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Abstract: In his famous thought experiment,Schrédinger(1935) imagined a cat
that measures the value of an quantum mechanical observable with its life. Since
Schrédinger’s time, no any interpretations or modifications of quantum mechanics
have been proposed which gives clear unambiguous answers to the questions
posed by Schrédinger’s cat of how long superpositions last and when (or whether)
they collapse? In this paper appropriate modification of quantum mechanics are
proposed. We claim that canonical interpretation of the wave function v = ¢y, +
C2y, is correct only when the supports the wave functions v, and v, essentially

overlap. When the wave functions v and vy, have separated supports (as in the

case of the experiment that we are considering in this paper) we claim that
canonical interpretation of the wave function v = ¢,y + caw, is no longer valid for a

such cat state. Possible solution of the Schrodinger’s cat paradox are
considered.We pointed out that the collapsed state of the cat always shows definite
and predictable outcomes even if cat also consists of a superposition [16]-[17] :
|cat) = c,|live cat) + c,|death cat).
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l. Introduction

As Weinberg recently reminded us [1], the measurement problem remains a



fundamental conundrum. During measurement the state vector of the microscopic
system collapses in a probabilistic way to one of a number of classical states, in a
way that is unexplained, and cannot be described by the time-dependent
Schrédinger equation [1].To review the essentials, it is sufficient to consider
two-state systems. Suppose a nucleus n, whose Hilbert space is spanned by
orthonormal states [si(t)), i = 1,2,where |s;(t)) = |[undecayed nucleus at instant t)

and [s2(t)) = |decayed nucleus at instant t> is in the superposition state,

Wiy, = Cilsi(t)) + Calsa(t)),[c1]* +|c2|> = L.

A measurement apparatus A, which may be microscopic or macroscopic, is
designed to distinguish between states |si(t)) by transitioning at each instant t into
state [ai(t)) if it finds n is in |si(t)), | = 1,2. Assume the detector is reliable, implying
the Ja;(t)) and |a,(t)) are orthonormal at each instant t ,i.e., (a;(t)]ja.(t)) = 0 and
that the measurement interaction does not disturb states [s;) -i.e., the measurement
is “ideal”. When A measures V), the Schrodinger equation’s unitary time
evolution then leads to the “measurement state” |\¥y)_, :

Wi),4 = Cilai(t)) + Calaz(t)), [ci]* +[c2)* = 1.

of the composite system nA following the measurement.

Standard formalism of continuous quantum measurements [2],[3],[4],[5] leads to
a definite but unpredictable measurement outcome, either |a;(t)) or |a,(t)) and that
|¥'t), suddenly “collapses” at instant t' into the corresponding state [si(t")). But
unfortunately equation (1.2) does not appear to resemble such a collapsed state at
instant t'?.

The measurement problem is as follows:

(1) How do we reconcile canonical collapse models postulate’s

(I) How do we reconcile the measurement postulate’s definite outcomes with
the

“measurement state” |¥'+),, at each instant t and

(111 how does the outcome become irreversibly recorded in light of the
Schrédinger

equation’s unitary and, hence, reversible evolution?

This paper deals with only the special case of the measurement problem,
known as Schrodinger’s cat paradox. For a good and complete explanation of this
paradox see Leggett [6] and Hobson [7].

(1.1)

(1.2)



Pic.1.1.Schrodinger’s cat.

In his famous thought experiment [11], Schrédinger(1935) imagined a cat that
measures the value of an quantum mechanical observable with its life. Adapted to
the measurement of position of an alpha particle, the experiment is this. A cat, a
flask of poison, and a radioactive source are placed in a sealed box. If an internal
monitor detects radioactivity (i.e. a single atom decaying), the flask is shattered,
releasing the poison that kills the cat. The Copenhagen interpretation of quantum
mechanics implies that after a while, the cat is simultaneously alive and dead. Yet,
when one looks in the box, one sees the cat either alive or dead, not both alive and
dead.

This poses the question of when exactly quantum superposition ends and
reality collapses into one possibility or the other?

Since Schrddinger’s time, no any interpretations or extensions of quantum
mechanics have been proposed which gives clear unambiguous answers to the
questions posed by Schrodinger’s cat of how long superpositions last and when (or
whether) they collapse.

The canonical interpretations of the experiment.

Copenhagen interpretation

The most commonly held interpretation of quantum mechanics is the
Copenhagen interpretation.[12] In the Copenhagen interpretation, a system stops
being a superposition of states and becomes either one or the other when an
observation takes place. This thought experiment makes apparent the fact that the
nature of measurement, or observation, is not well-defined in this interpretation.
The experiment can be interpreted to mean that while the box is closed, the system
simultaneously exists in a superposition of the states "decayed nucleus/dead cat"
and "undecayed nucleus/living cat", and that only when the box is opened and an
observation performed does the wave function collapse into one of the two states.

However, one of the main scientists associated with the Copenhagen



interpretation, Niels Bohr, never had in mind the observer-induced collapse of the
wave function, so that Schrodinger’s cat did not pose any riddle to him. The cat
would be either dead or alive long before the box is opened by a conscious
observer [13]. Analysis of an actual experiment found that measurement alone (for
example by a Geiger counter) is sufficient to collapse a quantum wave function
before there is any conscious observation of the measurement.[14] The view that
the "observation" is taken when a particle from the nucleus hits the detector can be
developed into objective collapse theories. The thought experiment requires an
"unconscious observation" by the detector in order for magnification to occur.
Objective collapse theories

According to objective collapse theories, superpositions are destroyed
spontaneously (irrespective of external observation) when some objective physical
threshold (of time, mass, temperature, irreversibility, etc.) is reached. Thus, the cat
would be expected to have settled into a definite state long before the box is
opened. This could loosely be phrased as "the cat observes itself", or "the
environment observes the cat".

Objective collapse theories require a modification of standard quantum
mechanics to allow superpositions to be destroyed by the process of time
evolution. This process, known as "decoherence", is among the fastest processes
currently known to physics [15].

Ensemble interpretation

The ensemble interpretation states that superpositions are nothing but
subensembles of a larger statistical ensemble. The state vector would not apply to
individual cat experiments, but only to the statistics of many similarly prepared cat
experiments. Proponents of this interpretation state that this makes the
Schrodinger’s cat paradox a trivial matter, or a non-issue. This interpretation serves
to discard the idea that a single physical system in quantum mechanics has a
mathematical description that corresponds to it in any way.

Remark 1.1.Ensemble interpretation in a good agreement with a canonical
interpretetion of the wave function (y-function) in canonical QM-measurement
theory. However under rigorous consideration an dinamics of the Schrodinger’s cat
this interpretation gives unphysical result, see Proposition 3.2.(ii).

The canonical collapse models.

In order to appreciate how canonical collapse models work, and what they are
able to achieve, we briefly review the GRW model. Let us consider a system of n
particles which, only for the sake of simplicity, we take to be scalar and spinless;
the GRW model is defined by the following postulates: (1) The state of the system
is represented by a wave function y(x;,xz,...,Xxn) belonging to the Hilbert space
£,(R3M). (2) At random times, the wave function experiences a sudden jump of the
form:



l//t(XI;Xb---aXn) - WT(XBXZ"“’Xn;im) = (13)
9{m(’im)vlt(xl7X27'"axn)
”SRm(im)l//t(XhXZa"'axn)”2 ’

where y(x1,X2,...,Xn) is the state vector of the whole system at time t,
immediately prior to the jump process and R,(Xn) is a linear operator which is
conventionally chosen equal to:

_(im—im)2:| (1.4)

Rm(Xm) = (zr2)~" exp[ e

where r. is a new parameter of the model which sets the width of the localization
process, and X, is the position operator associated to the m-th particle of the
system and the random variable X, corresponds to the place where the jump
occurs. (3) It is assumed that the jumps are distributed in time like a Poissonian
process with frequency 4 = Agrw this is the second new parameter of the model.
(4) Between two consecutive jumps, the state vector evolves according to the
standard Schrédinger equation.

The 1-particle master equation of the GRW model takes the form

. 1.5
%p(t) = —%[H,p(t)} - T[p®)]. (=)

Here H is the standard quantum Hamiltonian of the particle, and T[-] represents the
effect of the spontaneous collapses on the particle’s wave function. In the position
representation, this operator becomes:

—v)? 1.6
<x|T[p<t)]|y>=A{l—exp[—M}}@many) (1.6)

4rZ

Another modern approach to stochastic reduction is to describe it using a
stochastic nonlinear Schrédinger equation, an elegant simplied example of which is
the following one particle case known as Quantum Mechanics with Universal
Position Localization [QMUPL]:

N 1.7
00y = [T k@ - @’at Jwcordt+ R @- @iy

Here § is the position operator, (q:) = (w[G|y:) it is its expectation value, and k is a
constant, characteristic of the model, which sets the strength of the collapse
mechanics, and it is chosen proportional to the mass m of the particle according to



the formula: k = (m/m¢)Ao, where my is the nucleon’s mass and 1, measures the
collapse strength. It is easy to see that Eqgn.(1.5) contains both non-linear and
stochastic terms, which are necessary to induce the collapse of the wave function.

For an examle let us consider a free particle (ﬁ = p?/2m), and a Gaussian state:

- (1.8)
vi(X) = exp{—at(x — Xt)z + IktX}.
It is easy to see that w(x) given by Eq.(1.6) is solution of Eq.(1.5), where
dac _y_ 2ihge O _ g, VK dke g lm(@) g (1.9)
G "KM AL T Rt SRe@n Ve at ~ YK Re@y Ut
The CSL model is defined by the following stochastic differential equation in the
Fock space:
i Y A\ 2
i) = [ L8 - k(M) - M0y at Jaopae + (1.10)

42K (M) = (M) )aW ()l (x)).

Il.Generalized Gamow theory of the alpha decay via tunneling using GRW
collapse model.

By 1928, George Gamow had solved the theory of the alpha decay via
tunneling [7]. The alpha particle is trapped in a potential well by the nucleus.
Classically, it is forbidden to escape, but according to the (then) newly discovered
principles of quantum mechanics, it has a tiny (but non-zero) probability of
"tunneling" through the barrier and appearing on the other side to escape the
nucleus. Gamow solved a model potential for the nucleus and derived, from first
principles, a relationship between the half-life of the decay, and the energy of the
emission.

The a-particle has total energy E and is incident on the barrier from the right to

left.



Pic.2.1.The particle has total energy E and
is incident on the barrier V(x) from right to left.

The Schrddinger equation in each of regions I = {xjx < 0},I1 = {x|0 < x < |}

and III = {x|x > |} takes the folloving form

*Y(X) | 2m
2+ [E-UI¥() = o,
where
Oforx <0
ux) = Upfor0o <x <
0forx > 1

The solutions reads [8]:
Ym(x) = Ciexp(ikx) + C_exp(-ikx),
Yi(x) = Byexp(k'x) + B_exp(—k'x),
P(x) = Acos(kx) = %[exp(ikx) + exp(=ikx)],

where

k = 2777./2mE,
r_ 2
k' = THJZTT](U()—E).

At the boundary x = 0 we have the following boundary conditions:

o¥1(x)
OX

_ a\PH (X)

x=0 OX

‘P1(0)|X=0 = \P“(O)|X=O’

x=0

At the boundary x = | we have the following boundary conditions

2.1)

(2.2)

(2.3)

(2.4)

(2.5)



P (X) _ ¥m(x) (2.6)

Yu)|,o = YmD],o pw ™

x=I x=I

From the boundary conditions (2.5)-(2.6) one obtains [8]:

_A(4ik ~A( ik
B+—2(1+|k,),B_ 2(1 Ik’)’

2.7
C. = Alch(K'l) + iDsh(k')],C- = i(ASsh(k'l) exp(ikl)), (@7)
_1(k _K\g_1(k K
b= 2(k’ k)’s 2(k’ i k)'
From (2.7) one obtain the conservation law
A]> = [C.? —|C-|%.
Let us introduce now a function Ey(x, 1) = 6,(x,DE2(x,]) where
—1/4 X2 |
(nrd) exp(— o1 ) for —o <x < >
Ex(x, 1) = x—1)?
1 fi 0,1
0,(x.1) = orx € [0,1]
0 forx ¢ [0,1]
Assumption 2.1. We assume now that:
(i) atinstant t = 0 the wave function ¥;(x) experiences a sudden jump of the
form
Ri(X)¥i1(x)
Pr(x) » Pi(x) = , 2.9
00 = 0 T TRweon, @9
where Ry (X) is a linear operator which is chosen equal to:
(2.10)

2
Ri(X) = (nrg)‘”“el(?,l)exp[— X5 }
c

where



0,(x.1) = 1 for x € [-1,0],
n 0 forx ¢ [-1,0].

Remark 2.1. Note that: supp(¥§(x)) < [-1,0]

(i) at instant t = 0 the wave function ¥y (x) experiences a sudden jump of the
form

m"(?)\{!u(X)

Pu(x) > PHX) = [Ru()Pux)l,’

where Ry (X) is a linear operator which is chosen equal to:

Ru(X) = En(R,1);
Remark 2.2. Note that: supp(¥§(x)) < [0,1].

(i) at instant t = 0 the wave function ¥ (X) experiences a sudden jump of the
form

R (X) Y (X)
[Rm(R)Pmx) 1,

Y (x) » ¥ip(x) =

where R (X) is a linear operator which is chosen equal to:

. g -1)°
Rm(X) = (ﬂr%) 1/4eXp|:_( 2|’%) :|
Remark 2.3. Note that. We have choose operators (2.10),(2.12) and (2.14)
such that the boundary conditions (2.5),(2.6) is satisfied.
Definition 2.1. Let W¥(x) be an solution of the Schrodinger equation (2.1). The

stationary Schrodinger equation (2.1) is a weakly well preserved in region I < R by

collapsed wave function ¥#(x) if there exist an wave function ¥(x) such that the
estimate

82W*
j{ ﬁxz(x) + 20 E - U(x)]‘P#(x)}dx = O(h2*),

where o > 1, is satisfied.
Proposition 2.1.The Schrddinger equation in each of regions LILIII is a

2.11)

(2.12)

(2.13)

(2.14)

(2.15)



weakly well preserved by collapsed wave function Wj(x), ¥§;(x) and Wi, (X)
correspondingly.

Proof. See Appendix B.

Definition 2.2.Let us consider the time-dependent Schrodinger equation:

oY (x,t)
ot
t e [0,T],x eR3".

in - HY(x, 1),

The time-dependent Schrodinger equation (2.16) is a weakly well preserved by
corresponding to W(x,t) collapsed wave function ¥#(x,1)

\P#(XI,XQ,...,Xn,t) =

Y(x1,X2,...,Xn, EXmy. ., Xm ) =

SRFTH ..... mk(imla---aimk)\P(XhXZw--oXnot)
..... m(Xmps e Xm )W (X1, X2, X0, D ],

in region I' < R3¢ if there exist an wave function W(x,t) such that the estimate

I{ih% —ﬁ‘P#(x,t)}dmx _ o),
I

t e [0,T],x eR3,

where a > 1, is satisfied.
Definition 2.3. Let W#(x,t)=¥#(x1,x>,...,xq,t) be a function
Y(x1,X2,...,Xd, 1;X,,...,X,). Let us consider the Probability Current Law

%P(F,t) + jJ(xl,XZ,...,xd,t) - nd2x = O(hv),
or

J(X13X27 cee >Xd7t) = \P(X,t)V\P(X,t) - \P(X,t)V\P(X,t),
te [0,T],x eR3,

corresponding to Schrédinger equation (2.16). Probability Current Law (2.18) is a

weakly well preserved by corresponding to W(x,t) collapsed wave function ¥#(x,t)
in region T < R34 if there exist an wave function ¥(x,t) such that the estimate

(2.16)

(2.17)

(2.18)



%P(F,t) + IJ#(xl,xz,...,xd,t) - nd2x = O(4%),
or

2.19
JH(x1,X2,...,Xg,1) = P#(x, ) VP*(x,1) — P#(x, 1) VP*#(x,1) ( )

= O(h?),
te [0,T],x eR3,

where a > 1, is satisfied.
Proposition 2.2. Assume that there exist an wave function W(x,t) such that the

estimate (2.17) is satisfied. Then Probability Current Law (2.18) is a weakly well

preserved by corresponding to ¥(x,t) collapsed wave function P#(x,t) in region
I < R j.e. the estimate (2.19) is satisfied on the wave function ¥#(x,t).

lll. Schrodinger’s Cat paradox resolution

In this section we shall consider the problem of the collapse of the cat state
vector on the basis of two different hypotheses:

(A) The canonical postulate of QM is correct in all cases.

(B) The canonical interpretation of the wave function v = ¢,y + cay, is correct
only when the supports the wave functions v, and v, essentially overlap. When
the wave functions v, and v, have separated supports (as in the case of the
experiment that we are considering in section Il) we claim that canonical
interpretation of the wave function v = ¢,y + c2y, is no longer valid for a such cat
state, for details see Appendix C.

lll.1. Considerationtion of the Schrodinger’s cat paradox using canonical

von Neumann postulate

Let |si(t)) and |s2(t)) be

s1(t)) = |undecayed nucleus at instant t),

3.1)

s2(t)) = |decayed nucleus at instant t).

In a good approximation we assume now that

510)) = [ Whooxdx (3.2)

and



52(00) = [ w{e0pod. (3.3)

Remark 3.1. Note that: (i) [s2(0)) = |decayed nucleus at instant 0) =
:|free a-particle at instant 0). (i) Feynman propagator of a free a-particle are [9]:

: 2
Ka(X,1,Xo) = (%)mexp{%[WJ}_ (3.4)

Therefore from Eq.(3.3),Eq.(2.9) and Eq.(3.4) we obtain

s20) = [ Piec o
0
WHOGD = [ W (X0)Ka (. x0 )Xo =

—00

0
12 )
(rr2)™"* x (Z;ri]ht) X J Hl(xo,l)exp(— Xo )exp(—i%r,/sz XO) X

2r2

—00

i [ m(x—x0)? B
xexp{%[TJ}dXo —

(3.5)
2o 14 m Y X2
(mrg) " x (27rihgt) xJ.I 01(xo,|)exp(— 2 ) X
i [ m(x=xo)?
X eXp 2| 7 J4mE Xo dxg =
12 0 2
o\-1/4 m _ X5 A
(er2) ™" x (—mm) le Gl(xo,l)exp( 2 ) xexp{h [S(t,x,xo)]}dxo,
where
)2 (3.6)
S(tX,Xo) = w _ JSME X,.
We assume now that
h<2ri<lI?<1. (3.7)

Oscillatory integral in RHS of Eq.(3.5) is calculated now directly using stationary
phase approximation. The phase term S(x,X,) given by Eq.(3.6) is stationary when



OS(t,X,X0) _  M(X-Xo) _ _
B e 7 J8ME = 0. (3.8)

Therefore
M =X) e 0,
t (3.9)
—(X—Xo) = nt/SE/m,

and thus stationary point x,(t,x) are

3.10
Xo(t,X) = 7t /8E/M +X. ( )
Thus from Eq.(3.5) and Eq.(3.10) using stationary phase approximation we obtain
s20) = [ wiocnpodx,
WHx.1) = (3.11)
_ 2(t i
() x 01 Gt ). Dexp| ~XLE0 | exp{ L [sxxa(tx0)1} + 0
where
_ 2 (3.12)
S(x.Xo(t,x)) = MK Xz()t(t’x)) _ 1 JBME Xo(L.X).
From Eq.(3.10) we obtain
2
- X+t /8E/m
PIOPT () = (xr2) ™2 x 01 (x + 2t [SE/m, 1) exp|: ( = ) ] (3.13)
c

Remark 3.2. From the inequality (3.7) and Eq.(3.13) follows that a-particle at
each instant t > 0 moves quasiclassically from right to left by the law

X(t) = —rt,/8E/m, (3.14)
i.e. i.e.,estimating the position x(t,xo,to; %) at each instant t > 0 with final error r
gives [(X)(t) — x(t)| < re,i = 1,...,d with a probability
P{I(X)(t,0,0572) = X(B)| < e} = 1.
Remark 3.3. We assume now that a distance between radioactive source and
internal monitor which detects a single atom decaying (see Pic.1) is equal to L.

Proposition 3.1. After a-decay at instant t = 0 the collaps:
|live cat) - |death cat) arises at instant



7oL (3.15)

. 8E/m
with a probability Pr(|death cat) ) to observe a state |death cat) at instant T is
Pr(|death cat)) = 1.

Proof. Note that. In this case Schrodinger’s cat in fact permorm the single
measurement of a-particle position with accuracy of ox = | at instant t = T (given by
Eq.(3.15)) by internal monitor (see Pic.1.1). The probability of getting a result L with

accuracy of 6x = | given by
[ xiisamyyPex = 1. (3.16)
IL—x|<1/2

Therefore at instant T the a-particle kills Schrodinger’s cat with a probability
Pr(|death cat)) = 1.

Remark 3.4.Note that. When Schrodinger’s cat has permormed this
measurement the immediate post measurement state of a-particle (by von
Neumann postulate C.4) will end up in the state

[, )olsa(T)dx
W) = ‘/IX — = | ‘<I/2|x><x||sz(T)>dXES@,G):{x||L—X|§I/2} (3.17)
[(lls2(M)Pdx 7
IL—x|<1/2

From Eq.(3.17) one obtains
Wiwry = [ s =[S -0KsM)dc= HiGD. G18)

|L—x|<lI/2
Therefore the state |¥1) again kills Schrodinger’s cat with a probability
Pr(|death cat)) = 1.
Suppose now that a nucleus n, whose Hilbert space is spanned by orthonormal
states |si(t)), i = 1,2,where |s(t)) = |undecayed nucleus at instant t) and
S2(1)) = |decayed nucleus at instant t> is in the superposition state

5 , (3.19)
Wt), = Cifsi(t)) + Cafsa(t)),[C1]” +c2|” = 1.
Remark 3.5. Note that: (i) |s:(0)) = |undecayed nucleus at instantt = 0) =
= | a-particle iside region (0,l] at instant t = 0>. (i) Feynman propagator of
a-particle inside region (0,1] are [9]:
(3.20)

Ka(,t,X0) = (%)mexp{%[S(t,x,xo)]},

where



3.21
M —Xo)” ;tXO)Z + mt(Uo - E). G-2D

Therefore from Eq.(2.11)-Eq.(2.12) and Eq.(3.20)-Eq.(3.21) we obtain

S(t,X,Xo) =

si0) = [ Wi

|
P (x, 1) = _([‘Pfl(xo)Kz(x,t,xo)dxo - 6.22)

|
( I )m j E(xo,I)‘Pn(xo)9|(xo)exp{%[S(t,x,xo)]}dxo,
0

where

B1(x) = { 1 for x € [0,1]
0 forx ¢ [0,1]

Remark 3.6.We assume for simplification now that
k' < 1. (3.23)
Therefore oscillatory integral in RHS of Eq.(3.22) is calculated now directly using

stationary phase approximation. The phase term S(x,xo) given by Eq.(3.21) is
stationary when

OS(LX,X0) _ ~ M(X—Xo) _
OXo B t B

and thus stationary point xy(t,x) are

0. (3.24)

—X+Xo =0 (3.25)
Xo(t,X) = X. '

Thus from Eq.(3.22) and Eq.(3.25) using stationary phase approximation we obtain

\P?I#I(Xat) =
E(xo(t,x),I)‘Pn(xo(t,x))9|(xo(t,x))exp{%[S(t,x,xo(t,x))]} +O(h) =

: 3.26
= E(X, DY u(x)0i(x) exp{%[mt(uo - E)]} +0(h) = ( )

E(x, |)9|(X)O(1)exp{%[mt(uo - E)]} +O(h).

Therefore from Eq.(3.22) and Eq.(3.26) we obtain



3.27
WhOBI? = E26DBIX)O(1) + O(h). G271

Remark 3.7. Note that for each instantt > 0 :
supp(¥i(x,t)) Nsupp(Fi(x,t)) = @.

Remark 3.8. Note that. From Eq.(3.11),Eq.(3.13), Eq.(3.19), Eq.(3.22)-Eq.(3.27)
and Eq.(A.13) by Remark 3.7 we obtain

n(PHKIP0), = 171D K[s1(D) + [e2[s2(D)[[s2(1)) +

i (3.28)
CiC5(s2(D)[X[s1()) + cica(s2(D)[X[s1 (D))" =
C1[2(s1(D)[R]s1 (1)) + [C2[*(S2(D)[R]s2(t)) = [c1]*1 + [c2|* T [8E/m .
Proposition 3.2. (i) Suppose that a nucleus n is in the superposition state |\'),
(\W+),-particle) given by Eq.(3.19). Then the collaps: |live cat) — |death cat) arises
at instant
T L+l (3.29)

col ~ |C2|2m .
with a probability P, (|death cat) ) to observe a state |death cat) at instant Te, is
P, (|death cat)) = [ca]*.

(ii) Assume now a Schrodinger’s cat has performed the single measurement of
|'¥'+),,-particle position with accuracy of ox = | at instant T = T, (given by Eq.(3.29))
by internal monitor (see Pic.1.1) and the result x = L + | is not observed by
Schrddinger’s cat. Then the collaps: |live cat) — |death cat) never arises at any

instant T > T, and a probability Pr.r, (|death cat)) to observe a state
|death cat) atinstant T > Teq is Prr,, (|death cat)) = 0.
Proof. (i) Note that for t > 0 the marginal density matrix p(t) is diagonal

col

c1 P [Ihiox 0 0
p(t) = In this
0 e [IF 1) dx

case a Schrodinger’s cat in fact perform the single measurement of |\:) -particle
position with accuracy of 6x = | atinstant t = T, (given by Eq.(3.29)) by internal
monitor (see Pic.1.1). The probability of getting a result L at instant T ~ T, with

accuracy of 6x = | given by



(cr)aldx = [ Kxlealsi(T)) + cafea(T)) Pk =

J|L—x[<12

[ci(XIs1(T)) + Cafx]ls2(T))| *dx = (3.30)

J|L—x[<12

PP T) + 3P (X, T) + 2¢1C Wi (X, T) Wi (X, T)|dx.

Y ILx<12
From Eq.(3.30) by Remark 3.7 and Eq.(3.13) one obtains
[ e = jedvPeeDid = [ef [ EG T = e’ (3.31)
[L=x|<12 |L=x|<12
Note that. When Schrddinger’s cat has permormed this measurement and the
result x ~ L = | is observed, then the immediate post measurement state of

a-particle (by
von Neumann postulate C.4) will end up in the state

[ oo [ XIS (Tean)) + Calsa(Teo)))elx
IL—x|<1/2 |L—x[<1/2

IL—x[<l/2

|‘PTcol>n = > = > =
[ Xl [ ¥l
IL—x|<I/2 IL—x|<l/2
(3.32)
e polsiTen)+ea [ X2 (Tean) e
Lx2 LxAR € S6,0 = {X||L —x| < I/2}.
‘/J‘ |<X||\PTcol>n|2dX
IL-x|<1/2
From Eq.(3.32) by Eq.(3.31) and by Remark 3.7 one obtains
j. PO T ) AX I UXICC1IS1(Teot)) + C2[82(Teot))) X
|\PTcol>n _ IL—x|<l/2 _ Jlxsie _
M, o M, o (3.32)
IL—x[<I/2 IL—x|<l/2
- ’g_; |L_Xm|x><x\|sz(Tcol)>dx.

Obviously by Remark 3.4 the staite |\t
P, (|death cat)) = 1.

Proof. (ii) The probability of getting a result L at any instant T > T, with

), Kills Schrodinger’s cat with a probability

col

accuracy of 6x = | by Eq.(3.31) and Eq.(3.13) given by

[, lax= [ jedrPeTdx = e [ e T dx =
|L—x[<l/2 L—x|<1/2 IL-x|<1/2

2
X+ 7T /8E/m
~ (nr%)1/2x91<x+7rT,/8E/m,l>exp[< M 5 ) ]_0,
c

Thus standard formalism of continuous quantum measurements [2],[3],[4],[5]



leads to a definite but unpredictable measurement outcomes, either |s;(t)) or |sx2(t))
and thus |¥;), suddenly “collapses” at unpredictable instant t' into the
corresponding state [si(t')),i = 1,2.

lll.2. Resolution of the Schrodinger’s cat paradox using generalized von
Neumann

postulate.

Proposition 3.3. Suppose that a nucleus n is in the superposition state given
by Eq.(3.19). the collaps: |live cat) - |death cat) arises at instant

L
T= .
c2|? /872E/m

with a probability Pr(|death cat) ) to observe a state |death cat) at instant T is
Pr(|death cat)) = 1.

Proof. Let us consider now a state [¥+), given by Eq.(3.19). This state consists
of a summ of two wave packets c¢;¥};(x,t) and ¢, P{(x,t). Wave packet ¢;¥j;(x,1)
present an ay-particle which lives in region II with a probability |c;|* (see Pic.2.1).
Wave packet ¢, ¥P§(x,t) present an a;-particle which lives in region I with a
probability |c,|* (see Pic.2.1) and moves from the right to the left. Note that
INI = &. From Eq.(3.28) follows that a-particle at each instant t > 0 moves
quasiclassically from right to left by the law

X(t) = —|ca|*xt/SE/M, (3.34)

(3.33)

From Eq.(3.34) one obtains

T="Ter = (3.35)

L
Ic2| 872E/m
Note that. In this case Schrodinger’s cat in fact permorm a single measurement of
|'¥'+),,-particle position with accuracy of ox = | atinstantt = T = T (given by
Eq.(3.35)) by internal monitor (see Pic.1.1). The probability of getting the result L at

instantt = T, with accuracy of 6x = | by Remark 3.7 and by postulate C.V.2 and
by postulate C.IV.3 (see apendix C) given by

_.L_X|S|/2[|<X|C1|Sl(Tcol)>|2 % [(X|C2[82(Teo)))* Jdx =

J L_X|<I/2|C2|_2|C1|_2|:|<X|C1|_2||31(Tcol)>|2 * |<X|C2|_2||32(TCO1)>|2:|dX = (3.36)

G2l 2ler 2] 1 (Xlea 2, Tea) | WHOE1 2, Tea) | Jax = 1.
J |Lx<l2
Note that. When Schrodinger’s cat has permormed this measurement and the
result x ~ L = | is observed, then the immediate post measurement state of
a-particle (by generalized von Neumann postulate C.V.3) will end up in the state



J.L X‘<I/2|X><X||\PTcol>ndX
|\PTcol>n = — =

\/J.IL_XKVZ[KXHSI(Tcol)>’2 + (X[|82(Teo) )] Jdx

(3.37)
[ X85 (Teo) el
IL—x[<1/2

\/'[ILX|SI/2 [1X]Is2(Tear))” Jolx

€ Ho,® = {X||L— x| < I12).

The staite |1, ), again Kills Schrodinger’s cat with a probability
Prc(|death cat)) = 1.

Thus is the collapsed state of the cat always shows definite and
predictable

outcomes even if cat also consists of a superposition:

|cat) = c,|live cat) + c;|death cat).

Contrary to van Kampen’s [10] and some others’ opinions, “looking” at the
outcome changes nothing, beyond informing the observer of what has already
happened.

We remain: there are widespread claims that Schrodinger’s cat is not in a
definite alive or dead state but is, instead, in a superposition of the two. van
Kampen, for example, writes “The whole system is in a superposition of two states:
one in which no decay has occurred and one in which it has occurred. Hence, the
state of the cat also consists of a superposition:
|cat) = ci|live cat) + c,|death cat). The state remains a superposition until an
observer looks at the cat” [10].

Appendix. A.
The time-dependent Schrodinger equation governs the time evolution of a
quantum mechanical system:

0¥ (x,1) (A.1)

ot

The average, or expectation, value (x;) of an observable x; corresponding to a
guantum mechanical operator X; is given by:

in - HY(x,1).

[ Xl (x,txo0, tos 1) P
Xi) (L, Xo, to; 1) = & . (A.2)
j\\P(x,t,xo,to;h)fddx
Rd

i=1,....d




Remark A.1. We assume now that: the solution W(x,t,xo,to;%) of the
time-dependent Schrodinger equation (A.1) has a good approximation by a delta
function such that

d
W (x,t,X0,t0; )| = H5(Xi —Xi(t,X0,%0)),

L (A.3)
Xi(t,x0,t0) = Xip,
i=1,...,d
Remark A.2. Note that under conditions given by Eq.(A.3) QM-system which

governed by Schrédinger equation Eq.(A.1) completely evolve quasiclassically i.e.
estimating the position {xi(t,xo,to;h)}?:1 at each instant t with final error § gives
[(Xi )(t, X0, tos 1) — Xi(t,X0,t0)| < 0,1 = 1,...,d with a probability

P{|<Xi>(t,X0,to;h) —Xi(t,Xo,to)| < 5} ~ 1.
Thus from Eq.(A.2) and Eq.(A.3) we obtain

Xi)(t,xo,t0571) =
d=1
I Xi o(Xj — Xi(t,Xo,to))ddX (A.4)
Rd i=1
~ = = Xi(t, Xo,10).
[ TTo06 —xi(t.x0,t0))d
[Rd i=1
i=1,...,d
Thus under condition given by Eq.(A.3) one obtain
Xity(t, xo0,t0;77) = Xi(t,xo,t0), (A.5)
i=1,...,d.
Remark A.3.Let Vi(x,t,x0,t0),i = 1,2 be the solutions of the time-dependent
Schrodinger equation (A.1). We assume now that ®(x,t,xo,y,,to) is a linear
superposition such that
D(x,t,X0,¥,,t0) = C1¥1(X,t,X0,t0) + C2P2(x,t,y,10). (A.6)

Ici)? +|c2)* = 1.

Then we obtain



|®(X:taxoay03t0)|2 = (q)(xatoXoayODtO)d)*(X:taXOayo;to)) =
= ([C]‘P](X,t,Xo,to) + CQ\PQ(X,t,yO,tO)]) X
x([CTWT(x,t,X0,t0) + C3W3(X,1,X0,¥,10)]) =

= e (¥1(xtx0,t0)[*) + Cie2a(PT (X, 8 x0) P2 (X, 1, ¥, t0)) +

|Cz|2<|‘P2(X,t,yo,to)|2> +c1C3(W1(x,t,x0) Y3 (X, 1.y, 10)).

Definition A.1. Let (x)(t,x0,y,,t0o) be a vector-function

x)(t,X0,¥,t0) : [0,T] xR x R4 x [0,T] > R

<X>(t9x09y09t0) = {<X1 >(ta Xo, yO’tO)a <. a<Xd>(t>X0> yo,to)},

where

<Xi>(t9x09y09t0) = ~"Xi|(I)(X9‘taX()ay()ato)|2ddx =

R

= lerf? [ %1 (%t xo0, o) PdoX +

Rd

+ea|? j Xi[F2(x, 1, yo, to) 2dOX +

R

ST j X (%, X0, to ) W2 (X, £,y to )d9X +
[Rd

+CiC; J XiV1(x,t,X0,t0) V3 (X,1,y,, to)d9x.

Rd

(A.8)

(A.9)

(A.7)



Definition A.2. Let A(t,xo,y,,to) be a vector-function
A(t,X0,¥q,t0) @ [0,T] x R4 x RY > RY

(A(t9 X09y09t0)) = {51(t9 X09y09t0)9 o 95d(t9 XO) yoato)}a

where
5i(t9X09y09t0) = 6[Xi(t9X05y05t0)] =

= CjiCy J Xi\PT(X,t,Xo,to)\Pz(X,t,yO,to)ddX+

Rd

+CiC3 _[ Xi¥1 (X, 1, X0, t0) W3 (X, t,y,, to)dox.

Rd

Substituting Egs.(A.11) into Egs.(A.9) gives

<Xi>(t9X05yOat0) = J. Xi’(D(X,t,X(),yO,to)‘zddX =

Rd

= ler? [ %1 (%t xo0, ) P +

Rd

+‘C2|2 J‘ XillP2(X)t’y07t0)’2ddX + 5i(t7X07y07t0) =

Rd
= [c1]2(Xi)(t, X0, to) + [C2]*(Xi)(t, ¥ to) + 5i(t, X0, ¥, o).

Substitution equations (A.5) into equations (A.12) gives

(A.10)

(A.11)

(A.12)



<Xi>(t9X05yOat0) = J. Xi’(D(X,t,X(),yO,to)‘zddX =

Rd
5 5 (A.13)
= |C1| <Xi>(t,X0,t0) + |C2| <Xi>(t’y07t0) + 5i(t:~x05y05t0)
= [c1*Xi(t, X0, t0) + [C2|*Xi(t, ¥ g, to) + Si (L X0, ¥, to)-
Appendix. B.
The Schrédinger equation (2.1) in region I = {x|x < 0} has the folloving form
2
h2% + 2ME¥(X) = 0. B.1)
From Schrodinger equation (B.1) follows
0 62‘{/ 0
h? j asz(X) dx + 2mE j ¥ (x)dx = 0. (B.2)
Let W{(x) be a function
PIX) = $O)P1(x), (B.3)
where
~1/4 2
600 = (ar2) " exp( 25 ) ®.4)
see Eq.(2.9). Note that
O?[P(X) P (X 8 X a‘{’ X
(B.5)

oV1(x) 0p(x)

0* ‘PI(X)
OX OX '

2 + () L2 82¢(X) + g0 LX)

Therefore substitution (B.2) into LHS of the Schrodinger equation (B.1) gives



0 0
0> (x)
8—x12dx+ 2mE j Pi(x)dx =

—00 —00

hZ

0 0
| de 2Em [ 001Xk =

—00 —00

(B.6)

2h? J alPaI)fx) ) dx + A2 J. ¥i(X)——=% 82¢(x) dx +

—0

—00

0
f ¢(X){h2 o ‘;’Iz(x) +2Em j ‘PI(X)}dx.

Note that

0 0
j ¢(x){hz 82\;’;2()() +2Em j ‘P,(x)}dx - 0. (B.7)

—00

Therefore from Eq.(B.6) and Eq.(2.3)-Eq.(2.4) one obtain

0 0
2 #
h? f 0 \;lxlz(x) dx + 2mE j Pi(x)dx =

—00 —00

0 0
h? j %dx +2Em j S()W1(x)dx = (B.8)

—00 —00

— o j a‘*’alx(x) 00 gy + 12 j wi(x) S8 52¢(X) dx.

From Eq.(B.6) one obtain



0p(X) _ ,_ o\-14 O X2 | _ a1 X2
v = (mrg) P exp Zr% = —(zrg) Trgexexp 7 |

82¢(x) _(rr2)” 1/4rgzexp|: X2 :|+

OX? 2r2

~1/4,—4y2 x2 :|
+(7r2 rz4x%exp| — )
(7rg) c p|: 2['%

From Eq.(B.9) and Eq.(2.3)-Eq.(2.4) one obtain

0
ovi(x) dp(x)
B .[ OX oX dx =

—00

0
B h2 oexp(ikx) [_i} B
(xr2) " r2 I ox P 2r2 dx =

_2z/2mEh _J;O ( —2”‘/;”]—'5 x) eXp|:— X :|dX,

(n_rz 1/4 2r%

k = 27”./2mE.
and
0
62¢(x) h? - x2
h2 J \P (X) dx = m J exp(IkX)eXp|:— 2]’% JdX"‘

0

2 J x% exp(ikx) exp|:—

1/4
(rg) rg -

X2 |ax
7 Jo

(B.9)

(B.10)

(B.11)



Appendix C. Generalized Postulates for Continuous Valued Observables.

Suppose we have an n-dimensional quantum system.

.Then we claim the following:

C.l1. Any given n-dimensional quantum system is identified by a set R

R 2 (H,3,R,L,21,G,|yt)) where:

(i) H that is some infinite-dimensional complex Hilbert space, (ii) 3 = (Q,F,P)
that is complete probability space, (iii) R = (R",X) that is measurable space , (iv)
£,1(Q) that is complete space of random variables X : Q - R" such that
IQHX(a)) |dP < o, IQHX(w) |2dP < 0 and (v) G : H - £,,(Q) that is one to one

correspondence such that
[w@w)| = [ (6[Qw) J@))ap - Ea(G[ Q) @) (1)

for any |v) € H and for any Hermitian operator 6 : H - H,
(vi) lwt) is an continuous vector function |y+) : R, -» H which representedthe
evolution of the quantum system R.

C.1.2. Forany |y1),|lv2) € H and for any Hermitian operator 6 : H - H such that
(r[olvi) - (fole) -o-

G[ Qw1 +v2) |@) = 6 Qw) |@) + 6[ Qw2 [@). (€.2)

C.1.3. Suppose that the evolution of the quantum system is represented by
continuous vector function |yt) : R, -» H.Then any process of continuous

measurements on measuring observable 6 for the system in state |y+) one can to
describe by an continuous R"-valued stochastic processes X(w) = Xi(o;|wt)) given
on probability space (Q,F,P) and a measurable space (R",X).

Remark C.1.We assume now for short but without loss of generality that n = 1.

Remark C.2. Let X(w) be random variable X(w) € £,,,(Q) such that
X(w) = G[ly)](w), then we denote such random variable by X,,,(»). The probability
density of random variable X, (@) we denote by p,,(q).q € R.

Definition C.1. The classical pure states correspond to vectors v € H of norm
[lvll=1. Thus the set of all classical pure states corresponds to the unit sphere
S* < H in a Hilbert space H.

Definition C.2.The projective Hilbert space P(H) of a complex Hilbert space H
is the set of equivalence classes [v] of vectors v in H, with v = 0, for the
equivalence relation given by v ~pw < v =Aw for some non-zero complex
number A € C. The equivalence classes for the relation ~p are also called rays or
projective rays.

Remark C.3.The physical significance of the projective Hilbert space P(H) is
that in canonical quantum theory, the states |v) and Ajy) represent the same
physical state of the quantum system, for any A + 0. It is conventional to choose a



state |y) from the ray [|w)] so that it has unit norm /(y|y) = 1.

Remark C.4. In contrast with canonical quantum theory we have used instead
contrary to ~p equivalence relation ~q, a Hilbert space H, see Definition C.7.

Definition C.3.The non-classical pure states correspond to the vectors v € H of
a norm ||v||#1. Thus the set of all non-classical pure states corresponds to the set
H\S” < H in the Hilbert space H.

Suppose we have an observable Q of a quantum system that is found through
an exhaustive series of measurements, to have a set 3 of values q € I such that

= Ul (01,05),m > 2, (01,65 N <9j,9j2> = @,i = j.Note that in practice any

observable Q is measured to an accuracy 6q determined by the measuring device.
We represent now by |q) the idealized state of the system in the limit 5q - 0, for
which the observable definitely has the value q.

Il.Then we claim the following:

C.Il.11.The states {|q) : q € I} form a complete set of 5-function normalized
basis states for the state space Hs of the system.

That the states {|q) : q € I} form a complete set of basis states means that any
state |y[3]) € Hs of the system can be expressed as: |y[J]) = j Cy(51(q)dg, where

supp(cy(3(q)) < I and while §-function normalized means that (q|q') = (g —q')
from which follows c,(3(q) = (qly[3]) so that [y [I]) = j la)aly[3])da.
The completeness condition can then be written as f laXqldg = lH~
C.I1.2.For the system in state |y [J]) the probability P(q,q + dg; |y [3])) of

obtaining the result g € 3 lying in the range (g,q + dg) < 3 on measuring
observable Q is given by

P(d,q +dg; [w[3])) = pyan(d)dg (C.3)

for any |y[J]) € Hs.
Remark C.5. Note that in general case p,(5),(Q) # [Cy(3 (q)|

C.11.3.The observable Qs is represented by a Hermitian operator 63 : Hs—> Hsy
whose eigenvalues are the possible results {q : q € 3}, of a measurement of Qs,

and the associated eigenstates are the states {|q) : q € J},i.e. 63|q> =q|g)qe 3
Remark C.6. Note that the spectral decomposition of the operator /Q\S is then

Qs = [ alaxalda. (C.3)

Definition C.4. A connected set in R is a set X < R that cannot be partitioned
into two nonempty subsets which are open in the relative topology induced on the
set. Equivalently, it is a set which cannot be partitioned into two nonempty subsets
such that each subset has no points in common with the set closure of the other.

Definition C.5. The well localized pure states |y [®]) with a support ® = (0:,0>)
correspond to vectors of norm 1 and such that: supp(c,e;(q)) = ® is a connected
set in R Thus the set of all well localized pure states corresponds to the unit sphere
S6 & S” < H in the Hilbert space He & H.

Suppose we have an observable Qe of a system that is found through an



exhaustive series of measurements, to have a continuous range of values q :
0, <qg<0,.
lll.Then we claim the following:
C.lII1.1.For the system in well localized pure statestate |y [®]) such that:
(i) [w[©]) € S5 and
(i) supp(cye1(q)) = {alcyei(q) # 0} is a connected set in R, then the probability
P(g,q+dg;|w[®])) of obtaining the result g lying in the range (q,q +dqg) on
measuring
observable Qg is given by

P(0,q + dg; [y [@])) = Kaly[©])°dg = [cye)(a)|*da. (C.4)

C.I1.2. pyje1(a)dq = [(gly[©])°dq = [c,e3(a)|*da.

C.lL.3.Let |y[®,])and |y[@,]) be well localized pure states with ©, = (01,0))
and

®, = (61,03) correspondingly. Let X;(®) = Xy0,,(®) and Xz(@) = Xy0,7)(®)

correspondingly. Assume that ®; N ©, = & (here the closure of ©;,i = 1,2 is
denoted by
0i,i = 1,2) then random variables X;(») and X,(w) are independent.

C.llL4. If the system is in well localized pure state |y[®]) the state |y [®])
described by a

wave function y(q,0) = (q|lw[®]) and the value of observable Q¢ is measured
once each

on many identically prepared system, the average value of all the
measurements will be

[ dly(a,©)7dg

Qo) = = —
[lw(a.0)dg
(©)

(C.5)

The completeness condition can then be written as j®|q><q|dq = TH(_).

Completeness means that for any state |y[@]) € S¢ it must be the case that
j®|<q|l//[®]>|2dq + 0, i.e. there must be a non-zero probability to get some result on

measuring observable Qe.

C.lILL5.(von Neumann measurement postulate) Assume that

(i) [v) € S§ and (ii) supp(c,(q)) = © is a connected set in R. Then if on
performing a measurement of Qe with an accuracy 6q, the result is obtained in the
range (q - +69,9 + 36q), then the system will end up in the state



P(g,69)lw[O]) __Imwﬁwmxmwmbm_ (C.6)

lvPasowien [T @ivienrea

IV.We claim the following:

C.IV.1 For the system in state |y?[®]) = aly[®]) € He, Where: (i)
w[O]) € Se,la # 1,

(if) supp(cye1(q)) is a connected set in R and (iii) |y [®]) = IZ? Cyr01(0)[g)dq

G Qolv@D) | = 1aPG| QulvieD . (C.6)

C.IV.2. Assume that the system in state |y2[®]) = ajy[®]) € He, Where (i)
lw[@®]) € S@, |al = 1,(ii) supp(cye1(q)) is a connected set in R and (iii)

0
wO1) = [, cyier(@)a)da.
Then if the system is in state |y2[®]) described by a wave function
v3(q;0) = (q|ly?[@®]) and the value of observable Qe is measured once each on

many identically prepared system, the average value of all the measurements will
be

(Qe) = [ aiy*(a:0)da. (C.7)
®
C.IV.3. The probability P(q,q + dg; |y2[®]))dq of obtaining the result q lying in the
range
(9,9 + dg) on measuring Qe is
(C.8)

P(q,q +dg; [y*[01))dq = [a|[c,e)(glal )| *da.
Remark C.7.Note that C.IV.3 immediately folows from C.IV.1 and C.II1.2.

C.IV.4. (Generalized von Neumann measurement postulate) If on performing
a measurement of observable Qe with an accuracy 6q, the result is obtained in the
range (q — %Sq,q + %5q), then the system immediately after measurement will end

up in the state



P@.se]) _ J LD AT L]

loPaswion [ @ivienras

(C.9)
al laxdviendy
|a—q'|<dq c Ho.
Jj K IveFdy
|a-g'|<50/2
C.V.A1. Let |[¥2:2[0,,0,]) = [wi'[0]) +|y3[02]) € Hi» 2 Ho, ® Ho, & H,
where
(i) lvi'[@i]) = ailyi[®i]) € Hey,|wi) = |vi[@i]) € S5, ai| # 1,i = 1,2;
(if) supp(cyie:1(0)),i = 1,2 is a connected sets in R;
(iii) <SUpp(CW1[®1](C{))> N <Supp(cl//2[®2](q))> = @ and
. 0> .
(iv) lyi[®i]) = fgl Cyiei1(A)[a)da,i = 1,2.
Then if the system is in a state |¥2%2[®,,0,]) described by a wave function
Yard2(q;01,0,) = (q[|P?*[0,0:]),q € ©; U O, and the value of observable Qe, 0,
is measured once each on many identically prepared system, the average value of
all the measurements will be
Qo) = | q¥n=(q:0,,0:)dg, (C.10)

0,U0,

C.V. 2. The probability of getting a result q with an accuracy 6q such that
(04— 599,9+ 580) € supp(cy,(q)) or (q - 50,9 + 539) € supp(cy,(q)) given by

Ilq_q,lm[(|<q/||w?l[®1]>|2) « (K |w3[0:21)) Jdd. (C.11)

Remark C.8.Note that C.IV.3 immediately folows from C.II1.3.

C.V. 3. Assume that the system is initially in the state |[Y2%2[®,,0,]). If on
performing a measurement of Qe, e, With an accuracy o6q, the result is obtained in
the range (q - %Sq,q + %5q), then the state of the system immediately after
measurement given by



P(01.69)| ¥ *[01,0,]) _
Jow P, sl
(19X lw$'[O:11) + [0/ X0 lw3:[©21))dg’

Ilqi—q'|<5q/2

‘/Lq.qflséq,2[|<q’lll//1[®1]>|2 + (0’ |lw2[©21)] Jdg’ (C.12)

[ @la'Xq vi[©1]) + a2la Xq' w2[O:1))dd’
l9i-q' |<59/2

1/ PRI UACRCTRCANR L

Qi € @i,i = 1,2.

S H@i,

Definition C.6. Let H1,2 be Hl,z = H@1 ) H@z.
Definition C.7. Let |y?) be a state |y?) = ajy), where |y) € S”,|a| # 1 and
lw) = jgz cy(0)|g)dg. Let |ya) be an state such that |y.) € S*. States |y?) and |ya) is

a Q-equivalent: [y?) ~q |ya) iff

. s e (C.13)
P(d,q +dag;|lw®)) = [a] ey (glal )| dg = P(qq + dg; lwa))dq

C.V.For any state |y?) = ajy),where |[y) € S”,ja] # 1 and |y) = IZZ cy()|a)dq

there exist an state |ya) € S such that: |y?) ~q |ya).
Definition C.8. Let |y?) be a state |y?) = ajy), where |y) € S”,|a| # 1 and

lw) = jgz cy(0)|g)dg.Let |ya) be an state such that |y.) € S*. States |y2) and |ya) is

a Q-equivalent (ly®) ~5 |va)) iff: (w?| Qly®) = (va| Qlya).
C.VL.For any state |y2) = aly),where |y) € S*,]a] # 1 and |y) = IZZ ¢, (9)]a)dg
there exist an state |ya) € S* such that: |y2) ~5 |Wa).

Appendix D. The Position Representation.Position observable of a particle
in one dimension.

The position representation is used in quantum mechanical problems where it is
the position of the particle in space that is of primary interest. For this reason, the
position representation, or the wave function, is the preferred choice of
representation.

D.1. In one dimension, the position x of a particle can range over the values
-0 < X < +o0. Thus the Hermitean operator X corresponding to this observable will
have eigenstates |x) and associated eigenvalues x such that:

K|X) = X[X),—00 < X < +o0.



D.2. As the eigenvalues cover a continuous range of values, the completeness
relation will be expressed as an integral: |yt) = jt:|x><x\l//t>dx,where Xlwi) = w(x,t)
is the wave function associated with the particle at each instant t. Since there is a
continuously infinite number of basis states |x), these states are o-function
normalized: (x|x') = 6(x — x').

D.3. The operator X itself can be expressed as: X = jf: XX ){X|dXx.

Definition D.1. A connected set is a set X < R that cannot be partitioned into
two nonempty subsets which are open in the relative topology induced on the set.
Equivalently, it is a set which cannot be partitioned into two nonempty subsets such
that each subset has no points in common with the set closure of the other.

D.4.The wave function is, of course, just the components of the state vector
lwt) € S* with respect to the position eigenstates as basis vectors. Hence, the
wave function is often referred to as being the state of the system in the position
representation. The probability amplitude (x|y+) is just the wave function, written
Xlyt) £ w(x,t) and is such that |y/(x,t)|2dx is the probability P(x,t;|y:)) of the particle
being observed to have a coordinate in the range x to x + dx

Definition D.2. Let |y§),t € [0,4+x) be a state |y{) = a|y:), where
i) € 87,Ja] = Land |yo) = [ y(x.D)x)dx.Let ya).t € [0,+00) be an state such

that |yta) € S, t € [0,+0). States |y{) and |ya) is X-equivalent (jw i) ~x |wta)) iff
POty ))dx = [a] 2y (xla] 2, ) dx = P(,t [yea))dx (D.1)

D.5.From postulate C.5 (see Appendix C) follows: for any state
lwi) = alyr),where |yt) € S, |al # 1,t € [0,40) and |yt) = jt: v (X, t)|x)dx there exist
an state |yta) € S”, t € [0,+00) such that: |y?) ~x |yta)-

Definition D.2. Let |y§),t € [0,4+x) be a state |y}) = a|y:), where
lwi) € S”,Jal # 1 and |y¢) = jf:w(x,t)|x>dx. Let |yta),t € [0,+0) be an state such
that |yta) € S, t € [0,+0). States |y{) and |ya) is X-equivalent (jy ) ~x |yia)) iff:
WE Xy f) = (wial Xlwta)-

D.6.From postulate C.7 (see Appendix C) follows: for any state
lwi) = alyr),where |yt) € S, |al # 1,t € [0,40) and |yt) = jt: v (X, t)|x)dx there exist
an state |yta) € S”, t € [0,+0) such that: |y§) ~x |wta)-

Definition D.3. The pure state [y;) € 8*,t € [0,+%),|yt) = | fz w(x,t)X)dx is a
weakly Gaussian in the position representation iff

(%, t)[2dx = _x=®)” de, (D.2)

1
———eX
oty 27 p|: ot

where X; and o an given functions which depend only on variable t.



D.7.From statement D.5 follows: for any state |y#) = ajy), where
lwi) € S7,lal # 1, t € [0,+00) and |y) = ff: v (X, t)|x)dx is a weakly Gaussian state
there exist an weakly Gaussian state |y1a) € S, t € [0,+0) such that:

P(x, & wd))dx = [a 'y (xjal ™", t) | dx =

(D.3)
_ 1 (x ~ [ajz)”
— o exp|:— afo? dx.
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