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Abstract: The main purpose of the present paper is the heuristic study of the structure, properties and
consequences of new class of potential functions results from the concept of pg-Radial functions which are
fundamental family of solutions of second order pg-PDE.
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1. Introduction

The potential (function) theory [1,2] has a long history and has a large domain of applications
particularly in gravitational physics, electrostatics, hydrodynamics, engineering, probability theory [3],
and many other branches of science. The term ‘potential theory’ arises from the fact that, in 19" century
physics the known fundamental forces of Nature were believed to be derived from potentials which
satisfied Laplace equation. Therefore, potential theory was the study of functions that could serve as
potentials. However, nowadays, we know that Nature is more complicated and in some very interesting
cases, the equations that describe forces are systems of non linear PDEs, such as Einstein’s equations and
Yang-Mills equations, and the Laplace equation is only valid as a limiting case. Nevertheless, the term
‘potential theory’ has remained as a convenient expression for describing the study of functions
satisfying the Laplace equation and its generalization. For instance, the well-known classical potential
function or harmonic function [4]

V() =r7, (1)

1/2

wherer = (x* + y* +z?)"? >0 and x,y,zeR. (1) is a fundamental solution to the Laplace equation

AU =0, U=U(xy,2), 2

because the Laplace equation (2) is in fact, rotation invariant, i.e., it is a radial symmetry that is why

the function (1) is also called radial solution. In general, the radial solutions are natural to look for since
they reduce a PDE to an ODE, which is generally easier to solve. In this sense, Eq.(2) reduces to ODE
through U =V | and we find

2
AV=d—\2/+g+d—Vzizi(r2d—vj=O. (3)
dr r dr r°dr dr

2. Concept of pg-Radial Functions

In spite of its abstraction, there is a strong link between mathematics and physics since the major
mathematical discoveries are made in theoretical physics. Indeed, during our preliminary investigation
on the ‘hypothetical’ dark matter [5,6] and its gravitodynamical effects on the baryon
(luminous/ordinary) matter at large-scale structures and as a direct consequence, we arrived at the
concept of pg-Radial functions (pg-RFs) as a new class of potential functions. Conceptually, the pg-RF is
defined, for well-determined weight u and characteristic function v, and for any two real orders p and q,

as follows:
Mp.q (rs.0.0)=uP(rs)v(r,p.0) , (4)

where the weight function and the characteristic function are, respectively, defined by
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u=u(r,s)=r?—sr, (5)
v=v(r,p, 0)=r>—2prcosd +p?, (6)

with r,se R, ;p,0 € R and r is the radial distance from the origin of the coordinates, p, 8 and s are
variable parameters. Hence more explicitly, we have

(r2 - sr)p ' @

r—2prcosd + p? )’

To.a = ﬂp,q(r,S,p,H): (

which has the following domain of definition with respect to the main radial variable r

pifo=0,pecR, \{0}

—pifo=mpeR_\{0} ®)

reR+\mkr¢{

As it said, the pg-RF (4) or (7) is a fundamental family of solutions of the following second order pg-

PDE:
0| ow (pau qavj 0| ow [pauj olow ([ qov
—| === - == W[+ | — = | = W[+ —| — 4| —— W[+
or| or uor vor os| 0s u os op| op VvV Op

olow (qov
— | =4 2= |w|=0, w= ,u=0,v=0. 9
aa{aa (vaaj } o ®

Like pg-RF, conceptually Eqg.(9) is new and has not previously reported in literature since it is
characterized by several important properties that will be treated later. The name of pg-Radial function or
shortly pg-RF comes from the specific property of the couple (p,q) , which plays the role of index in #,,,

and power in ufv. Further, pg-RF for well-fixed value of p and g is sometimes called power
potential function. Since in our preliminary study the pg-RF has graphically studied the evolution of the
galactic rotation curves in terms of the general aspect and behavior of the curves themselves, it seems
that the same function may be used, under some special conditions, in economic science to investigate
the dynamicity or stagnation of markets and the evolution of the investments in the short/medium/long-
term, all that with the help of Bayes’ theorem and Markov’s chain, the economist/investor may be able to
evaluate realistically the dynamicity/stagnation and the general evolution of the project. Also, in
aerodynamics and fluid mechanics, we can use the pg-RF to investigate the evolution of certain dynamic
systems that are highly sensitive to any small regular or irregular perturbations particularly when, in the
characteristic function (6), the angular parameter & becomes function of the form 0=6(t) =wt+6,.

3. Specific Properties of pg-RF

In this section we will seek the basic properties of pg-RF according to the explicit expression (7). These
specific properties may be split into three parts as follows:

I/ Properties of pg-RF with respectto (r,s, p, 6)

1) vp,q,s,peR and p#0,wehave for r=0: 5, =0.
2) Vp,geR\{0}; Vp,0eR and VseR, ,wehavefor r=s: 5  =0.
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3) vreR,\{0}and Vs,p, 0 R , we have for (p,q)=(00): #,,=1.
4) Vvp,q,0eR, we have for r=1, p=0ands=0: 7, =1.
5) Homogeneity of 7, ,with respect to(r,s, p)
vp.q.s, p, 0 R, we have for vr,oe R, \{0 }: 5, (or,05,0p,0)= "y (r,5,p.0).

6) Periodicity with respect to ¢
vp,q,s, p.0cR and VreR, \{0}, we have for Vke Z: 5, (1, s,p, 0+ 2kn)=1, (1, s,p, 0).

-Remark: properties (1.1) and (1.2) are useful particularly for the orthogonality condition of pg-RFs as we
will see.

11/ Properties of pg-RF with respect to(p,q): The following series of specific properties is very

important because it shows us how some basic operations performed on pg-RFs should reduce to the
operations performed on their orders. The demonstration of each property should be exclusively based
on the compact expression (4). So we have the subsequent properties for Vp,q,s, p, 0eR;

vreR, \{0}; u=u(r,s)=0 and v=v(r,p,0)=0:

1) ”glq =N_pq-
2) V/eN\ {0}: né]q = Morq = Mi(pay -
3) Vv/,meN\{0}: Nipmg = My q-

4) vr,meN\{0}: 5, , = nr(ng";gl

5) Mpg= uizpnp,q'

6) p4 =V2q’7p,q'

7) VPO Py €RIM, o+ 1y, 0 = V0, o, VIR, o
8) VPGP0 €RI My o My, =V N 0 — VI, g
9) VPO P2 €Ry o 1T1p, 6, = yay0, -

10) VPy,th, PGz € Ry, o X Mg, 6, = Mgy 0000,

111/ Properties of pg-RF with respect to (u,v): After we have investigated the properties of pg-RF with
respect to (r,s, p, 8)and(p,q), we now examine the third series of properties relative to the weight
and characteristic function of #,, . We shall call such properties ‘structural properties’, which are in
fact two transformations and one transposition.

1) Transformation u —v may be performed through the substitution of
s=2pcosd —p°rt
in the weight function u=u(r,s) that reduces 7, t0 s, = u,,(r,p.0)=v"".

2) Transformation v— u may be performed through the substitution of

p=rcosd +~r?cos’ @—sr with r’cos’d—sr >0,
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in the characteristic function v =v(r,p,0) that reduces 5, to A, =A .(rs)=u"".

3) Transposition u<«> v may be performed through the simultaneous substitution of

{s =2pcosd —p°rt

P =TC0SO ++/r*COsL O—sr
in the weight and characteristic function which reduce 7, , to the form 7, =v°u™.
4. Classification of #,, when (s,p) =(0,0)

Here our aim is to illustrate the physical importance of pg-RFs through the classification of 7, for the

particular case when the two real parameters s=0 and p =0. Since reR, \{O}, thus the classification
should be split in two parts, that is, when 0<r <1 and when 1<r <. It is clear from the explicit
expression (7) that for the case when (s, p) =(0,0), we get for Vp,q,s, p, 9eR:

1,,(r,0,0,0)=r?" (10)
This means Voe R, 5,, becomes independent of & when (s, p) = (0,0) . The specific importance of this

property is well reflected by the fact that (10) is a fundamental family of solutions of the two following
DEs:

d2W 2(p—q) dw Z(D—Q)
- + W =0,W=73_(r000), 11
dr2 r dr r2 77p,q( ) ( )

Eq.(11) is in reality a special case of pg-PDE (9). And the other DE is of the form

d’H 2dH 2(p-9)(1+2(p-Qq))
<an H=0, H= 0,0,0). 12
i + Cdr -z ﬂp,q(r ) (12)

Hence from (10), (11) and (12), we can classify np,q(r,o,o,e) as follows:
-First classification: for the case when r € (1, «), that is when all the points are outside the sphere of
unit radius. Therefore #,,(r00,6) is - lower potential if g > p,

— higher potential if g< p, p,.geR

— harmonic potential if q=p +1/2.

-Second classification: for the case when r € (0, 1), that is when all the points are inside the sphere of
unit radius. Therefore #,,(r0,0,0) is - higher potential if ¢ > p,

— lower potential if q< p, p,geR

— harmonic potential if g=p +1/2.

Remark: the two Egs. (10) and (11) reduce to the same expression only if g = p+1, that is, for the case
when np’q(r,o,o,e)defines us a lower potential for r € (1, o) or a higher potential for r (0,1).



5. Orthogonality of pg-RFs

The determination of orthogonality condition of pg-RFs on the interval (0, s) with s <1, that is when all
the points are inside the sphere of unit radius and when pg-RFs are independent of (s, p,6). To this end,
we use exclusively the properties (1.1) and (1.2). Let w, =7, , and w, =7, . be two fundamental family
of solutions of the following equations

d| , u’ 4
a|:wl_(pli_q17)wlj|zo’ (13)
d| , u’ 4
a{wz_(pzi_qzv)wz}zo- (14)

With re(0,s); pt,p,.d€R; (P,a) # (P, ,0,); u=0and v=0.

and

Egs. (13,14) are in fact particular case of pg-PDE (9) since, here, as aforementioned pg-RFs are
independent of (s,p,0). So integrating Egs. (13,14) and multiplying them, respectively, by uw, and
uw,, we get

, , v'u
uw, (Wl - Cl) = ( p,u —q, Tj W, W, , (15)

, , vu
uw (Wz _Cz):(pzu -0, T)Wlwz- (16)

Subtracting (16) from (15) and integrating the two sides of the result on (0, s) , we obtain after omission
of integration constants
! u u!

S S
v
W, W, — W, w, Judr = (p, - p,)ld, —0Q { - - }Wwdr. @17
![ 172 2 l] (2 l)(Z 1).([ pz_plv qz_ql 1772

By taking into account the properties (I1.1) and (1.2), and the expression of the weight function (5), the
left side in (17) should be equal to zero, consequently, we should have

(b, bty ) |4 - ¥
p,— P )0, —q - - w,w,dr=0. (18)
? ' ? l‘ﬂpz—pr q2_q1j| t
Since (p,,q,) # (P, ,0,), thus
S ' [
j[ v 4u__ ¢ }Wlwzdrzo. (19)
0 pz_pl v qz_ql

Furthermore, according to property (11.10), we have ww,
becomes after substitution

= Tpp,qrq, NETefore the relation (19)

S ’ ’
Vv u u
- - Moo aia.dr=0. (20)
.£|:p2_pl v qz_q1:| Pi+P2, G +0,

The relation (20) is exactly the expected orthogonality condition of pg-RFs.



6. Some physical interpretations of pg-RFs

In this section we are interesting in the importance and central role that should be played by pg-RFs in
physics through the study of the properties of np’q(l’,s,pﬁ) with respect to p,q and p. To this aim, it is
useful to begin this study by a practical example that is when (p,q) and p take, respectively, the
following fixed values (0,1/2)and 1. Hence, in such a case, we get after substitution in (7):

Mo (r8.1,0) = (r? — 2rcoso +1) 2. (21)

As we can remark it, pg-RF (21) is explicitly independent of the real parameters. Moreover, (21) has
two very interesting interpretations, namely, mathematical and physical one. Mathematically (21) is
identical to the well known Legendre generating function. Therefore, it follows from (21) that the
Legendre generating function is itself a pg-RF since it is a particular case of (7). Further, (21) is a special
fundamental solution of pg-PDE (9), which reduces to

olow 1 ov \w olow 1(ov \w
—| =+ = |—|+=]|=+=|— |—|=0, w= rslo), 22
8r{6r 2(6rjv} aa{aa 2(0@)& o.2(151,0) (22)

Since the Legendre generating function is itself a pg-RF of the orders (0,1/2) and p =1, thus according

to the classical theory of special functions, the pg-RF (21) may be expanded in the Legendre polynomials
as follows

Mows(r,8,1,0)= (r2 — 2rcosé +1)‘1’2: iPn (cosd)r", O<r<1, (23)

n=0

This expression may be used as a new definition for the Legendre polynomials and in this sense we can
affirm that P,(cosd) is the coefficient of r" in the expansion of ;70'1,2(r,s,1, 6) through Newton’s general

binomial theorem. Physically, pg-RF (21) may be interpreted as the Coulombian potential. Indeed, if for
example we put at north pole N of the sphere of unit radius a positive charge, and let M be a variable
point of spherical coordinatesr,d,o . The Coulombian potential of the charge at the point M is

%:(rz—Zrcose+1)‘1’2. (24)

Where d is the relative distance between the charge and the variable point M.
Recall: the expansion (23) is, of course, valid only for the case when r (0, 1), that is when all the

points are inside the sphere of unit radius. For the points outside this sphere, we would have another
expansion. Indeed, when r € (1, 0), hence we can rewrite pg-RF (23) is as follows

2 -1/2
Moz (1,8,1,0) = 1 {(l) - Z(Ej cosé +1J : (25)
' ri\r r
Thus r™ < 1 such that we can apply the previous expansion, and we find

770,1/2('—’5’119) = iw , 1<r<oo. (26)

n+l
n=0 r
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Remark: Each term of this sum has no any singularity outside the sphere and consequently vanishing at
infinity.

Until now, we have only focused our attention on the sphere of unit radius. However, for a sphere of any
radiuspe R, \{0}, we are obliged to return to the explicit expression (7) and by applying the
transformation u— v, i.e., property (111.1), we get

1,q(rs,0.0)= (r’—2rcoso+p? ). (27)

From (27) we obtain, for the case when (p,q) =(0,1/2), the following expressions

n

”o,llz(r'S’P’e) = an (COSH)# y F<p, (28)
n=0
and
Mow2(1S,p.0)=> P, (cos) rpml , r>p. (29)

=]
Il
o

It is clear that since the beginning our main interest is essentially the investigation of structure, properties
and consequences of pg-RFs as new class of potential functions that is why, here, we are not particularly
concerned with the study of the Legendre polynomials because they are well-known since their
introduction in 1784 by the French mathematician A.M. Legendre [7]. Nevertheless, later we will return
to these polynomials when we derive the g-polynomials A, (cosd, q). So at present let us show that the

Poisson’s kernel
2

— rz_p
K(p. ¢)= r’—2rpcos(p — @) +p

_ per, (30)

is a special case of pg-RF. To this end, substituting s = pr™ and 8=¢ — ¢ in the explicit expression
(7), we get 7, (r5,0.0) > K, (p.9):

< _ (- p?)
Koa 0. 9)= (r2 - 2rpcos(p — ¢) +p2)°" 31)

which is a generalization of (30), that is, K, (p, ¢) reduces to K (p, ¢) when (p,q)=(11).

7. Consequences of pg-RFs
7.1. g-Polynomials

We have already seen that the Legendre generating function is in fact a special case of pg-RFs, now we
will show that the Legendre polynomials are also a special case of another kind of polynomials called ‘-
polynomials’ which are a direct consequence of pg-RFs. The main property that characterizes the g-
polynomials is that: all g-polynomials should reduce to the Legendre polynomials when q=1/2. But

before, let us prove more conclusively that the expression (23) is an interesting particular case of another
formula more general, namely



8

M,q(r8.p,0) :(r —sr)p ip 2D A (cosg, q)r" (32)

n=0
with
O0<r<1,; 6,p,geR; s,peR, and (s,p)=(0,0).

Returning to the explicit expression (7) and focusing our attention on the characteristic function (6)
which may be written as follows

v=V(rp,0)=r>—2prcosd +p° =p (1+f 25cos6'), 0<&=rlp<l. (33)
We have according to the Newton’s generalized binomial (theorem) formula

L+ :l+%8+a(a—1) 2 ala-De-2) , ale-D@-2)@-3) .

2! 3! 41 (34)
a(a-1)(a-2)(a-3)(a—-4) S 4 a(a-1)...(a—n+1) oy ’
5! n!
with e <1 and ¢eR. Putting ¢ = (52 — 250056?) and o = —q, we get after substitution in (34):
[1+ (4”2 —Zécose)Tq =1- %(&2 —chose) q(q+1) ( Zécose)2 +
_A@D@*2) (22 o o) 4 A0 +l)(q+2)(q 3) (2 —2¢c0s0)' +
3! 41 (35)
(G +1)(q+25)l(q +90+4) (22 _pzcosof +
+(-1)" 9 +1)”6(|q ) (52 —2§cose)" +
Re-arranging and collecting terms in powers of &, we have
[1+ (52 —chose)]_q =1+ (i—?cosejg [wcos 0 — EJEZ +
80(q +;)I(q+2) oSl 4q(gl+l) Congéu
(36)
169 +D@+2)[@+3) ¢, _ 120@+D@+2) o, , 9Q+D j iy
41 3! 2!
[32q(q +1)(q +52')(q +3@+4) s, 3240 +1)(2'.+ 2@+3) g, 64 +§).(q +2) Cosgj o
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Therefore the coefficients of ¢ should take the explicit expressions

A (coso,q)=1;
A (coss, q)=21—?cose;

4q(q+1)
2!

8q(q+1)(q+2)
3l

cosze—ﬂ;
1

A, (cos6, q)=

cos’ 9 —

A,(cose,q)=

WCose; (37)
160(0+)@+2)@+3) . o, _ 120(@+D(@+2)
4 3!

320(9+1)(@+2)(@+3)(@+4) . s, 320(@+D(@+2)(@Q+3)
oS! 41

A,(coso,q)= cos’ 6 +

q(g+1)
21

cos’ @ +

A(coso,q)= 6q(q+1)l(q+2) c0s6

The coefficients Aj(cose,q) are exactly the expected g-polynomials. Further, it is clear that
when q =1/2, the g-polynomials (37) reduce to those of Legendre, that is

A, (cose,1/2)=P,(cose). (38)
Thus, now (35) may be written as
(1— 2£¢0S0 +52) =>"A (cosg, q)¢ (39)
n=0
Or equivalently
(r2 — 2rpcosd +,02)7GI =Y p "2V A (cosg,q)r" . (40)
n=0

In order to arrive at the expected general formula (32), it suffices to multiply the two sides in (40) by
(r2 —sr)p . We will return to (32) later on.

7.2. Properties of g-Polynomials
7.2.1. Expressions of g-Polynomials for 6=0 and 6 ==

Many important properties of g-polynomials can be obtained from (39). Here, we derive immediately a
few ones as follows. Let 8 =0in (39), then the left-hand side is

1-c)™ :1+21_t|1f+ 2q(22q|+1) = 2q(2q+;)'(2q+2) - 2q(2q+1)-6-'(2q+n—1) :

The right-hand side is

ALa)+ALA)E+ALAS+ALAE +.+A L g)E +
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Comparing the coefficients of &"on both sides we get

_ 2q(29+1)...(2q+n-1)

AL a) o (41)
And when we substitute ¢ = z in (39), we can derive
n 20(29+1)...(29+n-1
A (-1,0)= (-1 292D 204020, (@2

n!

1.2.2. §-Bonnet’s recursion formula

To obtain the recurrence relation or more precisely g-Bonnet’s recursion formula, first we put t = cos ¢
in (39), we get

(1— 2t +52)‘q = th, q)e" . (43)

n=0

Differentiating (43) with respect to ¢ on both sides and rearranged to obtain

Zq(t—é") =(1- 2 < n-1 44
(1-2¢t +&2) ( 25t+é)§nA”(t’q)§ | 0

Replacing the dominator with its definition (43), and equating the coefficients of powers of { in the
resulting expansion gives the expected g-Bonnet’s recursion formula:

(n+D At a)=2(n+a)t At q) — (n+29-1) A ,(t ), (45)
with
A(t.g)=1 and A(tq)=2qt

This relation, along with the first two polynomials A,(t,q) and A (t,q), allows the Legendre Polynomials
to be generalized recursively.

7.2.3. Associated g-functions

Our purpose here is to show the existence of g-functions. As we will see, this kind of functions is a direct
consequence of p-polynomials. Since we have previously found that the Legendre
polynomials P, (cos) are special case of A (cosg,q)when q=1/2; therefore, the g-polynomials should
conserve all the principal properties of the Legendre polynomials that is why if for example P, (cosg) are
a fundamental solution of the equation

ii sin<9Oli +n(n+1)~ =0. (46)
sing do do

Or by substituting t = cos 0, we get

d Nd o 0
a[(H )T}+n(n+l)/ 0, /=P (). (47)
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Accordingly this implies the g-polynomials A, (cosé,q) = A, (t,q) should be also a fundamental solution
of equation

& -0 ene) = ).~ =A k) (8

It is worthwhile to note that according to the relation (38), Eq.(48) should reduce to the Legendre
EqQ.(47) when q=1/2, this implies
f (t1/2)=0, VneN, (49)

-Result: It follows from all that the g-functions f, (t,q)are associated to g-polynomials A (t,q) through

Eq.(48) that is why are called ‘associated g-functions’. To illustrate this association, the Tablel below
gives us the first few g-polynomials and their associated g-functions

g-polynomial associated g-function

Alt.a) f,(t.q)
A (t.q) f,(t.q)

0

29(29 -

A(ta) f,(t.9)=4q(q+1)(2q -t
A, (t.q) f,(t.a)=4a(q+1)(q+2)(2q-Dt* —2q(q +1)(2q 1)
A(t.) f5(t.0)=Sa(@+D(@+2)(@+3)@q-Dt* ~4q(q+1)(q +2) (29 -1t

Table 1: Expressions of the associated g-function fn (t,q), n=12.5

7.2.4 Orthogonality of g-Polynomials

We have already seen the orthogonality of the pg-RFs on the interval (0,s), now we will show the
orthogonality of g-polynomials on the interval (-1,1). With this aim, let g =A_(t,q) and h=A (t,q)
then by EQq.(48), we have

%[(1—t2)g’]+ k.g=f_, (50)
%[(1—t2)h’]+ kh=f, (51)
with

f.=f.(tq); f, =f(tg); k, =m(m+1); k, =n(n+1)and m=n.

Multiplying (50) by h and integrating from t=-1 to t=1 to obtain

ji[(l—tz)g']hdwkmjg hdt= jh fdt.
Jdt ) )
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Integrating the first integral by parts we get
[(1—t2)g’hL—j(l—tz)g’h'dt +kmj.g hdt= jh f.dt.
1 -1 -1

But since (1—t2) is zero bothat t=-1 and t=1 this becomes
1 1 1
—j(l—tz)g'h'dukmjghdt: [nt,dt. (52)
-1 -1 -1
In exactly the same way we can multiply (51) by g and integrating from t=-1to t =1 to obtain
1 1 1
~[(-t?)ghrdt +k, [ghdt= [g f,dt. (53)
-1 -1 -1

Subtracting (53) from (52), we get

1 1

(km—kn)jghdtzjhfmdt—jg f dt.
1

-1 -1

Orsince g =A,(t,q); h=A(tq); f,=f,(tq)and f, =f (tq), hence we find after substitution

(km—kn)jAn(t,Q)Aq(t,Q)dhj[Pm (o), () - A, 60) T, Ga)ldt,

this gives us the following expected orthogonality condition

( 1 (f.q) f.(9)
IlAm(t,q)Aq(t,q){l— — [Am(t,(;)_An(t,(;)ﬂdt:O’ m=n. (54)

According to (38) and (49), we should have f,_(t,1/2)= f,(t1/2)=0, thus the relation (54) reduces to

1

[ A, (t112)A, (t1/2)dt =0, m=n. (55)

-1
This coincides with the well-known orthogonality condition for the Legendre polynomials. Besides the
1
important property (54), there is another, namely | A? (t,q)dt , which may be determined as follows: first
-1

squaring and integrating (43) fromt=-1tot=1. Due to orthogonality only the integrals of terms
having A?(t,q) survive on the right-hand side. So we have

j(l— 26t +£2) dtzifznj,ﬁf(t,q)dt . (56)
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For the special case when q=1/2, we have from (56)

lm(“_%j:i 28" =i§2“jA§(t,1/2)dt. (57)

Comparing coefficient of £2" we get the important relation

1
2
2(t,1/2)dt = .
-[A“( ) 2n+1

-1

(58)

Relation (58) coincides with the well-known property of the Legendre polynomials. Hence, what we
need for the general case is only to put

1

B,(a)=[A2(ta)dt, geR. (59)

-1

The formula (59) defines us the polynomials B, (q) that exclusively depend on the real parameterq . As
we will see, B, (q) are characterized by the following properties:

B,(q)=2, vgeR, (60)
and
B,(0)=0, ¥neN,n=0, (61)

Expressions of B, (q) for n=0,1,2,3:

1

By(a)= [ A (ta)dt=2

-1

1

B,(0)= [ Aa)at—a°

-1

1

B,(a)= IAS(t,q)dt=§q2(q +1)° - %qz(q +1)+29°

-1

1

2 _32 , 2 2 32 , 2 8 2
BS(Q)=IlA3(t,q)dt—63q @+ (@+2f - {za*(@+1°(a+2)+a’(a+1)

7.2.5. Series of g-Polynomials

As a direct consequence of the existence of g-polynomials we can refer to the series of g-polynomials;
that is to say any continuous function g(t) such that —1<t<1, may be expanded in series of g-
polynomials. More precisely, let us prove that if
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g(t):ickAk(t,q), ~1<t<1, VgeR, (62)
this implies -
¢ = B(a)[Ata)g(t)dt. (63)

To this end, multiplying the series (62) by A](t,q) and integrating from t=-1 to t=1, and taking
into account the previous result, namely formula (59), we get
1 © 1
[Ata)gt)dt=>"c, [A (ta)A ta)gt)dt,
k=0 1

-1

for the case when n =k, we have

J'A1(tq (t)dt= cJ.A]tth ¢, B,(q),

from where we obtain the very expected formula (63). Furthermore, if we consider the important special
case that is when q=1/2 , we get according to (58), (62) and (63):

o(t)=Sc,A(t1/2), ~1<t<1, (64)
and K
2k+1.[AKt1/2 (t)dt. (65)

Again, the formulae (64) and (65) coincide with those of Legendre.
8. pg-Series

Now returning to the general formula (32), which allows us to establish the notion of pg-series that
may be used to expand any pg-RF when re(0,1); p,q,0eR; speR, and (s,p) = (0,0). With this

aim, let us expand (r2 - sr)p using the binomial formula (34) for the case when r/s <1, and we find:
(r2=sr) => (s (2)rme, (66)
n=0

for n>0, the symbol (,ﬁ’)is defined by
(5)= 2= p=rD) )
Finally, substituting (66) in (32), we obtain the desired pg-series

P

Moo(r5.0,0) =3 (1) S (A (cosaa) (68)

n=0
with
re(071); p,q,0eR; speR, and (s,p)=(0,0).
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9. Properties of pg-PDE

In this section, we would examine the properties of pg-PDE or more shortly Eg.(9). As it said
repetitively, the pg-RF (4) or (7) is a fundamental family of solutions of Eq.(9), which conceptually is
new and has not previously reported in literature since it is characterized by several properties among
them we have:

-Decomposition: The structure and intern symmetry of Eq.(9) allows us to split it into a system of four
PDEs without using the usual method of separation of variables, the system conserve the same
fundamental family of solutions, namely pg-RF (4).

-Homogeneity: Eq.(9) is homogenous with respect to pg-RF. Let W be a certain pg-RF whose domain of
definition is comparable to that of (4), and let { be any positive real number, such that { e R, \{0} we
have w= {'W . Thus after substitution and simplification, we get

g %_(B@_H@JW +£ aﬂ_(ga_ujw +i aﬂ_F ﬂ@ W |+
or| or uor vor os| 0s u os op| Op VvV Op

i%{ﬂ@Jw -0. (69)
00| o0 "\ vaoo

-Permutability: If we perform the permutation of the orders p and g in Eq.(9), we should have w=7, ,as
a fundamental family of solutions, furthermore since the general form and structure of the resulting
equation after permutation (p,q) — (q,p) are not basically different from those of Eq.(9), except of

course the permutation of the orders, hence in this sense the permutability may be defined as a sort of
symmetry through permutation.

10. Structure of pg-PDE

Finally, we shall focus our attention exclusively on the structure of Eq.(9) by considering the very
important case when pg-RF is independent of the real parameters s,p and é. Hence, for such an

independence, Eq.(9) becomes

i{W’—(pu——qijw}:O,W:npq, u=0 and v=0. (70)
dr u Vv '

In the context of the present work, we call Eq.(70) ‘pg-Radial Differential Equation’ or shortly pg-RDE.
We remark from EQ.(70) that the orders, the weight function, the characteristic function and their
derivatives are essential elements that entering in the structure of this equation. This allows us to say that
the investigation of Eq.(70) is completely depending on those mentioned elements as we shall see.

10.1. Relationship between pg-RDE and Fuchs’ class

Our aim here is to prove that under some conditions relative to very interesting particular cases, Eq.(70)
belongs to Fuchs’ class. For this purpose considering the following cases:

1) When p=0 and q=0, Eq.(70) takes the form
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d u’
—|W-p|— =0, w= . 71
o]0, e, o

. ur ) u!! urZ
w' — p(ijw—p[j— u2jW:O. (72)

Anyone familiarized with the equations of Fuchs’ class can immediately affirm that Eq.(72) is really
belonging to Fuchsian class since its variable coefficients satisfying Fuchs’ condition, and according to

the explicit expression of the weight function (5), namely u=u(r,s) =r*— sr, Eq.(72) has three regular
singular points: r=0, r=s and r=o0 .

Or more explicitly

2) When p=0 and q=0, Eq.(70) takes the form

i " 12
w”+q[%}w’+q(v——\\//—2Jw:O. (73)

v

Also, the variable coefficients of Eq.(73) satisfying Fuchs’ condition, and according to the explicit
expression of the characteristic function (6), namely v=v(r,p,0) =r’> —2prcosd + p*, Eq.(73) has three
regular singular points: r = p for 6=0, peR,\{0}; r=—p for 06 =7,peR_\{0} and r=co.

3) When (p,q)#(0,0) and u—v. To arrive at this important particular case, we must take into
consideration the property (I11.1) explicitly u—v =, —u,,=Vv"*. Obviously, this means u=v.

Now supposing . is independent of p and ¢, thus when w= ., Eq.(70) reduces to

W+ (q- p)(vv’jW’+(q— p)(vvﬂ—\\l;z jW =0. (74)

As we can remark it easily, Eq.(74) has three regular singular points similar to those of Eq.(73).

4) when (p,q)=(0,0) and v— u . To arrive at this important particular case, we must take into account
the property (111.2) explicitly v—>u =75, . —A ,=u"". Clearly, this means v=u. Now supposing
A, is independent of s thus when w=y, ,, Eq.(70) reduces to

W' +(q- p)(uﬂW#(q — p){% —l:—zj =0, (75)

which is manifestly comparable to Eq.(72), thus EQq.(75) has three regular singular points:
r=0,r=sandr=ow .

10.2. Relationship between pg-RDE and DE of Sturm-Liouville form

After we have proven that pg-RDE (70) belongs to Fuchsian class under some well-established
conditions, at present we will show that the same equation may be written in classical form of Sturm-
Liouville DE, particularly, when its spectral (eigenvalue) A=1, and when the orders(p,q)=(-11) for

Eq.(70). First, let us write the classical form of Sturm-Liouville DE for the real radial variable r € (0,1):
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%[a(r)R’ ]+ [28(r)-»(r)JR=0, R=R(r), a(r)>0. (76)
Considering the very important case when 1=1 and RER(r) IS supposed a radial function in the
classical sense. Hence, we have after substitution, differentiation and rearrangement:

R+ <[ A(r) = »(r)]R =0. (77)

’ ' " 12 " 12
W+ (u_+v_jw, Hu——u—zj+[v——v—2ﬂW:O. (78)
u Vv u u Vv \

1, ’ 12 12
W+ (U V+V ujW’+i|:(u”V+V”U) _ (U V_V UJ:|W:0, uw =0, (79)

uv uv u Vv

Or equivalently

A simple comparison between (77) and (79) allows us to write the latter in the following form

d u?v v'u
—(uv)w'|+ [ (u"v+Vv'u) — ——— ||w=0, 80
s ) - (40 Y g
which is exactly the expected classical form of Sturm-Liouville DE for the case when A=1. Moreover, if
we take into account the previous result we find that the variable coefficients of Eq.(80) do not justify

Fuchs’ condition therefore Eq.(80) does not belong to Fuchsian class. In this sense, we call Eq.(80) ‘pg-
RDE in Sturm-Liouville form for the case A=1 and (p,q)=(-11) .

-Question: From all that we arrive at the central question that arises in the context of pg-RDEs is how we
can prove if there is some relationship between the DEs of Fuchsian class and the DEs of Sturm-
Liouville form in spite of their quite distinct structures. From the previous result concerning the structure
of pg-RDEs that belonging to Fuchsian class and Eq.(80), we begin to answer this question as follows:
the above-mentioned relationship may be really exist through pg-RDEs only if (p,g)=(-1,0) or

(p,9)=(0,1) and A=1. Indeed, for the case when (p,q)=(-1,0), Eq.(70) reduces to

i{wq (u—’jw} 0, W=7, (81)

' " 12
W+ (“—jwur [“——“—zj -0. (82)
u u u

It is clear from the expression of Eq.(82), which is also an important special case of Eq.(72) when
p =-1, therefore it follows that the variable coefficients of Eq.(82) satisfying Fuchs’ condition and the
equation has three regular singular points similar to those of Eq.(72). Furthermore, the structure of
Eq.(82) allows us to write in Sturm-Liouville form for the case when A=1:

Or more explicitly
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i(uw')J{u"—ulzJW:O. (83)

dr u

Eq.(83) is precisely the first answer to our question relating to relationship between the DEs of Fuchsian
class and the DEs of Sturm-Liouville form. The second answer comes from the case when (p,q)=(0,1),

thus Eq.(70) reduces to
d Vv’
—|W+| — |w[=0,w=7,,. 84
dl’{ +( Vj :| Moy (84)

' " 12
w' + (ijww[v——vzjw:o. (85)
Vv Vv Vv

Eq.(85) is also an important special case of Eq.(73) when q=1. Hence, it follows that the variable
coefficients of (85) satisfying Fuchs’ condition and consequently the equation has three regular singular
points similar to those of Eq.(73). Moreover, the structure of (85) permits us to write in Sturm-Liouville
form for the case when A=1:

Or more explicitly

L ow)+ [w_ﬁjw 0. (@)

r Vv

Eq.(86) is exactly the second answer to our question. So, after we have found the relationship between
the DEs of Fuchsian class and the DEs of Sturm-Liouville form in spite of their quite distinct structures,
we end this section with the investigation of the structural properties of pg-RDE.

10.3. Structural properties of pg-RDE

The main purpose behind the study of the structural properties of pg-RDE is to show the existence of
some reciprocal properties that characterize, at the same time, the structure of pg-RF and its pg-RDE.
Hence, we shall return to the Eq.(70), which has in reality three families of solutions, namely:

W =17 W, = wl'fwl’ldr, W, =CW, +C,W,, C,C,eR. (87)

In order to make the understanding of the study more easy let us, first, show that these solutions (87) and
their Eq.(70) are themselves special case. With this aim, let /e N\ {0} the specific property (11.2) allows
us to write

W= 1 = (Juar) i = (o +cw,) (88)

Since the families of solution (87) are special case of (88) when ¢ =1, it follows from this that the
solutions (88) themselves should be families of solutions of the following pg-RDE

i{w’—f(pu——qv—jw}zo. (89)
dr u Vv

The mutual presence of the parameter ¢ in the solutions (88) and their Eq.(89) defines us, in this sense,
the structural properties of pg-RDE. Indeed, like its solutions, Eq.(89) reduce to (70) when ¢ =1.

If presently we suppose that 7 is not fixed in such a case w is not simply a fundamental family of
solutions but it is more compactly a system of fundamental families of solutions defined by finite
summation
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n

w=>H,, H, =4 =t (90)

(=1

therefore, Eq.(89) becomes, after substitution and rearrangement, a system of pg-RDEs

d | <y u v 3
a{;{H‘_K(pU_qVJHJ}_O' (1)

Recall that until now the orders (p,q) are always considered as fixed real numbers, however, if
hereafter are supposed to be non fixed positive integers that is p,qeN, in such a case we can
distinguish two systems of fundamental families of solutions defined as a finite sum.

Case 1:/eN\{0}; p,qeN and p>q:

n n
W= Z Zné‘(p,q) = ot ey T M@y Tt amn-y: (92)

(=1p>q

and its system of pg-RDEs takes the form

d [ TR

< oo pLt gl 0. 03

dr{;pz;q{nz(p,q) (pu qvji/l((p,q):|} ( )
Case 2:/eN\{0}; p,geN and p<q:

n n
W= zzr//(p,q) = Moyt Ma2t M2z T T -y (94)

/=1 p<q

and its corresponding system of pg-RDEs takes the form

d n n , ur V'
E{ZZ{W(M) _E(pg_qum(p.q)} }:0' (95)

(=1 p<q

Finally, let us examine the following two structural properties, that is, when the orders p and g do not
appear explicitly in the resulting system of pg-RDEs but instead we shall find n(n+1)/2 and
n(n—1)/2, respectively. This property should, of course, occur when w is supposed to be a system of
fundamental families of solutions defined as a finite product of the form

H”p,q’ q=0

w=14"" . (96)

H”p,q’ p=0

p<q

To this end, focusing our attention slightly on (96), and noting that with the help of specific property
(11.10), we can prove that for the case when p>q, we get
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W= H]?qu = }79(n+1’n71) y (97)
p>q 2
this solves
d '-ﬂ[(n+1)“——(n—1)ijw =0, w=7, , (98)
dr 2 u v S(n+Ln-1)
and for the case when p<q, we obtain
W= ]p;!:rlp,q - ng(n—l,n+l) ’ (99)
which solves
d n u’ v’
el " | (n-D— = (n+D— W:O’ W= N . 100
dr{ (@08 - } o (100)

Hence, Egs.(98) and (100) define us two systems of pg-RDEs when pand qare non fixed positive

integers and w is defined by (96). Furthermore, as it was already mentioned, the different structural
properties of Eq.(70) as a system of pg-RDEs depend exclusively on the expressions of pg-RF and vice
versa. Also, the specific properties (11.2) and (11.10) of pg-RF have played a central role.

11. Conclusion:

In this paper, we have heuristically developed a theory based exclusively on the concept of pg-RFs
which is in fact a direct consequence of our preliminary investigation on the ‘hypothetical’ dark matter
and its gravitodynamical effects on the ordinary matter. We have studied the specific properties of pg-
RFs and the structural properties of their pg-PDE, which, to our knowledge have not previously been
reported in the literature.

References

[1] O.D. Kellogg, Foundations of potential theory. Dover Publications, New York (1969).
[2] J. Wermer, Potential theory. Lecture Notes in Mathematics, 408, Springer-Verlag, Berlin (1974)

[3] J. L. Doob. Classical Potential Theory and Its Probabilistic Counterpart, Springer-Verlag, Berlin,
Heidelberg, New York (1984)

[4] Axler, S.; Bourdon, P.; and Ramey, W. Harmonic Function Theory. Springer-Verlag, New York (1992)

[5] M. E. Hassani (to appear)

[6] D. Clowe et al. A Direct Empirical Proof of the Existence of Dark Matter, ApJ, 648, L109 (2006)

[7]1 M. Le Gendre, Recherches sur I’attraction des sphéroides homogénes, Mémoires de Mathématiques et de Physique,

présentés a 1’Académie Royale des Sciences, par divers savants, et lus dans ses Assemblées, Tome X, pp. 411-435
(Paris, 1785).


http://www.amazon.com/exec/obidos/ASIN/0387978755/ref=nosim/weisstein-20

	Heuristic Study of the Concept of pq-Radial Functions as a New Class of Potentials
	q-polynomial                associated q-function


