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Abstract 
In this paper we show some formulas for constant  

𝑒𝑒 = lim
𝑛𝑛→∞

�1 +
1
𝑛𝑛
�
𝑛𝑛

= 2.718281 … 

 
 

Introduction 
In this paper infinite summations and products are shown for constant  

𝑒𝑒 = �
1
𝑛𝑛!

∞

𝑛𝑛=0

= 2.718281 … 

The number Pi , 𝜋𝜋 = 3.1415 …appears in some formulas ,also appear radicals of 

�2 ± �2 + �2 + ⋯√2 

The numbers of Bell appear in the formula (16) . 
 

 
 

Formulas 
 
 

(1) 𝑒𝑒−1 = 2∑ (−1)𝑛𝑛∞
𝑛𝑛=0 ∑ (𝜋𝜋 3⁄ )2𝑛𝑛−2𝑘𝑘

𝑘𝑘 !(2𝑛𝑛−2𝑘𝑘)!
𝑛𝑛
𝑘𝑘=0  

(2) 𝑒𝑒−1 = 2∑ (−1)𝑛𝑛∞
𝑛𝑛=0 ∑ (𝜋𝜋 6⁄ )2𝑛𝑛−2𝑘𝑘+1

𝑘𝑘 !(2𝑛𝑛−2𝑘𝑘+1)
𝑛𝑛
𝑘𝑘=0  

(3) 𝑒𝑒 = 2∑ (−1)𝑛𝑛∞
𝑛𝑛=0 ∑ (−1)𝑘𝑘(𝜋𝜋 3⁄ )2𝑛𝑛−2𝑘𝑘

𝑘𝑘!(2𝑛𝑛−2𝑘𝑘)!
𝑛𝑛
𝑘𝑘=0  

(4) 𝑒𝑒 = 2∑ (−1)𝑛𝑛∞
𝑛𝑛=0 ∑ (−1)𝑘𝑘(𝜋𝜋 6⁄ )2𝑛𝑛−2𝑘𝑘+1

𝑘𝑘 !(2𝑛𝑛−2𝑘𝑘+1)!
𝑛𝑛
𝑘𝑘=0  

(5) 𝑒𝑒  �2 −�2 + �2 + ⋯+ √2
�����������������

𝑚𝑚−𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

 = 2∑ (−1)𝑛𝑛∞
𝑛𝑛=0 ∑ (−1)𝑘𝑘�𝜋𝜋  2−𝑚𝑚−1�2𝑛𝑛−2𝑘𝑘+1

𝑘𝑘 !(2𝑛𝑛−2𝑘𝑘+1)!
𝑛𝑛
𝑘𝑘=0    ,𝑚𝑚 ∈ ℕ 
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(6) 𝑒𝑒  �2 + �2 + �2 + ⋯+ √2
�����������������

𝑚𝑚−𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

 = 2∑ (−1)𝑛𝑛∞
𝑛𝑛=0 ∑ (−1)𝑘𝑘�𝜋𝜋  2−𝑚𝑚−1�2𝑛𝑛−2𝑘𝑘

𝑘𝑘 !(2𝑛𝑛−2𝑘𝑘)!
𝑛𝑛
𝑘𝑘=0    ,𝑚𝑚 ∈ ℕ 

(7) 𝑒𝑒−1   �2 − �2 + �2 + ⋯+ √2
�����������������

𝑚𝑚−𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

 = 2∑ (−1)𝑛𝑛∞
𝑛𝑛=0 ∑ �𝜋𝜋  2−𝑚𝑚−1�2𝑛𝑛−2𝑘𝑘+1

𝑘𝑘 !(2𝑛𝑛−2𝑘𝑘+1)!
𝑛𝑛
𝑘𝑘=0    ,𝑚𝑚 ∈ ℕ 

(8) 𝑒𝑒−1 �2 + �2 + �2 + ⋯+ √2
�����������������

𝑚𝑚−𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

  = 2∑ (−1)𝑛𝑛∞
𝑛𝑛=0 ∑ �𝜋𝜋  2−𝑚𝑚−1�2𝑛𝑛−2𝑘𝑘

𝑘𝑘 !(2𝑛𝑛−2𝑘𝑘)!
𝑛𝑛
𝑘𝑘=0    .𝑚𝑚 ∈ ℕ 

(9) 𝑒𝑒 = ∑ 𝑝𝑝𝑛𝑛
𝑛𝑛 !(2 𝑏𝑏2)𝑛𝑛  

∞
𝑛𝑛=0  

In formula (9) is 
𝑝𝑝𝑛𝑛+1 = 2(𝑟𝑟2 + 𝑏𝑏2)𝑝𝑝𝑛𝑛 − 8𝑟𝑟2𝑏𝑏2𝑛𝑛 𝑝𝑝𝑛𝑛−1 ,𝑛𝑛 ∈ ℕ 
𝑝𝑝0 = 1 ,𝑝𝑝1 = 2(𝑟𝑟2 + 𝑏𝑏2) ;  𝑟𝑟, 𝑏𝑏 ∈ ℤ − {0} 

 
(10)   𝑒𝑒−1 = ∑ 𝑞𝑞𝑛𝑛

𝑛𝑛 !(2 𝑏𝑏2)𝑛𝑛
∞
𝑛𝑛=0  

In formula (10) is 
𝑞𝑞𝑛𝑛+1 = 2(𝑟𝑟2 − 𝑏𝑏2)𝑞𝑞𝑛𝑛 − 8𝑟𝑟2𝑏𝑏2𝑛𝑛 𝑞𝑞𝑛𝑛−1  ,𝑛𝑛 ∈ ℕ  
𝑞𝑞0 = 1 , 𝑞𝑞1 = 2(𝑟𝑟2 − 𝑏𝑏2)  ; 𝑟𝑟, 𝑏𝑏 ∈ ℤ − {0}  

 

(11)   𝑒𝑒 = ∑ 𝑟𝑟𝑛𝑛  𝑟𝑟𝑛𝑛

𝑛𝑛 !
∞
𝑛𝑛=0  

In formula (11) is 

𝑟𝑟𝑛𝑛+1 = 𝑟𝑟𝑛𝑛 + 2𝑛𝑛𝑟𝑟𝑛𝑛−1  ,𝑛𝑛 ∈ ℕ , 𝑟𝑟0 = 𝑟𝑟1 = 1 ; 𝑟𝑟 =
2

1 + √5
 

 

(12)   𝑒𝑒 = ∑ 𝑟𝑟𝑛𝑛  𝑟𝑟𝑛𝑛

𝑛𝑛 !
∞
𝑛𝑛=0  

In formula (12) is 
𝑟𝑟𝑛𝑛+1 = 2𝑛𝑛𝑟𝑟𝑛𝑛−1 + 3𝑛𝑛(𝑛𝑛 − 1)𝑟𝑟𝑛𝑛−2  ,𝑛𝑛 ∈ ℕ − {1}, 𝑟𝑟0 = 1, 𝑟𝑟1 = 0, 𝑟𝑟2 = 2 

𝑟𝑟 =
�1

2 + √69
18 �

1 3⁄

1
3 + �25

54 + √69
18 �

1 3⁄  

 

(13)   𝑒𝑒 = 5
3
�5

3
  ∏ �2𝑛𝑛+5

2𝑛𝑛+3
�∞

𝑛𝑛=1 �(2𝑛𝑛+1)(2𝑛𝑛+5)
(2𝑛𝑛+3)2 �

𝑛𝑛
 �(2𝑛𝑛+1)(2𝑛𝑛+5)

2𝑛𝑛+3
 

(14)   𝑒𝑒 = 7
4
�7

4
3

  ∏ �3𝑛𝑛+7
3𝑛𝑛+4

�∞
𝑛𝑛=1 �(3𝑛𝑛+1)(3𝑛𝑛+7)

(3𝑛𝑛+4)2 �
𝑛𝑛

  �(3𝑛𝑛+1)(3𝑛𝑛+7)
(3𝑛𝑛+4)2

3
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(15)   𝑒𝑒 = �2𝑚𝑚+1
𝑚𝑚+1

�
1+ 1

𝑚𝑚   ∏ �𝑚𝑚  𝑛𝑛+2𝑚𝑚+1
𝑚𝑚  𝑛𝑛+𝑚𝑚+1

�∞
𝑛𝑛=1 �(𝑚𝑚  𝑛𝑛+1)(𝑚𝑚  𝑛𝑛+2𝑚𝑚+1)

(𝑚𝑚  𝑛𝑛+𝑚𝑚+1)2 �
𝑛𝑛+ 1

𝑚𝑚   ,𝑚𝑚 ∈ ℕ 

(16)   𝑒𝑒 = 1
𝐵𝐵𝑚𝑚

 ∏ �1 + (𝑛𝑛+1)𝑚𝑚−1

𝐴𝐴𝑛𝑛
�∞

𝑛𝑛=1   ,𝑚𝑚 ∈ ℕ  
In formula (16) is 

𝐴𝐴𝑛𝑛 = ��
𝑛𝑛
𝑘𝑘
�

𝑛𝑛

𝑘𝑘=1

(𝑛𝑛 − 𝑘𝑘)! 𝑘𝑘𝑚𝑚  ,𝑛𝑛,𝑚𝑚 ∈ ℕ 

𝐴𝐴𝑛𝑛+1 = (𝑛𝑛 + 1)𝐴𝐴𝑛𝑛 + (𝑛𝑛 + 1)𝑚𝑚   ,𝐴𝐴1 = 1 
𝐵𝐵𝑚𝑚 = {1,2,5,15,52,203,877,4140, … } 

𝐵𝐵𝑚𝑚+1 = ∑ �𝑚𝑚𝑘𝑘 �
𝑚𝑚
𝑘𝑘=0 𝐵𝐵𝑘𝑘  ,𝐵𝐵0 = 𝐵𝐵1 = 1   , Bell numbers 

 

(17)   𝑒𝑒 = 2�√2�
ln 2

��√223
�

(ln 2)2

���√2234
�

(ln 2)3

… 

(18)   𝑒𝑒𝑘𝑘−1 = ∏ 𝑘𝑘(ln 𝑘𝑘)𝑛𝑛 (𝑛𝑛+1)!⁄∞
𝑛𝑛=0 = 𝑘𝑘�√𝑘𝑘2 �

ln 𝑘𝑘
��√𝑘𝑘23

�
(ln 𝑘𝑘)2

���√𝑘𝑘234
�

(ln 𝑘𝑘)3

… , 𝑘𝑘 ∈ ℕ −

{1} 
(19)   𝑒𝑒 = 2 ∙ 21−ln 2 ∙ 2(1−ln 2)2 ∙ 2(1−ln 2)3 ∙∙∙ 
(20)   𝑒𝑒 = 3 ∙ 31−ln 3 ∙ 3(1−ln 3)2 ∙ 3(1−ln 3)3 ∙∙∙ 
(21)   𝑒𝑒 = 2ln 2 ∙ 4(1−ln 2) ln 2 ∙ 8(1−ln 2)2 ln 2 ∙ 16(1−ln 2)3 ln 2 ∙∙∙ 
(22)   𝑒𝑒 = 1 + ∑ 1

�𝑚𝑚(𝑛𝑛+1)�!
∑ �𝑚𝑚(𝑛𝑛+1)

𝑚𝑚𝑛𝑛+𝑘𝑘 �
𝑚𝑚
𝑘𝑘=1

∞
𝑛𝑛=0 (𝑚𝑚 − 𝑘𝑘)!   ,𝑚𝑚 ∈ ℕ 

(23)   𝑒𝑒 = 2 ∙ 41 5⁄ ∙ 81 71⁄ ∙ 161 9060⁄ ∙∙∙= ∏ 2𝑛𝑛  𝑟𝑟𝑛𝑛∞
𝑛𝑛=1  

In formula (23) is 

𝑟𝑟𝑛𝑛+1 = 1 + �(𝑛𝑛 + 1)�
1

ln 2
−�

𝑘𝑘
𝑟𝑟𝑘𝑘

𝑛𝑛

𝑘𝑘=1

�
−1

�   ,𝑟𝑟1 = 1,𝑛𝑛 ∈ ℕ 

The function [𝑥𝑥] = integer part of 𝑥𝑥 . 

(24)   𝑒𝑒 = �1 + 1
𝑚𝑚
�
𝑚𝑚

�1 − ∑ 𝑟𝑟𝑛𝑛
(𝑛𝑛+1)𝑚𝑚𝑛𝑛+1

∞
𝑛𝑛=0 ��   ,𝑚𝑚 ∈ ℕ − {1} 

In formula (24) is 

𝑟𝑟𝑛𝑛 = �
(−1)𝑛𝑛−𝑘𝑘(𝑛𝑛 − 𝑘𝑘 + 1)𝑏𝑏𝑘𝑘

𝑛𝑛 − 𝑘𝑘 + 2

𝑛𝑛

𝑘𝑘=0

    ,𝑛𝑛 ∈ ℕ ∪ {0} 

𝑏𝑏𝑛𝑛+1 = −
1

𝑛𝑛 + 1
�

(−1)𝑛𝑛−𝑘𝑘(𝑛𝑛 − 𝑘𝑘 + 1)𝑏𝑏𝑘𝑘
𝑛𝑛 − 𝑘𝑘 + 2

𝑛𝑛

𝑘𝑘=0

   , 𝑏𝑏0 = 1,𝑛𝑛 ∈ ℕ ∪ {0} 

𝑟𝑟𝑛𝑛 = {
1
2

,−
11
12

,
21
16

,−
2447
1440

,
4795
2304

, … } 

(25)   �1 + 1
𝑚𝑚
�
𝑚𝑚
�2 −𝑚𝑚 ln �1 + 1

𝑚𝑚
�� ≤ 𝑒𝑒 ≤ �1 + 1

𝑚𝑚
�
𝑚𝑚

+ 3 �1 −𝑚𝑚 ln �1 + 1
𝑚𝑚
��   ,𝑚𝑚 ∈ ℕ 
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