)

x ln x +

(

2γ + ln k − 2 +
1

k

)

x
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+O

(

x1−1/k ln x
)

.ly²
½n4.3.2.

§4.4 'u129�Smarandache¯Ké?¿��ên, ak(n) ¡Ǒn �k gÖê, XJak(n) ´��nak(n) Ǒk g������ê. �n = pα1

1 pα2

2 · · · pαm
m , Kak(n) = pβ1

1 pβ2

2 · · · pβm
m , Ù¥αi + βi ≡

0(modk) �βi < k, i = 1, 2, · · · ,m.�!|^)Û�{ïÄTê��þ�5�, ¿�Ñ�
ìCúª.½n4.4.1. é?¿¢êx > 1, k
∑

n≤x

d(ak(n))

φ(ak(n))
= kx

1
k g(k) + O

(

x
1
2k +ǫ

)

,Ù¥
g(k) =

∏

p

[

1 +
k

p
1
k +k−2(p − 1)

+
k − 1

p
2
k +k−3(p − 1)

+ · · · + 2

p
k−1

k (p − 1)

]

,

d(n) ǑDirichlet Øê¼ê, φ(n) ǑEuler ¼ê, ǫ ´?¿�¢ê.AO/, �k = 2, ��íØ.íØ4.4.1. é?¿¢êx > 1, k
∑

n≤x

d(a2(n))

φ(a2(n))
= 2x

1
2

∏

p

(

1 +
2√

p(p − 1)

)

+ O
(

x
1
4+ǫ
)

.y3y²½n. ½Â
f(s) =

∞
∑

n=1

d(ak(n))

φ(ak(n))ns
.dEuler �Èúªk

f(s) =

∞
∑

n=1

d(ak(n))

φ(ak(n))ns

=
∏

p

(

1 +
d(ak(p))

φ(ak(p))ps
+

d(ak(p
2))

φ(ak(p2))p2s
+ · · ·
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+
d(ak(p

k))

φ(ak(pk))pks
+

d(ak(p
k+1))

φ(ak(pk+1))p(k+1)s
+ · · ·

)

=
∏

p

(

1 +
d(pk−1)

φ(pk−1)ps
+

d(pk−2)

φ(pk−2)p2s
+ · · ·

+
1

pks
+

d(pk−1)

φ(pk−1)p(k+1)s
+ · · ·

)

=
∏

p





1

1 − 1
pks

+
d(pk−1)

φ(pk−1)ps

(

1 − 1
pks

) + · · ·

+
d(p)

φ(p)p(k−1)s

(

1 − 1
pks

)





= ζ(ks)
∏

p

[

1 +
d(pk−1)

φ(pk−1)ps
+

d(pk−2)

φ(pk−2)p2s
+ · · · + d(p)

φ(p)p(k−1)s

]

= ζ(ks)
∏

p

[

1 +
k

pk−2(p − 1)ps
+

k − 1

pk−3(p − 1)p2s
+ · · ·

+
2

(p − 1)p(k−1)s

]

,Ù¥ζ(s) ´Riemann zeta ¼ê. �b =
1

k
+

1

log x
, T = x

1
2k , KdPerron úª��

∑

n≤x

d(ak(n))

φ(ak(n))
=

1

2πi

∫ b+iT

b−iT

f(s)
xs

s
ds + O

(

xb

T

)

+ O

(

x
1
k log x

T

)

=
1

2πi

∫ b+iT

b−iT

f(s)
xs

s
ds + O

(

x
1
2k +ǫ

)

.2�a =
1

2k
+

1

log x
, k

1

2πi

(
∫ b+iT

b−iT

+

∫ a+iT

b+iT

+

∫ a−iT

a+iT

+

∫ b−iT

a−iT

)

f(s)
xs

s
ds

= Res

[

f(s)
xs

s
,
1

k

]

= kx
1
k

∏

p

[

1 +
k

p1/k+k−2(p − 1)
+

k − 1

p2/k+k−3(p − 1)

+ · · · + 2

p(k−1)/k(p − 1)

]

.
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∣

∣

∣

∣

1

2πi

∫ a+iT

a−iT

f(s)
xs

s

∣

∣

∣

∣

≪ x
1
2k +ǫ;

∣

∣

∣

∣

1

2πi

∫ b−iT

a−iT

f(s)
xs

s

∣

∣

∣

∣

≪ x
1
k +ǫ

T
≪ x

1
2k +ǫ;

∣

∣

∣

∣

1

2πi

∫ b+iT

a+iT

f(s)
xs

s

∣

∣

∣

∣

≪ x
1
k +ǫ

T
≪ x

1
2k +ǫ,Kk

∑

n≤x

d(ak(n))

φ(ak(n))
= kx

1
k

×
∏

p

[

1 +
k

p1/k+k−2(p − 1)
+

k − 1

p2/k+k−3(p − 1)
+ · · · + 2

p(k−1)/k(p − 1)

]

+O
(

x
1
2k +ǫ

)

.ùÒy²
½n4.4.1.

§4.5 'uk gÖêS�é?¿��ên ≥ 2, �bk(n) L«n �k gÖê, =bk(n) ´��nbk(n) Ǒkg������ê. �!|^)Û�{ïÄk gÖê�5�, ¿�Ñn �ìCúª.½n4.5.1. �d(n) ǑDirichlet Øê¼ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

d(nbk(n)) = x(A0 lnk x + A1 lnk−1 x + · · · + Ak) + O
(

x
1
2+ǫ
)

,Ù¥A0, A1, · · · , Ak ´�O��~ê, ǫ ´?¿�¢ê.d½ná=��íØ.íØ4.5.1. �a(n) Ǒ²�Öê. Ké?¿¢êx ≥ 1, k
∑

n≤x

d(na(n)) = x(A ln2 x + B ln x + C) + O
(

x
1
2+ǫ
)

,Ù¥A,B,C ´�O��~ê.íØ4.5.2. �b(n) Ǒá�Öê. Ké?¿¢êx ≥ 1, k
∑

n≤x

d(nb(n)) = x(B1 ln3 x + C1 ln2 x + D1 ln x + E1) + O
(

x
1
2+ǫ
)

,Ù¥B1, C1,D1, E1 ´�O��~ê.
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f(s) =

∞
∑

n=1

d(nbk(n))

ns
.dbk(n) �½Â, Øê¼ê�5�±9Euler �Èúª, ��

f(s) =
∏

p

(

1 +
d(pbk(p))

ps
+

d(p2bk(p
2))

p2s
+ · · ·

)

=
∏

p

(

1 +
d(bk(p))

ps
+ · · · + d(pk)

pks
+

d(p2k)

p(k+1)s
+ · · · + d(p2k)

p2ks
+ · · ·

)

=
∏

p

(

1 +
k + 1

ps
+ · · · + k + 1

pks
+

2k + 1

p(k+1)s
+ · · · + 2k + 1

p2ks
+ · · ·

)

=
∏

p

(

1 +
1

1 − 1
pks

× 1

ps
×

1 − 1
pks

1 − 1
ps

×
(

1 +
k

1 − 1
pks

))

= ζ(s)
∏

p

(

1 +
k

ps
+

k

ps(pks − 1)

)

=
ζk+1(s)

ζk(2s)

∏

p

(

1 +
kpks

ps(ps + 1)k(pks − 1)
−
∑

2≤i≤k

(

k
i

)

pks

psi(ps + 1)k

)

,Ù¥ζ(s) ´Riemann zeta ¼ê.w,k�Oª
|d(nbk(n))| ≤ n,

∣

∣

∣

∣

∣

∞
∑

n=1

d(nbk(n))

nσ

∣

∣

∣

∣

∣

≤ 1

σ − 1
,Ù¥σ ´s �¢Ü. 3Perron úª¥�s0 = 0, b =

3

2
, T = x, H(x) = x,

B(σ) =
1

σ − 1
, Kk

∑

n≤x

d(nbk(n)) =
1

2πi

∫ 3
2 +iT

3
2−iT

ζk+1(s)

ζk(2s)
R(s)

xs

s
ds + O(x

1
2+ǫ),Ù¥

R(s) =
∏

p

(

1 +
kpks

ps(ps + 1)k(pks − 1)
−
∑

2≤i≤k

(

k
i

)

pks

psi(ps + 1)k

)

.5¿�¼ê
ζk+1(s)

ζk(2s)
R(s)

xs

s
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lim
s→1

1

k!

(

(s − 1)k+1ζk+1(s)
R(s)xs

ζk(2s)s

)(k)

= lim
s→1

1

k!

((

k

0

)

((s − 1)k+1ζk+1(s))(k) R(s)xs

ζk(2s)s

+

(

k

1

)

((s − 1)k+1ζk+1(s))(k−1)

(

R(s)xs

ζk(2s)s

)′

+ · · · · · ·

+

(

k

k

)

(s − 1)k+1ζk+1(s)

(

R(s)xs

ζk(2s)s

)(k)
)

= x(A0 lnk x + A1 lnk−1 x + · · · + Ak),Ù¥A0, A1, · · · , Ak ´�O��~ê. Ïd��
∑

n≤x

d(nbk(n)) = x(A0 lnk x + A1 lnk−1 x + · · · + Ak) + O
(

x
1
2+ǫ
)

.ùÒ�¤
½n4.5.1 �y².

§4.6 k gÖê���êØ¼êé?¿��ên, �D(n) L«�§n = n1n2 �(n1, n2) = 1 �)��ê, =Ò´
D(n) =

∑

d|n
(d, n

d )=1

1.w,D(n) ´��¼ê. ,��¡, k gÖêAk(n) ´���nAk(n) Ǒk g������ê.�!|^)Û�{ïÄêØ¼êD(n)38Ü{Ak(n)} þ�þ�5�, ¿�Ñ�
ìCúª.½n4.6.1. é?¿¢êx ≥ 1, k
∑

n≤x

D(Ak(n)) =
6ζ(k)x ln x

π2

∏

p

(

1 − 2

pk + pk−1

)

+ C(k)x

+O
(

x
1
2+ǫ
)

,Ù¥C(k) ´�O��~ê, ζ(k) ´Riemann zeta ¼ê, ǫ ´?¿�¢ê,
∏

p

L«é¤k�ê��È.



§4.6 k gÖê���êØ¼ê 79d½ná=��íØ.íØ4.6.1. é?¿¢êx ≥ 1, k
∑

n≤x

D(A4(n)) =
π2

15
x ln x

∏

p

(

1 − 2

p4 + p3

)

+ C(4)x + O(x
1
2+ǫ).Ǒ
y²½n, kÚ\e¡�Ún.Ún4.6.1. é?¿��ên ≥ 1, k

D(n) = 2υ(n),Ù¥υ(n) L«n �ØÓ�Ïf��ê, ~X
υ(n) =

{

0, XJ n = 1,
k, XJ n = pα1

1 pα2

2 · · · pαk

k .y². �n = pα1

1 pα2

2 · · · pαk

k . 5¿�D(n) ´��¼ê, ±9D(pα) = 2, l��
D(n) =

∑

d|n
(d, n

d )=1

1 = C0
k + C1

k + · · · + Ck
k = 2υ(n).Úny.. �y3y²½n. ½Â

f(s) =

∞
∑

n=1

D(Ak(n))

ns
.w,éRe s > 1, f(s) Âñ. KdÚn4.6.1 �Euler �Èúª, k

f(s) =
∏

p

(

1 +
D(Ak(p))

ps
+

D(Ak(p
2))

p2s
+ · · ·

)

=
∏

p

(

1 +
D(pk−1)

ps
+

D(pk−2)

p2s
+ · · · + D(1)

pks
+ · · ·

)

=
∏

p

(

1 +
2υ(pk−1)

ps
+

2υ(pk−2)

p2s
+ · · · + 2υ(1)

pks
+ · · ·

)

=
∏

p

(

1 +
2

ps
+

2

p2s
+ · · · + 1

pks
+

2

p(k+1)s
+ · · ·

)

= ζ(s)ζ(ks)
∏

p

(

1 +
2

ps
− 2

pks

)
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=

ζ2(s)ζ(ks)

ζ(2s)

∏

p

(

1 − 2

pks + p(k−1)s

)

,Ù¥ζ(s) ´Riemann zeta ¼ê.3Perron úª¥�s0 = 0, b = 2, T =
3

2
, k

∑

n≤x

D(Ak(n)) =
1

2πi

∫ 2+iT

2−iT

ζ2(s)ζ(ks)

ζ(2s)
R(s)

xs

s
ds + O

(

x
1
2+ǫ
)

,Ù¥
R(s) =

∏

p

(

1 − 2

pks + p(k−1)s

)

.5¿�¼ê
ζ2(s)ζ(ks)

ζ(2s)
R(s)

xs

s3s = 1 k����4:, 3êǑ
ζ(k)

ζ(2)
x ln x

∏

p

(

1 − 2

pk + pk−1

)

+ C(k)x,Ù¥C(k) ´�O��~ê. dd��
∑

n≤x

D(Ak(n)) =
6ζ(k)x ln x

π2

∏

p

(

1 − 2

pk + pk−1

)

+ C(k)x

+O(x
1
2+ǫ).ly²
½n4.6.1.

§4.7 Øê¼ê��\Öêé?¿��ên, ²�Öêa2(n) ´���na2(n) Ǒ��²�ê�����ê. ~X, a2(1) = 1, a2(2) = 2, a2(3) = 3, a2(4) = 1, a2(5) = 5, a2(6) = 6,

a2(7) = 7, a2(8) = 2, · · · . aq�½Â�\²�Öê. é?¿��ên, n ��\²�Öêa(n) ´���n + a(n) Ǒ��²�ê����K�ê, =
a(n) = min{k : n + k = m2, k ≥ 0,m ∈ N+}.~X, a(1) = 0, a(2) = 2, a(3) = 1, a(4) = 0, a(5) = 4, · · · . �!|^)Û�{ïÄØê¼ê3Tê�þ�,«þ�

∑

n≤x

d(n + a(n)),¿�Ñ��ìCúª.



§4.7 Øê¼ê��\Öê 81½n4.7.1. é?¿¢êx ≥ 2, k
∑

n≤x

d(n + a(n)) =
3

4π2
x ln2 x + A1x ln x + A2x + O(x

3
4+ǫ),Ù¥A1, A2 ´�O��~ê, ǫ ´?¿�¢ê.Ǒ
y²½n, ÄkÚ\e¡�Ún.Ún4.7.1. é?¿¢êx > 1, k

∑

n≤x

d(n2) =
3

π2
x ln2 x + B1x ln x + B2x + O(x

1
2+ǫ),Ù¥B1, B2 ´�O��~ê, ǫ ´?¿�¢ê.y². �s = σ + it ǑEê, ¿½Â

f(s) =

∞
∑

n=1

d(n2)

ns
.5¿�d(n2) ≪ nǫ, K�Re s > 1 �f(s) Âñ. dEuler �Èúª��

f(s) =
∏

p

(

1 +
d(p2)

ps
+

d(p4)

p2s
+ · · · + d(p2n)

pns
+ · · ·

)

=
∏

p

(

1 +
3

ps
+

5

p2s
+ · · · + 2n + 1

pns
+ · · ·

)

= ζ2(s)
∏

p

(

1 +
1

ps

)

=
ζ3(s)

ζ(2s)
.Ù¥ζ(s) ´Riemann zeta ¼ê. 2dPerron úª��

∑

n≤x

d(n2) =
1

2πi

∫ 3
2+iT

3
2−iT

ζ3(s)

ζ(2s)

xs

s
ds + O

(

x
3
2+ǫ

T

)

.5¿�¼ê
ζ3(s)

ζ(2s)

xs

s3s = 1 k��n�4:, 3êǑ
3

π2
x ln2 x + B1x ln x + B2x,



82 1oÙ Øê¼ê�Smarandache ¼ê�·Üþ�Ù¥B1, B2 ´�O��~ê. Ïdk
∑

n≤x

d(n2) =
3

π2
x ln2 x + B1x ln x + B2x + O

(

x
1
2 +ǫ
)

.ùÒy²
Ún4.7.1. �y3y²½n. é?¿¢êx ≥ 2, ���êM ÷v
M2 ≤ x < (M + 1)2.Kda(n) �½Â, k

∑

n≤x

d(n + a(n))

=
∑

1≤m≤M−1





∑

m2≤n<(m+1)2

d(n + a(n))



 +
∑

M2≤n≤x

d(n + a(n))

=
∑

1≤m≤M





∑

m2≤n<(m+1)2

d(n + a(n))



 + O(x
1
2+ǫ)

=
∑

1≤m≤M





∑

m2≤n<(m+1)2

d((m + 1)2)



+ O(x
1
2+ǫ)

=
∑

1≤m≤M

2md((m + 1)2) + O(x
1
2+ǫ)

= 2
∑

1≤m≤M

md(m2) + O(x
1
2+ǫ).�A(x) =

∑

n≤x

d(n2), KdAbel �ª�Ún4.7.1 ��
∑

1≤m≤M

md(m2)

= MA(M) −
∫ M

1

A(t)d(t) + O(M1+ǫ)

= M

(

3

π2
M ln2 M + B1M ln M + B2M

)

−
∫ M

1

(

3

π2
t ln2 t + B1t ln t + B2t

)

dt + O
(

M
3
2 +ǫ
)

=
1

2
· 3

π2
· M2 ln2 M + C1M

2 ln M + C2M
2 + O(M

3
2 +ǫ),Ù¥C1, C2 ´�O��~ê.
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0 ≤ x − M2 ≪

√
x, ln2 x = 4 ln2 M + O

(

x− 1
2 +ǫ
)

,dþ��
∑

n≤x

d(n + a(n)) =
3

4π2
x ln2 x + A1x ln x + A2x + O

(

x
3
4+ǫ
)

.ùÒy²
½n4.7.1.

§4.8 'u180�Smarandache¯K
F. Smarandache ïÆïÄ²��S�,

0, 1, 1, 1, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 4, 4, 4, 4,

5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6,

7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 8, 8, · · · .½Âþ¡�ê�Ǒa(n), w,
a(n) = [

√
n],Ù¥[x] L«Ø�Lx ����ê.�!ïÄ�
êØ¼ê3²��ê�þ�þ�, ¿�Ñ�
ìCúª.½n4.8.1. �a(n) = [

√
n], d(n) ǑØê¼ê, Kk

∑

n≤x

d(a(n)) =
∑

n≤x

d([
√

n]) =
1

2
x log x +

(

2c − 1

2

)

x + O(x
3
4 ),Ù¥c ǑEuler ~ê.y². ØJ��

∑

n≤x

d(a(n)) =
∑

n≤x

d([
√

n])

=
∑

12≤i<22

d([
√

i]) +
∑

22≤i<32

d([
√

i]) + · · ·

+
∑

N2≤i<(N+1)2

d([
√

i]) + O(N ǫ)

= 3d(1) + 5d(2) + · · · + [(N + 1)2 − N 2]d(N) + O(N ǫ)
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=
∑

j≤N

(2j + 1)d(j) + O(N ǫ).�
A(N) =

∑

j≤N

d(j) = N log N + (2c − 1)N + O(N
1
2 ),±9f(j) = 2j + 1. dAbel �ªk

∑

j≤N

(2j + 1)d(j) = A(N)f(N) − A(1)f(1) −
∫ N

1

A(t)f ′(t)dt

=
[

N log N + (2c − 1)N + O
(

N
1
2

)]

(2N + 1) − A(1)f(1)

−
∫ N

1

[

t log t − (2c − 1)t + O(N
1
2 )
]

2dt

= 2N 2 log N + 2(2c − 1)N 2 + O
(

N
3
2

)

− 2

∫ N

1

t log tdt

−2

∫ N

1

(2c − 1)tdt − 2

∫ N

1

O
(

t
1
2

)

dt

= 2N 2 log N − 2(2c − 1)N 2 + O
(

N
3
2

)

− N 2 log N 2 +
1

2
N 2

−2(2c − 1)N 2 + O
(

N
3
2

)

= N 2 log N +

(

2c − 1

2

)

N 2 + O
(

N
3
2

)

.l��
∑

j≤N

d(a(n)) =
∑

j≤N

(2j + 1)d(j) + O(N ǫ)

= N 2 log N +

(

2c − 1

2

)

N 2 + O(N
3
2 ) + O(N ǫ)

=
1

2
x log x +

(

2c − 1

2

)

x + O(x
3
4 ).

�½n4.8.2. �a(n) = [n
1
3 ], d(n) ǑØê¼ê, Kk

∑

n≤x

d(a(n)) =
∑

n≤x

d([n
1
3 ]) =

1

3
x log x +

(

2c − 1

3

)

x + O(x
5
6 ),Ù¥c ǑEuler ¼ê.
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∑

n≤x

d(a(n)) =
∑

n≤x

d([n
1
3 ])

=
∑

13≤i<23

d([i
1
3 ]) +

∑

23≤i<33

d([i
1
3 ]) + · · · +

∑

N3≤i≤x<(N+1)3

d([i
1
3 ])

+O (N ǫ)

= 7d(1) + 19d(2) + · · · + [(N + 1)3 − N 3]d(N) + O (N ǫ)

=
∑

j≤N

(3j2 + 3j + 1)d(j) + O (N ǫ) .�
A(N) =

∑

j≤N

d(j) = N log N + (2c − 1)N + O(N
1
2 ),±9f(j) = 3j2 + 3j + 1. aq��

∑

j≤N

(3j2 + 3j + 1)d(j)

= A(N)f(N) − A(1)f(1) −
∫ N

1

A(t)f ′(t)dt

= [N log N + (2c − 1)N + O(N
1
2 )](3N 2 + 3N + 1)

−
∫ N

1

[t log t + (2c − 1)t + O(t
1
2 )](6t + 3)dt

= 3N 3 log N + 3(2c − 1)N 3 + O
(

N
5
2

)

+ 3N 2 log N

+3(2c − 1)N 2 + N log N + (2c − 1)N − 7(2c − 1)N

−
∫ N

1

6t2 log tdt −
∫ N

1

6(2c − 1)t2dt + O

(∫ N

1

6t
3
2 dt

)

−
∫ N

1

3t log tdt −
∫ N

1

3(2c − 1)tdt.qdu
∫ N

1

6t2 log tdt = 2N 3 log N − 2

3
N 3 + c1,

∫ N

1

6(2c − 1)t2dt = 2(2c − 1)N 3 + c2,

∫ N

1

3t log tdt =
3

2
N 2 log N − 3

4
N 2 + c2,lk

∑

j≤N

(3j2 + 3j + 1)d(j)
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= 3N 2 log N + 3(2c − 1)N 3 − 2N 3 log N +

2

3
N 3

−2(2c − 1)N 3 + O
(

N
5
2

)

= N 3 log N +

(

2c − 1

3

)

N 3 + O(N
5
2 ).Ïd

∑

j≤N

d(a(n)) =
∑

j≤N

d([n
1
3 ])

=
∑

j≤N

(3j2 + 3j + 1)d(j) + O(N ǫ)

= N 3 log N +

(

2c − 1

3

)

N 3 + O
(

N
5
2

)

+ O (N ǫ)

=
1

3
x log x +

(

2c − 1

3

)

x + O
(

x
5
6

)

.

�½n4.8.3. �a(n) = [n
1
k ], d(n) ǑØê¼ê, Kk

∑

n≤x

d(a(n)) =
∑

n≤x

d([n
1
k ]) =

1

k
x log x + O(x).y². ��

∑

n≤x

d(a(n)) =
∑

n≤x

d([n
1
k ])

=
∑

1k≤i<2k

d([i
1
k ]) +

∑

2k≤i<3k

d([i
1
k ]) + · · ·

+
∑

Nk≤i<(N+1)k

d([i
1
k ]) + O(N ǫ)

= (2k − 1)d(1) + (3k − 2k)d(2) + · · ·
+((N + 1)k − Nk)d(N) + O(N ǫ)

=
∑

j≤N

[

(j + 1)k − jk
]

d(j) + O(N ǫ).�
A(N) =

∑

j≤N

d(j) = N log N + (2c − 1)N + O
(

N
1
2

)

,±9f(j) = (j + 1)k − jk, Kk
∑

j≤N

[

(j + 1)k − jk
]

d(j)
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= A(N)f(N) − A(1)f(1) −
∫ N

1

A(t)f ′(t)dt

=
[

N log N + (2c − 1)N + O(N
1
2 )
]

[

(N + 1)k − Nk
]

−A(1)f(1)

−
∫ N

1

[

t log t + (2c − 1)t + O(t
1
2 )
]

(

k(t + 1)k−1 − ktk−1
)

dt

=
[

N log N + (2c − 1)N + O(N
1
2 )
]

(

k
∑

l=1

(

k

l

)

Nk−l

)

−k

∫ N

1

[

t log t − 2(2c − 1)t + O(t
1
2 )
]

(

k−1
∑

l=1

(

k − 1

l

)

tk−l−1

)

dt

=

(

k

1

)

Nk log N −
(

k − 1

1

)∫ N

1

ktk−1 log kdt + O(Nk)

=

(

k

1

)

Nk log N −
(

k − 1

1

)

Nk log N + O(Nk)

= Nk log N + O(Nk).Ïd
∑

n≤x

d(a(n)) =
∑

n≤x

d([n
1
k ])

=
∑

j≤N

[(j + 1)k − jk]d(j) + O(N ǫ)

= Nk log N + O(Nk) + O(N ǫ)

=
1

k
x log x + O(x).

�½n4.8.4. �a(n) = [
√

n], ϕ(n) ǑEuler ¼ê, Kk
∑

n≤x

φ(a(n)) =
∑

n≤x

φ([
√

n]) =
4

π2
x

3
2 + O(x log x).y². ´�

∑

n≤x

φ(a(n)) =
∑

n≤x

φ([
√

n])

=
∑

12≤i<22

φ([
√

i]) +
∑

22≤i<32

φ([
√

i]) + · · · +
∑

N2≤i<(N+1)2

φ([
√

i]) + O(N)

= 3φ(1) + 5φ(2) + · · · + [(N + 1)2 − N 2]φ(N) + O(N)



88 1oÙ Øê¼ê�Smarandache ¼ê�·Üþ�
=
∑

j≤N

(2j + 1)φ(j) + O(N).�
A(N) =

∑

j≤N

φ(j) =
3

π2
N 2 + O(N log N),±9f(j) = 2j + 1, Kk

∑

j≤N

(2j + 1)φ(j) = A(N)f(N) − A(1)f(1) −
∫ N

1

A(t)f ′(t)dt

=

[

3

π2
N 2 + O(N log N)

]

(2N + 1) −
∫ N

1

[

3

π2
t2 + O(t log t)

]

2dt

=
6

π2
N 3 + O(N 2 log N) − 2

π2
N 3 + O(N 2 log N)

=
4

π2
N 3 + O(N 2 log N).l
∑

n≤x

φ([
√

n]) =
∑

j≤N

(2j + 1)φ(j) + O(N)

=
4

π2
N 3 + O(N 2 log N) + O(N)

=
4

π2
x

3
2 + O(x log x).

�½n4.8.5. �a(n) = [n
1
3 ], φ(n) ǑEuler ¼ê, Kk

∑

n≤x

φ(a(n)) =
∑

n≤x

φ([n
1
3 ]) =

9

2π2
x

4
3 + O(x log x).y². ��

∑

n≤x

φ(a(n)) =
∑

n≤x

φ([n
1
3 ])

=
∑

13≤i<23

φ([i
1
3 ]) +

∑

23≤i<33

φ([i
1
3 ]) + · · · +

∑

N3≤i<(N+1)3

φ([i
1
3 ]) + O(N)

= 7φ(1) + 9φ(2) + · · · + [(N + 1)3 − N 3]φ(N) + O(N)

=
∑

j≤N

(3j2 + 3j + 1)φ(j) + O(N).�
A(N) =

∑

j≤N

φ(N) =
3

π2
N 2 + O(N log N),
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∑

j≤N

(3j2 + 3j + 1)φ(j)

= A(N)f(N) − A(1)f(1) −
∫ N

1

A(t)f ′(t)dt

=

[

3

π2
N 2 + O(N log N)

]

(3N 2 + 3N + 1)

−
∫ N

1

[

3

π2
t2 + O(t log t)

]

(6t + 3)dt

=
9

π2
N 4 − 9

2π2
N 4 + O(N 3 log N).Ïd

∑

n≤x

φ([i
1
3 ]) =

∑

j≤N

(3j2 + 3j + 1)φ(j) + O(N)

=
9

2π2
N 4 + O(N 3 log N) + O(N)

=
9

2π2
x

4
3 + O(x log x).

�½n4.8.6. �a(n) = [n
1
k ], φ(n) ǑEuler ¼ê, Kk

∑

n≤x

φ(a(n)) =
∑

n≤x

φ([n
1
k ]) =

6k

(k + 1)π2
x

k+1
k + O(x log x).y².

∑

n≤x

φ(a(n)) =
∑

n≤x

φ([n
1
k ])

=
∑

1k≤i<2k

φ([i
1
k ]) +

∑

2k≤i<3k

φ([i
1
k ]) + · · · +

∑

Nk≤i<(N+1)k

φ([i
1
k ]) + O(N)

=
∑

j≤N

[

(j + 1)k − jk
]

φ(j) + O(N).�
A(N) =

∑

j≤N

φ(j) =
3

π2
N 2 + O(N log N),±9f(j) = (j + 1)k − jk, Kk

∑

j≤N

[

(j + 1)k − jk
]

φ(j)
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= A(N)f(N) − A(1)f(1) −

∫ N

1

A(t)f ′(t)dt

=

[

3

π2
N 2 + O(N log N)

]

[

(N + 1)k − Nk
]

−
∫ k

1

[

3

π2
t2 + O(t log t)

]

k[(t + 1)k−1 − tk−1]dt

=
3k

π2
Nk+1 + O(Nk log N) − k(k − 1)

k + 1

3

π2
Nk+1

=
6k

(k + 1)π2
Nk+1 + O(Nk log N).Ïd

∑

n≤x

φ(a(n)) =
∑

n≤x

φ([i
1
k ])

=
∑

j≤N

[

(j + 1)k − jk
]

φ(j) + O(N)

=
6k

(k + 1)π2
Nk+1 + O(Nk log N) + O(N)

=
6k

(k + 1)π2
x

k+1
k + +O(x log x).

�

§4.9 'u,�aSmarandache¼ê�n ≥ 2 Ǒ��ê, a(n) = [n
1
k ]. d	½ÂaSmarandache ¼êXe:

S1(x) = min{m ∈ N : x ≤ m!}, x ∈ (1,∞).�!ïÄaSmarandache ¼ê3a(n) þ�þ�5�, ¿�Ñü�ìCúª.½n4.9.1. �¢êx ≥ 2, �êk ≥ 2, Kk
∑

n≤x

S1(a(n)) =
x log x

k log log x
1
k

+ O

(

x(log x)(log log log x
1
k )

(log log x
1
k )2

)

.½n4.9.2. é?¿¢êx ≥ 2, Kk
∑

n≤x

d(n)S1(n) =
x log2 x

log log x

(

1 + O

(

log log log x

log log x

))

,Ù¥d(n) ǑØê¼ê.



§4.9 'u,�aSmarandache ¼ê 91Ǒ
y²½n, ÄkÚ\e¡�ü�Ún.Ún4.9.1. é?¿¢êx ≥ 2, k
∑

n≤x

S1(n) =
x log x

log log x
+ O

(

x(log x)(log log log x)

(log log x)2

)

.y². dS1 �½Â, ��e(m − 1)! < n ≤ m!, KkS1(n) = m. éu(m − 1)! < n ≤ m!, ü>�éêk
m−1
∑

i=1

log i < log n ≤
m
∑

i=1

log i.|^Euler �Úúª, ��
m
∑

i=1

log i = m log m − m + O(log m) =
m−1
∑

i=1

log i,l
log n = m log m − m + O(log m),?k

m =
log n

log m − 1
+ O(1).UY�éê, �ª��

m =
log n

log log n
+ O

(

(log n)(log log log n)

(log log n)2

)

.2|^Euler �Úúª, k�Oª
∑

n≤x

S1(n) =
∑

n≤x

∑

(m−1)!<n≤m!

m

=
∑

n≤x

(

log n

log log n
+ O

(

(log n)(log log log n)

(log log n)2

))

=
∑

n≤x

log n

log log n
+ O

(

x(log x)(log log log x)

(log log x)2

)

=
x log x

log log x
+ O

(

x(log x)(log log log x)

(log log x)2

)

.Ún4.9.1 y.. �Ún4.9.2. é?¿¢êx ≥ 2, k
∑

n≤x

d(n) = x log x + (2γ − 1)x + O(
√

x),Ù¥γ ǑEuler ~ê.
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∑

n≤x

S1(a(n)) =
∑

n≤x

S1

([

n
1
k

])

=
∑

1k≤i<2k

S1(1) +
∑

2k≤i<3k

S1(2) + · · ·

+
∑

Nk≤i<(N+1)k

S1(N) + O(Nk−1+ǫ)

=
∑

1≤j≤N

(

(j + 1)k − jk
)

S1(j) + O(Nk−1+ǫ).�
A(x) =

∑

n≤x

S1(n) =
x log x

log log x
+ O

(

x(log x)(log log log x)

(log log x)2

)

,±9f(j) = (j + 1)k − jk, ¿b�Nk ≤ x < (N + 1)k. dAbel �Úúª��
∑

n≤x

S1(a(n))

= A(N)f(N) − A(2)f(2) −
∫ N

2

A(t)f ′(t)dt + O(Nk−1+ǫ)

=

(

N log N

log log N
+ O

(

N(log N)(log log log N)

(log log N)2

))

(

(N + 1)k − Nk
)

−
∫ N

2

(

t log t

log log t
+ O

(

t(log t)(log log log t)

(log log t)2

))

(

(t + 1)k − tk
)′

dt

=
Nk log N

log log N
+ O

(

Nk(log N)(log log log N)

(log log N)2

)

=
x log x

k log log x
1
k

+ O

(

x(log x)(log log log x
1
k )

(log log x
1
k )2

)

.ùÒy²
½n4.9.1.,��¡, dÚn4.9.1 �Ún4.9.2 k
∑

n≤x

d(n)S1(n)

=
∑

n≤x

∑

(m−1)!<n≤m!

d(n)m

=
∑

n≤x

d(n)

(

log n

log log n
+ O

(

(log n)(log log log n)

(log log n)2

))

=
∑

n≤x

d(n)
log n

log log n
+ O

(

∑

n≤x

d(n)
(log n)(log log log n)

(log log n)2

)

.
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A(x) =

∑

n≤x

d(n) = x log x + (2γ − 1)x + O(
√

x),±9
f1(t) =

log t

log log t
, f2(t) =

(log t)(log log log t)

(log log t)2
.dAbel �Úúª��

∑

n≤x

d(n)S1(n)

= A(x)f1(x) − A(2)f1(2) −
∫ x

2

A(t)f ′
1(t)dt

+O

(

A(x)f2(x) − A(2)f2(2) −
∫ x

2

A(t)f ′
2(t)dt

)

=
x log2 x

log log x
+ O

(

x(log2 x)(log log log x)

(log log x)2

)

=
x log2 x

log log x

(

1 + O

(

log log log x

log log x

))

.ly²
½n4.9.2.

§4.10 'u183�Smarandache¯Ké?¿��ên, �mq(n) = [n
1
k ]. ~X, mq(1) = 1, mq(2) = 1, mq(3) = 1,

mq(4) = 1, · · · , mq(2
k) = 2, mq(2

k + 1) = 2, · · · , mq(3
k) = 3, · · · . �!ïÄTê��5�, ¿�Ñ�
ìCúª.½n4.10.1. �m Ǒ��ê, α Ǒ¢ê. Ké?¿¢êx > 1, kìCúª

∑

n≤x

σα((mq(n),m)) =
(2k − 1)σ1−α(m)

m1−α
+ O(x1− 1

2k +ǫ),Ù¥σα(n) =
∑

d|n

dα, ǫ ´?¿¢ê.�α = 0 �1, ��íØ.íØ4.10.1. é?¿¢êx > 1, k
∑

n≤x

d((mq(n),m)) =
(2k − 1)σ(m)

m
x + O(x1− 1

2k +ǫ),

∑

n≤x

σ((mq(n),m)) = (2k − 1)d(m)x + O(x1− 1
2k +ǫ).
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y²½n, ÄkÚ\e¡�Ún.Ún4.10.1. �m Ǒ��ê, α Ǒ¢ê. Ké?¿¢êx > 1, kìCúª
∑

n≤x

σα((n,m)) =
σ1−α(m)

m1−α
x + O

(

x
1
2k +ǫ

)

,Ù¥σα(n) =
∑

d|n

dα, ǫ ´?¿�¢ê.y². ½Â
g(s) =

∞
∑

n=1

σα((m,n))

ns
.�m �½��, f(n) = (m,n) ´��¼ê, lσα((m,n)) Ǒ´��¼ê.dEuler �Èúª, k

g(s) =
∏

p

(

1 +
σα(f(p))

ps
+

σα(f(p2))

p2s
+ · · ·

)

=
∏

p∤m

(

1 +
1

ps
+

1

p2s
+ · · ·

)

×
∏

pβ‖m









1 +
1 + pα

ps
+ · · · +

β
∑

i=0

(pi)α

pβs
+

β+1
∑

i=0

(pi)α

p(β+1)s
+ · · ·









=
∏

p∤m

1

1 − 1
ps

×
∏

pβ‖m









1 +
1 + pα

ps
+ · · · +

β−1
∑

i=0

(pi)α

pβs
+

β
∑

i=0

(pi)α

pβs

1

1 − 1
ps









= ζ(s)
∏

pβ‖m

(

1 +
1

ps−α
+

1

p2(s−α)
+ · · · + 1

pβ(s−α)

)

.´y�Oª
|σα((m,n))| < K = H(x),

∣

∣

∣

∣

∣

∞
∑

n=1

σα((m,n))

nσ

∣

∣

∣

∣

∣

<
K

σ − 1
= B(σ),Ù¥k ��m Úα k', α > 1 ´s �¢Ü. �s0 = 0, b = 2, T = x3/2, ||x|| =

|x − N |. dPerron úªk
∑

n≤x

σα(f(n)) =
1

2πi

∫ 2+iT

2−it

ζ(s)R(s)
xs

s
ds + O(x1/2+ǫ),
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R(s) =

∏

pβ‖m

(

1 +
1

ps−α
+

1

p2(s−α)
+ · · · + 1

pβ(s−α)

)

.�e5�OÌ�
1

2πi

∫ 2+iT

2−it

ζ(s)R(s)
xs

s
ds.rÈ©�ls = 2 ± it £�s = 1/2 ± it. d�¼ê

ζ(s)R(s)
xs

s3s = 1 k��{ü4:, l��
1

2πi

(

∫ 2+iT

2−it

+

∫ 1/2+iT

2+it

+

∫ 1/2−iT

1/2+it

+

∫ 2−iT

1/2−it

)

ζ(s)R(s)
xs

s
ds = R(1)x.�T = x3/2, k

∣

∣

∣

∣

∣

1

2πi

(

∫ 1/2+iT

2+it

+

∫ 2−iT

1/2−it

)

ζ(s)R(s)
xs

s
ds

∣

∣

∣

∣

∣

≪
∫ 2

1/2

∣

∣

∣

∣

ζ(σ + iT )R(s)
x2

T

∣

∣

∣

∣

dσ

≪ x2

T
= x

1
2 .ØJy²

∣

∣

∣

∣

∣

1

2πi

∫ 1/2−iT

1/2+iT

ζ(s)R(s)
xs

s
ds

∣

∣

∣

∣

∣

≪
∫ T

1

∣

∣

∣

∣

ζ(
1

2
+ it)R(s)

x
1
2

t

∣

∣

∣

∣

dt

≪ x
1
2 +ǫ,±9

R(1) =
∏

pβ‖m

(

1 +
1

p1−α
+

1

p2(1−α)
+ · · · + 1

pβ(1−α)

)

=
σ1−α(m)

m1−α
.lk

∑

n≤x

σα(f(n)) =
σ1−α(m)

m1−α
x + O

(

x
1
2+ǫ
)

.ùÒy²
Ún4.10.1. �



96 1oÙ Øê¼ê�Smarandache ¼ê�·Üþ�y3y²½n. é?¿¢êx ≥ 1, ���êN ÷v
Nk ≤ x < (N + 1)k.dmq(n) �½Âk

∑

n≤x

σα((mq(n),m)) =
∑

n≤x

σα(([n
1
k ],m))

=
∑

1k≤i<2k

σα(([i
1
k ],m)) +

∑

2k≤i<3k

σα(([i
1
k ],m))

+ · · · +
∑

Nk≤i<(N+1)k

σα(([i
1
k ],m)) + O(N ǫ)

= (2k − 1)σα((1,m)) + (3k − 2k)σα((2,m))

+ · · · + ((N + 1)k − Nk)σα((N,m)) + O(N ǫ)

=
∑

j≤N

[(j + 1)k − jk]σα((j,m)) + O(N ǫ),Ù¥ǫ ´?¿�¢ê.½Â
A(N) =

∑

j≤N

σα((j,m)).dÚn4.10.1 ��
A(N) =

∑

j≤N

σα((j,m)) =
σ1−α(m)

m1−α
N + O(N

1
2+ǫ).�f(j) = (j + 1)k − jk, dAbel �Úúªk

∑

j≤N

[(j + 1)k − jk]σα((j,m))

= A(N)f(N) − A(1)f(1) −
∫ N

1

A(t)f ′(t)dt

=

[

σ1−α(m)

m1−α
N + O(N

1
2+ǫ)

]

[

(N + 1)k − Nk
]

−A(1)f(1)

−
∫ N

1

[

σ1−α(m)

m1−α
t + O(t

1
2 +ǫ)

]

[

k(t + 1)k−1 − ktk−1
]

dt.qd��ª½n��
∑

j≤N

[(j + 1)k − jk]σα((j,m)) =
(2k − 1)σ1−α(m)

m1−α
Nk + O

(

Nk− 1
2+ǫ
)

.
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∑

n≤x

σα((mq(n),m)) =
∑

n≤x

σα(([n
1
k ],m))

=
∑

j≤N

[(j + 1)k − jk]σα((j,m)) + O(N ǫ)

=
(2k − 1)σ1−α(m)

m1−α
x + O(x1− 1

2k +ǫ).ùÒy²
½n4.10.1.

§4.11 ²��ê����í2g,ê�²��ê�a(n) Ǒ:

0, 1, 1, 1, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 4, 4, 4, 4,

5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6,

7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 8, · · ·=a(n) = [n
1
2 ]. ·�rþ¡�ê��í2Ǒ:

b(n) = [n1/k].�!|^)Û�{ïÄσα(b(n)) �þ�5�, ¿�Ñ��ìCúª.½n4.11.1. é?¿¢êx > 1 ��ên ≥ 1, k
∑

n≤x

σα(b(n)) =



























kζ(α + 1)

α + k
x

α+k
k + O(x

β+k−1
k ), XJ α > 0;

1

k
x log x + O(x), XJ α = 0;

ζ(2)x + O(x
k+ǫ−1

k ), XJ α = −1;

ζ(1 − α)x + O(x
δ+k−1

k ), XJ α < 0 � α 6= −1,Ù¥σα(n) =
∑

d|n

dα ´Øê¼ê, ζ(n) ǑRiemann zeta ¼ê, β = max(1, α),

δ = max(0, 1 + α), ǫ > 0 ´?¿�¢ê.Ǒ
y²½n, ÄkÚ\e¡�Ún.Ún4.11.1. �α > 0 Ǒ�½�¢ê. Ké?¿¢êx > 1, kìCúª
∑

n≤x

σα(n) =
ζ(α + 1)

α + 1
xα+1 + O(xβ),
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∑

n≤x

σ−α(n) =

{

ζ(α + 1)x + O(xδ), XJ α ≤ 1,
ζ(2)x + O(log x), XJ α = 1,Ù¥β = max(1, α), δ = max(0, 1 − α), ζ(n) ´Riemann zeta ¼ê.y². ë�©z[1]. �y3y²½n. ·�éα ©n«�¹�Ä.�/1. �α > 0 �k

∑

n≤x

σα(b(n)) =
∑

n≤x

σα([n1/k])

=
∑

1k≤n<2k

σα([n1/k]) +
∑

2k≤n<3k

σα([n1/k]) + · · ·

+
∑

Nk≤n<(N+1)k

σα([n1/k]) + O(Nβ)

=
∑

j≤N

(

(j + 1) − jk
)

σα(j) + O(Nβ).�
A(n) =

∑

j≤n

σα(j) ±9 f(j) = (j + 1)k − jk.dAbel �Úúª�Ún4.11.1 ±9½n4.8.3 k
∑

n≤x

σα(b(n))

= A(N)f(N) − A(1)f(1) −
∫ N

1

A(t)f ′(t)dt + O(Nβ)

=
kζ(α + 1)

α + 1
Nα+k − k(k − 1)

∫ N

1

ζ(α + 1)

α + k
tα+k+1dt

+O(Nβ+k−1)

=
kζ(α + 1)

α + k
Nα+k + O(Nβ+k−1)

=
kζ(α + 1)

α + k
x

α+k
k + O

(

x
β+k−1

k

)

.�/2. �α = −1 �k
∑

n≤x

σ−1(b(n)) =
∑

n≤x

σ−1([n
1/k])

=
∑

1k≤n<2k

σ−1([n
1/k]) +

∑

2k≤n<3k

σ−1([n
1/k]) + · · ·



§4.11 ²��ê����í2 99

+
∑

Nk≤n<(N+1)k

σ−1([n
1/k]) + O(N ǫ)

=
∑

j≤N

(

(j + 1)k − jk
)

σ−1(j) + O(N ǫ).�
A(n) =

∑

j≤n

σ−1(j) ±9 f(j) = (j + 1)k − jk.��
∑

n≤x

σ−1(b(n)) =
∑

n≤x

σ−1([n
1/k])

= A(N)f(N) − A(1)f(1) −
∫ N

1

A(t)f ′(t)dt + O(N ǫ)

= ζ(2)Nk + O
(

Nk+ǫ−1
)

= ζ(2)x + O
(

x
k+ǫ−1

k

)

,Ù¥ǫ > 0 ´?¿�¢ê.�/3. �α < 0 �α 6= −1 �, k
∑

n≤x

σα(b(n)) =
∑

n≤x

σα([n1/k])

=
∑

1k≤n<2k

σα([n1/k]) +
∑

2k≤n<3k

σα([n1/k]) + · · ·

+
∑

Nk≤n<(N+1)k

σα([n1/k]) + O(N δ)

=
∑

j≤N

(

(j + 1)k − jk
)

σα(j) + O(N δ).�
A(n) =

∑

j≤x

σα(j) ±9 f(j) = (j + 1)k − jk.��
∑

n≤x

σα(b(n)) =
∑

n≤x

σα([n1/k])

= A(N)f(N) − A(1)f(1) −
∫ N

1

A(t)f ′(t)dt + O(N δ)

= kζ(1 − α)Nk + O(N δ+k−1) − (k − 1)ζ(1 − α)Nk

= ζ(1 − α)Nk + O(N δ+k−1)
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= ζ(1 − α)x + O

(

x
δ+k−1

k

)

.nþ¤ã, k
∑

n≤x

σα(b(n)) =



































kζ(α + 1)

α + k
x

α+k
k + O

(

x
β+k−1

k

)

, XJ α > 0;

1

k
x log x + O(x), XJ α = 0;

ζ(2)x + O
(

x
k+ǫ−1

k

)

, XJ α = −1;

ζ(1 − α)x + O
(

x
δ+k−1

k

)

, XJ α < 0 � α 6= −1.ùÒy²
½n4.11.1.

§4.12 'uSmarandache �5�ê����ê�¡Ǒ�5 �ê, XJé§�ê �,���(�)ð���) �C¤5 ��ê. ~X: 0, 5, 10, 15, 20, 25, 30, 35, 40, 50, 51, 52, · · · . �A L«�5 �ê�8Ü. �!ïÄTê��þ�5�, ¿�Ñ�
ìCúª.½n4.12.1. é?¿¢êx ≥ 1, kìCúª
∑

n∈A
n≤x

f(n) =
∑

n≤x

f(n) + O
(

Mx
ln 8
ln 10

)

,Ù¥
M = max

1≤n<x
{|f(n)|}.©O�f(n) = d(n) �Ω(n), ��e¡�íØ.íØ4.12.1. é?¿¢êx ≥ 1, k

∑

n∈A
n≤x

d(n) = x ln x + (2γ − 1)x + O
(

x
ln 8
ln 10+ǫ

)

,Ù¥γ ´Euler ~ê, ǫ ´?¿�¢ê.íØ4.12.2. é?¿¢êx ≥ 1, k
∑

n∈A
n≤x

Ω(n) = x ln ln x + Bx + O
( x

ln x

)

,Ù¥B ´�O��~ê.



§4.13 'u1�a�5 �êS� 101y3y²½n. �10k ≤ x < 10k+1, =k ≤ log x < k + 1. dA �½Â��,Ø3A ¥�ê��ê�õǑ8 + 82 + · · · + 8k =
8

7
(8k − 1) ≤ 8k+1. du

8k ≤ 8log x =
(

8log8 x
)

1
log8 10 = (x)

1
log8 10 = x

ln 8
ln 10 ,��

8k = O
(

x
ln 8
ln 10

)

.�M Ǒ|f(n)| (n ≤ x) �þ., Kk
∑

n6∈A

n≤x

f(n) = O
(

Mx
ln 8
ln 10

)

.l��
∑

n∈A
n≤x

f(n) =
∑

n≤x

f(n) −
∑

n6∈A

n≤x

f(n)

=
∑

n≤x

f(n) + O
(

Mx
ln 8
ln 10

)

.½n4.12.1 y..d½n4.12.1 ±9ìCúª
∑

n≤x

d(n) = x ln x + (2γ − 1)x + O(x
1
2 )��íØ4.12.1. 2d½n4.12.1 ±9ìCúª

∑

n≤x

Ω(n) = x ln ln x + Bx + O

(

x

log x

)��íØ4.12.2.

§4.13 'u1�a�5�êS�����ê�¡Ǒ�5 �ê, XJé§�ê �,���(�)ð���) �C¤5 ��ê. aq/�½Â1�a�5 �ê. ����ê�¡Ǒ1�a�5 �ê,XJ§��Ø´5 ��ê, �´é§�ê �,����ÒC¤5 ��ê"Ǒ�Bå�, �A L«�5 �ê�8Ü, B L«1�a�5 �ê�8Ü.�!ïÄ1�a�5 �êS��þ�5�, ¿�Ñ�
ìCúª.
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∑

n∈B
n≤x

d(n) =
16

25
x

(

ln x + 2γ − 1 +
ln 5

2

)

+ O
(

x
ln 8
ln 10+ǫ

)

,Ù¥d(n) ´Dirichlet Øê¼ê, γ ´Euler ~ê, ǫ ´?¿�¢ê.Ǒ
y²½n, ÄkÚ\ü�Ún.Ún4.13.1. �q = 1 ½q Ǒ�ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

d(qn) =

(

2 − 1

q

)

x

(

ln x + 2γ − 1 +
ln q

2q − 1

)

+ O(x
1
2+ǫ),Ù¥γ ´Euler ~ê, ǫ Ǒ?¿�¢ê.y². eq = 1, d©z[1] ¥�½n3.3 á=��Ún. y3�q Ǒ�ê. ½Â

f(s) =

∞
∑

n=1

d(qn)

ns
.dEuler �Èúªk

f(s) =

∞
∑

n=1

d(qn)

ns
=

∞
∑

α=0

∞
∑

n1=1

(n1,q)=1

d(qα+1n1)

qsαns
1

=

∞
∑

α=0

2 + α

qsα

∞
∑

n1=1

(n1,q)=1

d(n1)

ns
1

=

(

1

1 − 1
qs

+
1

(1 − 1
qs )2

)

×
∏

p

(p,q)=1

(

1 +
d(p)

ps
+

d(p2)

p2s
+ · · · + d(pk)

pks
+ · · ·

)

=

(

1

1 − 1
qs

+
1

(1 − 1
qs )2

)

ζ2(s)

(

1 − 1

qs

)2

= ζ2(s)

(

2 − 1

qs

)

.2dPerron úª��
∑

n≤x

d(qn) =

(

2 − 1

q

)

x

(

ln x + 2γ − 1 +
ln q

2q − 1

)

+ O(x
1
2+ǫ).Ún4.13.1 y.. �



§4.13 'u1�a�5 �êS� 103Ún4.13.2. é?¿¢êx ≥ 1, k
∑

n∈A
n≤x

d(n) = x ln x + (2γ − 1)x + O(x
ln 8
ln 10 +ǫ).y². é?¿¢êx ≥ 1, �3�K�êk ÷v10k ≤ x < 10k+1. dA �½Â��

∑

n6∈A

n≤x

1 ≤ 8 + 82 + 83 + · · · + 8k ≤ 8k+2

7
≤ 64

7
8k ≤ 64

7
x

ln 8
ln 10 .5¿�d(n) ≪ nǫ ±9 ln 8

ln 10
> 1/2. dÚn4.12.1 k

∑

n∈A
n≤x

d(n) =
∑

n≤x

d(n) −
∑

n6∈A

n≤x

d(n)

=
∑

n≤x

d(n) + O









∑

n6∈A

n≤x

nǫ









=
∑

n≤x

d(n) + O
(

x
ln 8
ln 10 +ǫ

)

= x ln x + (2γ − 1)x + O
(

x
ln 8
ln 10 +ǫ

)

.Ún4.13.2 y.. �y3y²½n. dA �B �½Â��A − B ={5��ê}. dÚn4.13.1�4.13.2 ��
∑

n∈B
n≤x

d(n) =
∑

n∈A
n≤x

d(n) −
∑

5n≤x

d(5n)

= x ln +(2γ − 1)x + O
(

x
ln 8
ln 10+ǫ

)

− 9

25
x

(

ln x − ln 5 + 2γ − 1 +
ln 5

9

)

=
16

25
x

(

lnx + 2γ − 1 +
ln 5

2

)

+ O
(

x
ln 8
ln 10 +ǫ

)

.ùÒy²
½n4.13.1.
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§4.14 'u��ê�nÆ/ê�{é?¿��ên, �a(n) ´n �nÆ/ê�{. =

a(n) = n − k(k + 1)

2
,

, Ù¥k ´÷v
k(k + 1)

2
≤ n�����ê. ~X,

a(1) = 0, a(2) = 1, a(3) = 0, a(4) = 1, a(5) = 2, a(6) = 0, · · · .�!ïÄTê��5�, ¿�Ñ�
ìCúª.½n4.14.1. é?¿¢êx ≥ 3, k
∑

n≤x

a(n) =

√
2

3
x

3
2 + O(x).½n4.14.2. é?¿¢êx ≥ 3, k

∑

n≤x

d(a(n)) =
1

2
x ln x +

(

2γ +
ln 2 − 3

2

)

+ O
(

x
3
2

)

,Ù¥d(n) ´Dirichlet Øê¼ê, γ ´Euler ~ê.y3y²½n. é?¿¢êx ≥ 3, ���êM ÷v
M(M + 1)

2
≤ x <

(M + 1)(M + 2)

2
.Kda(n) �½Âk

∑

n≤x

a(n) =

M
∑

k=1

∑

k(k+1)
2 ≤n<

(k+1)(k+2)
2

a(n) −
∑

x<n<
(M+1)(M+2)

2

a(n)

=

M
∑

k=1

∑

i≤( (k+1)(k+2)
2 −1− k(k+1)

2 )

i + O







∑

s≤( (M+1)(M+2)
2 −M(M+1)

2 )

s







=

M
∑

k=1

k
∑

i=0

i + O
(

M2
)
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=
1

2

M
∑

k=1

k(k + 1) + O
(

M2
)

=
1

6
M3 + O

(

M2
)

.5¿��Oª
M

2
≤ x − M2

2
<

3

2
M + 1.l��

∑

n≤x

a(n) =

√
2

3
x

3
2 + O(x).ùÒy²
½n4.14.1|^aq/�{��

∑

n≤x

d(a(n)) =

M
∑

k=1

k
∑

i=0

d(i) +
∑

M(M+1)
2 <n≤x

d(a(n)).2dìCúª
∑

n≤x

d(n) = x ln x + (2γ − 1)x + O(x
1
3 ),��

∑

n≤x

d(a(n))

=

M
∑

k=1

(

k ln k + (2γ − 1)k + O(k
1
3 )
)

+ O





∑

i≤x−M(M+1)
2

d(i)





=
1

2
M2 ln M − 1

4
(M2 − 1) +

1

2
(2γ − 1)M2 + O(M

4
3 ).nþ¤ã, k

∑

n≤x

d(a(n)) =
1

2
x ln x +

(

2γ +
ln 2 − 3

2

)

+ O(x
3
2 ).ùÒy²
½n4.14.2.

§4.15 ��ê�k g�Ü©�n Ǒ��ê, k > 1 Ǒ�ê. ½Âa(n) ǑØ�Ln ���k g�, b(n) ǑØ�un ���k g�. ~X, �k = 2 �ka(1) = a(2) = a(3) = 1, a(4) =
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a(5) = a(6) = a(7) = 4, · · · , b(1) = 1, b(2) = b(3) = b(4) = 4, b(5) =

b(6) = b(7) = b(8) = 8, · · · . �k = 3 �, a(1) = a(2) = · · · = a(7) = 1,

a(8) = a(9) = · · · = a(26) = 8, · · · , b(1) = 1, b(2) = b(3) = · · · = b(8) = 8,

b(9) = b(10) = · · · = b(27) = 27, · · · .�!ïÄùü�ê��5�, ¿�Ñ�
ìCúª.½n4.15.1. é?¿¢êx > 1, k
∑

n≤x

d(a(n)) =
1

kk!

(

6

kπ2

)k−1

A0x lnk x + A1x lnk−1 x + · · ·

+Ak−1x ln x + Akx + O
(

x1− 1
2k +ǫ

)

,Ù¥A0, A1, · · · , Ak Ǒ~ê, AO�k = 2 �kA0 = 1. d(n) ǑØê¼ê, ǫ ´?¿¢ê.½n4.15.2. é?¿¢êx > 1, k
∑

n≤x

d(b(n)) =
1

kk!

(

6

kπ2

)k−1

A0x lnk x + A1x lnk−1 x + · · ·

+Ak−1x ln x + Akx + O
(

x1− 1
2k +ǫ

)

.Ǒ
y²½n, ÄkÚ\��Ún.Ún4.15.1. é?¿¢êx > 1, k
∑

n≤x

d(nk) =
1

k!

(

6

π2

)k−1

B0x lnk x + B1x lnk−1 x + · · ·

+Bk−1x ln x + Bkx + O
(

x
1
2+ǫ
)

,Ù¥B0, B1, · · · , Bk Ǒ~ê, AO�k = 2 �kB0 = 1. ǫ ´?¿�¢ê.y². �s = σ + it ǑEê, ¿½Â
f(s) =

∞
∑

n=1

d(nk)

ns
.5¿�d(nk) ≪ nǫ, K�Re s > 1 �, f(s) Âñ. dEuler �Èúª±9d(n)�½Â��

f(s) =
∏

p

(

1 +
d(pk)

ps
+

d(p2k)

p2s
+ · · · + d(pnk)

pns
+ · · ·

)
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=
∏

p

(

1 +
k + 1

ps
+

2k + 1

p2s
+ · · · + kn + 1

pns
+ · · ·

)

= ζ2(s)
∏

p

(

1 + (k − 1)
1

ps

)

= ζ2(s)
∏

p

(

(

1 +
1

ps

)k−1

− C2
k−1

1

p2s
− · · · − 1

p(k−1)s

)

=
ζk+1(s)

ζk+1(2s)
g(s),Ù¥ζ(s) ´Riemann zeta ¼ê,

∏

p

L«é¤k�ê��È.dPerron úªk
∑

n≤x

d(nk) =
1

2πi

∫ 2+iT

2−iT

ζk+1(s)

ζk−1(2s)
g(s)

xs

s
ds + O

(

x2+ǫ

T

)

.rÈ©�£Ä�Re s = 1
2

+ ǫ. 3s = 1 ?�3êǑ
1

k!

(

6

π2

)k−1

B0x lnk x + B1x lnk−1 x + · · · + Bk−1x ln x + Bkx,Ù¥B0, B1, · · · , Bk Ǒ~ê, ��k = 2 �kB0 = 1. 5¿��1

2
≤ σ < 1 �kζ(s) = ζ(σ + it) ≤ |t| 1−σ

2 +ǫ. l,3^È©�þ�È©��OǑ
O

(

x
1
2+ǫ +

x2

T

)

.�T = x
3
2 , nþ��

∑

n≤x

d(nk) =
1

k!

(

6

π2

)k−1

B0x lnk x + B1x lnk−1 x + · · ·

+Bk−1x ln x + Bkx + O
(

x
1
2+ǫ
)

.Ún4.15.1 y.. �y3y²½n. é?¿¢êx ≥ 1, ���êM ÷v
Mk ≤ x < (M + 1)k.Kda(n) �½Âk

∑

n≤x

d(a(n)) =
M
∑

m=2

∑

(m−1)k≤n<mk

d(a(n)) +
∑

Mk≤n≤x

d(a(n))
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=

M−1
∑

m=1

∑

mk≤n<(m+1)k

d(mk) +
∑

Mk≤n≤x

d(Mk)

=

M−1
∑

m=1

(

C1
kmk−1 + C2

kmk−2 + · · · + 1
)

d(mk)

+O





∑

Mk≤n≤(M+1)k

d(Mk)





= k

M
∑

m=1

mk−1d(mk) + O(Mk−1+ǫ).�
B(y) =

∑

n≤y

d(nk).dAbel úª±9Ún4.15.1 ��
M
∑

m=1

mk−1d(mk)

= Mk−1B(M) − (k − 1)

∫ M

1

yk−2B(y)dy + O(1)

= Mk−1

(

1

k!

(

6

π2

)k−1

B0M lnk M + B1M lnk−1 M + · · · + BkM

)

−(k − 1)

∫ M

1

(

1

k!

(

6

π2

)k−1

B0y
k−1 lnk y + B1y

k−1 lnk−1 y

+ · · · + Bky
k−1
)

dy

+O(Mk−1/2+ǫ)

=
1

kk!

(

6

π2

)k−1

B0M
k lnk M + C1M

k lnk−1 M + · · · + Ck−1M
k

+O(Mk−1/2+ǫ).lk
∑

n≤x

d(a(n)) =
1

kk!

(

6

π2

)k−1

B0M
k lnk M + C1M

k lnk−1 M + · · · + Ck−1M
k

+O(Mk−1/2+ǫ),Ù¥B0, C1, · · · , Ck−1 Ǒ~ê.´y�Oª
0 ≤ x − Mk < (M + 1)k − Mk = kMk−1 + C2

kMk−2 + · · · + 1
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= Mk−1

(

k + C2
k

1

M
+ · · · + 1

Mk−1

)

≪ x
k−1

k ,�
lnk x = kk lnk M + O

(

lnk−1 x

x
1
k

)

= kk lnk M + O
(

x− 1
k +ǫ
)

.nþ��
∑

n≤x

d(a(n)) =
1

kk!

(

6

kπ2

)k−1

A0x lnk x + A1x lnk−1 x + · · · + Ak−1x ln x

+Akx + O
(

x1− 1
2k +ǫ

)

,Ù¥A0 = B0. ùÒy²
½n4.15.1. aq�y½n4.15.2.

§4.16 �\8>/Öê�n Ǒ��ê. e�3��êm ��n = m(2m − 1), Ò¡n Ǒ8>/ê. ,��¡, n �k gÖêbk(n) ´���nbk(n) Ǒk g������ê. aq/, �½Â�\8>/êa(n) Ǒ: a(n) ´��a(n) + n Ǒ8>/ê����K�ê. ~X, �n = 1, 2, · · · , 15 �, ��a(n) = 0, 4, 3, 2, 1, 0, 8, 7, 6, 5, 4, 3, 2, 1, 0.�!ïÄ¼êd(a(n)) �þ�5�, ¿�Ñ�
ìCúª.½n4.16.1. é?¿¢êx ≥ 3, k
∑

n≤x

a(n) =
2
√

2

3
x

3
2 + O(x).½n4.16.2. é?¿¢êx ≥ 3, k

∑

n≤x

d(a(n)) =
1

2
x log x +

(

3

2
log 2 + (2γ − 1) − 1

2

)

+ O
(

x
3
2

)

,Ù¥γ ǑEuler ~ê.Ǒ
y²½n, ÄkÚ\e¡��
Ún.Ún4.16.1. é?¿¢êx ≥ 3, k
∑

n≤x

d(x) = x ln x + (2γ − 1)x + O(x
1
3 ),Ù¥γ ǑEuler ~ê.



110 1oÙ Øê¼ê�Smarandache ¼ê�·Üþ�y². ë�©z[1]. �Ún4.16.2. �x ≥ 3 Ǒ¢ê, f(n) Ǒ�K�êØ¼ê, ÷vf(0) = 0. KkìCúª
∑

n≤x

f(a(n)) =

[

x
1
2
2

]

∑

m=1

∑

i≤4m

f(i) + O











∑

i≤4

[

x
1
2
2

]

f(i)











,Ù¥[x] L«Ø�Lx ����ê.y². é?¿¢êx ≥ 1, ���êM ÷v
M(2M − 1) ≤ x < (M + 1)(2M + 1).5¿��n �H«m

[m(2m − 1), (m + 1)(2m + 1))�, a(n) Ǒ�H«m[0, 4m]. Kk
∑

n≤x

f(a(n)) =
∑

n≤M(2M−1)

f(a(n)) +
∑

M(2M−1)<n≤x

f(a(n))

=

M
∑

m=1

∑

i≤4m

f(i) + O





∑

i≤x−M(2M−1)

f(i)



 .5¿�
x − M(2M − 1) < (M + 1)(2M + 1) − M(2M − 1) = 4M + 1�

M =

[

x
1
2

2

]

,��
∑

n≤x

f(a(n)) =

[

x
1
2
2

]

∑

m=1

∑

i≤4m

f(i) + O











∑

i≤4

[

x
1
2
2

]

f(i)











.Ún4.16.2 y.. �y3y²½n. da(n) �½Â±9Euler �Úúªk
∑

n≤x

a(n) =
∑

n≤M(2M−1)

a(n) +
∑

M(2M−1)<n≤x

a(n)
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=

M
∑

m=1

∑

i≤4m

i +
∑

i≤x−M(2M−1)

i

=

M
∑

m=1

2m(4m + 1) + O

(

(4M)2

2

)

=
4

3
M(M + 1)(2M + 1) + O(M2)

=
2
√

2

3
x

3
2 + O(x).ùÒy²
½n4.16.1.,��¡, dÚn4.16.1, 4.16.2 ±9Abel �ª��

∑

n≤x

d(a(n)) =
M
∑

m=1

∑

i≤4m

d(i) + O

(

∑

i≤4M

d(i)

)

=

M
∑

m=1

(

4m log 4m + (2γ − 1)4m + O((4m)
1
3 )
)

+O
(

4M log 4M + (2γ − 1)4M + O((4M)
1
3 )
)

= (8 log 2 + 4(2γ − 1))
∑

m≤M

m + 4
∑

m≤M

m log m

+O

(

∑

m≤M

m
1
3

)

+ O(4M log 4M)

= (8 log 2 + 4(2γ − 1)))

(

1

2
M2 + O(M)

)

+4

(

1

2
M2 log M − 1

4
(M2 − 1) + O(M log M)

)

+ O(M
4
3 )

= 2M2 log M + (4 log 2 + 2(2γ − 1) − 1)M2 + O(M
4
3 )

=
1

2
x log x +

(

3

2
log 2 + (2γ − 1) − 1

2

)

x + O
(

x
2
3

)

.ùÒy²
½n4.16.2.

§4.17 'uSmarandache {ü¼ê�þ�
Smarandache {ü\5¼ê�½ÂXe:

p(x) = min
{

m ∈ N+ : px ≤ m!
}�

p∗(x) = min
{

m ∈ N+ : m! ≤ px
}

.



112 1oÙ Øê¼ê�Smarandache ¼ê�·Üþ��!|^)Û�{ïÄùü�¼ê�ìC5�, ¿�Ñü�ìCúª.½n4.17.1. �p Ǒ���½��ê. Kéu?¿¢êx ≥ 1, k
∑

n≤x

d(p(n)) = x(ln x − ln ln x) + O(x).½n4.17.2. �p Ǒ���½��ê. Kéu?¿¢êx ≥ 1, k
∑

n≤x

d(p∗(n)) = x(ln x − ln ln x) + O(x).Ǒ
�¤½n�y², ÄkÚ\A�Ún.Ún4.17.1. éu?¿¢êx > 1, k
∑

n≤x

d(n) = x ln x + (2c − 1)x + O(
√

x),Ù¥c ǑEuler ~ê.y². ë�©z[1]. �Ún4.17.2. éu?¿¢êx > 1, k
x
∑

i=1

ln i

i
=

1

2
ln2 x + A + O

(

ln x

x

)

.Ù¥A Ǒ~ê.y². ë�©z[1]. ��e5y²½n. dd(n) 9p(n) �½Â��
∑

n≤x

d(p(n)) =
∑

n≤x

∑

ln(m−1)!
ln p <m≤ ln(m)!

ln p

d(m).du�
n ∈

(

ln(m − 1)!

ln p
,
ln(m)!

ln p

]�, p(n) = m, qÏǑn ≤ x, �o«m
(

ln(m − 1)!

ln p
,
ln(m)!

ln p

]¥���êǑ�½�u�ux, u´��
ln(m)!

ln p
≤ x,



§4.18 'uSmarandache ceil ¼ê(I) 113=ln(m)! ≤ x ln p. (ÜEuler �Úúª, =���ln(m)! �Ì�Ǒ m lnm, ¿�m ln m ≤ x ln p.XJx v
�, �oln m ìCuln x, u´k
m ≤ x ln p

ln x
.�âþ¡�©Û��

∑

n≤x

d(p(n)) =
∑

n≤x

∑

ln(m−1)!
ln p <m≤ ln(m)!

ln p

d(m) =
∑

m≤ x ln p
ln x

[

ln m

ln p

]

d(m) + O(x ln p)

=
∑

m≤ x ln p
ln x

[

ln m

ln p

]

d(m) + O(x) =

(

1

ln p

)

∑

un≤ x ln p
ln x

ln(un) + O(x)

=

(

2

ln p

)

∑

u≤ x ln p
ln x

ln u
∑

n≤ x ln p
u ln x

1 + O(x)

=

(

2

ln p

)

∑

u≤ x ln p
ln x

ln u ·
[

x ln p

u ln x

]

+ O(x)

=

(

2x

ln p

)

∑

u≤ x ln p
ln x

ln u

u
+ O(x)

=

(

2x

ln p

)(

1

2
(ln x + ln ln p − ln ln x)

2

)

+ O(x)

= x(ln x − 2 ln ln x) + O(x).ùÒy²
½n4.17.1. aq�y½n4.17.2.

§4.18 'uSmarandache ceil¼ê(I)�k, n Ǒ��ê. Smarandache ceil ¼êSk(n) �½ÂXe:

Sk(n) = min
{

m ∈ N : n | mk
}

.�ySk(n) ´��¼ê. �!ïÄd(Sk(n)) �þ�5�, ¿�Ñ�
ìCúª.½n4.18.1. ���êk ≥ 2. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

d(Sk(n)) =
6ζ(k)x ln x

π2

∏

p

(

1 − 1

pk + pk−1

)

+ Cx + O
(

x
1
2+ǫ
)

,Ù¥C ´�O��~ê, ǫ ´?¿�¢ê.
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ζ(2) =

π2

6
, ζ(4) =

π4

90
,l��e¡�íØ.íØ4.18.1. é?¿¢êx ≥ 1, k

∑

n≤x

d(S2(n)) = x ln x
∏

p

(

1 − 1

p2 + p

)

+ C1x + O
(

x
1
2+ǫ
)

,

∑

n≤x

d(S4(n)) =
π2x ln x

15

∏

p

(

1 − 1

p4 + p3

)

+ C2x + O
(

x
1
2 +ǫ
)

,Ù¥C1, C2 ´�O��~ê.d	�k = 1 �, ´y
∑

n≤x

d(S1(n)) =
∑

n≤x

d(n) = x ln x + (2γ − 1)x + O
(

x
1
2

)

,Ù¥γ ´Euler ~ê.y3y²½n. �
f(s) =

∞
∑

n=1

d(Sk(n))

ns
.dEuler �Èúªk

f(s) =
∏

p

(

1 +
d(Sk(p))

ps
+

d(Sk(p
2))

p2s
+ · · ·

)

=
∏

p

(

1 +
d(p)

ps
+ · · · + d(p)

pks
+

d(p2)

p(k+1)s
+ · · · + d(p2)

p2ks
+ · · ·

)

=
∏

p

(

1 +
2

ps
+ · · · + 2

pks
+

3

p(k+1)s
+ · · ·

)

=
∏

p

(

1 +
1 − 1

pks

1 − 1
ps

×
(

2

ps
+

3

p(k+1)s
+ · · ·

)

)

= ζ(s)
∏

p

(

1 +
1

ps
×
(

1 +
1

pks
+

1

p2ks
+ · · ·

))

= ζ(s)ζ(ks)
∏

p

(

1 − 1

pks
+

1

ps

)

= ζ(s)ζ(ks)
ζ(s)

ζ(2s)

∏

p

(

1 − 1

pks + p(k−1)s

)

,
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|d(Sk(n))| ≤ n,

∣

∣

∣

∣

∣

∞
∑

n=1

d(Sk(n))

nσ

∣

∣

∣

∣

∣

≤ 1

σ − 1
,Ù¥σ > 1 ´s �¢Ü. 3Perron úª¥�s0 = 0, b =

3

2
, T = x, ��

∑

n≤x

d(Sk(n)) =
1

2πi

∫ 3
2 +iT

3
2−iT

ζ2(s)ζ(ks)

ζ(2s)
R(s)

xs

s
ds + O(x

1
2+ǫ),Ù¥

R(s) =
∏

p

(

1 − 1

pks + p(k−1)s

)

,

ǫ ´?¿�¢ê.5¿�¼ê
ζ2(s)ζ(ks)

ζ(2s)
R(s)

xs

s3s = 1 k����4:, 3êǑ
lim
s→1

(

(s − 1)2
ζ2(s)ζ(ks)

ζ(2s)
R(s)

xs

s

)′

= lim
s→1

((

(s − 1)2
ζ2(s)ζ(ks)

ζ(2s)
R(s)

)′
xs

s

+(s − 1)2
ζ2(s)ζ(ks)

ζ(2s)
R(s)

sxs lnx − xs

s2

)

=
6ζ(k)x ln x

π2

∏

p

(

1 − 1

pk + pk−1

)

+ Cx,Ù¥C Ǒ�O��~ê. lk
∑

n≤x

d(Sk(n)) =
6ζ(k)x ln x

π2

∏

p

(

1 − 1

pk + pk−1

)

+ Cx + O
(

x
1
2+ǫ
)

.ùÒy²
½n4.18.1.

§4.19 'uSmarandache ceil¼ê(II)�k, n Ǒ��ê. Smarandache ceil ¼êSk(n) �½ÂǑ:

Sk(n) = min
{

x ∈ N : n|xk
}

(∀n ∈ N∗).�!?�ÚïÄσα(Sk(n)) �þ�5�, ¿�Ñ��ìCúª.
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∑

d|n

dα. Ké?¿¢êx ≥ 2 ���êk ≥ 2,kìCúª
∑

n≤x

σα(Sk(n)) =
6xα+1ζ(α + 1)ζ(k(α + 1) − α)

(α + 1)π2
R(α + 1)

+O(xα+1/2+ǫ),Ù¥ζ(s) ´Riemann zeta ¼ê, ǫ ´?¿�¢ê±9
R(α + 1) =

∏

p

(

1 − 1

pk(α+1)−α − p(k−1)(α+1)

)

.y3y²½n. ½Â
f(s) =

∞
∑

n=1

σα(Sk(n))

ns
.dEuler �Èúªk

f(s) =
∏

p

(

1 +
σα(Sk(p))

ps
+

σα(Sk(p
2))

p2s
+ · · · + σα(Sk(p

k))

pks
+ · · ·

)

=
∏

p

(

1 +
σα(p)

ps
+ · · · + σα(p)

pks
+

σα(p2)

p(k+1)s
+ · · ·

+
σα(p2)

p2ks
+

σα(p3)

p(2k+1)s
+ · · ·

)

=
∏

p

(

1 +
1 − 1

pks

1 − 1
ps

(

1 + pα

ps
+

1 + pα + p2α

p(k+1)s
+ · · ·

)

)

= ζ(s)
∏

p

(

1 +
1

ps−α

(

1 +
1

pks−α
+

1

p2(ks−α)
+

1

p3(ks−α)
+ · · ·

))

= ζ(s)ζ(ks − α)
∏

p

(

1 − 1

pks−α
+

1

ps−α

)

=
ζ(s)ζ(s − α)ζ(ks − α)

ζ(2(s − α))

∏

p

(

1 − 1

pks−α − p(k−1)s

)

,Ù¥ζ(s) ´Riemann zeta ¼ê.w,kØ�ª
|σα(Sk(n))| ≤ n,

∣

∣

∣

∣

∣

∞
∑

n=1

σα(Sk(n))

nσ

∣

∣

∣

∣

∣

<
1

σ − 1 − α+1
k

,
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α + 1

k
´s �¢Ü. 3Perron úª¥�s0 = 0, b = α +

3

2
, T =

xα+ 1
2 ,H(x) = x,B(σ) =

1

σ − 1 − α
, k

∑

n≤x

σα(Sk(n)) =
1

2πi

∫ α+ 3
2+iT

α+ 3
2−iT

ζ(s)ζ(s − α)ζ(ks − α)

ζ(2(s − α))
R(s)

xs

s
ds

+O
(

xα+1/2+ǫ
)

,Ù¥
R(s) =

∏

p

(

1 − 1

pks−α − p(k−1)s

)

.5¿�¼ê
ζ(s)ζ(s − α)ζ(ks − α)

ζ(2(s − α))
R(s)

xs

s3s = α + 1 k��{ü4:, 3êǑ
ζ(α + 1)ζ(k(α + 1) − α)

(α + 1)ζ(2)
R(α + 1)xα+1.Ïdk

∑

n≤x

σα(Sk(n)) =
6xα+1ζ(α + 1)ζ(k(α + 1) − α)

(α + 1)π2
R(α + 1) + O(xα+1/2+ǫ).ùÒy²
½n4.19.1.

§4.20 'uSmarandache ceil¼ê�éó¼ê(I)�k, n Ǒ��ê. Smarandache ceil ¼êSk(n) �½ÂǑ
Sk(n) = min

{

x ∈ N : n | xk
}

.y3½ÂSk(n) �éó¼êXe:

S̄k(n) = max
{

x ∈ N : xk | n
}

.�yS̄k(n) Ǒ´��¼ê.�!ïÄd(S̄k(n)) �þ�5�, ¿�Ñ�
ìCúª.½n4.20.1. �k ≥ 2 Ǒ�ê. Ké?¿¢êx > 1, kìCúª
∑

n≤x

d(S̄1(n)) = x ln x + (2γ − 1)x + O
(

x
1
3

)
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∑

n≤x

d(S̄k(n)) = ζ(k)x + ζ

(

1

k

)

x
1
k + O

(

x
1

k+1

)

,Ù¥γ ´Euler ~ê, ζ(s) ǑRiemann zeta ¼ê.d½n��e¡�íØ.íØ4.20.1. é?¿¢êx > 1, k
∑

n≤x

d(S̄2(n)) =
π2

6
x + ζ

(

1

2

)

x
1
2 + O(x

1
3 ).íØ4.20.2. é?¿¢êx > 1, k

∑

n≤x

d(S̄4(n)) =
π4

90
x + ζ

(

1

4

)

x
1
4 + O(x

1
5 ).Ǒ
y²½n, ÄkÚ\e¡�Ún.Ún4.20.1. �x ≥ 1, s ≥ 0 �s 6= 1. Kk

∑

n≤x

1

ns
=

x1−s

1 − s
+ ζ(s) + O(x−s),Ù¥

ζ(s) = 1 +
1

s − 1
− s

∫ ∞

1

t − [t]

ts+1
dt.y². ë�©z[1]. �y3y²½n. w,kS̄1(n) = n, l�y½n�11 ª. �e5b�k ≥ 2,k

∑

n≤x

d(S̄k(n)) =
∑

n≤x

∑

d|S̄k(n)

1.dS̄k(n) �½Â��
d | S̄k(n) ⇐⇒ dk | n,Ïd

∑

n≤x

d(S̄k(n)) =
∑

n≤x

∑

dk|1

1 =
∑

dkl≤x

1.�δ = x
1

k+1 , dþ��
∑

n≤x

d(S̄k(n)) =
∑

dkl≤x

1
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=
∑

1≤dk≤δk

∑

1≤l≤x/δk

1 +
∑

1≤l≤δ

∑

1≤dk≤x/l

1 −
∑

1≤dk≤δk

1
∑

1≤l≤δ

1

=
∑

1≤d≤δ

∑

1≤l≤x/δk

1 +
∑

1≤l≤δ

∑

1≤dk≤x/l

1 − [δ]2

=
∑

1≤d≤δ

[ x

dk

]

+
∑

1≤l≤δ

[

(x

l

)1/k
]

− (δ2 − 2δ{δ} + {δ}2).dÚn4.20.1 k
∑

n≤x

d(S̄k(n)) = x
∑

1≤d≤δ

1

dk
+ x1/k

∑

1≤l≤δ

1

ll/k
+ O(δ) −

(

δ2 + O(δ)
)

= x

(

δ1−k

1 − k
+ ζ(k) + O(δ−k)

)

+ x1/k

(

δ1− 1
k

1 − 1
k

+ ζ

(

1

k

)

+ O
(

δ−
1
k

)

)

−δ2 + O(δ).5¿�x = δk+1, Kk
∑

n≤x

d(S̄k(n)) =
δ2

1 − k
+ ζ(k)x +

δ2

1 − 1
k

+ ζ

(

1

k

)

x
1
k − δ2 + O(δ)

= ζ(k)x + ζ

(

1

k

)

x
1
k + O(δ)

= ζ(k)x + ζ

(

1

k

)

x
1
k + O

(

x
1

k+1

)

.ùÒy²
½n4.20.1.

§4.21 'uSmarandache ceil¼ê�éó¼ê(II)�k, n Ǒ��ê. Smarandache ceil ¼êSk(n) �½ÂǑ
Sk(n) = min

{

x ∈ N : n | xk
}

.y3½ÂSk(n) �éó¼êXe:

S̄k(n) = max
{

x ∈ N : xk | n
}

.�yS̄k(n) Ǒ´��¼ê.�!ïÄσα(S̄k(n)) �þ�5�, ¿�Ñ�
ìCúª.½n4.21.1. �α ≥ 0, σα(n) =
∑

d|n

dα. Ké?¿¢êx ≥ 1 ±9?¿��
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∑

n≤x

σα(S̄k(n)) =











kζ(α+1
k

)

α + 1
x

α+1
k + O

(

x
α+1
2k +ǫ

)

, XJ α > k − 1,

ζ(k − α)x + O
(

x
1
2+ǫ
)

, XJ α ≤ k − 1,Ù¥ζ(s) ´Riemann zeta ¼ê, ǫ ´?¿�¢ê.y3y²½n. ½Â
f(s) =

∞
∑

n=1

σα(S̄k(n))

ns
.dEuler �Èúªk

f(s) =
∏

p

(

1 +
σα(S̄k(p))

ps
+ · · · + σα(S̄k(p

k))

pks
+ · · ·

)

=
∏

p

(

1 +
σα(1)

ps
+ · · · + σα(1)

p(k−1)s

+
σα(p)

pks
+ · · · + σα(p)

p(2k−1)s
+

σα(p2)

p2ks
+ · · ·

)

=
∏

p

(

1 − 1
pks

1 − 1
ps

+
1 − 1

pks

1 − 1
ps

(

1 + pα

pks
+

1 + pα + p2α

pks
+ · · ·

)

)

= ζ(s)
∏

p

(

1 +
1

pks−α
+

1

p2(ks−α)
+

1

p3(ks−α)
+ · · ·

)

= ζ(s)ζ(ks − α),Ù¥ζ ´Riemann zeta ¼ê.w,kØ�ª
∣

∣σα(S̄k(n))
∣

∣ ≤ n,

∣

∣

∣

∣

∣

∞
∑

n=1

σα(S̄k(n))

nσ

∣

∣

∣

∣

∣

<
1

σ − 1 − α+1
k

,Ù¥σ > 1 +
α + 1

k
´s �¢Ü. 3Perron úª¥�

s0 = 0, b =
α + 1

k
+

1

ln x
, T = x

α+1
2k ,H(x) = x,B(σ) =

1

σ − 1 − α+1
k

,Kk
∑

n≤x

σα(S̄k(n)) =
1

2iπ

∫ b+iT

b−iT

ζ(s)ζ(ks − α)
xs

s
ds + O

(

x
α+1
2k +ǫ

)

.
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ζ(s)ζ(ks − α)

xs

s3s =
α + 1

k
k��{ü4:, 3êǑ

kζ
(

α+1
k

)

α + 1
x

α+1
k .lk

∑

n≤x

σα(S̄k(n)) =
kζ
(

α+1
k

)

α + 1
x

α+1
k + O

(

x
α+1
2k +ǫ

)

.e0 ≤ α ≤ k − 1, K¼ê
ζ(s)ζ(ks − α)

xs

s3s = 1 k��{ü4:, 3êǑζ(k − α)x. aq��ìCúª
∑

n≤x

σα(S̄k(n)) = ζ(k − α)x + O
(

x
1
2 +ǫ
)

.ùÒy²
½n4.21.1.
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1ÊÙ ¼êep(n) �þ�é?¿�êp, �ep(n) L«n ¥�¹�êp ����ê, =
ep(n) = max {α : pα | n} .�ÙïÄ�¼êep(n) k'�eZþ�¯K, ¿�Ñ�
ìCúª.

§5.1 ¼êepq(n)�þ�5��p, q ´ü�ØÓ��ê, epq(n) L«n ¥�¹pq ����ê, =
epq(n) = max {α : (pq)α | n} .�!ïÄ¼êepq(n) �þ�©Ù, ¿�Ñ��ìCúª.½n5.1.1. �p, q ´ü�ØÓ��ê. Ké?¿¢êx ≥ 1, kìCúª

∑

n≤x

epq(n) =
x

pq − 1
+ O

(

x
1
2 +ǫ
)

,Ù¥ǫ ´?¿�¢ê.y3y²½n. ½Â
f(s) =

∞
∑

n=1

epq(n)

ns
.depq(n) �½Â±9Euler �Èúª, k

f(s) =

∞
∑

α=0

∞
∑

t=1

∞
∑

n1=1

(n1,pq)=1

α

(pα+tqαn1)s
+

∞
∑

α=0

∞
∑

t=1

∞
∑

n1=1

(n1,pq)=1

α

(pαqα+tn1)s

+

∞
∑

α=0

∞
∑

n1=1

(n1,pq)=1

α

(pαqαn1)s

=
∞
∑

α=0

α

(pq)αs

∞
∑

t=1

1

pts

∞
∑

n1=1

(n1,pq)=1

1

ns
1

· 123 ·



124 1ÊÙ ¼êep(n) �þ�
+

∞
∑

α=0

α

(pq)αs

∞
∑

t=1

1

qts

∞
∑

n1=1

(n1,pq)=1

1

ns
1

+

∞
∑

α=0

α

(pq)αs

∞
∑

n1=1

(n1,pq)=1

1

ns
1

=
ζ(s)

(pq)s − 1
,Ù¥ζ(s) ´Riemann zeta ¼ê.w,k

epq(n) ≤ logpq n ≤ ln n,

∣

∣

∣

∣

∣

∞
∑

n=1

epq(n)

nσ

∣

∣

∣

∣

∣

≤ 1

σ − 1
,Ù¥σ ´s �¢Ü. 3Perron úª¥�s0 = 0, b =

3

2
, H(x) = ln x, B(σ) =

1

σ − 1
, ��

∑

n≤x

epq(n) =
1

2πi

∫ 3
2+iT

3
2−iT

ζ(s)

(pq)s − 1

xs

s
ds + O

(

x
3
2+ǫ

T

)

.5¿�¼ê
ζ(s)

(pq)s − 1

xs

s3s = 1 k��{ü4:, 3êǑ
x

pq − 1
.KkìCúª

∑

n≤x

epq(n) =
x

pq − 1
+ O

(

x
1
2+ǫ
)

.ùÒy²
½n5.1.1.

§5.2 ¼êepq(n)���k g��p, q ´ü�ØÓ��ê, epq(n) L«n ¥�¹pq ����ê, =
epq(n) = max {α : (pq)α | n} .,��¡, ��ên ¡Ǒ��k g�, XJdpα ‖ n ��k | α. �A L«��k g��8Ü. �!ïÄ¼êepq(n) 38ÜA þ�þ�, ¿�Ñ��ìCúª.



§5.2 ¼êepq(n) ���k g� 125½n5.2.1. �p, q ´ü�ØÓ��ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

n∈A

epq(n) = Cp,qkx
1
k + O

(

x
1
2k +ǫ

)

,Ù¥
Cp,q =

(p − 1)(q − 1)

pq

∞
∑

n=1

n

(pq)n´�O��~ê, ǫ ´?¿�¢ê.y3y²½n. ½Â¼êa(n) Xe:

a(n) =

{

1, XJ n ´��k g�;
0, Ù§.ÄkÚ\e¡�Ún.Ún5.2.1. é?¿¢êx ≥ 1, k

∑

n≤x

(n,pq)=1

a(n) = x
1
k
(p − 1)(q − 1)

pq
+ O

(

x
1
2k +ǫ

)

.y². ½Â
f(s) =

∞
∑

n=1
(n,pq)=1

a(n)

ns
, Re s > 1.dEuler �Èúªk

f(s) =
∏

P
(P,pq)=1

(

1 +
a(P k)

P ks
+

a(P 2k)

P 2ks
+ · · ·

)

=
∏

P

(

1 +
1

P ks
+

1

P 2ks
+ · · ·

)

×
(

1 − 1

pks

)

×
(

1 − 1

qks

)

= ζ(ks)

(

1 − 1

pks

)(

1 − 1

qks

)

,Ù¥ζ(s) ´Riemann zeta ¼ê,
∏

P

L«é¤k�ê��È.3Perron úª¥�s0 = 0, b =
1

k
+

1

log x
, T = x

1
2k , H(x) = x ±9B(σ) =

1

σ − 1
k

, ��
∑

n≤x

(n,pq)=1

a(n) =
1

2πi

∫ b+iT

b−iT

ζ(ks)
(pks − 1)(qks − 1)

(pq)ks

xs

s
ds + O

(

x
1
2k +ǫ

)

.
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�OÌ�, rÈ©�lb =
1

k
+

1

log x
£�a =

1

2k
+

1

log x
. lk

1

2πi

(
∫ b+iT

b−iT

+

∫ a+iT

b+iT

+

∫ a−iT

a+iT

+

∫ b−iT

a−iT

)

f(s)
xs

s
ds

= Res

[

f(s)
xs

s
,
1

k

]

.5¿�
lim
s→1

ζ(s)(s − 1) = 1,��
Res

[

f(s)
xs

s
,
1

k

]

= x
1
k

(

1 − 1

p

)(

1 − 1

q

)

.2d�Oª
∣

∣

∣

∣

1

2πi

(∫ a+iT

b+iT

+

∫ a−iT

a+iT

+

∫ b−iT

a−iT

)

f(s)
xs

s
ds

∣

∣

∣

∣

≪ x
1
2k +ǫ,´y

∑

n≤x

(n,pq)=1

a(n) = x
1
k
(p − 1)(q − 1)

pq
+ O

(

x
1
2k +ǫ

)

.ùÒy²
Ún5.2.1. �y3y²½n. depq(n) �½Â±9Ún5.2.1 k
∑

n≤x

n∈A

epq(n) =
∑

α≤logpq x

k|α

α
∑

n≤ x
(pq)α

(n,pq)=1

a(n)

=
∑

α≤ logpq x

k

kα

(

(

x

(pq)kα

)
1
k (p − 1)(q − 1)

pq
+ O

(

(

x

(pq)kα

)
1
2k +ǫ

))

= kx
1
k
(p − 1)(q − 1)

pq







∞
∑

n=1

n

(pq)n
−

∑

α>
logpq x

k

α

(pq)α






+ O

(

x
1
2k +ǫ

)

= kx
1
k
(p − 1)(q − 1)

pq





∞
∑

n=1

n

(pq)n
− 1

(pq)

[

logpq x

k

]

∞
∑

α=1

α +
[

logpq x

k

]

(pq)α





+O
(

x
1
2k +ǫ

)

= kx
1
k
(p − 1)(q − 1)

pq

(

ap,q + O
(

x− 1
k log x

))

+ O
(

x
1
2k +ǫ

)

=
(p − 1)(q − 1)

pq
ap,qkx

1
k + O

(

x
1
2k +ǫ

)

,
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ap,q =

∞
∑

n=1

n

(pq)n´�O��~ê.ùÒy²
½n5.2.1.

§5.3 ¼êep(n)�n�k g�{Ü©é?¿��ên, �n = ukv, Ù¥v ´�k gÏfê. �¼êbk(n) = v,=bk(n) L«n �k g�{Ü©. �!ïÄep(bk(n)) �þ�5�, ¿�Ñ�
ìCúª.½n5.3.1. �p Ǒ�ê, k Ǒ��ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

ep(bk(n)) =

(

pk − p

(pk − 1)(p − 1)
− k − 1

pk − 1

)

x + O
(

x
1
2 +ǫ
)

,Ù¥ǫ ´?¿�¢ê.3½n¥�k = 2, ��e¡�íØ.íØ5.3.1. é?¿¢êx ≥ 1, k
∑

n≤x

ep(b2(n)) =
1

p + 1
x + O

(

x
1
2+ǫ
)

.y3y²½n. ½Â
f(s) =

∞
∑

n=1

ep(bk(n))

ns
.���ên = pαn1, Ù¥(n1, p) = 1. Kdep(n) �bk(n) �½Â, k

ep(bk(n)) = ep(bk(p
αn1)) = ep(bk(p

α)).2dEuler �Èúª��
f(s) =

∞
∑

n=1

ep(bk(n))

ns
=

∞
∑

α=0

∞
∑

n1=1

(n1,p)=1

ep(bk(p
α))

pαsns
1

= ζ(s)

(

1 − 1

ps

) ∞
∑

α=1

ep(bk(p
α))

pαs
.
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A =

∞
∑

α=1

ep(bk(p
α))

pαs

=
1

ps
+

2

p2s
+ · · · + k − 1

p(k−1)s
+

1

p(k+1)s
+

2

p(k+2)s
+ · · · + k − 1

p(2k−1)s

+ · · · + 1

p(uk+1)s
+

2

p(uk+2)s
+ · · · + k − 1

p(uk+k−1)s
+ · · ·

=

∞
∑

u=0

1

puks

k−1
∑

r=1

r

prs

=
1

1 − 1
pks

· 1

1 − 1
ps

(

1 − 1
p(k−1)s

ps − 1
− k − 1

pks

)

.lk
f(s) =

∞
∑

n=1

ep(bk(n))

ns

=

(

pks − ps

(pks − 1)(ps − 1)
− k − 1

pks − 1

)

ζ(s).duζ(s) 3s = 1 k��{ü4:, 3êǑ1, K¼ê
f(s)

xs

s3s = 1 k��{ü4:, 3êǑ
(

pk − p

(pk − 1)(p − 1)
− k − 1

pk − 1

)

x.3Perron úª¥�s0 = 0, b =
3

2
, T > 1, ��

∑

n≤x

ep(bk(n)) =
1

2πi

∫ 3
2+iT

3
2−iT

f(s)
xs

s
ds + O

(

x
3
2

T

)

.rÈ©�£�Re s =
1

2
+ ǫ, ¿�T = x, k

∑

n≤x

ep(bk(n)) =

(

pk − p

(pk − 1)(p − 1)
− k − 1

pk − 1

)

x

+
1

2πi

∫ 1
2+ǫ+iT

1
2+ǫ−iT

f(s)
xs

s
ds + O

(

x
1
2 +ǫ
)
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=

(

pk − p

(pk − 1)(p − 1)
− k − 1

pk − 1

)

x

+O

(
∫ T

−T

∣

∣

∣

∣

f

(

1

2
+ ǫ + it

)∣

∣

∣

∣

x
1
2+ǫ

1 + |t|dt

)

+ O
(

x
1
2+ǫ
)

=

(

pk − p

(pk − 1)(p − 1)
− k − 1

pk − 1

)

x + O
(

x
1
2+ǫ
)

.ùÒy²
½n5.3.1.

§5.4 ¼êep(n)�Euler¼ê�·Üþ��!ïÄep(n) �Euler ¼êφ(n) �·Üþ�, ¿�Ñ��ìCúª.½n5.4.1. �p Ǒ�ê, φ(n) ǑEuler ¼ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

ep(n)φ(n) =
3p

(p2 − 1)π2
x2 + O

(

x
3
2+ǫ
)

.Ǒ
y²½n, ÄkÚ\e¡�ü�Ún.Ún5.4.1. �p Ǒ�½��ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

(n,p)=1

φ(n) =
3p

(p + 1)π2
x2 + O

(

x
3
2+ǫ
)

.y². ½Â
f(s) =

∞
∑

n=1
(n,p)=1

φ(n)

ns
, Re s > 1.dEuler �Èúªk

f(s) =
∏

q 6=p

∞
∑

m=0

φ(qm)

qms

=
∏

q 6=p

(

1 +
q − 1

qs
+

q2 − q

q2s
+

q3 − q2

q3s
+ · · ·

)

=
∏

q 6=p

(

1 +
1 − 1

q

qs−1

(

1 +
1

qs−1
+

1

q2(s−1)
+ · · ·

)

)

=
∏

q 6=p

(

1 +
1 − 1

q

qs−1

qs−1

qs−1 − 1

)
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=

ζ(s − 1)

ζ(s)

ps − p

ps − 1
,Ù¥ζ(s) ǑRiemann zeta ¼ê. 3Perron úª¥�s0 = 0, T = x ±9b =

5

2
,��

∑

n≤x

(n,p)=1

φ(n)

ns
=

1

2πi

∫ 5
2+iT

5
2−iT

ζ(s − 1)

ζ(s)

ps − p

ps − 1

xs

s
ds + O

(

x
5
2

T

)

.5¿�¼ê
ζ(s − 1)

ζ(s)

ps − p

ps − 1

xs

s3s = 2 k��{ü4:, 3êǑ
3px2

(p + 1)π2
.Kk

∑

n≤x

(n,p)=1

φ(n) =
3p

(p + 1)π2
x2 + O

(

x
3
2+ǫ
)

.Ún5.4.1 y.. �Ún5.4.2. �p Ǒ�ê. Ké?¿¢êx ≥ 1, k
∑

α≤ log x
log p

α

pα
=

p

(p − 1)2
+ O

(

x−1 log x
)

;

∑

α≤ log x
log p

α

p
α
2

=
p

1
2

(p
1
2 − 1)2

+ O
(

x− 1
2 log x

)

.y². ØJ��
∑

α≤ log x
log p

α

pα
=

∞
∑

t=1

t

pt
−
∑

α> log x
log p

α

pα

=

∞
∑

t=1

t

pt
− 1

p[ log x
log p ]

∞
∑

t=1

[

log x
log p

]

+ t

pt

=

∞
∑

t=1

t

pt
+ O



x−1





[

log x
log p

]

p − 1
+

∞
∑

t=1

t

pt









=
p

(p − 1)2
+ O

(

x−1 log x
)

,
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∑

α≤ log x
log p

α

p
α
2

=

∞
∑

t=1

t

p
t
2

−
∑

α> log x
log p

α

p
α
2

=

∞
∑

t=1

t

p
t
2

− 1

p
1
2 [

log x
log p ]

∞
∑

t=1

[

log x
log p

]

+ t

p
t
2

=

∞
∑

t=1

t

p
t
2

+ O



x− 1
2





[

log x
log p

]

p
1
2 − 1

+

∞
∑

t=1

t

p
t
2









=
p

1
2

(p
1
2 − 1)2

+ O
(

x− 1
2 log x

)

.Ún5.4.2 y.. �y3y²½n. dÚn5.4.1 �Ún5.4.2 ��
∑

n≤x

ep(n)φ(n) =
∑

pα≤x

∑

pαu≤x

(u,p)=1

αφ(pαu) =
∑

pα≤x

αφ(pα)
∑

u≤ x
pα

(u,p)=1

φ(u)

=
p − 1

p

∑

α≤ log x
log p

αpα

(

3p

(p + 1)π2

(

x

pα

)2

+ O

(

(

x

pα

)
3
2 +ǫ
))

=
3(p − 1)

(p + 1)π2
x2

∑

α≤ log x
log p

α

pα
+ O



x
3
2+ǫ

∑

α≤ log x
log p

α

p
α
2





=
3(p − 1)

(p + 1)π2
x2

(

p

(p − 1)2
+ O

(

x−1 log x
)

)

+O

(

x
3
2 +ǫ

(

p
1
2

(p
1
2 − 1)2

+ O
(

x− 1
2 log x

)

))

=
3p

(p2 − 1)π2
x2 + O

(

x
3
2+ǫ
)

.ùÒy²
½n5.4.1.

§5.5 �epq(n)k'�êØ¼ê9Ùþ��p, q ´ü�ØÓ��ê, epq(n) L«n ¥�¹pq ����ê, =
epq(n) = max {α : (pq)α | n} .y3½Â#¼ê
bpq(n) =

∑

t|n

epq

(n

t

)

epq(t).



132 1ÊÙ ¼êep(n) �þ��!|^)Û�{ïÄbpq(n) �þ�5�, ¿�Ñ��ìCúª.½n5.5.1. �p, q Ǒü�ØÓ��ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

bpq(n) =
x ln x

(pq − 1)2
+

1 − 2γ − pq + 2pqγ − 2pq ln(pq)

(pq − 1)3
x

+O
(

x
1
2+ǫ
)

,Ù¥ǫ ´?¿�¢ê, γ ´Euler ~ê.y3y²½n. ½Â
f(s) =

∞
∑

n=1

epq(n)

ns
, g(s) =

∞
∑

n=1

bpq(n)

ns
.w,k

g(s) = f 2(s).ØJy²
f(s) =

ζ(s)

(pq)s − 1
±9 g(s) =

ζ2(s)

((pq)s − 1)2
.d	w,k

bpq(n) ≤ logpq n ≤ n ln n,

∣

∣

∣

∣

∣

∞
∑

n=1

bpq(n)

nσ

∣

∣

∣

∣

∣

≤ 1

σ − 2
,Ù¥σ (≥ 2) ´s �¢Ü. 3Perron úª¥�

s0 = 0, b =
5

2
,H(x) = x ln x,B(σ) =

1

σ − 2
,k

∑

n≤x

bpq(n) =
1

2πi

∫ 5/2+iT

5/2−iT

ζ2(s)R(s)
xs

s
ds + O

(

x3/2+ǫ

T

)

,Ù¥
R(s) =

1

((pq)s − 1)2
.5¿�¼ê

ζ2(s)R(s)
xs

s3s = 1 k����4:, 3êǑ
x ln x

(pq − 1)2
+

1 − 2γ − pq + 2pqγ − 2pq ln(pq)

(pq − 1)3
x,



§5.6 ¼êp
eq(n) �þ� 133Ù¥γ ´Euler ¼ê. l��

∑

n≤x

bpq(n) =
x ln x

(pq − 1)2
+

1 − 2γ − pq + 2pqγ − 2pq ln(pq)

(pq − 1)3
x

+O(x
1
2+ǫ).ùÒy²
½n5.5.1.

§5.6 ¼êpeq(n) �þ��p, q ´ü��ê, �!ïÄþ�∑
n≤x

peq(n), ¿�Ñ��ìCúª.½n5.6.1. �p, q Ǒ�ê, ÷vq ≥ p. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

peq(n)

=











q − 1

q − p
x + O(x

1
2+ǫ), XJq > p;

p − 1

p ln p
x ln x +

(

p − 1

p ln p
(γ − 1) +

p + 1

2p

)

x + O(x
1
2+ǫ), XJq = p,Ù¥ǫ ´?¿�¢ê, γ ´Euler ~ê.y3y²½n. ½Â

f(s) =
∞
∑

n=1

peq(n)

ns
.é?¿��ên, w,eq(n) ´�\¼ê, lpeq(n) ´��¼ê. deq(n) �½Â±9Euler �Èúªk

f(s) =

∞
∑

n=1

peq(n)

ns
=
∏

p1

( ∞
∑

m=0

peq(pm
1 )

pms
1

)

=
∏

p1

(

1 +
peq(p1)

ps
1

+
peq(p2

1)

p2s
1

+ · · ·
)

=

(

1 +
p

qs
+

p2

q2s
+ · · ·

)

∏

p1 6=q

(

1 +
1

ps
1

+
1

p2s
1

+ · · ·
)

= ζ(s)
qs − 1

qs − p
.3Perron úª¥�s0 = 0, b = 2, T = x3/2, ��

∑

n≤x

peq(n) =
1

2πi

∫ 2+iT

2−iT

ζ(s)R(s)
xs

s
ds + O(x

1
2+ǫ),
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R(s) =

qs − 1

qs − p
,d	ǫ ´?¿�¢ê.�e5�OÌ�

1

2πi

∫ 2+iT

2−iT

ζ(s)R(s)
xs

s
ds.rÈ©�l2 ± iT £�1/2 ± iT .XJq > p, K¼ê

ζ(s)R(s)
xs

s3s = 1 k��{ü4:, lk
1

2πi

(

∫ 2+iT

2−iT

+

∫ 1/2+iT

2+iT

+

∫ 1/2−iT

1/2+iT

+

∫ 2−iT

1/2−iT

)

ζ(s)R(s)
xs

s
ds

= R(1)x.�T = x3/2, ��
∣

∣

∣

∣

∣

1

2πi

(

∫ 1/2+iT

2+iT

+

∫ 2−iT

1/2−iT

)

ζ(s)R(s)
xs

s
ds

∣

∣

∣

∣

∣

≪
∫ 2

1/2

∣

∣

∣

∣

ζ(σ + iT )R(s)
x2

T

∣

∣

∣

∣

dσ

≪ x2+ǫ

T
= x

1
2+ǫ,±9

∣

∣

∣

∣

∣

1

2πi

∫ 1/2−iT

1/2+iT

ζ(s)R(s)
xs

s
ds

∣

∣

∣

∣

∣

≪
∫ T

1

∣

∣

∣

∣

ζ(1/2 + it)R(s)
x1/2

t

∣

∣

∣

∣

dt

≪ x
1
2 +ǫ.5¿�

R(1) =
q − 1

q − p
,á=��ìCúª

∑

n≤x

peq(n) =
q − 1

q − p
x + O

(

x
1
2 +ǫ
)

, q > p.XJq = p, K¼ê
ζ(s)R(s)

xs

s



§5.7 ¼êeq(n) �á�Öê¼ê�·Üþ� 1353s = 1 k����4:. �Res

(

ζ(s)R(s)
xs

s

) L«Ù3ê, Kk
Res

(

ζ(s)R(s)
xs

s

)

= lim
s→1

(

ps − 1

ps − p
ζ(s)(s − 1)2

xs

s

)′

= lim
s→1

((

ps − 1

ps − p
(s − 1)

xs

s

)′

ζ(s)(s − 1)

+

(

ps − 1

ps − p
(s − 1)

xs

s

)

(ζ(s)(s − 1))
′
)

.5¿�
lim
s→1

(

ps − 1

ps − p
(s − 1)

)′

=
p + 1

2p
,

lim
s→1

ζ(s)(s − 1) = 1,±9
lim
s→1

(ζ(s)(s − 1))′ = γ,l��
Res

(

ζ(s)R(s)
xs

s

)

=
p − 1

p ln p
x ln x +

(

p − 1

p ln p
(γ − 1) +

p + 1

2p

)

x.Ïdk
∑

n≤x

peq(n) =
p − 1

p ln p
x ln x +

(

p − 1

p ln p
(γ − 1) +

p + 1

2p

)

x + O(x
1
2+ǫ), q = p.ùÒy²
½n5.6.1.

§5.7 ¼êeq(n)�á�Öê¼ê�·Üþ�é?¿��ên, n �á�Öêb(n) ´���nb(n) Ǒ��á�ê�����ê. �p, q Ǒü��ê. �!ïÄþ�∑
n≤x

peq(b(n)), ¿�Ñ�
ìCúª.½n5.7.1. �p, q Ǒü��ê. Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

peq(b(n)) =
q2 + p2q + p

q2 + q + 1
x + O(x

1
2+ǫ),Ù¥ǫ ´?¿�¢ê.d½n��e¡�íØ.



136 1ÊÙ ¼êep(n) �þ�íØ5.7.1. �q Ǒ�ê. Ké?¿¢êx ≥ 1, k
∑

n≤x

qeq(b(n)) = qx + O(x
1
2+ǫ).y3y²½n. ���ên = u3v2w,Ù¥v,w´�²�Ïfê,�(v,w) = 1.Kdb(n) �½Â��b(n) = vw2. ´yé?¿�êp ±9�K�êm, k

b(pm) =







1, XJ m = 3t,
p2, XJ m = 3t + 1,
p, XJ m = 3t + 2.½Â

f(s) =

∞
∑

n=1

peq(b(n))

ns
.dueq(n) ´�\¼ê, b(n) ´��¼ê. Ïdpeq(b(n)) ´��¼ê. deq(n) �½Â±9Euler �Èúª��

f(s) =

∞
∑

n=1

peq(b(n))

ns
=
∏

p1

( ∞
∑

m=0

peq(b(pm
1 ))

pms
1

)

=
∏

p1

( ∞
∑

t=0

peq(1)

p3ts
1

+

∞
∑

t=0

peq(p2
1)

p(3t+1)s
1

+

∞
∑

t=0

peq(p1)

p(3t+2)s
1

)

=

( ∞
∑

t=0

1

q3ts
+

∞
∑

t=0

p2

q(3t+1)s
+

∞
∑

t=0

p

q(3t+2)s

)

×
∏

p1 6=q

(

1 +
1

ps
1

+
1

p2s
1

+ · · ·
)

=
q3s + p2q2s + pqs

q3s − 1

∏

p1 6=q

(

1 +
1

ps
1

+
1

p2s
1

+ · · ·
)

= ζ(s)

(

q2s + p2qs + p

q2s + qs + 1

)

.3Perron úª¥�s0 = 0, b = 2, T = x3/2, k
∑

n≤x

peq(b(n)) =
1

2πi

∫ 2+iT

2−iT

ζ(s)R(s)
xs

s
ds + O(x

1
2+ǫ),Ù¥

R(s) =
q2s + p2qs + p

q2s + qs + 1
,±9ǫ ´?¿�¢ê.



§5.8 'uep(n) �·Üþ� 1375¿�¼ê
ζ(s)R(s)

xs

s3s = 1 k��{ü4:, 3êǑR(1)x. Kk
∑

n≤x

peq(b(n)) =
q2 + p2q + p

q2 + q + 1
x + O(x

1
2+ǫ).ùÒy²
½n5.7.1.

§5.8 'uep(n)�·Üþ��n Ǒ��ê, Pd(n) L«n �¤k�Ïê��È, =
Pd(n) =

∏

d|n
d.~XPd(1) = 1, Pd(2) = 2, Pd(3) = 3, Pd(4) = 8, · · · . �!ïÄep(Pd(n)) �þ�5�, ¿�Ñ�
ìCúª.½n5.8.1. �p Ǒ�ê. Ké?¿¢êx ≥ 1, kìCúª

∑

n≤x

ep(Pd(n)) =
x ln x

p(p − 1)

+
(p − 1)3(2γ − 1) − (2p4 + 4p3 + p2 − 2p + 1) ln p

p(p − 1)4
x

+O(x
1
2+ǫ),Ù¥γ ´Euler ~ê, ǫ ´?¿�¢ê.3½n¥©O�p = 2, 3, ��e¡�íØ.íØ5.8.1. é?¿¢êx ≥ 1, k

∑

n≤x

e2(Pd(n)) =
1

2
x ln x +

2γ − 65 ln 2 − 1

2
x + O(x

1
2+ǫ);

∑

n≤x

e2(Pd(n)) =
1

6
x ln x +

8γ − 137 ln 3 − 4

24
x + O(x

1
2+ǫ).Ǒ
y²½n. ÄkÚ\e¡�A�Ún.Ún5.8.1. é?¿��ên, k

Pd(n) = n
d(n)

2 ,Ù¥d(n) ´Øê¼ê.



138 1ÊÙ ¼êep(n) �þ�y². ù´©z[21] ¥�Ún1. �Ún5.8.2. é?¿¢êx ≥ 1, k
∑

n≤x

(n,m)=1

d(n) = x



ln x + 2γ − 1 + 2
∑

p|m

ln p

p − 1





∏

p|m

(

1 − 1

p

)2

+O(x
1
2 +ǫ),Ù¥∏

p

L«é¤k�ê��È, γ ´Euler ¼ê, ǫ ´?¿�¢ê.y². �
T = x1/2, A(s) =

∏

p

(

1 − 1

ps

)2

.dPerron úª��
∑

n≤x

(n,m)=1

d(n) =
1

2iπ

∫ 3/2+iT

3/2−iT

ζ2(s)A(s)
xs

s
ds + O(x

1
2 +ǫ),Ù¥ζ(s) ´Riemann zeta ¼ê.5¿�¼ê

ζ2(s)A(s)
xs

s3s = 1 k����4:, 3êǑ
x



lnx + 2γ − 1 + 2
∑

p|m

ln p

p − 1





∏

p|m

(

1 − 1

p

)2

.lk
∑

n≤x

(n,m)=1

d(n) = x



ln x + 2γ − 1 + 2
∑

p|m

ln p

p − 1





∏

p|m

(

1 − 1

p

)2

+O(x
1
2 +ǫ),Ún5.8.2 y.. �Ún5.8.3. �p Ǒ�ê. Ké?¿¢êx ≥ 1, kìCúª

∑

α≤x

α

pα
=

p

(p − 1)2
+ O

(

x

px

)

,



§5.8 'uep(n) �·Üþ� 139

∑

α≤x

α2

pα
=

p2 + p

(p − 1)3
+ O

(

x2

px

)

,

∑

α≤x

α3

pα
=

p3 + 4p2 + p

(p − 1)4
+ O

(

x3

px

)

.y². 1�ª´w,�, Ïd�y�üª. �
f =

∑

α≤n

α2/pα.5¿�
f

(

1 − 1

p

)

=

n
∑

α=1

α2

pα
−

n
∑

α=1

α2

pα+1

=
1

p
− n2

pn+1
+

n−1
∑

α=1
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1

p
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+
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∑
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2α + 1
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(

1 − 1

p

)2

=

(

1

p
− n2

pn+1
+
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∑
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(

1 − 1

p
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− 1
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+
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+

n−1
∑
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−
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+
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+
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+
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1
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+
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.lk
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(

1

p
+
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+
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)

1
(

1 − 1
p

)2
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p
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+
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+
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.Ïd��

∑

α≤x

α2

pα
=

p

(p − 1)2
+

2p

(p − 1)3
+ O

(

x2

px
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+ O

(
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px
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.,��¡, ½Â
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=
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−
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+
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+
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+
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+
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3
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p

+

(

4
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+

(

5

p3
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+
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1
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p

)

3
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p
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+
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=
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+
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∑
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(
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ln x + 2γ − 1 +
2 ln p

p − 1

)

∑

α≤ln x/ ln p
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p − 1

)

×
(

p2 + p

(p − 1)3
+
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