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ABSTRACT. We developed some formulas to represent integer numbers as
the sum of cube roots.

Lemmal. lfc = % and b # 0, then

ab? + ab?c = b3c + a?b.

Proof. Suppose that

y=1+2zy,
then, we can do
t—1
z=—
t
and
y =t.

Lett = % in numerator and t = ¢ in denominator, such that ¢ = %. Therefore,
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ab?c = b3c + a?b — ab?,
ab? + ab?c = b3c + a?b.D
Corollary 1. If b = %or b =aorb=0andc # 0, then b satisfies the equation
cx3 —a(c+ 1)x? +a’x = 0.

Proof. We substitute x = b in Lemmal and use a bit of algebraic manipulation. O



Lemma 2. If ¢ = % and b # 0, then
a’b + ab?c? = a3 + b3c2.
Proof. Suppose that
y=1+zy?

then, we can do

and

Lett = %and t2 = ¢2, such that ¢ = %. Therefore,

F=1e (),

a (a — b)a?
=14
b + b3c?

a b3c*+ (a—b)a?

b b3c? ’

_ b3c* + (a— b)a?

¢ b2c2 ’

ab?c? = b3c? + a3 — a?b,
a’b + ab?c? = a® + b3c%.0
Corollary 2. If b = %or b= —% or b = aand c # 0, then b satisfies the equation
c?x3 —ac*x? —a’x+ a3 =0.
Proof. Substitute b = x in Lemma 2 and use a bit of algebraic manipulation. O

Theorem 1. For ¢ € Z4, then any integer a has the following representation of the two cube
roots
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a3(c+1)_|_\/a6(c+1)2 4a%(c?+c+1)3
c

al(c+1) \/a%c +1)2 4a®(c?+c+1)3
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+ 2\ 2 ct 27¢®
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Proof. By Cardano’s formula, a root of x3 + px + ¢ = 0 is given by

/ 4p3 3|1 4p3
_ 24 7 -4 — 24 2
q+ |q +27 + > q q +27 .

Suppose that x = a, and

N| =

(D X1 =

(2) x3=—px—q.
By Corollary 1, we obtain
c(-px—q)—alc+Dx?+a’x =0,
—a(c+ 1Dx? + (a®> — cp)x —cq = 0,
a(c+1)x? — (a? —cp)x +¢cq = 0.

By Bhaskara’s formula, we find

_(@®—cp) £ J(@? — cp)? — 4acq(c + 1)
x= 2a(c+ 1) '

3)

On the other hand, by Corollary 2 and (2), we obtain

Z—a’?x+a®=0,

c?(—px — q) —ac*x
—ac’x? — (a® + c*p)x+a® —c?q=0.

By Bhaskara’s formula, we put

a? + c?p +/(a? + ¢2p)? + 4ac?(a3 — c2q)

4 =
(4) x 2ac?

We compare (3) with (4), and find

a2+c2p_ a’ —cp
2ac2 2a(c+1)

and

(a® + c?p)? + 4ac?*(a® — c?q)  (a® —cp)® —4acq(c +1)
4q?c B 4a?(c + 1)?

Solving the system of equations above, we get

a’(c’+c+1)

(5) p=- c2

and



al(c+1)
cz

(6) q=
Therefrom, we substitute (5) and (6) in (1) and let x; = a, so we complete the proof. O

1. Examples

Fora = 3 and ¢ = 2, then

1/ 81 151\/_ 3[1( 81 15iv3)
s

fora = 3 and ¢ = 3, then

3_3 1( 12+7Oi)+3 1( 12 70i>_
2 33 2 3v3/'

fora = 4 and ¢ = 2, then

1 _48 + 1601)+3 1( 48 160i)_
2 2 3v3/’

fora = 4 and ¢ = 3, then

31 256 44801) 31( 256 4480i)_
2 81v3 2\ 9 g1y3/’

fora = 5and ¢ = 2, then

3 375 6251) 31( 375 6251’).
V3 2\ 4 6y3/

fora = 5 and ¢ = 3, then
5 = 3 1( 500 87501) 3 1( 500 87501’)
2 81v3 9  81v3/

Corollary 3. Forc € Z-4, then any rational number % and b # 0, has the following

w

representation by a sum of the two cube roots

3 a6(c+1)2 4a%(c?+c+1)3 +a3(c+1)
béc* 27boc® b3c?

N 31| |a®(c+1)? 4a®(c?+c+1)2 a3(c+1)
2 béc* 27b6¢c® b3c?



Proof. Leta — — |n Theorem 1, this completes the proof. O

2. Examples

Fora =2,b = 3 and ¢ = 2, then
31 201) 31(2 ZOi)
2 9 81\/_ 9 81V3
fora=2,b =3 and c = 3, then
s 1 32 560i ) 3 1( 32 560i )
- 2 243 2187\/_ 243 218743
fora=1,b =3 and ¢ = 2, then
3 1 i ) 3 1( 1 5i )
2 162\/_ 2\ 36 162v3/’
fora=1,b =3 and ¢ = 3, then
1_31( 4+ 70i >+31( 4 70i )
3 ]2\ 243 218743 243 2187V3

Theorem 2. For ¢ € Zs4, then any integer a has the following representation by the sum of the
two cube roots

311 [ a3 \/aG 4a%(c —1)3 311 a3 \/aﬁ 4ab(c —1)3

a= 2\ ¢ 2 27¢3 2\ ¢ 2 27¢3

Proof. By Cardano’s formula, a root of x3 + px + q = 0 is given by

311 4P3 311 4p3
= =] — 24 N =g — 2 4 =
(7) X1 5 q+fq uicT 2 R Y Bt Al et vl

Suppose that x = % thus,

(8) x3=-px—q.
By Corollary 2, we obtain
—ac?x? — (a®> + c*p)x +a® —c?q =0,

by Baskara’s formula



a? + c¢?p +./(a? + c2p)? + 4ac?(ad — c2q)
2ac? '

) x =

By Corollary 3, we encounter
3x(—px —q) —ac3(-px —q) —ax+a* =0,
—c3px? + (ac®p—c3q—a®>)x+a*+acqg=0.

Again, by Baskara’s formula

a®+c3q —ac®p £/ (ac3p — c3q — a3)? + 4c3p(a* + ac3q)
Bl 2¢3p '

(10) x =

Compare (7) with (8), and we find

a®+c?*p _a’+ciq—ac’p

2ac? 2c¢3p
and
J (@2 + c2p)? + 4ac?(a® — c2q) B J(ac3p —c3q —a3)? + 4c3p(a* + ac3q) .
2ac? B 2c3p h
(a® + c?p)? +4ac?(a® — c?q) _ (ac®p—c3q—a’)? +4c?p(a* + ac’q)
4a?c* - 4¢6p2 '
Solving the system of equations above, we get

a’(c—1)

(10) p=-"—
c
and
(11) 2
=77

or

a’(c?>+c+1)
(12) p=——"7

c

and

al(c+1)
(13) q=—>-—

c

The solutions (12) and (13) are equals to solutions (5) and (6); thereof, we replace (10)
and (11) in (7), and let x; = a, this completes the proof. O

3. Examples

Fora = 3 and ¢ = 2, then



2 2\2 2

_31 27 15\/_ 3|1 /27 15V3
2\ 2 * 2 2 )

fora = 3 and ¢ = 5, then

o|1f27, 33, +31 27 33 |3
AL

fora = 4 and ¢ = 2, then

1 32 160 31(32 160)
2 2 3v3/’

fora = 5and ¢ = 2, then

st 125 625 31(125 625)
E 2 2\2 63

fora = 4 and ¢ = 5, then
s 1( 704 ) 3|1 (64 7041 )
P 15\/_ 5 15V15/°
fora = 4 and ¢ = 3, then
3 1 256 44801) 3 1( 256 44801')_
2 81V3 9 81v3/’

fora =4 and ¢ = 7, then

64 3201 +3 1(64 320i>_
2\ 7 77/’

fora = 5and ¢ = 8, then

5_ (125 21251) (125 21251’)
2 24+/6 8  24v6/

Corollary 4. Forc € Z,,, then any rational number % and b # 0, has the following

w

representation by the sum of the two cube roots

31| a3 \/ a®  4a%(c—1)3| 31| a3 \/ a®  4a®(c—1)3

a
= = _ + |=]— —
b 2|b3c b6c? 27b6¢3 2|b3c b6c? 27b6¢3



Proof. Leta — — |n Theorem 2, this completes the proof. 0O

4. Examples

Fora=1,b = 3 and ¢ = 2, then

3 3 5
\/% _ 162\/_) J%(Q‘F@);

fora=1,b=4andc = 2, then

3 1 ) 3 1( 1 5 )
2 128 384\/_ 128 38443

fora=1,b=5andc = 2, then

31 ) 31(1 1 )
2 250 150\/_ 2\250 150y3/’

fora=1,b =6and c = 2, then

1_31(1 4 5 )+31<1 5 )
6 [2\432 " 1206v3 2\432  1296v3/

Corollary 5. For ¢ € Zs4, then

1 |1 4(c-1)3
c c? 27¢3

Proof. Simplifying the right-hand side of Theorem 2 and dividing both members for a. O

5. Examples
Forc =2,
1_31(1 5) 31(1 5)_
-~ J2\2 " 6v3 6v3/'
forc =5,
3|1 /1 11i 311 /1 11i
=G G wi)
\/2 5 15V15 2\5 1515
forc =7,

-G G-



Lemma 3. For ¢ € Z-, then
1= 3 1 c+1 n (c+1)?  4(c?+c+1)3 n 3 1 e+l [(c+1)?  4(c2+c+1)3
) c? c* 27¢6 2 c2 ct 27c6 ’

Proof. Simplifying the right-hand side of Theorem 1 and dividing both members for a. 0O

Theorem 4. For n € Z4, then n has the following representation by the sum of cube roots

O k1 |k+ 1?42k +1)3 AL S (R R RO
"‘kz; 2\ T e 27K° 2\ " K 27ke |

Proof. Using the Lemma 3 and finite induction, this completes the proof. O

6. Examples

=R e

3 5i)+31( 4+ 7Oi)+31< 4 70i)
4 63 2\ 9 3813 2\ 9 3813

31

2
+s1 5+9i\/§ +s1 5 9iV3 +31< 6+308i)+31( 6 308i>
2\ 16 32 2\ 16 32 2\ 25 3753 2\ 25 375y3/)




