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PREFACE

In this book authors for the first time construct non-
associative algebraic structures on the MOD planes. We are not
in position to build non-associative rings using the MOD planes
R,(m), R,(m) (I’ =1); R,4(m) (g* = 0), R,"(m) (h* = h), R,"(m)
(k* = (m - 1)k)) and C,(m).

It is interesting to note that using MOD planes we can
construct infinite number of groupoids for a fixed m and all
these MOD groupoids are of infinite cardinality.

Special identities satisfied by these MOD groupoids build
using the six types of MOD planes are studied. Further the new
concept of special pseudo zero of these groupoids are defined,
described and developed. Also conditions for these MOD
groupoids to have special elements like idempotent, special

pseudo zero divisors and special pseudo nilpotent are obtained.



Further non-associative MOD rings are constructed using MOD
groupoids and commutative rings with unit.

That is the MOD groupoid rings gives infinitely many non-
associative ring. These rings are analysed for substructures and
special elements. This study is new and innovative and several
open problems are suggested.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this

book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE



Chapter One

BASIC CONCEPTS

In this book authors for the first time build non associative
MOD structures like MOD groupoids and MOD non associative
rings.

Further this is developed to MOD subset groupoids and MOD
subset non-associative rings.

To build MOD groupoids we use the real MOD planes R,(m);
2 < m < o which are infinite in number.

MoOD groupoids are built in a similar fashion as that
groupoids built using Z,,; 2 < m < oo,

For instance G = {Z;s5, *, (10,2)} is a groupoid of order
fifteen. For more about these notions refer [30].

But in case of MOD groupoids
G = {Ry(15), *, (t, 5)}

we get infinite order MOD groupoids and in fact using the MOD
plane R,(15) alone one can build infinite number of MOD real
groupoids for the pair (t, s) can take infinite number of values
from R (15) ort, s € [0, 15).
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This is one of the easy ways of getting infinite order
groupoids. All MOD real groupoids are of infinite order.
Of course depending on the pair (t, s) we can obtain
conditions for the MOD real groupoid to contain zero divisors,
idempotents and nilpotents.

For more about MOD real planes please refer [45].

Next the concept of MOD finite complex modulo integers
C,(m); 2 £ m < « are defined in [54]

Using these complex modulo integer MOD planes one can
build infinite number of MOD complex groupoids.

For instance C,(m) = {a + b;r | a, b € [0, m), iﬁ =m-1}.

G={a+bgla+bre Cy(m), (x,y), ¥} is a MOD complex
groupoid and x, y € Cy(m).

Thus for any fixed m one can have infinite number of MOD
complex groupoids.

By imposing conditions on x and y we get idempotents,
zero divisors and nilpotents in MOD complex groupoids.

Next we have defined MOD neutrosophic plane
R!(m)={a+blIFP=1a,be [0,m)}.

In fact we have infinite number of MOD neutrosophic planes
as2<m< oo,

For more about MOD neutrosophic planes please refer [45].

However for a given m say m = 18 we can have infinite
number of MOD neutrosophic groupoids as

G={a+blla,be R](18);(t,s), *} t,se R! (18);
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and as cardinality of the MOD neutrosophic plane R! (18) is

infinite we have infinite number of distinct MOD neutrosophic
groupoids of infinite order.

Next using the MOD dual number plane R,(m)g; g* = 0 that
is Ry(m)g = {a + bgla, be [0, m), g2 = 0 } is defined as the
MOD dual number plane and order of R,(m)g is infinite.

In fact we have infinite number of MOD dual number planes
for more refer [55]. This using these MOD dual number plane
R,(m)g for any fixed m we get infinite number of MOD dual
number groupoids each of infinite order.

Likewise we can built using R,(m)h, h* = h and R,(m)k;
k> = (m — 1)k are MOD special dual like number plane and
special quasi dual like number plane respectively.

Finally we indicate the method of building MOD subset real
groupoid the subsets of MOD real plane R,(m).

Let M = {Collection of all subsets from G = {R,(m), (t, u),
*} where R,(m) = {(a, b) l a, b e [0, m)} and t, u € [0, m).
{M, *} is the MOD real subset MOD groupoid under the induced
operation *.

Subsets MOD gropoids are built using subsets of each of the
six MOD planes R,(m), C,(m), Rf} (m), R, (m)g; g2 =0, R,(m) h;
h? = h and R,(m) k ; k* = (m — k.

Thus subset MOD groupoids are built. These also are of
infinite order and for a given m we can have infinite number of
subset MOD groupoids.

One illustration to this effect is given.
Let G = {Collection of all subsets from C, (m) = {a + bir | a,

b € [0,m); (iF)2 =m-1,2<m< o}, (t,u), ¥} where t , u €
C,(m) is a MOD complex modulo integer subset groupoid.
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Clearly G is of infinite order and by varying (t, u) one can
get infinite number of such MOD subset complex groupoids.

Likewise one can built using the rest of the five MOD
planes.

Next using these MOD groupoids we can built MOD non
associative groupoid rings.

This is carried out in last chapter of this book.
Also using subset MOD groupoids using these six MOD

planes we get MOD subset non associative rings and the
properties of these rings are also studied.



Chapter Two

GROUPOIDS USING MOD PLANES

In this chapter we for the first time introduce the new notion
of MOD groupoids built using MOD planes. For a given MOD
plane we can in general have infinite number of groupoids this
is the first marked difference between MOD semigroups and
MOD groupoids. For a given MOD plane we can have utmost 4
types of distinct semigroups but however in case of groupoids
for a given MOD plane we can have infinite number of MOD
groupoids built using the MOD plane.

We proceed on to define MOD groupoids and illustrate them
by examples.

DEFINITION 2.1: Let

G =R,(m)={(a, b) /a, b € [0, m); m, a positive integer} be the
real MOD plane. Define (a, b) #(c, d) = s (a, b) + t (c, d) where
(a, b), (¢, d) € R,(m)and s, t € [0, m).

i G is a closed binary operation on R,(m).
ii. G is non associative operation on R,(m) in general.
iii. G in general is non commutative.

We define G = {R,(m), *(s, t)} to be the MOD real groupoid
built on the MOD plane R,(m).

We will give examples of MOD real groupoids.
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Example 2.1: Let G = {R,(5), * (3, 0.2)} be the MOD real

groupoid.

Clearly G is of infinite order; G is non commutative and

non associative.

For let x = (2, 1) and y = (0.3, 0.2) € Ry(5).

X*y =

Now y * x

(2,1)%(0.3,0.2)

3(2,1)+0.2(0.3,0.2)

(1, 3) + (0.06, 0.04)

(1.06, 3.04) I

(03,0.2) (2, 1)

3(03,02)+02(2,1)

(0.9,0.6) +(0.4,0.2)

(1.3,0.8) II

Clearly I and II are different; hence G is a non commutative

MOD real groupoid.

Now let z = (0.1, 0.5) € R, (5). We find (x * y) * z and
x * (y * z), using equation I

(x*y)*z

Now

X (y * 2)

(1.06, 3.04) = (0.1, 0.5)

3 (1.06, 3.04) + (0.2) (0.1, 0.5)

(3.18,4.12) + (0.02,0.1)

(3.2,4.22) a

x *[(0.3,0.2) * (0.1, 0.5)]

x*[3(0.3,0.2) + 0.2 (0.1, 0.5)]
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(2, 1) *[(0.9, 0.6) + (0.02, 0.1)]

(2,1)%(0.92,0.7)

3(2,1)+0.2(0.92,0.7)

(1, 3) +(0.184,0.14)

(1.184, 3.14) b

Clearly a and b are different hence (x * y) * z # X * (y * z)
in general. That is the MOD real groupoid in general is non
associative.

Example 2.2: Let G = {R,(10), *, (0, 0.3)} be the MOD real
groupoid. G is both non commutative and non associative.

If x=(2,0.115 andy=(7.2,4.5) € G,

x*¥y =(2,0.115) % (7.2,4.5)

=0(2,0.115)+ 0.3 (7.2, 4.5)

=(0, 0) + (2.16, 1.35)

=(2.16, 1.35) € G.
This is the way operations are performed on G.

Example 2.3: Let G = {R,(12), * (5, 7)} be the real MOD
groupoid.

For x = (0.312, 0.87) and y = (0.501, 0.999) € G.
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We find x * y and y * x.
x*y =(0.312,0.87) * (0.501, 0.999)
=5(0.312, 0.87) + 7 (0.501, 0.999)
= (1.560, 4.35) + (3.507, 6.993)

=(5.067, 11.343) € G.

Now y * x =(0.501, 0.999) * (0.312, 0.87)
=5(0.501, 0.999) + 7 (0.312, 0.87)
=(2.505, 4.995) + (2.184, 6.09)

=(4.689, 11.085) € G.

Clearly x * y £y * X.

Thus G is a non commutative MOD real groupoid of infinite

order.

Example 2.4: Let G = {R,(12), * (0.001, 0.5)} be the MOD real

groupoid. G is of infinite order and non commutative.

Example 2.5: Let G = {R,(19), *, (0.3399, 0)} be the MOD real

groupoid.

Example 2.6: Let G = {R,(242), * (100.33, 0.30001)} be the

MOD real groupoid.

Now we can have subgroupoids and ideals of these MOD

real groupoids.
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In fact these MOD real groupoid give an infinite groupoid.

Example 2.7: Let S| = {R,(10), *, (1, 0.52)} be the MOD real
groupoid.

Let x =(8,2)andy = (0.1,0.7) € Ry(10)
x*y =(8,2)%(0.1,0.7)
=1(8,2)+0.52(1,0.7)
=(8,2) +(0.52, 0.364)
= (8.52,2.52) DU

Now S, = {R, (10), *, (3, 7)}.

For the same x, y we find
x*y =(8,2)%(0.1,0.7)
=3(8,2)+7(0.1,0.7)
=(4,6)+(0.7,4.9)
=(4.7,0.9) II

From I and II it is clear S; and S, are two different
groupoids.

Let S; = {R, (10), *, (0.25, 6)} be the MOD real groupoid.
x*xy =(8,2)*(0.1,0.7)

=0.25%(8,2)+6(0.1,0.7)
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=(2,0.5)+(0.6,4.2)
=(2.6,4.7) 111
Clearly I, II and II are different. Hence the 3 MOD
groupoids S, S, and S; are different but all of them is built
using the real MOD plane R,(10).
Let S; = {R, (10), *, (0, 5)} be the MOD real groupoid.
For the same X,y € S4
x*xy =(8,2)*(0.1,0.7)

=0(8,2)+5(0.1,0.7)

=(0,0)+ (05, 3.5)
=(0.5,3.5) v

I, II, IIT and IV are different. Hence all the four MOD real
groupoids are distinct.

Let S5 = {R, (10), *, (0, 0.2)} be the MOD real groupoid.
For the same x and y we find X * y in Ss;
x*y =(8,2)%*(0.1,0.7)
=0(8,2)+0.2(0.1,0.7)
=(0, 0) +(0.02,0.14)
=(0.02, 0.14) v

Clearly V is different from I, II, IIT and IV.
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Thus Ss is a different real MOD groupoid from S;, S,, S; and
Ss.
Let S¢ = {R, (10), *, (2, 2)} be the real MOD groupoid.
For the same x, y we find
x*xy =(8,2)*(0.1,0.7)
=2(8,2)+2(0.1,0.7)
=(6,4)+(0.2,1.4)
=(6.2,54) VI
Clearly VI is different from I, 1L, III, IV and V.

Further this implies S¢ is a different real MOD groupoid
from Sl, Sg, S3, S4 and Ss.

Let S; = {R,(10), *, (0.5, 0.5)} be the real MOD groupoid.
For the same x and y we find

x*y =(8,2)*(0.1,0.7)

=0.5(,2)+0.5(0.1,0.7)

=(4, 1)+ (0.05,0.35)

=(4.05, 1.35) VI

We have give 7 distinct MOD real groupoids all of them are

distinct. Groupoids S;, S,, S;, S4 and Ss are non commutative.
However S¢ and S; are commutative MOD real groupoids. Both
S¢ and S7 are non associative real groupoids.

For take x = (3, 0.2), y = (0.5, 1) and z = (0.01, 0.301) € S¢

x*xy)*xz =[(3,0.2)* (0.5, 1)] * (0.01, 0.301)
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=[2(3,0.2) +2 (0.5, 1)] * (0.01, 0.301)
=[(6,0.4) + (1, 2)] * (0.01, 0.301)
=(7,2.4) % (0.01, 0.301)
=2(7,2.4)+2(0.01,0.301)

= (4, 4.8) + (0.02, 0.602)

=(4.02, 5.402) A

Consider
x*(y*z) =(3,0.2)*[(0.5,1)*(0.01,0.301)]
=(3,0.2)%[2(0.5,1)+2(0.01,0.301)]
=(3,0.2) *[(1, 2) + (0.02, 0.602)]
=(3,0.2) *(1.02, 2.602)
=2(3,0.2)+2(1.02,2.602)
=(6,0.4) + (2.04, 5.204)
= (8.04, 5.604) B
Clearly A and B are distinct. That is x * (y * z) # (X * y) * Z.
Thus the MOD real groupoid Se¢ is non associative but
commutative.

Next we give some examples of subgroupoids.

Example 2.8: Let S = {Ry(7), *, (3, 5)} be the real MOD
groupoid.
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S has subgroupoids of both infinite and finite order.

Let B = {Z;, %, (3,5)} < S; clearly B is a groupoid of finite
order. Thus B is a finite subgroupoid of S.

Take Ry = {(x,0) | x € [0, 7)} < S. R, is a subgroupoid of
infinite order.

For take x =(0.31,0)andy = (4.33,0) € R,

x*y =(0.31,0) % (4.33,0)

3(0.31,0)+54.33,0)

(0.93,0) + (0.65, 0)
=(1.58,0) € R;.

Hence R, is a MOD real subgroupoid of S of infinite order.
Further R, is non associative and non commutative.

Let x = (0.31,0) and y = (4.33,0) € R,
yxx =(4.33,0)%(0.31,0)
=3(4.33,0) +5(0.31,0)
=(5.99,0) + (1.55, 0)
=(0.54,0) € R,.

Clearly x * y # y * X so our claim R, is a non commutative
MOD real subgroupoid is justified.

Now we take z = (0.4, 0) we find
x*xy)*z =[(0.31,0)*(4.33,0)] * (0.4, 0)

=(1.58,0) * (0.4, 0)
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(from the earlier working)

3(1.58,0)+5(04,0)

(5.74,0)+ (2, 0)

(0.74, 0) I

Consider x * (y * z)

(0.31, 0) * [(4.33,0) * (0.4, 0)]

(0.31,0) *[3(4.33,0) + 5 (0.4, 0)]

= (0.31,0) *[(5.99,0) + (2, 0)]

= (0.31,0) *(0.99, 0)

= 3(0.31,0)+5(0.99,0)

= (0.93,0)+(4.95,0)

= (5.88,0) I

Clearly I and II are distinct so our claim the subgroupoid is
non associative is justified.

Similarly R, = {(0, y) |y € [0, 7)} € S is a MOD real
subgroupoid of S of infinite order.

Clearly Ry N R, = {(0, 0)}, so both are distinct MOD real
subgroupoid of S.

Now we proceed onto define MOD neutrosophic groupoids
using MOD neutrosophic planes Ri (m)={a+blla; be [0, m),
F=1}.
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DEFINITION 2.2: Let R!(m) be the MOD neutrosophic plane,
G = {R,f (m), * (s, t), s, t € [0, m)} where * is a closed binary
operation on R,f (m) defined by, for x, y € R'; x *y = (s(x) +

t(y)) (mod m) * is non associative.
Thus G is defined as the MOD neutrosophic real groupoid.

If instead of s, t € [0, m); s, t € [0, ml) we call that G as a
MOD neutrosophic - neutrosophic groupoid.

If s, t e R,f (m); we call G as the MOD neutrosophic real
groupoid.

All these situations will be described by appropriate
examples in the following.

Example 2.9: let B = {RII1 (6), * (2,2)} be the MOD

neutrosophic groupoid, for x = 0.3 + 5.2 and y = 2.1 + 0.7 we
see

x*y =(0.3+5.2D)* (2.1 +0.7I)
=2(0.3+52D) +22.1+0.7D
=0.6+4.4D) + 4.2+ 1.4D)
=48 +5.8l e B.

This is the way * operation is performed on B.

Example 2.10: Let X = Rf1 (11)m, *, (0.3, 0.05)} be the MOD
neutrosophic groupoid.

Forx =8+0.5landy=0.7+91in X we find x *y.

x*y = (8+0.5I)* (0.7 +9I)
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0.3 (8+0.5I) + 0.05 (0.7 + 9I)

(2.4 + 0.15I) + (0.035 + 0.45I)

(2.435 + 0.60I) € X.

Example 2.11: let M = {Ri(lS), * (0.3, 8)} be the MOD
neutrosophic groupoid.

Letx=09+0.5landy=7+8l e M;
x*y = (09+0.5D) * (7 +8D)
= 030.9+0.5I)+8(7+8D)
= 027+0.15I+11+4I
= 1127+4.151e M.

This is the way operation * is performed on M.

Example 2.12: Let P = {Ri(lO), * (0, 0.002)} be the MOD
neutrosophic groupoid.

Letx=72+6.8llandy=031+531e P
x*y = (7.2+6.81D) * (0.31 + 5.3
= 0(7.2+6.81I) +0.002 (0.31 + 5.31)
= 0+0.00062 + 0.01061
= (0.00062 + 0.0106I) € P.

P is easily verified to be the non commutative MOD
neutrosophic groupoid of infinite order.
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However it remains an interesting problem to find
subgroupoids of finite order if (s, t) is such that both s and t are
proper decimals.

Example 2.13: Let M = {Ri(l2), * (4,0)} be the MOD
neutrosophic groupoid.

Letx=03+45landy=7.2+531 M.

x*y (0.3 +4.5D * (7.2 +5.3])

4(0.3 +4.5D + 0(7.2 + 5.3I)

(1.2+6D) e M.
Now we show by varying the pair (s, t) we can get for a

given MOD neutrosophic plane infinite number of MOD
neutrosophic groupoids.

Example 2.14: let B, = {Ri(l2), *(4,6)} be the MOD
neutrosophic groupoid.

Letx=2+0.3landy=04 + 3l € B,.

X%y (2 +0.30) * (0.4 + 3I)

= 42+03D+6(0.4+3])
= 8+121+24+181I

= 1044721 I

Let B, = {Rfl(l2), * (0.4, 7)} be the MOD neutrosophic
decimal groupoid

x*y =(2+03I)* 0.4 +3])

=042+03)+70.4 +3D)
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=(0.8 +0.12I) + (2.8 + 211)
=3.6+9.121 II
I and II are different so B; and B, are two different
groupoids.

Let B; = {Rf1 (12), *, (0.2, 0.01)} be the MOD neutrosophic
decimal groupoid.

For the same x, y € B3, we find

x*y (2+0.3D * (0.4 + 3D

0.2 (2+0.3I) + 0.01 (0.4 + 3D

0.4 + 0.06I + 0.004 + 0.031

0.404 +0.09 1 I

Clearly III is different from I and II so B; is a different
groupoid from B, and B,.

Let B, = {Ri(l2), * (0,6)} be the MOD neutrosophic
groupoid.

For the same x, y € By,
x*y =(@2+0.3D)*0.4+3])

=02+03)+6(04+31)=2.4+61
v

IV 1is different from I, II and III. Thus B, is a MOD
neutrosophic groupoid different from B, B, and B;.
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Take Bs = { Ri (12), *, (0.002,0)} be the MOD neutrosophic
decimal groupoid.

For x, y € Bs we have
x*y =(@2+03I)*©0.4+3D
=0.002 (2 +0.31) + 0 (0.4 + 3I)
=0.004 + 0.0006I v

We see V is different from I, II, III and IV. So Bs is a
different groupoid from B, B,, B; and B,.

Example 2.15: Let B = {Ri(lO), * (0.31, 5)} be the MOD
neutrosophic-neutrosophic decimal groupoid.

Forx=3+0.7landy =2.1 + 4.2] in B we have
x*y =@3+07D*2.1+4.2])
=0.3I(3+0.7) + 51(2.1 + 4.2I)
=091+ 0.211+ 10.51 + 21I

=261l B.

We see for every x, y € B we have x * y to be only a pure
neutrosophic value in [0, mlI).

Hence we see in case of MOD a neutrosophic-neutrosophic
groupoid for every x, y € B; x ¥y € [0, ml).

Example 2.16: Let S = {Rfl(l3), * (6I, 0.6I)} be the MOD
neutrosophic-neutrosophic decimal groupoid.

Letx=7andy=6.32+92l € S.
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x*y =7%632+9.21I
=6IXx7+0.6Ix6.32+9.21
=421+ 3.7921 + 5.52

=12.312I € S.

Example 2.17: Let M = {Ri(lO), * (0.71, 0)} be the MOD
neutrosophic-neutrosophic decimal groupoid.

For x=32+64landy=8.2+091 e M;
wefindx *y =(3.2+6.4I) * (8.2 +0.9])
=0.71(3.2+64D+0
=2241+4.481

=6.721€ M.

Example 2.18: Let P = {Ri 8), * (0, 8)} be the MOD
neutrosophic-neutrosophic groupoid.

Forx =0.8+009Iand
y =0.19+0.111€ P, we find

x*y =(0.8+0.9]) *(0.19 + 0.11I)
=(0(0.8 +0.91) + 81 (0.19 + 0.111)
=1.521+0.881=2401€ P.
This is the way product or * operation is performed on P.

Now we know by varying (s, t) the MOD neutrosophic-
neutrosophic groupoids also are distinct.
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THEOREM 2.1: Let

G = {R,(m), * (s, t)} and G'= { R! (m), * (s, )} be two MOD real
groupoid and MOD neutrosophic groupoid respectively. G and
G’ contain finite subgroupoids if s and t are integers. If s and t
are decimals G and G “do not contain finite subgroupoids.

Proof is direct and hence left as an exercise to the reader.

Example 2.19: Let G = {Rfl (20), *, 3+ 0.21, 0.4 + 0.6])} be

the MOD neutrosophic real decimal groupoid.
Forx=2+0.5Tlandy=0.7+ 1.2l € G we see
x*y =(2+0.5D * 0.7+ 1.2D)
=3+0.2D)x(2+0.51) + (0.4 +0.6I) x (0.7 + 1.2I)

=6+04I+1.51I+0.11) +(0.28 + 0.421
+ 481 + 0.72])

=(6.28+6.94]) € G.

We can build using Ri (20) infinite number of MOD
neutrosophic real decimal groupoids.

Example 2.20: Let B = {Rfl (16), * (21 + 0.8, 4)} be the MOD

neutrosophic real decimal groupoid.
For x=10+3landy=0.7+0.81in B
we have x ¥y = (10+ 3I) * (0.7 + 0.81)
=2I+0.8) x(10+3D) +4 (0.7 + 0.8])

=(20I+ 8 +6I+2.4I)+ 2.8 +3.21
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=108+ 156l B I

This is the way * is defined on B.

y*x =(0.7+0.8D * (10 + 3I)
=2I+0.8)x(7+0.81) +4 (10 + 31)
=141+561+70+211+2.41+8I
=6+31 |

Clearly I and II are distinct. Hence B is a non commutative
MOD real groupoid.

Example 2.21: Let M = { Rfl (12), *, (10 + 0.31, 10 + 0.3)} be

the MOD neutrosophic real decimal groupoid.
Forx=0.7+5Tandy =2+ 0.6 € M we find
x*y =(0.7+5I) * (2 +06])
=(10+0.31) (0.7 + 5I) + (10 + 0.3I) (2 + 0.6D)
=7+0.211+ 50l + 1.5I+20 + 0.6I + 61 + 0.181
=3+9.491 I
It is easily verified x * y=y * x for all x, y € M.
Consider z =1 + I we find
x*y)*z=3+949D * (1 + D using I

=104+03Ix3+9491 +10+0.3Ix1+1
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=30+091+9491+2.8471+ 10 +
0.3I+ 10I + 0.3

=4+12471 II

Consider
X *(y*z)
=(0.7+5D) *[(2+0.6D) * (1 +1)]
=0.7+5D*[10+03Ix2+06D)+10+03IxI+1]

=(0.7+5I) *[20+ 0.61 + 61 + 0.181
10 + 0.31 + 10I + 0.31]

=(0.7+ 5D * (4 +4.3])

=(10+0.3I) (0.7 + 5I) + (10 + 0.3I) x

4+4-3]
=7+0211+501+ 1.5I+40+ 1.21
+431+1.291
=11+1.21 III

Clearly II and III are distinct hence M is a non associative
groupoid but M is commutative.

THEOREM 2.2: Let S = {R!(m), * (st)} be the MOD
neutrosophic groupoid.

S is commutative if and only if s = t.

Proof is direct and hence left as an exercise to the reader.
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Example 2.22: Let M = {C,(20), *, (5,0.3)} be the MOD
complex modulo integer decimal groupoid.

M is of infinite order.
We just show for x =2 + 3irand y = 10 + 16ir € M.
x*y =(2+3ip) * (10 + 16ip)
=52+ 3ip) + 0.3 (10 + 16ip)
=10+ 151+ 3 + 4.81¢
=13+198ire M.

In view of this we make the formal definition.

DEFINITION 2.3: Let S = {C,(m), * (s, t), i,=(m 1), 5, t €
[0, m)}. S is defined as the MOD complex modulo integer real
decimal groupoid.

If s, t € Cy(m) then we define S to be a MOD complex
modulo integer complex groupoid.

We will give a few examples of this definition.

Example 2.23: Let M = {C,(10); *, (8, 0.3)} be the MOD
complex modulo integer real decimal groupoid.

Forx =3 +0.2irand y=0.7 + 8 ir € M we see
x*y =(3+0.2ip) * (0.7 + 8ip)
=8(3 + 0.2ip) + 0.3 (0.7 + 8ip)
=24+1.6ir+ 021 +241ig

=421 +4ipe M.
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Example 2.24: Let S = {C,(17), * (0.7, 1), i;: 16} be the MOD
complex modulo integer real decimal groupoid.

Forx =0.9+8irandy =16+ 2ire S we find

x*y =(0.9+8ip) * (16 + 2ip) = 0.7 (0.9 + 8ip) +
1(16 + 2ip)

=0.72 +5.6 ip + 16 + 2ig

=16.72+7.6ir€ S.

Example 2.25: Let B = {C, (9), * (2ig, 4 + 0.3ip) , ié = 8} be the

MOD complex modulo integer complex decimal groupoid.
Forx =68+2lirandy=3+2ire B
wefindx *y =(6.8+2.1ip) * (3 + 2ip)
= 2ig (6.8 + 2.1ip) + (4 + 0.31p) (3 + 2ip)

=13.61p+42%x8+ 12+ 091+
8ip+0.6 X8

=3.6ip+33.6 +3+ 4.8+ 0.9
=4.5ir+54 € B.

Thus B is a MOD complex modulo integer complex decimal
groupoid.

Example 2.26: Let S = {Cy(6), *, (3 + 2ig, 5.1 + 2.3ip), ii. =5}

be the complex modulo integer complex decimal groupoid.
Letx=3+05ipandy=0.7+2ipe S

x*y =(3+40.5ip * (0.7 + 2ip)
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=3 +2ip) (3+0.51p) + (5.1 + 23ip) X
(0.7 + 2ip)

=9+ 1.5+ 6ig+5+3.57+ 1.61ig+
102 ig+4.6 x5

=377+23.0+ 4.2+ 1.61 +1.5)ig
=277+ 13lir e S.

Now having seen examples of MOD complex modulo
integer complex groupoids we now proceed into define using
MOD dual number planes the notion of MOD dual number real
groupoids and MOD dual number groupoids.

DEFINITION 2.4: Let
M = {R(m)(g) | & =0, * (s); s,t € [0, m)} be the MOD dual

number real decimal groupoid.

If s and t € R,(m)(g) then we define M as the MOD dual
number groupoids.

We will first illustrate these situations by some examples.

Example 2.27: Let P = {R,(10)(g) | g2 =0; *,(3,7)} be the MOD
dual number real decimal groupoid.

For x=03+0.71gandy=6.5+21ge P
we find
x*y =(03+0.71g) *(6.5+2.1g)
=3(0.3)+0.71g) + 7 (6.5 +2.1g)
=09+213g+455+14.7¢

=64 +683g€ P.
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This is the way operation * is performed on P.

Example 2.28: LetM = {R,(13)g | g2 =0, *, (2.1,0.12)} be the

MOD dual number real decimal groupoid.
Letx=6+2.1gandy=02+7geM;

x*y =(6+2.1g) *(0.2+7g)
=(06+21221+0.2+7g)0.12
=12.6+441g+0.024+0.84 ¢
=12.624+525ge M.

This is the way * operation is performed on M.

Example 2.29: Let M = {R,(12)(g) | g2 =0, * (0, 2.5)} be the
MOD dual number real decimal groupoid.

Example 2.30: Let B = {R,(15)g; g2 =0, % (10 + g, 0.2 +
0.4g)} be the MOD dual number decimal groupoid.

Forx =7+0.8gand 0.4+ 0.5g € B;
x*y =(7+0.8g) *(04+5g)
=(10+g) (7+0.82) + (0.2 +4g) (0.4 + 52)
=70+7g+8g+0.08+08g+¢g
=10.08+1.88ge B I
B is clearly non associative.

Takez=3.1=5.2ge B;
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(x*y)*z =(10.08 + 1.88g) * (3.1 +5.2g)
(using equation I for x * y)

= (10 + ) x (10.08 + 1.88 g) + (0.2 + 0.4g) X
(3.1+52g)

=100.8 + 18.8g + 10.08g + 0.62 + 1.24g + 1.04¢g
=11.42 +0.16g I
Now x * (y * z) =x * [(0.04 + 0.5g) * (3.1 + 5.2g)]
=x*[(10+g) (0.4+0.52) + (0.2 + 0.4g) (3.1 +5.22)]

=[7+0.8g] *[0.08 +0.1g +0.16g + 0.62 + 1.24g +
1.04¢g]

=(7+0.82) * (0.7 + 2.54g)
=10+ g) (7+0.8g) + (0.7 +2.54g) x (0.2 + 0.4g)
=70+ 7g+8g+0.14 + 0.508g + 0.28¢g
=10.14 + 0.785¢g I

Clearly I and II are different hence * operation on B is non

associative.

Example 2.31: Let B = {R,(11)g, g2 =0; * 3.1+ 2g, 6 +
0.82)} be the MOD dual number decimal groupoid.

Letx=6+5gandy=5.5+55g€ B,
x*y =(@3.1+2g) (6+52)+(6+0.82) (5.5+5.5g)
=(18.6 + 12g + 15.5g) + 33.0 + 33g + 4.4g)

=7.6+99ge B.
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This is the way * operation is performed on B.

Example 2.32: Let M = {R,(10)g; g2 =0, *(6,7g)} be the MOD
dual number decimal groupoid.

Letx =6+4g,y=45+55ge M.

x*y =(6+4g)*4.5+55g)

=6(6+4g)+ 7g(4.5 +5.5g)
=(36+24g)+31.5¢+0
=6+55ge M.

Now we proceed onto define MOD special dual like number
real decimal groupoids and MOD special dual like number
decimal groupoids.

DEFINITION 2.5: Let
M= {R(m)g)| & =g * (s, 1) ;s t [0, m) be the MOD

special dual like number real decimal groupoid.

If s, t € R,(m) then we define M to be the MOD special dual
like number groupoid.

We will illustrate this situation by some examples.

Example 2.33: Let M = {R,(12)(g); g2 =g * (4,3)} be the
MOD special dual like number real decimal groupoid.

Letx =03g+4.2and y=5g+05e M
x*y =(03g+4.2)*(5g+0.5)

=4(4.2+0.3g) +3 (5g +0.5)
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=168+ 1.2g+ 15g+ 1.5¢g
=63 +42¢g.

Example 2.34: LetP={R, (18) g; g2 =g, ¥ (10.1, 0.3)} be the
MOD special dual like number real decimal groupoids.

Letx=6+2gandy=0.7+75ge P.

x*y =(6+2g) *(0.7+7.5g)
=10.1x(6+2g)+0.3(0.7+7.5g)
=60.6+20.2g+021+225¢
=6.81 +4.45g e P.

Example 2.35: Let S = {R,(10)g; g2 =g, *(6.3,0.1)} be the
MOD special dual like number real decimal groupoid.

Letx =09+24gandy=5.1+5ge S.
x*y =(09+24g)*(5.1+5g)
=63(09+24g)+0.1 x(5.1 +5g)
=2.07+5.12g+0.5g + 0.51
=258 +5.62g € S.

Example 2.36: Let S = {R,(12)g, g2 =g, * (10 + 2g, 6g + 6)}
be the MOD special dual like number groupoid.

Letx=54+32gandy=6+0.3ge S
x*y =(54+32¢g) *(6+0.3g)

=(10+2g) (5.4 +3.2g) + (6 + 6g) (6 +0.3g)
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=54+ 10.8g +32g + 6.4g+36 + 1.8g + 36g + 1.8¢g
=6+48g¢€e S.

This is the way * operation is performed on S.

Example 2.37: Let B = {R, (8)g; g2 =g, *(0,42)} be the
MODp special dual like number real decimal groupoid.

Letx=3+5g,y=0.8+0.6g
andz=5.2+6.1ge B.
We find (x *y) *z
=[(3+5g) * (0.8 +0.6g2)] *(5.2+6.1g)
=[0(3 +52) +4.2 (0.8 +0.62)] * (5.2 +6.1g)
=0+(3.36+252g) *(5.2+6.1g)
=0(3.36+252g)+(5.2+6.1g) x4.2
=21.84+2562¢

=584+1.62¢g N |

Consider x * (y * z)
=(3+5g2) *[0.8+0.6g *5.2+6.1g]
=3 +52) *[0+4.2(52+6.1g)]
=3+ 5g*(21.84 + 25.62)
=3 +5g) *(5.84 + 1.62g)

=0(3 +52) + 4.2 (5.84 + 1.62g)
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=24.528 + 6.804¢g
=0.528 + 6.804¢g I
Clearly I and II are distinct.
Hence B is a non associative groupoid.
Example 2.38: Let W = {R,(15)g, g’ = g, *, (5, 5)} be the MOD
special du.al.like number real groupoid. W is commutative but
non associative.
Letx=31+83g, y=85+26gandz=24+34ge W
(x*y)*z
=[(3.1+8.3g) *(8.5+2.62)] * (2.4 +3.4g)
=[5(3.1+8.3g) +5(8.5+2.6g)] * (2.4 +3.4g)
=[155+415g+425g+425+13g] *(2.4+3.4g)
=(13+9.5¢g) * (2.4 +3.4g)
=5(13+95g)+5x(24+34g)
=65+47.5g+ 12+ 17.0g

=5+25g+12+2¢

=3+45g 1

Consider x * (y * z)
=(3.1+83g) *[(8.5+2.6g) * (2.4 + 3.4g)]

= (3.1 +8.32) * [5 (8.5 + 2.62) + 5(2.4 + 3.4¢)]
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=(3.1+83g) *(42.5+13.0g+ 12+ 17g)
=3.1+83g) *(9.5+0)
=53.1+832)+5(9.5)

= (155 +41.5g) +47.5
=3+115¢g I

Clearly I and II are distinct.

Hence w is commutative but is non associative.
THEOREM 2.3: Let G = {R,(m)(g), &=g * (s, 1)} be a MOD
special dual like number real groupoid (MOD special dual like
number groupoid).

G is a commutative groupoid if and only if s = t.

Proof is direct and hence left as an exercise to the reader.

Next we define MOD special quasi dual number real
groupoid and MOD special quasi dual number groupoid.

DEFINITION 2.6: Let

B={R,(m) g, g2 =(m-1)g * (s, t), st e [0, m)}. Bis defined
as the MOD special quasi dual number real decimal groupoid.

If s,t € R,(m)g we define B to be the MOD special quasi
dual number groupoid.

We give examples of them.

Example 2.39: Let S = {R,(20) g; g2 =19g, *, (10, 0.2)} be the
MOD special quasi dual number real decimal groupoid.

Letx=0.8+4gandy=92+5.6ge S
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x*y =(0.8+4g)*(9.2+5.6g)
=10 (0.8 +4g) + 0.2 (9.2 + 5.6)
=8+40g+ 184 +1.12¢
=984 +1.12ge S.

Example 2.40: Let M = {R,(10) g; g2 =9g, (0.4, 0.8), *} be the
MOD special quasi dual number decimal groupoid.

Letx =(5.2+8.6g)and
y =03+09ge M.

x*y =04(.2+8.6g)+0.8(0.3+0.9g)
=2.08 +3.44g +0.24 + 0.72¢g
=232+4.16 ge M.
Example 2.41: Let S = {R,(13)g; g2 = 12¢g, *, (10, 10)} be the
MOD special quasi dual number groupoid. S is commutative but
is non associative.
In view of all these we have the following theorem.
THEOREM 2.4: Let S = S = {R(m)g ; §° = (m—1)g, (s, 1), *} be
the MOD special quasi dual number groupoid. S is commutative

ifand only if s = t.

The proof is direct and hence left as an exercise to the
reader.

Example 2.42: Let S = {R,(10) g, g2 =9g, *, (0.3, 0.3)} be the
MOD special quasi dual number groupoid.

Letx=83+46gandy=2.6+15ge S
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(x*y) = (8.3+4.68)* (2.6 + 1.5g)

(8.3+4.62)03+(2.6+1.5g)0.3

(2.49 + 1.38 ) + (0.78 + 0.45g)

327+183ge S.
Weseex *y=y *xforallx,y e S.

Next we proceed onto describe some special properties
associated with these MOD groupoids built using MOD planes
like satisfying special identity and so on.

In the first place for properties about groupoid refer [30].
Before we put them into theory we just show these properties by
some examples.

Example 2.43: Let S = {R,(12), *, (3, 9)} be the MOD real
groupoid. This has subgroupoids of finite order.

Now we study the special identities related with them.

We see if S contains a subgroupoid which satisfies any of
the identities [3-4, 9, 30] then we define S to be Smarandache
Moufang weak MOD groupoid and so on.

We will define this first.

DEFINITION 2.7: Let S = {R,(m),* (s, t)} be the MOD real
groupoid. We say S is a MOD Smarandache groupoid if S

contains a proper subset H such that (H, *) is a semigroup.

All MOD real groupoids are not in general Smarandache
groupoids.

We will give one or two examples of Smarandache MOD
real groupoids for more ref.
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Example 2.44: Let G = {Ry(6), *, (4,5) be the MOD real
Smarandache groupoid.

Example 2.45: Let G = {Rf1 8), * (24)} be the MOD
neutrosophic Smarandache groupoid.

Example 2.46: Let S = {C,(12), *, i; =11, (1,3)} be the MOD
complex modulo integer Smarandache groupoid.

Example 2.47: Let S = {R,(14)g, g2 =0, * (7,8)} be the MOD
dual number Smarandache groupoid.

Example 2.48: Let W = {R,(12)g, g2 =g, * (1, 6)} be the MOD
special dual like number Smarandache groupoid.

Example 2.49: Let P = {R,(6)g | g2 =5g, *, (4,5)} be the MOD
special quasi dual number Smarandache groupoid.

We have seen examples of Smarandache MOD groupoids.
Next we proceed to give the following theorems.

THEOREM 2.5: Let S = {R,(m) ((C,(m) or R!(m), R,(m)g with
g’ =0, R(m) g with g = g or R,(m)g with g = (m — 1)g, * (s,
t); s, t € Z,} be the MOD real (complex, neutrosophic, dual
number, special dual like, number special quasi dual number)
groupoid.

S is a Smarandache MOD groupoid if Z,, is a Smarandache
groupoid.

Proof is direct hence left as an exercise to the reader.
It is left as an open conjecture.

Conjecture 2.1: Can {R,(m), *, (s, t),s,te [0, m)\Z,} be a
Smarandache MOD real groupoid?
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1) Can {R,(m) *, (s, t) /s, t € [0, m) \ Z,} have finite
order subgroupoids?

iii) Can G = {R,(m), *, (s, t)} be a S-groupoid such that G
is a Moufang groupoid?

Several such conjectures are also proposed in the problems
portion that follows this chapter.

Next we proceed onto define describe and develop the
notion of S-MOD Moufang groupoid, S-MOD Bol groupoid,
S-MOD P-groupoid, S-MOD left alternative groupoid, S-MOD
right alternative groupoid and so on.

DEFINITION 2.8: Let S = {R,(m), * (s,t), s, t € [0, m)} be a
MOD real decimal groupoid. S is a MOD weak P-groupoid if and
only if S is a S-groupoid and S has a subgroupoid H which
satisfies the identity (x *y) *x =x *(y *x) forall x, y € H.

We will give examples of them.

Example 2.50: Let S = {R,(6), *, (3,5} be the MOD
Smarandache groupoid. Clearly S is a S-MOD P-groupoid.

Example 2.51: Let S = {R,(12), *, (5, 10)} be the MOD real
groupoid. S is a MOD Smarandache real weak P-groupoid.

Example 2.52: Let S = {R,(6), * (4,3)} be the MOD real
groupoid. S is a MOD Smarandache weak P-groupoid.

Example 2.53: Let M = {C,(6), *, (4,3)} be the MOD complex
modulo integer groupoid which is a MOD Smarandache weak
P-groupoid.

Example 2.54: Let M = {R!(12), *, (5,10)} be the MOD

neutrosophic modulo integer groupoid which is a MOD
Smarandache weak P-groupoid.
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Example 2.55: Let T = {R,(12) (g), g2 =0, *, (5,10) be the MOD
dual number groupoid which is a MOD Smarandache weak
P-groupoid.

Example 2.56: Let S = {R,(12)(g), g’ = g, *, (5, 10)} be the
MOD special dual like number groupoid. S is a S-MOD special
dual like number weak groupoid.

Example 2.57: Let B = {R,(6) g; g2 =5g, *,(3,5)} be the MOD
special quasi dual number groupoid.

B is a S-MOD special quasi dual number weak groupoid.

Now we proceed onto define S weak alternative groupoids
in the following.

DEFINITION 2.9: Let S = (R, (m), * (s, t); s, t € Z,,} be the MOD
real groupoid. Suppose S has a subgroupoid H such that H
satisfies (x *y) *y=x*y *y) forall x, y € H. Then we call S
to be a weak MOD right alternative groupoid.

If (x *x) ¥y =x*(x *y) for all x, y € H then we define S to
be a weak Smarandache left alternative MOD real groupoid.

If S is both left alternative as well as right alternative MOD
weak groupoid then we define S to be a Smarandache weak
MOD alternative groupoid.

We will give example of all these situations.

Example 2.58: Let S = (R,(14), *, (7,8)} be the MOD real
groupoid. Clearly S is a MOD Smarandache real weak alternative
groupoid.

Example 2.59: Let S = {(R,(12), *, (4,9)} be the MOD real
groupoid.

Clearly S is a S-MOD real alternative groupoid of infinite
order.
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Example 2.60: Let S = {Ry(6) U {e} where e * e = x and
x * x = e for all x € Ry(6), (3, 5)} be the MOD groupoid with
identity. S is a S-MOD weak right alternative groupoid.

Since we are not in a position naturally to find an identity
element in the MOD groupoids for that matter in groupoids built
using Z, we adjoin an element e to Z,, that is Z, U {e} where
e*e=ze,x*x=eforallxe Z,andx *e=e*x=xforallx e
Z,.

In the same way for the plane R,(m) adjoin a special

element e = (e, e) suchthat e * x = x Xe=xe *e = e and
x *x =e, for all x € R,(m).

That is if x = (0.779, 8.8031) € R,(9)
x*¥Xx = (e,e)=e
= (0.7,0.8001) * (e, e)
= (0.7,0.8001)
= (e,e) *(0.7,0.8001).
Now this situation will be illustrated by some examples.

Example 2.61: Let S = {R,(12) U (e, e), *, (7, 5)} is a special
MOD groupoid with identity.

For
(0.311, 8.011) * (e, ) =(0.311, 8.011).

Now can these special MOD groupoids with identity, e = (e,
e) satisfy any special identities partially for the choices of (s, t).
The answer is yes.
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This situation is illustrated by some examples.

Example 2.62: Let S = {R, (6) U {(e, )}, *, (5,5)} be the
special MOD groupoid with identity.

Clearly 5 + 5.5 = 0 (mod 6) and 5% =1 (mod 6). Thus S is
S-weak left (right) alternative groupoid of infinite order only
weak as the identity is true only for a proper finite subset of S.

Example 2.63: Let S = {R,(12) U {(e, e)}, *, (5,11)} be the
special interval MOD groupoid with identity.

S is a S-weak MOD right alternative groupoid.

Example 2.64: Let S = {R,(12) U {(e, e)}, *, (5,3)} be the
S-special interval MOD groupoid with identity 5 + 5.3 = 0 (mod
6) and 5% = 1 (mod 6).

So S is a S-special interval MOD weak right alternative
groupoid.

THEOREM 2.6: Let S = {R,(m) U{(e, e)}, * (t, u), t, u € Z,} be
the S-special MOD interval groupoid with identity. S is a S-weak
right alternative MOD interval groupoid if and only if
7 =1 (mod m) and tu + u =0 (mod m).

Proof: Let x = (x, X;) andy = (yy, y») € S.
(X %k y) %k y
= [(X1, X2) * (y1, Y21 * (¥1, ¥2)

= (tx; + uyy, X +uyz) * (y1, y2)
(t2x2 + tuy; + uyy, tzxz + tuy, + uy,)
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= (X1, X2) [
(as = 1 (mod m) and tu + u =0 (mod m).
Consider x * (y *y)
=x*y=x . II

I and II are identical hence the claim so S is a MOD weak
right alternative groupoid.

Likewise one can prove the following theorem.

THEOREM 2.7: G = {R,(m) U {(e, e)}, * (t, u)} is the MOD S-
special left alternative groupoid if and only if v’ =1 (mod n)
and (t + tu) = 0 (mod n).

Proof: To prove G is a S-MOD left alternative groupoid one has
to prove (X *X) *y=x* (X * y).

Now (x *x)*y=yasx *x={(e,e).
Consider x * (x *y)
= X (UX1X2) + uyi, ¥2))
= X ¥ (tx; + Xy, tXp + uy,)
= (tx; +tux; + uzyl, tX; + tux, + uzyz)
= ((t+tu) x;+y, (t+tu) X, +y2)

= (y1 y2=Y,
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as t+tu=0modn
and u’=u mod n.
Hence the claim.
We will illustrate these two situations by some examples.

Example 2.65: Let G= {R,(12) U {e} * (11, 2)} be a S-right
alternative MOD interval groupoid as 11> =1 and 11.2 +2 =0
(mod 12).

Further G* = {R, (12) U {(e, e)}, *, (2, 5) is a S-left
alternative MOD groupoid as 5* = 1 (mod 12) and

t+tu=2+10=0mod 12.
Thus the theorems are proved for both G and G'.

Example 2.66: Let G = {R,(12) U {(e, e)}, *, (4,9),4,9 € Z;,}
be a S-MOD special interval groupoid with identity G is a S-MOD
special interval Bol groupoid.

Example 2.67: Let G’ = {R,(15) U {(e, &)}, *, (10,6)} be the S
MOD special interval groupoid with identity G” is a S-MOD P-
interval groupoid.

THEOREM 2.8: Let G = {R,(m) U {(ee)}, * (t, u), t, u € Z,
m a non prime}, £ =t (mod m) and W= u(mod m)} be the
S-MOD special interval groupoid with identity.

i) G is aweak MOD interval P-groupoid.
ii) G is aweak S-MOD interval Bol groupoid
iii) G is a weak S-MOD interval Moufang groupoid.
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Proof of (i)

To show G is a S MOD special interval P-groupoid we have
toshow (x *y)*x=x *(y *x) forall x,y € G.

Let x = (X1, X2), y=(y1, y2) € G.

Consider

x*y)*x

[(X1, X2) * (y1, y2)1 * [(x1, X2)]

(tx; + uyy, X2 + uys) * (X4, X2)

t2x1 + tuy; + uxy, t2x2 + tuy;, + uxy).

Clearly t* = t (mod m) so
(tx; + tuy; + uxy, tx; + tuy, + ux;) |
Consider

X *(y *x)

X *((y1, ¥2) * (X1, X2))

(X1, X2) [ty + uxy, tys, + uxs]

(tx; + uty; + u’x 1, Xo + tuy, + uzxz)

('.'u2 =u (mod m))

(tx; + uty; + uxy, tx; + tuy, + uxy) | |

I and II are identical so G is a S-MOD interval strong
P-groupoid.
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Proof of (ii)
To prove G is a S-MOD interval Bol groupoid.

We have to show ((x *y) * z * y =x * ((y * z) * y) for all
x,y,z€ G.

Consider ((x *y) *z) *y
= (((x1, X2) * (y1, ¥2) * (21, 22)) * (¥1, Y2)
= ((tx; + uyy, X2 + uys) * (21, 22)) * (y, ¥2))
=X + tuy, + uz,, X, + tuy, + uzy) * (y1, ¥2)
= (t3x L+ tzuyl + tuz; + uyj, t3x2 + t2uy2 + tuz, + uy,)
= (tx; + tuy; + tuz; + uy;, tx; + uy; + tuz, + uy,)

I
Consider

X*((y * 2) *y)
= x*((y1, ¥2) * (21, 22)) * (y1, ¥2)
= (X1, X2) ((ty1 + uzy, tys + uzp) * (y1, y2))
= (X1, X2) (tzy + tuz; + uyy, t2y2 + tuz,; + uy,)

= (tx; + utzyl + u2t21 + u2y1 , X0 + tzuyz +
tu2z2 + uzyz)

(using =t (mod m) and w=u (mod m))
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= (tx; + uty; + utz; + uy,, tx, + tuy, + utz; + uy,) ... II
I and II are identical hence the claim.
Proof of (iii)
To prove G is a S-MOD special interval Moufang groupoid
we have to prove
(x*y)*(z*x)=(x*(y*2)*x
Let x = (X4, X2), y=(Y1,¥2) and z =(z, 75) € G.
Consider (x * y) * (z * x)
= [(X1, X2) * (y1, y2)] * [(21, 22) * (X1, X2)]

= (tx; + uyy, tXo + uy;) * (tz; + uxy, tz, + uxy)

= (t2x1 + tuy; + utz; + ule, t2x2 + tuy, +
utz, + uzxz)

(using t* =t (mod m) and u” = u (mod m))

= (tx; + tuy; + utz; + uxy, tx, + uty, + utz, + ux,)
I

Consider (x * (y * z)) * x
= ((X1, X2) * (Y1, ¥2) * (215 22))) * (X4, X2)
= ((X1, X2) * [ty1 + uzy, tys + uzp)] * (X4, X2)

= (tx; + uty; + uzzl, tX; + uty, + uzzz) + (X1, X2)
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= (t2 X + ut2y1 + uztzl + ux,, tzxz + ut2y2
+ utz, + ux,)

=(tx; + uty; + utz; + uxy, tx, + uty, + utz, + ux,)
II

I and II are identical hence G is a S-strong special MOD
interval Moufang groupoid.

However it remains as an open conjecture to find S-special
interval MOD subset groupoids in which (t, u) € [0, m) \ Z,, to
satisfy any of the special identities; 3 < m < oo.

Now the study using in these MOD subset groupoids t, u €
[0, m) \ Z, is carried out. Such MOD groupoids we call as
fraction / decimal MOD subset groupoids.

This is first illustrated by some examples.

Example 2.68: Let S = {Collection of all subsets from the set
R,(10), *, (3.24, 0.009)} be the MOD subsets fractional /
decimal groupoids.

Let x = {(0, 2), (5, 1), (6, 0.5)} and
y=((7,0)(0.2,0.1), (0.7, )} € S.

X *y {(0,2), (5,1), (6,0.5)} *

{(7,0), (0.2,0.1), (0.7, 1)}

(0,2) * (7, 0), (5, 1) * (7, 0), (6, 0.5) * (7, 0),
(0,2) *(0.2,0.1), (5, 1) * (0.2, 0.1), (6, 0.5) *
(0.2,0.1), (6, 0.5) * (0.7, 1), (0, 2) * (0.7, 1),

5, 1) *(0.7, 1)}
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= (0%7,2%0),(5%7,1%0),(6*7,0.5%*0),
(0%0.2,2*%0.1), (5*%0.2,1 *0.1),
(6*0.2,0.5 *0.1), (6 ¥0.7,0.5 * 1),
0*0.7,2*%1),(5*0.7,1 * 1)}

= (0.063, 6.48), (6.263, 3.24), (9.503, 1.62),
(0.018, 6.4809), (6.2018, 3.2409),
(9.4418, 1.6209), (9.503, 1.6209),
(0.0063, 6.489), (6.2063, 3.249)} € S.

This is the way product is performed on S.

It can be easily verified S is a non associative structure.

Example 2.69: Let S = {Collection of all subsets from the MOD
plane R(7), (0, 0.03), *} be the MOD subset decimal groupoid.

S is non commutative and is of infinite order.

Example 2.70: Let S = {Collection of all subsets from the MOD
plane R, (13), * (0, 0.03)} be the MOD subset decimal groupoid
of infinite order.

S is non commutative.
Let x = {(0,0.2)} and y = {(5.7)} € S;
x*y ={(0,02)} * {5, N}

={(0%5,02%7)}

={(0.15,021)} € S.
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Clearly
yrx#x*yfory*x ={(57)}*{(0,0.2)}
={(5%0,7*%0.2)}
={(0,0.06)} € S
#X *y.
Clearly x * (y * z) £ (x ¥ y) * z
For let x = {(0.3,0.7)}, y = {(0,0.5)} and z = {(0.6, D} € S;
X*(y*z)
={(0.3,0.7)} * ({0,0.5)} * {(0.6, 1)})
={(0.3,0.7)} * {(0*0.6,0.5 * 1)}
= {(0.3,0.7)} * {(0.018, 0.03)}
= {(0.3 % 0.018,0.7 * 0.03)}
= {(0.00054, 0.0009)} I
Consider (x * y) * z
=[{(0.3,0.7)} * {(0,0.5)}]1 * {(0.6, 1)}
=1{(0.3,0.7) * (0,0.5)} * {(0.6, 1)}

={(0.3*0,0.7*0.5)} * {(0.6, 1)}
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= {(0,0.015)} * {(0.6, 1))

={(0.018, 0.03)} I

Clearly I and II are distinct.

Thus the operation is non associative decimal interval MOD
groupoid.

Example 2.71: Let S = {(Collection of all subsets from the
MOD real plane R,(25), *, (0.7772, 0.543)} be the MOD subset

decimal groupoid.
S is of infinite order.

Clearly * is both non associative and non commutative on
S.

Example 2.72: Let M = {(Collection of all subsets from the
real MOD plane R, (16), * (0.311, 6.8)} be the MOD subset
groupoid.

Clearly M is non commutative.

We see finding idempotents, units and zero divisors in
decimal subset MOD real groupoids happens to be a challenging
problem.

Now we proceed onto suggest a few problems for this
chapter.
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Problem

1. Find some special features enjoyed by MOD real plane
groupoids.

2. Let M = {R,(20), *, (10, 11)} be the MOD real plane
groupoid.

i) Find subgroupoids of finite order.

ii) Prove M has idempotents.

iii) Can M have S-idempotents?

1v) Can M have units?

v) Find S-units if any in M.

vi) Can M have zero divisors?

vii) Can M have zero divisors, which are not S-zero
divisors?

viii) Obtain any other special feature associative with M.

ix) Can M have ideals of finite order?

x) Can M have S-ideals?

xi) Is every right ideal a left ideal?

xii) Find S-right ideals if any in M.

3. Let N = {R,(20), *, (18, 2)} be the real MOD plane interval
groupoid.

Study questions (1) to (xii) of problem (2) for this N.
4. Let X ={R,(12), *, (4, 9)} be the real MOD plane groupoid.

Study questions (1) to (xii) of problem (2) for this X.
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11.

12.

13.
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Characterize all those MOD groupoids built on R,(m) to
satisfy the special identities like Moufang, Bol, Bruck,
idempotents, alternative and so on.

Characterize those real MOD plane groupoids which are
P-groupoids.

Characterize those MOD real plane groupoids which are
idempotent groupoids.

Obtain conditions on the pair (t, s) of the MOD groupoids G
so that they satisfy Bol identity.

Similarly find those real MOD plane groupoids which satisfy
Moufang identity.

Characterize those MOD real plane groupoids which are
Smarandache groupoids.

Let T = {R,(23), *, (11,0)} be the MOD real plane groupoid.
Study questions (1) to (xii) of problem (2) for this T.

Let S = {R,(15), *, (10.003, 0.792)} be the MOD decimal
real plane groupoid.

Study questions (1) to (xii) of problem (2) for this S

Let V = {R,(10), *, (0.77703, 5)} be the MOD decimal real
plane groupoid.

Study questions (1) to (xii) of problem (2) for this V.



58 | Non-Associative Algebraic Structures on MOD planes

14.

15.

16.

17.

18.

19.

20.

Let M = {R,(127), *, (100.32, 10.032)} be the MOD real
plane interval decimal groupoid.

Study questions (1) to (xii) of problem (2) for this M.

Let B = {R,(45), *, (0, 0.000757)} be the MOD real plane
decimal interval groupoid.

Study questions (1) to (xii) of problem (2) for this B.

Obtain some special features associated with S-MOD special
interval groupoid with identity.

Let S = {C.(9), *, (8, 1.02)} be the finite complex modulo
integer MOD decimal groupoid.

Study questions (1) to (xii) of problem (2) for this S.

Let M = {Cy(27), *, (8 + 4ig, 20ir + 2)} be the complex
MOD modulo integer groupoid.

Study questions (1) to (xii) of problem (2) for this M.

Let W = {Ri (27), *, (3,10)} be the MOD neutrosophic
interval groupoid.

Study questions (1) to (xii) of problem (2) for this W.

Let S = {R!(43), *, (20 + 31, 191 + 23)} be the MOD
neutrosophic interval groupoid.

Study questions (1) to (xii) of problem (2) for this S.
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22.

23.

24.

25.

26.
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Let T = {R,(15)g, ¢ = 0, *, (10, 7.2)} be the MOD dual
number interval decimal groupoid.

Study questions (1) to (xii) of problem (2) for this T.

Let W = {R,(16) g, *, (10g + 7, 9g + 0.32)} be the MOD
dual number interval decimal groupoid.

Study questions (1) to (xii) of problem (2) for this W.

Let Z = {R,(27) g; g2 =g, * (10, 15)} be the MOD special
dual like number interval groupoid.

Study questions (1) to (xii) of problem (2) for this Z.

Let T = {R,(15])g, g = g, * (0.331, 4.12 g)} be the MOD
special dual like interval number decimal groupoid.

Study questions (1) to (xii) of problem (2) for this T.

Let U = {R,(9) g | g* = 8g, *, (2.3, 8)} be the MOD special
quasi dual number interval decimal groupoid.

Study questions (1) to (xii) of problem (2) for this U.

Let M = {R,(23) g; g = 22g, *, (10 + 2.3g, 2.3 + 10g)} be
the MOD special dual number like interval decimal
groupoid.

Study questions (1) to (xii) of problem (2) for this M.
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27. Let P = {Ry(14) g; g2 = 13g, *, (g, 10)} be the MOD special
dual like number interval groupoid.

Study questions (1) to (xii) of problem (2) for this P.

28. Obtain some special features enjoyed by MOD dual number
(MOD special dual like number, MOD quasi dual number)
interval groupoid.



Chapter Three

ALGEBRAIC STRUCTURES ON MOD
SUBSETS OF MOD PLANES

The MOD planes was introduced in [45]. Here we proceed
on to introduce the notion of algebraic structures on MOD
subsets of MOD planes.

The non associative algebraic structure, groupoids and non
associative pseudo rings of two types are introduced.

We know the real MOD plane is a small or mini form of the
real plane.

Further on the MOD real plane we can get the subsets of
them which we choose to call as MOD real subsets.

Using MOD subsets of the plane for the first time we build
MOD subset groupoids.
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Example 3.1: Let

S = {Collection of all subsets from the MOD real
plane R, (5)}.

= {subsets from the pair
(a,b), (c,d), (e, D), ... |a,b,c,d, e, f e [0,5)}.

Let

Si1={(4, 0.004), (0.221, 0.0001), (0.001, 0.2), (0.6, 0.21)}
and S; = {(0, 0), (1,4.2), (0.1,0.4)} € S.

We can perform non associative operations on S.

Example 3.2: Let M = {Collection of all subsets from the MOD
plane R, (12)}.

S1 = {(3.221, 0), (0.21, 0.0051), (10.0001, 6.0009), (1.2107,
0.11075)} and

S, = {(0, 0.772), (0.21, 11.2045), (0.0011107, 6.2), (7, 4),
9, 2), (0.17, 2.17801)} are two MOD subsets from the MOD
subsets of MOD plane M.

Example 3.3: Let S = {Collection of all subsets from the MOD
plane R, (28)}.

We see S has infinite number of subsets some are of finite
order and some subsets are of infinite order.

Example 3.4: Let S = {Collection of all subsets from the MOD
plane R,(14)}. Collection of all subsets from the subsets of the
MOD plane [0, 14).

Let A ={(0, 5), (7, 3), (0.331, 0.225), (6.3, 13.451)} and
B = {(0.7, 6.53), (9.23, 10.07), (10.007, 9.083) } be elements
of S.
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Now having seen examples of subsets of the MOD planes we
proceed on to define non associative binary operations on them.

DEFINITION 3.1: Let

S = {Collection of all subsets from the MOD real plane R,(m)},
define a operation #on S such that s;*s, = ts; + us, t, u € Z,
and s;, s;€ S. G = {S, # (t, u)}; G is defined as the subset MOD
groupoid on R, (m).

Clearly (0, 0) € R,(m) does not act like zero for (x, y) * (0,
0) # (0, 0) in general and (0, 0) * (x, y) # (0, 0).

So (0, 0) is not the zero of these groupoids we call them as
MOD pseudo zero of R,(m).

So we say if
(x,y) *(a,b) = (0, 0) I
and (a, b) * (x,y) = (0, 0) II then

(X, y) is a MOD pseudo zero divisor of R,(m). If only one of
I or II is true we call (x, y) is a one sided MOD pseudo zero
divisor.

If x,y) *(x,y) = (0, 0) we call (x, y) the MOD pseudo
nilpotent element of order two.

First we will illustrate this situation by an example or two.

Example 3.5: Let S = {Collection of subsets from R,(20)} be
the subsets of the MOD plane R,(20). G = {S, *, (10, 5)} is the
subset real MOD plane groupoid.

Let s;={(3, 2.1), (0.31, 0), (0, 1.5)} and
s, ={(1,0.4), (4,0.2), (5,0.7), (0.3, 0), (0,0.1) }e G.

Si* S, = 108y + (55,)
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{(10, 1), (3.1, 0), (0, 15)} + {(5,2), (O, 1), (5, 3.5),
(1.5, 0), (0,0.5)}

= {(15,3),(8.1,2),(5,17), (10, 2), (3.1, 1), (0, 16),
(15,4.5), (8.1, 3.5), (5, 18.5), (11.5,0), (4.6, 0),
(1.5, 15), (10, 1.5), (3.1, 0.5), (0, 15.5)} € S.

This is the way ‘*’ operation is performed on the MOD
subset groupoids on R,(20).

Clearly the * operation is both non commutative and non
associative.

Consider s,* s;=10s,+ 554

= {(10,4), (0,2), (10,7), (3,0), (0, D} + {(15, 10.5),
(1.55, 0), (0, 7.5)}

= {5, 14.5), (15, 12.5), (5, 17.5), (18, 10.5), (15, 11.5),
(11.55,4), (1.55, 2), (11.55,7), (4.55, 0), (1.55, 1),
(10, 11.5), (0, 9.5), (10, 14.5), (3,7.5), (0, 8.5)} € S.

Clearly s;* s, # sy* s; for this s, s, € G.
Now let x = {(0.3, 0), (5, 1), (0, 2)},
y={(0.71),(1,0), (2,2)} and
z=1{(0.5,0.2),3,0)} € G.

Consider x * (y *z) =x* (10y +5 z)
=x * [{(7, 10), (10, 0), (10, 10)} + {(2.5, 1), (15, 0)}]

= {(03,0),(5,1),(0,2)}* {(9.5,11), (12,5, 1), (12.5, 11),
(22, 10), (5, 0), (5, 10)}
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= {(@3,0),(10,10), (0,0} + {(7.5, 15), (2.5, 5), (2.5, 15),
(10, 10), (5, 0), (5, 10)}

= {10, 15),(175,5), (7.5, 15), (5.5,5), (12.5, 15),
(2.5,5),(2.5,15), (5.5, 15), (125, 5), (13, 10), (10, 10),
(0, 0), (15, 10), (8, 0), (8, 10), (18, 0), (15, 0), (5, 0)}
I

Consider (x *y) * z

(10x+5y)*z

({3, 10), (10, 10), (0, 0)} + {(3.5,5), (5, 0),
(10, 10)H* z

= {(6.5,15),(13.5,15),(3.5,5), (8, 10), (15, 0), (5, 10),
(10, 10), (0, 0), (13,0)} * {(0.5,0.2), (3, 0)}

= {5, 10), (15, 10), (0, 0), (10, 0)} + {(2.5, 1), (15, 0)}

= {(75,11),(17.5,11), (2.5, 1), (12.5, 1), (O, 10),
(10, 10), (15, 0), (5, 0)} II

Clearly I and II are distinct so (x * y) * z # X * (y * z) in
general forx,y,z e G.

Thus this real MOD subset plane groupoid is of infinite order
and is both non commutative and non associative.

Example 3.6: Let G = {Collection of all subsets from the MOD
plane R(7), *, (4, 3)} be the real MOD plane interval groupoid.
G i1s of infinite order and G is both non commutative and non
associative.

Clearly if s; = {(1, 1)} and s, ={(3,3)} € G,

si¥sy ={(1, D} *{(3,3)}
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={4(L, D} +{33,3)}
={(4. 4} +{0O. 9}

= {6, 6).

siesp = {(1, D} = {(1, D}
={4(, D} x{3(, D}
={(4. 4} +{G.3)}
={(0,0)}.

Thus this groupoid has MOD pseudo nilpotent elements of order
two.

sk sy ={(3,3)} *{(3,3)}
={43,3)} +{33,3)}
={5,5}+{(2,2)}
={(0,0)}.

Thus s, G is also MOD pseudo nilpotent of order two.
Letp = {(5.2)} € G.
Clearly

prxpr ={G5,2)} *{(5,2)}

={(20,8)} + {(15,6)}

={(0,0)}.
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Consider q; ={(3.11,6.02)}e G
q*q ={3.11,6.02)} * {(3.11, 6.02)}
={(12.44, 24.08)} + {(9.33, 18.06)}
={(21.77,42.14)}
={(0.77,0.14)} = {(0, 0) }.

Thus G has MOD pseudo nilpotent elements of order two
which are only finite in number. If the pair in the subset of G is
a decimal pair or not an integer than that element in general is
not a MOD pseudo nilpotent element of order two.

It is important and interesting to note thatt +u=4 +3 =0
(mod 7); if this condition is not satisfied it will not be a MOD
pseudo nilpotent element of order two.

Lets; ={(1,1),(3,3)} and s, = {(4,4), (6,6)} € G.

Sl>i< S2 = {(19 1)9 (39 3)} * {(4’ 4)’ (69 6)}

={4.4, 5,9} +{(5,5, & 4D}
={(2,2),3,3), (1, D}.

Clearly this is not a MOD pseudo zero divisor of G.

Example 3.7: Let M = {Collection of all subsets from the real
MOD plane R, (12); *, (8, 4)} be the real MOD plane groupoid of
infinite order. M has infinite number of MOD pseudo nilpotent
subsets of order two. M has MOD pseudo zero divisors.

For take s; = {(3, 6), (6, 0), (3, 3), (6, 6)} and

Sy = {(67 0)7 (07 6)7 (07 3)} e M.

Clearly s;% s, =0 =s% 5y =0 = sy% §1= §p% 5.
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Thus apart from MOD pseudo nipotents of order two M has
MOD pseudo zero divisors.

Example 3.8: Let M = {Collection of all subsets from the MOD
real plane R,(9), *, (3, 6)} be the MOD subset interval groupoid.
M has MOD pseudo zero divisors as well as MOD pseudo
nilpotents.

In view of all these we have the following theorem.

THEOREM 3.1: Let G = {Collection of all subsets from the MOD
real plane R,(m), * (t, u); t, u € Z,} be the MOD real interval
groupoid on [0, m).

i G has MoOD pseudo nilpotents of order two if
t+ u =0 (mod m).

ii. G has MOD pseudo zero divisors if m is a composite
number and t, u in Z,, are such that they are * = 1 and
ut = 1, t+u=0(modm).

Proof of all theorem is direct and hence left as an exercise to
the reader.

Example 3.9: Let G = {Collection of all subsets from the MOD
real plane R,(15), *, (11, 4)} be the MOD real plane groupoid of
infinite order.

G has nilpotents of order two. However R,(15) has no MOD
pseudo zero divisors other than MOD pseudo nilpotents of order
two in this case. For it is to be noted both 11 and 4 are units in
[0, 15).

Example 3.10: Let G = {Collection of all subsets from the MOD
real plane R,(24), *, (5, 7)} be the groupoid.

Lets; ={(x,y)} and s, = {(s, r)} be elements of G such that
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si*8,={(0,0)};tofind x,y, s, r € [0, 24).
Si¥Sy =581+7s,
={(5x,59)} + {(7s, Tn)}
={(5x+7s,5y + Tr)}

={(0,0)}

Thus 5x + 7s =0 and S5y + 7r = 0.

Now multiplying both equation by 5 we get x + 11s = 0 and
andy+ 11r=0

x = 13s, y = 13r hence s; = {(13s, 13r)}, s, = {(s, 1)} in G is
such that s;* s, = 0. For take s, =1 and r = 2.

s ={(13,2)} and s, = {(1, 2)}.
siks, =58+ 78,
= {(65, 10) + (7, 14)}
={(0,0)}.

Hence G has MOD pseudo zero divisors other than MOD
pseudo nilpotents of order two.

It is observed that (t, u) = (5, 7) is such that t + u = 0 (mod
24) only condition is t* = 1 (mod 24) and u” = 1 (mod 24).

Thus this has MOD pseudo zero divisors. Take (t, u) = (13,
7) in the above example.

Clearly 13% = 1 (mod 24) and 7° = 1 (mod 24) and this (t, u)
contributes to MOD pseudo zero divisors other than MOD pseudo
nilpotents of order two.
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Consider (t, u) = (13, 11) in the above example.

Clearly 13* =1 (mod 24)
and
11 =1 (mod 24)
and
13+ 11 =0 (mod 24).
Lets;={(a,b)} and s, = {(c,d)} € G.
Siksy, = 13s;+ 11s,={(13a, 13b)} + {(11c, 11d)}
= {(13a+11c,13b+ 11d)}
= {©O,0)}.
Thus
13a+11c=0
13b+11d=0
a+23¢c=0
b+23d=0

which givesa=cand b=d.

Thus all MOD pseudo zero divisors are only MOD pseudo
nilpotents of order two.

Example 3.11: Let G = {Collection of all subsets from the real
MOD plane R,(20), *, (9, 11)} be the MOD real interval groupoid
on [0, 20).

Clearly 9° = 1 (mod 20) and 11° = 1 (mod 20) but
9 + 11 = 0 (mod 20). So G has only MOD pseudo zero divisors
of the form which are MOD pseudo nilpotent subsets of order
two.
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Take (9, 19) = (u, t)

Clearly
19 = 1 (mod 20)
and
92 = 1 (mod 20)
but
19 + 9 = 8 (mod 20).
Consider

si={(a,b)}and s, ={(c,d)} e G
such that s;* s, = {(0, 0)}.

Si¥S; = 19S1 + 9S2

{(19a, 19b), (9¢c, 9d)}

{(19a + 9c, 19b + 9d)}

{(0,0)}.

19a+9c=0
195 +9d=0
a+ 11c =0 (mod 20)
b+ 11d =0 (mod 20)
a=9candb=9d.
s1={(9¢, 9d)} and s, = {(c, d)} € G are zero divisors.

Take c = 1 and d =3, then s; = {(9, 7)} and s, = {(1, 3)} €
G.

{9, D} = {(1,3)}

S1* Sy

{(19x 9,19 x )} + {(9, 7))
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= {(IL 13} +{O, D} ={0,0)}.

Thus has MOD pseudo zero divisors. Also the pair (19,21)
will give MOD pseudo zero divisors other than MOD pseudo
nilpotents of order two.

In view of this we have the following theorem.

THEOREM 3.2: Let G = {Collection of all subsets from the real
MOD plane R, (m), * (t, u)} be the real MOD plane groupoid on
[0, m).

G has MOD pseudo zero divisors which are not MOD pseudo

nilpotents of order two only if £ =1 (mod m), u’= 1 (mod m);
t+u %= 0(modm).

Proof is direct and hence left as an exercise to the reader.
Example 3.12: Let G = {Collection of all subsets from the real
MOD plane R, (12), *, (4, 9)} be the real MOD plane interval

subset groupoid.

Consider s; = {(3, 6), (9, 3), (9, 9), (6, 6), (9,6)} and
s2=1{(4,4),(8,4),4,8),(8,0), 4, 0}e G.

Clearly s;* s, = {(0, 0)}.
Lets; ={(5,5)} € G.
Siks; =48+ 9s,
={G&, 8} +{9. 9}
={5,5} =5
Thus this MOD real interval groupoids has idempotents.

Take p; = {(1, 1)} € G.
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prxpr ={(1, D} = {(1, D}
={4H} +{09,9}
= {(1, 1)} = pyis an idempotent of G.
Consider q; = {(3,3)} € G;
Q*qi =4q+9q
={(12,12)} + {(3,3)}
={(3,3)} = q, is again an idempotent of G.

Thus all elements s = {(a, a)}; a € Z,, are subset idempotents of
the MOD subset interval groupoid G.

Letx = {(9.1,9.1)} € G.

x#x  ={9.1,9.1)} * {(9.1,9.1))
= {(0.4,04)} + {(9.9,9.9))
= {(1.03, 1.03)} £ x.

Thus those subsets s = {(s;, s;)} with s;e [0, 12)\ Z;, need
not be idempotents of G.

It is observed that for the pair (4, 9), 4% =4 and

9°=9and 4 + 9 =1 (mod 12).

Considery = {(3,8)} € G
y*y ={G,8}*{(,8)}

={(0,8)} + {3, 0)}
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={3. 89} =y.
Thus y is an idempotent of G.

Hence all z = {(s, s»)} where s;, s,e Z;, are idempotent
subsets of G.

Take m={(3.2,4.1)} € G
m#m =4m+9m
= {(0.8,4.4)} + {(4.8,0.9)}
={(5.6,5.3)} #m.

Thus in general those x = {(sy, $2)}; S1, $2€ [0, 12) \ Z;; are
not idempotents of G.

Now replace (4, 9) by (4, 4) in the example.
Letx={(5,5}¢€G.
X *X =4x +4x
={(, 8} +{(8,8)}
={4.4)}
# X.
Thus when (4, 9) is replaced by (4, 4) we do not get
x = {(a, a)} where a € Z;, to be idempotents of G. Consider

(9, 9) instead of (4, 9) in the above example.

Lety={(7,7} e G
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y*y =Ty+Ty
= {(63, 63)} + {(63, 63)} (mod 12)
={(6,0)}#y
#{(7, 7).
Consider x = {(1, )} € G
xxx  ={09,9}+{0,9}

= {(6,6)} #x.

Leta={(2,2)}e G
a*xa ={(18, 18)} + {(18, 18)}
={0,0)}#a
is infact a MOD pseudo nilpotent element of order two.
Letb={(3,3)} e G
bxb  ={G,3)}+{G,3)}

={(6,6)}=b.

Letc ={4,49)}e G
ckxc ={(0,0)}
*C

is again a MOD pseudo nilpotent element of order two.
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Letd={(5,9)}€e G
d+d ={(6,06)}
#d.
Hence is not an idempotent.
e={(6,6)}¢€G;
exe ={(0,0)}

is not an idempotent of G only a MOD pseudo nilpotent element
of order two.

Letf={(8,8)} e G
f+1f=1{(0,0)}
is again a MOD pseudo nilpotent element of order two.
g=1{(09,9)} € Gis such that
gxg ={(6,0)}
8
is not an idempotent of G.
h={(10, 10)} € G is such that
h#h ={(0,0)}

is a MOD pseudo nilpotent of order two and not an idempotent.

p={(11,11)} € Gis such that
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pxp  ={099,99} +{(99,99)}
={B3.3)} +{(3,3)}
={(6,6)} #p
hence p is not an idempotent.

Thus no {(x, x)} =m e G with x € Z;, is an idempotent for
(9, 9) = (t, u) as operator of the groupoid.

Finally we consider an example of this type.

Example 3.13: Let G = {Collection of all subsets from the MOD
real plane R (16), *, (4, 8)} be the MOD subsets interval
groupoid.

Lets; ={(3,3)}e G

siks; ={(12,12)} + {(24,24)} = {(4, 4)}.

Lety ={(2,2)}eG

y*y {(8,8)} +{(16,16)}

{(8,8)}=y.

Leta ={(4,4)}eG.
axa ={(0,0)}

is a MOD pseudo nilpotent element of order two.
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Letb ={(5,5}€eG.
bxb = {(20,20)} + {(40, 40)}

={(12,12)} #b.

Letc ={(6,6)}
cxc  ={(24,24)} + {(48,48)}

={(8,8)) #c.

Letd ={(7,7}eG
77 ={(28,28)} + {(56,56)}

={(4. D}

Thus we see in general if (t, u) is such that t*=0and u’*=0
then s = {(a, a)}; a € Z;6 need not in general be an idempotent
or pseudo nilpotent of order two.

However for m = {(8, 8)} and n = {(12, 12)} are MOD
pseudo nilpotents of order two in G.

Example 3.14: S = {Collection of all subsets from the real MOD
plane R,(11), *, (0, 10)} be the MOD subsets real interval
groupoid.

Let
x=1{(5,0),9,0)} € S,

x*x = 0x+10x

= (6,2).
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Letx={(3,3),4,4)} e S,
x*x ={(8,8),(7,7}eS.

Clearly 10 is a unit in [0, 11) and it is important to study
whether S has pseudo nilpotents or pseudo zero divisors.

This study is interesting and innovative for any collection of
subsets in a MOD real plane R,(m) with m a prime and
tuw=0,m-1).

In view of finding those MOD real subset interval groupoid
using the MOD plane R, (m) which has no MOD pseudo zero
divisors, no idempotents no MOD pseudo nilpotents, etc happens
to be a challenging and an interesting problem.

However a few results in this direction are given.
THEOREM 3.3: Let S = {Collection of all subsets from the real
MOD plane R, (m); m a prime number, (0, t); t € Z,, #} be the
MOD subsets real interval groupoid.

S has no MOD pseudo zero divisors.

Proof: Let
x={(a,b)} andy = {(c,d)} € S.
x*#y ={(@b)}*{(c,d}
={(a*c,b*d)}
={(0+tc,0+1td)}
={(0,0)} if and only if c=d = 0.
Now if ¢ =d = 0 then y = {(0, 0)} the zero element of S.

Thus S has no left MOD pseudo zero divisors or right MOD
pseudo zero divisors.
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Thus this class of MOD subset groupoids with (0, t); t#0 €
Z,; p a prime can give MOD subsets groupooids with no MOD
pseudo zero divisors.
Example 3.15: Let S = {Collectin of all subsets from the real
MOD plane R, (12); (0, 4), *} be the subset MOD real interval
groupoid.

Letx ={(5,2), (7,4), 3, 9), (0, 8), (6,0)} and

y=1{(@3.,3),(6,3),(6,6),(9,3),3,9),3,6), (9,9} € S

x*y={(5,2)%(3,3),(5,2) %(6,3),(5,2) #(6,6), (5,2) *
(3,9),(5,2)*(9,3),(5,2) *(3,6),5,2) *(9,9), ..., (6, 0) *
(3,3),(6,0) *(6,3), ....,(6,0) * (9,9} = {(0, 0)}.

Thus this is only a one sided zero divisors.

However x * y = {(0,0)} buty * x # {0, 0}.

For consider

y*x={@3,3)*(5,2),3,3)*(7,4),...,9,9) %(0,8), ...}

{3%5,3%2),3*%7,3%4),...,(9%0,9%8),...}

{(0+20,0+8),(0+28,0,16),....,(0+ 0,0+ 32),
.

{(8,8),(4,4),....(0,8), ...} # {(0,0)}.

Thus S has MOD pseudo zero divisors. It is to be noted that
the MOD subsets real groupoid was built on R,(m) where m is a
composite number having MOD pseudo zero divisors.

Hence the claim.

In view of this we have the following theorem.
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THEOREM 3.4: Let S = {Collection of all subsets from the real
MOD plane R,(m), m a composite number, (0, t); 0 #t € Z,, is a
divisor of m; #} be the subsets MOD real plane groupoid. S has
left MOD pseudo zero divisors which are not right MOD pseudo
zero divisors and vice versa.

Proof is direct and hence left as an exercise to the reader.

Example 3.16: Let S = {Collection of all subsets from the real
MOD plane R,(12), 12 is a composite number (0, 5) where 0 # t
€ Zy,is aunitin Z,, *} be the MOD subsets interval groupoid.
Consider
x={(a,b)}andy={(c,d)} € S.
{(a,b) * (c, D)}

X*y

{(a*c,b*d)}

{(0+5¢c, 0+ 5d)}

{(0,0)} if and only if c =0 =d.

Thus if t € Z;, is a unit in Z;, then S has no right or left
MOD pseudo zero divisors.

THEOREM 3.5: Let S = {Collection of all subsets from the MOD
plane R, (m); m a composite number , (0, t); t € Z,, is a unit in
Z., *} be the MOD subset interval real groupoid. S has no right
or left MOD pseudo zero divisors.

Proof: Follows from the simple fact if

si={(x,y)} ands, = {(a,b)} € S

{x,y)} * {(a, b)}

S1* Sy

{(x*a,y*b)}

{(0 + at, 0 + bt)}
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= {0,0)}

ifandonlyifa=b=0aste Z,isaunitin S.

Example 3.17: Let S = {Collection of all subsets from the MOD
real plane R, (13), (t, 0); t € Z;53\ {0}, *} be the subset MOD
interval groupoid; S has no left or right MOD pseudo zero
divisors.

Example 3.18: Let S = {Collection of all subsets from the MOD
real plane R,(m), (5, 0), t € Z4s\{0}, *} be the subset MOD
interval groupoid S has both left and right MOD pseudo zero
divisors.

If in the above example (5, 0) is replaced by (0, 5) then the
left MOD pseudo zero divisor using (5, 0) will become the right
MOD pseudo zero divisor and vice versa.

This is put forth in the form of the result.

THEOREM 3.6: Let S = {Collection of all subsets from the real
MOD plane R,(m); m a composite number (t, 0) ((0, t)) where t is
a zero divisor of Z,, *} be the MOD subset real interval
groupoid. Then all left MOD pseudo zero divisors using (t, 0)
will be right zero divisors when (0, t) is used instead of (t, 0).

Proof is direct and hence left as an exercise to the reader.

Now having characterized one of the conditions for the MOD
subset real groupoid to have MOD pseudo zero divisors, we now
proceed on to define different structures on them.

Example 3.19: Let S = {Collection of all subsets from the MOD
plane R;(24); = (8, 6); t and u € Z,, are MOD pseudo zero
divisors of Zy;}.

Let
A={(3,6),(6,3), (0, 3),(0,6)}
and
B={4,0),(8,4),4,4),(8,8)}eS;
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>
*
o]
1l

{(3,6)%(4,0),(3,6) *(8,4), (3, 6) *(4,4),
(3,6) %(8,8),...,(0,6) % (4,0), (0, 6) * (8, 4),
(0,6) *(4,4), (0, 6) * (8, 8)}

{(0,0)}

Thus S has MOD pseudo zero divisor.

Clearly B * A is not a MOD pseudo zero divisor for B * A
#{(0, 0)} for

B * A

{(4,0)*(3,06),(8,4) *(6,3), (8, 4) *
(0,3), ..., (8,8) % (0,6)}

= {(4%3,0%6),(8%6,4%*3),(8*0,4*3),
..., (8%0,8%6)}

= {(2,12),(4,2),(16,2), ..., (16,4)}

H

{(0, 0)}.

Hence the claim.

Next consider the following example.
Example 3.20: Let S = {Collection of all subsets from the real
MOD plane R,(10), (2, 4), *} be the MOD subsets interval
groupoid.

Consider x = {(5, 5), (5, 0), (0, 5)} € S.
x *x = {(0,0)}.

It is important and interesting to note that S has MOD pseudo
nilpotent element of order two.

However only elements from the subset alone can
contribute to MOD pseudo zero divisors.
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For x = {(0,5)} andy = {(5, 5)} is such that

x #y=y*x={(0,0)}.

Thus this has two sided MOD pseudo zero divisors.

Example 3.21: Let S = {Collection of all subsets from the real
MOD plane R,(14), (2, 8), *} be the MOD subset interval real

groupoid.

The one sided MOD pseudo zero divisors of S are

P=1{(5,5),(4,4)} € S; consider

P*P =

+

{5.5), @44} +{(5,5. 4 D)

{(5,5)%(5,5),(5,5) (4,4, (4.4 *(5,5),
4. 4)*(5,5)}

(5%5.5%5).(5%4,5%4), (4%5,4%5),
(44, 4%4))

{(10 + 40, 10 + 40), (10 + 32, 10 + 32),
(8 +40, 8 +40), (8 + 32,8 +32)}

{(8,8), (0, 0), (6, 6), (12, 12)}

{(0,0)}.

Thus is not a MOD pseudo zero divisor.

However if x = {(5,5)} andy = {(4, 4)}

X *y

{G.5)*@Hy={(5*45*4)]

(10 + 32, 10 + 32)}

{(0, 0)} is a zero divisor.
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Howevery *x = {(4,4)} *{(5,5)}
= {(@4=*5,4%5)}
= {(8+40,8+40)}
= {(6,0)} #{(0,0)}.
Hence x is only a one sided MOD pseudo zero divisor of S.
Consider x = {(7,7), (0,7), (7,0)} € S.
Clearly x =x * x = {(0, 0)}.
Infact x is a MOD pseudo nilpotent element of order two.
Thus S has MOD pseudo nilpotent elements of order two as well
as left MOD pseudo zero divisors which are not right MOD

pseudo zero divisors and vice versa.

Example 3.22: Let S = {Collection of all subsets from the real
MOD plane R,(22), *, (2, 4)} be the subset MOD groupoid.

S has right MOD pseudo zero divisors, MOD pseudo
nilpotents and left MOD pseudo zero divisors which are not right
MOD pseudo zero divisors.

For x = {(0, 11), (11, 11), (0, 11)} € S;

x>=x *x = {(0,0)}.

Consider y = {(6,0), (3,0)} € S,

y*y {(6,0), 3,0)} * {(6,0), 3, 0)}

{(6%3,0),(3%6,0),(6*6,0),3*3,0)}

(12 + 12, 0), (6 + 24, 0), (12 + 24, 0),
6 +12,0))
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= {(2,0),(8,0),(3,0), (6,0)}
= {(0,0)}.
Letx={(5,0)} and {(3,0)} =ye S

X *y

{5, 0} *{3,0)}

= {(5%3,0)}
= {10+ 12,0)}

= {(0,0)} is a MOD pseudo zero divisor.

yrx = {3B,0}*{G,0)
= {3%5,0)}
= {(6+20,0)}
= {4, 00} #{(0,0)}.
Thus x is only a one sided MOD pseudo zero divisor of S.
In view of this we have the following theorem.
THEOREM 3.7: Let S = {Collection of subsets from the MOD
real plane R,(2p); p a prime, * (2, 6)} be the MOD subset real
groupoid.

S has nilpotents and right MOD pseudo zero divisors which
are not left zero MOD pseudo divisors and vice versa.

Proof: Consider M = {(p, p), (0, p), (p, 0)} € S;
clearly M* = M = M = {(0, 0)} is a nilpotent element of order
two.
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Let x = {(a, b)}, there exists y = {(c, d)} such that
x*y={(0,0)} buty * x # {(0, 0)}.
Hence the claim.
Now having seen about subset MOD groupoids which has
MOD pseudo zero divisors now we proceed onto study

idempotents in subset MOD groupoids.

Example 3.23: Let S = {Collection of all subsets from the real
MOD plane R, (12); (4, 3), *} be the MOD subset groupoid.

Letx={(4,4)} and {(0,8)}=ye S

X *y

{(4,4)} = {(0,8)}

{(4%0,4*8)}

{4, 4}
Letz={(2,2)} € S,

Z*Z

{2,2)} = {(2,2)}

{(2%2,2%2)}

{(8+6,8+06)}

{(2, 2)} is an idempotent of S.
Thus these subset groupoids can have non trivial idempotents.

Leta={(8,8)} € Sis again an idempotent of S.

Fora *a {(8,8)*(8,8)}

{(8%8,8+8)}



88 | Non-Associative Algebraic Structures on MOD planes

[(32 +24, 32 + 24)}

{8, 8)}=a
Clearly b = {(10, 10)} € S is also an idempotent of S.

b*b

{(10, 10)} = {(10, 10)}

{(10 % 10, 10 * 10)}

{(40 + 30, 40 + 30)}

{(10, 10)} =b.
Thus b is an idempotent of S.

Example 3.24: Let
S = {All subsets of the MOD plane R,(20), *, (4, 5)} be the MOD
subset real interval groupoid.

Letx={(5,5}e S

{5.5)} {5, 5}

X * X

{(56%5,5%5)}

{(20 + 25, 20 + 25)}

{5, 9} =x
Thus x is an idempotent of S.

Alsoy = {(10, 10)} € S is such that

y*y {(10,10)} = {(10, 10)}

{(10 # 10, 10 #10)}
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{(40 + 50, 40 + 50)}

{(10,10)} =Y.

Thus y is also an idempotent of S.
Further z = {(15, 15)} € S is such that

Z*Z

{(15, 15)} = {(15, 15)}

{(15 = 15,15 % 15)}

{(60 + 75, 60 +75)}

{(15, 15)} = z is an idempotent of S.

In view of all these we can conclude MOD interval subset
groupoids have MOD pseudo zero divisors.

It is also observed if the idempotents in Z,, are orthogonal
can we have subsets of cardinality greater than or equal to two
to be idempotents of S = {Collection of all subsets from the
MOD plane R, (m), *, (t, u)}.

This study is also interesting however we have examples of
such situation for many m; m a positive non prime integer
associated with the MOD plane R,(m).

It is also important finding subset idempotents in
G = {Collection of all subsets from R,(m), *, (t,u); t,ue Z,} is
a difficult job.

However it is left as an open conjecture to find subset
idempotents in the MOD subset interval groupoid

GT: {Collection of all subsets from R,(m); *, (t, u); t, u €
R,(m) \ Z,} as well as in G; = {Collection of all subsets from

R,(m), *, (t, u); t € R, (m) \ Z,, and u € Z,,} the subset MOD
groupoid of R,(m).



90 | Non-Associative Algebraic Structures on MOD planes

Characterizing idempotents, S-idempotents, units, S-units,
MOD pseudo zero divisors, S-MOD pseudo zero divisors

nilpotents and S-nilpotents in Gjand G, happens to be a

challenging open problems/ conjectures for any interested
researcher.

Now having seen examples of idempotents here some
examples of G, and G, are given.

Example 3.25: Let G,= {All subsets from the MOD plane
R, (10), *, (2.5, 4.2)} be the MOD subset interval groupoid.

Let A ={(2,5), (4,5)} and B = {(5,2.5), (5,62)} € G

A*xB {(2,5),(4,5)} = {(5,2.5),(5,6.2)}

{(2%5,5%25),(2%5,5%6.2),
(4%5,5%25),(4%5,5%6.2)}

{(6,3), (1, 3),(6,8.54),(1,8.54)} € S.
This is the way ‘*’ operation is performed G, .

Consider B * A= {(5,2.5), (5,6.2)} * {(2,5), (4, 5)}

{(5%2,2.5%5),(5%2,6.2%)5),
(5%4,25%5),(5%4,6.2%*5)}

{(0.9, 3.5), (0.9, 7.2), (9.3, 3.5), (9.3, 7.2) }
e G,

Clearly A * B # B * A so G, is a non commutative MOD
subset groupoid of infinite order.
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Finding idempotents or S-idempotents in G| happens to be a
challenging one.

Similarly finding units and S-units of G, is a difficult
problem.

Finally finding MOD pseudo zero divisors or S-MOD pseudo
zero divisors is not a simple problem.

Example 3.26: Let G, = {Collection of all subsets of the MOD
plane R, (12), * (10.5, 0)} be the MOD subset interval groupoid.

Let
A={(428),(8,4),(8,0),(4,0)}
and
B=1{(79,2.8),(4.32,0.72)} G2 .

To find A * B

A#B = {4 8),(8,4),(8,0), 4 0))*{(7.9,2.8),
(4.32,0.72)}

= {(4*79,828),(4%4.32,8*0.72),
(8%79,428),(8%4.32,4%0.72),
(8%79,0*2.38), (8 %4.32,0*0.72),
(4*79,0%238),(4+4.32,0%*0.72)}

= {(6,0),(6,0),(0,6), (0, 6), (0, 0), (0, 0),
(6,0),(6,0)}

= {(0,0),(0,6),(6,0)} € G,

Now consider
A =1{(8,8),(8,0),(0,8)}
and
B ={(9.21, 8.33), (7.1, 10.3), (6.3, 5.4)} G2
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AxB = {(8§,8),(8,0),(0,8} *{(9.21, 8.33),
(7.1,10.3), (6.3, 5.4)}

= {(8%9.21,8 *%8.33), (8 *9.21, 0* 8.33),
(0%9.21,8 *8.33), (8 % 7.1, 8 * 10.3),
(8%7.1,0%10.3), (0* 7.1, 8 * 10.3),
8%6.3,8%54),(8%6.3,0%54),
(0*6.3,8*5.4)}

= {(0,0),(0,0),(0,0), (0,0, (0, 0), (0, 0),
(0, 0), (0, 0)}.

Thus A * B is only a MOD pseudo one sided zero divisors.

However B = A # {(0, 0)}. Hence G; has left MOD pseudo

zero divisors which are not right MOD pseudo zero divisors and
vice versa.

But if A = {(8, 0), (0, 8), (8, 8)} € G; then A * A = {(0,
0)}, thus A is a nilpotent element of order two.

B = {(0, 8), (8, 8)} is also a nilpotent element of order two
in G, .

Example 3.27: Let G, = {Collection of all subsets from the

MOD plane R,(17), *, (2, 10.5)} be the interval MOD subset
groupoid of infinite order.

Clearly G, is non commutative and is of infinite order.
Finding units, MOD pseudo zero divisors and idempotents in
G, , happens to be a very difficult task.

Example 3.28: Let G, = {Collection of al subsets from the

MOD plane R,(20), *, (10.5, 10.5)} be the MOD subset interval
groupoid.
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Clearly G, is commutative but is associative and is of
infinite order.

Let A={(0.31,5)},B={(2,0.7)} and C = {(2.5, 8)} € G,

(A*B)xC = [{(0.31,5)*(2,0.7)}] * {(2.5, 8))

= {(031%2,5%0.7)} * {(2.5,8))

= {(4.255,19.85)} * {(2.5, 8))

= {(4.255%2.5,19.85 = 8)}

= {(10.9275, 12.425)} I
Consider

AxB=*C)= {(031,5)}*({(2,0.7)} * {(2.5,8)})
= {(031,5)} * {(2%2.5,0.7 % 8)}
= {(0.31,5)} * {(7.25, 11.35)}
= {(0.31%7.25,5%11.35)}

= {(19.38,11.675)} II

Clearly I and II are not equal so G, is a non associative
interval MOD groupoid.

THEOREM 3.8: The MOD subset interval groupoid G, is never
commutative.

Proof: By the very definition of G;; G, = {Collection of all

subsets from the MOD plane R, (m), *, (t, u) where t € [0, m) \
Znand u € Z,,} be the MOD subset interval groupoid.
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So (t, u) = (u, t) is impossible in G; .
Hence G, is never commutative.

Next MOD subset groupoids using the MOD finite complex
modulo integer plane C,(m) = {a + big a, b € [0, m);
iZ=m — 1} is studied. There will be two types in the first type

we will use (t, u) to be in Z, and in the second type t, u €
C,(m).

All these are illustrated by some examples.

Example 3.29: Let G = {Collection of all subsets of from the
MOD complex modulo integer plane C,(9); if: =38, (3, 4), *} be
the simple MOD complex modulo integer interval groupoid.

Clearly IGl = oo.

For x = {8 + 6.7ir} and y = {(4.2 + 0.7ip)} € G;

X*y 3(8+6.7ip) +4 (4.2 4+ 0.7ip)

24 +20.1ip + 16.8 + 2.8iF

{4.8 +4.9i} € G.
This is the way * operation is performed on G.

Consider x = {3 + 0.5i, 0.8ig, 4} and
y ={7ip, 8, 3.6 +ig} € G;

X*y {3 + 0.5iF, 0.8i, 4} * {7iF, 8, 3.6 + ip}

3 {3 + 0.5ig, 0.8ir, 4} + 4 {7ig, 8, 3.6 + ig)

{0 + 1.5ig, 2.4ig, 3} + {ir, 5, 0.4 + i)
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= {2.5ig, 3.4i, 3 +ip, 5 + 1.5if, 5 + 2.4if, 8§,
0.4 + 5.5ig, 0.4 + 6.4ig, 3.4 + 4ir} € G.

It is easily verified * is a non commutative and non
associative operation on G.

Example 3.30: Let G = {Collection of all subsets from the MOD
complex modulo integer plane C, (15), *, (4, 11)} be the simple
complex modulo integer MOD interval groupoid.

Let S = {4 + 2ig, ir, 3.1} and S, = {8 + ig, 7ir, 0.31} € G.
S;#Sy = {4+ 2 i 3.1} * {8 +ig, Tir, 0.31)

= {4+ 2ip* 8 + ip, ipg* 8 + ip, 3.1 % 8 + i, 4 + 2ip¥
Tig, g Tig, 3.1 % Tig, 4 + 2ip* 0.31, ig* 0.31,
3.1%0.31)

= {14 + 4ig, 13, 10.4 + 11ig, 1 + 10iE, 6ig,
12.4 + 2 ig, 4.41 + 8ig, 3.41 + 4ig, 12.4 + 3.41ig}
e G.

This is the way * operation is performed on G. It is easily
verified * on G both non commutative and non associative.

Example 3.31: Let G = {Collection of all subsets from the
complex modulo integer MOD plane C,(11), *, (9, 2)} be the
MOD complex modulo integer interval groupoid.
G is non commutative and is of infinite order.
Letx={(0.8,1)} e G

X * X

{(0.8, 1)} = {(0.8, 1)}

{(0.8%0.8, 1% 1)}

[(0.8x9+2%0.8,1%9,2%1))
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{(7.2+1.6,9+2)}

{(8.8,0)}.
Clearly 0.8 X9 + 0.8 x 2

72+1.6

8.8=0.

H

0.8(9+2)(mod 11)

0.8 -0 (mod 11)
= 0.

Letx={(3,2)} € G

X * X

{3,2)} *{(3,2)}

{(3%3,2%2)}

{B3%x9+3%x2,2x9+2x2)}

{(0,0)}.

Thus G has only finite number of pseudo nilpotent
elements.

All subsets P = {(a, b)} € G where a, b € C (Z;) are such
that P * P = {(0, 0)}.

Clearly if x = {(a, b)} where a,b e C,(11)\ C(Z,y);
x*x # {(0,0)}.

Letx = {8.1,07)}e G
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X * X

{(8.1,0.7)} = {(8.1,0.7)}

{(8.1%8.1,0.7*0.7)}

{(72.9+16.2,0.7x9 +0.7x2)}

{(I.1,7.7)} # {(0, 0)}.
In view of this we have the following theorem.

THEOREM 3.9: Let G = {Collection of all subsets from the
complex MOD plane C,(m), * (t, u)} be the subset interval
complex modulo integer MOD groupoid.

x = {(a, b)}; a, b € C(Z,) is such that x *x = {(0, 0)} if and
only if t + u = 0 (mod m), that is x is a MOD pseudo nilpotent
subset of G of order two.

Proof: Letx ={(a,b)}; a,be C(Zy);

X * X

{(a,b)} * {(a, b)}

= f{(a*a,bxb)}

{(0, 0)} if and only if
ta + ua= 0 mod m and tb + ub = 0 (mod m).

Thatis a (t + u) = 0 mod m
b(t+u)=0modmasa,be C(Zy).

If t + u=0 (mod m) then a = b = 0 which is trivial if a # 0
and b # O then it forces t + u = 0 (mod m). Hence the claim.

Corollary 3.1: Let G = {Collection of all subsets from the
complex modulo integer MOD plane C,(m), *, (t, u)} be the
subset complex modulo integer groupoid.
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y = {(a, b)} where a, b € C, (m\ C(Z,) even for
t + u = (mod m) are not MOD pseudo nilpotent elements of order
two.

Proof: Since if a, b € C,(m) \ C (Z,,); in y ={(a, b)} are such
that

a*a = tat+uaz0
# (t+uwa=0
bxb = tb+ub#(t+u)b

where a, b € C,(m) \ C(Z,,).

In view of this property we face certain odd situations in
case of this type of subset MOD groupoids.

Example 3.32: Let G = {Collection of all subsets from the
complex modulo integer MOD plane C,(6), *, (4, 2)} be the
subset complex modulo integer MOD groupoid.

Letx={(4.3,25}e G

xEx = {(4.3,25)) % {(43,2.5))
= [(43%43,25%25))
= {(172+8.6,10.0 +5)}
= {(7.8,3)} #{(0,0)}

but4+2 = 0 (mod6).

Considery = {(2.5,a)} € G.
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Suppose
yxy = {25 a)}*{(25,a)}
= {(25%25,a%a))
= {(10+5,a%*a))
£ {(0,0)} for any a e Cy(6).
Letz = {(a,a)}eG,

zxz = {(a,a)}*{(a a)}

= {(a*aaxa)

= {(4a+2a,4a+2a)}

=z {(0,0)}ifae C(Z).
Leta=3.5

a*a= 35x4+35x%x2

= 140+7.0

= 21 (mod 6)

= 3 (mod 6)

#z 0.

Thus 4a+2a# 0 (mod 6)ifae C ([0,m))\C (Z,) m=6.

Lety = {(0.02,0.212)} € G;

{(0.02,0.212)} = {(0.02, 0.212)}

y*y

{(0.02 % 0.02,0.212 * 0.212)}
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Example 3.33:

{(0.08 + 0.04, 0.848 + 0.424)}

{(0.12, 1.372)}

H

{(0,0)}.

Let G = {Collection of all subsets from the

complex modulo integer C, (9), *, (6, 4)} be the subset complex
MOD interval groupoid.

Letx =

X * X

{3,2)}e G

{3,2)} *{(3,2)}

{3%3,2%2)}

{B3x6+3%x4,2xX6+2x4)}

{3,2)}=xeG.

Thus x is an idempotent of G.

G has finite number of idempotents.

Example 3.34:

Let G = {Collection of all subsets from the

complex modulo integer MOD plane C,(18), *, (10, 9)} be the
subset interval complex modulo integer MOD groupoid.

Letx =

X * X

{(0.1,0.12)} € G;

{(0.1,0.12)} = {(0.1,0.12)}

{(0.1%0.1,0.12 % 0.12)}

{(1+0.9, 1.2 +10.8)}

{(1.9,12)} #x.
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Lety={(3,2)}e G

y*y {3.2)} *{(3.,2)}

= {(3%3,2%2)}

= {(B0+27,20+18)}

= {(57 (mod 18), 38 (mod 18))}

= {B. 2} =y.
Thus y is an idempotent of the groupoid.
Example 3.35: Let G = {Collection of subsets from the complex
modulo integer C,(13), *, (8, 6)} be the MOD subset complex
modulo integer groupoid.

LetP={(7,49)}e G

PP

{(7,4)} = {(7,4)}

(77,45 4))

{(Tx8+7x%x6,4x8+4%6)}

{(7,4)} =P.

Thus P is an idempotent of G. However Z;; has no
idempotents.

In view of all these we have the following theorem.

THEOREM 3.10: Let G = {Collection of all subsets from the
MOD complex modulo integer plane C.(m); * (t, u)} be the
complex modulo finite integer MOD subset groupoid. Singleton
subsets of the form A = {(r, s)} when r, s € C(Z,) are
idempotents of G if and only if t, u € Z,\ {0}; witht + u = 1
(mod m).
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Proof: Let P = {(r, s)} (s, r € C (Z,,)) be the subset of G.

PxP {(r, )} * {(r,s)}

{(tr + ur, ts + us) }

{((t+w)r, (t +u)s)}.

Now (t + wr =r if and only if t+ u=1 (mod m) likewise
(t + u)s = s if and only if t + u = 1 (mod m). Thus P is an
idempotent of G.

Hence the claim.

Example 3.36: Let G = {Collection of all subsets from the MOD
complex modulo integer plane C,(15), *, (9, 7)} be the subset
MOD complex modulo integer groupoid.

Let A = {(8 + 4ip)} € G.

A*A

{8 +4ip)} * {(8 +4ip)}

{(8 + 4ip* 8 + 4ip)}

{(8 +4ip)}

A.

Thus G has idempotents. Most of the idempotents in G are
of the form A = {(z, x)} where z, x € C,(15).

However idempotents of Z;s may not in general be
idempotents of G.

Now having seen the condition for the existence of
idempotents, units and MOD pseudo zero divisors we proceed
onto study the corresponding Smarandache structures.
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Thus elements of C,(m) can be denoted by (a, b) where
(a, b) = a + big. As per convenience we can denote an element in
C,(m) in any of the two ways.

However it is left as an open conjecture to find for any
P={x+yid x, y € Cy(m) \ C(Z,)} to be idempotents; or for
that matter any subset collection in C,(m) to be idempotent or
S-idempotent or unit or S-unit or MOD pseudo zero divisor or
S-MOD pseudo zero divisor. Such study is left open for
researchers.

Next the study of groupoids in MOD neutrosophic planes is
carried out in chapter IV of this book.

However a few problems are suggested for the interested
reader.

Problems

1. Obtain any special and interesting feature enjoyed by subset
groupoid of the real MOD plane R,(m).

2. Let G = {Collection of all subsets from R,(10), *, (8, 7)} be
the subset real MOD groupoid.

i. Prove G is of infinite order.

ii. Prove G is non commutative.

iii. Can G have MOD pseudo zero divisors?

iv. Does G have MOD pseudo zero divisors which are not
S-zero divisors?

v. Does G contain units?

vi. Can G have S-idempotents?

vii. Can G have subsets of cardinality greater than two to be
zero divisors?

viii.If A = {(a, b), (c, d), (e, f)} (where a, b, c, d, e, fe
R,(10)) € G.

Can for any set of distinct values of a, b, c, ..., f be an
idempotent?
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ix. What are the conditions on R,(10) to have S-units,
S-zero divisors and S-idempotents.

3. Let M = {Collection of all subsets from R,(17), *, (10, 8)}
be the subset MOD real groupoid.

Study questions i to ix of problem 2 for this M.

4. Let N = {Collection of all subsets from real MOD planes
R, (24), %, (10.5, 7)} be the subset MOD real groupoid.

Study questions i to ix of problem 2 for this N.

5. Let T = {Collection of all subsets from the real MOD plane
R,(12), *, (4, 0)} be the subset MOD real groupoid.

Study questions i to ix of problem 2 for this T.

6. Let M = {Collection of all subsets from the real MOD plane
R.(23), *, (0.331, 8.1105)} be the MOD real subset
groupoid.

Study questions i to ix of problem 2 for this M.

7. Let P = {Collection of all subsets from the real MOD plane
R, (24), *, (0.99235, 0)} be the real MOD subset groupoid.

Study questions i to ix of problem 2 for this P.

8. Let B = {Collection of all subsets from the real MOD plane
R,(18), *, (10, 9)} be the real MOD subset groupoid.

i. Can B have ideals of finite order?
ii. Prove B has subgroupoids of finite order.
iii. Can B have right ideals?
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11.

12.

13.

14.
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iv. Can left ideal of B be of finite order?

v. Can B have S-ideals?

vi. Can B have S-subgroupoids which are not S-ideals?
vii. How many subgroupoids are there in B of finite order?
viii.Can finite subgroupoids of B be a S-subgroupoid?

Let V = {Collection of all subsets from the real MOD plane
R,(29), *, (10, 2)} be the subset real MOD groupoid.

Study question i to viii of problem 8 for this V.

Let W = {Collection of all subsets from the real MOD plane
R,(12), *, (6, 6)} be the subset real MOD groupoid.

Study questions i to viii of problem 8 for this W.

Let S = {Collection of all subsets from the real MOD plane
R,(15), %, (12, 0)} be the subset real MOD groupoid.

Study questions i to viii of problem 8 for this S.

Let T = {Collection of all subsets from the real MOD plane
R,(6), *, (3, 0.243)} be the subset real MOD groupoid.

Study questions i to viii of problem 8 for this T.

Let N = {Collection of all subsets from the real MOD plane
R.(17), *, (10.333, 0.751)} be the subset real MOD
groupoid.

Study questions i to viii of problem 8 for this N.

Let A = {Collection of all subsets from the real MOD plane
R, (24), *, (0.11152, 0)} be the real subset MOD groupoid.

Study questions i to viii of problem 8 for this A.
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15.

16.

17.

18.

19.

Let D = {Collection of all subsets from the complex modulo
integer MOD plane, C,(20), *, (10, 2)} be the subset
complex modulo integer MOD groupoid.

Study questions i to viii of problem 8 for this D.

Let E = {Collection of all subsets from the MOD complex
modulo integer plane C,(23), *, (10 + S5ig, 2 + 0.007ig)} be
the subset complex modulo integer MOD groupoid.

Study questions i to viii of problem 8 for this E.

Let F = {Collection of all subsets from the MOD complex
modulo integer plane C,(10), *, (5i, 6ig)} be the subset
MOD complex modulo integer groupoid.

Study questions i to viii of problem 8 for this F.

Let G = {Collection of all subsets from the MOD complex
plane C,(24), *, (2 + i, 9)} be the subset MOD complex
modulo integer groupoid.

Study questions i to viii of problem 8 for this G.

Let H = {Collection of all subsets from the complex modulo
integer MOD plane C,(124), *, (0, 100 + 20ig)} be the subset
MOD complex modulo integer groupoid.

Study questions i to viii of problem 8 for this H.
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21.

22.

23.

24.
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Let I = {Collection of all subsets from the complex modulo
integer MOD plane C,(101), *, (10 + 0.71ig, 0.332)} be the
subset MOD complex modulo integer plane groupoid.

Study questions i to viii of problem 8 for this I.

Let J = {Collection of all subsets from the complex modulo
integer MOD plane C,(43), (0.331 + 0.2ig, 0.115ig)} be the
subset MOD complex modulo integer plane groupoid.

Study questions i to viii of problem 8 for this J.

Let K = {Collection of all subsets from the complex modulo
integer MOD plane C,(15), *, (5, 12)} be the subset MOD
complex modulo integer groupoid.

Study questions i to ix of problem 2 for this K.

Let L = {Collection of all subsets from the complex modulo
integer MOD plane C,(11), *, (10ig, 2)} be the subset MOD
complex modulo integer groupoid.

Study questions i to ix of problem 2 for this L.
Let X = {Collection of all subsets from the complex modulo
integer MOD plane C,(12), *, (0.331, 10.32)} be the subset

MOD complex modulo integer plane groupoid.

Study questions i to ix of problem 2 for this X.
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25.

26.

27.

Let Y ={Collection of all subsets from the MOD complex
modulo integer plane C,(115), *, (5 + 4ig, 105 + 79ig)} be
the subset MOD complex modulo integer plane groupoid.

Study questions i to ix of problem 2 for this Y.

Let Z = {Collection of all subsets from the complex modulo
integer MOD plane C,(11), *, (9 + 4.3i, 6.33ig)} be the
subset complex modulo integer MOD groupoid.

Study questions i to ix of problem 2 for this Z.

Obtain any other special features associated with the subset
MOD complex modulo integer place groupoids.



Chapter Four

SUBSET MOD GROUPOIDS USING
R',(m), R,(m)g, R,(m)h AND R,(m)k

In this chapter we study subset MOD groupoids built using
R! (m) where R} (m) = {a+bl|a, be [0, m); P =1, is an
indeterminate} is the MOD neutrosophic plane, R,(m)g = {a + bg
| a, b € [0, m); g2 = 0} is the MOD dual number plane, R, (m)h =
{a + bh | h>*=h,a, be [0, m)} is the MOD special dual like
number plane and R, (m) k = {a + bk | a, b € [0, m), K =
(m — 1)k} is the MOD quasi special dual number plane. Thus we
have six types of MOD plane and already the study of MOD real
plane and MOD complex modulo integer planes are already
introduced in chapter two and three.

Further groupoids and subset groupoids were built using the
MOD real plane R,;(m) and C,(m) the MOD complex modulo
integer groupoids.

Now we first study of MOD neutrosophic groupoids and
MOD neutrosophic subset groupoids in the following.
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Example 4.1: Let P = {R! (24); *, (12, 13)} be the MOD

interval neutrosophic groupoid. P has idempotents.

Example 4.2: Let R = { Rfl (13), *, (10, 3)} be the MOD interval

neutrosophic groupoid. R has MOD pseudo nilpotents of order
two.

Example 4.3: Let R = { Rf] (6), *, (2, 31)} be the MOD interval
neutrosophic groupoid.

Letx = {0.3L 4+ 1,2 +4I} € R
x#x = {[03L4+L41+2) % {03L4+140+2)

= {031*03L03I*4+1,03141+2,4+1*
03L4+1*4+1,4+1%41+2,41+ 2 *0.31,
A+2+*4+141+2 %41+ 2}

= {1.51,3.61,0.61,2 + 291, 4 + 41,2 + 21,
291+4,4+51,4I+2}e R.

This is the way product is performed on R.

Example 4.4: Let R = {Ri1 (7, =, (6 + 31, 0.2 + 0.31)} be the
MOD neutrosophic interval decimal groupoid.

Example 4.5: Let T = {R! (20), *, (31 + 9.81, 0)} be the MOD

neutrosophic groupoid.

THEOREM 4.1: Let G = { R (m), % (t, u); t, u € Z,,} be the MOD

neutrosophic groupoid. G has non trivial idempotents if and
onlyift + u =1 (mod m).

Proof: Consider A= {p+ql},pandqe Z,inG.
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2>
*
>
1l

{p+ql} *{p+ql}
= {p+ql*p+ql}
= {t(p+gD+u(p+qh}
= {t+wp+(t+u)ql}
= {p+ql}

if and only if t + u= 1 (mod m).

Hence the claim.

Corollary 4.1: Let G = {Rfl (m), *, (t,u);t,ue{a+bl|a,b

€Zy}} be the MOD neutrosophic groupoid such that t + u =1

(mod m). Then A = {p+ql|p, qe Z,} are not idempotents of
G.

Proof: Consider

AxA {p+ql} *{p+ql}

{+sD(p+qgh+@+b) x(p+qgD}

(r+a=1(mod m) and b + s = 1 (mod m))

{rp + spI + rql + sql + ap + blp + aql + bql}

r+a)p+(sp+rq+sq+bp+aq+bp)l

t+a)p+{(b+s)p+(@a+r)q+sq+bp}l

r+Dp+(P+q+sq+bp) 1
= p+dl

asq#p+q+sq+bp.
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Hence the claim.

However this situation is represented by the following
example.

Example 4.6: Let S = {R! (10), * , (81, 2I)} be the MOD
neutrosophic groupoid.

LetA={5+8I}e S

AxA

{5 +8I} * {5+ 8I}

= {5+8I*5+8I}

= {40I+ 641+ 10I + 161}
= {0} is a zero divisor.

However if we take another illustration which has
idempotents and not MOD pseudo nilpotents.

Example 4.7: Let G = {R] (12), *, (81, 4I)} be the MOD

neutrosophic groupoid.

Let A={3+ 10I} € G;

AxA {3+ 101} * {3 + 101}

{241 + 801 + 121 + 401}

{0}.

This is again a MOD pseudo zero divisor.

Example 4.8: Let S = {Ri1 (13), =, (81, 6I)} be the MOD
neutrosophic groupoid.
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Let A={5+3I} € S.

AxA {5+ 31} * {5+ 31}

(81} #A.

But 81 + 61 =1 (mod 13).

Example 4.9: Let B = { R} (12), *, (1 + 10L, 2I)} be the MOD

neutrosophic groupoid.
LetA={3+4I} € S

AxA

{3 +41} = {3 +4I}

{3 +41 %3 + 41}
= {3+ 41+ 301 + 401 + 6 + 81}
= {3+41)

= A s an idempotent of S.

LetB

{2+8I} € S

B*B = ({2+8I}* {2+ 81}
= {2+8[%2+8I}
= {2+ 8I+20I+80I+4I+16I}
= {2+8I}=B.

Thus B is also an idempotent of S.
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Example 4.10: Let T = { R} (7), *, (3 + 41, 5 + 31)} be the MOD

neutrosophic groupoid.
Letx={5+61} T
x*x = {5+46I}*{5+6l}
= {5+6Ix3+4I+5+6Ix5+3I}

= {15+ 181+ 201+ 241+ 25+ 30I +
151 + 18I}

= {5+ 6I} =xis an idempotent of T.

Example 4.11: Let M = {Rf1 (16), *, (10 + 71, 7 + 9I)} be the
MOD groupoid.

LetA={6+12[} e M

AxA {6+ 121} * {6 + 121}

= {6+ 121%6+ 121}

= {60+ 1201 + 421 + 841 + 42 + 541
+ 841 + 1081}

= {6+ 12]} =A.
Thus A is an idempotent in M.

In view of all these we have the following theorem.

THEOREM 4.2: G = {R! (m), % (a + bl, ¢ + dI)} has MOD

neutrosophic  idempotent elements if and only if
a+c=1(modm)andb + d =0 (mod m).
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Proof: Let A = {x + yI} where X, y € (Z,, U I); be an element
of G.

>
*
>
1l

{x+yI} * {x + yI}
= {x+yl*x+yl}
= {(@+b) x+yD++yD (c+dD)}

= {(ax + bxI + ayl + byl + xc + ycI
+ xdI + ydI)}

= {@+o)x+b+d)yl+(a+c)yl
+ (b + d) xI}

= {x+yl}=A
ifand onlyifa+c=1and b + d =0 (mod m).
Thus A is an idempotent of G.

It is important to note that if x, y € ({0, m) U I) \(Z, U I)
then A will not be an idempotent in general.

This will be illustrated by the following example.

Example 4.12: Let G = {R} (11), *, (5 + 3L, 7 + 81)} be the
MOD neutrosophic groupoid.

Letx =0.31+0.16I € G.

(0.31 +0.16D)* (0.31 + 0.161)

X * X

(0.31 +0.16Dx (5 + 31) + (0.31 + 0.16I)
(7 + 8D
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= (1.55+08I+0931+0481+2.17 +
1.121 + 1.281 + 2.481)

= (1.55+8.54])
X

Thus x is not an idempotent of G.

Considery=8 +4l € G.

8+4I* 8 +41

y*y
= 8+4Ix5+31+8+4Ix7+8I
= 40+ 200+ 241+ 121+ 56 + 281 + 641 + 321

= 8+4I

Thus y is an idempotent in G. Further 5 + 31 + 7 + 81 =1
(mod 11).

It is seen that in general x =a + bl with a, b € ([0, 11) U D)\
(Z1, U T are not idempotents of G.

Next we study pseudo nilpotents in these MOD neutrosophic
groupoids.

Example 4.13: Let G = {Rf1 (15), *, (8 + 51, 7 + 10I)} be the
MOD neutrosophic groupoid.

Considerx=6+91e G

6+9I*6+091

X * X

6+9Ix8+5I+6+9Ix7+ 101
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48 + 721 + 301 + 451+ 42 +
631 + 601 + 901

0+ OL

Thus x is a MOD pseudo nilpotent element of order two in G.
Consider v=0.32+4.11 € G;
vikv = 032+4.101%0.32+4.11

= 032+41Ix8+51+0.32+4.1Ix
7+ 101

= 2.56+32.81+1.60I +20.51+2.24
+ 2.871+3.21 + 411

= 48+11.971=0.

Thus v is not a MOD pseudo nilpotent element of G of order
two.

Example 4.14: Let G = {Ri1 (20), *, (101, 10)} be the MOD
neutrosophic groupoid.

Letx=3+8l € G,

x*x = 3+8[*3+8I=10Ix3+8[+10Ix3 +8I
= 30I+ 80I + 301 + 801
= 0.

Thus x is a MOD pseudo nilpotent element of order two.

Lety = 62+451eG
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yxy = 62+451%62+45]
= 10IX6.2+4.51+ 101X 6.2 + 4.5
= 621+ 451+ 621 + 451
= 141#0.

Thus y is not a MOD pseudo nilpotent element of order.

Example 4.15: Let G = {R! (16), *, (101 + 2, 61 + 15)} be the
MOD neutrosophic groupoid.

Letx=8I+13€ G
x*x = 8I+13*8I+13
= 8I+13x10I+2+8[+13x6I+ 15

= 80I+ 1301+ 161 + 26 + 481 +
781 + 1201 + 195

= 13+8I=x.
Thus x is an idempotent element of G.

Next we study the subset MOD neutrosophic groupoids and
subset MOD neutrosophic decimal interval groupoids.

Example 4.16: Let G = {Collection of all subsets from Rfl 9),
*, (4, 8)} be the subset MOD neutrosophic interval groupoid.

Letx = {3+2L, 41, 6,2+ 8} andy = {21, 6} € G.
x*y = {3+21,416,2+8I} * (2], 6}

= {3 +2I=*2],41=*2l, 6 *2I, 2+ 8] * 2],
3+2[%6,41%6,6%6,2+ 816}
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= {12+ 81+ 16l 161+ 161, 24 + 161, 8 + 321 +
161, 12 + 81 + 48, 161 + 48, 24 + 48, 8 + 321 +
48}

= {3+6L5L6+7,8+3,4+8,71+3,0,2+
5I}.

This is the way the operation is performed on G.

Example 4.17: Let G = {Collection of all subsets from the MOD
neutrosophic plane Rfl (15), *, (10I + 4, 51 + 12)} be the MOD

neutrosophic subset interval groupoid.
A={8I+11} e G.

AxA

{8+ 11} = {8I+11}
= {10I+4x8I+11+51+12x8[+11}

= {80L+ 321+ 1101 + 44 + 401 + 961 +
551+ 132}

= {11 +8I} =A.
Thus A is an idempotent of G.
LetB={031+84}e G

B*B

[0.31 + 8.4} * {0.31 + 8.4)
= 030+8.4% 101 +4 +031+ 8.4 x 51 + 12

= 31+ 121+841+33.6+1.51+ 121+
3.61 + 100.8

= 0.1I+4.8«B.

Thus B is not an idempotent of G.
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In view of this we have the following theorem.

THEOREM 4.3: Let G = {Collection of all subsets from the MOD
neutrosophic plane R,f (m), (a + bl, ¢ + dI), #} be the subset
interval MOD neutrosophic groupoid.

A={x+yl[/xy e Z,) € Gis aidempotent if and only if
a+c=1(modm)andb + d =0 (mod m).

Proof: Let A= {x +yl|x,ye Z,} € G be a subset of G.

AxA

{x+yI} * {x + yI}
= {x+yl*xx+yl}
= {x+yD@+bD+xX+ylxc+dD)}

= {xa+yal + xbl + ybl + xc + ylc +
dIx + ydI}

= {x@+o)+{xI(b+d)+yl(a+c)+
yl(b+d)}}

= {x+yl}ifandonlyifa+c=1 and
b+d=0.

Hence the theorem.

Example 4.18: Let G = {Collection of all subsets from the MOD
neutrosophic plane Rf] (24), *, (10 + 141, 14 + 10I)} be the

subset MOD neutrosophic interval groupoid.
LetP={8 + 10} G.

PP

{8 + 101} * {8 + 101} = {8 + 10 * 101 + 8}

{8 +10Ix 10+ 141+ 8 + 10I x 14 + 101}
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{80 + 100I + 1121+ 1401 + 1401 + 112 +
100I + 801}

{0 +0I} = {0}.

Thus P is a MOD pseudo nilpotent element of order two.
LetB={103+1.1I} e G
B*B = {10.3+ .11} *{10.3 + 1.11}

= {10+14Ix 103 +1.11+ 14 + 10I x 10.3
+ 1.1}

= 103+ 14421+ 111+ 1541+ 1031+ 111
+ 1541+ 1442

= {72+ 121} #B.
That is B is not MOD pseudo nilpotent.
In view of this we have to make a note of the fact if
A = {x + ylI} where x, y €([0, 24) U I) \ (24 U I); then A is not
a MOD pseudo nilpotent element of G.

Take L={103+6l} e G

L*L

{10.3 + 61} * {10.3 + 61}
= {103 +6I%10.3 +6I}

= {103 +6Ix10+14I+10.3 +
6l x 14 + 101}

= {103 + 601 + 841 + 144.21 + 1031
+ 601+ 841 + 144.2}

= {1520+7.2} % {0)}.
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So L is not a MOD pseudo nilpotent element of G.
In view of this we have the following theorem.

THEOREM 4.4: Let G = {Collection of all subset from the MOD
neutrosophic plane R!(m), # (a + bl, ¢ + dl)} be the subset
MOD neutrosophic interval groupoid.

A ={x+yl/x ye, 1)} eGisaMOD pseudo nilpotent
element of order two if and only if a + ¢ =0 (mod m) and b + d
=0 (mod m).

Proof: Let A = {x+yl} (x,ye Z,uD)e G

AxA ={x+yl}* {x+yl}

={x+yl*x+yl}
={a+blxx+yl+c+dlxx+yl}
= {ax + bxI + yal + byl + cx + dxI + ycI + dyl}
={(@+co)x+(b+dxIl+ (b+d)yl+ (a+c)yl}
= {0}

if and only if a + ¢ =0 (mod m) and b + d = 0 (mod n).

Hence the theorem.

It is left as an open conjecture to find MOD pseudo
nilpotents as well idempotents in G apart from the one’s

mentioned in this theorem.

However if the (t, u) of the groupoid is from ([0, m) U I) \
(Z, L T) the situation is entirely different.
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Consider the following subset decimal interval groupoids.

Example 4.19: Let G = {Collection of all subsets from the MOD
neutrosophic plane Rfl (12), *, (0.8, 10.4I)} be the subset MOD

neutrosophic interval decimal groupoid.
LetA={5+71} € G.
AxA = {5+TI}*{5+7I}
= {5+7I*5+7I}
= {5+7Ix0.8+5+7Ix104I}
= {4+5.61+521+ 7281}
= {4+1041}.

This is the way operations are performed on G. G is non
commutative non associative infinite order subset groupoid.

It is infact a difficult problem to find subsets in G which are
idempotents or MOD pseudo nilpotents of order two.

Example 4.20: Let G = {Collection of all subsets from the MOD
neutrosophic plane Rf}(lO), *, (5, 0.3I)} be the subset MOD

neutrosophic interval decimal groupoid.
LetA={3+2[,4+02[} and B={7+1,03+4I} € G.

A*B (3+2L4+021}) # {7+1 0.3 + 41}

= {3+2[*7+1,4+02[*7+1,3+2[=*
0.3 +41,4+0.21 0.3 + 41}

= {5x3+4+2[+03I(7+1),5x4+0.21+
03Ix7+1,5x3+21+0.3I1x0.3+4I 5x%
4+0.20+0.31x0.3 + 41}
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= {5+211+03L1+2.11+0.31,
5+0.091+ 1.2[, I + 0.091 + 1.21}

= {5+241,341,5+1.291,2.291} € G.
Clearly if A={3+6l} e G
A*A = {3+6l}*{3+6l}
= {3+6Ix*3+6l}
= {5x@B3+6I)+03I3+6D)}
= {5+091+ 1.8I}
= {5+271} e G

This is not an idempotent or a nilpotent element of order
two.

Example 4.21: Let G = {Collection of all subsets from the MOD
neutrosophic plane Rf} (11), *, (1.1, 0)} be the subset interval

decimal MOD neutrosophic groupoid.
Let A={5I+6} € G;

AxA {5I+6} = {SI+6}

{5I+6 *351+6}

{1.1 x5I+6+0}

{551+ 6.6} € G.

LetB={10I+10} e G
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B+*B = {10I+ 10} = {10I+ 10}
= {10I+ 10 * 10+ 101}
= {1.1x10I+ 10+ 0}
= {111+ 11}
= {0}.
Thus B is a MOD pseudo nilpotent element of order two.
Hence we have MOD pseudo nilpotents of order two.
LetC={10I} € G

CxC {101} = {101}

{101 * 101}

{1.1 x 101 + 0}

= {0}
Thus C is a MOD pseudo nilpotent element of order two.
Let D ={10} € G;

D *D

{10} = {10}

{10 * 10}

{1.1x 10 + 0}

= {0}

is again a MOD pseudo nilpotent element of order two in G.
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Next we proceed on to describe groupoid built using MOD

dual number plane.

DEFINITION 4.1: Let G = {R,(m)g | & = 0} be the MOD dual
number plane. Define a operation *on G as follows:

H = {R,(m)g, #(t, u); t, u € R,(m)g} is defined as the MOD
dual number integer groupoid.

This is described by the following examples.

Example 4.22: Let H = {R,(10)g; *, (9g, 1g + 1)} be the MOD
dual number groupoid.

A=8+8ge H;

AxA

8+ 8g * 8+ 8g
= 9g(8+8g)+(lg+1)(8+8g

= T72g+8g+0+8+8g

= 8+8g=A.
x=7g+2e H
X ¥ X = 7g+2*7g+2

= 9g(Tg+2)+(1g+1)(Tg+2)

= 18g+2g+7g+?2

= Tg+2=x.
Example 4.23: Let G = {R,(20)g, *, (10, 11)} be the MOD dual
number groupoid.

Letx=10.5g+2 € G,



X * X
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(2+10.5g) * (2 +10.5g)
10 (2 +10.5g) + 11 (2 + 10.5g)
Sg+2+15.5¢g

0.5g + 2.

a=2+3gandb=8g+10€ G

a*b

2+3g*8g+ 10
10(2+3g)+ 11 (8g+ 10)

18g+ 10 € G.

Example 4.24: Let S = {R,(14)g | g2 =0, (1.5g, 0), *} be the
MOD dual number groupoid.

Letx=8+10.1ge S

X *X

8+ 10.1g* 8+ 10.1g
1.5g (8 +10.1g)

12g e S.

Letx=02+3gandy=9+0.5g€ S;

Xy

y*X

0.2+3g%9+0.5g
1.5g(0.2+3g)+0
0.3g I
9+0.5g%0.2 +3g

1.5g(9+0.5g) +0
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= 13.5¢g . II

Clearly x * y #y * X thus S is non commutative groupoid.

Example 4.25: Let G = {R,(7)g, *, (3.5, 0)} be the MOD dual
number groupoid.

Letx=2+2ge G;

X *X

2+2g%2+2¢g

352+22)+0
= 0.
X is a MOD pseudo nilpotent element of order two.
Letx=4+2ge G

X *X

4+2g%4+2g

35%x (4 +2g)

=0
is again a MOD pseudo nilpotent element of order two.
Example 4.26: Let

G = {R.21)g; g2 =0, (10 + 5g, 16g + 12), *} be the MOD dual
number groupoid.

x=11g+3 € G;

X * X

(11g+3) * (11g + 3)

(11g +3)x 10 + 5g + (16g + 12)
(11g +3)
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110g + 30 + 15g + 132g + 36 + 48g
= 3+1lg=xeG.
Thus G is an idempotent of G.

Lety=7g+10€ G;

y*y Tg+10*7g+ 10

= (10+5g)x(7g+10) + (16g+ 12)
x (7g+10)

= 70g+ 100 + 50g + 120 + 84g + 160g
= 220+ 364g
= 10+7¢g
= yeG
Thus y is an idempotent of G.
In view of this we have the following theorem.

THEOREM 4.5: Let G = {R(m)g, §° = 0 (t, u); t, u € Z,,g} be
the MOD dual number groupoid.

x=a+bg(a beZ,g)beinG.

x *x =0ifand only if t + u =0 (mod m).
Proof: Let

x=a+bge Gift=c+dgandu=e+fg

wherec,d, e, fe Z,.



130 | Non-Associative Algebraic Structures on MOD planes

X * X

= a+bg*a+bg

= t(a+bg)+u(a+bg)

= (c+dg) (a+bg)+(e+fg) (a+bg)
= ac + adg + cbg + ea + afg + beg

= a(c+e)+[a(d+DHg+b(c+e)g]

= 0+ 0gifandonlyifc+e=0and
d+f=0.

Example 4.27: Let G = {R,(25)g, *, (14 + 10g, 12 + 15g)} be
the MOD dual number groupoid.

Letx=12+5ge G;

X * X

(12 + 5g)*(12 + 5g)

(14 + 10g) X (12 + 5g) + (12 + 15g)
(12 + 5g)

168 + 120g + 70g + 144 + 60g + 180g
312 +430g

12+5g=x¢€ G.

Thus x is an idempotent of G.

Example 4.28: Let G = {R,(17)g; g2 =0,(15+5g,2+ 12g)} be
the MOD dual number groupoid.

Letx=11+6ge G,

X *X

(11 +6g) * (11 + 6g)

(15 +5g)x (11 +6g) + (2 + 12g) (11 + 6g)
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55g + 165 +90g + 22 + 12g + 132¢g

187 + 289¢

0+ 0g
= 0.
X is a zero divisor and x is MOD pseudo nilpotent of order two.

x=03g+1e G,

X *X

(03g+1)*(03g+ 1)

(15 +5g) (0.3g + 1) + (2 + 12g) (0.3g + 1)

4.5g+15+5g+2+ 12g+0.6g

= S.lg
Letx =103 € G;
x*x = 103103

(15+5g2) (10.3) + (12g + 2) (10.3)

51.5g + 154.5 +20.6 + 123.6g

175.1 +175.1g
= 5.1+5.1g.
Thus x is not an idempotent or nilpotent element of order two.

Example 4.29: Let G = {R,(16)g, g° = 0 (12 + 10g, 4 + 6g), *}
be the MOD dual number groupoid.

x=5+11ge G
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X * X

= S+11g*=(5+11g)

= S+11g)x12+10g) +(5+11g) x
4+ 6g)

= 60+ 132g + 50g + 20 + 44g + 30g
= 80+272g
= 0+0g

= 0.

Thus x is a MOD pseudo nilpotent element of order two.

Lety=7ge G,

y*y

Tg*Tg

(12+10g) 7g+ (4 + 6g) 7¢g

84g + 28¢g

112¢g

= 0.

Thus y is a MOD pseudo nilpotent element of order two.

Letp=0.7+6.5g¢ G

p*p

0.7 +6.5g * 0.7 + 6.5g

(0.7 +6.52) x (12 + 10g) + (0.7 + 6.5g)
X (4 + 6g2)

8.4 +78.0g+7g+2.8+26.0g+4.2¢g

11.2+115.2¢
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= 112+32g#0.

Thus if element are from [0, 16)g \ (Z,s U g) then they are not in
general MOD pseudo nilpotent elements of G.

Example 4.30: Let G = {R,(15)g, (10.311, 0.22g), *} be the
MOD dual number groupoid. It is difficult to find nilpotents and
idempotents in G.

In fact finding MOD pseudo zero divisors are also a difficult
task.

Example 4.31: Let G = {R,(10)g, g2 =0, * (0.12g, 0)} be the
MOD dual number groupoid.

Letx=09ge G
x*x = 09g=*0.9g
= 09gx0.12g+09gx0
= 0

thus x a MOD pseudo nilpotent element of order two.

Lety=8.5g e G;

y*y 8.5g * 8.5¢g

0.12g x 8.5g + 0 X 8.5¢

=0
is again an MOD pseudo nilpotent element of order two.

Thus G has nilpotents even if the sum of t + u# 0. This is a
special case of dual numbers.
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Example 4.32: Let G = {R,(19)g, g2 =0, *, (0.8g, 18g)} be the
MOD dual number groupoid.

All x = ag € G; where a € [0, 19) are MOD pseudo
nilpotents of order two.

THEOREM 4.6: Let G = {R,(m)g, *(ag, bg) a, b € [0, m)} be
MOD dual number groupoid. G has infinite number of MOD
pseudo nilpotent elements of order two.

Proof: All elements of the form x = dg; d € [0, m) are MOD
pseudo nilpotent of order two.

Clearly x *x = dg=*dg
= dgxag+dg=*bg
= O (as g2 =0).

The number of such x € G are infinite in number as the
cardinality of [0, m) is infinite.

Example 4.33: Let M = {R,(13)g, g2 =0 (0, 5.8g), *} be the
MOD dual number groupoid M has infinite number of MOD
pseudo nilpotent elements of order two.

In fact M has infinite number of MOD pseudo zero divisors.

Next we consider another example of MOD dual number
groupoids which has infinite number of MOD pseudo zero
divisors.

Example 4.34: Let M = {R,(19)g, g2 =0 (7g, 8,4g), *} be the
MOD dual number groupoid M has infinite number of MOD
pseudo zero divisors.
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For take x =09gandy=6.8ge M

0.9g * 6.8g

X *y

0.9g x7g + 8.4g + 68¢g

0as g”=0.

Thus B = {ag | a € [0, 19)} € M is such that x * y = 0 for
every X,y € B.

Hence M has infinite number of MOD pseudo zero divisors.
Takex=10e M

x*x = 10x7g+10x 84g

70g + 84¢g

2g #0.
In view of this we have the following theorem.

THEOREM 4.7: Let S = {R,(m)g /g2 =0, % (ag, bg)} where a, b
€ [0, m) be the MOD dual number groupoid.

S has infinite number of MOD pseudo zero divisors which
are zero divisors.

Proof: Consider the subgroupoid B = {ag | a € [0, m)}C S;
every pair distinct or otherwise is such that x * y =0.

Hence every element is nilpotent of order two and product
of every pair is zero.

Thus S has infinite number of zero divisors only in this case
2
as g =0.
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Now we give examples of subset MOD dual number
groupoids.

Example 4.35: Let S = {Collection of all subsets from the MOD
dual number plane R,(6)g; *, (4, 3)}. S is a subset MOD dual
number groupoid of infinite order.

A={(3.1,2),(4,0)} and B={(3,2)}e S;

AxB {3.1,2), 4 0)} = {(3,2)}

= {(3.1,2)*(3,2),(4,0) *(3,2)}

= {(4x31+3x3,4x2+3x2),
4x4+3%x3,0x4+3x%x2)}

= {(34,2).,3,0}€S.

This is the way product operation is performed on the subset
MOD dual number groupoid.

Letx={(2, )} e S

X * X

{2, D} = {2, D}

{22, 1%1)}

{2x4+2%x3,1x4+1x3)}

{2, D} =x.

Thus x € S is an idempotent element of S.

Consider y = {(3.2,0.8)} € S

y ¥y {(3.2,0.8)} * {(3.2,0.8)}

[(3.2%3.2,0.8 %0.8))
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{32x4+3x%x3.2,08x4+3x%x0.8)}

{(44,5.6)} #y.

Thus all those x € S\ {(a, b) | a,b € Z¢(g) =(Zs U g)} are
not in general idempotents.

Example 4.36: Let S = {Collection of all subsets from the MOD
dual number plane R,(11), %, (5, 7)} be the subset MOD dual
number groupoid.

Let A={9g+3}e S

AxA {9g + 3} * {9g + 3}

= {9g+3*9g+3}

= {50g+3)+70Og+3)}

= {45g+15+63g+21}

= {9g+ 3} = A s an idempotent.
Example 4.37: Let S = {Collection of all subsets from the MOD
dual number plane R,(12)g, *, (10g + 7, 2g + 6)} be the subset
MOD dual number groupoid.

Let A={9g+5}eS;

AxA

{9g +5} * {9g +35]}

{10g +7xX9g+5+9g+5%x2g+ 6}

{63g + 50g + 35 + 10g + 54g + 30}

{9g +5} = A.
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Thus A is an idempotent of S. In fact S has only finite
number of idempotents.
Now consider
B={103+0.5g}e S

B*B {10.3 + 0.5g} * {10.3 + 0.5¢}

= {103+0.5g% 10g+7, 10.3 +0.5¢
X 2g + 6}

= {103g+3.5g+ 72.1 +20.6g +
3g+61.8}

= {10.1g+ 1.9} #B.

So if B is a subset of S having entries as decimals then B is
not an idempotent.

In view of this we prove the following theorem.
THEOREM 4.8: Let S = {Collection of all subsets from the MOD
dual number plane R,(m)g; g° = 0, (a, b); a, b € R,(m)g} be the

subset MOD dual number interval groupoid.

A={x+yg/x yeZ,) €S areidempotents if and only if a
+ b =1 (mod m).

Proof: Let
A={x+yg|x,ye Zn} €S;

AxA {x+yg}*{x+yg}

{x+yg*x+yg}
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= {X+ygXt+ug+Xx+ygXxXx+s+vg}
where a=t+ugandb=s+vg;t,u,s,ve Z,

AxA

{xt + ygt + ugx + xs + ysg + xvg}

{xt+s)+y(t+s)g+xu+v)g}

{x+yg}

A

if and only if t + s =1 mod m and u + v = 0 (mod m) that is
a+b=1 (mod m).

Hence the theorem.

Note if A = {x + yg} with one of x or y as a decimal
AxAzA.

Consider the subset groupoids of MOD dual numbers which
has infinite number of MOD pseudo nilpotents as well as finite
number of nilpotents.

Example 4.38: Let S = {Collection of all subsets from the MOD

dual number plane R,(10)g, g* = 0, (6 + 2g, 4 + 8g)} be the
subset MOD dual number interval groupoid.

Letx={4+7g}e S

X * X

{(4+7g} = {4+7g}

{4+ 7g %4 +7Tg)

{4+7gx6+2g+4+8gx4+7g}

{24 +42g + 8g + 16 + 32g + 2¢g}

{0+0g}eS.



140 | Non-Associative Algebraic Structures on MOD planes

Thus x is a MOD pseudo nilpotent element of order two.

Considery = {0.8g+ 1.2} € S,

y*y {0.8g + 1.2} * {0.8g + 1.2}

{0.8g+ 1.2 0.8z + 1.2}

{6 +2gx08g+12+4+
8gx0.8g + 1.2}

{4.8g+7.2 +2.4g + 4.8 + 6.4g + 3.2g}

{2 +6.8g) # {0}

Thus if the subset has decimal entries certainly it will not
yield MOD pseudo zero divisors or nilpotents.

Example 4.39: Let S = {Collection of all subsets from the MOD
dual number plane R, (18)g; (5g, 13g), *} be the subset MOD
dual number interval groupoid.

Let A={10+3g}e S

AxA {10 + 3g} * {10 + 3g}

{10 + 3g * 10 + 3g)

{5gx10+3g+ 13gx 10+ 3g}

{50g + 130g}

{0}.

Thus A is a nilpotent element of order two.
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Let x ={10g} and y = {7.32g} € S.
x*y = {10g} * {7,32g}
= {10g *7.32g}
= {10gx5g+7.32g x 13¢g}
= {0}.
Thus x is a zero divisor in S.
Also x is a nilpotent element of S.

Infact S has infinite number of zero divisors and nilpotents
for this (t, s) = (5g, 13g).

In view of this we have the following theorem.

THEOREM 4.9: Let S = {Collection of all subsets from the MOD
dual number plane R,(m)g, g2 =0, (a, b); #} be the subset MOD
dual number interval groupoid.

A={x+yg/x yeZ,}) S are nilpotent elements of order
two if and only if a + b =0 (mod m).

Proof is similar to earlier cases hence left as an exercise to
the reader.

Example 4.40: Let S = {Collection of all subsets from the MOD
dual number plane R,(20) (g); g2 =0, (0.4g, 1.2g), *} be the
MOD subset dual number groupoid.

Letx={3.8g} € S;

X *X

{3.8g} * {3.8g}

{3.8¢ * 3.8¢)
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{0.4g x3.8g + 1.2g x 3.8g}

= {0}.
Thus x is a nilpotent element of S.

Lety={5+2g}eS;

y*y {5+2g}*{5+2¢g}

{5+2g %5 +2g)

{0.4gx5+2g+(5+2g) 1.2g}

{2g + 6g} = {8g} #0.

Thus y is not a nilpotent element of S.
In view of all these we have the following theorem.

THEOREM 4.10: Let S = {Collection of all subsets from the
MOD dual number plane R, (m)g; g2 =0; (ag, bg) /a, b € [0, m),
#} be the subset MOD dual number groupoid. Every subset z in B
= {Collection of all subsets form ag; a € [0, m)} < S are such
that z * z = 0 and 7 *x = 0 for every x € B.

Proof follows from the simple fact g* = 0.

We will first illustrate this situation by an example or two.
Example 4.41: Let S = {Collection of all subsets from the MOD
dual number plane R,(9)g, gz, (6.3g, 4¢g), *} be the MOD dual
number subset interval groupoid.

Let A ={0.7¢g, 2g, 2.5g, 3.7772g, 6.015g, 4g} and

B = {6g, 6.72¢g, 8.19¢g, 0.19¢g, 0.18g, 1.8g, 4.14g} € S.



Subset MOD Groupoids | 143

Clearly A * B = {0}.
Thus the set A annihilates B and vice versa.
Further A * A= {0} and B * B = {0}.

Example 4.42: Let S ={Collection of all subsets from the MOD
dual number plane R,(17)g; g* = 0 (10.222g, 0.458g), *} be the
subset MOD dual number interval groupoid.

Let M = {Collection of all subsets from B = {ag | a €
[0, 17)}} < S. Every subset in M is a zero divisor and infact a
nilpotent element of order two. Further M * M = {0}.

In view of this we define the notion of zero square
subgroupoids of a MOD subset groupoid.

DEFINITION 4.2: Let S = {Collection of all subsets from the
MOD dual number plane R,(m)g, g2 =0, *(t, u), t, u € R(m)g}
be the MOD subset dual number interval groupoid. If H is a
subgroupoid of S such that H * H = {0}, then H is defined as the
zero square subgroupoid.

It is important to keep on record that the same definition
holds good for any general groupoid G need not even be MOD.

Example 4.43: Let M = {a + bg | a, b € Zy, g = 0, #,
(4g, 10g)} be the dual number groupoid.

Let P = {ag | a € Zg} < M be the subgroupoid of M.
Clearly P * P = {0} that P is a zero square subgroupoid of M.

Example 4.44: Let M = {a + bg | a, b € R,(24)g, ¢&° = 0,
(10g, 4g), *} be the MOD dual number groupoid.

T ={ag|ae [0,24)} < M is the subgroupoid of M which is
a zero square subgroupoid as T * T = {0}.
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It is left as an open problem to find groupoids G such that G
* G = {0}. That is zero square groupoids.

Next the study of groupoids built using MOD special dual
like numbers is carried out.

Example 4.45: Let S = {R,(16)g, g2 =g, (4, 5), *} be the MOD
special dual like number groupoid.

Letx=6+8gandy=7+10ge S.
x*y = 6+8g%7+10g
= 4(6+82)+5((7+10g)
= 24+32g+35+50g
= 11+2ge S.
This is the way product is performed on S.

Example 4.46: Let S = {a + bh | h’ = h,a,be [0,6); (2+3h,1
+ 4h), *} be the MOD special dual like number groupoid.

Forx=5+2handy=1+4he Swefindx *yandy *x
x*y = (5+2h)*(1+4h)
= 542hx2+4+3h+1+4hx1+4h
= 10+4h+15h+6h+1+4h+4h+ 16h
= 5+h |
Consider
y*h = (1+4h)*5+2h

= 1+4hx2+3h+5+2hx1+4h
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2+ 8h+3h+ 12h + 5 + 2h + 20h + 8h

1+ 5h II

Clearly I and II are distinct hence S is a non commutative
MOD special dual like number groupoid.

Example 4.47: Let S = {a + bh | h’ = h, a, b e [0, 12), *, (1.1,
0.8)} be the MOD special dual like number groupoid.

Letx=7+0.5handy=0.2+4he S;

X*y (7 + 0.5h) * (0.2 + 4h)

7+05hx1.1+02+4hx0.8

7.7+ 0.35h +0.16 + 3.2h

7.86 +3.55h e S.

This is the way * operation is performed on S.
Clearly * operation on S is non associative.
Take z=0.3 € S and use x * y obtained above.
x*y)*xz = (7.86+3.55h)*0.3
= 7.86+3.55hx1.1+03x0.8
= 8.646 +3.905h + 0.24
= 8.886 +3.905h |
Consider
x*¥(y*z) = x*((0.2+4h)*0.3)

= x*(02+4hx1.1+0.3x0.8)
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= x#%(0.22+0.44h + 0.24)
= (7 +0.5h) * (0.46 + 0.44h)
= 7+05hx1.1+046+ 0.44h x0.3

= 7.7+0.55h+0.138 + 0.132h

7.838 + 0.682h I

Clearly I and II are distinct so this MOD special dual like
number groupoid is non associative.

Example 4.48: Let

S={a+bh|h’=h,a, be [0, 16), (0.5h, 6h), *} be the MOD
special dual like number groupoid.

Letx=03+62handy=7.5+15he S.

0.3+6.2h*7.5+1.5h

X*y

0.3+ 6.2h x 0.5h + 7.5 + 1.5h x 6h

0.15h + 3.10h + 45.0h + 5h

9.25h

This is the way product is found.

Example 4.49: Let S = {Collection of a + bh with a, b € [0, 13),
h* = h, *, (11, 2)} be the MOD special dual like number
groupoid.

Letx=5+3he S;

5+3h=*5+3h

X * X

5+3hx11+5+3hx%x2
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55 +33h+ 10 + 6h

= 0.
Thus x is a MOD pseudo nilpotent element of order two.
Infact A = {x + yh | X, y € Z;3, h> =h} < S is a subgroupoid
of S and every element in A is MOD pseudo nilpotent of order
two.

Leta=2+4handb=5h+10€ A,

a*b

(2 + 4h) = (Sh + 10)

2+4hx11+5h+10x2

22 +44h + 10h + 20

3+3he A

Clearly x * y# 0 in general forall x,ye Ax #y.

Example 4.50: Let
S={a+bh|h’*=h,a be [0, 10), *, (4 + 2h, 6 + 8h)} be the
MOD special dual like number groupoid.

Letx=5+3handy=2+8he S;

X #y (5 +3h) * (2 + 8h)
= 5+3hx4+2h+2+8hx6+8h

= 20+ 12h+ 10h + 6h + 12 + 64h +
48h + 16h

= 2+8h=#0.
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Consider
x*x =(5+3h)*(5+3h)
=(5+3h) x4+ 2h) + (5 +3h) X (6 + 8h)
=20+ 12h + 10h + 6h + 30 + 18h + 24h + 40h
=0.

Thus x is a nilpotent element of order two. Infact S has only
finite number of MOD pseudo nilpotent elements of order two.

In view of these examples the following theorem is true.

THEOREM 4.11: Let S = {a + bh Ja, b € [0, m), ¥ = h, %
(x, v); x, y € Z,(h)} be the MOD special dual like number
groupoid. Every A =t + uh; (t, u € Z,) in S is a MOD pseudo
nilpotent element of order two if and only if x + y =0 (mod m).

Proof: As in case of earlier results.

However it remains as an open problem to find MOD special
dual like number groupoids that has zero square subgroupoid.

Example 4.51: LetS={a+bh|a, be [0,9), h*=h, (4 +3h,6
+ 6h)} be the special MOD dual like number groupoid.

Letx=2+3he S.

2+4+3h*2+3h

X *X

= 2+3hx4+3h+2+3hx6+6h

= 8+12h+6h+9h+ 12+ 18h +
12h + 18h

= 2+3h=x
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Thus x is an idempotent of S. S has finitely many
idempotents.

Lety=03+7he S

y*y 03+7h*03+7h

0.3+7hx4+3h+0.3+7hx6+6h

1.2 +28h+0.9h + 21h + 1.8 + 42h

= 3+4+7h=y.
Example 4.52: Let S = {a+ bh|a, b e [0, 12), h*=h, (10 + 3h,
3 + 9h)} be the MOD special dual like number groupoid. S has
idempotents.
x=91+08he S
x*¥x = 9.1+0.8hx9.1+0.8h

= 9.1+0.8hx10+3h+9.1+0.8hX
3+9%h

= 91+8h+273h+2.4h+273+2.4h+
81.9h + 7.2h

= 103+9.2h=x.
X is not an idempotent.
In view of all this we have the following theorem.

THEOREM 4.12: Let S = {fa + bh [I® = h, a, b € [0, m), *(t, u);
t,u € Z,(g)} be the MOD special dual like number groupoid.

Every x = a+ bh € S a, b € Z,, is an idempotent if and only
ift+u=1(modm).
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Proof: Follows from the earlier results.

Example 4.53: Let S ={a + bh | h’=h,a,be [0, 19); *, (th, uh);
t,u € [0, m)} be the MOD special dual like number groupoid.

Letx=a+bhandy=c+dhe S;

X *y (a+ bh) * (c + dh)

(a + bh) th + (¢ + dh) uh

ath + bth + cuh + duh

eh; e € [0, m).

For instance x =5.1 +3.8handy =7+ 6.%h € §;

X*y (5.1 +3.8h) * (7 + 6.9h)

(5.1 +3.8h) th + (7 + 6.9h) uh
= kh (ke [0, m)).

Example 4.54: Let S = {a + bh | h*=h,abe [0, 10); =, (5h,
0.2h)} be the MOD special dual like number groupoid.

Letx=8+0.7handy=0.7+6h e S;
x*y = (8+0.7h) * (0.7 + 6h)
= 5h (8 +0.7h) + 0.2h (0.7 + 6h)
= 40h +3.5h+0.14h + 1.2h
= 4.84h.

Example 4.55: Let S = {a+bg|a, b e [0, 10), g2 =g, *, (6g,7
+ 2g)} be the MOD special dual like number groupoid.
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Letx=5+12gandy=04+6ge S

X*y 5+ 1.2g) *(0.4 + 6g)

5+12gx6g+04+6gx7+2¢g

30g+72g+2.8+42g+0.8g+ 12¢
= 6.8g+28.
This is the way operation is done on S.

Next examples of subset MOD special dual like number
groupoids.

Example 4.56: Let S = {Collection of all subsets from R,(9)h;
h* = h; *, (3, 6)} be the subset special dual like number
groupoid.

Letx={4+5g} e S,

X *X

(4+5g} * {4+ 5g)

4+5gx3+(4+52)%x6

12+ 15g + 24 + 30g

{0}.
X 18 a zero divisor.

Example 4.57: Let S = {Collection of all subsets from R,(12)h;
h* = h, *, (8 + 5h, 4 + 7h)} be the subset special dual like
number groupoid.

Let A={10+4h}and B= {7+ 6h} € S;
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A*B

{10 + 4h} * {7 + 6h}
{10 + 4h * 7 + 6h}
10+4hx8 +5h+7+6h x4+ 7h

80 + 32h + 50h + 20h + 28 + 24h
+ 4%h + 42h

{0 + 5h} # {0}.

{10 + 4h} * {10 + 4h}
{10 + 4h * 10 + 4h}
10+4hx8+5h+10+4h x4 +7h

80 + 32h + 50h + 20h + 40 + 16h +
70h + 28h

{0 + Oh} is a nilpotent element of S.

Example 4.58: Let S = {Collection of all subsets from R,(15)h,
h* = h, *, (12 + 4h, 3 + 11h)} be the subset special dual like

number groupoid.

Letx = {10+ 8h} € S.

X * X

{10 + 8h} * {10 + 8h}
{10 + 8h * 10 + 8h}

{10+ 8hx 12 +4h+ 3 + 11h X
10 + 8h}



Subset MOD Groupoids | 153

{120 + 96h + 32h + 40h + 30 +
24h + 88h + 110h}

{0 + Oh} is a nilpotent element.

Example 4.59: Let M = {Collection of all subsets from R,(20)h,
h? = h, *, (11 + 18h, 9 + 2h)} be the subset special dual like
number groupoid.

Letx={4+8h}e M
x*x = {4+8h}*{4+8h}
= {4+8h#*4+8h}
= {4+8hx11+18h+4+8hx9+2h}

= {44 +88h+ 72h + 144h + 36 +
72h + 8h + 16h}

= {0+ Oh} is a nilpotent element of M.
In view of all these we have the following theorem.

THEOREM 4.13: Let S = {Collection of all subsets from R,(m)h;
W =h % (t u);t ue Zyh)) be the subset MOD special dual
like number groupoid. A = {x + yh [x, y € Z,}€ S; is a pseudo
nilpotent if and only if t + u =0 (mod m).

Proof: Follows as in case of other MOD planes.

Example 4.60: Let S = {Collection of all subsets from R,(12)h,
h? = h, *, (0.3h, 0.8 + 0.7h)} be the subset MOD special dual like
number groupoid. S has no MOD pseudo zero divisors and
idempotents.

Thus if (s, t) where s and t are decimals then finding MOD
pseudo zero divisors, MOD pseudo nilpotents and idempotents
happens to be a difficult one.
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Next we can develop the MOD special quasi dual number
groupoids.

This is illustrated by some examples.

Example 4.61: Let G = {a+ bk |a, b e [0, 9), k* = 8k; (4, 2), *}
be the MOD special quasi dual number groupoid.

Letx=6+02k;y=0.7+4k e G;
x*¥y = (6+0.2k)* (0.7 +4k)
= (6+0.2k)4+(0.7+4k)2
= 24+08k+1.4+8k
= 7.4 +8.8k
This is the way operation is performed on G.
Example 4.62: Let
G={a+bk|a be [0, 12); kK’ = 11k, (4, k), *} be the MOD
special quasi dual number groupoid.
Letx=8+6kandy=2+ke G
x*¥y = (84+6k)*(2+k)
= 8+6kx4+(2+k)xk
= 32+24k+2k+ 11k
= 8+keG.

This is the way operation on G is performed.

Example 4.63: Let G = {a+Dbk|a,be [0, 14), k* = 13k, (0.3k,
10k), *} be the MOD special quasi dual like number groupoid.
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Letx=5+9%andy=10+3k e G;
x*y = (5+9k)* (10 + 3k)
= 549 x0.3k+ 10+ 3k x 10k
= 1.5k +2.7x 13k + 100k + 30 x 13k

= 1.5k + 35.1k + 100k + 390k

8.6k e S.
This is the way operations are performed on G.
Example 4.64: Let

G ={a+bk|a,be [0,21); kK’ = 20k, (10k, 11k); *} be the MOD
special dual like number groupoid.

Letx=8 +4k e G.

X * X 8+ 4k * 8 +4k

8+4kx 10k + 8 +4k x 11k

80k + 40 x 20 x k + 88k + 44k x 20
= 0.
X is a MOD pseudo nilpotent element of G of order two.
Letx=0.8+1.1ke G.

X * X 0.8+ 1.1k*0.8+ 1.1k

0.8+ 1.1kx 10k + 0.8 + 1.1k x 11k

8k + 11k x 20 + 8.8k + 12.1 x 20k
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8k + 220k + 8.8k + 242k

478.8k (mod 21)

16.8k = 0.

X is not a MOD pseudo nilpotent element of G.
Example 4.65: Let
G={a+bk|k =k a be [0, 16); (0.3k, 4), ¥} be the MOD
special dual like number groupoid.
Letx=10+2.1kandy=0.7+9% € G
x*y = 10+2.1k*0.7+9k

= 10+2.1kx03k+0.7+9% x4

= 3k+0.63 +3x 15k + 2.8 +36k

= 2.8+0.45k.

Finding idempotents and nilpotents in case of these
groupoids happens to be a difficult problem.

Next we proceed on to study MOD subsets groupoids of the
special quasi dual like numbers.

This is illustrated by some examples.
Example 4.66: Let S = {Collection of all subsets from the

special quasi dual number MOD plane R,(13)k, k* = 12k, *, (10,
3)} be the MOD subset special quasi dual like number groupoid.
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LetP= {7+ 10k} € S,

PP

{7 + 10k} * {7 + 10k}
{7+ 10k * 7 + 10k}
7+10kx10+7+10kx3

70 + 100k + 21 + 30k

{0}.

Thus P is a MOD pseudo nilpotent element of order two.

Letx ={12 + 5k} € S;

X *X

{12 + 5k} * {12 + 5k}
{12 + 5k * 12 + 5k}

{12 + 5k x 10 + 12 + 5k x 3}
{120 + 50k + 36 + 15k}

{0}

is again a MOD pseudo nilpotent element of order two.

Letx={0.7+ 12k} € S

X * X

{0.7 + 1.2k} = {0.7 + 1.2k}
{0.7+ 1.2k * 0.7 + 1.2k}
0.7+12kx10+0.7+ 1.2k x 3
7+ 12k +2.1 +3.6k

9.1 + 2.6k.
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So if the subset has decimal entries then x * x # {0}.

Example 4.67: Let S = {Collection of all subsets from the
special quasi dual number MOD plane R,(31)k, k* = 30k, (0.3k,
1.6k), *} be the subset MOD special quasi dual like number
groupoid.

Letx = {7 + 10k} € S.

x*x = {7410k} * {7+ 10k}
= {7+ 10k *7+ 10k}
= {7+ 10kx0.3k+ 7+ 10k x 1.6k}
= {2.1k+3x30k+ 11.2k + 16 x 30k}
= {25.3k}.

Finding MOD pseudo nilpotent elements in S happens to be
a difficult problem.

Example 4.68: Let S = {Collection of all subsets from the MOD
special quasi dual number plane R, (17)k, k? = 16k, *, (10K, 7k)}
be the MOD subset special quasi dual like number groupoid.

Letx={8+7k} e S;

x*x = {8+7k}*{8+7k}

{8 + 7k * 8 + 7k}

{8 + Tk X 10k + 8 + 7k x 7k}
{80k + 70 x 16k + 56k + 49 x 16k}
= {0}

Thus x is a nilpotent of order two.
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Infact S has only finite number of MOD pseudo nilpotent
elements of order two.

Study of properties of subset MOD special quasi dual like
number groupoids can be carried out with appropriate changes
as in case of subset MOD dual numbers groupoids or subset MOD
special dual like number groupoids.

This task is left as an exercise to the reader.

Some problems in this direction are suggested.

Problems

1.

Obtain some special features associated with MOD
neutrosophic interval groupoid.

Let G={a+bl|a,be Rfl (23), *, (10, 13)} be the

MOD neutrosophic interval groupoid.

i. Prove G has zero MOD pseudo divisors.

ii. Can G have MOD pseudo zero divisors other than
nilpotents of order two?

iii. Can G have idempotents?

iv. Find S- MOD pseudo zero divisors if any in G.

v. Can G have S-units?

vi. Find units if any that are not S-units.

vii. Find subgroupoids of G.

viii.Can G have ideals of finite order?

ix. Can G have S-ideals of finite order?

Xx. Obtain some important and interesting features
associated with G.

Let G={a+bl|a, be Rfl (28), *, (14, 15)} be the
MOD neutrosophic groupoid.

Study questions i to x of problem 2 for this G.
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Let H = {a + bl | a, b € R! (40),%, (16, 10I)} be the
MOD neutrosophic groupoid.

Study questions i to x of problem 2 for this H.

Let K= {a+bl|a beR!(24), %, (10.31, 0.52]) } be
the MOD neutrosophic groupoid.

Study questions i to x of problem 2 for this K.

Let L ={a+bl|a,beR!(35),* (0,0.3215) } be the
MOD neutrosophic groupoid.

Study questions i to x of problem 2 for this L.

LetT={a+bl|a,be Rf} (141), *, (6.77031, 0) } be the
MOD neutrosophic groupoid.

Study questions i to x of problem 2 for this T.

Let W = {Collection of all subsets from the
neutrosophic MOD plane Rf} (189),*%, (21, 168) be the

MOD neutrosophic subset groupoid.

i. Find ideals and subgroupoids of W

ii. Can ideals of W be of finite order?

iii. Prove W has subgroupoids of finite order.

iv. Can W have subgroupoids of infinite order?

v. Find all S- MOD pseudo subgroupoids of finite
order.

vi. Can W have S-zero divisors?

vii. Can W have infinite number of MOD pseudo
zero divisors?

viii.Can W have S-units?

ix. Find units which are not be S-units.

x. Find any other interesting property associated with
W.



10.

11.

12.

13.
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xi. Can subsets of cardinality greater than one MOD
pseudo S-units?

xii. If A is an idempotent can |Al > 1?

xiii.Let B be a zero divisor in W can [BI > 1?7

Obtain some special features enjoyed by subset MOD
neutrosophic interval groupoids.

Let M = {Collection of all subsets from the MOD
neutrosophic plane Ri (15),*, (10, 51)} be the subset
MOD neutrosophic interval groupoid.

Study questions i to xiii of problem 8 for this M.

Let N = {Collection of all subsets from the MOD
neutrosophic plane Rf} (12), *, (6.51, 5.5I)} be the

subset MOD neutrosophic interval groupoid.
Study questions i to xiii of problem 8 for this M.

Let B = {Collection of all subsets from the MOD
neutrosophic plane Rf} (13), *, (10 + 31, 4 + 10I)} be

the subset MOD neutrosophic interval groupoid.

Study questions i to xiii of problem 8 for this B.

Let V = {Collection of all subsets from the MOD
neutrosophic plane Rfl (12), *, (101, 2I)} be the subset

MOD neutrosophic interval groupoid.

Study questions i to xiii of problem 8 for this V.
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14. Let D = {Collection of all subsets from the MOD
neutrosophic plane Ri 47), *, (0.337, 40.031)} be the
subset MOD neutrosophic interval groupoid.

Study questions i to xiii of problem 8 for this D.

15. Can MOD subset neutrosophic interval groupoids have
MOD pseudo zero square subgroupoids?

16. Let M = {Collection of all subsets from the MOD
neutrosophic plane Rfl (6), *, (0.00041, 0.002)} be the

subset MOD neutrosophic interval groupoid.
Study questions i to xiii of problem 8 for this M.

17. Let S = {a+ bg|a, be Ry(12), g =0, (10, 2), *} be the
MOD dual number groupoid.

i. Find all nilpotent elements of S.

ii. Can S have infinite number of MOD pseudo
zero divisors?

iii. Does S contain S- MOD pseudo zero divisors?

iv. Can S have idempotents?

v. Can S have zero square subgroupoids?

vi. Obtain some special features enjoyed by S.

vii. Can S have units?

viii.Can S have right ideals which are not left ideals and
vice versa?

ix. Can S have S-ideals?

Xx. Can S have S nilpotents?

xi. Can S have S-subgroupoids of infinite order?

18. Let W = {a+bg | g°=0, a,b e Ry(24), #, (13, 12)} be
the MOD dual number groupoid.



19.

20.

21.

22.
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Study questions i to xi of problem 17 for this W.

Let S={a+bg|g’=0,a,be Ry(10)g, (4.2, 3), *} be
the MOD dual number groupoid.
Study questions i to xi of problem 17 for this S.

Let
M={a+bg|g’=0,abe Ry(16), *, (5+ 10L11 + 6I)}
be the MOD dual number groupoid.

Study questions i to xi of problem 17 for this M.

Let T = {a+bl|a,be Ry(15),g* =0, (0.5, 10 + 4I), *}
be the MOD dual number groupoid.

Study questions i to xi of problem 17 for this T.

Let N = {Collection of all subsets from the MOD dual
number plane R,(10)g; g2 =0 4.5, 5.5), *} be the
subset MOD interval dual number groupoid.

i.  Find all the special features enjoyed by N

ii. Can N have nilpotents?

iii. If s € N is a MOD pseudo zero divisor can the
subset s have more than one element?

iv. Find right ideals of N which are not left ideals of N.

v. Can N have S-ideals?

vi. Can N have ideals of finite order?

vii. Can N have subset subgroupoids of finite order?

viii.When will N have MOD pseudo zero square subset
subgroupoids?

ix. Can N have idempotents?

x. Isit possible for N to have S-idempotents?
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23.

24.

25.

26.

27.

28.

Let E = {Collection of all subsets from the MOD dual
number plane R,(18)g, g2 =0, (11, 7), *} be the MOD
subset dual number interval groupoid.

Study questions i to x of problem 22 for this E.

Let F = {Collection of all subsets from the MOD dual
number plane R,(6)g, g2 =0, (3, 4), *} be the subset
MOD dual number groupoid.

Study questions i to x of problem 22 for this F.

Let D = {Collection of all subsets from the MOD dual
number plane R,(11)g, g* = 0, *, (9 + 5g, 3 + 6g)} be
the subset MOD dual number groupoid.

Study questions i to x of problem 22 for this D.

Let H = {Collection of all subsets from the MOD dual
number plane R,(10)g, g2 =0, (0.41g, 5.2g), *} be the
MOD dual number subset groupoid.

Study question i to x of problem 22 for this H.

Compare the groupoids given in problems 22, 23, 24,

25 and 26. Find the similarities and difference between
them.

Let S = {a+bh|h*=h, a, b e Ry(20)h, (10, 11), *} be
the MOD special dual like number groupoid.

Study questions i to xi of problem 17 for this S.
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30.

31.

32.

33.

34.

35.
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Let V={a+bh|a be Ry(11)h, h*=h, *, (8, 3)} be the
MOD special dual like number groupoid.

Study questions i to xi of problem 17 for this V.

Let W = {a + bh | a, b € Ry(15)h, h* = h, *, (0.311,
11.215)} be the MOD special dual like number groupoid.
Study questions i to xi of problem 17 for this W.

Let M = {a+bh |h’=h, a, b € Ry(24)h, *, (12, 13h)}
be the MOD special dual like number groupoid.

Study questions i to xi of problem 17 for this M.

Let S={a+bh|h>=h, a be Ry(15h, (10 + 3h,
6 + 12h), *} be the MOD special dual like number
groupoid.

Study questions i to xi of problem 17 for this S.

Let T = {a + bh | a, b € Ry(148)h, h* = h, (0.331 +
0.2h, 0), *} be the MOD special dual like number
groupoid.

Study questions i to xi of problem 17 for this T.

Let Z = {a +bh|a, be Ry(24)h, h* = h, (0.5h, 6.3h), *}
be the MOD special dual like number groupoid.

Study questions i to xi of problem 17 for this Z.

Compare and contrast the groupoids given in problems
28, 29, 30, 31, 32, 33 and 34 with each other.
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36.

37.

38.

39.

40.

Let S = {Collection of all subsets from the MOD special
dual like number plane R,(16)h, *, (10, 6), h? = h} be
the MOD subset special dual like number groupoid.

Study questions i to x of problem 22 for this S.

Let A = {Collection of all subsets from the MOD special
dual like number plane, R,(10)h, h*=0, 4,7), *} be the
subset MOD special dual like number groupoid.

Study questions i to x of problem 22 for this A.

Let B = {Collection of all subsets from the MOD special
dual like number plane, R,(7)h, h? = h, * , (3 + 4h,
2 + 5h)} be the subset MOD special dual like number
groupoid.

Study questions i to x of problem 22 for this B.

Let C = {Collection of all subsets from the MOD special
dual like number plane, R, (12)h, *, h?=h, (7h, 6h)} be
the subset MOD special dual like number groupoid.
Study questions i to x of problem 22 for this C.

Let D = {Collection of all subsets from the MOD special
dual like number plane, R,(16)h, * , h* = h, (10 + h,
11 + 7h)} be the subset MOD special dual like number

groupoid.

Study questions i to x of problem 22 for this D.



41.

42.

43.

44.

45.

46.
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Let E = {Collection of all subsets from the MOD special
dual like number plane, R,(20)h, h? = h, (10.331,
0.738), *} be the subset MOD special dual like number
groupoid.

Study questions i to x of problem 22 for this E.

Let F = {Collection of all subsets from the MOD special
dual like number plane, R,(23)h, h* = h, (0.115h,
9.32h), *} be the subset MOD special dual like number
groupoid.

Study questions i to x of problem 22 for this F.

Let G = {Collection of all subsets from the MOD special
dual like number plane, R, (16)h, h* = h, (4.885, 10h),
*} be the subset MOD special dual like number
groupoid.

Study questions i to x of problem 22 for this G.
Compare all the subsets MOD special dual like number
groupoids in problems 36 to 43 with each other.

Study the special and distinct features enjoyed by them.
Prove given a MOD real plane R,(m) (m fixed positive

integer one can construct infinite number of groupoids
and subset groupoids.

Let Z = {a + bk | a, b € R,(10)k, k* = 9k, *, (6, 5)} be
the MOD special quasi dual number groupoid.

Study question i to xi of problem 17 for this Z.
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47.

48.

49.

50.

51.

52.

Let Y = {a+Dbk|a, be R,(24)k, kK* = 23k, *, (10 + 5k,
14 + 7k)} be the MOD special quasi dual number
groupoid.

Study question i to xi of problem 17 for this Y.

Let X = {a+ bk | a, b € R,(43)k, kK = 42k, *, (10 + 3k,
14 + 27k)} be the MOD special quasi dual number
groupoid.

Study question i to xi of problem 17 for this X.

Let W = {a + bk | a, b € Ry(15)k, k* = 14k, *, (0.377 +
0.5k, 8.77 + 4.2k)} be the MOD special quasi dual
number groupoid.

Study question i to xi of problem 17 for this W.

Let

V = {a + bk |a, be R 2Dk, k* = 20k, (10.31k, 5), *}
be the MOD special quasi dual number groupoid.

Study question i to xi of problem 17 for this V.

Let

U= {a+bk|a,be Ry(18)k, k> = 17k, (0, 10.37k), *}
be the MOD special quasi dual number groupoid.

Study question i to xi of problem 17 for this U.

Compare and contrast the MOD groupoids in problems
46 to S1.
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54.

55.

56.

57.
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Let T = {Collection of all subsets from the MOD special
quasi dual like number plane R,(12)k, K =11k, (10, 4),
*} be the subset MOD special quasi dual number
groupoid.

Study questions i to x of problem 22 for this T.

Let S = {Collection of all subsets from the MOD special
quasi dual like number plane R,(41)k, K* = 40k, (5k,
39k), *} be the subset MOD special quasi dual number
groupoid.

Study questions i to x of problem 22 for this S.

Let R = {Collection of all subsets from the MOD special
quasi dual like number plane R,(40)k, K* = 39K, (14 +
34k, 27 + 6k), *} be the subset MOD special quasi dual
number groupoid.

Study questions i to x of problem 22 for this R.

Let Q = {Collection of all subsets from the MOD special
quasi dual like number plane R,(27)k, K* = 26k, (16k,
0.331), *} be the subset MOD special quasi dual like
number groupoid.

Study questions i to x of problem 22 for this Q.

Let P = {Collection of all subsets from the MOD special
quasi dual like number plane R,(18)k, kK> = 17k, (0,
16.004), *} be the subset MOD special quasi dual like

number groupoid.

Study questions i to x of problem 22 for this P.
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58. Let O = {Collection of all subsets from the MOD special
quasi dual like number plane R,(16)k, k> = 15k,
(10.31k, 0), *} be the subset MOD special quasi dual like
number groupoid.

Study questions i to x of problem 22 for this O.

59. Compare the subset groupoids in problems 53 to 58.
Enumerate the similarities and dissimilarities in them.
Distinguish the special features enjoyed by each of the
subset MOD special quasi dual like number groupoids.



Chapter Five

MOD NON-ASSOCIATIVE RINGS AND
PSEUDO NON-ASSOCIATIVE SEMIRINGS

In this chapter MOD non-associative rings and pseudo
semirings of several different MOD planes are introduced. The
notions and notations from earlier chapters are used.

DEFINITION 5.1: Let G = {(a, b) | a, b € R,(m), *, (s, t)} be the
real MOD groupoid. R any commutative ring with unit.

i runs over finite index g; € G; a; € R}

RG = {Zaigi

under usual ‘+’° and ‘X’ is defined as a MOD real groupoid ring
which is a non-associative ring.

We shall give examples of them.

Example 5.1: Let G = {(a, b) | a, b € [0, 20), *, (10, 11)} be the
MOD real groupoid. R be the field of reals; RG is the MOD real
non-associative ring of G over R.
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Let x = 5(3,0.1) + 2(1, 5) and y = 8(3, 0.1) + 12(0, 3) € RG.

X+y

XXy =

5(3,0.1) +2(1, 5) + 8(3, 0.1) + 12(0, 3)
13(3,0.1) +2(1,5)+ 12 (0, 3) € RG.
[5(3,0.1) +2(1, 5)] x [8 (3, 0.1) + 12(0, 3)]

40 [(3,0.1) *(3,0.1)] +16[(1,5) *(3,0.1)]
+60[(3,0.1) *(0,3)] +24 [(1, 5) * (0, 3)]

40 (3,2.1)+16 (3, 11.1) + 60 (10, 14) +
24 (10, 3) € RG.

Leta=5(0.3,1.2),
b=7(0.3,1.2)and c =5(0.1, 0.2) € RG

(a+b)xc =

axXxc+bxXc

[5(0.3,1.2) + 7(0.3, 1.2)] x 5 (0.1, 0.2)]
12 (0.3, 1.2) x 5(0.1, 0.2)

60 (4.1, 14.2) I

5(0.3,1.2)x5(0.1,0.2)
+7(03,1.2)x5(0.1,0.2)

254.1,142)+35 (4.1, 14.2)

60 (4.1, 14.2) II

So I and II are identical hence for this a, b and c the
distributive law is true.

Example 5.2: Let G= {(a,b) | a,b € [0, 10), *, (6.91, 0)} be the

MOD real groupoid.
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Let S = Z be the ring of integers SG be the MOD non-
associative ring. Clearly SG is non-associative and non-
commutative and is of infinite order.

Next we give examples of MOD neutrosophic non-
associative ring using MOD neutrosophic groupoids G.

Example 5.3: Let G= {a+blla,be R] (15), *, (10,6)} be the
MOD neutrosophic groupoid. Q be the ring of rationals, QG be

the gr.ou.poid. ring. QG is defined as the MOD neutrosophic non-
associative ring.
Letoo =5(2+31)+7(0.5+0.8I) and B = (10 (0.1 + 9I) € QG.
of =[5(2+3D)+7(0.5+0.8D)] x 10(0.1 + 91)
=502+ 3D) * (0.1 +9I) +70 (0.5 + 0.8) * (0.1 + 9I)
=50 (5.6 +91) + 70 (5.6 + 9.8I)
=50 (5.6 +9I) + 70 (5.6 + 9.8]) I
Consider
Bow =10 (0.1 +91) x [5 (2 + 31) + 7(0.5 + 0.81)]
=50 (0.1 +9I) * (2 + 3I) + 70 (0.1 + 9I) * (0.5 + 0.8I)

=50 (13 +3D)+70 (4 +4.80) II

Clearly I and II are distinct. Thus this MOD neutrosophic
ring is non-associative and non-commutative.

Example 5.4: Let G={a+blla+ Dbl e Rfl (10), *, (6, 4)} be

the MOD neutrosophic groupoid. Let C be the complex field CG
be the groupoid ring. CG is the MOD neutrosophic complex non-
associative ring.
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Let oo = (9 +4i) (4 + 81) + (10 — 5i) (1 + 2I) and
B =(7i) (3 +2I) e CG.

off =[(9+4i) (4 +8D)+ (10 -5i) (1 +2D] x 7i (3 + 2I)
= (631 —28) (6 + 6I) + (701 + 35) (8 + OI).
This is the way operations are performed on CG.

Example 5.5: Let
G={a+blla+ble Ri(lS), (0.31, 0.8I), *} be the MOD

neutrosophic groupoid. R be the field of reals RG be the MOD
neutrosophic non-associative ring.

Example 5.6: Let G= {a+blla,be R! (27), * (51, 6.81)} be

the MOD neutrosophic groupoid. Z;s be the ring of modulo
integers Z,G is the defined as the MOD neutrosophic non-
associative ring.

Next we proceed onto give examples the notion of MOD
complex modulo integer non-associative ring.

Example 5.7: Let
G = {a, bigl a + bir € C,(12); ié =11, (11, 1), *} be the MOD

complex modulo integer groupoid. Zs; be the ring of modulo
integers. Z,3G be the MOD complex modulo integer non-
associative ring.

Example 5.8: Let
G={a+bigla+ bipe Cy(18); iz = 17, (10 + 2ig, 9ig, *} be the

MOD complex modulo integer groupoid.

S = C,(10) be the ring of complex modulo integers SG is the
MOD complex modulo integer non-associative ring.

Let x = (1.6 + 4ip) (2 + 3ip) and y = (5 + 8ir) (3 + 10ir) € SG
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xXy =(1.6+4ip) (2 + 3ip) X (5 + 8ip) (3 +10ip)
= (1.6 + 4ip) X (5 + 8ip) [(2 + 3ip) * (3 + 10ip)
= (8 +20ig + 12.8ig + 32 X 9) (14 + 7ip)]
= (6 +2.8ip) (14 + 7 ip).
This is the way product operation is performed on SG.
Clearly SG is an infinite non-associative, non-commutative

ring.

Example 5.9: Let
G = {a+bipla+ bire Cy(15), i = 14, *, (10, 2.4ir)} be the

MOD complex modulo integer groupoid. Let S = (R U I) be the
real neutrosophic ring. SG be the MOD complex modulo integer
neutrosophic non-associative ring.

Let x =(51+10) (5 +4ip)andy = (8 + 12]) (10 + 10ig) € SG
xXy =(51+10) (5 +4ip) X (8 + 12I) X (10 + 10i)
= (5I+ 10) x (8 + 12I) [(5 + 4ip) * (10 + 10ig)]
= (40 + 80 + 601 + 120I) (50 + 40if + 24ir + 24 x 14)
= (80 + 220I) (11 + 4ig) € SG.

This is the way product operation is performed on SG. SG
is a non-associative ring.

Example 5.10: Let

G={a+bgla+bge Ry(10)g g* =0, (4, 7), *} be the MOD
dual number groupoid. R = {(Q U I) be the neutrosophic ring.
RG is the MOD dual number neutrosophic non-associative ring.
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Letx=(5+30) (2+0.2g) andy = (7 + 10I) (0.8 + 5g) € RG.
xXy = (5+3D@2+0.2g) x(7+10D (0.8 + 5g)

(5 +3D (7 + 10D [(2 +0.2¢) * (0.8 + 5g)]

(35 + 211+ 501+ 30D) [4 (2 +0.2g) + 7(0.8 + 5g)]

(35+101I) (3.6 + 5.82) € RG.
This is the way operation of X is performed on RG.

It is easily verified RG is non-commutative and non-
associative.

Example 5.11: Let G = {a+bgla+bge Ry(15)g; g2 =0, (5g,
10g), *} be the MOD dual number groupoid S = C be the field of
complex numbers SG be the groupoid ring. SG is the MOD dual
number non-associative ring of infinite order.

Ifx =(10+31)(4g) +(2+71)2gand y = (7 + 51) 6g € SG

Now x Xy (10 + 31) 4g + (2 + T)2g) x (7 + 5i) 6g

(10 +1) (7 + 5i) (4g * 6g) + (2 + 71) (7 + 50)
(2g * 6g)=0.

Thus x is a zero divisor of SG.
Infact SG has infinite number of zero divisors.
Let x = (10 + 3i) (4 + 8g) € SG;

xxx =(10+31) (4 +8g2) x (10+31) (4 + 8g2)
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(10 + 31)* [(4 + 82) * (4 + 8g)]

(100 + 60i — 9) [5(4 + 8g) + 10(4 + 82)
(91 + 60i) (0)

0

is a nilpotent element of order two.

Let
x=(10+4i) (0.2 +6.1g) € SG,

xxXx = (10+4i) (0.2+6.1g) * (10 +4i) (0.2 + 6.1g)
=  (10+40)* (02 +6.1g* 0.2 + 6.1g)
= (100 +80i—16) (g+ 0+ 2g + 61g?)

= (84 +801) (3g)

Thus all elements in SG are not nilpotent. SG has only a
finite number of nilpotent elements. In view of this we have the
following theorem.

THEOREM 5.1: Let G = {a + bg | a + bg € R,(m)g, g° = 0, (tg,
sg), t, s € (Z, Ug) *} be the MOD dual number groupoid.
S any commutative ring with unit SG the MOD non-associative
dual number groupoid ring.

i) Everyx=ag € S, a € Sissuchx’ = 0.

ii) Everyx e {pglp e S} =Aissuchthatx xy =10
foreveryy € A.

iii) If x = p(a + bg); a, b € Z,;, p € S in SG is such that
x* =0 ifand only if t + s =0 (mod m).
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The proof is considered as a matter of routine and is left as
an exercise to the reader.

Example 5.12: Let G = {a+ bh | h* = h, a + bh € R,(12)h, (10,
3), *} be the MOD special dual like number groupoid. S = Z the
ring of integers. SG be the groupoid ring SG is the non-
associative MOD special dual like number ring of infinite order.

Let x =18 (5 + 3h) + 2(3 + 7h) € ZG.
xXx =(18(5 +3h)+2@3+7h))x (18 (5+ 3h) + 2(3 + 7h))

=18[(5 +3h) * (5 +3h)] +2x 18 (3 + 7h) * (5 + 3h)
+ 18 %2 (5+ 3h) * (3+7h) + 2% ((3 + 7Th) * (3 + 7h))

= 187 (50 + 30h + 15 + 9h) + 36 (30 + 70h + 15+ 9 h)
+36 (50 + 30h + 9 + 21h) + 4 (30 + 70h + 9 + 21h)

=182 (5 + 3h) + 36 (9 + 7h) + 36(11 + 3h) + 4(3 + 7h)
This is the way the product operation is performed on SG.
Let x =20 (10 + 3h) € SG

20 (10 + 3h) * 20(10 + 3h)

X XX

400 ((10 + 3h) * (10 + 3h))

400 (100 + 30h + 30 + 9h)

400 (10 + 3h).
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If x is to be an idempotent then all we need to do is take the
coefficient of 10 + 3h to be 1.

Thus in view of this if
X =6+ 7h € SG then
XXX =6+7h*6+7h
=60+70h+18+21h
=78 +91h
= 6+7h=x.
Thus x is an idempotent of SG.
Allx € {a+Dbhla,be Z,} are idempotents of SG.

Example 5.13: Let G = {a + bh | h*=h,a+bhe R,(19) h, (10
+ 8h, 9 + 11h), *} be the MOD special dual like number
groupoid. S = Z; be the ring of modulo integers. SG be the
groupoid ring of G over S.

SG has MOD pseudo zero divisors.

In view of all these we have the following theorem.
THEOREM 5.2: Let
G=1{a+bh| W =h (t s), *a+ bh € Ry(m)h} be the MOD
special dual like number groupoid. R any ring RG be the

groupoid ring that is MOD non-associative ring, RG has MOD
pseudo nilpotents of order two if and only if t + s =0 (mod m).

Proof as in case of earlier theorems.
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We now proceed onto describe MOD special quasi like dual
number non-associative rings by some examples.

Example 5.14: Let
G = {a+bkla+bke Ry(12) k; kK> = 11k, (10, 2), *} be the
MOD special quasi dual number grouopoid.

S = Z be the ring of integers. ZG be the MOD special quasi
dual like number non-associative ring. Let x = 10 + 7k € SG

xxx =(10+7k) * (10 + 7k)
=100+ 70k + 20 + 14 k
={0}.

Thus x € SG is nilpotent of order two.

Finding idempotents if any in SG is left as an exercise to the
reader.

Example 5.15: Let G = {a + bk | a + bk € R,(18) k, k¥ = 17k,
(10 + 9k, 9 + 9k), *} be the MOD special quasi dual number
groupoid. Z;; = S be the ring of modulo integers. SG be the
MOD special quasi dual non-associative ring. SG is of infinite
order. SG has both idempotents as well as nilpotents of order
two.

Let x =6 (7 +8.3k) € SG
xXx=0,

that is x is nilpotent of order two. Infact SG has infinite number
of nilpotent elements of order two.
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Let y =6 (0.333 + 6.775 k) € SG; y X y = 0 is again a nilpotent
of order two.

Let a = 4(5 + 8k) € SG.

axa 4(5 + 8k) x 4(5 + 8k)

16(5 + 8k) * (5 + 8k)
= 16(10+9k x5 +8k+9+ 9k x5+ 8k)

= 16(50+45k+80k+72x17k+45+
45k + 72k + 72 x 17k)

= 16(5+8k)=a.
Thus a is an idempotent of SG.

Further b = 9(5 + 8k) € SG is also an idempotent of
SG.Infact we can find several such idempotents but however
they are only finite in number.

Example 5.16: Let G = {a + bk | a + bk € R,(20)k, k*= 19k, (10
+ 10k, 11 + 10k), *} be the MOD special quasi dual number
grouopid. Z = S be the ring of integers. SG be the groupoid ring
SG is a MOD special quasi dual number non-associative ring.

SG has only finite number of idempotents but it is a difficult
job to find zero divisors.

a=(8k + 10) € SG is an idempotent.

In view of all these the following theorems.
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THEOREM 5.3: Let

G ={a+bkla+bkeR(mk K =(m— 1k * (t u)} be the
MOD special quasi dual numbers S = Z, (MOD composite
number having MOD pseudo zero divisors and zero divisors) be
the ring. SG the groupoid ring. That is the MOD non-associative
special quasi dual number ring.

i) SG has infinite number of zero divisors.
ii) SG has idempotents if and only if t + u = I(mod m).

iii) SG has MOD pseudo nilpotents if and only if t + u =0
(mod m).

Proof: If a, be Z,is such thata.b =0.

Then SG has infinite number of zero divisors as if
x=a(p+qgk)andr=b (r + sk)

where p + gk, r + sk € R,(m)k; since cardinality of R,(m)k
1s infinite SG has infinite number of zero divisors.

Hence (i) is true.

Proof of (ii): All elements of the form x =a + bk, a, b € Z, are
such that X X x = X in <Zmuk> ifandonly if t,tue t+u=1

(mod m).

Proof of (iii): x = a + bk; a, b € Z,, are such that x> = 0 if and
only ift, me <Zm uk> and t + u= 0 (mod m).

Example 5.17: Let G = {a + bk | a + bk € R,(20)k, *, K> = 19k,
(5, 10)} be the MOD special quasi dual like number groupoid.

R = Z the ring of integers RG the groupoid ring is the MOD
special dual quasi number non-associative ring.
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Finding zero divisors and idempotents happens to be a
difficult task.

Clearly x =12 (4 + 8k) € RG

X XX

12 (4 + 8k) x 12 (4 + 8k)

144 [(4 + 8K) * (4 + 8K)]

144 (20 + 40k + 40 + 80k)
= 0.
Thus there are zero divisors.
Lety=5ke SG

Sk x 5k

yxy

S5x5k+10x5k

Sk+ 10k

= 15k
Study in this direction is an open problem.
Finding ideals, subrings happens to be a matter of routine.

Let us now introduce the notion of subset MOD non-
associative rings with examples.
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Example 5.18: Let M = {collection of all subsets from the MOD
real plane R,(90); *, (45, 46)} be the subset MOD real groupoid.
R be the real plane. RM be the MOD non-associative subset ring.

Let x = {(20, 14)} € RM
XXX ={(20, 14)} x {(20, 14))

= {(20 * 20, 14 * 14)}
= {(20 X 45 + 20 x 46, 14 x 46 + 14 x 45)}
= {20, 14} = x.

Thus x is an idempotent of RM. Infact RM has finite
number of idempotents.

Example 5.19: Let M = {collection of all subsets from the
R,(15), *, (12, 3)} be the MOD subset real groupoid. R = {a + bl
| a, b € R} be the real neutrosophic ring. RM be the subset MOD
real neutrosophic non-associative ring.

Letx ={(4.8)} € RM;
x*x  ={(48)}*{(48)}
={(4*4,878)
= {(48+12, 96 + 24))
= {(0, 0)} is a nilpotent element of order.

RM has infinite number of nilpotents.
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Letx={a(32)} e RM(ae (RUI));

xxx ={@@G2)}x{a32)
={a’3,2) * (3,2)}
={a’(3%3,2%2)}
={a’(0,0)};

is not a MOD pseudo nilpotent as
a’ (0, 0) # (0, 0) = (g0, &)

Example 5.20: Let G = {Collection of all subsets from the real
MOD plane R,(24), * (3, 22)} be the MOD subset real groupoid.
S = C(Z,s) be the finite complex modulo integer ring SG be the
subset non-associative real MOD ring.

SG has finite number of idempotents as well as infinite
number of zero divisors.

Let x = {(10, 3)} be in SG.

X X X {(10,3)} * {(10, 3)}

{(10* 10, 3 * 3)}

{(30+ 220, 9+ 66)}

{(10, 3)}
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Thus x is an idempotent of SG.
Lety={9(3.21,5.315)} and z= {4 (9.31, 8.334)} € SG,

yxz={(0,0)}.

In fact SG has infinite number of zero divisors.

Example 5.21: Let G = {(a, b) | (a, b) € R,47); *, (3.11,
12.715)} be the MOD groupoid.

Let M = {Collection of subsets of G} be the MOD subset
real groupoid R = {(Z;, U I)} be the neutrosophic ring RG be
the MOD subset non-associative ring.

In fact RG has infinite number of zero divisors.

For A = {(6 + 6]) (x, y)} € RG where (x, y) € R,(47) and
B = {(4 + 4] (a, b)} where (a, b) € R,(47). It is easily verified.

A x B = {(0, 0)}. Such zero divisors in RG are infinite in
number.

Hence the claim.

Example 5.22: Let G = {Collection of all subsets from the MOD
complex plane C,(26), *, (10ig + 16, 16ig + 11), *} be the subset
MOD complex modulo integer groupoid. R = (Z;, U I) be the
neutrosophic ring. RG be the MOD non-associative finite
complex modulo integer ring. RG has finite number of
idempotents but infinite number of zero divisors.

Example 5.23: Let G = {Collection of all subsets from the MOD
complex plane C,(20), (10, 10), *} be the MOD subset complex
modulo integer groupoid. S = {(Z;, U I)} be the neutrosophic
integer ring SG be the MOD subset non-associative finite
complex neutrosophic integer ring.
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SG is commutative and has finite number of zero divisors.
Letx ={(0.8,0.4)} € SG
x*x ={(0.8,04)} * {(0.8,0.4)}
={(0.8%0.8,0.4 % 0.4)}
={8+8,4+4)}
={(16, 8)} # {0}.
(Here (0.8, 0.4) = 0.8 + 0.4ip)
Letx ={(9+ 12ip)} € SG
x*X= {9+ 12ip)} * {(9 + 12ip)}
={(09 + 12ig) * (9 + 12ip)}
={(90 + 120ir + 90 + 120ig) }
={0}.

Thus SG has zero divisors but the number of zero divisors is
only finite in number.

Example 5.24: Let G = {Collection of all subsets from the
complex MOD plane C,(17), i; = 16, (10, 7)} be the subset
groupoid of complex finite modulo integers.

Let S = {(Z;, U g) | g = 0} be the dual number ring of
modulo integers. SG be the subset MOD complex finite modulo
integer non-associative ring.

Let x = {4 (0.3 + 0.8ir)} and y = {3 (0.7 + 6.9ir) }e SG.

Clearly x X y = {(0)} is a zero divisor.
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All subsets x = {4 (a+ big)} and y = {3 (a + big) + 6 (c + dip) +
9 (e +fip), 3 (8" + b’ip), 6 (t + uip) }€ SG are such that

x xXy={0}.

In fact SG has infinite number of zero divisors.
However SG has only finite number of idempotents.
In view of this we have the following theorem.

THEOREM 5.4: Let G = {Collection of all subsets from the finite
complex modulo integer MOD plane C,(m), if, =m-1,(ts)ts

e C(Z,); # be the MOD subset complex modulo integer
groupoid. S = {Z,} (or (Z, UL)or (Z, Ug): g =0 or (Z, Uh);
W = h; or Z, U k); K= (s — 1) k or C(Z;); s a composite
number and Z, has zero divisors) be the ring. SG be the MOD
subset groupoid non-associative ring.

i. SG has idempotents if and only if (t + s) =1 (mod m)
ii. SG has infinite number of zero divisor.

Proof is left as an exercise to the reader.

Example 5.25: Let G = {Collection of all subsets from the MOD
neutrosophic plane, R£(12), *, (7 + 81, 6 + 4I)} be the subset
MOD neutrosophic groupoid.

S =Z,¢ be the ring of modulo integers.
SG be the MOD subset non-associative neutrosophic ring.
SG has idempotents which are only finite in number and SG

has infinite number of zero divisors and nilpotent elements of
order 2 and four.
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Example 5.26: Let G = {Collection of all subsets from the MOD
neutrosophic plane R£(13), #, (10 + 31, 3 + 10I)} be the subset

MOD neutrosophic groupoid. S = C be the complex field. SG be
the MOD subset non-associative neutrosophic ring.

SG has only finite number of MOD pseudo zero divisors.
For x = {7 + 2I} € SG
XXX= {7+ 21} x {7 + 21}
= {7+20+7+2I}
= {70 + 211+ 61 + 201 + 21 + 701 + 61 + 201}
= {0} is a zero divisor in SG.

Example 5.27: Let G = {Collection of all subsets from the MOD
neutrosophic plane R£(124), (12.443 + 0.31, 0.8 + 9.224I), *}
be the MOD subset neutrosophic groupoid.

S = {(Z»s U g); g° = 0} be the ring of modulo integer dual
numbers. SG be the MOD subset neutrosophic non-associative
ring.

SG has infinite number of zero divisors.
Example 5.28: Let G = {Collection of all subsets from the MOD
dual number plane R,(12)g; g2 =0, (10 + g, 2g + 11), *} be the

MOD subset dual number groupoid.

S =(Z;3 U I) be the neutrosophic modulo integer ring SG be
the MOD subset dual number non-associative ring.

SG has infinite number of zero divisors.

Example 5.29: Let G = {Collection of all subsets from the MOD
neutrosophic plane Rf] 42), (10 + 31, 32 + 39]), =} be the
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subset MOD neutrosophic groupoid. S = R be the real plane RG
be the MOD subset neutrosophic non-associative groupoid.

RG has only finite number of MOD pseudo nilpotents of
order two.

Example 5.30: Let G = {Collection of all subsets from the dual
number MOD plane R,(18)g, g2 = 0, (10. 9), *} be the MOD
subset dual number groupoid. S = Z;43 be the ring of modulo
integers. SG be the MOD subset non-associative ring.

SG has finite number of idempotents but infinite number of
zero divisors.

Example 5.31: Let G = {Collection of all subsets from the MOD
dual number plane R,(15)g, g2 =0, (5g, 3.115g), *} be the MOD
subset groupoid.

S = Z,, be the ring of modulo integers. SG be the MOD
subset non-associative ring. SG has infinite number of zero
divisors and SG has a subring which is a zero square ring.

Example 5.32: Let G = {Collection of all subsets from the dual
number MOD plane R,(19)g, (10.31g, 0.0015g), *} be the MOD
subset dual number groupoid. S = R the field of reals and RG be
the subset non-associative groupoid ring. RG has proper
subrings which are zero square rings.

Example 5.33: Let G = {Collection of all subsets from the MOD
special dual like number plane R,(12)h, h* = h, (10h + 10, 2 +
2h), *} be the MOD subset groupoid. S = {{(Z,3 U I)} be the ring.
SG be the MOD subset non-associative ring. SG has infinite
number of zero divisors.

Example 5.34: Let G = {Collection of all subsets from the
special dual like number plane R,(43)h, h* = h, (10h, 3.3h), *}
be the subset MOD groupoid. S = Z;4 be the ring of modulo
integer.
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SG be the MOD subset non-associative groupoid. SG has
infinite number of zero divisors.

THEOREM 5.5: Let G= {Collection of subsets from R,(m)g, g =
0, (t, u), #} be the subset MOD groupoid S = Z; (or (Z, U 1) or
C(Z,) or (Z, Ug) g =0o0rZ Uh) I’ =hor (Z Uk) K =
(s — 1)k) be the ring of integers s a composite number SG be the
subset non-associative ring.

i.  SG has infinite number of zero divisors.

ii. SG has finite number of idempotents if and only if
t,se €, ght+s=1I(modm)

Proof is a matter of routine with appropriate changes hence
left as an exercise to the reader.

Example 5.35: Let G = {Collection of all subsets from the
special quasi dual MOD plane R,(20)k, K* = 19k, (19, 1), *} be
the subset MOD special quasi dual number groupoid. S = Zg, be
the ring of modulo integer SG be the MOD subset non-
associative ring.

SG has infinite number of zero divisors. Whether SG has
units or idempotents happens to be a challenging problem.

Example 5.36: Let G = {Collection of all subsets from the MOD
plane of special quasi dual numbers R,(17)k, K* = 16k, (10 + 5k,
8 + 12k), *} be the MOD subset groupoid. S = (R U I) be the
neutrosophic ring. SG be the MOD subset non-associative ring.
SG has finite number of non-trivial idempotents.

It is important to note that there is no relation between zero
divisors and MOD pseudo zero divisors.

For x Xy = 0; 0 is in the ring.

For x x y = (0, 0) = (g0 g0); & € Z, of the groupoid is the
MOD pseudo zero divisors.
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Next we proceed on to give some problem for the reader.

Problems

1. What are the special features enjoyed by MOD non-
associative rings?

2. Can these rings be constructed other than using MOD
groupoids?

3. Can a MOD non-associative ring be without zero divisors?

4. Show there exists a class of MOD non-associative rings
which has infinite number of MOD pseudo nilpotent
elements.

5. What are the special feature enjoyed by the groupoid ring,
RG which is a MOD non-associative ring where R = C;
complex field and G = {(a, b) | (a, b) € R,(29), (10, 13), *}?

6. Let G = {(a, b) | (a, b) € R,(42), (10, 32), *} be the MOD

real plane groupoid. S = Z,, be the ring of modulo integers.
SG be the groupoid ring which is a non-associative MOD
ring.

i. Prove SG is non-commutative.

ii. Prove SG has MOD pseudo nilpotents of order two.

iii. Prove SG has infinite number of zero divisors.

iv. Find S-ideals if any in SG.

v. Is SGa S-ring?

vi. Can SG have S-zero divisors?

vii. Can SG have S-idempotents?

viii.Can SG have ideals of infinite order?

ix. Can SG enjoy any other special property than those
mentioned?
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7. Let G = {(a, b) | (a, b) € Ry(27), (15, 13), *} be the MOD
real groupoid. R = Z the ring of integers. ZG be the
groupoid ring, which is a non-associative MOD ring.

Study questions i to ix of problem 6 for this ZG.

8. LetG={(a+bg)|a+bge Ry(12)g; g=0, (10 + g, 4 +
8g), *} be the MOD dual number groupoid. S = Q be the ring
of rationals. SG be the MOD non-associative ring.

Study questions i to ix of problem 6 for this SG.

9. LetG={a+bg|a+bge R,(13)g, g"=0, (10, 0.3g), *} be
the MOD dual number groupoid. S = Z;s be the ring of
modulo integers. SG be the MOD non-associative dual
number ring.

Study questions i to ix of problem 6 for this SG.

10. Let G={a+bg|a+bge Ry(18)g, g2 =0, (16, 3), *} be the
MOD dual number groupoid. S = C the field of complex
integers. SG be the MOD non-associative ring.

Study questions i to ix of problem 6 for this SG.

11. Let G={a + bg | a + bg € Ry(17)g, g2 =0, (10 + 5g, 8 +
12g), *} be the MOD dual number groupoid. Let S = C(Z;,)
be the finite complex modulo integer ring SG be the MOD
non-associative dual number ring.

Study questions i to ix of problem 6 for this SG.

12. Let G = {a + bif a + bige C,(24), iIZ: =23, (10, 12), *} be
the MOD complex modulo integer groupoid. Let S = Q be
the field of rationals. SG be the MOD non-associative
complex modulo integer ring.

Study questions of i to ix of problem 6 for this SG.
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13.

14.

15.

16.

17.

18.

Let G = {a + big a + bire C,(29), i2 =28, (10 + i, 19 +

28ig), *} be the MOD complex modulo integer groupoid. Let
S = Z4 be the ring of modulo integers. SG be the MOD
complex modulo integer non-associative ring.

Study questions of i to ix of problem 6 for this SG.

Let G = {a + bigl a + bire C,(12), ié = 11, (10 + 3ip,

3 + Oip), *} be the MOD complex modulo integer groupoid.
S = C(Z,5) be the complex modulo integer ring. SG be the
MOD complex modulo integer non-associative ring.

Study questions of i to ix of problem 6 for this SG.

Let G = {a + bl| a + ble R} (14), (10, 4), *} be the MOD

neutrosophic groupoid. S = R be the field of reals. SG be
the groupoid ring that is non-associative MOD neutrosophic
ring.

Study questions of i to ix of problem 6 for this SG.

Let G={a+bl|a+bleR!(19), (5+8L 14 + 11I), *} be

the MOD neutrosophic groupoid. S = Z;5 be the ring of
modulo integers. SG be the MOD neutrosophic non-
associative ring.

Study questions of i to ix of problem 6 for this SG.

LetG={a+bl|a+ble Ri(lO), (8 + 21, 0.50), *} be the

MOD neutrosophic groupoid. S = Z4s5 be the ring of modulo
integers. SG be the MOD non-associative neutrosophic ring.

Study questions of i to ix of problem 6 for this SG.

Let G = {a+bl|a+ bl e R} (143), (10.331, 6.5341), *} be
the MOD neutrosophic groupoid. S = C(25) be the complex
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23.
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modulo integer ring. SG be the MOD non-associative
neutrosophic ring.

Study questions of i to ix of problem 6 for this SG.

Let G = {a + bhjbh + a € R,(12)h, h* = h, (5, 10), *} be the
MOD special dual like number groupoid. S = R be the field
of reals. SG be the MOD non-associative special dual like
number ring.

Study questions of i to ix of problem 6 for this SG.

Let G = {a + bh | bh + a € R,(24)h, h® = h, (10, 0.33h), *}
be the MOD special dual like number groupoid. S = (Zy U I)
be the neutrosophic ring.

Study questions of i to ix of problem 6 for this SG.

Let G = {a + bh | bh + a € R,(23)h, h*> = h, (10h + 3, 6.33h
+ 0.715), *} be the MOD special dual like number groupoid.
R = (Z4ys U g) where g2 = 0 is a dual number. RG be the
MOD special dual like number non-associative ring.

Study questions of i to ix of problem 6 for this RG.

Let G = {a + bh Ja + bh € R,(20)h, h* = h, (12h + 5, 10.3h +
7.4), *} be the MOD special dual like number groupoid.
R = (Z,4 U I) be the neutrosophic ring. RG be the MOD non-
associative special dual number neutrosophic groupoid.

Study questions of i to ix of problem 6 for this RG.

Let G = {a + bh | a + bh € Ry(25)h, h* = h, (10, 15), *} be
the MOD special quasi dual like number groupoid. S = (Z,,
U k) k* = 11k be the special quasi dual like number ring. SG
be the MOD non-associative special dual like number ring.

Study questions of i to ix of problem 6 for this SG.
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24

25.

26.

27.

28.

29.

. Let G = {a + bk| a + bke R,(43)k, k> = 42k, (25, 18), *} be
the MOD special quasi dual like number groupoid. R = C be
the complex field. RG be the groupoid ring which is a MOD
non-associative special quasi dual number ring.

Study questions of i to ix of problem 6 for this RG.

Let G = {a + bk | a + bk € R,(24)k, k* = 23k, (10 + 2k, 14 +
22k), *} be the MOD special quasi dual number groupoid. R
= C(Zy4) be the finite complex modulo integer ring. RG be
the MOD non-associative special quasi dual like ring.

Study questions of i to ix of problem 6 for this RG.

Let G = {a + bk | a + bk € R,(23)k, kK* = 22k, (10 + 5k,
0.932 + 6.315k), *} be the MOD special dual quasilike
number groupoid. R = (Z U I) be the neutrosophic ring. RG
be the MOD non-associative special quasi dual number ring.

Study questions of i to ix of problem 6 for this RG.

Let G = {a + bk | a + bk € R,(10)k, kK’ = 9k, (5 + 6k, 6 +
4k), *} be the MOD special dual like number groupoid. Let
R =(Q U g); g° = 0 be the dual number rational ring. RG be
the non-associative MOD special dual number ring.

Study questions of i to ix of problem 6 for this RG.

Let G = {a + bk | a + bk € Ry(15)k, kK = 14k, (10.35,
10.35k), *} be the MOD special quasi dual number groupoid.
Let S = C(Zy) be the finite complex modulo integer ring. SG
be the MOD non-associative like ring.

Study questions of i to ix of problem 6 for this RG.

Let G = {a + bk | a + bk € R,(10)k, k* = 9k, *} be the MOD
special quasi dual number groupoid. R = (Z4s U I) be the
neutrosophic ring. RG be the MOD non-associative ring.
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Study questions of i to ix of problem 6 for this RG.

Let G = {Collection of all subsets from the real MOD plane
R, (15), (10, 5), *} be the MOD subset groupoid. S = R be the
field of reals. RG be the MOD subset non-associative ring.

i. Find any interesting feature enjoyed by RG.

ii. Study questions i to ix of problem 6 for this RG.

iii. Can RG has infinite number of MOD pseudo
zero divisors?

Let G = {Collection of all subsets from the MOD real plane
R,(29), (10, 20), *} be the MOD subset groupoid. S = Z;, be
the ring of modulo integers. SG be the MOD subset non-
associative ring.

i.  Study questions i to ix of problem 6 for this SG.
ii. Prove SG has only finite number of idempotents.
iii. Prove SG has infinite number of zero divisors.

Let G = {Collection of all subsets from the MOD
neutrosophic Rfl (22), (11 + 1, 2 + I), *} be the MOD subset

neutrosophic groupoid. Let S = C the complex number field.
SG be the groupoid ring which is the MOD subset non-
associative ring.

Study questions i to ix of problem 6 for this SG.

Let G = {Collection of all subsets from the MOD
neutrosophic plane Rfl(48), (10.3341, 0.3848), *} be the

subset MOD neutrosophic groupoid. Let S = C(Zy) be the
ring of complex modulo integers. SG be the MOD subset
non-associative ring.

Study questions i to ix of problem 6 for this SG.

Let G = {Collection of all subsets from the MOD
neutrosophic plane Rf] (43), (10.31, 40.31), *} be the subset
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35.

36.

37.

38.

39.

MOD neutrosophic groupoid. S = Q be the ring of rational.
SG be the subset MOD neutrosophic non-associative ring.

Study questions i to ix of problem 6 for this SG.

Let G = {Collection of all subsets from the MOD
neutrosophic plane Rf](42), (101, 32I), *} be the subset
MOD neutrosophic groupoid. S = (Q U g); g° = 0 be the ring
of rational dual numbers. SG be the MOD subset non-
associative ring.

Study questions i to ix of problem 6 for this SG.

Let G = {Collection of subsets from the MOD complex plane
C.(20), (15ig, 5ig), *} be the MOD subset complex groupoid.
R = Z be the ring of integers. RG be the MOD subset non-
associative ring.

Study questions i to ix of problem 6 for this RG.

Let G = {Collection of all subsets from the MOD complex
plane C,(15), (10 + 5ig, 5 + 10ig), *} be the MOD complex
subset groupoid. S = Z;, be the ring of integers. SG be the
subset MOD non-associative ring.

Study questions i to ix of problem 6 for this SG.

Let G = {Collection of all subsets from the MOD complex
plane C,(17), if} = 16, (10, 7ir), *} be the MOD subset

groupoid of complex modulo integers. S = Z; be the ring of
modulo integers. SG be the MOD subset non-associative
ring.

Study questions i to ix of problem 6 for this SG.

Let G = {Collection of all subsets from the MOD dual
number plane R,(10)g, g2= 0, (4, 6g), *} be the subset MOD
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dual number groupoid. S = Z the ring of integers. SG be the
subset MOD non-associative ring.

Study questions i to ix of problem 6 for this SG.

Let G = {Collection of all subsets from the MOD dual
number plane R,(19)g, g = 0, (10g, 5.3g), *} be the MOD
subset dual number groupoid. S = Z;, the ring of modulo
integers. SG be the MOD subset non-associative dual
number ring.

Study questions i to ix of problem 6 for this SG.

Let G = {Collection of all subsets from the MOD subset dual
number plane R,(20)g, g2 = 0, (10g, 11.458g), *} be the
MOD subset dual number groupoid. R = C({(Z,o U 1)) be the
finite complex modulo neutrosophic integer ring. RG be the
MOD subset groupoid ring which is a non-associative ring.

i.  Study questions i to ix of problem 6 for this RG.

ii. Show there exists subrings in RG which are a zero
square ring.

Obtain some special and unique features enjoyed by MOD
subset non-associative neutrosophic ring where the ring is
Z, (n a prime).

Study problem 42 if Z, is replaced by (Z, U g); g* = 0.
Study problem 42 if Z, is replaced by (Z, U h; h* = h.
Let G = {Collection of all subsets from the MOD special
dual like number plane R,(24)h, h*> = h, (10h, 15h), *} be
the MOD subset groupoid of special dual like numbers.
S = C be the complex field. SG be the MOD subset non-

associative ring.

Study questions i to ix of problem 6 for this SG.
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46.

47.

48.

49.

50.

Let G = {Collection of all subsets from the special dual like
number plane R,(24)h, h> = h, (10, 15); #} be the MOD
subset special dual like number groupoid. S = Z,, be the
ring of integers. SG be the MOD subset non-associative ring.

i.  Study questions i to ix of problem 6 for this SG.
ii. Prove SG has infinite number of zero divisors.

Compare in problems 45 and 46. Which of the rings has
more number of zero divisors?

Does there exists a MOD subset groupoid ring which has
infinite number of idempotents?

Does there exists any MOD subset non-associative ring in
which every zero divisor is a S-zero divisor?

Let G = {Collection of all subsets from the MOD special
quasi dual number plane R,(24)k, K* = 23Kk, (10k, 14k + 1);
#} be the MOD subset groupoid. S = (Z;, U g); g° = 0 be the
ring SG be the non-associative subset MOD ring.

i.  Study questions i to ix of problem 6 for this SG.
ii. Prove SG has infinite number of zero divisor.
iii. Can SG have S-zero divisors?
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