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Abstract 

In this note we show some formulas related to an integral of beukers: 

𝜁𝜁(2) =
𝜋𝜋2

6
= ��

1
1 − 𝑥𝑥 𝑦𝑦

1

0

1

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 

 

Introduction 

Beukers [2] used some double integrals to give an elegant proof to Apéry result , which 
states that 𝜁𝜁(3) is irrational.  

 

Fórmulas 

(1)         𝜁𝜁(2) = �
𝑎𝑎−𝑛𝑛

𝑛𝑛2

∞

𝑛𝑛=1

+ ��
1

𝑥𝑥(𝑥𝑥 − 𝑦𝑦)

𝑎𝑎

1

1

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 ,𝑎𝑎 ≥ 1 

(2)         𝜁𝜁(2) = �
𝑎𝑎−𝑛𝑛

𝑛𝑛2

∞

𝑛𝑛=1

+ �
𝑏𝑏𝑛𝑛(1 − 𝑎𝑎−𝑛𝑛)

𝑛𝑛2

∞

𝑛𝑛=1

+ ��
1

𝑥𝑥(𝑥𝑥 − 𝑦𝑦)

𝑎𝑎

1

1

𝑏𝑏

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 ,𝑎𝑎 ≥ 1,0 ≤ 𝑏𝑏 ≤ 1 

(3)         𝜁𝜁(2) = �
𝑎𝑎−𝑛𝑛

𝑛𝑛2

∞

𝑛𝑛=1

+ �� (−𝑥𝑥)𝑛𝑛 ln �
1 + 𝑥𝑥
𝑥𝑥 �

𝑎𝑎−1

0

∞

𝑛𝑛=0

𝑑𝑑𝑥𝑥 , 1 ≤ 𝑎𝑎 < 2 

(4)         𝜁𝜁(2) = �
𝑎𝑎−𝑛𝑛

𝑛𝑛2

∞

𝑛𝑛=1

+ �� � �
𝑘𝑘
𝑚𝑚�

(−1)𝑛𝑛+𝑚𝑚𝑏𝑏𝑚𝑚+1(𝑎𝑎 − 1)𝑛𝑛−𝑚𝑚+1

(𝑚𝑚 + 1)(𝑛𝑛 −𝑚𝑚 + 1)

𝑘𝑘

𝑚𝑚=0

𝑛𝑛

𝑘𝑘=0

∞

𝑛𝑛=0

+ ��
1

𝑥𝑥(𝑥𝑥 − 𝑦𝑦)

𝑎𝑎

1

1

𝑏𝑏

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 , 1 ≤ 𝑎𝑎 < 2,0 ≤ 𝑏𝑏 < 1 
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(5)         𝜁𝜁(2) = � � (2𝑛𝑛𝑚𝑚 + 𝑘𝑘 + 1)−2
2𝑛𝑛−1

𝑘𝑘=0

∞

𝑚𝑚=0

= � � (2𝑛𝑛𝑚𝑚 + 𝑘𝑘 + 1)−2
∞

𝑚𝑚=0

2𝑛𝑛−1

𝑘𝑘=0

 ,𝑛𝑛 ∈ ℕ ∪ {0} 

(6)         𝜁𝜁(2) = ��
𝑛𝑛 + 𝑚𝑚
𝑛𝑛 �

∞

𝑛𝑛=0

��
𝑚𝑚
𝑘𝑘
�

𝑚𝑚

𝑘𝑘=0

(−1)𝑘𝑘

(𝑛𝑛 + 𝑘𝑘 + 1)2  ,𝑚𝑚 ∈ ℕ 

En (6) , con 𝑚𝑚 = 1 , se tiene: 

𝜁𝜁(2) = ��
𝑛𝑛 + 1
𝑛𝑛 �

∞

𝑛𝑛=0

�
1

(𝑛𝑛 + 1)2 −
1

(𝑛𝑛 + 2)2� = �
2𝑛𝑛 + 3

(𝑛𝑛 + 1)(𝑛𝑛 + 2)2

∞

𝑛𝑛=0

 

(7)        𝜁𝜁(2) = � �
1

1 − 𝑥𝑥 𝑦𝑦

1

1−𝑦𝑦

1

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 − �
ln(1 − 𝑥𝑥 + 𝑥𝑥2)

𝑥𝑥

1

0

𝑑𝑑𝑥𝑥 

(8)         
𝜋𝜋2

18
= −�

ln(1 − 𝑥𝑥 + 𝑥𝑥2)
𝑥𝑥

1

0

𝑑𝑑𝑥𝑥 

(9)         𝜁𝜁(2) = � �
1

1 − 𝑥𝑥 𝑦𝑦

1

�1−𝑦𝑦2

1

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 −�
ln�1 − 𝑥𝑥√1 − 𝑥𝑥2�

𝑥𝑥

1

0

𝑑𝑑𝑥𝑥 

(10)      
7𝜋𝜋2

72
= −�

ln�1 − 𝑥𝑥√1 − 𝑥𝑥2�
𝑥𝑥

1

0

𝑑𝑑𝑥𝑥 

(11)     𝜁𝜁(2) = ��
1
2�

𝑛𝑛+1∞

𝑛𝑛=0

��
𝑛𝑛
𝑘𝑘
�

𝑛𝑛

𝑘𝑘=0

𝑎𝑎𝑘𝑘+1

(𝑘𝑘 + 1)2 + ��
1

1 − 𝑥𝑥 𝑦𝑦

1

𝑎𝑎

1

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 , 0 < 𝑎𝑎 < 1 

(12)     𝜁𝜁(2) = �
(𝑎𝑎 𝑏𝑏)𝑛𝑛

𝑛𝑛2

∞

𝑛𝑛=1

+ �
1

1 − 𝑥𝑥 𝑦𝑦
𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 , 0 ≤ 𝑎𝑎 ≤ 1 , 0 ≤ 𝑏𝑏 ≤ 1 

La integral doble es sobre la región: 𝑅𝑅 = [0,1]2 − [0,𝑎𝑎] × [0, 𝑏𝑏] . 
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(13)      𝜁𝜁(2) = � � � ��
𝑚𝑚
𝑠𝑠
�

(−1)𝑘𝑘𝑎𝑎−𝑘𝑘−2

(𝑛𝑛 + 𝑚𝑚 + 1 − 𝑠𝑠)(𝑘𝑘 −𝑚𝑚 − 𝑛𝑛 + 1 + 𝑠𝑠)

𝑚𝑚

𝑠𝑠=0

𝑘𝑘−𝑚𝑚

𝑛𝑛=0

𝑘𝑘

𝑚𝑚=0

∞

𝑘𝑘=0

+ � �
𝑎𝑎

(1 + 𝑎𝑎 𝑥𝑥)(1 + 𝑦𝑦)(𝑎𝑎 𝑥𝑥 + 𝑦𝑦 + 𝑎𝑎 𝑥𝑥 𝑦𝑦)

1

0

∞

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦

+ ��
𝑎𝑎

(1 + 𝑎𝑎 𝑥𝑥)(1 + 𝑎𝑎 𝑦𝑦)(𝑥𝑥 + 𝑦𝑦 + 𝑎𝑎 𝑥𝑥 𝑦𝑦)

∞

1

1

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 ,𝑎𝑎 > 2 

(14)      𝜁𝜁(2) = �
𝑎𝑎𝑛𝑛

𝑛𝑛2

∞

𝑛𝑛=1

+ ���
𝑛𝑛 + 1
𝑘𝑘 �

𝑛𝑛+1

𝑘𝑘=0

∞

𝑛𝑛=0

(−1)𝑘𝑘(1 + 𝑎𝑎)𝑛𝑛−𝑘𝑘+1(1 − 𝑎𝑎𝑛𝑛+𝑘𝑘+1)
(𝑛𝑛 + 1)(𝑛𝑛 + 𝑘𝑘 + 1)

+ �
1

1 − 𝑥𝑥 𝑦𝑦
𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 ,

1
2
≤ 𝑎𝑎 ≤ 1 

La integral doble es sobre la región: 𝑅𝑅 = {(𝑥𝑥,𝑦𝑦)|𝑎𝑎 ≤ 𝑥𝑥 ≤ 1,1 + 𝑎𝑎 − 𝑥𝑥 ≤ 𝑦𝑦 ≤ 1 �} 

(15)      𝜁𝜁(2) = ���
𝑛𝑛 + 1
𝑘𝑘 �

𝑛𝑛+1

𝑘𝑘=0

∞

𝑛𝑛=0

(−1)𝑘𝑘𝑎𝑎4𝑛𝑛+4

(𝑛𝑛 + 1)(𝑛𝑛 + 𝑘𝑘 + 1) + 4�
𝑥𝑥 𝑦𝑦

1 − 𝑥𝑥2𝑦𝑦2 𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 , 0 ≤ 𝑎𝑎 ≤ 1 

La integral doble es sobre la región: 𝑅𝑅 = {(𝑥𝑥,𝑦𝑦)|𝑥𝑥2 + 𝑦𝑦2 ≥ 𝑎𝑎, 0 ≤ 𝑥𝑥 ≤ 1,0 ≤ 𝑦𝑦 ≤ 1 �} 

(16)      𝜁𝜁(2) = �� � � �
𝑛𝑛 − 𝑘𝑘 −𝑚𝑚

𝑠𝑠 �
𝑛𝑛−𝑘𝑘−𝑚𝑚

𝑠𝑠=0

𝑛𝑛−𝑘𝑘

𝑚𝑚=0

𝑛𝑛

𝑘𝑘=0

∞

𝑛𝑛=0

2−𝑚𝑚−𝑠𝑠−1𝑎𝑎𝑛𝑛−𝑚𝑚−𝑠𝑠+1

(𝑚𝑚 + 𝑠𝑠 + 1)(𝑛𝑛 −𝑚𝑚 − 𝑠𝑠 + 1)

+ � �
1

(1 − 𝑥𝑥 − 𝑦𝑦)(1 − 𝑥𝑥)(1 − 𝑦𝑦)

1 2⁄

𝑎𝑎

1 2⁄

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 , 0 ≤ 𝑎𝑎 <
1
2

 

(17)      𝜁𝜁(2) = ��
2𝑛𝑛+1 − 1
𝑛𝑛 + 1

�
∞

𝑛𝑛=0

�ln(1 + 𝑎𝑎) + ��
𝑛𝑛
𝑘𝑘
�

𝑛𝑛

𝑘𝑘=1

(−1)𝑘𝑘(1 − (1 + 𝑎𝑎)−𝑘𝑘)
𝑘𝑘 �

+ ��
1

1 − 𝑥𝑥 𝑦𝑦

1

𝑎𝑎

1

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 , 0 ≤ 𝑎𝑎 < 1   

(18)      𝜁𝜁(2) = ��
(1 + 𝑎𝑎)𝑛𝑛+1 − 1

𝑛𝑛 + 1
�

∞

𝑛𝑛=0

�ln 2 + ��
𝑛𝑛
𝑘𝑘
�

𝑛𝑛

𝑘𝑘=1

(−1)𝑘𝑘(1 − 2−𝑘𝑘)
𝑘𝑘 �

+ ��
1

1 − 𝑥𝑥 𝑦𝑦

1

0

1

𝑎𝑎

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 , 0 ≤ 𝑎𝑎 < 1 
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(19)      𝜁𝜁(2) = � 3−𝑛𝑛−1
∞

𝑛𝑛=0

� � �
𝑛𝑛
𝑘𝑘
�

𝑘𝑘

𝑚𝑚=0

𝑛𝑛

𝑘𝑘=0

�
𝑘𝑘
𝑚𝑚�

𝑓𝑓(𝑎𝑎, 𝑏𝑏,𝑛𝑛, 𝑘𝑘,𝑚𝑚)
(𝑛𝑛 − 𝑘𝑘 + 𝑚𝑚 + 1)(𝑘𝑘 + 1)

+ ��
1

3 − 𝑥𝑥 − 𝑦𝑦 − 𝑥𝑥 𝑦𝑦

1

𝑎𝑎

1

𝑏𝑏

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 ,−1 ≤ 𝑎𝑎 < 1,−1 ≤ 𝑏𝑏 < 1 

𝑓𝑓(𝑎𝑎, 𝑏𝑏,𝑛𝑛,𝑘𝑘,𝑚𝑚) = 𝑎𝑎𝑛𝑛−𝑘𝑘+𝑚𝑚+1(1 − 𝑏𝑏𝑘𝑘+1) + 𝑏𝑏𝑘𝑘+1 + (−1)𝑛𝑛+𝑚𝑚(1 + (−1)𝑘𝑘) + (−1)𝑘𝑘  

(20)      𝜁𝜁(2) = � 3−𝑛𝑛−1
∞

𝑛𝑛=0

� � �
𝑛𝑛
𝑘𝑘
� �

𝑘𝑘
𝑚𝑚�

𝑘𝑘

𝑚𝑚=0

𝑛𝑛

𝑘𝑘=0

𝑓𝑓(𝑎𝑎, 𝑏𝑏,𝑛𝑛, 𝑘𝑘,𝑚𝑚)
(𝑛𝑛 − 𝑘𝑘 + 𝑚𝑚 + 1)(𝑘𝑘 + 1)

+ �
1

3 − 𝑥𝑥 − 𝑦𝑦 − 𝑥𝑥 𝑦𝑦
𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 , 0 ≤ 𝑎𝑎 < 1,0 ≤ 𝑏𝑏 < 1 

La integral doble es sobre la región: 𝑅𝑅 = [−1,1]2 − [−𝑎𝑎,𝑎𝑎] × [−𝑏𝑏, 𝑏𝑏] , y 

𝑓𝑓(𝑎𝑎, 𝑏𝑏,𝑛𝑛,𝑘𝑘,𝑚𝑚) = 𝑎𝑎𝑛𝑛−𝑘𝑘+𝑚𝑚+1𝑏𝑏𝑘𝑘+1(1 + (−1)𝑛𝑛+𝑘𝑘+𝑚𝑚)(1 + (−1)𝑘𝑘) 

(21)      𝜁𝜁(2) = 2𝑎𝑎 ln 2 −
𝑎𝑎2

2
+ �

(−1)𝑛𝑛−1𝑎𝑎2𝑛𝑛+1(22𝑛𝑛 − 1)𝐵𝐵𝑛𝑛
𝑛𝑛(2𝑛𝑛 + 1)!

∞

𝑛𝑛=1

+ � �
1

𝑒𝑒𝑥𝑥+𝑦𝑦 − 1

∞

0

∞

𝑎𝑎

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦

+ ��
1

𝑒𝑒𝑥𝑥+𝑦𝑦 − 1

∞

𝑎𝑎

𝑎𝑎

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 , 0 ≤ 𝑎𝑎 < 𝜋𝜋 

𝐵𝐵𝑛𝑛 = �1
6

, 1
30

, 1
42

, 1
30

, 5
66

, 691
2730

, 7
6

, … � , números de Bernoulli. 

(22)      𝜁𝜁(2) = �
𝑒𝑒−𝑛𝑛𝑎𝑎 (2 − 𝑒𝑒−𝑛𝑛𝑎𝑎 )

𝑛𝑛2

∞

𝑛𝑛=1

+ ��
1

𝑒𝑒𝑥𝑥+𝑦𝑦 − 1

𝑎𝑎

0

𝑎𝑎

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 ,𝑎𝑎 ≥ 0 

(23)     𝜁𝜁(2) = �
2−2𝑛𝑛−1

𝑛𝑛 + 1

∞

𝑛𝑛=0

��
𝑛𝑛
𝑘𝑘
�

𝑛𝑛

𝑘𝑘=0

(−1)𝑘𝑘

2𝑘𝑘 + 1
+ 4 � �

1
1 − 𝑥𝑥2 + 𝑦𝑦2

1−𝑥𝑥

0

1

1 2⁄

𝑑𝑑𝑦𝑦 𝑑𝑑𝑥𝑥 

(24)      𝜁𝜁(2) = ��
1

𝑥𝑥(𝑥𝑥 − 𝑦𝑦)

∞

1

1

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 

(25)      𝜁𝜁(2) = � �
1

𝑥𝑥 𝑦𝑦(𝑥𝑥 𝑦𝑦 − 1)

∞

1

∞

1

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 



5 
 

(26)      𝜁𝜁(2) = � �
1

(1 + 𝑥𝑥)(1 + 𝑦𝑦)(𝑥𝑥 + 𝑦𝑦 + 𝑥𝑥 𝑦𝑦)

∞

0

∞

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 

(27)      𝜁𝜁(2) = � �
1

(1 − 𝑥𝑥)(1 − 𝑦𝑦)(1 − 𝑥𝑥 − 𝑦𝑦)

1 2⁄

0

1 2⁄

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 

(28)      𝜁𝜁(2) = � �
1

𝑒𝑒𝑥𝑥+𝑦𝑦 − 1

∞

0

∞

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 

(29)      𝜁𝜁(2) = � �
1

𝑥𝑥 𝑦𝑦 (𝑥𝑥 + 𝑦𝑦 − 1)

∞

1

∞

1

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 

(30)      𝜁𝜁(2) = � �
1

(1 + 𝑥𝑥)(1 + 𝑦𝑦)(1 + 𝑥𝑥 + 𝑦𝑦)

∞

0

∞

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 

(31)      𝜁𝜁(2) = ��
1

1 − 𝑥𝑥 + 𝑥𝑥 𝑦𝑦

1

0

1

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 

(32)      𝜁𝜁(2) = � �
1

3 − 𝑥𝑥 − 𝑦𝑦 − 𝑥𝑥 𝑦𝑦

1

−1

1

−1

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 

(33)      𝜁𝜁(2) = � �
1

𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑦𝑦 − 1

∞

0

∞

0

𝑑𝑑𝑥𝑥 𝑑𝑑𝑦𝑦 

 

Observación. Todas las fórmulas se han tomado de la referencia (5). 
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