INTEGER NUMBER SOLUTIONS OF LINEAR SYSTEMS

Florentin Smarandache, Ph D
Associate Professor
Chair of Department of Math & Sciences
University of New Mexico
200 College Road
Gallup, NM 87301, USA
E-mail: smarand@unm.edu

Definitions and Properties of the Integer Solution of a Linear System

Let’s consider

1) Za[jxj:bi, i=lm
j=1

a linear system with all coefficients being integer numbers (the case with rational
coefficients is reduced to the same).

Definition 1. x,=x/, j=1Ln is a particular integer solution of (1) if

o . — n 0 -
x;, €Z, j=1n and Za..x. =b, i=1m.
j=1

gy

Let’s consider the functions f, Z' 527, j= 1,_n , where # eN”.

Definition 2. x; = f,(k,,....k,), j = 1,7 isthe general integer solution for (1) if:
(@) Zaﬁfj(kl,...,kh): b, i=1,m,irrespective of k,...k, €Z;
j=1

(b) Irrespective of x; = x? j= L,n a particular integer solution of (1) there is

(k’,...kY) € Zsuch that fj(kf’,...,k,?):x,.,jzl,_n. (In other words the general solution
that comprises all the other solutions.)

Property 1.
A general solution of a linear system of m equations with »n unknowns,

r(4A)=m <n,is undetermined n—m -times.

Proof:

We assume by reduction ad absurdum that it is of order », 1<»<n—m (the case
r=0, i.e., when the solution is particular, is trivial). It follows that the general solution is
of the form:


mailto:smarand@unm.edu

X, =Upp+...+U, P, +V;

(S1) .
X, =U,p, +..+U, P, +V,, U, VieZ
p, = parameters € Z
We prove that the solution is undetermined n-m -times.

The homogeneous linear system (1), resolved in » has the solution:

1 1
X, = l’”)” Xt et E”xn
X, = #”xmﬂ - D” X,
Let x, = x°, i = 1,n, be a particular solution of the linear system ().
Considering
xm+1 = D ’ km+1
x,=D-k,

we obtain the solution

Xl Dm+1 m+1+"'+Dr11'kn +Xf
X, —D,?Ll K., +..+D"k +x°
=D- km+l m+1
x, =Dk, +x°, k, = parameters € Z

which depends on the n — m independent parameters, for the system (1). Let the solution
be undetermined n-m -times:

n-m"'n-m

X, =Cy K +...+C, K, ., +0d;

(S2)

X, =C.K +..+u K +d.

nn-m-"n—-m

¢;, d;eZ, k; =parameterse Z

(There are such solutions, we have proved it before.) Let the system be:
a,x, +..+a,x,=b

a,x +..+a,x, =b,

mn--n

x; =unknownseZ, a;, b €Z.

l. The case b, =0, i=1,m results in a homogenous linear system:

2



a,x;, +..+a,x, =0;i=1m.

S  =a,(ck +otao, k,_, +d )+t a, (cok +.tc, k,_, +d )=0
0= (a[lc11 +...+ amcnl)k1 + ...+ (ailcln_m +...+ amc,m_m)kn_m + (a![ld1 +..+ amdn)
Vk, €Z

For k,=..=k,_,=0=>4q,d, +...+4a,d, =0.

For ky=..=k,, =k, =..=k,_,=0and k, =1 =

:>(ailcih +..+a,c )+ (aila’1 +...+aindf,"))= 0=

innh

a.c, +..+a,.c,=0,Vi= Lm, Y h=ln-—m.
The vectors

(01},\

cnh
are the particular solutions of the system.
V., h=1,n—m also linearly independent because the solution is undetermined
n-m -times V...V, +d isa linear variety that includes the solutions of the system

obtained from (S,).
Similarly for (S;) we deduce that

(U,
U=l | s=Lr
UILS
are particular solutions of the given system and are linearly independent, because (S;) is
(V)
undetermined n—m -times, and V' = is a solution of the given system.
14

n

Case (a) U,,...,U., V= linearly dependent, it follows that U,,...,U, is a free

sub-module of order r <n-m of solutions of the given system, then, it follows that there
are solutions that belong to V,,...,V,_, +d and which do not belong to U,,...U, , a

n-m

fact which contradicts the assumption that (S;) is the general solution.

r

Case (b) U,,...,U., V = linearly independent.
U,,...,U, +V isa linear variety that comprises the solutions of the given system, which
were obtained from (S;). It follows that the solution belongs to V,,...,V._ +d and does

77 n-m



not belongto U,,...,U, +V, afact which is a contradiction to the assumption that (S;) is

the general solution.
. When there is an i €1,m with b, = 0then non-homogeneous linear system

ax +..+ax,=b, i=1lm
(S2) = a, (e kg +.t ek +d )+t a, (ke + otk +d, )= b,

it follows that
:>(allc” +...+a,c n])k +.. +(allcln wteta,c, m) o +(al]d +.. +amdn) b,
For k,=..=k, , =0=a,d +..+4a,d, =b;

For k,=..=k_ =k, =..=k_,=0and k; =1=

= a,C;+..+,C; + &,d, +..+q,d, =Db itfollows that

allclj +.. +a‘|ncnj =0 .o .
; Vi=1lm, Vj=1Ln-m,
a,d, +..+a,d =b

(c))

V.=|: |,j=Ln-m, are linearly independent because the solution (S) is

Cni

undetermined n—m -times.
(d)
(@) V, j=Ln-m,and d:L: J
d,

are linearly independent.
We assume that they are not linearly independent. It follows that

(s +ots,_ c. )
d=sV,+..+s_V _ =|:

m- n—m

$,C ot Co
Irrespective of i=1,m:
b=ad+..+a,d = ll(slc” +...+sn7mclnfm)+...+am (s,cnl +.ots, mcnnfm)z
_(azlcll +...+a,c nl)Sl '+(ailcln m Tt a,C, m)Snfm =
Then, b, =0, irrespective of i= 1,m , contradicts the hypothesis (that there isan i e1,m,
b, #0). It follows that V,...,V, , ,d are linearly independent.
V,,...,V,, +d is a linear variety that contains the solutions of the non-

homogeneous system, solutions obtained from (S,). Similarly it follows that
G,,...G, +V is a linear variety containing the solutions of the non-homogeneous

system, obtained from (S,).
n-m>r it follows that there are solutions of the system that belong to

“?!” means “to prove that”



V,,...,V, , +d and which do notbelongto G,,...,G, +V, this contradicts the fact that

eV
(Sy) is the general solution. Then, it shows that the general solution depends on the n —m
independent parameters.

Theorem 1. The general solution of a non-homogeneous linear system is equal to
the general solution of an associated linear system plus a particular solution of the non-
homogeneous system.

Proof:

Let’s consider the homogeneous linear solution:

a X +..+a,X =0
; , (AX =0)
a X +..+a,,X,=0

with the general solution:
X, =c,k+..+c, k,_, +d

n—m

>

x,=c,k +..+c, .k, +d

nn—m "n—m n

and

0
X=X

_ .0
xn _'xn

with the general solution a particular solution of the non-homogeneous linear system
AX=b;

X =C K +..+C K . +d+x

n-m-""n—-m
@)
X =K +..+Cc K +d +x°
is a solution of the non-homogeneous linear system.
We note:

(an... a,, ) (xl\ b, (0)

IR

(vector of dimension m),

(k) (cicppy ) (d) (xlo\
K=L: J,C=L: J,d=L: J,x():L: J;
k, Cppeve Cou d, Xy

AX = A(Ck+d +x° )= A(Ck+d)+ AX’ =b+0=b
We will prove that irrespective of



0
X =M

0
A
there is a particular solution of the non-homogeneous system
k,=k’eZ
kn—m = I(r?—m € Z
with the property:

1n"*n—m

X =C Kk +..+c kS +d +x =y

0 0 0 0
X, =CuK +..+C, K ., +d, +X =Y,
A

Wenote Y°=|: |.
¥

We’ll prove that those & €Z, j=1,n—m are those for which A(CXO +d): 0
(there are such X} €Z because

x,=0

x,=0
is a particular solution of the homogeneous linear system and X =CK +d is a general
solution of the non-homogeneous linear system)

ACK +d+X°-Y% =A CK%°+d +AX°—AY°=0+b-b=0 .

Property 2 The general solution of the homogeneous linear system can be written
under the form:

(SG)
X, =c ki +..+c, .k,
2
'xn = Cnlkl +..t Cnn—mkn—m
k, is a parameter that belongsto Z (with d, =d, =...=d, =0).
Poof:

(SG) = general solution. It results that (SG) is undetermined (n — m) -times.
Let’s consider that (SG) is of the form



X =Pyt et Oyl 4

®3)
xn = cnlpl +..+ Cnn—mpn—m + dn
with not all 4, =0; we’ll prove that it can be written under the form (2); the system has

the trivial solution
x,=0€eZ

x,=0eZ
it results that there are p, €Z, j=1,n—m,
X, =Cyy Py +.F Gy Py +0, =0

(4)

0 0
Xn =Cnlpl +"'+Cnn—m pn—m +dn =0

Substituting p, =k, + p}, j =1,n—m in (3)

k, eZ
=>p, €L,
p;) el P
p; €L .
P eZ =k, =p,—p, €Z
J

which means that that they do not make any restrictions.
It results that
x, =c k+..+c, k,_, +(c,p +..+c, D, + dl)

x, =c,k+..+c,  k_, + (cnlpl0 +.o.tc, Py, + dn)
But
eypl+otc,  pt +d =0, h=1n (from (4)).
Then the general solution is of the form:
x, =c,k+..+c, .k,

x,=c,k+..+c,_.k,_,
k, = parameters €Z, j=1ln—m;itresultsthat d, =d, =...=d, =0.
Theorem 2. Let’s consider the homogeneous linear system:
a,x, +..+a,x,=0

a,x, +..+a,x, =0

mn--n

r(A)=m, (a,,....a, )=1, h=1,m and the general solution
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X, =c,k+..+c, .k

n—m

x,=c,k+..+c,_.k

nn—m "n—m

then
Qg reees Apigs Rpiggr s &y | G C

i1r+*1 Cin_m
irrespective of A/=1,m and i=1,n.
Proof:
Let’s consider some arbitrary 4 e1,m and some arbitrary i €1, n;
ahlxl +...+ ah[_lx[_l + ah[+1x<

i+1

+...+a,x, =a,x,.

Because
gy eer Bpigs Bpiggree By |a‘hi
it results that
X.

d= Qg yeenr Ay Bpigy e Ay

irrespective of the value of x, in the vector of particular solutions.
For k,=k,=...=k, , =0 and k =1 we obtain the particular solution:

X =€

X, =Gy :dlcil

xn = cnl
For k,=k,=..=k_, =0 and k,_ =1 it results the following particular
solution:
xl = Clnfm
xi = Cin—m = d | c[n—m ’
xl’l = Cnn—m
hence
dlc,,j=Ln—m :>d|(cl.1,...,cm_m).
Theorem 3.
If

X, =c,k+..+c, .k

n—m

x,=c,k+..+c,_.k

nn—m "n—m



k; = parameters €Z, c¢; €Z being given, is the general solution of the homogeneous
linear system
a,x, +..+a,x, =0
, r(A)=m<n

a,x +..+a,x, =0

mn--n

then CjrCy =1, Vj=Ln-m.

Proof:
We assume, by reduction ad absurdum, that there is j, eLn-m: ¢, ,...c,; =d

we consider the maximal co-divisor > 0; we reduce to the case when the maximal co-
divisor is —d to the case when it is equal to d (non restrictive hypothesis); then the
general solution can be written under the form:

xp=cpk +.o+c,dk +.t+o,k

n—-m

()

X, =c,k+..+c,dk, +..+c, .k

nn—m "n—m

where d= c¢. ,..,C

fjo ?*"* ~njp

We prove that

, Cj, =d-cij0 and Cj Gy, =1

No

X =qy,
X, = C;U.O
is a particular solution of the homogeneous linear system.
We’ll note:
(k)
(c“ ...c;.jo d..c,_, ) :
C=|: : : , k= kj0
Cop Gy d e Cppy [:
kn—m
x=C -k the general solution.
(all... a, )
We know that AX=0= A(CK)=0, A=]|:
a,..a,,

We assume that the principal variables are x,,...,x,, (if not, we have to renumber).
It follows that x,,,...,x, are the secondary variables.
For k=..=k =k, =..=k_,=0 and k, =1 we obtain a particular

solution of the system



(c;jn\ U Y= 4y

=0=A4|: =d-A|: = A =0

X =c,,d iy

X, = ¢, d ¢y, d Cujy o Xu = Cjy,

is the particular solution of the system.
We’ll prove that this particular solution cannot be obtained by

X, =cnk +otc,dk, +ote, k,, =c
(6)
X, =c¢k +..+c, dk, +..+c, .k, _, =c,
Xm+l = Cm+1kl Tt Cm+ldkj0 Tt Cm+l,n—m kn—m = Cm+lj0
(")
X, = Cky +.+Cy dk; +.+Co K =Cp
Cm+1,1 ' Cm+lj " Cm+l,n—m
Cpy - Ci Co
— ijZ ‘ nj n,n—-m :_gz
Cm+l,1 Cm+1joc| Cm+1,n—m
; .0
Ch 1 and Cn,n—m

(because d #1).
It is important to point out the fact that those &, = kf , j =1,n—m, that satisfy the

system (7) also satisfy the system (6), because, otherwise (6) would not satisfy the
definition of the solution of a linear system of equations (i.e., considering the system (7)
the hypothesis was not restrictive). From X, eZ follows that (6) is not the general
solution of the homogeneous linear system contrary to the hypothesis); then
Cjr-Cy =1, irrespective of j=1n-m.

Property 3. Let’s consider the linear system
a,x, +..+a,x, =b,

a,x +..+a, x =b,

a;,b; €Z, r(A)=m<n, x;=unknowns €Z
Resolved in P , we obtain
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X, =f1(xm+l,...,xn)
: , Xp,...,X,, are the main variables,
xm = f;n (xn1+l""’xn)
where £ are linear functions of the form:
y

i i
f= i1 X Tt C X, + €
;=

d,

1

d,e e€Z; i=lm,j=ln-—m.

where ¢’

m+j>

If % eZ irrespective of i = 1,m then the linear system has integer solution.
Proof:
For 1<i<m, x, €Z,then f, €Z. Let’s consider

xm+1 = um+lkm+l
X, = unkn
e
o 1 |
X, =v, k.. +vk +—
dl
SN T ST
X = Vistllpgr T TV, K,

m

a solution, where u, , is the maximal co-divisor of the denominators of the fractions

1

C . JE— -
2“ , i=1,m, j=1,n—m calculated after their complete simplification.
i Cin+jum+j H H - - .
Ve = —a €Z 1is a solution undetermined (n —m)-times which depends on

1

n—m independent parameters (km+1,...,kn) but is not a general solution.

Property 4. Under the conditions of property 3, if there is an

. A e . . L — e
iy €lbm: fi =up X, +..+tux, +d—° with ;.  €Z, j=1,n-m,and — ¢Z then the
system does not have integer solution.

Proof:

Vx

m+19°*°

»X, In Z ,itresultsthat x, ¢Z.
Theorem 4. Let’s consider the linear system
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a,x, +..+a,x,=b,

a,x, +..+a,x,=b,

mn-"n

a;,b, €Z, x,= unknowns €Z, r(4)=m<n. If there are indices 1<j <..<i, <n
e 12,.,n , h=1,m , with the property:
By, - Ay
A=| . |#0 and
a, .. a

miy miy,

b ay, ... ay;
AXi1 = : is divided by A

ay ay b
x =| : | isdivided by A
a, ...a. b

miy Mip_y ~M

A

then the system has integer number solutions.
Proof:

We use property 3
d=A,i=1m; e, :Ax,. ,h=1m

Note 1. It is not true in the reverse case.

Consequence 1. Any homogeneous linear system has integer number solutions
(besides the trivial one); r(4A)=m <n.

Proof:

Ay =0:A,irrespectiveof h=1m.

h

Consequence 2. If A= =1, it follows that the linear system has integer number
solutions.

Proof:
Ax. :(£1), irrespective of h=1,m;
A, e€Z.

Ih
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