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PREFACE

In this book authors for the first time introduce the notion of non
associative vector spaces and non associative linear algebras over a
field. We construct non associative space using loops and groupoids
over fields.

In general in all situations, which we come across to find solutions
may not be associative; in such cases we can without any difficulty
adopt these non associative vector spaces/linear algebras. Thus this
research is a significant one.

This book has six chapters. First chapter is introductory in nature.
The new concept of non associative semilinear algebras is introduced in
chapter two. This structure is built using groupoids over semifields.
Third chapter introduces the notion of non associative linear algebras.
These algebraic structures are built using the new class of loops. All
these non associative linear algebras are defined over the prime
characteristic field Z,, p a prime. However if we take polynomial non
associative, linear algebras over Z, p a prime; they are of infinite
dimension over Z,,.

We in chapter four introduce the notion of groupoid vector spaces of

finite and infinite order and their generalizations.



Only when this study becomes popular and familiar among
researchers several applications will be found. The final chapter
suggests around 215 problems some of which are at research level. We
thank Dr. K.Kandasamy for proof reading and being extremely
supportive.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

BAsIC CONCEPTS

In this chapter we just recall the notion of two basic structures
viz; groupoids and loops. We have used Z, = {0, 1,2, ..., n— 1}
={go, g1, ---» 81} to be the ring of modulo integers. We define
an operation * on Z, as follows; for g, gj € Z,,
g * g =1 + Ugj = Lii+uj (modn)
where t, u € Z,.
{Z,, *, (t, u)} is a groupoid of order n.

Depending on t, u € Z, we can get different types of
groupoids.

For more about these groupoids please refer [35].

Example 1.1: Let G = {Z, *, (7, 3)} be a groupoid of order
10. If 2, 81 € Zyo then & *g = £3.7+1.3(mod10) = &4 € Zy.

It is easily verified * on Z, is non associative and non
commutative.

Example 1.2: Let G = {Z,, *, (4, 6)} be a groupoid of order
12.



Example 1.3: Let G = {Z;3, *, (1, 9)} be a groupoid of order
13.

Example 1.4: Let G = {Zy, *, (19, 0)} be a groupoid of order
40.

Now using these type of groupoids built using Z, we
construct matrix groupoids, polynomials with groupoid
coefficients and polynomials with matrix groupoids under the
groupoid operation ‘*’ on Z,.

We will illustrate all these situations only by examples.

Example 1.5: Let

G={(g, 2 & elgeZs * 2,7;1<i1<4}
be a row matrix groupoid. If x = (g7, g, g1, &) and y = (g3, &,
g4, Z) are in g then

X *y=(g7, g, &1, o) * (&3, L2, &4 o)
= (g7 23 8 * 2, 81 "%, & * L)
= (g14+21 (mod 15)> Z18+14 (mod 15)> £2+28 (mod 15)> &0+42 (mod 15))
= (gs, 22, 80, g12) € G.

Thus G is a row matrix groupoid.

Example 1.6: Let
e ]
g
G=1lg || & & & & & € Zn, (10,4), *}
g
& |

be a column matrix groupoid.



For any x =

_g1 *Ls |

g &is
g4 g7
g6 g9
& &
gs gio |

andy =

£104+72(mod 20)

g,%g;
g * 8
g, *g

gs >l<glo_

£40+28(mod 20)
£60+36(mod20)

£70+4(mod 20)

| €80+40(mod20) |

Thus G is a groupoid.

Example 1.7: Let

I a, a,

a, 3

G= a; ag
a, 4y

a3 Ay

1416 A

be a matrix groupoid.

Example 1.8: Let

a, a,
H=<|a, a;
a;  ag

be a matrix groupoid.

6 || € Zy; (3, 12),*

e G;

g,
gs
g6
s
go

e G.

aie Zr (2,5), 1 <i< 18}

,1<i<9)



Now we can proceed onto define polynomial with
coefficients from the groupoid.

We illustrate this situation by some examples.

Example 1.9: Let

ai € Zoe; *, (3, 8)}

M= {iaixi

i=0

be a polynomial groupoid.

Example 1.10: Let

ai€ Zi *(9,0)}

T= {i ax'
i=0

be a polynomial groupoid.

Example 1.11: Let

aie Ziz; *,(3,3)}

P= {i ax'
i=0

be a polynomial groupoid.

Now we can have polynomial groupoids with matrix
coefficients from the groupoid.

Example 1.12: Let

a; = (X1, X2, ..., X15)

M= {iaixi

i=0

where x; € Zip; ¥, (3,4), 1 <j< 15}

be a polynomial groupoid with row matrix coefficients.
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Example 1.13: Let

Y
P= {Zaixi ai=| 77 | where i € Zio; %, (7,0), 1 <j <9}
i=0
Yo

be a polynomial groupoid with column matrix coefficients.

Example 1.14: Let

t, ot ot ot
5 tﬁ t7 t

P= {i ax'
i=0

t
a =
t9 th t11 t

t13 t14 t15 t
where t; € Zyo; *, (17, 13), 1 <£j <16}
be a polynomial groupoid with square matrix coefficients.

Example 1.15: Let

. m m, .. my,
- ilg =
M= {Zaix a=|m, m, .. my
i=0
m, m, .. My

where mj € Zy; *, (10, 1), 1 <j <30}

be a polynomial groupoid with matrix coefficients.

11



Example 1.16: Let

P= {i ax'
i=0

t, t
ai:|: ! 2:| where tje Zip; *,(3,0),1<j<4}

3 b
be a polynomial groupoid with square matrix coefficients.
We just recall the definition of the new class of loops

L,(m) {e, 1,2, ...,nwith* m, n>3 and n odd}

{e, g1, &, ..., g With *, m

(where gie Zy; g1 =1,2=2,...,g.=0) where l <m<n
such that [m, n] =1, [m—1, n] =1, n> 3 and n odd}.

For g, gi € L,(m) define g * gj = gm-1yi + M (moan) € La(m).

L.(m) is a loop of order n + 1 that is L,(m) is always of
even order greater than or equal to 6. For more about these
loops please refer [37].

All properties discussed in case of groupoids can be done
for the case of loops. However the resultant product may not be
a loop in general. For the concept of semifield refer [41]. We
will be using these loops and groupoids to build linear algebra
and semilinear algebras which are non associative.

12



Chapter Two

NON ASSOCIATIVE SEMILINEAR
ALGEBRAS

In this chapter we for the first time introduce the notion of non
associative semilinear algebra and illustrate them will examples.

DEFINITION 2.1: Let (V, *) be a groupoid. F a semifield. We
say V is a nonassociative semilinear algebra over F if the
following conditions are true.

(i) Forallve Vanda € F, av € V.

(ii) Foralls € Fandu, v € Vs (u *v) = su * sy

(iii) lu=uforallueV; 1 e F

or equivalently we define a non associative semilinear algebra
V over a semifield F as follows:

(i) (V, *) is groupoid

(* a non associative binary operation on V).
(ii) Forallv e Vanda € Fav € V.
(iii) s (u *v) = su *svforalls € Fandu, v € V.
(iv) Lu =uforallu € Vand 1 € F.

We will illustrate this situation by some examples.

13



Example 2.1: Let (Q" U {0}, *, (8, 7)) = G be the groupoid.
G is a non associative semilinear algebra over the semifield

Q" u {0}.

It is interesting to note that G is not a non associative
semilinear algebra over R*™ U {0}; however G is a non
associative semilinear algebra over Z* U {0}.

Example 2.2: Let V = {3Z" U {0}, *, (3, 11)} be a groupoid
and S = Z" U {0} be a semifield. V is not a non associative
semilinear algebra over the semifield Q" U {0} or R" U {0}.

Example 2.3: Let M= {(a,b,c)la,b,ce Z"U {0}, * (7, 1)}
be a non associative semilinear algebra over the semifield S =

Z U {0}.

Example 2.4: Let

a,b,c,d,ee Q'U {0}, * (4,9)}

)
Il
o A0 o o

be a non associative semilinear algebra over the semifield S =

Q" u {0}.

Example 2.5: Let

a, a, a; a
R — 1 2 3 4
a;, a, a, a,
be a non associative semilinear algebra over the semifield S =
Z" U {0}.

ae Q" U {0}, * (11, 3)}

14



) 7 2 4 17/5
For if x = an
0 2/5 0 4/3

o 1 2 83
Y=12 0 217 0

} € R then

7 2 4 7/5 0 1 2 8/3
Xx*y = *
0 2/5 0 4/3 1/72 0 2/7 0

_—7*0 2*] 4%2  T7/5%8/5
__0*1/2 2/5%0 0%2/7 4/3*%0

(77 25 50 117/5
= (S
13/2 22/5 6/7 44/3

) 7 2 4 7/5
Also if 20 € S then 20.x =20 X
0 2/5 0 4/3

140 40 80 28
€
0 8 0 80/3

Example 2.6: Let

. a,||lae RPU{0},1<i<9,% (3,2)}

be a non associative semilinear algebra over the semifield
S=Q"u {0}.

15



al a2 a3 bl b2 b3
Consider x=|a, a5 a,|andy=|b, b, b,| eV
a7 aS a9 b7 bS b9

then

3a,+2b, 3a,+2b, 3a,+2b,
x*y=|3a,+2b, 3a,+2b, 3a,+2b,| € V.
3a,+2b, 3a,+2b, 3a,+2b,

Example 2.7: Let

, a, a, ||aae R"U{0},1<i<15)

be a non associative semilinear algebra over the semifield S =

Q" u {0}.

Now having seen examples of non associative semilinear
algebras, we proceed onto define substructures.

DEFINITION 2.2: Let V be a non associative semilinear algebra

defined over the semifield F. Suppose W <V be a proper subset
of V; if W itself is a non associative semilinear algebra then we
define W to be a non associative semilinear subalgebra of V
over the semifield F.

We will first give examples of them.

16



Example 2.8: Let

V= {|:a1 azi|
a, a,
be a non associative semilinear algebra over the semifield S =
Z'u {0}.

ae Z'U {0}, % (3, 13), 1<i<4)

Consider

{{ 1i|
1=
2 3

W, is a non associative semilinear subalgebra over the semifield
S=7"u {0}.

wefi )

is a non associative semilinear subalgebra of V over the
semifield S.

ae Z'U {0}, % (3,13), 1<i<3}cV,

ae Z U0}, % (3,13), 1<i<2}cV

Now

0 0
WiNnW,=
0 a

is again a non associative semilinear subalgebra of V over the
semifield S.

ae Z'u{0},%3,13)} cV

Suppose

w i

be a non associative semilinear subalgebra of V over S.

ae Z'U {0}, % (3,13), 1<i<2}cV

17



00
We see W, N W5 = {0 0] However W, + W3 # V we

cannot call this as a direct sum of non associative semilinear
subalgebras of V over S.

THEOREM 2.1: Let V be a non associative semilinear algebra
over the semifield S. Suppose W;, W, ..., W, be t non
associative semilinear subalgebras of V over S.

13
(i) ﬂW, = W is a non associative semilinear subalgebra of
i=1

Vor (0).

t
(ii) UW in general is not a non associative semilinear
i=1
algebra over V.

The proof of this theorem is direct and hence is left as an
exercise to the reader.

Example 2.9: Let V= {(a;, a5, a3, a5) laj € Z" U {0}; 1 <i<4,
(8, 9), *} be a non associative semilinear algebra over the
semifield S =Z" U {0}.

Consider
W] = {(al, dy, dz, a4) | a; € 3Z+ U {0}, 1 S1S4, (8, 9), *} c \Y
and W, = {(a}, a», a3, a4) la; € 527U {0}; 1 <i1<4,(8,9), *} <
V be two non associative semilinear subalgebras of V over S =
7" U {0}). Wesee W, \"W, = {(a, a, a3, a4) | a; € 1527 U {0};
1 £1<4, (8, 9), *} ¢ V is a non associative semilinear
subalgebra of V over S =Z" U {0}.

But W] U W2 = {(al, aj, as, a4) | a; € 5Z° U {0}, 1<i< 4,
(8,9), *} < Vis only a subset for take x = (3, 3, 0, 0) and y =
(5, 5, 5, 0) € W] UWz

X*y :(3’3’0’0)*(5’5’5’0)
= (3%5, 3%5, 0%5, 0%0)

18



= (69, 69, 45, 0) ¢ W; U W, so W; U W, is not a non
associative semilinear subalgebra of V over S =Z" U {0}.

We cannot say for any non associative semilinear algebra V
over a semifield S; V is a direct sum of non associative
semilinear subalgebras or pseudo direct sum of non associative
semilinear algebras as it is a difficult task.

Example 2.10: Let

a; € ZJr () {0}, *, (3, 7)}

i=0

V= {iaixi

be a non associative semilinear algebra over the semifield Z* U
{0} =S. Takex =9 +20x*+3x’ and y =3x + 2x" + 4x’ + 7 in
V.

X *y=(9+20x* +3x)) * 3x + 2x° + 4x’ + 7)

9 * 3x + 20x> * 3x + 3x> * 3x 4+ 9 * 2x” + 20x> *
2x% + 3% # 2x% + 3x7 #4x® + 9 # 4x> + 20x° * 4x° +
Q%7 4+ 20x>*7 +3x>*7

48x + 81x7 + 30x* + 41x% + 74x* + 23x* + 37x° +
57x° + 88x° + 76 + 109x* + 58x°

76 + 48x + 150x> + 196x> + 127x* + 88x° + 37x°.

Thus it is easily verified x *y #y * x.
Example 2.11: Let

a e R"U {0}, % (32, \2))

i=0

V= {iaixi

be a non associative semilinear algebra over the semifield S =
Z'u {0}.

19



Example 2.12: Let

a; € Q+ o {0}’ *’ (7’ 3)}

M= {i ax'
i=0

be a non associative semilinear algebra over the semifield S =

Q"u {0}.
Example 2.13: Let

a; € ZJr U {0}, *, (9, O)}

P= {iaixi

i=0

be a non associative semilinear algebra over the semifield S =
Z" U {0}.

Example 2.14: Let

a e QU {0}, * (97, 0)}

T= {i ax'
i=0

be a non associative semilinear algebra over S = Z" U {0}, the
semifield.

STake p(x) = 35 + 8x + 9x* and q(x) = 40 + 7x* + 14x’ +
45x° in T.

p(xX) *q(x) = (35 + 8x + 9x%) * (40 + 7x* + 14x’ + 45x°)
=(35%9) /7 + (8/7) X 9x + 9°x*/ 7
=45 + (72/T)x + (81/7)x* € T.

Example 2.15: Let

a; € ZJr U {0}, *, (2, 2)}

M= {iaixi

i=0

20



be a non associative semilinear algebra over the semifield S =
Z'u {0}.

Consider p(x) =3 + 2x + x>, qgx)=1+ 4x* and r(x) = 247x
in M.

(P(x)) * (q(x) * r(x))

=p(x) * [(244) + 2+14)X + (8+4)x* + (8+14)x’]

=p(x) * (6 + 16x + 12x* + 22x°)

=3 +2x+x) (6 + 16x + 12x* + 22x°)

=(6+12) + (6 +32)x + (6 + 24)x* + (6 + 44)x* +
(A+12)X + (44+32)x> + (4+24)x> + (4 + 44)x* +
Q+12)x> + 2432)x* + (2 4 24)x° + (2+44)x°
18 + 38x + 30x” + 50x* + 16x + 36x” + 28x° + 48x"* +
14x7 + 34x* + 26x° + 46x°
18 + 54x + 116x* + 42x° + 82x* + 26x° + 46x°.

(P(x) * q(x)) *r(x) =

= ((3 4 2x + x°) * (1+4x) * (2 + 7X)

= (64+2)+(@+2)x+Q2+2)x°+(6+8)x*+ (4 +8)x°
+(2+8)x) * (2 +7x)

= (8 4+ 6x + 14x* + 16x° + 10x°) * (2 + 7x)

= (16+4)+(12+ 14>+ (16 + 14)x + (4 + 12)x +
28 + )X+ (28 + 1)x* + B2 + Hx* + 20 + )X’ +
(32 + 14)x* + (20 + 14)x°.

= 20 + 46x + 58x% + 78x” + 46x" + 24x” + 34x".

Clearly p(x) * (q (x) * 1 (x)) # (p(x) * 4(x)) * r(x).

Thus M is a non associative semilinear algebra of
polynomials over the semifield.

Now we proceed onto define strong non associative
semilinear algebras over the field.

DEFINITION 2.3: Let V = {G, *, (t, u)} be a groupoid. F be any

fields, V is a strong non associative semilinear algebra over the
field F if the following conditions are satisfied.

21



(i) Foreveryx e Vanda € F

ax=xa V.
(ii) a (x*y) = ax *ay foralla € Fand x, y € F.
(iii) For 1 € F, 1.v=v forallv € V.
(iv)0.v=0forallve Vand 0 € F.

We give examples of them.

Example 2.16: Let V = {Q, * (7, 3)} be a groupoid; V is a
strong non associative semilinear algebra over the field Q.

Example 2.17: Let V = {R, * (0, 8)} be a strong non
associative semilinear algebra over the field Q.

Example 2.18: Let M = {R, * (7, 7)} be a strong non
associative semilinear algebra over the field Q.
Take2,3,5€ R.2*(3*5)=2*(21+35) =2 *56
=14+56x7
=14 +392 =408

Now (2 *3) *5 =(14+21)*5
=35%5
=245+35
= 280.

Clearly (2 *3) *5# 2 * (3 *5). Thus M is a strong non
associative semilinear algebra over the field Q.

Example 2.19: Let T = {R, * (2, 5)} be a strong non
associative semilinear algebra over the field R.

Example 2.20: Let P = {Q, * (3/2, 7/9)} be a strong non
associative semilinear algebra over the field Q.

Example 2.21: LetS ={(a,b,c,d)la,b,c,d, e Q, * (8 11)}

be a strong row matrix non associative semilinear algebra over
the field Q.

22



Example 2.22: Let
M= {(a, ap, a3) la;€ Q, 1 £i<3, * (10, 3)} be a strong
row matrix non associative semilinear algebra over the field Q.

Example 2.23: Let M = {(m;, mp, m3, my, ms, Mg, My, Mg, Mo) |
me R, 1 <i<9,* (0, 19)} be a strong row matrix non
associative semilinear algebra over the field Q.

Example 2.24: Let

T={(t,t,tt)ltie R, 1 <i<4,%* (3/7, 19/5)}
be a strong row matrix non associative semilinear algebra over
the field Q.

Example 2.25: Let

s ||aie R 1<i<5,% (3, V7))

be a strong column matrix non associative semilinear algebra
over the field Q.

Example 2.26: Let
bl
b, .
S= Jllbie Q, 15120, % (10, 7/11)}

b20

be a strong non associative semilinear algebra of column
matrices over the field Q.

23



Example 2.27: Let

P=4|t, |[te R, 1<i<10,% ({3, V11)}

be a strong column matrix non associative semilinear algebra
over the field Q (or R).

Example 2.28: Let

*llae Q 1<i<12, % (3, 13)}

01 2 1 01
Considerx=|3 0 l|andy=|0 2 O0[inS
1 10 1 20
13 3 19
x*y=19 26 13| € S.
16 29 0

It is easily verified ‘*’ is a non associative operation on S.

24



Example 2.29: Let

S={la,|laeQ 1<i<5 * (3,0)

be a strong non associative column matrix semilinear algebra
over the semifield Q.

N

Forx=|a, | andy=

~

o o s o
m
n

w

“*” is clearly a non associative operation on S.

For take x = and z = in S.

= O N W
~<
Il
~N RO
O N S

25



Consider x * (y*z) =

|
= O N W

3
2
If we take (x*y)*z=||0
1
5

15

Cleary x* (y*z) # (x*y)*z.

26

O N N S N S

o1 117
21 12

413

5| |4

_7_ _5_
o] [9
6 6
12/=]0
15 3
21 |15




Thus S is a strong non associative column matrix semilinear
algebra over the field Q.
Further x * y # y * x, for consider

9
6 6
x¥y=|0 | and y*x = | 12
3 15
115 | 21]

so that “*’ operation on S is also non commutative.

Example 2.30: Let

a4, a,
M=<la, a,|[|laeQ 1<i<6,%* (2,2)}
a5 ag

be a strong non associative matrix semilinear algebra over the
field Q.

31 1 2
Considerx=|0 2| andy=|3 4| inM.
5 4 56
8 6
x*y=| 6 12| and
20 20
1 2 31 8 6
y*x=13 4| * (0 2|=]6 12
56 5 4 20 20

27



y*x = x*y and is in M.

4 2
Take x * (y *z); wherez=| 6 1| isin M.
0 3

31 10 8 26 18
x*(y*z2)=10 2| *|18 10| =36 24].
5 4 10 18 30 44

8 6 4 2 24 20
Consider (x*y) *z=|6 12| *|6 1|=|24 14/|.
20 20 0 3 40 46

We see x * (y*z) # (x*y)*z.

Thus M is a strong non associative matrix semilinear
algebra over the field Q.

Now having seen examples of strong non associative matrix
semilinear algebras defined over the field Q we now proceed
onto give substructures. The definition of the strong non
associative matrix semilinear subalgebra is a matter of routine.

We give one or two examples of them.

Example 2.31: Let M= {(a;, a5, a3) la;€ Q,1<1<3,% (8, 1)}
be a strong row matrix non associative semilinear algebra over
the field Q. Clearly P = {(a, 0,0)la e Q, *, (8, 1)} < M is not
a strong row matrix non associative semilinear algebra over the
field Q.

Consider R = {(a, a,a) la e Q; * (8, 1)} € M is a strong
row matrix non associative semilinear sub algebra of M over Q.

28



For if x = (a, a, a) and y = (b, b, b) are in P then
x *y=(a, a, a) * (b, b, b) = (8a + b, 8a+b, 8a+b) € P further if
t € Q then tx = (ta, ta, ta) € P hence R is a strong row matrix
non associative semilinear subalgebra of M over Q.

Example 2.32: Let

T={| 7 |laae R, 1<i<10,* (5, 0)}

a9

be a strong column matrix non associative semilinear algebra
over the field R.

Consider

s=1"laeR % 5,0)cT,

a

S is a strong column matrix non associative semilinear
subalgebra of T for if

a b
a b
x=|.|andy= |, | then

a b

Sa

Sa
x*y=1_1€8,

Sa

29



t
further if t € R then tx = ‘a e,

ta

thus S is a strong column matrix non associative semilinear
subalgebra of T over R.

We see

a,be R, *(5,0}cT

o M O O O O O o o O

is also a strong column matrix non associative semilinear
subalgebra of T over the field R.

Now having see strong matrix non associative semilinear
subalgebras, we can also have the notion of quasi strong matrix

non associative semilinear subalgebra over a subfield.

We give a few examples of them.

30



Example 2.33: Let

a, a
V — 1 2
a, a,
be a strong non associative matrix semilinear algebra over the
field R.

a e R, 15154, % (2,5)}

Consider

W= {|:a1 azi|
a, a,
W is a quasi strong matrix non associative semilinear
subalgebra of V over Q. Q a subfield of R.

a€ Q 1<i<4,%(2,5}cV,

Example 2.34: Let

fa, a,]
a2 a7
M=4la, a, ||lae R, 1<i<10,% (5, 10)}
a, a,
_aS alO_

be a strong non associative quasi semilinear algebra over the
field Q. Clearly M has no quasi strong non associative quasi
semilinear subalgebras as Q has no subfield so we define M to
be quasi simple.

In view of this we have the following theorem.

THEOREM 2.2: Let V be a strong non associative semilinear

algebra over the prime field F. 'V has no quasi strong non
associative semilinear subalgebras so V is quasi simple.
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COROLLARY 2.1: Let V be strong non associative semilinear
algebra over the non prime field F (F has subfields). V is not
quasi simple.

The proof is direct and hence left as an exercise to the
reader.

Now we can have strong non associative semilinear
algebras wusing polynomials and the operation on the
polynomials forms only a groupoid.

We will give only examples of them.

Example 2.35: Let

S = {Zaixi a; € R, *, (3, 19)}

i=0

be a strong non associative polynomial semilinear algebra over
the field R. S is not quasi simple.

Example 2.36: Let

a; € Q’ *’ (2’ 0)}

M= {iaixi

i=0

be a strong non associative polynomial semilinear algebra over
the field Q. M is quasi simple.

Example 2.37: Let

a; € Q’ *’ (3’ 3)}

P= {i ax'
i=0

be a strong non associative polynomial quasi simple semilinear
algebra over the field Q.
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Example 2.38: Let

M= {i ax'
i=0

a€ R, * (3,9}

be a strong non associative polynomial semilinear algebra over
the field Q. M has strong non associative polynomial
semilinear subalgebras over the subfield Q of R.

Example 2.39: Let

a =(m, my, ..., my); m; € Q, *, (8, 0)}

i=0

M= {Z a;x'
be a strong non associative row matrix coefficient quasi simple

semilinear algebra over the field Q.

Example 2.40: Let

a; =(ng, m, ..., N); nj€ R, * 1<5<10; (3, 3)}

P= {iaixi

i=0

be a strong non associative row matrix coefficient polynomial
semilinear algebra over R. P is a commutative non associative
semilinear algebra over R.

Example 2.41: Let

a = (4, t, 3); e Q,* 1<7<3;(29,7)}

T= {iaixi

i=0

be a strong non commutative non associative row matrix
coefficient polynomial semilinear algebra over the field R.

Now we can construct column matrix coefficient

polynomial semilinear algebra over field F; we give a few
examples of them.

33



Example 2.42: Let

my

M= {i ax'
i=0

m, .
a =| . |smeR *1<j<12;(0,9)}

n’112

be a strong column matrix coefficient polynomial non
associative semilinear algebra over the field Q. Clearly M is
non commutative and non associative.

Example 2.43: Let

4

t
a = lite R * 1<j<20; (V5,45)}

M= {i ax'
i=0

t20

be a strong commutative non associative column matrix
coefficient polynomial semilinear algebra over the field Q.

Example 2.44: Let

m,

S = {i ax'
i=0

m
a=| . |imye Q% 1<j<26; (377, 19/2)

m26

be a strong non commutative non associative column matrix
coefficient semilinear algebra over the field Q.

Now we can have any matrix coefficient polynomial non
associative semilinear algebra over a field.
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We give a few examples of them.

Example 2.45: Let

ml m2 m3
) . m m. m
4 5 6 .
M= Zaix' a =| . , : ;mje R, * 1<j<30;
P : : :
m28 m29 m30
(3,0)}

be a strong non associative matrix coefficient polynomial
semilinear algebra over Q.

Example 2.46: Let

a = (X, X2, X3, X4); € Q, #, 1 £j<4; (7, 1)}

T= {iaixi

i=0

be a strong non associative semilinear algebra with row matrix
coefficient polynomials over the field Q.

Take p(x) = (2,0, 1, 5) + (0, 3, 0, Dx + (1, 1, 0, 2)x* and
qx)=(1,1,0,0)+ (3,0, 1,0x>+ (0, 1, I, 0)x’ in T.

p(x) *q(x)=(2,0,1,5) *(1,1,0,0) + (2,0, 1, 5) *
(3,0,1,0x*+(2,0,1,5 %0, 1, 1, 0)x’ +
(0,3,0,1)*(1,1,0,0)x + (0, 3,0, 1) *
(3,0,1,0x*+(0,3,0, 1) *(0, 1, 1, O)x* +
(1,1,0,2)*(1,1,0,00x* + (1, 1,0, 2) *
(3,0,1,0x*+(1,1,0,2) (0, 1, 1, 0)x°

= (15,1, 8,35)x> + (1, 22,0, )x + (3, 21, 1, 7)x°
+(0,22,1, Hx* + (8, 8,0, 14)x* +
(10,7, 1, 14x* + (7, 8, 1, 14)x°
=(15,1,7,35)+ (25,8, 8,49)x> + (1,22, 0, 7)x +
(17, 22,9, 42)x* + (10, 29, 2, 21)x* +
(7,8, 1, 14)x°.
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This is the way operation * is performed on the strong non
associative row matrix coefficient polynomial semilinear
algebra over a field.

Example 2.47: Let

a = ;me Q,* 1<j<6;(0,3)}

M= {i ax'
i=0

be a strong non associative column matrix coefficient
polynomial semilinear algebra over the field Q.

o] [1] [0]
1 0 0
2 3|, |0],
Take p(x) = + X+ X" and
0 0 1
3 1 1
10 0] 1]
2] [O] [1]
0 1 0
qx) = 2x+ 0 X + ! X’ be in M.
0 1 1
2 0 1
10 1] 1]

We find p(x) * q(x) as follows.
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p(x) *q(x) =
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6 0 3
0 3 0
6 0 3
X+ X+ x’
0 3 3
6 0 3
10] 3] 3]

(6] (6] (9] 0] 3]
0 3 3 3 0
6 6 9 0 3

= X + x° + x>+ X+ x”is in M.
0 3 6 3 3
6 6 9 0 3
10] 3] 6] 3] 3]

This is the way the ‘*’ operation on M is defined to make
the strong column matrix non associative semilinear algebra.

Example 2.48: Let

m

1 2 3

a = . s o |;mje R, *1<j<09;

M= {i ax'
i=0

m
m
m

8 8 B

©

m
n’17

0

(2,3)}

be a strong non associative semilinear algebra of square matrix
coefficient polynomials over the field Q.

Consider
0 3 1 6 1 2 31 2
px)=[1 0 2| +|0 1 O|x+[1 0 1]|x,
4 6 0 2 0 1 050
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in M.

]H

1 01
0 2 1
070

0 3 1
px) Fqx) =1 0 2%
4.6 0

+

<
4VA e
1
— — O AN O -~
—_ O o -~ O
N — O —_— =
I — |
* *
L —
— N O N O —~
n O O —— O
S —~ < o O A
I N I |
+ +
3vA 2vA
_201_ _110_
S — O S AN~
— = 100_
1 1
* *
1
— A O A O —
N O O —_ - O
e - © o
I — |

I — |

—_—— O

—_— O

AN — O

AN — O

— O N
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3 6 3 3 6 8 6 9 5
3lx+15 3 4|5+|5 0 7|x*+

8 33 0 14 12 3 8 15 0
15 2 7 15 2 10] (22 5 7
0 8 3[xX*+[3 5 0|x*+]|3 3%+
4 21 2 10 0 5| K 2
12 5 7 9 2 7] [0 2 10
5 0 5(x+(2 6 5|x*+|5 3 2|x°
0 13 0 0 31 0] 16 10 3
3 6 3 3 6 8 15 2 7
=12 6 3|x+|5 3 4|X+|0 8 3|x*+
8 33 0 14 12 3 4 21 2
30 13 22 2 5 7 9 2 10
10 11 12(x*+3 2 3|x°+|5 3 2 |x°+
18 46 5 4 3 2 6 10 3
12 5 7
5 0 5|x’isin M.
13 0

This is the way *” operation on M is performed.
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Example 2.49: Let

];mjeQ,*,

mS mm mw m2
m4 m9 mm mw
g8 g g

mz m7 mn mn

1<j<20;(2,2)}

6

6

1
1

m
m
m
m

:

i
2ax
=

-

non associative matrix coefficient polynomial

semilinear algebra over the field Q.

be a strong

Let

2
X+
2

2

1

1
1 2350
1

1 1
33300
0 1

N

01 2 0 3
®) 101 20
X) =
P 01 0 0 2
4 01 0 1
Q(X){

Now

1
2
x* and
2
1

— N

AN —

— — N

1 21 2

N N -

{

])(4 in P.

10210
501 06
0301 2
45060

’

<t AN O -
—_—— O
S A o O
—_— O e~

S T — O
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<t AN O
—_—— O
S A o O
—_— O e

S T — O

i

012 0 3
1 0120
0100 2
4 01 01

p(x) *q(x) = {

S O A

—_ O

0 6 0

AN -~ O

S O o

5

— n O

012 0 3
1 0120
%
0100 2
4 01 01 4

{

2X SX
tT N O - S O A o
— = O — O — \O
S AN o O AN~ O O
—_— O o S O N n
S T —= O — n O <
*
@ o - oo o .
S AN o O N O N~
N~ O - — N N —
— o — O — N A —
S - O < — N — O
+

AN - N =

— N o~

AN —~ — N

— A N —
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0 4 4 2 14] 2 2 8 2 6
10 0 8 6 4 12 0 4 4 12
= X+
2 412 0 4 0 8 0 2 8
8 2 2 2 4] 16 10 2 12 2
2 4 2 6 12] 4 2 6 6 4
14 6 10 2 4|, |16 6 8 0 12
+ X"+
4 6 18 10 0 2 10 6 12 4
0 4 2 4 6| 8 12 2 14 4
2 6 6 10 4 4 6 6 2
12 2 8 4 8|, |14 2 6 2 14
+ X +
8 4 14 6 4 6 8 2 8 8
2 8 2 4 4 10 16 2 14 2
[0 4 2 14 2 4 2 6 12
10 0 8 6 4 14 6 10 2 4
= X+
2 412 0 4 4 6 18 10 0
18 2 2 2 4 0 4 2 4 6
4 8 10 8 16 4 2 6 6 4
24 2 12 8 20|, |16 6 8 0 12
+ X +
8 12 14 8 12 2 10 6 12 4
|18 18 4 16 6 8 12 2 14 4
4 4 6 6 2
14 2 6 2 14|,
+ X
6 8 2 8 8
10 16 2 14 2
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is in P. Thus we have shown how * operates on strong non
associative with coefficient matrix polynomial semilinear
algebras defined over a field.

All these strong structures where built using fields of
characteristic zero are of infinite cardinality.

Now we define strong non associative semilinear algebras
of different prime characteristic and of finite cardinality.

DEFINITION 2.4: Let V= {Z,, * (t, u), t, u € Z,} be a groupoid.
V is a strong non associative semilinear algebra defined over
the field Z,,.

We will examples of them.

Example 2.50: Let P = {Zs, *, (2, 3)} be a strong non
associative semilinear algebra defined over the field Zs.

Example 2.51: let V = {Z;, * (2, 7)} be a strong non
associative semilinear algebra defined over the field Z;;. For x
=10andy=6in Vand 3 € Z,;. Wesee

3 (x*y) =3 (10%6) =3 (20+42) =3.7=09.

3x10*¥3x6=10%*18
=8*7=16+49=65=9

Thus V is a strong semilinear non associative algebra over
the field Z]].

Example 2.52: Let V = {Z,, * (11, 0)} be a strong non
associative semilinear algebra defined over the field Zy;.

Example 2.53: Let V = {(Xy, X2, X3, X4) Where X; € Zy3, 1 <i <
4, 0, (0, 7)} be a strong non associative semilinear algebra

defined over the field Zas.

Consider x = (X3, X2, X3, X4) = (7, 1,0,2)and y = (1, 3, 4, 0)
in V.
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x*y=(7,1,0,2)*%(1,3,4,0)=(7, 21, 28,0) € V.
Example 2.54: Let V = {(Xy, X2, X3, X4, X5) | X; € Zy9, 0, (3, 3)}
be a strong non associative semilinear algebra defined over the
field Z]g.

Takex=(8,1,10,17,3, 1)andy=(2,3,0, 1,5, 1)in V.

x*y =(,1,10,17,3,1)*(2,3,0,1,5, 1)

=(11,12,11,16,5,6) e V.

Clearly number of elements in V is finite. But V is
commutative but non associative.

For takez=(0,1,2,0,0,0)e V
x*y)*z =(11,12,11,16,5,6) *(0, 1, 2,0, 0, 0)

=(14, 1, 8, 10, 15, 18).
Consider x * (y * z)

= (8, 1.10,17,3, 1) *[(2,3,0,1,5.1) * (0. 1, 2, 0, 0, 0)]
=(8,1,10,17,3,1) * (6, 12, 6,3, 15, 3)
=(17, 1, 10, 3, 16, 12).

Clearly x * (y*z) # (x*y) * z for X, y, z€ V so V is a non
associative structure under ‘*’.

Now we proceed onto give examples of strong non
associative column matrix semilinear algebra.

Example 2.55: Let

V={| *|lme Z 1<i<10,* (3,7)}
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be a strong non associative semilinear algebra defined over the
field 217.

0 1
1 2
2 0
We see for x = 3 andy = 3 inV
4 1
0 0
0 1
_1_ _O_
=8
0
6
Xx*y= 13 eV
2
0
7
_3_
Example 2.56: Let
Xl
v=1"|x ez 1<i<4, * 2.1)
X3
X4

be a strong non associative semilinear algebra defined over the
field Z;.
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1 0
2 1
X = andy = eV,
0 2
1 1
2
x*y = 2 e V.
2
0

Clearly V is of finite order.

Example 2.57: Let

(S}

w

ae Zo, 1<i<6, * (1,0)}

1B <R < B V)

N

be a strong non associative semilinear algebra over the field S =
2.

Example 2.58: Let

al a2 a3
V=1dla, a, a,||ae”Z;,1<1<9, * (3,5)}
a; dg Qaq

be a strong non associative semilinear algebra of finite order.
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1 1
1 0| areinV, then
0 1

Example 2.59: Let

o oay a, ||ae Zp 1<i<15,% (8,0))

be a strong non associative semilinear algebra of finite order.

8 2 1] 1 0 3]
6 0 7 560
Forp=|0 7 0O|andq=|2 0 1| inP,
1 40 1 01
10 0 1] 18 7 6]
[12 3 8]
9 0 4
weseep *q=|0 4 0| ¢eP.
8 6 0
10 0 8]
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Example 2.60: Let

1<i<2l1, * (3,4))

be a strong non associative semilinear algebra of finite order
over the field Z,.

Example 2.61: Let
Y lla e Zuy, 1 €125, %, (3,10)}

be a strong non associative semilinear algebra over the field
Z47.

We have the following theorem.
THEOREM 2.3: Let M be a strong matrix non associative
semilinear algebra over the field Z, (p a prime). M is quasi
simple.

Proof: Obvious from the fact Z, is a prime field.

Now interested reader can find substructures and study
them.

Now we give polynomial matrix coefficient strong non
associative semilinear algebra over the finite field Z,.
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We give mainly examples of them and they are of infinite
order.

Example 2.62: Let

ai€ 77, % (3,0)}

M= {iaixi

i=0

be a strong non associative semilinear algebra of polynomials
with coefficients from Z;. Clearly M is of infinite order.

Example 2.63: Let

ai € Zii, *, (10, 3)}

M= {iaixi

i=0

be a strong non associative semilinear algebra of polynomials
with coefficients from Z,; of infinite order over 7.

Example 2.64: Let

ai€ 73 * (2, 1)}

P= {i ax'
i=0

be a strong non associative semilinear algebra over the field Z.

Example 2.65: Let

ai € Zn, *, (13, 13)}

M= {iaixi

i=0

be a strong non associative semilinear algebra over the field
229.
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Example 2.66: Let

S = {iaixi

ai€ Zi, *, (14, 7)}

i=0

be a strong non associative semilinear algebra over the field Z;y
of infinite order.

Example 2.67: Let

a =(t, b, ..., o); e Zyy, 1 £5<10, %, (3, 7)}

S = {i ax'
i=0

be a strong non associative semilinear algebra over the field Z;,
of infinite order.

Example 2.68: Let

i .
M= {Zaix aj = (my, my, ..., My); My € Zo3,

i=0

1<j<20, % (3, 11)}
be a strong non associative semilinear algebra over the field Z,;.

Example 2.69: Let

ai=(n, N, ...,N0); N € Zi3, 1 £7<9,%,(9,4)}

S = {i ax'
i=0

be a strong non associative semilinear algebra over the field Z;s.

Example 2.70: Let

S= {Zaixi a =(my, my, ...,mg);m e Zy7, 1 <j<8, %

i=0

(3,0}
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be a strong non associative semilinear algebra of row matrix
coefficient polynomial of infinite order over the finite field Z,5.

Example 2.71: Let

P

M = {Zaixi a; = P:z sPi€ Zs, 1£j<6,%(2,2)}
i=0 .
Ps

be a strong non associative semilinear algebra of column matrix
coefficient polynomial semilinear algebra over the field Zs. M
is commutative.

Consider x = andy = in M.

W A~ WD o =
i \S e R

andy *x =

W W A W -
W WA W
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Example 2.72: Let

a = 2 ;XjG Z]3,1Sj$4, *,(3, 10)}

M= {i ax'
i=0

o B
w

&

be a strong non associative column matrix coefficient semilinear
algebra over the field Z;;.

1 0 1
If p(x) 0 3 0] 4
X) = + X + X
P 2 1 7
5 2 0
2 1
1 7| . )
and q(x) = 0 X + 9 X" are in M then
7 2
1 2 1 1 0 2
®) * 40 0 N 1 N 0 N 7 i, 3 >X<1 2,
X X) = X X X
P d 2 0 2 8 1 0
5 7 5 2 2 7
0 1 1 2 1 1
3 7| s 0 1 0 7| ,
* X + * X+ * X
1 8 7 0 7 8
2 2 0 7 0 2
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10 0 7 10 10
10 5 1 10
= X+ | [x*+ x>+ x>+ X
6 8 3 5 8
10 9 11 0
0
5
+ X’
10
7
7 0 7 10
7 5 1 5
= X + x* + x>+ x>+ x'e M
1 8 5 10
2 9 11 0 7

Example 2.73: Let

M: R ) i
{;alx d, d,

d, d, .
a = d ;diGZ3,1S1S4, *’(1’2)}

be a strong non associative semilinear algebra of matrix
coefficient polynomials over the field Z;.

Example 2.74: Let

P= {i ax'
i=0

{pl P, Ps Ps
a =

} p; € 7,
pS p6 p7 pS

1<j<38,%(04)}

be a strong non associative semilinear algebra of matrix
coefficient polynomials over the field Z;.
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, 0 215 6 0 2 0,
Consider p(x) = + X
6 0 2 0 0 4 01

440 2111
and q(x) =
a 1 11 2

0215
6 0 2 0

1 6.
x1nP.
5 0 1
N ®) * 40 21114
ow p(x X) =
P 4 1 11 2
0 2 1 5 12346 6020
6 0 2 0 56 01 0 4 01
21117 6 0 2 0 12349
X
1 11 2 0 4 01 56 01
1 4 4 4|, 4 1 5 2|
= X + X
4 4 4 1 6 3 0 4
1 4 4 4], 4 1 5 2|,
+ X'+ X € 9.
4 4 4 1 6 3 0 4

This is the way the * operation is performed on P. Clearly
pP(X) * q(x) # q(x) * p(x).

Example 2.75: Let

a; = 3 G € Zos,

S = {i ax'
i=0

1<j<16, % (2,1)}
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be a strong non associative semilinear algebra of matrix
Consider

coefficient polynomial over the field Z,;.

])(4 be elements of S.

1
3
0
2

S T — O
AN — O —

—_ O — N

and q(x) = {

pXx) *q(x) = {

— n O AN
S T — O
AN - O —

—_ O = N

n o on — O
AN O n A
—_ AN O

S — AN o

S T — O
AN - O —

—_ O - N

— AN O <
— O N -
— AN O <

— O N -

— n O AN
S T — O
AN - O —

—_ O - N

nn N - O
S n O A
<t O O =

N — O O
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1 4 4 7 3 4 2 3
2 54 9 |05 4 7],
= X + X

5 0 7 2 7 0 7 0
11 3 4 2 7 9 2 10

7 10 0 11

2 1 10 71,

X €S
13 0 1 2
5 3 4 2

Study of special identities are properties about strong non
associative semilinear algebras defined over a field of
characteristic p are given as theorems. For proof refer [ ].

THEOREM 2.4: Let

a; € zp, (4, t), *}

V= {i ax
i=0

be a strong polynomial non associative semilinear algebra over
the field Z,. V is a P-semilinear algebra (A semilinear algebra
is said to be a P-semilinear algebra if p(x) * (g(x) * p(x)) =

(p(x) * q(x)) * p(x) for all p(x), q(x) € V).
Proof is direct hence left as an exercise to the reader.

Example 2.76: Let

e A ,
. Cllaie Z7,1<1<90, % (3, 3)}
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be a strong non associative P-semilinear algebra over the field
Z;.

Example 2.77: LetT = {(al, Ay, ...y a40) | a; € Z41, 1<i< 40, *,
(19, 19)} be a strong non associative P-semilinear algebra over
the field Z41.
Example 2.78: Let
a,
T=1{| 7 |lae Zy 1 <i<23,* (10, 10)}

ay

be a strong non associative P-semilinear algebra over the field
223.

Example 2.79: Let

ai € Zp, 1 <1< 16, *, (24, 24))

be a strong non associative P-semilinear algebra over the field
Z73.

A semilinear algebra V is an alternative semilinear algebra
if forallx,y € V;

x*y)*Fy=x*(y*y).

In view of this definition we give a few examples.
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Example 2.80: Let

4 a5 Ag a; € Zzg, 1<i< 9, *, (9, 9)}

be a strong non associative semilinear algebra over the field Z,y
which is not alternative.

THEOREM 2.5: Let V = [a; € Z,, * (t, t)} be a strong non
associative semilinear algebra defined over a field Z,. 'V is
never an alternative semilinear algebra.

For we see for any x, y € V.
X*y)*y=(tX+ty) ¥y =tX+y+ty I
and x * (y ¥y) = X * (ty + ty) =tx + t°y + t°y II

I and II are not equal for equality forces t* = t (mod p) which is
impossible in Z,.

Next we proceed onto define the notion of Smarandache
non associative semilinear algebras which are defined over a
Smarandache ring.

DEFINITION 2.5: Let V be a groupoid. S be a Smarandache
ring. If V is a non associative semilinear algebra over the S-
ring S we call V a Smarandache non associative semilinear
algebra over the S-ring.

We will illustrate this situation by some examples.
Example 2.81: Let V = {(a;, ay) | a; € Zs, *, (3, 5)} be a S-non

associative semilinear algebra over the S-ring Z¢ (For in the ring
Zs, T =10, 3} < Zg s a field.
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Example 2.82: Let

V ={(a, ay, a3, a4) l a; € Zyp, *, (3,7), 1 £i<4} be a S-non
associative semilinear algebra over the S-ring Zo. (Zyp is a S-
ring as {0, 5} < Zo is a field).

Example 2.83: Let V = {(a,, ay, a3, a4, as, ag, a7, ..., app) l a; €
Zss, *, (0, 20), 1 < i < 12} be a Smarandache strong non
associative semilinear algebra over the S-ring Zs.

In view of all these examples we have the following
theorem.

THEOREM 2.56: Let Z,, be the ring of modulo integers, Z,, is a
S-ring (Here n is a prime).

Proof: Consider {0, n} = A € Z,, we see n + n = 2n = 0 (mod
2n).

Thus {0, n} = A is a field isomorphic to Z, = {0, 1}. Hence
the claim.

THEOREM 2.7: Let
V={(ay ..., ay a € Z, (naprime), * (t, u); t, u € Z,,}
be a groupoid. V is a S-non associative semilinear algebra over

the S-ring Z,,.

This proof is also direct and hence is left as an exercise to
the reader.

We can also have the Smarandache non associative column
matrix semilinear algebras defined over S-rings.

We give examples of this situation.
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Example 2.84: Let
M= Zllae Zu, 1€i<10, %, (3, 7))

be a Smarandache non associative column matrix semilinear
algebra over the S-ring Z,,.

Example 2.85: Let

1

S}

w

xi € Zo, %, (10,9), 1 i< 6}

o B B

&

be a Smarandache non associative column matrix semilinear
algebra over the S-ring Zp,.

Example 2.86: Let
P= 2llte Zeo, 1 €120, *, (2, 70))

be a Smarandache non associative column matrix semilinear
algebra over the S-ring Zsg.
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Example 2.87: Let

ai € Zos, %,(0,8), 1 <1<7}

be a Smarandache non associative column matrix semilinear
algebra over the S-ring Zo,.

Example 2.88: Let

a
M= {|b||a,b,ce Zs * (2,2)}

C

be a Smarandache non associative column matrix semilinear
algebra over the S-ring Zs. M is a commutative structure.

Now we proceed onto give examples Smarandache non
associative matrix semilinear algebras over a S-ring.

Example 2.89: Let

S llaie Zis, 1 <i<27,% (8, 1)}
A5 Ay Ay

is a Smarandache non associative matrix semilinear algebra
over the S-ring Z,;s.
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Example 2.90: Let

V= a; a, a, ag|lae”Zy, 1<i<12,% (3,3)}

be a Smarandache non associative matrix semilinear algebra
over the S-ring Z;5. V is commutative.

Example 2.91: Let

aie Zy, 1 <i< 16, *, (0, 10)}

be a Smarandache non associative matrix semilinear algebra
over the S-ring Zs;.

Example 2.92: Let

al a2 a3
T=4la, a; a,||la€Zs 1<i<9,%(2,2)}
a; dg Qg

be a Smarandache non associative matrix semilinear algebra
over the S-ring Zs;.

Now we can define on similar line Smarandache non
associative polynomial semilinear algebra and Smarandache
non associative matrix polynomial coefficient semilinear
algebra defined over the S-ring.

These are illustrated by some examples.
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Example 2.93: Let

aie Zs, %, 3,2)})

i=0

M= {iaixi

be a Smarandache non associative polynomial semilinear
algebra over the S-ring Z,;s.

If p(x) =7 + 8x” + 9x* + 10x* and
q(x) = 6 + 2x + 4x” + 10x’ are in M then
p(x) * q(x)= (7 + 8x> + 9x* + 10x*) * (7 + 8x” + 9x* + 10x")

= 7#%6+8*6x°+9*6x>+10*6x* +7 *2x +8 *2x* +
0#2x3 + 10*2x° + 7 *4x° + 8 #4x> + 8 ¥ 4x° + 9 *
Ax* + 10 *4x° + 7% 10x° + 8 * 10x® + 9 * 10x” + 10x°.

= 346X +9x°+ 12x* +10x + 13x* + x> + 4% + 14x% +
2x% + 5x* + 8x° + 11x° + 14x% + 17x” + 5%°

=3+ 10x + 8+ 7+ 2 + 80+ 17x" + 14x® + 5’ e M.

This is the way ‘*” operation is performed on M.

Example 2.94: Let

ai € Zio, *,(2,2),0<1< o0}

V= {iaixi

i=0

be a Smarandache non associative semilinear algebra over the
S-ring Zo.

Clearly V is a commutative semilinear algebra.
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Example 2.95: Let

ai € Zs, %, (8,0)}

M= {iaixi

i=0

be a Smarandache non associative semilinear algebra over the
S-ring Z3;. M is a non commutative structure.

Example 2.96: Let

ai = (X1, X2, X3, X4); Xj € Zys, %, (5, 3), 1 £j< 4}

i=0

P= {Z a;x'
be a Smarandache non associative semilinear algebra of row

matrix coefficient polynomials over the S-ring Z;s.

Example 2.97: Let

ai=(y, Y2, - Y15); ¥i € Zio, ¥, (2,2), 1 £j< 15}

P= {iaixi

i=0

be a Smarandache non associative semilinear algebra of matrix
coefficient polynomials over the S-ring Z,y, P is a commutative
structure.

Example 2.98: Let

a; = (b, b, B3); G € Zsg, *, (0, 19), 1 £j< 3}

S = {iaixi

i=0

be a Smarandache non associative semilinear algebra over Zs.
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Example 2.99: Let

1

d
a = :2 sdi€ Zag, *,(3,7), 1 £j <20}

P= {i ax'
i=0

d

20

be a Smarandache non associative semilinear algebra of column
matrix coefficient polynomial over a S-ring Z,.

Example 2.100: Let

1,

m, ‘
a=| .0 meZ, % (2,2),1<j<10)

T= {i ax'
i=0

mlO

be a Smarandache non associative column matrix coefficient
polynomial semilinear algebra over S-ring Z.

Example 2.101: Let

a; = sdi€ Ziy, %,(6,7), 1 <j<4}

M= {i ax'
i=0

w

oo a
(3}

4

be a Smarandache non associative column matrix coefficient
polynomial semilinear algebra over S-ring Z,,.
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Example 2.102: Let

] d d, .. d,
M= {Zaixi a=|d, d, .. dy|,djeZs* 3,7,
i=0
d21 d22 d30
1<j<30)

be a Smarandache non associative matrix coefficient polynomial
semilinear algebra over S-ring Z;s.

Example 2.103: Let

ol . d d, .. d
M = {zaix' ai:{ L lg},dje Ze, ¥, (5. 5),
i=0 d19 d20 d36
1<j<36)

be a Smarandache non associative matrix coefficient polynomial
semilinear algebra over S-ring Zs.

Example 2.104: Let

d d, d,
M:{Zaixi a=|d, d; d,|,di€e Zy,* (3,0),1<j<9}
=0 d, d, d

7 8 9
be a Smarandache non associative matrix coefficient polynomial

semilinear algebra over S-ring Z,;.

Now we proceed onto define doubly Smarandache non
associative semilinear algebra and give examples of them.

DEFINITION 2.6: Let M = {a; | a; € Z,, * (t u)} be a

Smarandache groupoid. If M is a Smarandache non associative
semilinear algebra over the S-ring Z, then we define M to be a
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double Smarandache non associative semilinear algebra (DS -
non associative semilinear algebra) over the S-ring Z,.

We give examples of them.

Example 2.105: Let V = {Z;s, *, (0, 5} be a double
Smarandahe non associative semilinear algebra over the S-ring
Z]().

Example 2.106: Let G = {Zs, *, (4, 5)} be a S-non associative
semilinear algebra over the S-ring Zs. Clearly G is a double
Smarandache non associative semilinear algebra over the S-ring
Zs.

Example 2.107: Let G = {Z;5, * (4, 3)} be a DS non
associative semilinear algebra over the S-ring Z,.

Example 2.108: Let G = {Zy4, * (7, 8)} be a DS non
associative semilinear algebra over the S-ring Z,4.

Example 2.109: Let
P ={(a;, a, a3, ay) laj € Zpy, *(3,4), *, 1 <1< 4}
be a DS non associative semilinear algebra over the S-ring Z,,.

Example 2.110: Let
R={(a;, a ...,ap0) laj€ Zi4, * (7, 8), *, 1 <1< 10}
be a DS non associative semilinear algebra over the S-ring Z,4.

Example 2.111: Let
V={(ay, ay ,..., a0) laj € Zys, *, (1, 2), *, 1 <1 <40}
be a DS non associative semilinear algebra over the S-ring Z.

THEOREM 2.8: Let V= {(ay, ..., a)a;eZ, I <i<r, (t, u), ¥}
be a Smarandache non associative semilinear algebra over the
S-ring Z,; Vis a DS non associative semilinear algebra over the
S-ring Z,if (t, u) = l and t #u; t + u =1 (mod n).
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THEOREM 2.9: Let Z, be a S-ring,

P={a, .. a)laeZ,* t+u =(modn) (t, u)}

be a DS non associative semilinear algebra over the S-ring Z,,.
P is a DS non associative strong Bol semilinear algebra if and
only if £ =t (mod n) and v’ = u (mod n).

Proof: We just recall a non assocative semilinear algebra P is
strong Bol semilinear if for all x, y,ze V

(XFy(Fz)™x = X * ((y*2)*x).

Letx = (X1, X2, «.., X0), Y= (Y1, Y2, --., ¥ and z = (7, 2o, ...,
z,) € P.

((x*y)*z) * X

=[(tx +uy) *z] *x

= (’x + tuy + uz) * X

=tx + tzuy + tuz + ux

= (t3x1 + tzuyl + tuz; + ux,, t3x2 + tzuyz + tuz; + uxy, ..., t3xr
+ tzuyr + tuz, + ux,) 1

Now consider x* ((y*z)*x)
=X * ('Y + tuz + ux)
=X + thuy + tuz + ux
= (tx; + tzuyl + tu221 + ule, tx, + tzuyz + tu222 + uzxz, R » &
+ tzuyr + tuzzr + uzxr) II

I =1IIif and only if £ = t (mod n) and u” = u (mod n); hence
the claim.

THEOREM 2.10: Let Z, be a S-ring.
V={(as, ay ....,a)a; € Z,; ] i <1, (t, u);, t+u=I(modn)}
is a DS strong non associative Moufang semilinear algebra if

and only if £ = t (mod n) and w’ = u (mod n).

Proof: We say a DS non associative semilinear algebra is
strong Moufang if

(x*y) * (z*x) = (x*(y*z))*x for all x, y € V.
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Let X= (Xl’ XZ’ e XI‘)’ y = (YI, yz’ e yr) and z= (Zl’ ZZ’ e
z,) € V.
Consider (x*y) * (z*x)

[(Xl’ XZ’ ceey XI‘) * (YI, yz’ ceey Yr)] * [(Zl’ ZZ’ ceey ZI‘) *
(Xl’ XZ’ ] XI‘)]

(txq + uyy, tXo + Uy, ..., X + 0y, * (tz1 + uxy, tzp + Xy,
ooy tZ + UX))

(t2x1 + uty; + tuz; + ule, t2x2 + uty,; + utz; + uzxz, ey
t2xr + tuy, + utz, + uzxr) 1

Consider (x*(y*z)) * x
=x* (Y1, Y25 .- Y0) ¥ (21, 20, ..., Z)) ¥ X
= (X * (ty; + uzy, ty, + 7ou, ..., ty, + uz,)) *x
= (X1, X2, ..., Xp) ¥ (ty; + 0zy, tys + UZy, ..., ty; + UZ)) * X

= (tx; + uty; + uzzl, txX, + uty, + uzzz, voes X, + tuy; + uzzr)

2* (Xl’ X22’ ey er) 2 2 2
= (t"xy + ut’y; + u'tz; + uxy, Xy + ut’y, + tuz; + uxy, ...,
t2xr + utzyr + tzuzr + uzxr) II

I and II are equal if and only if t* = t (mod n). Thus V is a
DS strong non associative strong Moufang semilinear algebra if
and only if t* =t (mod n) and u® = u (mod n).

THEOREM 2.11: Let Z, be a S-ring

V={(a, ay ..., a) a;eZ, 1 <i<r, (t u) t+u=1(modn),
*1 be a DS non associative semilinear algebra over the S-ring
Z,. Vis an alternative DS non associative semilinear algebra if
and only if £ =t (mod n) and u* =u (mod n).
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Proof: Recall a DS non associative semilinear algebra V is
alternative if (x*y)*y = x* (y*y) and (x*y) * y = x * (x*y) for
allx,ye V.

Let x = (x4, X2, ..., X)) and y = (¥1, Y2, ---, ¥r) € V.
(x*y)*y=[(X1, X2y o0y Xo) (Y1, Yoo oos Y ¥y

=X *FyL X F Yy, con X F YD F (YL Y2 o Vi)

= (tX; + uyy, X2 + Uys, ..., tXe + 0y * (Y1, Y2, -0, ¥o)

= t2x1 + tuy; + uyy, t2x2 + tuy; + uyy, ..., t2xr + tuy, + uy,)
1

Consider x * (y *y) =

X (Y1, Y25 oo Y0 (Y1 Y25 -5 Y1)

=X * (ty; + uyy, ty2 + uyy, ..., ty, + uy,)

= (X1, X2, ..., X;) (ty; + uyy, tya + uyy, ..., ty. + uy,)

= (tx; + uty; + uzyl, tx, + tuy, + uzyz, voes X + tUy; + uzyr)

I
I and II are equal if and only if u” = u (mod n) and
t* = t (mod n).
Consider (X * x) *y = [(X1, X2, .-, Xp) * (X1, X2, ..., Xp)] * (Y1,

yz’ ceey yr)

= (X1 + Uxy, tXp + UXp, ..., Xe + UX) * (Y1, Y2, «o25 ¥i)
t2x1 + tux; + uyj, t2x2 + tux; + uyy, ..., t2xr + tux, + uy,)
(a)

NOW X * (X *Y) =X * ((Xl’ XZ’ ey XI‘) * (YI, yz’ ceey yr)

=X * (tx; + uyy, tXo + uyy, ..., X, + Uy,
= (tx; + tux; + u’ Vi, tXo + tux, + uzyz, ., X+ tux, + u’ V)

(b)
a and b are equal if and only if t* = t (mod n) and u* = u

(mod n). Thus V is a alternative DS non associative semilinear
algebra if and only if t* = t (mod n) and u” = u (mod n).

71



THEOREM 2.12: Let Z, be a S-ring

V={(a;, a ..., a)la,eZ, ] <i<r (t u),*}
be a DS non associative semilinear algebra over the S-ring Z,.
If t+u =1 (mod n) then V is an idempotent DS non associative
semilinear algebra over the S-ring Z,,.

Proof: To prove V is an idempotent DS non associative
semilinear algebra we have to show if t + u = 1 (mod n) then for
everyxe V,x *x=x.

Consider x = (X1, X2, ..., X)) € V,
X * X= (Xl’ XZ’ ceey XI‘) * (Xl’ XZ’ sy XI‘)
= (tx; + uxy, tx; +Uxy, ..., tX; + Ux,)

= ((t+u)xy, (t+u)xy, ..., (t+u)x,)
@if (t+u) = 1 mod n)
= (X1, X, ..., X;). Hence the claim.

THEOREM 2.13: Let Z, be a S-ring.

V=A(x;, x5, ... x) | x;, € Z,, 1 <i <r, (1, u), t+u =1 (mod n), *}
be a DS non associative semilinear algebra over the S-ring Z,.
V is a P-DS non associative semilinear algebra if and only if
=t (mod n) and W’ =u (mod n).

Proof: To show V is a P-DS non associative semilinear algebra
over Z, it is enough if we show (x * y) * y = x * (y*y) for all x,
ye V.

Consider x = (Xy, X2, ..., X)) and y = (Y1, 2, .--, ¥») € V.
X *Fy)*y=((X1, X2y o0y X0) (Y1, Y25 o2 Y0)) * (Y15 Y2 o205 Y0)
= (X + uyy, tXo + Uy, ..., Xe + Uy * (Y1, Y2, 05 ¥o)
= (t2x1 + tuy; + uyj, t2x2 + tuy, + uyy, ..., t'X + tuy; + uy,)
I

Consider x * (y *y) =
X* (Y1 Y2 oo ¥ (Y15 Y2, -5 Y1)
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= x* (ty; + uyy, ty2 + uyy, ..., ty, + uy,)

= (X1, Xg, ..., Xp) * (ty; + uyy, tys + uys, ..., ty, + uy;)

= (tx; + tuy; + uzyl, tx, + tuy, + uzyz, ooy X+ tuy, + uzyr)
II

I and II are equal if and only if t* = t (mod n) and u* = u
(mod n). Thus V is a DS non associative semilinear algebra is a
P-semilinear algebra if and only if t* = t and u® = u (mod n).

THEOREM 2.14: Let Z, be a S-ring.

V={(x, x2 ... x) I x;€Z, I <i <r, * (m, m)}
be a Smarandache non associative semilinear algebra over the
S-ring Z,.

Ifm+m =1 (modn) and m* = m (mod n) then

(i) Vis a DS Strong idempotent non associative semilinear
algebra.

(ii) Vis a DS strong P-non associative semilinear algebra.

(iii) V is a DS strong non associative semilinear algebra.

(iv) Vis a DS strong Moufang non associative semilinear
algebra.

(v) Vis a DS strong non associative alternative non linear
algebra.

The proof is direct and hence left as an exercise to the
reader.

Now it is pertinent to mention here that if V is replaced by a
column matrix that is

V= *llaeZ,Z,a S-ring, *, (t,u), 1 <i<m} or
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a,, .. a,
) a, . a, ) ) )
if : : aj€ Zy, 1<i<m,1<j<n,Z,aS-ring, *,
a,, .. A,
(t, w}
a, .. a,
) a, .. a,, ) o
orif V= : : aj€ Zy, ZnaSring, 1 <i,j <n, *,
anl ann
(t, w}

then all the above theorems 2.9 to 2.16 hold good without any
difficulty.

We will give some examples of the situations described in
the theorems.

Example 2.112: Let

a;
a2
M= . ai € Zg, (3, 4), *}

a9

be a Double Smarandache non associative semilinear algebra
over the S-ring Zs. M is a strong DS non associative Bol
semilinear algebra over the S-ring Z.
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Example 2.113: Let

al a2 a3
M=4la, a, a,||ae€Zs,(10,6),* 1<i<9}
a; dg Qg

be a SD non associative semilinear algebra over the S-ring Z;s.

(1) M is a DS strong P-non associative semilinear algebra.

(i) M is a DS strong moufang non associative semilinear
algebra.

(ii)) m is a DS strong Bol non associative semilinear
algebra.

(iv) M is a DS strong alternative non associative semilinear
algebra

(v) M is a DS idempotent non associative semilinear
algebra.

Example 2.114: Let

Sl aie Zin, (4,9), % 1<i<30}

be a DS non associative semilinear algebra over the S-ring Z,,.

(1) Pis a DS strong P-non associative semilinear algebra.

(ii) P is a DS-strong Bol non associative semilinear algebra.

(iii)) P is a DS strong Moufang non associative semilinear
algebra.

(iv) P is a DS strong alternative non associative semilinear
algebra and

(v) P is DS strong idempotent non associative semilinear
algebra.
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Example 2.115: Let

M = {(ay, a,, a3) where a; € Zg, 1 <1< 3, * (3, 6)} be a DS-
strong Bol (or Moufang or alternative or idempotent or P) non
associative semilinear algebra over Zg. Zg is not a S-ring.

Example 2.116: Let

8 ag a4 € ZIO’ (6’ 5)’ >X<}

be a DS strong Bol non associative semilinear algebra, DS
strong Moufang non associative semilinear algebra, DS strong
idempotent non associative semilinear algebra, DS strong
alternative non associative semilinear algebra and DS strong P
non associative semilinear algebra.

Next we proceed onto define structure similar to DS non
associative semilinear algebras as well as Smarandache non

associative semilinear algebras.

For this we use the concept of ‘groupoid ring’ by varying
the ring we can build such structure.

DEFINITION 2.7: Let G be a groupoid. F a field. FG be the
groupoid ring. FG is defined as the strong non associative

semilinear algebra over F.

(For definition and properties of groupoid rings please refer
[33D).

We now give examples of them.
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Example 2.117: Let G = (Z, *, (3, 7)) be a groupoid and R be a
field. RG is the groupoid ring which is a strong non associative
semilinear algebra over R.

For
RG = {Zaigi‘gi €Z *aeR (3,7}
i=0

is a strong non associative semilinear algebra over the field R.
Thus we can create also a different way strong non associative
semilinear algebras.

Example 2.118: Let G ={Zs, *, (7, 2)} be a groupoid. Q be the
field of rationals, QG be the groupoid ring QG is a strong non
associative semilinear algebra over Q.

7
QG = {Zaig"gie Zs={0=gng=1L@=2...,5=Th
i=0

0<i<7, % (7, 2); a, € Q}. Itis easily verifield, QG is also a
strong non associative semilinear algebra over Q.

Example 2.119: Let G = {Z, *, (9, 2)} be a groupoid.
Z, = {0, 1} be the field of characteristic two.
9 .
ZzG = Zaig" g € ZIO = {go = 0, g1 = 1, ceey 9= 9},
i=0

0<i<9,a€ Z, * (9,2)}

is a groupoid ring as well as a strong non associative semilinear
algebra over Z,.

Example 2.120: Let G = {Z" U {0}, *, (10, 9)} be a groupoid.

F =75 = {0, 1, 2} be the field of characteristic three. FG be the
groupoid ring.
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ai € Z3= {0, 1,2},*,&6 Z={0,go,1=g1,

FG = {iaigi

i=0

2=g, ....,0=g, ...}.
2 ¥ g = g = & * 2. 1s the defined “*’ operation on oo = g...

Now FG can also be realized as a strong non associative
semilinear algebra over the field F = Z;.

We will define Smarandache strong non associative
semilinear algebra if the field is replaced by a S-ring in these
groupoid ring. We give examples of them.

Example 2.121: Let M = {Z,, *, (7, 2)} be a groupoid. F =Z;
be the S-ring.

8
FM be the groupoid S-ring FM = {Z a,g| a€ Zs g€ Zo
i=0

={0=gp,1=g,2=g,...,2=28), * (7, 2)}. Clearly FM is a
Smarandache non associative semilinear algebra over the S-ring
Zs.

It is pertinent to mention here that we can have different
modulo integers Z, that can be used for the groupoid and rings
which is clear from Example 2.121.

Example 2.122: let G = {Z5, *, (10, 3)} be the groupoid.
F =7, be the S-ring. FG be the groupoid ring.

11
FG = {Zaigl a € Zi, & €Zn={0=gn, 1=g,2=g,

i=0

g = 11}, %, (10, 3)).

Clearly FG is a Smarandache non associative semilinear
algebra over the S-ring Z,,.
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THEOREM 2.15: Let G = {Z,, * (t, u)} be a groupoid and Z,, be
a S-ring. Let Z,G be the groupoid ring. Z,G the Smarandache
non associative semilinear algebra is a strong Moufang
Smarandache non associative semilinear algebra if and only if
t+u=(modn)and ¥ =t (mod n) and v’ = u (mod n).

Proof: Straight forward and hence left as an exercise to the
reader.

THEOREM 2.16: Let G = {Z,, *, (t, u)} be a groupoid. Z,, be a
S-ring. Z,G be the groupoid S-ring. Z,G is a Smarandache
strong Bol non associative semilinear algebra if and only if
t+u=1(modn), t =t(modn)and u’ =u (mod n).

Proof is also direct as in case of groupoids.

THEOREM 2.17: Let G = {Z,, *, (t, u)} be a groupoid. Z,, be a
S-ring; Z,,G be the groupoid S-ring. Z,G is a S-non associative
idempotent semilinear algebra if t + u =1 (mod n).

THEOREM 2.18: Let G = {Z,, * (t, u), t + u =1 (mod n)} be a
groupoid. Z, be a S-ring. The groupoid ring Z,G is a S-non
associative P-semilinear algebra if and only if £ =t (mod n)
and w’ =u (mod n).

THEOREM 2.19: Let G = {Z,, * (t, u), t+u =1 (mod n)} be a
groupoid. Z, be a S-ring. The groupoid ring Z,G is a
Smarandache alternative non associative semilinear algebra if
and only if £ =t (mod n) and > =u (mod n).

Now if in these theorems the groupoid G is such that it is a
row matrix with elements from {Z,, *, (t, u) = 1, t+u = 1 mod n}
and “** is the operation on G or a column matrix with elements
from Z, and “* as its binary operation or a rectangular matrix
with elements from Z, and * operation on G or a square matrix
with entries from Z, and * operation G then also for a S-ring Z,
the groupoid ring Z,,G satisfies all the results of the theorem
where Z,,, G is also a S-non associative semilinear algebra over
the S-ring Z,.
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We will only illustrate these situations by some examples.

Example 2.123: Let

V=1{(ay, ap, a3) la; € Z,, (t, u); t+u=1 (mod n); 1 <i < 3}
be a groupoid. R be the field of reals. RV be the groupoid ring
of the groupoid V over R. RV is a strong non associative
semilinear algebra over R. RV is a P-strong non associative
semilinear algebra if and only if t* = t (mod n) and u® = u (mod
n). So RV is a strong P-non associative semilinear algebra.

Example 2.124: Let

a;
a
V={| ?|laeZ,(tu,t+u=1(modn) 1 <i<7}

a,;

be a groupoid. Q the field, QV be the groupoid ring of the
groupoid V over the field Q. QV is a Bol strong non associative
semilinear algebra over Q if and only if =t (mod n) and
u® =u (mod n).

Example 2.125: Let

a4, a,
a;  ay
a;  ag .
M= 4 € Zn, 1<iL12, % (12, 11)}
a; ag
4 Ay
L& Ay |

be a groupoid. Q be a field. QM be the groupoid ring. QM is a
strong non associative semilinear algebra which is Bol,
Moufang and alternative.
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Example 2.126: Let

*llaeZs 1<i<19, # (6, 10)}

be a groupoid. Q be the field. QP be the groupoid ring. QP is a
strong non associative semilinear algebra which is Bol, P,
Moufang and alternative and idempotent.

Example 2.127: Let

2

4

w

7 8

a a
a a
a, a 0 ,

ai€ Zu, (7,8), %, 1 <i< 18}
alO all

a3 Ay A

a a

16 17

be a groupoid. R be the field. RM the groupoid ring. RM is a
strong non associative semilinear algebra which is Bol,
Moufang, P alternative and idempotent. Suppose G is a P-
groupoid when F = R or Q or Z, then the groupoid ring; RG or
QG or the S-groupoid ring Z,G is a strong non associative P-
semilinear algebra over R or Q or a Smarandache strong non
associative P-semilinear algebra over the S-ring Z,.

The same type of result happens to be true if G is a Bol
groupoid or a Moufang groupoid or an idempotent groupoid or
an alternative groupoid. Inview of this we have the following
theorems.
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THEOREM 2.20: Let

G={Z, * (t u), t+u =1 (mod n) ** =t (mod n), u* =u (mod n)}
be a P-groupoid (or Bol groupoid or Moufang groupoid or
alternative groupoid), F = R (or Q) be the field. FG be the
groupoid ring. FG the strong non associative semilinear
algebra is a P-semilinear algebra (or Bol semilinear algebra or
Moufang semilinear algebra or alternative semilinear algebra)
over the field F = R (or Q).

Proof is straight forward and hence left as an exercise to the
reader.

Now having seen properties of non associative semilinear

algebra we can as a matter of routine study their substructures
and other related properties.
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Chapter Three

NON ASSOCIATIVE LINEAR ALGEBRAS

In this chapter we define a new class of non associative linear
algebras using loops. We give several interesting properties
associated with them. Infact these are generalized to non
associative quasi linear algebras also. We now proceed onto
define them and give examples of them.

DEFINITION 3.1: Let L,(m) be a loop n a prime, n > 3 be a
loop. Suppose F = Z, be the field (n a prime) then we see L,(m)
is a linear algebra over Z, called or defined as the non
associative linear algebra over Z, if the following conditions
are satisfied.

(i) Foreveryg e L,(m)and xe Z, g = «a. g € L,(m)
(ii) g = 1.g € L,(m) forall g € L,(m)
(iii)0.g = 0 € Ly(m) (0 = g,)
(iv) (g +h) = ag + ah,
forall xe Z,, and g, h € L,(m).

For more about loop L,(m) please refer [37].
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We will first illustrate this situation by some examples.

Example 3.1: LetV = {e, gi, &, ..., g7} given by the following
table.

Fle g | & | & | g|g | %]
€ © g | & | 8 | 8 | 8 | 8 | &
g | & € g | & | 8 | & | & | &
2 | & |8 € g | 8 | & | & | &
g | & | & | & © g7 | 8 | & | &
g4 | 84| 8 | & | & © g | & | &
g | & | 8 | & | & | & € 2 | &
g | & | 8 | 8 | & | & | & € 23
g7 | & | 8 | & | 8 | & | 8 | & €

F = Z; be the field. For any x € V and a € F we have the
following product.

aX = ag; = Lai (mod 7)
(ifee V,ae=ecforallae F).

For instance if a = 0 X = g3 2.23 = 20.3 (mod 7)-
Ifa=landx=gsthenax=1g =231 = 2 moa7n= -
Ifa=2and x =gz then a.x =2g; = 23 = 26 (moa7) = Lo~
Ifa=3and x = gz then a.x =3.23 = 233 (moa 7 = -
Ifa=4and x = g3 then a.x =4g5 = 243 moa7) = s
Ifa=5and x = g then a.x = 5g3 = 253 moa 7) = &1
Ifa=6and x =gz then a.Xx = 6.23 = Z63mod7) = 4 (mod 7) = &4-

Thus we see V is a non associative linear algebra over the
field Z;.

Clearly number of elements in V is eight.

Example 3.2: Let V = {e, g, 2, 2, &, g5} be a given by the
following table.
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*le g | & | g | gl g
€ € g | & | 8 | 8 | 8
g | & € g | 8 | & | &
g | & | 8 € g | & | &
g | & | & | & € g | &
g4 | 8 | 8 | & | & € gi
g | & | & | & | 8 | & €

V is a loop of order 6. Consider F = Z5;. V is a non
associative linear algebra over the field Zs.

Example 3.3: Let V = L9(4) be a loop; V is a non associative
linear algebra over the field F = Z,.

We can define dimension of V over Z, as the number of
linearly independent elements needed to generate V.

We see in all the three examples {e, g} serves as the set
which can generate V over the respective fields.

Example 3.4: Let M = L,,(3) be a loop. M is a non associative
linear algebra over the field Z;; = F. Take {e, g} < M
generates M over Z,; = F. Infact {e, gi} < M (i # 11) generates
M over Z;;. Thus M has 10 and only 10 subsets which are
distinct can generate M. Further dimension of M over Z;; is
two.

Inview of this we have the following theorem.

THEOREM 3.1: Let V= L,(m) (m #zporm #1orl <m<p)
be a loop, p a prime. F = Z, be the field FV is the non
associative linear algebra of dimension two. FV has (p-1)
distinct subsets of the form {e, g}, i=1, 2, ..., p-1, i #g,. Each
of the subsets {e, g;} can generate V over F.

Proof is direct and hence is left as an exercise to the reader.
It is important and interesting to note that by varying m we can
get several non associative linear algebras of same cardinality.
We will first describe in case of Zs. We see we have 3 distinct
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non associative linear algebras of order six given by Ls(2), Ls(3)
and Ls(4) defined over the field Zs.

We say a non associative linear algebra L,(m) is
commutative if L,(m) is a commutative loop.

We shall denote the collection of all non associative linear
algebras of same order by L, = {L,(m) | 1 <m < p}. Thus we
can say for a given Ly(m) € L,. L,(m) is a non associative
linear algebra over Z, = F.

It is pertinent to mention here that as in case of usual linear
algebras we cannot say that non associative linear algebras of
same dimension defined over the same field are isomorphic.
This is illustrated by the following examples.

Example 3.5: Let M = 1;(3) be a loop of order 8. F =L be the
field of characteristic seven. M is a non associative linear
algebra over Z;. Clearly dimension of M over Z; is two.

Example 3.6: Let V=1, (4)be aloop of order 8. F =7, be the
field of characteristic seven. V is a non associative linear
algebra over Z; of dimension two.

It is interesting to note both M and V are non associative
linear algebras over the same field Z; and the same dimension
two but however M and V are not isomorphic. Thus even if two
non associative linear algebras are defined over the same field
and of same dimension they are not isomorphic.

Inview of this we have the following theorem.
THEOREM 3.2: Let V = L,(m) and W = L,(p+1/2) be two non

associative linear algebras of dimension two defined over the
field Z,. Clearly V £ W.
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Proof: Clearly both V and W are of dimension two over Z,.
However we see W is a commutative linear algebra over Z,
where as V is a non commutative linear algebra over Z,. So V
is not isomorphic with W. Hence the result.

Now we can define substructure in them provided, H <
L.m) and H itself is a proper loop such that H is a non
associative linear algebra over Z, (n prime) then H is a non
associative linear subalgebra of L,(m) over Z,. If L,(m) has no
proper non associative linear subalgebras we define L,(m) to be
simple.

Example 3.7: Let V = L,3(12) be a non associative linear
algebra over the field F = Z,;. 'V has no proper non associative
linear subalgebras as the loop L,3(12) has no subloops.

Example 3.8: Let M = L(20) be a non associative linear
algebra over the field F = Z,o. V has no proper non associative
linear subalgebras, that is V is simple.

Inview of this we have the following theorem.

THEOREM 3.3: Let V = L,(m) (n a prime) be a non associative
linear algebra over Z, = F (n a prime). Clearly V is simple.

Proof: Follows from the fact V is a loop such that V has no
subloops as n is a prime hence the claim.

Now as in case of linear algebras we can define in case of
non associative linear algebras the notion of linear operator and
linear functionals.

If V and W are non associative linear algebras defined over
the same field F = Z, we can define T : V — W to be a linear

transformation of V to W.

Interested reader can study these structures.
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We see V, =L, ={L, (m) | n a prime, 1 < m < n} contains
one and only one non associative linear algebra which is
commutative.

THEOREM 3.4: Let L,(m) € L, be a non associative linear
algebra over the field Z, (n a prime). L, has one and only one
commutative, non associative linear algebra when m = (n+1)/2.

Now we can define some more non associative linear
algebras using L,(m); n a prime. We illustrate them by
examples as the definition and formation of them are simple.
Example 3.9: Let

V={(a, ay ..., a7, a3) laje Lj(7); 1 £1<8, *}

be a non associative matrix linear algebra over the field Z;;.

Example 3.10: Let V = {(a;, a5, a3) | a; € Ly (2); 1 £1<3, *}
be a non associative row matrix linear algebra over the field Z,.
Take x = (g3, 10, g0) and y = (g7, &, g11) in V.

Now x*y  =(g3 * g7, 210 * &, g0 * g11)
= (g14-3 (mod 29)s £4-10 (mod 29)s £22-0 (mod 29))
(g1, 823, g0) € V.

Take 7x

(g7.3 (mod 29)> £7.10 (mod 29)> £8.0 (mod 29))

= (8215 812, o) € V.
This is the way operations are made on V.

Example 3.11: Let

V= {(al, Ay, ...y ag) | a; € Z7 (3), 1<i< 8, *}
be a non associative row matrix linear algebra over the field Z;.

{te,e, ....€), (e, 81 ... €), (@, & ..., ©), (e, € 81,6, ..., €),
...,(e,e, ..., g} is a basis of V over Z,.
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Example 3.12: Let

V= {(a}, a, a3, ag) l a; € Ls(3), *, (1 i< 4)}
be a non associative row matrix linear algebra over the field F =
Zs.

Now we proceed onto give examples of column matrix non
associative linear algebras over a field Z, as the definition of

this concept is a matter of routine.

Example 3.13: Let

V=d| *|laeZs?B);1<i<T7}

a,;

be a non associative column matrix linear algebra over the field
Z43.

Example 3.14: Let
V={| *|laels(3);1<i<4)}

be a column matrix non associative linear algebra over the field
Zs.

g &,
Consider x = & andy = &2 in V.

g4 g;

go &
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g *g, |
*
Now x*y = 878
g,%8;
g *g
Z6-2(mod5) g4_
| 86-6mods) | _ | &
£9-8(mods) g
£3-0(mods) g3 |
g, *g £3-4(mod5) g4

*
Now y * x = £,78; _ 89-4(mod5) _ £o .
g%, Z12-6(mods) g

*
g 78 £0-2(mods5) g;

Clearly x*y = y*x.

Thus V is a non associative commutative column matrix
linear algebra over the field Zs.

Take 4 € Zs.
£4.1(mod5) g4
£4.3(mod5) 253
4x = N = e V.
Z4.4(mod5) g
£40(mod5) go

V is a commutative non associative linear algebra of finite
order.
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Example 3.15: Let
,|laie L;(3); 1<i<3, *}

be a non associative linear algebra over the field Z,.
ellg |le]]|e
Consider B = q|e |,/ e |.|g || € ||g € L7 (3)} is a basis
ellel|lellg

of B over Z.

THEOREM 3.5: Let V = {(ay, ..., a;) | a; € L,(m); 1 <i <gq, *}
be a non associative row matrix linear algebra over the field Z,
(n a prime). V is a commutative non associative row matrix
linear algebra if and only if m = (n+1)/2.

Proof is straight forward for more refer [38].

THEOREM 3.6: Let
v=<|llaeL,(m);]<ist*

be a non associative column matrix linear algebra over the field
Z, (n a prime). V is a commutative non associative column
matrix linear algebra if and only if m = (n+1)/2.

This proof is left as an exercise to the reader.
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Example 3.16: Let

a a a

1 2 3 4

3 a; € L13(I’1’1),1S1S12}

4 3 A 3Ap

a a a

6 7

be a non associative matrix linear algebra over the field Z;5.

Example 3.17: Let

P:{|:al a2:|
a, a,

be a non associative matrix linear algebra over the field Zs;.

a; € L53(H1),1S1S4, *}

Example 3.18: Let

3 a, a; € L13 (4), 1<i< 15, *}

(g & 2 g (g 2 g &)
g 8 & & g & £ &
Letx=|g, g g g |andy=|g, g g §g
gO g4 gl gO g4 gl gl g4
1 & 80 8 & 18 84+ 84 &1
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be in W. To find x*y;

£4-0mod13)
Z0-21(mod13)
Ky —
XTY = | 83-18modi3)

Z16-0(mod13)

| &4-3mod13)

88-3mod13)
£4-0mod13)
£0-3(mod13)
84 12(mod13)

Z16-0(mod13)

g4
g5
g3
g3
g

gs
g4

Zio

gs
g3

£4-6(mod13)
£0-3(mod13)
£8-0(mod13)
£4-3(mod13)

Zi6-15(mod13)

g g12_
g0 8u
s 84
g &
g & ]

This is the way of operation * is performed.

7x =
Example 3.19: Let
al a2
M=<la, a;
a;  ag

8o
4
g3
8o
g7

&
8o
g7
g
go

g &

g &

g g |€V.
g7 8o

gy &7 |

a; € L11(4),1S1S9, *}

£5-9(mod13)
Z4-6(mod13)
£0-9(mod13)

Z16-0(mod13)

84-3(mod13) |

be a non associative matrix linear algebra over the field Z;;.
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& & & & & &
Letx=|g; g g |andy=|g, g, g |beinM

& & & g & &

i2-12modi ) 84-0modl)  B8-21modil)
% —
XTy Ei6-24mod1l)  828-3mod1l)  S4-9(modl1)

8 3mod1l)  So-6(modl)  &20-12(modi1)

g 84+ &
=18 & & € M.
g & &

This is the way operation is performed on the linear algebra
which is both non associative and non commutative.

Example 3.20: Let

a,€ Lig(8); 1 £i1<40, *}
d3; A3z A3 Ay

be a non associative matrix linear algebra which is non
commutative.

Example 3.21: Let

a, ap,
P=<la; a, a, [|ael;(3)* 1<i<36}
Ays Ay .o Az

be a non associative matrix linear algebra over the field Z;.
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Example 3.22: Let

a,€ Ly (3); *,1<i<30}
Ay Ay Az

be a non associative matrix linear algebra over the field Zy.

Now we can define linear transformation of two non
associative matrix linear algebras, substructures linear
operators and linear functionals as in case of usual linear
algebras. These are illustrated with examples.

Example 3.23: Let
M=4| * 7 Cllaelns@);*1<i<12)

and
a, a, .. ag _
V= aeLyn@),*1<1<12}
a, ag; .. a,
be two non associative linear algebras defined over the field F =
223.
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Defineamap T : M — V by

It is easily verified T is a linear transformation of M into V.

Example 3.24: Let

al a2 a3
M=4la, a, a,||aeLly(0);1<i<9}
a; dg Qg

be a non associative linear algebra over the field Z,.

Consider
a a a

W=+<la a a||aely(0),*}cM
a a a

be a non associative linear subalgebra of M over the field Z,.

Example 3.25: Let

a; € L23 (9), *, 1<i< 16}

be a non associative linear algebra over the field Z,;.
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Let T : W — W such that

4, a, a; a, a, as; 3ay ap
T a; a5 a; ag _ 4, 3ag ap ay
a A 4y ap a; a; a;; A
a3 Ay a5 A a, ag ap A

T is a linear operator on W.

Example 3.26: Let
ae Ly (4);*1<i1<40}

be a non associative linear algebra over the field Z,;.

Definef: V — Z;; by

=1+2+3+4 (mod 11),
Thatisif f | |

=8+7+1+0 (mod 11).
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It is easily verified f is a linear functional on V.

Example 3.27: Let

al a2 a3
M=4la, a, a,||aeLls3)* 1<i<9}
a; dg Qg

be a non associative linear algebra over the field Zs.

Consider

a a a
V=4<a a al|aeLsQ3),* cM,;
a a a

V is a non associative linear sub algebra of M over the field Zs.
Take

T : M — M defined by

a, a, a, a, a, a,
T (|a, a; a,||=|a, a5 a,
a, ag a, a, a, a,

It is easily verified T is a linear operator on M.

Consider the map

al a2 a3
f:M — Zsdefinedbyf||a, a, a,
4 4, A
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= sum of the suffix values of a; which is

1+42+3+4+2+0+2+0+2=1 (mod>5).

a, a, a,
We will just show forave M;letv= |a, a, a,|bein M.
a, a5 a
a, a, a,
flla, a, a,||=0+2+4+3+2+0+0+3+1 (mod>5)
QHp a3 4
=0.

Thus f is a linear functional on V.

Now we proceed onto define non associative quasi linear
algebra of polynomials.

Example 3.28: Let

aje Ly (3); *}

M= {i ax'
i=0

be a non associative quasi linear algebra of polynomials over
the field Z;.

Example 3.29: Let

a;i € L3 (8); *}

i=0

W= {iaixi

be a non associative quasi linear algebra of polynomials over
the field 223.
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Take

ae Ly @);* W,

i=0

V= {iaixi

V is a non associative quasi linear subalgebras of W over
the field 223.

Example 3.30: Let

S}

a = with d; € Ly(3); * 1<j<5}

M= {i ax'
i=0

N

Q-Q-wQ-Q-Q-

w

be a non associative column matrix coefficient quasi linear
algebra over the field Z,;.

Take

de Li(3); *} <M,

[o VN e T e TN o ]

d

W is a non associative quasi linear subalgebra of M over the
field Z]].

Example 3.31: Let

d

1

d
a = :2 with d; € Ly(10); *, 1 <j <20}

P= {i ax'
i=0

20
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be a non associative column matrix coefficient quasi linear
algebra over the field Zy.

Example 3.32: Let

T= {i ax'
i=0

d
ai = |:d1:| Wlth d], d2 (S L31(8)’ >l<}

2

be a non associative column matrix coefficient quasi linear
algebra over the field Z3;.

Example 3.33: Let

a = (dl, dz, ceey dz()) with dj € L13(3), *, 1 S_] < 20}

T= {i ax'
i=0

be a non associative column matrix coefficient quasi linear
algebra over the field Z;;.

Example 3.34: Let

a; = (dl’ dz) Wlth dJ € L11(4)’ *’ 1 SJ S 2}

M ={iaixi

i=0

be a non associative quasi linear algebra of row coefficient
polynomials over the field Z;;.

Example 3.35: Let

a = (dl, ceey d]]) with dj € L5(3), *, 1 S_] < 11}

M:{Zaixi

be a non associative quasi linear algebra of row matrix
coefficient polynomials.
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(i) Find dimension of M over Zs.

(ii) Prove M is commutative.

Example 3.36: Let

d d, d, .. dg
M:{Zaix‘ ai=|d, d, dg .. d
d31 d32 d33 45

withd, € Lyy(12), *, 1 <j<45)

be a non associative quasi linear algebra of row matrix
coefficient polynomials.

Example 3.37: Let

d d, d, d,
ol . d d. d, d
P= Zaixl a = 5 6 7 8
i=0 d9 le dll d12
d13 d14 dlS d16

with dj € Li9(10), *, 1 <j < 16}
be a non associative quasi linear algebra over the field Zy

which is commutative matrix polynomial coefficient quasi
linear algebra over Zo.

Take T : P — P defined by

P [Zaix'j = Y ajx' where
i=0 i=0
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dl d2 d3 d4 dl dS d9 d13

a.t — dS d6 d7 d8 — d2 d6 le d14
l d9 le dll d12 d3 d7 dll dlS
d13 d14 dlS d16 d4 d8 d12 d16

for every square matrix a;. T is easily verified to be a linear
operator on P.

Example 3.38: Let

d d, .. d
ai{l 2 8},djeL11(6),*,1SjS16}
d, d, .. dg

P= {i ax'
i=0

be a non associative quasi linear algebra over the field Z;.
Clearly P is commutative.

dd...ddL(6)*}P
a; = € > c
d d .. d !

M= Zaix'
i=0
is a matrix coefficient polynomial non associative quasi linear

subalgebra of P over Z;.

Now we proceed onto define Smarandache non associative
linear algebras.

DEFINITION 3.2: Let V be a loop suppose V is such that for a
S-ring R we have the following conditions to be true.

(i) Forallr e Randv € Vrvandvr eV.
(ii) ] e Rand VveViv=velV.

(iii)(a + b)v = av + bv and a (v*¥u) = (av) *u = v * (au)
foralla € Randu, v e V.
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Then we define V to be a Smarandache non associative
linear algebra over the S-ring R.

We will illustrate this situation by some examples.

Example 3.39: Let V = {Li5s (8), *} be a S-non associative
linear algebra over the S-ring Z;s.

Example 3.40: Let S = {L, (11), *} is a S-non associative
linear algebra over the S-ring Z,;.

Example 3.41: Let P = {L;; (14), *} be a S-non associative
linear algebra over the S-ring Z;;.

We see if gs, g5 € P.
gs * £25 = g25x 14-5% 13) mod 33 = £21

25 * g5 = 8(5x14-25x% 13) mod 33 = £32

Clearly g5 * g5 # g5 * gs; hence the S-non associative
linear algebra is non commutative.

Suppose 10 € Z33 now 10gs = €50 (mod 33) = &17-
Infact 20ge = gy that is for a € Z3; a.ge = ga.
Also 0. &t = £0.t (mod 33) = &o-

Example 3.42: Let M = {Ls; (23), *} is a S-non associative
linear algebra over the S-ring Zs;.

Now the study the substructure in S-non associative linear
algebras is a matter of routines, hence is left as an exercise to
the reader.

However we now built different S-non associative linear

algebras over S-rings, which will be illustrated by some
examples.
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Example 3.43: Let V = {(a}, a5, a3) | a; € Ls;(32); 1 €1 <3, *}
be a S-non associative row matrix linear algebra over the S-ring
Zs;. Take P = {(a, a, a) | a € Ls(32), *} < V is a S-non
associative row matrix linear subalgebra of V over the S-ring
Z57.

Example 3.44: Let P = {(a,, a,, a3, a4, as) where a; € Z;5(8),
1 £1<5, *} be a S-non associative row matrix linear algebra
over the S-ring Z,;s.

Example 3.45: Let M = {(al, Ay, ..y alo) | a; € L57 (23), 1<i1<
10, *} be a S-non associative row matrix linear algebra over the
S-ring Zs.

We see it is not easy to find sublinear algebras such that M
is a direct sum.

However we have S non associative sublinear algebras.
Further we can define linear transformation in case of two S-
non associative sublinear algebras only if they are defined over
the same S-ring.

We give illustrations of these.

Example 3.46: Let M = {(a;, a5, a3, a4) | a; € Li5(8), ¥, 1 <i <
4} be a S-non associative row matrix linear algebra over the S-
ring Zis.

Example 3.47: Let
dl
d, .
T= : where d; € Lsi(14), 1 <j <10, *}

le

be a S-non associative column matrix linear algebra over the S-
ring Zs;.
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Example 3.48: Let
W = :2 mje L69(11),1S_]S6, >X<}

be a S-non associative column matrix linear algebra over the S-
ring Zeo.

Example 3.49: Let
P=4|d, [|dje Lg:(26), 1 £j<3, *}

be a S-non associative column matrix linear algebra over the S-
ring Zg;.

Example 3.50: Let
W= 2| deLy0),1<j<7, #}

be a S-non associative column matrix linear algebra over the S-
ring Z;.

Now we give some examples of S-non associative matrix
linear algebras over the S-ring.
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Example 3.51: Let

* 1l aje Lis(8), 1 <j< 16, *}

be a S-non associative column matrix linear algebra over the S-
ring Zs.

Clearly M is commutative.

Example 3.52: Let

4, a, 4
M=4la, a, .. a,||aeLyx®8),1<i<30,*}
a4y ap a3

be a S-non associative matrix linear algebra over the S-ring Zs;.

Example 3.53: Let
1| aie Lis(8), 1 £i1<30, *}

be a S-non associative matrix linear algebra over the S-ring Z;s.
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Example 3.54: Let

V=4dla, a, a, ag||aeLlys®),1<i<12, %}

4 dp A Ap

be a S-non associative matrix linear algebra over the S-ring Zs;.
Example 3.55: Let

M = {(a;, a, ..., a9) where a; € L;;;(11), 1 £j<9, *}

and
al a2 a3
V=14dla, a, a,||aeLl;(8);1<i<9, *}
a; dg Qg

be two S-non associative matrix linear algebra over the S-ring
Z.

Consider T : M — V be a map such that

al a2 a3
T (a1, a2, ..., a9)) =|a, a; a
a7 a8 a9

T is a linear transformation from M to V.
Example 3.56: Let
V={aeL5®);1<i<L12, *}

be a S-non associative matrix linear algebra over the S-ring Z;s.

108



Consider amap T : V — V defined by

a 3 ap,
as  Ag 1| |3
ag 4y - ag
a;; ap a3

T is a linear operator on V.

Example 3.57: Let

a

a,

a12

a22

a3

a; e Ly(17); 1 <i <40, ¥}

is a S-non associative matrix linear algebra over the S-ring Zs;.

Let

w=| ™
B a

21

a22

ay

a40

} a; € Ly(20); 1 <i <40, ¥}

be a S-non associative matrix linear algebra over the S-ring Zs;.

Definen:V —» W;

4, a,
a a
1 ap
n
a; ay
a3 4y

4y
Ay _| &
a3 ay Ay
)
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7 is a linear transformation from V into W.
Now all other properties associated with non associative

linear algebras can be defined and derived with simple
operations.
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Chapter Four

GROUPOID VECTOR SPACES

In this chapter we introduced some new concepts called
groupoid vector spaces, loop vector spaces and quasi loop
vector spaces. We study and analyse these notions in this
chapter by examples and results.

DEFINITION 4.1: Let V be a set and G a groupoid under a
binary operation *. We say V is a groupoid vector space over
the groupoid G if the following conditions are true;

(i) ForallveV andg e G, gv=vgeV.
(ii) (g; *g2)v=gv *gvforall g, g e Gandv e V.

We will illustrate this situation by some examples.
Example 4.1: LetV ={37,57,7Z} beaset. G={Z, * (9,4)}

be a groupoid. V is a groupoid vector space over the groupoid
G.
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Example 4.2: Let W = {57, 87,237, 11Z} be aset. G ={Z, *,
(0, 12)} be a groupoid. V is a groupoid vector space over the
groupoid G.

Example 4.3: Let M = {18Z" U {0}, 29Z" L {0}, 17Z" L {0}}
be a set and G = {Z" U {0}, *, (13, 13)} be a groupoid. M is a
groupoid vector space over the groupoid G.

Example 4.4: Let S = {37, 57, 177, 297, 437} be a set.
G ={Z, * (17, 19)} be a groupoid. S is a groupoid vector
space over the groupoid G.

All these groupoid vector spaces are of infinite dimension.
We will show now groupoid vector space of matrices.

Example 4.5: Let W = {(a, a, a3), (a1, @), (a1, a2, a3, a4, as, a)

laje 3Z2US5Z U T2} beaset. G={Z, * (29, 0)} be groupoid.
W is a groupoid vector space of matrices.

Example 4.6: Let

_ : a a,
R=4la, |, ,(a, ay, ..., a10) lae 2ZZUSZUTZ,
a

3 a4
1<i<10}

be a set and G = {Z, *, (3, 17)} be a groupoid. R is a groupoid
vector space of matrices.

Example 4.7: Let

a, a,||a a, a, a,
a a a a a a a
4 A 3 4 5 8
W { } |
a, a5 a4 4 a),
A5 Ay a3 a6

ae Z 1<i<26)
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be a set of some matrices. G = {Z, *, (3, 2)} be a groupoid. W
is a groupoid vector space of matrices.

Example 4.8: Let

al
— a2 al b a16 . < . <
M= {(ai, a, ..., a10), | . |, ajeZ;1<i<32}
* a17 a32
a

8

be a set of matrices. G = {Z, *, (10, 11)} be a groupoid; M is
groupoid vector space over the groupoid G. We can define
subgroupoids vector subspaces and groupoid vector subspaces,
this is a matter of routine.

We will illustrate this situation by some examples.

Example 4.9: Let

a,
4, a, a, a, 4

a,
P={(, a, ..., a), C b8 85 86 |s| 3y a;
a a; adg A9 [\ @y ay

18

a,e Z;1<1<27}

be a set of matrices. G = {Z, *, (2, 13)} be a groupoid. P is
groupoid vector space over G.

a,
a
X={(anay,...a0), | . ||a€Z1<i<I8} cP

ag

is a groupoid vector subspace of P over G.
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Example 4.10: Let

4, a4,
a, a, a,
a; a, )
M= {(al’ aZ)’ a, as aq || . . a; € Z, 1<i1< 20}
a; a4y
a9 Ay

be a groupoid vector space over the groupoid G = {Z, *, (7, 0)}.

Consider

a
Y={@.a).| . .|laeZ1<i<20}cM,

a9 Ay

Y is a groupoid vector space over the groupoid H = {77, *,
(7,0} cG.

Infact Y is a subgroupoid vector subspace of M over the
subgroupoid H of M.

Example 4.11: Let

a 2

-
a, a
1 2
P=4la g e Ap ,[ ],
a, a,

a3 Ay ... Ay

1 a

7 a

(al, Ay, ...y 2111)| a; € Z; 1<i< 18}

be a groupoid vector space of matrices over the groupoid
G={Z,* (17, IN}.

114



Consider

al a2 .
M= ,(@, ay,...,a) ] a3€ Z;1<i<11} cP;

a; a,

M is a subgroupoid vector subspace of P over the subgroupoid
H={3Z,* (17, 17)} cG.

Now we proceed onto give example of finite groupoid
vector space defined over the groupoid G.

Example 4.12: Let

4, a, a, )
V={(a, a), Ja, || aeZy1<i<6)
a

4 aS

be a groupoid vector space of matrices over the groupoid G =
{Z, %, (7, 2)}.

Example 4.13: Let

a,
a, a, ag
a, a, a,
M={(a, ay ...,a7), | . |,|a, a; .. ag|,
: a3 a4
a9 Ay ay
a9

a; € Z]g; 1 S1S27}
be a groupoid vector space of matrices over the groupoid

G ={Zy, *, (12, 9)}.

a; € Z]g; 1 S1S7}
a; a,

al a2
P= {(al’ a, ..., a7)’
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be a groupoid vector subspace of matrices over the groupoid
G={Zy * (12,9)}.

Example 4.14: Let

[a, a, a; |
ag 4, ay
a, Q, .. a5 || a€ Zup; 1<1<30}
a5 Ay Ay

[d2 Ap 455

be a groupoid vector space of matrices over the groupoid G =
{Zaw, *, (11, 19)}.

4, a, a

a, a, .. a,
a, a, .. a,

T= > [ a A, ... A a; € 2240;

ag a, .. a,

a5 Ay 4y

1421 Ay ays |
1<i<25} cW;

be a groupoid vector subspace of matrices over the groupoid
G = {Zyp, * (11, 19)}.
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Example 4.15: Let

a a a a al a2 a3
5 6 7 8
M= . . . . blay, as ag |,
a7 as a9

a,  a, A
a,, a, Ay || @i € Zsy; 1 <1<40}
ay Ay a3

be a groupoid vector space of matrices over the groupoid
G ={Zsu, * (20, 23)}.

a, a, a, a, A
T= qla, a, ag|, |a, a, .. a,||lae€ Zp 1<i<43}
a; a3 4y ay Ay a3

C M; be a groupoid vector subspace of matrices over the
groupoid G.

Wesee M =P + T and P N T = ¢ that is M is a direct sum
of subspaces over the groupoid G.

Example 4.16: Let
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a, a, .. ay||a, 71 <i<40
s . ,(alyazy---,als) i € Lus; S1= }

4y Ay a3 :

31 A3 ... Ay | | Ay

be a groupoid vector space of matrices over the groupoid
G={Zs * (11, 0)}.

Take

! 4, a, .
P, = a; a, a, ag | a, € Zys; 1 <1< 12} M;

4, a4, .
P, = Ja,2,,..,8,5) | 41€ Zys; 1 <1< 15} M,
a

a a a
Py = {1 2}, ZllaeZis 1<i<40} M

a, a,
40
and
a, a, .. a,
a a a a a
1 4 1 12 20 .
P4= |: i|, aieZ45;1S1S40}gM
a; dy ||y Ay a3
31 A3 ... Ay

be a groupoid vector subspaces of M over the groupoid.
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a a
WeseePir\Pj:{1 2]1si,js4;i¢j.
a a

3 4

Clearly M c P, + P, + P; + P,. Thus M is a pseudo direct
sum of groupoid vector subspaces of M over the groupoid G.

Example 4.17: Let

1<i<30)

be a groupoid vector space over the groupoid G = {Zgps, *,
(11, 19)}.
Mlz{{al a, a3i|
a, a; a

S llae Zus; 1130} C V,

a; € Z425;1S1S6}QV,

and M3 = {(al, Ay, ..., 2112) | a; € Z425; 1 <1< 12} c V be
groupoid vector subspaces of V over the groupoid G.

Clearly Mi " M;=0; 1 <1,j<3ifi#].
Further M; + M, + M3 = V. Thus V is a direct sum of
groupoid vector subspaces of V over the groupoid G.

We now as in case of usual structures define groupoid linear
algebra over the groupoid G.
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We say a groupoid vector space V over the groupoid G is a
groupoid linear algebra if V is closed under some operation.

We illustrate this by the following examples.

Example 4.18: Let
a € Zys; ¥, (12,0), 1 <1< 12}

be a groupoid vector space over the groupoid G = {Zys, *, (12,
0)}. Since V is a groupoid under *; so (V, *) is a groupoid
linear algebra over the groupoid G.

Example 4.19: Let
S ae Zos; *, (21,4), 1 £i<30)

be a groupoid linear algebra over the groupoid G = {Z,s, *, (21,
4)}.

Example 4.20: Let
a;
a

M=1| 7 |laje Zig * (11,7), 1 <i<19)}

a9

be a groupoid linear algebra over the groupoid G = {Z;s, *,
(1L, 7N}
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Example 4.21: Let

V= {|:a1 azi|
a, a,
be a groupoid linear algebra over the groupoid G = {Z;g, *,
(3, 13)}.

a, € Zig; *,(3,13),1 <14}

Example 4.22: Let
W = {(al, Ay, ..., alg) | a; € Z53; *, (22, 31), 1<i1< 19} be a
groupoid linear algebra over the groupoid G = {Zs;, *, (22, 31)}.

We have the following theorem.
THEOREM 4.1: Let V be a groupoid linear algebra over the
groupoid G. V is a groupoid vector space over the groupoid G.
But a groupoid vector space V over the groupoid G in general is
not a groupoid linear algebra over G.

The proof is direct and hence is left as an exercise to the
reader. We now give examples of groupoid linear subalgebra of

a groupoid linear algebra.

Example 4.23: Let
V= {|:a1 azi|
a, a,
be a groupoid linear algebra over the groupoid G = {Z¢, *, (3,

‘ we s ]

W is a groupoid linear algebra over the groupoid G = {Z;¢, *, (3,
7}.

a € Zigy*, (3,7),1<1<4}

ae Zi *,3, NV,
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Example 4.24: Let

aie Zo, *, (17,0), 1 <i<40)

be a groupoid linear algebra over the groupoid G = {Z,;, *, (17,
0)}.

Consider
a a a a
a a a a
M= ... llaeZxy ¥ (7,00} CV,
a a a a

is a groupoid linear subalgebra of V over the groupoid G.

Example 4.25: Let
V= {(al, A2, ...y 2116) | a; € Zzg, *, (3, 3), 1<i< 16} be a
groupoid linear algebra over the groupoid G = {Zy, *, (3, 3)}.

Take W = {(a, a, ..., a) la € Zy, *, (3, 3)} be a groupoid
linear algebra over the groupoid G.

We can define transformation and linear operator on
groupoid vector spaces (linear algebras).

Example 4.26: Let

a, a, a; a,||a a
1 2 3 4 1 2

V: |: :|’|: :|’(a1’a2’---’a10)
a;, a, a, ag||a, a,

a; € Zis,
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be a groupoid linear algebra over the groupoid G = {Z;s, *, (3,

4, a4, a4, a,

a, a, a, a, _
,(a,,a,,a5,a,), a, € Zi3, 1<1<10}

a; a4

a; ag a9 3y

be a groupoid vector space over the groupoid G = {Z;, *,

3,7}.

Define T: V — W;

a, a,
a3 a4

T ((a1, a, ..., an)) =| a5 a4
a7 ag

(3 3y

T is a linear transformation from V into W.
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Example 4.27: Let

4,  a, a9
a, a, a, a a
TR 20
V =4la, a, a|,(a,,a,,...,a5),
21 Ay a3
a; g 4y
a3 axp ay

a; € Z45,1S1S40}

be a groupoid vector space over the groupoid G = {Zss, *, (7,
3)}.

Define T : V— V by

T ( a4 as a6 ) = (al’ al’ az’ az’ a3’ a3’ ey ag’ a9)-

a7 aS a9
al a2 alO
a a a al a12 alﬁ
11 12 20
T( )=lay Ay, 4
a21 a22 a30
a25 a35 a40
a31 a32 a40
and
a, a, a,
T (@, a, ....,a)=|2a;, a, a
a, a. a

T is a linear operator on V.

124



Example 4.28: Let

a, a, a,
M=4la, a, a,||a€ Zyp 1<i<9, % (11, 11)}
a; a3 4y
and
_al_
a

W=1{la, ||ae Zu, 1<i<9, % (11, 11)}

be two groupoid linear algebras over the groupoid G = {Z4, *
(11, 11)}.

Defineamap T : M — W by

a
al a2 a3 a2
T|la, a; ag||=]a,

a; a3 4y
L3

T is a groupoid linear transformation of V into W over G.

Example 4.29: Let
1A 4y Ay
, a5 aAg Ay a; € 2143, 1<i< 12, *, (11, 15)}

a; 3ag a9 4,

be a groupoid linear algebra over the groupoid G = {Z43, *, (11,
15)}.
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T : V — V be defined as

T is a linear operator on V.
Example 4.30: Let
P={(a;, a, ..., a4) laj € Zys5, 1 £1<40, *, (3, 0)}
be a groupoid linear algebra over the groupoid G = {Zss, *, (3,
0)}. Definef: P — G by
f((a, az, ..., as)) = a; * ay.

f is a linear functional on P.

Example 4.31: Let

a; € 2125, 1 S_] < 60, *, (23, 0)}

ds3 As9 Qg

be a groupoid linear algebra over the groupoid G = {Z,5, *, (23,
0)}.

Define T : V— V by

4, a, 3, a, a, a,
a a a a a
4 5 6 4 4 4
T ( =
53 As9 Ay a5 A5z dgg

T is a linear operator on V.
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Definef: V— G.

£ ( 4 a:s a:e )=a; * ag
a58 a59 a60
F is a linear functional on V.
Example 4.32: Let
a, a, a, ag
V= {al az},(al,az,...,am), a,2 , A 85 a; € Zyo,
a, a, :

A5 | [ A7 A

1<i<18)

be a groupoid vector space over the groupoid {Z4, *, (7, 11)} =
G.

Define f: V — Zy by

f(|:al aZi|):a1*a4
a, a,

f(@a, a, ..., an)) =ay

f( :2 )=ap *ap
and
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f is a linear functional on V.

Take

a; € Z49,1S1S4}§V,

Wy={(a;, a, ...,an) laje Zy, 1 <i<11} CV,

Wi=4| 2 |laje Zw, 1<i<15) cV
and

Wy=4| /! a € Zu, 1<i<18} CV

a6 47 A

be groupoid vector subspaces of V over the groupoid G.

Clearly V=W; + W, + W3+ Wy and W, " W; = 0; i#],
1<i,j<4.

Now we see V is the direct sum of groupoid vector
subspaces of V over the groupoid G.

We can also define the notion of groupoid vector spaces and
groupoid linear algebras over the groupoid G. This is a matter
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of routine and hence left as an exercise to the reader. We
supply only examples.

Example 4.33: Let

{Zax Zax %ax %ax a, € Z47,0<1 <300}

i=12 i=40 i=208

be a groupoid vector space over the groupoid G = {Z4, *, (3,
4)}.

This is known as the groupoid vector space of polynomials.

Example 4.34: Let

a; € Z73,0S1S49}

20 49 _
— 1 1
= E ax, E ax

i=0 i=40

be a groupoid vector space over the groupoid G = {Z7;, *, (0,
49} =G

Example 4.35: Let

a; € Z4g,OS1S27}

i=2 i=9

7 oz )
_ i i
= 12 ax’.) ax

be a groupoid vector space of polynomials over the groupoid
G={Zsu * (29,0)}.

Example 4.36: Let

ai€ Z, *,(7,2)}

= Zaixl
i=0

be a groupoid linear algebra of polynomials over the groupoid
G={Zy * (7, 2)}.
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Example 4.37: Let

ai€ 77, *, (4,0)}

i=0

P= {iaixi

be a groupoid linear algebra polynomial over the groupoid
G=1{Z,* (4,0)}.

We now proceed onto give examples of substructures.
Example 4.38: Let
200

20 - 90 ) )

_ i i i

V= Eaix,g aix,g a;x
i=0

i=40 i=98

ai € Zi7}

be a groupoid vector space over the groupoid G = {Z;, *, (11,

7).
Take
20 )
P1 = {Zaix' a; € 217} c V,
i=0
90 )
P2= {Zaix' a; € 217} c A\
i=40
and
200
P3 :{Zaix' a; € 217} c A\
i=98

be a groupoid vector subspaces of polynomials over the
groupoid G = {Zy7, *, (11, 7)}. Clearly V=P + P, + P;is a
direct sum of subspaces of V.
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Example 4.39: Let

{Zax Zax Zax fax ai € Zso}

i=20 i=100

be a groupoid vector space over the groupoid G = {Zs, *, (3,
43)}.

Take

12

3
= {Zaix', ain a; € Z420} c V,

i=0 i=7

26

3
{Za,X‘, ax' |a € Zp} V,

=2

I\
(=]
(=]

{Zax fax a, € Zyp} cV

i=100

be groupoid vector subspaces of V over the groupoid G.

M; N Mj = {iaixi

a; € Z420} lfl-',t_], 1 Sl,_] <3.

i=0

Further V € M, + M, + M3 is the pseudo direct sum of groupoid
vector subspaces of V over G.

Example 4.40: Let

{Zax Zax Zax %ax fax a; € Zy}

i=20 i=50 i=76 i=120

be a groupoid vector space over the groupoid G = {Z4,, *, (143,
0)}.
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The reader is left with the task of finding direct sum, pseudo
direct sum, linear operator and linear functional on M.

Now we can define in a similar way groupoid linear
algebras over a groupoid G.

Example 4.41: Let

ai € Zy, *,(19,0)}

V= {i ax'
i=0

be a groupoid linear algebra over the groupoid G = {Z4;, *, (19,
0)}.

Example 4.42: Let

ai€ Zis *,(2,2)}

V= {iaixi

i=0

be a groupoid linear algebra over the groupoid G = {Z4, *, (2,
2)}.

Example 4.43: Let

ai€ Zn, *,(7,6)}

i=0

V= {iaixi

be a groupoid linear algebra over the groupoid G = {Zy;, *, (7,
6)}.

Now we can use instead of these groupoid G = {Z,, *, (t,
u)}, the complex groupoids

C(G) = {C(Z), *, (t, u) with ii = n-1 where C(z,) =
{a+bipla,be Z,}}.
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We will only illustrate this situation by a few examples.
When complex groupoids are used we call these groupoid
vector spaces as complex groupoid vector spaces.

Example 4.44: Let V = {C (Zy, *, (7, 3)} be a strong complex
groupoid linear algebra C (Z,9) = {a + big | if: =28, * (7, 3)}.

Note if C (Zy) is replaced just by the groupoid G = (Zy, *,
(7, 3)} we call V only a complex linear algebra over the
groupoid G.

Example 4.45: Let

a4,
a al a2 a3
2 2
V = {(ay, a,, a3), L[| 8 ac||acE C (Zo), iy =123,
3
a7 a8 a9
a,
1<i<9)

be a groupoid complex vector space over the groupoid G = {Z,4,
* (3, 8)}.

It is interesting to note that we can get for the same set of
matrices V with entries from C(Z,4) several groupoids G where
(t, u) can take any value from Z,s X Z,4. This feature will be
very much helpful when one practically works on a problem.

Example 4.46: Let

a4,
a al a2 a3
2 <2
V = {(a;, a,, a3), L[| 8 A acE C (Zo), iy =23,
3
a7 a8 a9
a,
1<i<9)
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be a groupoid complex vector space over the groupoid G = {Z,4,
* (13, 0)}.

Example 4.47: Let

a4,
. a, a, a,
2 :2
V = {(ay, a,, a3), L[| 8 A aE C (Zo), iy =23,
3
a, a, a,
a4
1<i<9}

be a complex groupoid vector space over the groupoid G = {Z,4,
(0, 19)}.

Example 4.48: Let

a4,
a al a2 a3
2 -2
W = {(a;, a, a3), L [|2s 8 A acE C (Zo), iy =123,
3
a7 a8 a9
a4
1<i<9}

be a complex groupoid vector space over the groupoid G = {Z,4,
* (12, 12)}.

Example 4.49: Let

a,
a al a2 a3
2 .2
M = {(a;, a, a3), L3 s ag || aic C (Zyy), ip=23,
3
a7 a8 a9
a,
1<i<9)
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be a complex groupoid vector space over the groupoid G = {Z3,
*, (13, 19)}.

Example 4.50: Let

a4,
a al a2 a3
2 -2
P = {(ay, a, a3), L [|2s 8 A acE C (Zo), iy =123,
3
a7 a8 a9
a,
1<i<9)

be a strong groupoid complex vector space (strong complex
groupoid vector space) over the complex groupoid G = {C (Zy),

* (10, 12) where C (Zy4) = {a + big | if: =23,a,be Zy}.

Example 4.51: Let

M= {(a; anas), | ~||a, a; a,||aeC(Zy),1<i<9)}
a

be a strong groupoid complex groupoid vector space over the
complex groupoid

G={C (Zw)={a+itb| il =23, a,be Zy, * (20, 20)}.

Now we can give one or two examples of strong complex
groupoid linear algebras and complex groupoid linear algebras.

Example 4.52: Let

ae C(Zy), 1<i<6, i2=42,(0, 3), *}
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be a groupoid complex linear algebra over the groupoid
G={Zs * (0,3)}.

Example 4.53: Let

a; € C (Z30), 1 S1S40,

i; =29, (5.5), *}
be a complex groupoid linear algebra over the groupoid
G = {Zs, * (5, 5)}.

Example 4.54: Let

4, a, a
P= a, a, a,||aeC(Zy),1<i<9,(10,8), *}
a; dg Qg

be a complex groupoid linear algebra over the groupoid
G = {Zy, * (10, 8)}.

Example 4.55: Let
M= {(ai, ay, ..., a10) laj€ C (Zg), 1 £1<10, (1,7), *}
be a complex groupoid linear algebra over the groupoid G =

{Zss, *, (1, D}

Example 4.56: Let

M={| 2 || ae C@Zs), 1<i<15,(10,5),  i> = 14}
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be a groupoid complex linear algebra over the groupoid
G ={Z;s * (10, 5)}.

Now we can also have strong groupoid complex linear
algebras.

Example 4.57: Let
S=4l 7|laeC(Zp,1<i<9,(3.7), % ip =1}

be a strong complex groupoid linear algebra over the groupoid
CG)={C(Zn= {a+ibla,be Zpy, iz =11}, % (3, 7).

Example 4.58: Let

a; € C (240), 1<i< 16,

(10,10), *, i2 =39}

be a strong complex groupoid linear algebra over the groupoid
C(G) ={C (Z), * (10, 10)}.

Example 4.59: Let

W ={(ay, a, ..., ax) l a; € C (Zyp), 1 <1 <20, (5,5), *, i; =9}
be a strong complex groupoid linear algebra over the groupoid
C(G)={C (Z), *, (15, 5), i} =9}.
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Now we can define substructures in them which is a matter

of routine.

Example 4.60: Let

M = {(a1, a, a3, a4), | g 89 3y Ay Ap A3 Ay
a

3
alS a16 a17 a18 a19 a20 a21

a e C(Zys), 1<i<2l, i =24}

be a complex groupoid vector space over the complex groupoid
G={Zy,* (10, 11)}.

Take
Pi= {(a, ay as, a9 | ;€ C(Zys), 1 Si<4,i; =24} M,

a,
a2 . )
Pz— aieC(Zz5),1S1S4,1F:24}gM
a3
a,
and
a, a, a, a, a, a, a,
Py=qlag; a, a, a;, a, a; a,||laecC (L),

1<i<21, it =24}c M,
Py, P, and P; are complex groupoid vector subspaces of M over

the groupoid G = {Zs, *, (10, 11)}. Further PN P;=¢, 1 <1,
j<3and M =P, + P, + P3; that is M a direct sum of subspaces.
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Example 4.61: Let

a,
a, a, a, a,
a,
B=4la, a, a, a, e
4 3dp A Ap
ay

al a2
(a,,a,
a, a,

a, a, a, a, a, a,
yeres@yg)s
a; a3 a9 A A Ap

7

C(Zs), 1 <120, i2 =46}

be a complex groupoid vector space.

Take
a, a
Si=4la; a
a, a
a, a
1 2
5 = {
a, a,
and

a;
2 a3 a4 a
2 .
¢ a; ag |, aje C(Zy), 151520,
10 all a12
a0
:2
ip =46} c B,
a;
a

a0
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oo B |a 2 2 A Ay a
3= . >

10 all a12

} a; € C (Zy),

1<i<20, i; =46} c B;

S1, S, and S; are complex groupoid vector subspaces of B over
the groupoid G.

a
Clearly Si N Sj=| .’ | fori#j, 1<i,j<3andBC S+,

a20

+ S5 that is B is the pseudo direct sum of complex groupoid
vector subspaces of B over the groupoid G.

Example 4.62: Let

a a a, a, a
1 2 1 2 3

T= { }, S (a,,a,,..,a,,),
a, : a, a; ag

a

a; € C (Zs),

17
1<i<17, i} =49}

be a groupoid complex vector space over the groupoid G = {Zs,
*, (10, 12)}.
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Consider

a;
a a, a, a a .
M= {IHI : 3}, 2l ae Zso, 1<i<17)
a,||a, ay ag :
a7

to be the groupoid vector space over the groupiod G. We say M
is a pseudo complex groupoid vector subspace of V over the

groupoid G.

Example 4.63: Let

a
2 @paysenay) | @€ C (Zi), 1 120, i =119}
a6

be a groupoid complex vector space over the groupoid
G ={Zn, * (26, 0)}.

Consider
a, a, a, a, a,
a, a, .. a a. a a a a
1 2 10 5 6 7 8 2
P= { ], NI a; €
all a12 a20 a9 alO all a12 :

C(Zi), 1 €120} c T,
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P is a pseudo complex groupoid vector subspace of T over the
groupoid G.

Consider a map f : T — T defined by

f{al o aloj):(al,a%“"a”)

a, a4, ... ady

a, a, a; a, a,
a, a, a, a a
5 6 7 8 2
f£( =15
a9 alO all a12
a a14 alS a16 a16

a a, .. a
f((a, ay, ..., ax)) = [ % 10]
a11

and
a, a, a, a, a,
£ a, )= a;, a, a, a
a9 alO all a12
a16 a13 a14 alS a16
F is clearly a linear operator on T.
Letn : T — Zy defined by
al
a2
n (| . |)=sumof real part of (a;, a,, ..., aj6) (mod 120).
a

16
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N((ay, ..., ay)) = sum of real part of a;y and ay, (mod 120)

4

D

12

1 a2 a3 a
s a; a;, a

NI VR
(=)}

M (

9 1 11

(=}

a a a
a a a

oo

13 14 15 16

= sum of real part of a; + ag + a;; + a;6 (mod (120))

. ([al a, .. aloj)
a, A, .. ay
= sum of real part of (a5 + a;o + a;5 + az) (mod 120).

In this way 1 is a linear functional on T.

Example 4.64: Let

4 &
al a2 a3 a a
3 4
W=+la, a; a4, C b
a7 a8 a9
all a12
a, a, a, a, a )
(a,,a,,...,a,), ae C(Zy, 15112,
4 a; ag a9 3y
i =9}

be a complex groupoid vector space over the groupoid
G=(Zw * (5,2)}.
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. a; € C(Z]o),lSlSlO}

be a complex groupoid vector space over the groupoid G = {Z,
* G, 2).

Define T : W — V by

al a2 a3
T ( a, a5 Qag ) = (al, a, ..., a9)
_a7 ag  Aq
al a2 al a2 a3
a a a a a
3 4 4 5 6
T( . )=
: a, a; a,
_all a12 alO all a12
al a2 aS
T (a1, a2, ..., aip)) =
a6 a7 alO
al a2
a, a, a a a a
1 2 3 4 5 3 4
T ( )=
a6 a7 a8 a9 alO
a, a

Clearly T is a linear transformation of W to V.
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Example 4.65: Let

al al a2
M = {(ay, a, a3), >
a,|la, a,

be a complex groupoid vector space over the groupoid
{Ze, *, (3,0)} =G.

ae C(Zg), 1<i<4, i =5}

We define a map f : M — G as follows:
f (a;, ay, a3) = sum of real part of a; (mod 6).

That is if f (3 + 4ig, 2ig, Sir + 5)) = 3 + 5 (mod 6) = 2

f ({al } ) = real part of a, that is
a

f(@HSiFD _s
5+ 2i,

and

f [{al % D = sum of real part of (a; + a4) (mod 6).

. i +5  2ig
That is f ) ) = 5+4 (mod 6) = 3.
2i.+4 4+4,

Thus f is a linear functional on M.
Now we can get similar results in case of strong complex

groupoid vector spaces / linear algebras over a complex
groupoid C (G). We see every strong complex groupoid vector
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space contains a pseudo strong complex subgroupoid vector
space.

Example 4.66: Let

a
a a a a a a
4 A 2 Ay
V: { :|’ . ’(al’az’“-’ag)’{ :| a; € C(Zl3)’
a, a; a;||: a, a,
a,;

1<i<8)

be a strong complex groupoid vector space over the complex
groupoid C (G) = {a + bipla, b e Z;, if: =12, * (3, 10)}.

Take
a;
a a, a a a, a
P= { : } 2 { } ae C(Zp), 1<i<7,
a, a; a, : a, a,
a,;
i2=12)cV,

P is a pseudo strong complex subgroupoid vector subspace over
the subgroupoid G = {ala € Zj3, (3, 10), *}.

Example 4.67: Let

aje C (Zss), *,(13,0) 1 £j <8}

be a strong complex groupoid vector space over the complex
groupoid C(G) = {a + bir | a, b € Zss, *, (13, 0) i} = 44}.
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ae C (Zus), * (13,0) 1 <i<8,

i =44} cM

is a pseudo strong complex subgroupoid linear algebra over the
subgroupoid G = {Zss, *, (13, 0)}.

Next we proceed onto define loop vector spaces, strong loop
vector spaces, quasi loop vector spaces and strong quasi loop
vector spaces and describe them with examples.

DEFINITION4.2: Let S ={L,(m) e 1,2, ..., n} € Z, Ufe}, n
> 3, nodd, km < n with (m—1, n) = 1, and (n, m) = 1, *} be a
loop of order n. 'V be a set; if forallv e Vands € S

(i) sv,vs e V

(ii) s; *s, (v) =s;v *s,vforall s;, s; € Sandv € V then
we define V to be a loop vector space defined over the loop S.

If V is itself a loop and V is a loop vector space we define V
to be strong loop linear algebra.

If on V is defined a closed binary operation and V is a loop
vector space over S then we define V to be a loop linear algebra
over S.

We will give examples of them.

Example 4.68: Let
a, a a a, a, .. a
a, a, : a, a, .. Ay

a; € L13(7), 1<i< 20}

be a loop vector space over the loop S = L5(7).
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Example 4.69: Let

a,
a, a a a, a
1 2 2 1 2 10
M= { }, ,{ } a; € Li3(7),
a3 a4 all a12 a20
a12
1 <i<20)

be a loop vector space over the loop S = L3 (7).

Example 4.70: Let

a, a, a, a, a; a,
a, a a, a a a;, a, a, a
3 4 1 2 12 5 6 7 8
M = ’{ }’
a13 a14 a24 a9 alO all a12

o
I
o
>
o
b
o
=
o
I
o
>

a; € L15(8), 1<i< 24}
be a loop vector space over the loop S = L5 (8).

Example 4.71: Let

a, a, .. a,
al a2 a3 a a a
J=3la, a;, a,|(a,a ay)| P 2
4 A5 g [,(a,85,..,ay, . .
a; a4y
g9 Qg ..o Ao

a; € Lis(8), 1 <i< 100}

be a loop vector space over the loop S = Ly; (8).
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Consider

al a2 a3
P1= a, a; ag a; € L43(8), 1S1S9},
a; a3 4y

P, is a loop vector subspace of J over the loop S = Ly (8).

P, = {(ay, a5, ..., ayp) | a5 € Ly(8), 1 <1< 20} is a loop
vector subspace of J over the loop S = L3 (8).

Finally
a, a, .. a
a, a, .. a

P,=4 P 2011 a e Ly(8), 1 £1<100}
Ag; Qg .. Ay

is a loop vector subspace of J over the loop S.

Clearly PPN Pj=¢ ifi#j;1<i,j<3andJ =P, + P, + Ps.
Thus J is a direct sum of loop vector subspace of J over S.

Example 4.72: Let

a 4, a, ag
a a a al a2 a9 a a a
) 2 9 10 16
M= { :|’ | A0 Ay ag
a; a, a;; ap ayy
a9 Ay ay;
10 A5 Ay a3

a; e Ly(19), 1 <i<32)

be a loop vector space over the loop S = Ls3 (19).
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a

a, a,||a, .
V= N a,€ Ls3(19), 15110} < M,
a, a, :
a9
a a a a a
V, = { ! 2}[ ! z 9] a; € Ls3(19), 1 <1< 18}
a; a, Ay Ay e A
a, a, .. a,
4, a,
V3= { }, a, a, .. a, || ae Ls(19),
a, a,
alg 2120 2127
1<i<27} cM
and
4 & ag
a a a a e o a
V4: |: 1 2i|, 9 10 16 a; € L53(19),
a; Ay || d; A . Ay
2125 2126 2132
1<i<32} cM

are loop vector subspace of M over the loop Ls; (19).

a, a
! 2;i;tj,lsi,js4and
a, a,

Clearly Vi N V; = {

M c V, + V, + V3 + Vg thus M is a pseudo direct sum of loop
vector subspace of M.
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Example 4.73: Let

a; € L19(8), 1 S1S9}

a, as ag
a7 aS a9
a,;
and
a
al a2 a
2 .
W=1<la, a,|(a,a,,....a,),| . a;€ Lig(8),1<i1<9}
a5 a6

be two loop vector spaces over the loop S = Ly (8).

Define T : V—> W by

a,
T ({
a,

T (™

al a2
2 43 )=
=|a, a,
5 a6
aS a6
)=(ay, ay, ..., a7) and
al
a2 a3
)=
a5 ag - :
a8 a9 a

T is a linear transformation of V into W.
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Example 4.74: Let

4, a, a4,
M= ,(a,a,,...,a,),| a,
a

a; el L59(25), 1<i< 9}

be a loop vector space over the loop S = Lsg (25).

Define T : V — V as follows.

4

T((al, s, ..., 86)) = |:

4

a7 a8 a9
al
a a, a

T( :1])=|a, a

152

al a2 a3
a

5

6

a, a, a
1 2 3

T( ) = (ai, as, a3, ay, as, ag)
a, a, a,




T is a linear operator on V.

Define f : M — Lsy (25)

f{al % a3})=(a1+az+a3) mod 59
a, a, a,

40 29 31

That is f (
6 2 17

}) = (40 + 29 + 31) (mod 59)

=41.

f((ar, a, ..., a)) = 2 a; (mod 59)
that is
£((20, 4, 8, 16,7, 1)) = (20 + 4+ 8 + 16 + 7 + 1) (mod 59)

=56.

a3

f(la, a; a,|)=a;+as+ay(mod59)

ay

that is

40 0 2
£(| 7 26 19)= (40 + 26 + 29) (mod 59) = 36

6 43 29

and
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f(]as|)=a;+ay(mod59)

.
22
40
31
£(| 21]) = (20 + 52 (mod 59)) = 13.
10
11
26
52

Thus f is a linear functional on M.

By using these linear functional concept is an extended way
to any structure over which the vector space or linear algebra is
defined.

Example 4.75: Let
a, a, a, )
T= where a; € L3(7),*, 1<i<6}

be a loop linear algebra over the loop L,3(7).
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Example 4.76: Let

a; € Ly(8), *}

i=0

W= {iaixi

be a loop linear algebra over the loop L,y (7).
Ifp(x)=7+3x"+5x’ € Wand4 € Ly (8) then

4p(x) =4 (7+3x"+5x)
=4 %7 +4%3x% + 4 %5%°
= (56 — 28) + (24 — 28)x* + (40 — 28)x°
= (27+1) + 25x% + 12x°

Suppose s(x) =6 +2x + 9x* € W

Now s(x) *p(x) = (6 +2x + 9x*) (7 + 3x* + 5x’)
=6*7+ (2 *3)x + (9%5)x’
= (56-42) + (24-14) x> + (40-63)x’
=14+ 10x’ + 6x’ € W.

This is the way operations on W, the loop linear algebra is
performed.

Suppose instead the polynomial has matrix coefficients we
perform the natural product of matrices and get the loop linear
algebra of polynomials.

Recall if

(S}

andy =

w
w

o o A o
8]
[=CIN - B < B -0}

N

be column matrices with entries from L9 (3) that is
aj, di € L19(3); 1< 1,_] <4.
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dl al dl >l<a’l
d a d,*a
Thenx *y=| *[*| *|=| 7 7|
*
d3 a3 d3 a3
*
d4 a, d4 a,

This is way the natural product of column matrices are
defined.

3 2
8 3
Suppose x = ) andy = ; then
5] 4
3] [2
X *¥y= 8 * 3
)7
|5 4

3%2 6-6 19
8*3 9-16 | |12

%7 | 21=2| |19
5%4 12-10 2

This is the way natural product which is inherited from the
loop L (3) is obtained.

321 2 1 4

o 1 57 35 2
Likewise if x = andy =

e 3 1 1 e 2

57 e 4 e 5
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3 21 2 1 4

1 5 7 3 5 2
Xty = %

e 3 1 1 e 2

5 7 e 4 e 5

6-6 3-4 12-2
9-2 15-10 6-14

1 3 6-2
12-10 7 5
19 18 10
7 5 11
o3 o4l
2 7 5

This is the way natural product of 4 X 3 matrices with
entries from the loop are performed.

Finally as in case of complex groupoid vector spaces / linear
algebras we can also in case of complex loops and complex
quasi loops define the notion of complex loop vector space or
complex loop linear algebra over a complex loop.

This is a matter of routine and hence is left as an exercise to
the reader.

Now we can define special loop linear algebras and
Smarandache special loop linear algebras as follows.

DEFINITION 4.3: Let

a; € F where F is a field and g; € L, (m)

FL = {iaigi

i=1
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a loop of order n+1, n > 3, n odd with (m, n)= 1 and (m—1, n) =
1, 1 < m < n, t finite} be the loop ring of the loop L over the
field F. We call FL the special non associative linear algebra
over the field F. If the field F is replaced by a S-ring we define
FL to be a Smarandache special non associative linear algebra
over the S-ring.

These special non associative linear algebra as well as
Smaranache special linear algebras are finite dimensional some
commutative and a few of them satisfy special identities.

These will be just illustrated by some examples.

Example 4.77: Let Q be the field of rationals. L =L (10) be a
loop. QL the loop ring is a special non associative linear
algebra which is commutative and finite dimensional over Q.

Example 4.78: Let R be the field of reals. L =L1; (3) be a loop.
RL the loop ring which is a strong non associative linear algebra
which is non commutative.

Example 4.79: Let F = Q be the field. L =Ly (2) be a loop.
FL is the strong non associative linear algebra which satisfies
the right alternative law.

Example 4.80: Let R be the field of reals. L = L,;3 (22) be a
loop. RL is a strong non associative linear algebra which
satisfies the left alternative two.

We have the following theorem the proof of which is direct
using the properties of the loops L, (m).

THEOREM 4.2: Let

L,(m)ln>3nodd I <m<n,(n,m)=1and(n, m-1) =1}
be the collection of all loops. F be a field. FL the strong non
associative linear algebra.
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(i)  There exist only one loop L € L, with L = L, (n+1/2)
such that FL is a commutative strong non associative
linear algebra.

(ii)  There exists only one loop L € L, with L = L, (2)
which is such that FL is a strong non associative
linear algebra which satisfies the right alternative
identity (that is right alternative strong non
associative linear algebra)

(iii) There exists one and only one loop L € L, with L = L,
(n—1) such that the strong non associative linear
algebra satisfies the left alternative identity, that is a
left alternative strong non associative algebra.

(iv) There exists no loop L € L, such that FL the strong
non associative linear algebra satisfies the alternative
identity, that is FL for no L is an alternative strong
non associative linear algebra.

(v) For every L € L,, the strong non associative linear
algebra FL is always non associative.

(vi) For no L € L, we have the strong non associative
linear algebra FL is a Bol strong non associative
linear algebra.

(vii) No strong non associative linear algebra FL is a
Moufang strong non associative linear algebra.

We will give examples of S-strong non associative linear
algebras over the S-ring.

Example 4.81: Let P be a S-ring L = L, (m) be a loop. PL is
the loop ring of the loop L over the S-ring P. PL is defined as
the S-strong non associative linear algebra over P.

Example 4.82: Let P =7¢a S-ring L =L, (8) be a loop PL is a
S-strong non associative linear algebra over P. Infact PL has
only finite number of elements in them.

Example 4.83: Let P =75 be a S-ring. L = L;o(3) be a loop.
PL is a S-strong non associative linear algebra over P.
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Example 4.84: Let P =7,sbe a S-ring. L =L,o(18) be a loop.
PL is a S-strong non associative linear algebra over P. Infact L
is a left alternative S-strong non associative linear algebra over
P of finite order.

Example 4.85: Let P =7,7; be a S-ring. L = Ly; (2) be a loop.
PL is a S-strong non associative linear algebra over the S-ring.
Infact P is a right alternative S-strong non associative linear
algebra over P.

Example 4.86: Let P =Z3;, be a S-ring. L =L,5 (13) be a loop.
PL is a commutative S-strong non associative linear algebra
over P.

The theorem stated for strong non associative linear

algebras over a field hold good in case of S-strong non
associative linear algebras over the S-ring.
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Chapter Five

APPLICATION OF NON ASSOCIATIVE
VECTOR SPACES / LINEAR ALGEBRAS

We see the operations or working of the models in general are
not associative. We have situations in which the functioning of
the model is non associative. Thus these non associative vector
spaces / linear algebras will cater to the needs of the researcher

when the operations on them are non associative.

Certainly these new structures will be much useful and most
utilized one in due course of time, when researchers scientists
and technologists become familiar with these algebraic
structures. Further it is needless to say the polynomials as linear
algebras / vectors spaces are non associative finding solutions or

solving equations happens to be a challenging research.
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These non associative linear algebras / vector spaces using
matrices will be useful when the working field happens to be a
non associative one. It is pertinent to mention only when this
study becomes familiar among researchers more and more

applications would be found.
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Chapter Six

SUGGESTED PROBLEMS

In this chapter we suggest two hundred and fourteen number of
problems, some of which are simple, some difficult and some at
research level.

1.  Find a groupoid of column matrices built using Z,4.

oo

a
2. LetG = I age Zis, 1 £1<4, % (6,10)) be a

a,

groupoid.
(1) Is G a S-groupoid?

(i1) Find order of G?

(iii) Is G commutative?

(iv) Is G an alternative groupoid?
(v) Is G a Bol groupoid?

(vi) Is G a Moufang Groupoid?
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Give an example of a square matrix groupoid which is not
idempotent.

Let
4 4 ag
a a a
9 10 16 .
M = 816225,1S1S32,*,
a; A Ay
A5 Ay a3

(2, 3)} be a groupoid?

(1) Does M satisfy any one of the special identities?
(i) Can M be a S-groupoid?

(iii) Does M contain subgroupoids?

a; € Zyp, *, (11, 33)} be a groupoid.

Let T = {iaixi
i=0

(i) Prove T is infinite.
(i1) Find subgroupoids if any.
(iii) Is T a S-groupoid?

(iv) Can T satisfy any of the special identities?

al a2 a3

Let W=4la, a, a,||a€Zy 1<i<9, % (3,0)} be
a; ag a4y

a groupoid.

(i) Prove W is finite.

(i) Is W a S-groupoid?

(iii) Find S-subgroupoids if any in W.

(iv) Does W satisfy any of the special identities?
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(v) Prove W is non associative.

(vi) Prove W is non commutative.

a = (t, t, t, ts, t5) with t; € Zyy,

Let S = {iaixi

i=0

1 <3 <5 % (5 16)} be a row matrix coefficient
polynomial groupoid.

(1) Prove S satisfies all special identities like Bol,
Moufang, alternative and P.

(i1) Is S a Smarandache groupoid?

(iii) Prove S is non commutative.

(iv) Find substructures in S.

(v) Prove these special polynomial groupoids are non
associative.

my

m, . .
a =| . withm; € Zjy, 1 <j<10,

*,(5,4)} be a groupoid. ;

(1) Is P a S-Moufang groupoid?

(i) Prove P is non commutative.

(iii) Is P a S-groupoid?

(iv) Find S-Bol subgroupoids if any in P?

(v) Is P an idempotent groupoid?

(vi) Find in P subgroupoids which are not S subgroupoids.
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4, a, 4
oo ) a a a
1 12 20
Let G = Zaix' a = where a; €
i=0 ay Ay a3
a a a

31 32 40

Zp, 1 <1 <40, % (6, 7)) be a matrix coefficient
polynomial groupoid.

(1) Prove G is a S-strong Bol groupoid.

(i) Is G a S-strong P-groupoid?

(iii) Prove G is a S-strong alternative groupoid.

(iv) Is G a S-strong Moufang groupoid?

al a2 a3
Let M = {Zaix' a = |a, a5 a,| wherea € Zy,
i=0
a7 aS a9

1 <1<9, % (3, 22)} be a matrix coefficient polynomial
groupoid.

(1) Is M a P-groupoid?

(i) Is M a S-groupoid?

(iii)) Does M satisfy any of the special identities?

(iv) Find S-subgroupoids if any in M.

(v) Does M contain a subgroupoid which is not a
S-subgroupoid?

m, )
a = . with m; € Zy, *, (11, 26)}

Let M = {iaixi
i=0

m,

be a column matrix coefficient polynomial groupoid.

(1) Is M a S-groupoid?
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12.

13.

14.

15.

16.

17.

18.

(i) Is M a S-Bol groupoid?

(iii) Is M a S-moufang groupoid?

(iv) Find a subgroupoid in M which is not a S-
subgroupoid.

Find any interesting properties about matrix groupoid.

What are the special features enjoyed by polynomial
groupoids?

Determine some nice properties associated with matrix
coefficient polynomial groupoid.

Describe some new features of non associative semilinear
algebras.

Let M = {Q" U {0}, * (0, 4)} be the non associative
semilinear algebra over the semifield S = Z" U {0}.

(1) Find non associative semilinear subalgebras of M
over S.
(i) Is it possible to write M as a direct sum of

subsemilinear algebras? Justify your claim.

LetP={(a,b,c,d)la,b,c,de Z" U {0}, * (7,7)} bea
non associative semilinear algebra over the semifield
S=7"u {0}.

LetP=<la, || aeZ " U{0},1<i<10,%* (7,9)} bea

non associative semilinear algebra over the semifield
S=7"u {0}.
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19.

20.

(i) Can P be written as a direct sum of semilinear
subalgebras?

(i1) Can P be written as a pseudo direct sum of semilinear
subalgebras?

(iii) Is P quasi simple?

al a2 a3
LetM=1<la, a, a || aeR U{0},1<i<9,%* (24,
a; dg Qg

7)} be a non associative semilinear algebra over the
semifield Q" U {0}?

a, 0 O
(i) IsT=4/0 a, Of|aeQ U{0},1<i<3,%
0 a, O

(24, 7)} < M; a non associative semilinear algebra of
M over the semifield Q" U {0}.

(i1) Prove M is not quasi simple.

(iii) Can M be written as a direct sum?

al a2 alO
LetM=4la, a, a, || @€ Z"u {0}, 1<1<30,
ay 8y .. Ay

*,(0, 9)} be a non associative semilinear algebra over the
semifield Z* U {0} = F.
(1) Is S quasi simple?

(i) Can S be written a direct sum of non associative
semilinear algebras over F=Z" U {0}?

(iii) Define a semilinear operator T on S, so that T does
not exist.

168



21.

22.

(iv) Suppose Homg (S, S) is the collection of all
semilinear operators. What is the algebraic structure
enjoyed by Homg (S, S)?

m, + .
Let T=M=4 2||meZ U{0},1<i<12 % (3,

m,,
2)} be a non associative semilinear algebra over the
semifield S =Z" U {0}.
(1) Write non associative semilinear subalgebras of T
over S.
(i) Write T as a direct sum.

(iii) Is T quasi simple?

) IswW=40 m,meZ U{0},* 3,2)}cTa

non associative semilinear subalgebra of T over S.

al a2 a3
Let M= 4la, a, a || aae Z" U {0},1<i<09,*
a, a, a,

(3, 10)} be a non associative semilinear algebra over the
semifield S =Z" U {0}.

(1) Find non associative semilinear subalgebras of M
over S.
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23.

24.

25.

a a a

(S}
w

@) IsT=<0 0 0|l aeZ U{0},1<i<3,%*
0 0 O
(3, 10)} < M a semilinear subalgebra of M over S?

a, € Z" U {0}, * (3, 0)} be a non

Let V = {iaixi
i=0

associative semilinear algebra over the semifield S = Z* U

{0}.

(1) Find non associative semilinear subalgebras of V
over S.

(i) Is V quasi simple?

a, € R" U {0}, * (2, 2)} be anon

Let M = {iaixi
i=0

associative semilinear algebra over the semifield
S=7"u {0}.

(i) Prove M is a commutative non associative semilinear
algebra.

(ii)) Can M be written as a direct sum of semilinear
subalgebras?

a, € Z"u {0}, * (3, 21)} be a non

Let M = {iaixi
i=0

associative semilinear algebra over the semifield
S=7"u {0}.

(1) Find some interesting properties enjoyed by M.
Distinguish between usual associative semilinear

algebra of polynomials with coefficients from Z" U
{0} and M.
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26.

27.

28.

a € (dy, dp, ..., dyo); dj € Z" v {0},

Let T = {iaixi
i=0

1 <510, % 3, \/g )} be a non associative semilinear
algebra over the semifield S = Q" U {0}.

(1) Find the special features enjoyed by row matrix
coefficient polynomials.

(i1) Find non associative sublinear algebras of T over S.

(iii) Is T quasi simple?

(iv) Can T be written as a direct sum of non associative
semilinear subalgebras?

4

_ t2 + sk
a4 = : > tj SWVARV, {0}’ > (7’ 2)’

Let M = {iaixi
i=0

t15

1 £j <15} be a non associative semilinear algebra over
the semifield S = Z" U {0}.

(1) Find all interesting features enjoyed by M.

(i) Can M be written as a pseudo direct sum of non
associative semilinear subalgebras?

t, t,

Let W = {i a,x'
i=0

(3, 20), 1 £j <4} be a non associative semilinear algebra
of square matrix coefficient polynomials.

B t, + %
a = where t; € Z" U {0}, *,

(1) Is W quasi simple?
(i) Write W as a direct sum! (Is it possible).
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29.

30.

31.

32.

33.

(iii) Define T : W — W so that T™' exists. (T a semilinear
operator on W).

- m; mg 1My +
Let V.= >ax'| a = mj e Q" U
i=0 m, m,; my,
m m m

{0}, * (0, 19), 1 < j < 18} be a matrix coefficient
polynomial non associative semilinear algebra over the
semifield S = Q" U {0}.

(i) Prove V is not quasi simple.

(i1) Find semilinear subalgebras of V over S.

(iii) Can V be written as a direct sum?

Obtain some special and interesting features enjoyed by

strong non associative semilinear algebra defined over the
field F.

Distinguish between strong non associative semilinear
algebras and non associative semilinear algebras.

Let V. = {Q, * (3, 0)} be a strong non associative
semilinear algebra over Q.

(1) Is it possible to write V as direct sum?

(i) Can V be written as a direct sum?

Let W = {R, * (8, 8)} be a strong non associative
semilinear algebra over Q.
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34.

35.

36.

(1) Is W quasi simple?
(i) Can W be written as a pseudo direct sum of
semilinear subalgebras?

(iii) Find strong non associative semilinear subalgebras
of W.

(iv) Find T : W — W so that T™' does not exist.

Let P = {R, * (13, 0)} be a strong non associative
semilinear algebra over the field R.

(1) Is P quasi simple?

(i) Prove P is non commutative?

(iii) Does P contain strong non associative semilinear

subalgebras?

Let S ={(a;, a5, a3, a4, a5) la; € R, 1 <i1<5,% (3,2)} bea
strong non associative semilinear algebra over the field R.

(i) Can R be written as direct sum of subsemilinear

algebras?
P,

Let M = p? pie Q. 1<i<15,%* (5,5)} be a strong
Pis

non associative semilinear algebra over the field Q.

(1) Show M is quasi simple.
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37.

38.

@) IsP= E:l ae Q,* (5,5} <M a strong non

a

associative semilinear subalgebra of M over Q?

Let
a, a, a; a,
aS a6 a7 a8 .

P= € Q 1<i<16,* (3,2)}
a, a, a, a

11

be a strong non associative square matrix semilinear
algebra over the field Q.

(1) Find all special features enjoyed by P.

(i) Is P quasi simple?

(iii) Can P be written as a direct sum?

(iv) Can P be written as a pseudo direct sum?

Let
4,  a, a9
a4, ap ay . "
W= a,€ Q,1<1<40,* (7,0)}
ay Ay a3
a3 Ay ay

be a strong non associative semilinear algebra over the
field Q.

(1) Is W quasi simple?

(i) Can W be expressed as a direct sum of strong non
associative semilinear subalgebras?

(iii) Find a subsemilinear subalgebras of W.
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39.

40.

41.

Let
I a, a, ag |
4 Ay a6
a;; ag ayy
ay5 Ay a3
T=1qlay; a, .. a,||laeR 1<5<72 % (3,3)}
a Ay a8
a9 A 456
as57  Asg gy
| 365 Aes a7 |

be a strong non associative semilinear algebra over Q.

(i) Prove T is commutative.
(i) Prove T is non associative.
(iii) Prove T is quasi simple.

(iv) Find a subsemilinear algebra of T over Q.

a € Q, * (2, 0)} be a strong non

Let W = {Z ax'
i=0

associative semilinear algebra over Q.

(1) Is W quasi simple?

(i1) Find a semilinear subalgebra of W over Q.

(iii) Can W be written as pseudo direct sum of semilinear
subalgebras?

ai = (dy, dp, d, ..., dy) where d; € Q,

Let M = {iaixi
i=0

1 <j<7,% (7, 7)} be a strong row matrix coefficient
polynomial non associative semilinear algebra over the
field Q.
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42.

43.

(1) Enumerate all the special features enjoyed by M.
(i) Prove M is commutative.

(iii) Find M as a direct sum.

Let

S = {i ax'
i=0

ai = | I, ’HljeQ’ISjSZO’*’(IO’

12)} be a strong non associative semilinear algebra over
the field Q.

(i) Prove S is non commutative and non associative.

(i) Can S be written as a direct sum?

(iii) Does S satisfy any of the special identities?

@(iv) Find T : S — Q so that T is a linear functional.

(v) Find T : S — S so that T™ exist (T a semilinear

operator).

i dl d2 d3 |
d, dy d,

> d, d, d

LetM:{Zalx a = 7|,deQ 1<j<

i=0 le dll d12
d13 d14 dlS
_d16 d17 dls_

18, * (10, 0)} be a strong non associative semilinear
algebra over the field Q.

(1) Find strong non associative semilinear subalgebras of
M.
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44.

45.

(i) Prove M is non commutative.

(iii) Find f : M — Q a linear functional.
(iv) Find the structure of Homg (M, Q).
(v) Find the structure of Homg (M, M).

d d, d, d,
= d; d, d, d
LetP={Zaix' a=| ¢ 7T FldeR 1<
i=0 d9 le dll d12
dy d, dys d

13 14 15 16

i <16, * (3, 3)} be strong non associative semilinear
algebra over the field R.

(i) Find substructures of P.

(i) Is P quasi simple?

(iii) Prove P is commutative.

(iv) Find f : P — R a linear functional.

(v) Find T : P — P; T a linear operator on P.

d d, d, d,
o . d d, d, d

Let S = {Zaix' a=| . L ) V|.deQlsg
— N
d, d, d, d

37 38 39 40

j £ 40, * (20, 1)} be strong non associative semilinear
algebra over the field Q.

(1) Show S is quasi simple.

(ii) Find Homyg (S, Q), (that is L(S,Q)).

(iii) Find Homg (S, S).
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46.

47.

48.

49.

Let P = {a; € Zy, (3, 7), *} be a strong non associative
semilinear algebra over the field Z;;.

(i) Prove P is finite.
(i) Does P have subsemilinear algebras?

(iii) Can P be written as direct sum?

Let S = {a; | a; € Zy, *, (3, 0)} be a strong non associative
semilinear algebra over the field Z,;.

(i) Find order of S. (Is o(S) = 23?).

(i) Is S commutative?

(iii) Find subsemilinear algebras of S.

(iv) Find f : S — Z,3 a linear functional.

(v) Find T:' S — S a linear operator on S so that T exist.

(vi) Find Hom223 (S, Zy).

Let M = {a; | a; € Zyy, * (3, 13)} be a strong non
associative semilinear algebra over the field Z,.

(i) Find Hom, (M, M).
(ii) Find Hom, (M, Zy).

(iii) Find substructures in M.

(iv) Does M satisfy any of the special identities?

Let P ={a;la; € Zg3, * (7, 0)} be a strong non associative
semilinear algebra over the field Zy;.

(i) Find Hom, (P, P).

(i) Prove P is non commutative.

(iii) Find a subsemilinear algebra of P (Is it possible?)
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50.

51.

52.

53.

54.

(iv) Does P satisfy any of the special identities?

Let P = {(ay, ay, a3, ..., ag) | a; € Z7, *, (4, 4)} be a strong
non associative semilinear algebra over the field Z,.
(1) Find any of the special properties enjoyed by P.

(i) Is P commutative?

Let S = {(ay, ay, a3, a4, as) 1 a; € Zyy, *, (9, 0)} be a strong
non associative semilinear algebra over the field Z;;.
(i) Prove S is non commutative.

(i1) Find a strong non commutative semilinear subalgebra
of S over Zy;.

Let M = {(ay, a5, a3) la; € Z7, 1 £1< 3, *,(43,29)} be a
strong non associative semilinear algebra over the field
Z71.

(i) Prove M is non commutative.
(i) IsT={(a,a,a)lae Zy, * (43,29)} c M a string

non associative semilinear subalgebra of M over Z7,?

Obtain some nice properties enjoyed by strong non
associative semilinear algebras built over the prime field
Z,.

Let W= 7| a €Z3 1<i<15 % (9,5) be a

a5

strong non associative semilinear algebra defined over the
field 213.
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(1) Does W satisfy any of the special identities?

(i1) Find a strong non associative semilinear subalgebra of
W over Z5.

(i) IsM=1| *||a € Z3 1<i<5,% (9,5)) bea

0

strong non associative semilinear subalgebra of W?
Justify your claim.

a
a
55. Let S = R a € Z * (1, 0)} be a strong non

a9

associative semilinear algebra defined over the field Z,.

(i) Find number of elements in S.

(i1)) Can S have strong non associative semilinear
subalgebras?

(iii) Does S satisfy any of the special identities?
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56.

57.

v)IsT =

1[,O0[| * (1,0)} < S a strong non

1110

associative semilinear subalgebra? Justify.

Let
a
a
7
S =
a3
a9

a, . a,
ag a, .

a € 73,1124, % (2, 3)}
ayy ag
ay Ay

be a strong non associative semilinear algebra defined
over the field Zs.

(i) Find the order of S.

(i1) Find strong non associative semilienar subalgebras of
S over Z;.

(iii) Does S satisfy any of the special identities?

(iv) Find Hom,_ (S, S).

Let
a
a
14
P=
ay
40

a, a3
a5 a5 .
a € 75, 1 <152, % (3,3)}
Ay a3
ay asy

be a strong non associative semilinear algebra defined
over the field Zs.

(i) Prove P is commutative.

(i1) Find subsemilinear algebras of P.
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58.

59.

60.

61.

62.

63.

(iii) What is the order of P?
(iv) Find L (P, Zs).

(v) Find a semilinear operator T : V — V such that T"'
exists.

(vi) If T, S, R are semilinear operators on S will be
composition (T 0 S) o R =To (S o R)?

a, a, a,; a, as
a6 a7 alO
Let T = {|a,, a, as || a4 € Z3, 1 <1<
| 396 do7  Qgg  dgg Ay |

100, *, (2, 2)} be a strong non associative semilinear
algebra defined over the field Z;.

(i) Find order of T.

(i) Is T a strong non associative idempotent semilinear
algebra over Z3?

Give an example of a strong non associative semilinear
idempotent algebra built using matrices over the field Zs.

Does there exist a strong non associative Bol semilinear
algebra of matrices built using Z;3?

Does there exist a strong non associative Moufang
semilinear algebra of matrices built using Z,?

Does there exist a strong non associative P-semilinear
algebra of matrices built using Z;9?

Does there exists a strong non associative alternative
semilinear algebra built using matrices over Z;;?
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64.

65.

66.

67.

Does there exist a strong non associative left alternative
semilinear algebra built using Z43?

Let
i 4, A, as |
ag 4, 4y
M=4la, a, a5 || a € Zy, 1 £1<25,%,(3,29)}
a5 Ay 4y
(421 Ap a5 |

be a strong non associative semilinear algebra over the
field Z41.

(i) Is M finite?
(i) Is M commutative?

(iii) Find strong non associative semilinear linear
subalgebras of M.

(iv) Find Hom, (M, M).

(v) Find L (M, Z4)).

a € Zy, ¥ (3, 7)} be a strong non

Let T = {iaixi
i=0

associative semilinear algebra over the field Z;;.

(i) Prove T is infinite.

(i) Prove T is non commutative.

Find all interesting properties associated with S =

i=0

ai € Z, (p a prime), (t, u); * t, u € Z,}, the

strong non associative field Z,.
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68.

69.

70.

71.

Let W = {Zaixi a; € Z3 * (2, 1)} be the strong non

i=0

associative polynomial semilinear algebra over Z;.

(i) Is W commutative?

(i1) Find semilinear subalgebras of W over Z;.

Let S = {Zaixi ai € Zy, *, (1, 0)} be the strong non

i=0

associative semilinear algebra over the field Z,.

(i) Show S is non commutative.

(i1)) Does S have strong non associative semilinear
subalgebras?

Let M = {Zaixi a; = (my, my, m3, My), m; € Zs, *, (2, 2),

i=0

1 <1< 4} be a strong non associative semilinear algebra
over the field Zs.

(i) Prove M is commutative.

(i1) Is M quasi simple?

(iii) Find subsemilinear algebra of M.

ai = (p1, P2, ---, P10 pj € Z3, 1 £j< 10,

Let V= {i a,x'
i=0

* (2, 1)} be a strong non associative semilinear algebra
over the field Zs.

(i) Show V is non commutative.
(i) Find Hom, (V,V)=T.

(iii) Is T a non associative algebraic structure?
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72.

73.

74.

75.

Obtain some interesting properties enjoyed by strong non
associative semilinear algebras defined over Z,, p a prime.

Let S = {Zaixi a; = (ml’ my, m3)’ m; € Z71’ 1< 1 < 3’ *’

i=0

(0, 8)} be a strong non associative semilinear algebra over
the field Z71.

(i) Find1(S, Zn)=P.

(i1) Is P a non associative structure?

m,

m
2 .
a = . ;my € Zoz, 1 <5 <20, %,

Let W = {iaixi
i=0

n’120

(11, 13)} be a strong non associative semilinear algebra
over the field F = Z,s.

(i) Find substructures of W.

(i1) Show W is non commutative.

(iii) Find L(W, Z53).

1

t
ai: 2 ,tje Z7,1SJS8,*’(2’6)}be

8

a strong non associative semilinear algebra over the field
F = Z7.

(1) Show P satisfies the idemponent identity.

(i1) Find subsemi linear algebra of P.

(iii) Find Hom,, (P, P).
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76.

77.

78.

1

? ,Inje ZS’ISJS4’*’(2’O)}

3

a =

8 B B

Let P = {iaixi
i=0

m,

be a strong non associative semilinear algebra over the
field Zs.

(i) Show P is non commutative.
(i1) Does P satisfy any of the special identities?

(iii) Find Hom,,_ (P, P).

ml m2 m3
ai=|m, my, mg|;meZs;l<j<

5 6

Let M = {iaixi
i=0

9, * (2, 2)} be a strong non associative semilinear algebra
over the field Zs.

m
I’n7 m8 m9

(i) Prove M is commutative.

(i) Prove M is a strong non associative idempotent
semilinear algebra over the field Z;.

(iii) Find L, (M, Zs).

d

d, .. d
a; = :10 . :18 ;djeZn,ISjS

d

1 9

Let S = {iaixi
i=0

d,, d
81, * (9, 3)} be a strong non associative semilinear
algebra over the field Z;;.

81

(1) Does S satisfy any of the special identities?

(i) Is S commutative?

186



79.

80.

1.

82.

(i) Find the algebraic structure enjoyed by Hom, (S, S).

ml m2 m3
= m, m, m, ,
LetT=1<Yax'|a= : : S imE Zys, 15
i=0 :
m, m, m

28

< 30, * (3, 7)} be a strong non associative semilinear
algebra over the field Zy;.

29 30

(1) Does T satisfy any of the special identities?
(i) Is T commutative?

(iii) Find the algebraic structure of L (T, Z,3).

> d d, .. d
LetP = {Zaix' a ={ b 20
ar d, d d

< 40, * (3, 17)} be a strong non associative semilinear
algebra over the field Zo.

i|;dj€ Z]g,lSj

21 22 40

(i) Is P commutative?
(i1) Does P satisfy any of the special identities?
(iii) Can P have subsemilinear algebras?

(iv) Find the algebraic structure enjoyed by L(T, Z,3).

Let V= {a; | a; € Zgs, (3, 5), *} be a S-non associative
semilinear algebra over the S-ring Z.

(i) Find order of V.
(i1) Can V satisfy any of the special identities?

Let V={a;la; € Zp, * (7, 6)} be a S-non associative
semilinear algebra.

(1) Find the special properties enjoyed by V.

187



83.

84.

85.

(i) Prove V is an S-non associative P-semilinear algebra.

(iii) Prove V is a S-string non associative Bol semilinear
algebra.

(iv) Does V contain S non associative semilinear
algebras?

Let V={alae Zy, * (7, 16)} be a S-non associative
semilinear algebra over the S-ring Zy,.
(1) Does V satisfy any of the special identities?

(i) Can S have subsemilinear algebras which does not
satisfy any of the special identities?

(iii) Find the algebraic structure of Hom, (V, V).

v)IfW={alae Zx, * (3, 20)} a S-non associative
semilinear algebra over the S-ring find
Hom, (V,W).

Let

V={alae Zy, (3,8), *}and W={alae Zy, * (7,4)}
be two S-non associative semilinear algebras over the S-
ring Zqo.

() Find Hom, (V,W) =T.

(ii) Find Hom, (W,V)=S.

(iii)) Can T and S be related in any way?

(iv) Can V and W satisfy the same special identity?
Justify.

Let W=1{alae Zg, * (7, 12)} be a S-non associative
semilinear algebra over the S-ring Zsg.

(i) Find Hom, (W, W).
(i) Find L(W, Zs).
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86.

87.

88.

89.

(iii)) Does W satisfy any of the special identities?
(iv) Prove o(W) = 86.

Let P={(aj, a5, a3, ay) l a; € Z15, 1 <1<4, % (6,7)} be a
S-non associative semilinear algebra over the S-ring Z,.

(i) Prove P satisfies all the five 5 special identities, Bol,
Moufang, P, idempotent and alternative.

(ii) Find Hom, (P, P).

(iii) Find order of P.

Let M = {(al, Ay, ...y 2112) | a; € Z](), *, 1<i< 12, (5, 6)} be
a S-non associative semilinear algebra over the S-ring Z.
(1) Find the special identities satisfies by M.

(i1)) Find L (M, Zyy).

LetR = {(al, Az, ..., alo) | a; € 215, 1<i< 10, *, (3, 3)} be
a S-non associative semilinear algebra over the S-ring Z;s.
(i) Is R commutative?

(i1) Does R satisfy any of the known special identities?

(iii) Find the algebraic structure enjoyed by
Hom, (M, M).

Let T = {(a}, ay, ..., a7) | a; € Zg, *, (4, 3)} be a non
associative semilinear algebra over the S-ring Z.

(i) Is T commutative?
(i1)) Does T satisfy any of the special identities?

(iii) Find the algebraic structure enjoyed by L (T, Zs).
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90.

91.

92.

a
LetS=1 > || a € Zp, 1 <i<12, *,(4, 9)} be a S-non

aj,

associative smilinear algebra over the S-ring Z,,.

(i) Find the order of S.
(i1) Does S satisfy any of the special identities?

(i) Find the algebraic structure enjoyed by Hom,_(S, S).

(iv) Can S be written as a direct sum of S-non associative
semilinear subalgebras of S over Z,?

a;
a
LetP=14| || a € Zs, 1 <i<15, *,(12,4)) be a S-

a5

non associative semilinear algebra over the S-ring Z;s.

(1) Find the special identities that are true on P.

(i) Prove P is a S-non associative idempotent semilinear
algebra over Z;s.

(iii) Find L (P, Zys).

a
Let W=14| >|| a € Ze, 1 <i<4, *(3,4)} bea S-non

associative semilinear algebra over the S-ring Z.

(i) Find Hom, (W, W).
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93.

94.

(i) Is W a S-non associative strong Bol semilinear
algebra?

(iii) Can W be written as a direct sum?

a, a, a; ay
LetM=4|a,, a; a, a, || a € Zp, 1 <1<33,
Ay Ay Ap; ... Agg

*, (3, 10)} be a S-non associative semilinear algebra over
the S-ring Z;,.

(i) Prove M is an S-non associative idempotent
semilinear algebra.

(i) Does M satisfy any of the special identities?

(iii) Will M be a S-non associative strong Bol semilinear
algebra over Z;,?

a
9 10 .
. a € 215, 1<i1<

dgs g7 A9y dgg Bygg
100, *, (12, 4)} be a non associative semilinear algebra
over the S-ring Z,;s.

(1) Does M satisfy any of the special identities?
(i) Find Hom, (M, M).

(iii) Find the algebraic structure enjoyed by L (M, Z;s).
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96.

7 a8 .
a € Z42, 1<1< 16, *,

(20, 23)} be a S-non associative semilinear algebra over
the S-ring Zy;.
(1) Does M satisfy any of the special identities?

(i) Prove M is an idempotent S-non associative
semilinear algebra over the S-ring Z,.

(iii) Find the algebraic structure enjoyed by
Hom, (M, M).

(iv) Find the algebraic structure enjoyed by L (M, Zyy).

4, a4,
Let M =
a, a,

non associative semilinear algebra over the S-ring Z .

a; € Z](), 1S1S4, *,(5,6)}beaS—

(i) Find the order of M.
(i) Can M have subsemilinear algebras?

(iii) Prove M is a S-non associative idempotent semilinear
algebra.

(iv) Can M satisty any special identity?
(v) Can M be written as a direct sum of substructures?

(vi) Find f : M — Z,, f is non trivial.
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97.

98.

99.

[a, a, a, |
ag A, 4y
Let P = q|a,, a, a5 || & € Zy, 1 <1<25, %,
a5 Ay 4y
(421 Ap 455 |

(16, 18)} be a S-non associative semilinear algebra of
square matrices.

(1) Is P an idempotent S-non associative semilinear
algebra?

(ii) Find Hom,,_ (P, P).

(iii) Find L (P, Zs3).
(iv) What is the special features enjoyed by P?

a, € Zp, * (6, 7)} be the S-non

Let M = {iaixi
i=0

associative semilinear algebra over the S-ring Z,,.

(1) Prove M satisfies special identities.
(ii) Find T : M — M so that T™ exists.
(iii) Find the algebraic structure enjoyed by L (M, Z;,).

(iv) Find any special difference between M and usual
polynomial Z;, [x].

a, € Zs, *, (2, 2)} be the S-non

Let T = {iaixi
i=0

associative semilinear algebra over the S-ring Z.

(i) Prove T is commutative.

(ii) Find Hom,, (T, T).

(iii) What is the algebraic structure enjoyed by L (T, Zss)?
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(iv) Does T satisfy any of the special identities?

100. Let V ={Zaixi a € Zos, * (10, 5)} be the S-non
i=0

associative semilinear algebra over the S-ring Z,s.

(1) Find all the special identities satisfied by V.

(i) Prove V is not a S-non associative semilinear
idempotent algebra over Zos.

(iii) Find Hom,,_(V, V).

101. Let P = {Zaixi
i=0

associative semilinear algebra over the S-ring Z,.

a € Zp, * (4, 9)} be a S-non

(1) Find the algebraic structure enjoyed by Hom, (P, P).

(ii) Prove P satisfies several special identities.

102. Let T = {Zaixi a € Zis, * (11, 0)} be a S-non
i=0

associative semilinear algebra over the S-ring Z;s.

(i) Find L, (T, T).

(i1) Which of the special identities are satisfied by T?

(iii) Prove T is non commutative.

103. Let S = {Zaixi a; = (di, do, ds, du); dj € Zip, *, (8, 0),
i=0

1 <j <4} be a S-non associative semilinear algebra over
the S-ring Z;,.

(i) Prove S is non commutative.
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(ii) Find Hom,,_(S, S).

(iii) Find the special identities satisfied by S.

104. Let W = {Zaixi a=(dy, dy, ..., dy); dj € Zy5, *, (10, 6)}
i=0

be a S-non associative semilinear algebra over the S-ring
Z,s. Prove W satisfies several of the special identities.

4

oo . t2 .
105. Let M= 1Y ax' |a=| | liteZs 1<j<20,% (4,3))
i=0 .

t20
be a S-non associative semilinear algebra over the S-ring
Zs.

(1) Is M a S-strong bol semilinear algebra?

(i) Find Hom, (M, M).

(iii) Is M an S-strong idempotent semilinear algebra?

1

2

3 ;tje Zz], IS_]SS, *, (10,

106. Let P = {Zaixi

i=0

kg
Il
- = = =
N

5

12)} be a S-non associative semilinear algebra over the S-

ring P.

(i) Find Hom, (P, P)=S, what is the algebraic
structure enjoyed by S.

(i) Prove P is non commutative.

(iii) Does P satisfy any of the special identities?

195



dl d2 d3
= d, d, d
107. Let S = {Zaix' a=| . 0 S idie Zis (4
< P
d28 d29 d30

12), 1 £j <30} be a S-non associative semilinear algebra
over the S-ring Z,;s.

(i) Is S-commutative?

(i1) Does S satisfy any of the special identities?

(iii) Find L (S, Z;5).

(iv) Study the algebraic structure enjoyed by

Hom, (S, S).
. m m, .. my,
108. LetP:{Zaix' ai=|m, m, .. myl|;meZp?*
i=0
m, m,, .. I,

(6, 4), 1 <j <30} be a S-non associative semilinear
algebra over the S-ring Z,,.

(1) Does P satisfy any of the special identities?
(ii) Find the algebraic structure enjoyed by Hom, (P, P).

(iii) Is P commutative?

(iv) Does P enjoy any other special features?

dl d2 d3
109. Let T = {Zaixi ai=|d, d; d,|;die Zs, * (2,0),
= d7 dS d9

1 <j <9} be a S-non associative semilinear algebra over
the S-ring Z;s. Study and describe all the special features
enjoyed by T.
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ml I’nZ m6
a . m, mg .. m, N
110. Let S = ax |a=| . ) L lsm e Zg, F
1 . . . ‘]
i=0 .
m, m m

111.

112.

113.

114.

115.

116.

117.

118.

31 32 36

(3, 4), 1 £j <36} be a S-non associative semilinear
algebra over the S-ring Zs.

(1) Prove S satisfies several of the special identities.
(i) Find Hom,_ (S, S).
(iii) Find L (S, Z).

@iv) Is S commutative?

Obtain the special features enjoyed by double
Smarandache non associative semilinear algebras.

Give examples of double Smarandache non associative
semilinear algebras.

Give an example of a double Smarandache strong
Moufang non associative semilinear algebra.

Give an example of a double Smarandache strong non
associative Bol semilinear algebra.

Give examples of double Smarandache strong non
associative P-semilinear algebras.

Give examples of double Smarandache strong non
associative alternative semilinear algebra.

Give examples of groupoid rings which are strong non
associative linear algebras.

Obtain some special, distinct and interesting properties

enjoyed by strong non associative linear algebras which
are groupoid rings.
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119.

120.

121.

122.

123.

124.

Obtain some special properties of groupoid rings which
satisfy the special identities and which are DS non
associative semilinear algebras.

Mention the special features enjoyed by matrix groupoid
rings FG which are DS non associative semilinear
algebras where F is a S-ring.

Study the special properties enjoyed by polynomial
groupoid rings which are DS non associative semilinear
algebras.

Find applications of strong non associative semilinear
algebras.

Find applications of DS non associative semilinear
algebras.

4, 4 a9
0 4 ag .
Let G = where a; € Zp, 1 <1< 36,
a9 Ay ay
Ay Ay a36

*, (4, 7)} be a matrix groupoid. S =Z;, be the S-ring. SG
be the groupoid ring that is SG is also a DS non
associative semilinear algebra over the S-ring Z,,.

(1) Does SG satisfy any of the special identities?

(ii) Find Homs (SG, SG).

(iii) Is SG commutative?

(iv) Find any special features enjoyed by SG.
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125.

126.

127.

128.

_ 2 a, _
a; A,
a5  ag
a; a .
Let G = a € Z;s *, 15116, (11, 5), *} be
4, 3y
a;,; ap
a3 Ay
115 Qg6

a groupoid and Q be the field. QG the groupoid ring is a
strong non associative semilinear algebra over Q.

(1) Is QG commutative?

(ii) Find L(QG, Q).

(iii) Find Homg (QG, QG).

(iv) Does QG satisfy any of the special identities?

(v) Prove QG is a strong non associative idempotent
semilinear algebra over Q.

(vi) Can QG have substructures?

Obtain any interesting properties about groupoid rings
which are

(1) Strong non associative semilinear algebras over a
field.

(i1) DS non associative semilinear algebras over S = Z,.

(iii) S - non associative semilinear algebras over a S-ring.

Determine some special features enjoyed by non
associative linear algebras.

Find some interesting properties enjoyed by the non

associative linear algebra L, (m), n prime over the field
Zy.
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129.

130.

131.

132.

Let V = {Ly; (8)} be a non associative linear algebra over
the field 217.

(1) Does V enjoy any special properties?

(i1) Does V satisfy any special identity?

(iii) Prove V is simple.

Let V = {Ly; (6)} be a non associative linear algebra over
the field.

(i) Prove L;; (6) is commutative.

(i) Find the number of basis of V.

Let V = L4; (40) be a non associative linear algebra over
the field Z43.

(i) Find the number of basis in V.

(i) Is V commutative?

(iii) Can V have any substructures?

(iv) Is V simple?

Let V={(aj, ay, ..., a19) 1a;€ Ly (3); 1 £i< 10} be a non
associative linear algebra over the field Z,;.

(i) How many sets of basis are in V over Z,;?

(i) Is V commutative?

(iii) Can V be non associative linear subalgebras over the
field 223?

(iv) Find a linear operator T on V so that T™ exists.

(v) Obtain any other interesting properties associated
with V.
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133.

134.

135.

Let M = {(a}, a5, ..., a7) la; € L7(3), 1 <1< 7, *} be a non
associative row matrix linear algebra over the field Z,.

(i) Find a basis of M over Z.

(ii)) What is the dimension of M over Z;?

(iii) Find non associative linear subalgebras of M over Z.
(iv) Does M satisfy any of the special identities?

(v) Find Hom, (M, M).

Let P = {(a;, a5, a3) | a; € L4y (3), 1 £i< 3, *} be a non
associative row matrix linear algebra over Z4;.

(i) Find a basis of P.

(i) Find dimension of P.

(iii) Find the algebraic structure enjoyed by L (M, Z;).

d
Let T = d: d e Zy 3) ¥ 1 <1 < 3} be a non
d3
associative column matrix linear algebra over the field
Zno.
(i) Find dimension of T over Z.
(i) Is T commutative?

(iii) What is the algebraic structure enjoyed by
Hom, (T, T)?
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136.

137.

138.

Let P = 2lld e Zy (7), * 1 <j<12} be anon

d12
associative column matrix linear algebra over the field
223.
(i) What is dimension of P over Z»3?
(i1) Does P satisfy any of the special identities?

(iii) Does P contain more than one non associative column
matrix linear subalgebra over Z,;? Justify your claim.

d

1

d
Let W= 1| ?||dje Ly (10), ¥, 1 <j < 12} be a non

d12

associative column matrix linear algebra over Zq.

(i) What is dimension of W over Z4?
(i) Is W commutative?

(iii) Is W finite?

(iv) Find T : W — W so that T™ exists.

a
Let V=<|a

LA, ..oag

bAoAy ||ae Ly (4), % 1<i<48)

33 Az ... Ay

be a non associative matrix linear algebra over the field
Z;.

(i) Find a basis of V over Z;.

(i1) Find the number of elements in Z;.
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139.

140.

141.

(iii) Does V contain sublinear algebras?

(iv) Find L (V, Z5).

4,  a, a9
a a .. a
17 Qg 20 .
Let M = . . T lla;e Ls (3), *, 1 <i< 8}
a71 a72 ago

be a non associative matrix linear algebra over the field
Zs.

(i) Find a basis of M over Zs.

(i) Find the number of elements in M.

(iii) Find Hom (M, M).

al a2 a3
Let S=4la, a, a,||laje Ly (7), ' 1<i<9}bea
a; dg Qaq

non associative matrix linear algebra over the field Z;;.

(i) Find dimension of S over Z;;.
(i) Is S commutative?

(iii) Does S satisfy any of the special identities?

Let

d, d, d, d
D8 7 TR ld e Lip(3), %, 1<j <40} be

d37 d38 d39 d40

a non associative matrix linear algebra over the field Z,5.
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142.

143.

144.

145.

(i) Find a basis of P over Z.
(i) Is P commutative?
(iii) Does P satisfy any of the special identities?

(iv) Can P have more than one sublinear algebra?

Let T = {{al az}
a, a,

associative matrix linear algebra over the field Zso.

a; € Lsg (30), *, 1 <i<4} be anon

(i) Prove T is commutative.

(i) Find dimension of T over Zso.

a; € Lyy(15), *} be a non associative

Let M = {iaixi
i=0

polynomial linear algebra.

(i) Prove M is commutative.
(i) Find a basis of M over Zo.

(iii) Can M have linear subalgebras?

a; € Ly (4), *} be a non associative

Let V = {iaixi
i=0

polynomial linear algebra over the field Z;.

(i) Find dimension of V over Z.
(i) Is V commutative?

(iii) Can V have substructures?

Give any interesting properties enjoyed by the non
associative polynomial linear algebra.
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146.

147.

148.

a; = (dy, dp, d3), dje L;; (5), 1 £j<3,

Let M = {iaixi
i=0

*} be a non associative row matrix coefficient polynomial
linear algebra over the field Z,;.

(i) What is the dimension of M over Z;;?

(i) Is M commutative?

(iii) Find the algebraic structure of Hom, (M, M).
d

1

o ) d
Let T = {Zaix' a; = :2 ,die Lig(8),1<j<3, %}
i=0 .

12

d d, d, d,
and V = {Zaixi aj=|d; dy d, dg[,d, € Lio(7),
i=0
d9 le dll d12

1 <p <12, *} be two non associative matrix coefficient
linear algebras over the field Z.

(1) Find the algebraic structure enjoyed by
Hom, (T, V).

(ii) Find a linear transformation f : V — T so that ' does
not exist.

(iii) Compare the algebraic structure Hom,, (V, V) and

Hom, (T,T).

If V is a non associative linear algebra over the field Z, (p
a prime, p 2 5).

(1) Study the algebraic structure enjoyed by
HomZp (V, V).

(ii) What is the algebraic structure enjoyed by L (V, Z,)?

205



149.

150.

151.

152.

153.

Obtain some interesting properties about non associative
linear algebra of matrices over a field Z,, p = 5.

Obtain some interesting properties enjoyed by non
associative linear algebra of matrix coefficient
polynomials.

dl d2 le
ad . d, d, .. d
LetS = {Zaix' a; = :11 :12 :20 » dj € Ly (17),
P N :
d, d d

61 62 70

1 £j <70, *} be a non associative linear algebra over the
field Z43.

(i) Find Hom, _ (S, S).
(i) Find Hom, (S, Zs).
(i) Find T : S — S so that T™' does not exist.

(iv) Find T, : S — S so that T, exists.

Let P = {L3; (17), *} be a S-non associative linear algebra
over the S-ring Zs;.

(i) Find order of P.
(i1) Does P satisfy any of the special identities?
(iii) Does P have substructures?

(iv) Find Hom, (P, P).

Let M = {(a, b) | a, b e L35 (12), *} be a S-non associative
linear algebra over the S-ring Zs.

(i) Find the number of elements in M.

(i) Can M be written as direct sum of linear subalgebras?
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154.

155.

156.

LetP={(a;, a, a3, ..., a7) la; € Z;5(14), 1 <i<7, *} be a
S-non associative linear algebra over the S-ring Z;s.

(i) Find Hom, (P,P).

(i1)) Can P be written as pseudo direct sum of S-non
associative linear subalgebras over Z;s?

dl
d, .
Let V = J1|dj € Ly (10), *, 1 <j <10} be a S-non

le

associative linear algebra over the S-ring Z.

(i) What is the dimension of V over Z,;?
(ii) Find (V, Z7).
(iii) Find the number of elements in V.
dl
Let P = d:z di € Ly (10), *, 1 <j <10} be a S-non

le

associative linear algebra over the S-ring Z.

(i) What is the dimension of V over Z,;?
(ii) Find (V, Z77).

(iii) Find the number of elements in V.
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157.

158.

159.

dl d2
d, d, .
LetP={ > *||de L), *1<j<20}beas-

d19 d20

non associative linear algebra over the S-ring Z;.

(i) Prove P is finite dimensional.

(ii) Find Hom, (P, P).

(iii) Will Hom, (P, P) be a non associative structure?

(iv) Find order of P.
dl d2 d5
Let W = a = |d, d, .. d,| dje
dll d12 d15
Lis(8), * 1 <j < 15} be a S-non associative linear

algebra over the S-ring Z,;s.

(i) Prove V is infinite dimensional.
(i) Find Hom,_(V, V).

Let

V= {Zaixi

be a S-non associative linear algebra over the S-ring Z;s.

ai = (dy, ..., dis), dj € Li50(47), *,1<j< 15}

(i) Find L (W, Ziso).
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160.

161.

162.

163.

164.

165.

166.

167.

168.

169.

Let V be S-non associative polynomial linear algebra over
the S-ring Z,.

(i) Find Hom, (V, V).
(i) Find L (V, Z,).

Let V be a non associative 5 X 5 matrix linear algebra
over the S-ring Zss.

(i) Find Hom,_(V, V).

(it) Find L (V, Zss).

Find the marked difference between S-non associative
linear algebras over a S-ring and a linear algebra over a

field.

Find some applications of S-non associative linear
algebras over a S-ring.

What are the benefits of using S-non associative linear
algebras over a S-ring?

What are the special features enjoyed by groupoid vector
spaces?

What are the differences between groupoid vector spaces
and non associative linear algebras?

Give an example of a finite groupoid vector space.

Describe finite groupoid linear algebras and illustrate
them by examples.

Let V={57Z,37,11Z} beaset. G={Z, * (13,7)} bea
groupoid vector space over the groupoid G.
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170.

171.

172.

(1) Write V a direct sum of groupoid vector subspaces
over G.

(i) Write V as a pseudo direct sum of groupoid vector
subspaces over G.

(iii) Find Homg (V, V).

Let V = {10Z, 19Z, 3Z} be a groupoid vector space over
the groupoid G.
(i) Find L (V, G).

al
al a2 a3
a
Let V = {(ay, ay, ..., ajg), 2, a, a;, a,||laecZl
a; ag Ay
a8
< 10} be a groupoid vector space over the groupoid G

<i

={Z,* (3, 13)}.

(i) Write V as a direct sum.

(i1) Find subgroupoid vector subspace (Does it exist?).

(iii) Find the algebraic structure enjoyed by L (V, Z).

Let

a,

a R a, a a

2 1 2 10

V= Ja, a5 ag ,[ j ,

a3 all a12 a20

a7 a8 a9
a

a; € Z, 1 <£1<40} be a groupoid

vector space over the groupoid G = {Z, *, (11, 11)}.
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173.

174.

(i) Find Homg (V, V).
(i) Write V as a pseudo direct sum.

(iii) Write V as a direct sum.

al a2 alO
Let V=4la, a, .. a,||ae€Z 1<i<30} bea
A, Ay .. Ay

groupoid linear algebra over the groupoid G = {Z, *, (3,
13)}.
(i) Find Hom (V, V).

(i) Write V as a direct sum.
(Is it possible?)

(iii) Can V be written as a pseudo direct sum?

Give some nice results about groupoid vector spaces /
linear algebras over the groupoid G = {Z, *, (t, u)}.

a a a a a a a a
| 2 3 20 5 6 7 8
Let V= { }, ,
ay Ay Ap Ap || a9 3 ay Ay
a3 Ay A5 A
a 4, a, a;
a

816228,1S1S40}bea

5 | [Q3 Ay Az

groupoid vector space over the groupoid G = {Zy, *, (7,
0)}.

(i) Find number of elements in V.
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176.

177.

(i) Write V as a direct sum.

(iii) Find Hom,,_(V, V).

I a a, a3 a, a; d |
a; ag a, 4, a; ap
Let M = a3 34y A5 A a5y Ay . where a; €
g Ay Ay Ay Ay Ay
Ay Ay Ay Ay Ay Ay
|31 A3 833 Ay 835 Agg

Zg, ¥, (7,0), 1 £1<36} be a groupoid linear algebra over
the groupoid G = {Z43, *, (7, 0)}

(i) Find Hom (M, M).

(i) Find L (M, G).

(iii) Is it possible to write M as a direct sum?

(iv) Does M satisfy any of the special identities as a
groupoid?

(v) Does M contain any proper groupoid linear

subalgebras?
Let
al a2
a, a a a, a
1 2 10 3 4
all a12 a20
a21 a22
al a2 a3
a, a; a,|[.(a,a,,..,a,;)| a3 € Ziyz, | <1<22} bea
a; dg Qg

groupoid vector space over the groupoid G = {Z43, *, (3,
140)}.

(1) Does V contain any substructures?
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178.

179.

(i) Will V satisfy any of the special identities?
(iii) Write V as a direct sum.

(iv) Write V as a pseudo direct sum.

Let
a, a ag
a a a a a .. a
2 1 A 9 10 16
V= {(a19a29~“,a12)9 . > { :|,
: a; A, || a5y ag Ay
ay s Ays ... Ap

a; € Zyss, 1 £1 <40} be a groupoid vector space over the
groupoid G = {Z4, *, (7, 142)}.

(i) Write P as a direct sum.

(i) Write P as a pseudo direct sum.

(iii) Find Hom (P, P).

(iv) Find the algebraic structure enjoyed by L (P, Z4s).

Let
a,
al a2 a a a a
1 2 12 2
M=<la, a, ,[ j, )
a3 Ay Ay
as;  ag
ay

(a,,a,,...,a,5),|a, a5 a,|| a € Zy;, 1 <1<40} bea

groupoid vector space over the groupoid G = {Z;, *,
(6,0)}.

(i) Prove M is a non associative and non commutative
structure.

(i1) Is M a direct sum?
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180.

181.

(iii) Can M have substructures?
(iv) Find Hom (M, M).
(v) Find L (M, Z,).

Let
a, a4, a9
a a a a a a
a4 THT 20
M: [ ], . . 9
a, a, a,
g A9y ..o Qo
a
a

a a
{1 2}, 2 |@2y,.085) | @€ Zs, 1 1<100} be a

3 a4
Ay
groupoid vector space over the groupoid G = {Z;, *, (2,
1}.
(i) Prove M is finite.
(i) Write M as a direct sum.
(iii) Can M satisty any of the special identities?

(iv) What is the algebraic structure enjoyed by
Hom (M, M)?

a
a a a a4, a, a,
| 2 10 2
Let W = [ j, Sl la, as ag || a
a4, ap 4y :
a; dg Qg
a

12

€ Zy, 1 <1 <20} be a groupoid vector space over the
groupoid G = {Zas, %, (20, 6)}.

(i) Find the number of elements in W.

(i) Write W as a pseudo direct sum.
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182.

183.

184.

(iii) Find the algebraic structure enjoyed by
Homg (W, W).

a, a, a; a,

a
Let V = > 1l ai€ Zas, (40, 4), 1<i <

a3 Ay A5 A

16, *} be a groupoid linear algebra over the groupoid Zg;.

(1) Does V satisfy and special identity?
(i) Prove V is non commutative.

(iii) Can V have substructures?

7 a8 .
. . a; € Z45, (20, 26), 1<i1<

A3 A3 A3 Ay
40, *} be a groupoid linear algebra over the groupoid G =
{Zss, *, (20, 26)}.
(i) Find Hom (M, M).

(i) What is the algebraic structure enjoyed by L (M, Zs)?

(iii) Does the groupoid linear algebra satisfy any of the
special identities?

a; € Zyg7, *, (3, 46)} be a groupoid linear

Let P = {i ax'
i=0

algebra over the groupoid G = {Z4;, *, (3, 46)}.

(i) Find substructures of P.
(i) Is P a commutative groupoid linear algebra?
(iii) Can P be written as a direct sum?
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185.

186.

187.

a; = (p1, P2, P3» ps) and d; =

Let M = {iaixi,idixi
i=0 i=0

bl
b, | where p, by € Zsp, 0<1<4,0<j<8,1<t<4,1<
b

k < 3} be a groupoid vector space over the groupoid G =
{Zso, *, (10, 0)}.

3

(i) Write M as a direct sum.
(i1)) Can M have more than three substructures?

(iii) Find Hom (M, M).

y
9 10 o & . y;
Let W :{Zqixl,Zbix',Zdixl,Zpixl q = D b,
i=0 i=0 i=0 i=0 .
Yio

al a2 3

a
a, a, a, a, a
1 2 3 4 5
= ,di=la, a; a,|,pi=(
alO

a

a a

7 8 9

v tip) With0<j<9,0<t<10,1<r<11,0<1<10; 1
<i< 10, 1 <£k< 10, IS_]SIO, ai,tj,yke Zs}bea
groupoid vector space over the groupoid G = {Zs, *, (2,
3)}.

(i) The number of elements in W is finite.
(i) Write W as a direct sum.

(iii) Express W as a pseudo direct sum.

a; € Zyy, *, (16, 4)} be a groupoid linear

Let T = {i ax'
i=0

algebra over the groupoid G = {Z,o, *, (16, 4)}.
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188.

189.

190.

191.

(1) Show T is non commutative linear algebra.
(i1) Does T satisfy any of the standard identities?

(iii) Can T be written as a direct sum of groupoid linear
subalgebra.

(iv) Find L (T, Z1s).

Obtain the major difference between groupoid vector
spaces and complex groupoid vector spaces.

Mention any special property enjoyed by complex
groupoid vector spaces built using
C(Z,).

Let V = {C (Z), *, (3, 10)} be a complex groupoid linear
algebra over the groupoid G = {Z3, *, (3, 10)}.
(i) Find the number of elements in V.

(i) Give a basis of V over G.

(iii) Find Hom (V, V).

Let W = {(a;, a5, a3) | a; € C (Zy), iz =39, *, (20, 20)} be
a strong complex groupoid linear algebra over the
complex groupoid C(G) = {C (Zy), *, (20, 20), if: =39}.
(i) Find a basis of W over C(G).

(i) Can W have strong complex groupoid linear
subalgebras?

(iii) Find Hom (W, W).
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_ 2 a, a, .
192. LetM = {(al, dy, a3) , a; € C (Z43), 1<i1<
a

3 4

4, i? = 42} be a complex groupoid vector space over the
groupoid {Zy3, *, (10, 3)}.
(i) Prove M is finite.

(i) Write M as a direct sum.

(iii) Find Hom (M, M).

a
a, a, .. a,)|a,
193. Let P = [ j, " 1,(a,a,,...,a,) where
a4, ap 4y :
a

12

a,€ C (Zp) 1 <125, if: = 22} be a strong complex
groupoid vector space over the complex groupoid C (G) =
{C (Za), *, (3, 14), iy =22).

(1) Show P has only finite number of elements.

(i1)) Express P as a direct sum of strong complex groupoid
vector subspaces.

(iii) Show P has pseudo complex strong groupoid vector
subspace over H = {Z,3, *, (3, 14)}.
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194.

195.

196.

a al a2 a15
2
Let W = {(ay, a, ..., ay0), Jblae a; e Ay ||aE
a31 a32 a45
ays

C (Zg), if: =12, 1 €1 <45} be complex groupoid linear
algebra over the groupoid G = {Z;3, *, (10, 4)}.
(1) Find the algebraic structure enjoyed by

(@) L (W, Zy3). (b) Hom, (W, W).

(i) Does W have a basis over the groupoid G?

a, a, .. a,
a a .o a
13 14 2% .2 )
Let P = ae C(Zs), 1 =14,1<1
Ay a3
d3; Ay ... Ay

< 48, (12, 4), *} be a strong complex groupoid linear
algebra over the complex groupoid
C(G) ={CZs), * (12,4}

(i) Find the number of elements in P.

(i1) Find a basis of P over C(G).

(iii) Find a strong complex groupoid linear subalgebra of
P over the complex groupoid C (G).

a a

3 4

Let W = a ,  ag ||a € C(Za), if: = 39,
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197.

198.

199.

if: =39,1<i<12, (3, 19), *} be two strong complex
groupoid linear algebras over the complex groupoid C(G)

{C (Zs) ={a+Dbirl i} =39,a,be Zy}, * (3, 19)}
(i) Find T : W — P so that T"' exists (T a linear
transformation of W to P).

(i) Find f : P — W a linear transformation of P into W so
that f' does not exist.

(iii) Find Hom (W, P) and Hom (P, W).

(iv) Does there exist any relation between L (P, C(G)) and
L (W, C(G))?

Let
a
a a a a a a
) 2 4 a3 Ay
P= [ ]’ ’(al’az’--- a7)’|: i|
a, a, a;, a, a, a,
a9

where a; € C (Z14); 1 £1 <10, if: = 13} be a strong
complex groupoid vector space over the complex
groupoid C (G) = {C (Z14) = {a + bip | if: =13,a, b e
Zis}, %, (3, 12) ).

(i) Find a basis of P over C(G).

(i) Find the number of elements in P.

(iii) Write P as a direct sum.

(iv) Find L (P, C(G)).

Mention some special features enjoyed by loop vector
spaces defined over the loop L,(M).

Let V= {(a,b) la, be L (8), *} be a loop linear algebra
over the loop Lo (8) = L.
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200.

201.

202.

(i) Find the number of elements in V.
(i) Find a basis for V over L.
(iii) What is the dimension of V over L?

(iv) Find Homg (V, V).

a
al a2 a3
al 2 a2 .
Let S = , Ja, a; ag|laie Lx(7);1<1
a, a,
a7 a8 a9
a9

<10} be a loop vector space over the loop L = L3 (7).
(i) Find a basis of S over L.

(i) Write S as a direct sum of loop vector subspaces of
S over L.

(iii) Write S as a pseudo direct sum of loop vector
subspaces of S over L.

(iv) Find L (S, L).

Derive some interesting features enjoyed by strong loop
linear algebras.

al
a, a, a, a,
a2 . . . .
Let P = {(a;, a5, ..., ajy), bl : : o,
a3 Ay A5 A
aS
4, a,
al a2 alO
a, a, .
Jla, a2, .. ay || ae Lo5),1<1<30} be
aS a6
a21 a22 a30
a; ag

a loop vector space over the loop Lo(5) = L and
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203.

204.

205.

206.

207.

208.

a a a a
2 1 2 8
M= { } |
4 ay a4
a),
4, a, 4, a, ag
a a a a .. a
3 4y 7 8 12 )
s . . . a; € L9(5), 1<1< 30} be
as ag ||+ i .
a; Ag | |5 Ay a3

a loop vector space over the loop L = Ly(5).

(i) Define T : P — M so that T does not exist.

(i1) Study the algebraic structure enjoyed by Hom (M, P).
(iii) What is the algebraic structure of L (M, L)?

Give an example of a loop linear algebra over a loop
L =L, (m).

Give an example of a strong non associative linear
algebra which satisfies Moufang identity.

Does there exist a strong non associative linear algebra
which satisfies Bol identity?

Give an example of a strong non associative linear
algebra which satisfies the Burck identity.

Obtain some interesting properties enjoyed by S-strong
non associative linear algebras over a S-ring.

Give an example of a commutative S-strong non
associative linear algebra of finite order over a S-ring.
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200.

210.

211.

212.

213.

214.

215.

Give an example of a right alternative S-strong non
associative linear algebra over a S-ring. Can that ever be
commutative? (justify).

Does there exists an alternative S-strong non associative
linear algebra over a S-ring?

Does there exist a Burck S-strong non associative linear
algebra defined over a S-ring?

Does there exist a Moufang S-strong non associative
linear algebra defined over a S-ring?

Does there exist a Bol S-strong non associative linear
algebra defined over a S-ring?

Give an example of a S-strong non associative linear
algebra which is right alternative over S-ring.

Let V= ai e Les(11), *, 1<i<9) beaS-

non associative linear algebra over the S-ring Zg;.

(i) Find dimension of V.
(i) Find a basis of V.
(iii) Can V have more than one basis?

(iv) Find sublinear algebras W and a basis of that W.
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V) Is M = a e Lg(11), *} c V a

sublinear algebra?
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