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Abstract

We have made an attempt to describe the octonion formulation of Abelian and non-Abelian gauge theory
of dyons in terms of 2x2 Zorn vector matrix realization. As such, we have discussed the U(1)e XU(1),, Abelian
gauge theory and U(1) x SU(2) electroweak gauge theory and also the SU(2). x SU(2)m, non-Abelian gauge
theory in term of 2x2 Zorn vector matrix realization of split octonions. It is shown that SU(2). characterizes
the usual theory of the Yang Mill’s field (isospin or weak interactions) due to presence of electric charge while
the gauge group SU(2),, may be related to the existence of t-Hooft-Polyakov monopole in non-Abelian Gauge
theory. Accordingly, we have obtained the manifestly covariant field equations and equations of motion.
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1 Introduction

Physicists were fascinated about magnetic monopoles since its ingenious idea was put forward by
Dirac [I] and also by Saha [2]. So many attempts [3], 4] were made for the experimental verification of conclusive
existence of magnetic monopoles and after the failure of attempts, the literature [5l [6] [7] turned partially negative
casting doubts on the existence of such particles. The work of the Schwinger [8] was the first exception to the
argument against the existence of monopoles. At the same time so many paradoxes were related to the theory
of pure Abelian monopoles, as Dirac’s veto, wrong spin-statistics connection [9] and many others [I0} [IT], 12].
Several problems were soon resolved by the invention of dyons [10, 12} 13} [14] particle carrying simultaneous of
electric and magnetic charges. Fresh interest in this subject was enhanced by the idea given by 't Hooft [I5]
and Polyakov [I6] showing that monopoles are the intrinsic parts of grand unified theories (GUT). The Dirac

monopole is an elementary particle but the 't Hooft-Polyakov monopole [15] [16] is a complicated extended object



having a definite mass and finite size inside of which massive fields play a role in providing a smooth structure
and outside it they vanish rapidly leaving the field configuration identical to Abelian Dirac monopole. Julia and
Zee [I7] have extended the idea of 't Hooft [15] and Polyakov [I6] to construct the classical solutions for non-
Abelian dyon. Prasad and Sommerfield [I8] [19] have derived the analytic stable solutions for the non-Abelian
monopoles and dyons of finite mass by keeping the symmetry of vacuum broken but letting the self-interaction of
Higgs field approaching zero. Such solutions, satisfying Bogomolnys condition [20] are described as Bogomolny-
Prasad-Sommerfield (BPS) monopoles. On the other hand, according to the celebrated Hurwitz Theorem [21]
there exists four-division algebras consisting the algebra of real numbers (R), complex numbers (C), quaternions
(H) and Octonions (O). All four Algebra’s are alternative with totally anti symmetric associators. In 1961
Pais [22] pointed out a striking similarity between the algebra of interactions and split-octonion algebra. We
[23], 24}, 25| [26] 27] have studied octonion electrodynamics, split-octonion electrodynamics, dyonic field equation
and octonion gauge analyticity of dyons consistently and obtained the corresponding field equations (Maxwell’s
equations) and equation of motion in compact and simpler formulation. Keeping in mind the potential importance
of monopoles and dyons along with the applications of octonions in mind, we have made an attempt to describe
the octonion formulation of Abelian and non-Abelian gauge theory of dyons in terms of 2x2 Zorn vector matrix
realization. As such, we have discussed the U(1). x U(1),, Abelian gauge theory and U(1) x SU(2) electroweak
gauge theory and also the SU(2), x SU(2),, non-Abelian gauge theory in term of 2x2 Zorn vector matrix
realization of split octonions. It is shown that SU(2). characterizes the usual theory of the Yang Mill’s field
(isospin or weak interactions) due to presence of electric charge while the gauge group SU(2),, may be related
to the existence of 't-Hooft-Polyakov monopole in non-Abelian Gauge theory. Accordingly, we have obtained the

manifestly covariant field equations and equations of motion.

2 Octonion Definition

An octonion X € O is expressed [23] 24 [25] as a set of eight real numbers

7
X = (Xo, X1, ..., X7) :Xoeo-i-ZXAeA (A: 1,2,..... ,7) (1)
A=1
where e4(A = 1,2,.....,7) are imaginary octonion units and e is the multiplicative unit element. The octet

(eo, €1, €2, €3, €4, €5, €6, €7) is known as the octonion basis and its elements satisfy the following multiplication

rules

e0 =1, epea =eseg=e€a easep=—b0apeo+ fapcec. (A,B,C =12, ... 7) (2)

The structure constants fapc are completely antisymmetric and take the value 1 i.e.



fapc =+1=(123), (471), (257), (165), (624), (543), (736). 3)

Here the octonion algebra O is described over the algebra of rational numbers having the vector space of dimension
8.

The relations among octonion basis elements define as

lea, eB] = 2fapcec; {ea, e} =—dapeo; ealepec) # (eaen)ec; (4)

where brackets [ ] and { } are used respectively for commutation and the anti commutation relations while 45

is the usual Kronecker delta-Dirac symbol. Octonion conjugate is thus defined as,

7

X =Xoeo— »_ Xaea (A=1,2,....7). (5)
A=1

An Octonion can be decomposed in terms of its scalar (Sc(X)) and vector (Vee(X)) parts as

7
Se(X) = %(X +X) = Xo; Vee(X) = %(X ~X) =Y Xaea. (6)
A=1

Conjugates of product of two octonions and its own are described as

(XV) = YX; (X) =X (7)

The norm of the octonion N(X) is defined as

7
NX)=XX =XX =) Xl (8)
a=0

which is zero if X = 0, and is always positive otherwise. It also satisfies the following property of normed algebra

N(XY) =N(X)N(Y) =N()N(X). (9)

As such, for a nonzero octonion X , we define its inverse as



which shows that

X7'X =XX"1 =ley (XY) =y 1x 1 (11)

3 Split Octonion

The split octonions [25] 26] are a non associative extension of split quaternions. They differ from the octonion
in the signature of quadratic form. The split octonion have a signature (4,4) whereas the octonions have positive
signature (8,0). The Cayley algebra of octonion over the field of complex number C¢ = C ® C' is visualized as

the algebra of split octonions with its following basis elements,

1 ) « .
uo = = (e +ier), uy = = (eo —ier);
2 2
1 _ L1 , .
uj =g (ej +iejt3), uj =5 (ej —iejys);  (Vj=1,2,3.) (12)
where i = /—1 is assumed to commute with e4 (A = 1,2, ...... ,7) octonion units. The split octonion basis element

satisfy the following multiplication rule;

UiUj = €jjkUL; U Uy = —€ijkUy (Vi,j,k =1,2,3)
* . . . * . *
uiuj = —0juo; u;ug = 0; u; Uy = U;
* . * . * ok
u;u; = —0;5Up; UUy = Uo; u;ug =0
. * — . * —
wou; = w3 ujpu; =05 wou; =0 (13)
*_ ok . 2 . *2 ok, * ok =0
UgUs = Uj; Uy = Uo; uy” = up; upugy = ugug = 0.

Giinaydin and Gursey [28] 29] pointed out that the automorphism group of octonion is Ga and its subgroup
which leaves imaginary octonion unit e; invariant (or equivalently the idempotents ug and u) is SU(3) where
the units u; and u] (j = 1,2, 3) transform respectively like a triplet and anti triplet accordingly associated with

colour and anti colour triplets of SU(3) group. Let us introduce a convenient realization for the basis elements

*

(w0, uj,ug, u;) in term of Pauli spin matrices as



0 0 § 10
ug = P oug= ;
0 1 00
0 0 0 —ej
uj = ;U= . (vi=1,2,3) (14)
ej 0 0 0

The split Cayley (octonion) algebra is thus expressed in terms of 2x2 Zorn’s vector matrices components of which

are scalar and vector parts of a quaternion i.e.

O0={ mer i myn € Sc(H); &p,d€ Vec(H) }. (15)
qg n

As such, we may write an arbitrary split octonion A in terms of following 2x2 Zorn’s vector matrix realization

as

§ § a -7
A = auy + bug + xu; + yiu; = 7 ) (16)
b
where a and b are scalars and ¥ and g are three vectors. Thus the product of two octonions in terms of following

2x2 Zorn’s vector matrix realization is expressed as

a 7 T ac+ (7.0) atl + d7 + (Y x ) 1
* = ,
v b 7 d Y +bi— (T x W) bd+ (Y. )
where (x) denotes the usual vector product, e; (j = 1,2,3) with e; X ex = €;re; and eje, = —0.
Octonion conjugate of equation in terms of 2x2 Zorn’s vector matrix realization is now defined as
_ b 7
A =aug+buf — zul —yu; = 7 . (18)
— a
The norm of A is defined as
N(A) =AA = AA = (ab+ 2. Y)1 = n(A)T, (19)

where 1 is the identity elements of matrix order 2 x 2, and the expression n(A4) = (ab—&—?.?) defines the quadratic



form which admits the composition as

-, - -

n(A-B) =n(A)n(B), (VA BeO) (20)

As such, we may easily express the Euclidean or Minkowski four vector in split octonion formulation in terms of
2x2 Zorn’s vector matrix realizations. So, any four - vector A, (complex or real) can equivalently be written in

terms of the following Zorn matrix realization as

Ty —? — T4 ?
7(4) = . Z(A) =

7y -7 v

(21)

4 U(1) x U(1) Octonion Gauge Formulation

Let us write [30] the split octonion valued space time vector Z* (u = 0,1,2,3) in terms of the 4 x 4 (space
time vector-valued) Zorn matrix Z*, as
zhey —alle;

K, H
Y€ YoCo

where (1 = 0, 1,2, 3) represent the internal four dimensional space with (1 = 0) representing U(1) abelian gauge
structure while 1 = j (Vj = 1,2,3) may be used for non-Abelian gauge structure. Here a3, 2, vy, yj are real
valued variables for abelian and non-Abelian gauge fields. When the space time metric [30] is 17,“,14X4, the bi

linear term

1 1 )
JTracelnu 2! 27) =[xt + s + 7] + yyyy] Trace[laxs)
1
=5 [2626 + Yo ys + 22 + Y]] (23)

describe the inner product. The octonion conjugation is accordingly defined as

7" =rhuo + Yy uy — Thu; — yju; = , (24)

while the Hermitian conjugation is described [30] as

(2! = () o + () — () ) — ()" it (25)



So, we may write xf =vy; = (acé‘)* = (yé‘)* = 0 for Abelian gauge fields. Thus, the split octonion differential

operator [25] is written as,

O =u$d,, + w0y, — dueol, (26)

where ug = % (eg +ie7), ufy = % (eo — iey) are split octonion basis . Thus, the equation in term of 2x2

Zorn matrix may be written as

9, 0 10 .
= ~ 8H ~ 6M12><2' (27)
0 0, 0 1
Hence, the covariant derivative for U(1) x U(1) gauge theory [27] of dyons may be written as split octonion

valued in terms of 2x2 Zorn vector matrix realization as

J,+ A 0
D.u - g g ’ (28)
0 Ou+ B,
which yields
0,0, +0,A, +A,0,+A,A, 0
DD, = 1 1 i I ’ (29)
0 0,0, +90,B, + B,,0, + B,B,
The commutator[D,,, D,| = D, D, — D, D,,, may be expressed as
0,A, —0,A,+A,A, —A A 0
Dy, D)= e g , (30)
0 o.B, - 0,B,+ B,B, — B,B,
which reproduces
Fo 0
[D/u D)= — Fuu; (31)
0 Fu

where



F,, =0,A, —0,A, + A A, — A A, — E,;

]:/w :ap,Bu - 61/B/L + B/LBV - BVB,u — H/w; (32)

Here E,,, and H,,, represent the octonionic forms of generalized field tensors of electromagnetic fields of dyons.

Now operating D,, given by the equation to the generalized four electromagnetic fields F,,,, , we get

0uEu 0 Jv 0
D,F,, = — = I (33)
0 O.H. 0 Ky
where
Ju :8ME/JV;
ky =0, H,.,; (34)

are respectively the four currents associated with electric charge and magnetic monopole (i.e. the constituents
of dyons) in the case of U(1) x U(1) Octonion Gauge formalism. Thus, we have obtained the justification of
U(1) x U(1) gauge theory of dyons in terms of split octonions and their correspondence with 2x2 Zorn vector
matrix realization. Here we may infer that the U(1) x U(1) gauge theory is described well by split octonion

formulation where the spinor and iso spinor take part together.
5 U(1) x SU(2) Octonion Gauge Formulation

So, by virtue of split octonion formulation we may extend U(1) gauge theory to the U(1) x SU(2) gauge theory.

Accordingly, we write an octonion as the combination of two gauge fields expanded in terms of quaternions i.e.

A A0+ Aley,

B, — B} + Bieq, (Va =1,2,3.) (35)

So, the co-variant derivative in case of U(1) x SU(2) octonion gauge field in the split octonion form may be

expressed as

0, + A0 + Ave, 0
Du=| " . , (36)
0 0.+ B, + Bjieq



where the components of electric Ag and magnetic 32 are the four potentials of dyons in case of U(1) while Af,

and B} describe of the SU (2) gauge field theory. The commutator of two derivatives is

[D,,D,] = G+ Gl !
wy Y| —

— G (37)
0 wa + waea

which is U(1) x SU(2) octonion gauge field strength for dyons in 2x2 Zorn matrix realization.

where

Ggy =0, A% — 8,,A2 + [4),A)] — E

pv

G2, =8, AL — 9,A% + e, [A%, AL] — E°

pvo

(38)

are respectively abelian and non-Abelian U(1). x SU(2). gauge structures in presence of electric charge and

0 0 0 0 0 0
GY, =0,B% — 9,8 + [BS,BY] — H

nvo

G, =0.Bf — 9,Bj, + eq By, By| — H; (39)

oo nv

is U(1)y, x SU(2),, gauge structure associated with the presence of magnetic monopole. Operating D,, given by

the equation to the U(1) x SU(2) octonion gauge field strength G, (37)), we get

0,G% +0,G% e, 0
e (40)
0 0,G,, + 0,G}, €4
which may further be reduced in terms of compect notation of split octonion formulation i.e.
Jo +itea 0
DG, =], = . (41)
0 kS + kleq

Here J, is U(1) x SU(2) form of octonion gauge current for dyons. From equation , we may write the following

field equations



30 =0,G°

;w;

Jo =0uG;
k2 :8HG2V;
ky =0,G}.; (42)

where jO and j¢ are generalized octonion current for U(1). x SU(2).(electric case) and kO and k2 for U(1),, x

SU(2)., (magnetic case). The analogous continuity equation then changes to be

0ujS + Oujtea 0

D,J, =
o 0 D,k + O, keq

—0. (43)

6 Non-Abelian SU(2), x SU(2),, Gauge Formulation

In order to describe SU(2). x SU(2),, gauge formulation, let us write the covariant derivative D,, as

D[L :all, + V/L; (44)

where V, is the octonion form of generalized four potential [31] expressed as

V.=eo (A;eT) + ter (B;eT) . (45)
Here 7 +— 1,2,3 denotes SU(2) generator. Thus, the covariant derivative may be expressed as
D, =0, +eo (A;eT) + ier (B;eT)
=uy ((% + Ajer + B;eT) + g ((3” + Ajer — B;eT) ) (46)

The split octonion equivalent of equation in term of 2x2 Zorn’s vector matrix realization may be expressed

as

10



O+ (A} + B]) er 0

D, = (47)
0 Ou+ (A}, — B er
The commutator of two derivatives is
G,+Gl,)er 0
[D,LMDD] = ( a . ) — G;y; (48)
0 (GL, — G, )er
where
G;V =0,4], — GVA; + e, [A;,AZ] — E;l,;
G, =0,B] —0,B;, +e: [B;, Bﬂ — Hj,; (49)

respectively represent SU(2) non-Abelian gauge structure associated with electric charge and magnetic monopole.

Operating D,, given by the equation to the equation ie. D,[D,,D,], we get

2,GT d,G™ - 0
D7y = [ OnCiw +OuGl) e , (50)
0 (QLGZW - 5HGZW) er

which may further be reduced to the following compact notation of an octonion formulation as

DHGT;UJ :JZ, (51)

where J7 (V7 = 1,2, 3), the octonion gauge current in terms of 2x2 Zorn’s matrix realization of SU(2) X SU(2),,

may be expressed as

i+ k) er 0
g G , (52)
0 (77 — kT) er

from which we may write following field equations for non-Abelian gauge fields of dyons

11



Jo = 0,G7,

;w;

kD = 0,G, (53)

nv

Here j7 and k], are octonion non-Abelian currents respectively used for electric charge and magnetic monopole

for the case of SU(2), x SU(2),, gauge field theory. Accordingly, the continuity equation generalizes as

Ovjl + 0, k]) er 0
D,J;, = (65 )e =0. (54)
0 (81/]17/— - auk:;) €r

7 Condition of 't Hooft Polyakov Monopole

From the fore going analysis, we may easily obtain the case of 't Hooft Polyakov [I5] [16] theory of magnetic

monopoles. Let us write the complex conjugate of differential operator as

DZ :OM + eg (A;eT) - Z-6’7 (B;er) ) (55)

which may further be reduced to 2x2 vector matrix realization of split octonion as

O, + (AT —B") e, 0
D; _ 2 ( H #) (56)
0 O+ (A} + B]) er
Equation and gives rise to
1 . O, +Aler 0 - N
Du D) (Dy.+ Du) = ' - ~ (O + AMeT) 1, (57)
0 Op + AMeT

which describes the covariant derivative of Yang-Mill’s field of SU(2) gauge theory.
We may now use the covariant derivative in order to discuss Lagrangian [32] used in the Georgi-Glashow
model for the description of the SO(3) ~ SU(2) Yang Mills field theory coupled to a Higgs field as

= -,

- iGW.G‘“’ n % (%5) : (9“(;5) V(o) (58)

Here

o%* the gauge field-strength G, is defined by

12



Gy =0, W, — 0,W,, — eW,, x W,

VV/L :A;e‘r; G/w = G;ye‘r;
where W, are gauge potentials associated with the Lie algebra of SO(3), and

G, =0,A] — 0,47, + e, [A],A]].

(61)

%
o3* the Higgs field ¢ is a vector in the (three-dimensional) adjoint representation of SO(3), with components

®a = (¢1, b2, ¢3) which is minimally coupled to the gauge field; the gauge-covariant derivative [32] is defined as

- — —
Dup =0, ¢ —eW, x ¢;

_>
o$* the Higgs potential V ((b) is given by

v(3)=1 @ e’

- =
where ¢ = ¢ - ¢ and ) is assumed to be non-negative.

The Lagrangian density is invariant under the following SO(3) gauge transformations [32],
- = —
¢ = ¢ =g(x);
_ 1 _
Wy Wi =g(2)W,g(2) " + —0ug(x)g(w) "

where g(z) is a possibly z- dependent 3 x 3 orthogonal matrix with unit determinant.

_>
The classical dynamics of the fields W, and ¢ are determined from the following equations of motion

DG = —eh x DG
P96 ==\ (#* —a®) 9

and by the Bianchi identity

13



dpv _ 1 _uvip
where G = ;¢ Gp-

_)
The canonically conjugate momenta to the gauge field W, and the Higgs field ¢ are described [32] as

o N . —
E'=-G" Il=%¢; (67)
éz] - = eijkgk; (68)
The energy density may be written as
lo = lo-w 1o = 1 _— — -
H =3 BB+ S0+ 5B Bi+ 59696 +V(¢). (69)

Here, one can define a vacuum configuration to be one for which the energy density vanishes [32], i.e.
- — —
G =0, 7"6 =0, V(4)=0. (70)

It should be noticed that the Higgs field obeys ¢? = (¢? + ¢3 + ¢3) = a? in the Higgs vacuum. Such vacuum
configuration is no more invariant under the transformations of SO(3), but only under an SO(2) = U (1) subgroup.
Thus, this model exhibits spontaneous symmetry breaking mechanism. On the other hand, Olive [33] obtained

the resultant masses of gauge particles as,

M(e,0) =a | e|; (71)

where e is the eigen value of electric charge of a massive eigenstate and a specifies the the magnitude of the vacuum
expectation value of scalar Higgs field. In 't Hooft-Polyakov model, after symmetry breaking, we have the U(1)
gauge theory which has all the characteristics of Maxwell’s electromagnetic theory. The 't Hooft - Polyakov
monopole carries one Dirac unit of magnetic charge. These monopoles are not elementary particles like Dirac’s
monopoles but complicated extended objects having a definite size inside of which massive fields play a role in
providing a smooth structure and outside they rapidly vanish leaving the field configuration identical to Dirac’s
monopoles. The 't Hooft -Polyakov monopole was known numerically but there is simplified model introduced by
Prasad and Sommerfield [19] which has an explicit stable monopole solution. Such solution satisfying Bogomonly
condition [20] are named as Bogomonly - Prasad - Sommerfield (BPS) monopoles. These static monopoles in R?
- space have been extensively studied in recent years and it became clear that they have remarkable properties
which are best understood as a special case of self-duality equations in four space for solutions independent of
one of the variables. The mass of monopole solution with a smooth internal structure is calculable to have the

following lower limit of Prasad and Sommerfield,

14



M(0,9) 2a|g]. (72)

Which is possible in Prasad-Sommerfield limit [I9] , where the the 't Hooft- Polyakov monopole solutions are

generalized to vanish the self interaction of Higgs field.
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