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Abstract In this research, first considering the electron-electron interaction in the high-

density Fermi electron gas at T=0 K, this interaction causes the pressure 2/137 time less 

than the original value. However, the pressure of the Fermi electron gas should have 

something to do with temperature. Then we estimate the temperature effect using 

statistical mechanics and find the complicated form of the pressure depends on 

temperature at the given particle number N and volume V. According to this, the central 

density-mass, central density-radius, and mass-radius relations of the white dwarf star 

are obtained by considering the equation of state (EOS). In our calculations, the central 

density is divided into the high-, middle-, and low-density regions. All three relations 

are almost unchanged until 108 K in the high-density region. The temperature effect 

mainly affects the middle- and low-density regions and it becomes explicitly above 107 

K. Our calculations can explain Sloan Digital Sky Survey observations where some 

white dwarf stars with the radius more than 8x103 km have larger mass than the 

predictions by the relativistic EOS at T=0 K. This result tells us that the temperature 

effect is important for the low and middle central-density white dwarf star and also 

useful to estimate the inner temperature of a white dwarf star.  

Keywords: white dwarf star, degenerate Fermi electron gas, pressure, upper mass limit, electron-electron 

interaction 

I. Introduction 

  The white dwarf star has been investigated many years and it was named first in 1922 

[1]. It usually has very high density with the mass similar to our sun but the volume 

small like Earth. The reported largest mass seems to be the one found in 2007 which is 

1.33 times as large as the solar mass Mʘ [2]. The white dwarf star is thought to be the 

type of the low to medium mass stars in the final evolution stage [3-6]. The early theory 

to explain its mass upper limit is based on the ideally degenerate Fermi electron gas [6-

11]. The calculation adopts all electrons like free particles occupying all energy levels 

until Fermi energy as they are at zero temperature [12]. It is doubtful that even in the 

high-temperature and high-pressure situation, the ideal Fermi gas still works. It makes 

the curiosity further discuss the temperature effect by statistical mechanics. 

Actually, the central temperature of the Fermi electron gas in the white dwarf star 

might be about 107 K to 108 K [13], the temperature effect should be further considered 

to get more accurate results. According to statistical mechanics, we first build the 

pressure produced by the Fermi electron gas at given temperature T, the number of 

electrons N, and the total volume V. Then we discuss the temperature effect on the 

electron pressure. Next, the relations between the central density ρc, mass M, and radius 

R of the white dwarf star are derived from equation of state (EOS). Finally, based on 
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these relations, the temperature effect is discussed and the results are compared to the 

Sloan Digital Sky Survey (SDSS) observations.  

II. The Degenerate Fermi Electron Gas For The White Dwarf Star 

   First of all, we review the calculation of the upper mass limit for the white dwarf 

star. It adopts the ideally degenerate Fermi electron gas and considers the relativistic 

kinetic energy in the calculation [8,9]. Because the electron has spin s= ±
1

2
,  each 

energy state permits two electrons occupied. Each electron has the rest mass me, and its 

relativistic kinetic energy Ek at momentum p is  

                                             𝐸𝑘 = 𝑚𝑒𝑐
2 {[1 + (

�⃑�

𝑚𝑒𝑐
)

2

]

1 2⁄

− 1}.                                    (1) 

The Fermi electron gas with the total number N and total volume V has total kinetic 

energy 

𝐸0 = 2𝑚𝑒𝑐
2 ∑ {[1 + (

�⃑�

𝑚𝑒𝑐
)

2

]

1 2⁄

− 1}
|�⃑�|<𝑝𝐹

=
2𝑉𝑚𝑒𝑐

2

ℎ3
∫ 𝑑𝑝4𝜋𝑝2 {[1 + (

�⃑�

𝑚𝑒𝑐
)

2

]

1 2⁄

− 1}
𝑝𝐹

0

,                             (2) 

where h is the Planck’s constant and pF is the Fermi momentum defined as 

                                                                𝑝𝐹 = ℎ (
3𝑁

8𝜋𝑉
)
1 3⁄

.                                                    (3) 

Considering the mass mp of a proton and the mass mn of a neutron, the total mass M of 

a white dwarf star mainly consisting of helium nuclei is  

                                          𝑀 = (𝑚𝑒 +𝑚𝑝 +𝑚𝑛)𝑁 ≈ 2𝑚𝑝𝑁 ≈ 2𝑚𝑛𝑁.                         (4) 

If we define the parameter 

                                                       𝑥𝐹 ≡
𝑝𝐹
𝑚𝑒𝑐

=
ℎ

2𝑚𝑒𝑐
(
3𝑁

8𝜋𝑉
)
1 3⁄

,                                       (5) 

then Eq. (2) becomes 

                                                   𝐸0 =
8𝜋𝑚𝑒

4𝑐5𝑉

ℎ3
[𝑓(𝑥𝐹) −

1

3
𝑥𝐹
3] ,                                        (6) 
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where  

                                             𝑓(𝑥𝐹) = ∫ 𝑑𝑥𝑥2[(1 + 𝑥2)1 2⁄ ]
𝑥𝐹

0

.                                            (7) 

The pressure produced by the ideal Fermi electron gas is [8] 

                                        𝑃0 = −
𝜕𝐸0
𝜕𝑉

=
8𝜋𝑚𝑒

4𝑐5

ℎ3
[
1

3
𝑥𝐹
3√1 + 𝑥𝐹

2 − 𝑓(𝑥𝐹)].                     (8) 

It is almost 1000 times larger than the pressure of the helium nuclei [9]. Further 

discussions give the relation between the radius R and mass M of the star for the 

relativistically high-density Fermi electron gas 

                                                   �̅� = �̅�2 3⁄ [1 − (
�̅�

�̅�0

)

2 3⁄

]

1 2⁄

,                                             (9) 

where  

                                                                  �̅� = (
2𝜋𝑚𝑒𝑐

ℎ
)𝑅,                                                  (10) 

                                                                   �̅� =
9𝜋

8

𝑀

𝑚𝑛
,                                                         (11) 

and 

                                                    �̅�0 = (
27𝜋

64𝛿
)
3 2⁄

(
ℎ𝑐

2𝜋𝐺𝑚𝑛
2
)
3 2⁄

.                                      (12) 

In Eq. (12), G is the gravitational constant and δ is a parameter of pure number. Some 

considerations [9] give the upper mass limit M0 in unit of the mass Mʘ of our sun 

                                                           𝑀0 ≈ 1.44𝑀ʘ,                                                          (13) 

which is also the upper limit for appearance of the white dwarf star at T=0 K.  

III. The Correction of The Electron-Electron Interaction For The White Dwarf 

Star 

The ideally Fermi electron gas has been widely discussed in solid state physics. The 

ground state energy of non-relativistically high-density Fermi electron gas has been 

calculated by the Hartree-Fock approximation [14,15] and the energy per electron at 

T=0 is  

                           
𝐸𝐻𝐹
𝑁

=
2.21

𝑟𝑠2
−
0.916

𝑟𝑠
+ 0.0622 ln 𝑟𝑠 −  0.096 (

𝑅𝑒𝑑𝑏𝑒𝑟𝑔

𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
),             (14) 
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where EHF is the total energy of the Fermi electron gas, and rs is defined by using the 

Bohr radius aB 

                                                                   
𝑉

𝑁
=
4

3
𝜋𝑟𝑠

3𝑎𝐵
3 .                                                       (15) 

The first two terms are dominate terms and the ratio of the first term to the second one 

is proportional rs. As N increases, the first term increases faster than the second one. 

Actually, the calculation of the first term at the right-hand side in Eq. (14) should use 

Eq. (6) because of the relativistic electrons. Considering xF>>1 in the relativistic region, 

then Eq. (6) becomes 

                                              
𝐸0
𝑁
≈
2𝜋𝑚𝑒

4𝑐5

ℎ3
𝑉

𝑁
𝑥𝐹
4 (1 −

4

3𝑥𝐹
+
1

𝑥𝐹
2).                                 (16) 

The second term consider the Feynman diagram of the oyster type, so this correlation 

energy E1 is [14,15] 

      
𝐸1
𝑁
= −

2

𝑁
×
1

2
× [

𝑉

(2𝜋)3
]
2

×
4𝜋𝐾𝑒𝑒

2

𝑉
×
16𝜋4

ℎ4
∬

𝑑3�⃑�1𝑑
3�⃑�2

|�⃑�1 − �⃑�2|2

�⃑�𝐹

�⃑�1,�⃑�2=0⃑⃑⃑

 

                           = −
3

2𝜋
(
2𝜋𝐾𝑒𝑝𝐹𝑎𝐵

ℎ
)(

𝑒2

2𝑎𝐵
) = −

3𝑚𝑒𝑐𝐾𝑒𝑒
2

2ℎ
𝑥𝐹 ,                               (17) 

where Ke is the Coulomb’s constant. Using Eqs. (16) and (17), the pressure PHF of the 

Fermi electron gas at T=0 K is 

𝑃𝐻𝐹 = −
𝜕𝐸𝐻𝐹
𝜕𝑉

                                                                                                                           

            =
2𝜋𝑚𝑒

4𝑐5

3ℎ3
(𝑥𝐹

4 − 𝑥𝐹
2 − 2

2𝜋𝐾𝑒𝑒
2

ℎ𝑐
𝑥𝐹
4) ≈

2𝜋𝑚𝑒
4𝑐5

3ℎ3
(𝑥𝐹

4 − 𝑥𝐹
2 −

2

137
𝑥𝐹
4),    (18) 

where 2πKee
2/hc is the fine structure constant [16-19]. It means that the electron-

electron interaction causes the pressure about 2/137 time less than the original value. 

Some related discussions can be checked in the early reference [20]. 

IV. The Temperature Effect On The Pressure of The Ideal Fermi Electron Gas 

The central temperature of a star is usually about 107 K to 108 K, and the upper mass 

limit in Eq. (13) calculated at T=0 should be improved. Otherwise, it cannot reflect how 

the relation between the radius and mass of the white dwarf star varies with temperature. 

Then we consider the case for T>>0, and the grand partition function in statistical 

mechanics [9] is 
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                                    𝑞(𝑇, 𝑉, 𝑧) = ln 𝛧 = ∑ ln[1 + 𝑧 ∙ 𝑒𝑥𝑝(−𝛽𝐸𝑘)]𝑘 ,            (19) 

Where Ek is the kinetic energy, β=1/kBT, and z=exp(μβ) with μ the chemical potential 

of the Fermi electron gas. Since the energy eigenstates are treated as arbitrarily close to 

each other in a very large volume, the grand partition function becomes 

                                               ln 𝛧 = ∫ 𝑑𝐸𝑔(𝐸𝑘) ln[1 + 𝑧𝑒𝑥𝑝(−𝛽𝐸𝑘)]
∞

0

.                     (20) 

Integrating it by parts, then we have [9] 

                                   ln 𝛧 = 𝑔
4𝜋𝑉

ℎ3
𝛽

3
∫ 𝑝3𝑑𝑝

𝑑𝐸𝑘
𝑑𝑝

∞

0

1

𝑧−1𝑒𝑥𝑝(𝛽𝐸𝑘) + 1
,                      (21) 

where g=2s+1 is the degeneracy factor and  

                                                               𝑝2 =
𝐸𝑘
2

𝑐2
+ 2𝑚𝑒𝐸𝑘 .                                                  (22) 

Substituting Eq. (22) into Eq. (21) and considering Fermi energy EF>>mec
2, it gives  

                                  ln 𝛧 = 𝑔
4𝜋𝑉𝛽

3ℎ3𝑐3
∫ 𝑑𝐸𝑘

𝐸𝑘
3 [1 +

2𝑚𝑒𝑐
2

𝐸𝑘
]
3 2⁄

𝑧−1𝑒𝑥𝑝(𝛽𝐸𝑘) + 1

∞

0

.                                (23) 

Using the Taylor series expansion to the first-order term, then we have  

        ln 𝛧 ≈ 𝑔
4𝜋𝑉

3ℎ3𝑐3𝛽3
∫ 𝑑(𝛽𝐸𝑘)

(𝛽𝐸𝑘)
3 [1 + 3 (

𝛽𝑚𝑒𝑐
2

𝛽𝐸𝑘
) + 3(

𝛽𝑚𝑒𝑐
2

𝛽𝐸𝑘
)
2

]

𝑧−1𝑒𝑥𝑝(𝛽𝐸𝑘) + 1

∞

0

.   (24) 

Then the integral gives 

ln 𝛧 ≈                                                                                                                                                 

    𝑔
4𝜋𝑉

3ℎ3𝑐3𝛽3
[𝛤(4)𝑓4(𝑧) + 3(

𝑚𝑒𝑐
2

𝑘𝐵𝑇
)𝛤(3)𝑓3(𝑧) + 3(

𝑚𝑒𝑐
2

𝑘𝐵𝑇
)

2

𝛤(2)𝑓2(𝑧)] , (25) 

where we define the function 

                                          𝑓𝑛(𝑧) =
1

𝛤(𝑛)
∫ 𝑑(𝛽𝐸𝑘)

(𝛽𝐸𝑘)
𝑛−1

𝑧−1𝑒(𝛽𝐸) + 1

∞

0

.                               (26) 

The corresponding Fermi energy EF is roughly 20 MeV [8] and 1/(2mec2β)~1/1000 at 

107 K. The chemical potential μ~EF so z=exp(βμ)~exp(20000). When z>>1, the 
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approximation of Eq. (26) [9] is 

                                                   𝑓𝑛(𝑧) ≈
(ln 𝑧)𝑛

𝑛!
[1 +

𝜋2

6

(𝑛 − 1)𝑛

(ln 𝑧)2
],                               (27) 

and the ratio of the first term to the second term is about 

                              3 (
𝑚𝑒𝑐

2

𝑘𝐵𝑇
)
𝛤(3)

𝛤(4)

𝑓3(𝑧)

𝑓4(𝑧)
≈ 3(

𝑚𝑒𝑐
2

𝑘𝐵𝑇
)

1 3⁄

(ln 𝑧) 4⁄
≈

1

100
.                      (28) 

According to the relation ln Z=pV/kBT, the pressure causing by the Fermi electron gas 

is  

𝑃𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
 𝑔𝑎𝑠

≈                                                                                                                                        

             
8𝜋(𝑘𝐵𝑇)

4

3ℎ3𝑐3
[𝛤(4)𝑓4(𝑧) + 3(

𝑚𝑒𝑐
2

𝑘𝐵𝑇
)𝛤(3)𝑓3(𝑧) + 3 (

𝑚𝑒𝑐
2

𝑘𝐵𝑇
)

2

𝛤(2)𝑓2(𝑧)] . (29) 

  Then we calculate the particle number N(T, V, z) using the similar way in statistical 

mechanics. It gives  

𝑁(𝑇, 𝑉, 𝑧) = g
4𝜋𝑉

ℎ3
∫ 𝑝2𝑑𝑝

1

𝑧−1𝑒𝑥𝑝(𝛽𝐸𝑘) + 1

∞

0

                                                               

                       = g
4𝜋𝑉

ℎ3𝑐3
∫ 𝑑𝐸𝑘

𝐸𝑘
2 (1 +

2𝑚𝑒𝑐
2

𝐸𝑘
)
1 2⁄

(1 +
𝑚𝑒𝑐

2

𝐸𝑘
)

𝑧−1𝑒𝑥𝑝(𝛽𝐸𝑘) + 1

∞

0

.                             (30) 

Using Taylor series expansion to the first-order term, then we have  

    𝑁(𝑇, 𝑉, 𝑧) ≈ 𝑔
4𝜋𝑉

ℎ3𝑐3𝛽3
∫ 𝑑(𝛽𝐸𝑘)

(𝛽𝐸𝑘)
2 [1 + 2 (

𝛽𝑚𝑒𝑐
2

𝛽𝐸𝑘
) +

1
2
(
𝛽𝑚𝑒𝑐

2

𝛽𝐸𝑘
)
2

]

𝑧−1𝑒𝑥𝑝(𝛽𝐸𝑘) + 1

∞

0

. (31) 

Further calculation gives 

𝑁(𝑇, 𝑉, 𝑧) ≈                                                                                                                                    

                
8𝜋𝑉(𝑘𝐵𝑇)

3

ℎ3𝑐3
[𝛤(3)𝑓3(𝑧) + 2(

𝑚𝑒𝑐
2

𝑘𝐵𝑇
)𝛤(2)𝑓2(𝑧) +

1

2
(
𝑚𝑒𝑐

2

𝑘𝐵𝑇
)

2

𝑓1(𝑧)] . (32) 

Combing Eq. (29) with Eq. (32), it gives the relation between Pelectron gas, T, V, and N, 

that is,  
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𝑃𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
𝑔𝑎𝑠

≈
𝑁𝑘𝐵𝑇

3𝑉

[
 
 
 
 𝛤(4)𝑓4(𝑧) + 3 (

𝑚𝑒𝑐
2

𝑘𝐵𝑇
)𝛤(3)𝑓3(𝑧) + 3 (

𝑚𝑒𝑐
2

𝑘𝐵𝑇
)
2

𝛤(2)𝑓2(𝑧)

𝛤(3)𝑓3(𝑧) + 2 (
𝑚𝑒𝑐2

𝑘𝐵𝑇
)𝛤(2)𝑓2(𝑧) +

1
2
(
𝑚𝑒𝑐2

𝑘𝐵𝑇
)
2

𝑓1(𝑧) ]
 
 
 
 

. (33) 

Substituting Eq. (27) into Eq. (33) and further rearrangement gives 

𝑃𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
𝑔𝑎𝑠

≈
𝑁𝑘𝐵𝑇

3𝑉

{
 
 

 
 (ln 𝑧)

4

4 + (
𝑚𝑒𝑐

2

𝑘𝐵𝑇
) (ln 𝑧)3 + [

3
4
(
𝑚𝑒𝑐

2

𝑘𝐵𝑇
)
2

+
𝜋2

2
] (ln 𝑧)2 + 𝜋2 (

𝑚𝑒𝑐
2

𝑘𝐵𝑇
) ln 𝑧

(ln 𝑧)3

3 + (
𝑚𝑒𝑐2

𝑘𝐵𝑇
) (ln 𝑧)2 + [

1
2
(
𝑚𝑒𝑐2

𝑘𝐵𝑇
)
2

+
𝜋2

3
] ln 𝑧 +

𝜋2

3
(
𝑚𝑒𝑐2

𝑘𝐵𝑇
)

}
 
 

 
 

 

 ≈
𝑁𝑘𝐵𝑇

4𝑉
(ln 𝑧) {1 + (

𝑚𝑒𝑐
2

𝑘𝐵𝑇
)
1

ln 𝑧
−
3

2
(
𝑚𝑒𝑐

2

𝑘𝐵𝑇
)

2
1

(ln 𝑧)2
+

𝜋2

(ln 𝑧)2

+ [3(
𝑚𝑒𝑐

2

𝑘𝐵𝑇
)

3

− 𝜋2 (
𝑚𝑒𝑐

2

𝑘𝐵𝑇
)]

1

(ln 𝑧)3
}.                                                (34) 

In Eq. (34), (ln z) can be obtained by substituting Eq. (27) into Eq. (32). Then we have 

 
𝑁

𝑉
≈
8𝜋(𝑘𝐵𝑇)

3

(ℎ𝑐)3
×                                                                                                                       

            [
(ln 𝑧)3

3
+ (

𝑚𝑒𝑐
2

𝑘𝐵𝑇
) (ln 𝑧)2 + [

1

2
(
𝑚𝑒𝑐

2

𝑘𝐵𝑇
)

2

+
𝜋2

3
] (ln 𝑧) +

𝜋2

3
(
𝑚𝑒𝑐

2

𝑘𝐵𝑇
)].    (35) 

Considering (ln z)>>(mec
2/kBT), and using (ln z)=μ/kBT and the definition of the Fermi 

momentum in Eq. (3), it further gives 

(𝑐𝑝𝐹)
3 ≈                                                                                                                                          

              {𝜇3 + 3(𝑚𝑒𝑐
2)𝜇2 + [

3

2
(𝑚𝑒𝑐

2)2 + 𝜋2(𝑘𝐵𝑇)
2] 𝜇 + 𝜋2(𝑚𝑒𝑐

2)(𝑘𝐵𝑇)
2}.    (36) 

Finding the cubic roots at both sides in Eq. (36), and expanding the bracket to the 

second-order (1/μ)-term give 

                        𝑐𝑝𝐹 ≈ 𝜇 {1 + (
𝑚𝑒𝑐

2

𝜇
) + [−

1

2
(𝑚𝑒𝑐

2)2 +
𝜋2

3
(𝑘𝐵𝑇)

2]
1

𝜇2
}.                (37) 

Eq. (37) results in two μ solutions, and we choose the reasonable one  
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             𝜇 ≈

(𝑐𝑝𝐹 −𝑚𝑒𝑐
2) + (𝑐𝑝𝐹 −𝑚𝑒𝑐

2) {1 − 2 [
−
1
2
(𝑚𝑒𝑐

2)2 +
𝜋2

3
(𝑘𝐵𝑇)

2

(𝑐𝑝𝐹 −𝑚𝑒𝑐2)2
]}

2
        

         ≈ 𝑐𝑝𝐹 [1 − (
𝑚𝑒𝑐

2

𝑐𝑝𝐹
) +

1

2
(
𝑚𝑒𝑐

2

𝑐𝑝𝐹
)

2

−
𝜋2

3
(
𝑘𝐵𝑇

𝑐𝑝𝐹
)
2

],                                       

                  ≈ 𝐸𝐹 −
𝜋2

3
(𝑐𝑝𝐹) (

𝑘𝐵𝑇

𝑐𝑝𝐹
)
2

,                                                                                  (38) 

where the relativistic Fermi energy by using Eq. (1) is defined as 

                                      𝐸𝐹 ≈ 𝑐𝑝𝐹 [1 − (
𝑚𝑒𝑐

2

𝑐𝑝𝐹
) +

1

2
(
𝑚𝑒𝑐

2

𝑐𝑝𝐹
)

2

].                                    (39) 

It reasonably reveals that μ→EF when T→0 in Eq. (38). Substituting Eq. (38) into Eq. 

(34), the pressure of the electron gas in Eq. (34) is 

𝑃𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
𝑔𝑎𝑠

≈                                                        

𝑁

4𝑉
(𝑐𝑝𝐹)

{
 
 

 
 

[1 +
1

2
(
𝑚𝑒𝑐

2

𝑐𝑝𝐹
)

2

−
𝜋2

3
(
𝑘𝐵𝑇

𝑐𝑝𝐹
)
2

]

−

[
3
2 − 𝜋

2 (
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

]

[(
𝑐𝑝𝐹
𝑚𝑒𝑐

2)
2

− (
𝑐𝑝𝐹
𝑚𝑒𝑐

2) +
1
2 −

𝜋2

3
(
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

]

+

[3 − 𝜋2 (
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

] (
𝑐𝑝𝐹
𝑚𝑒𝑐

2)

[(
𝑐𝑝𝐹
𝑚𝑒𝑐

2)
2

− (
𝑐𝑝𝐹
𝑚𝑒𝑐

2) +
1
2
−
𝜋2

3
(
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

]

2

}
 
 

 
 

.                                 (40) 

It explicitly tells us that the total pressure depends on temperature complicatedly at the 

given particle number N and volume V. The pressure of the Fermi electron gas in the 

white dwarf star should have something to do with temperature as we see in Eq. (40). 

 After obtaining the pressure of the degenerate Fermi electron gas varying with 

temperature, then we can estimate the relation between mass and radius of the white 

dwarf star. The relation between V and R is  
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                                                                   𝑉 =
4

3
𝜋𝑅3.                                                           (41) 

Using Eqs (4), (10), (11), and (35), it gives [8] 

                
𝑁

𝑉
≈

3𝑀

8𝜋𝑚𝑛𝑅3
= (

3

8𝜋𝑚𝑛
) (
8𝑚𝑛

9𝜋
) (
2𝜋𝑚𝑒𝑐

ℎ
)
3 �̅�

�̅�3
= (

8𝜋𝑚𝑒
3𝑐3

3ℎ3
)
�̅�

�̅�3
.         (42) 

The equilibrium condition by considering the gravitational self-energy [8] is  

         
1

4
(
8𝜋𝑚𝑒

3𝑐3𝑘𝐵𝑇

3ℎ3
) {(𝑐𝑝𝐹) [1 − (

𝑚𝑒𝑐
2

𝑐𝑝𝐹
)

2

+
2𝜋2

3
(
𝑘𝐵𝑇

𝑐𝑝𝐹
)
2

]}
�̅�

�̅�3
= 𝐾′

�̅�2

�̅�4
, (43) 

where  

                                              𝐾′ =
𝛿

4𝜋
𝐺 (
8𝑚𝑛

9𝜋
)
2

(
2𝜋𝑚𝑒𝑐

ℎ
)
4

.                                            (44) 

In Eq. (38), δ is a parameter of pure number and G is the gravitational constant [9]. 

Substituting Eq. (38) into Eq. (37), then we have  

                  
�̅�

�̅�
=
1

4
(
27

64𝛿𝐺
)(

2ℎ

𝑚𝑛
2𝑚𝑒𝑐

) {(
𝑐𝑝𝐹
𝑘𝐵𝑇

) [1 − (
𝑚𝑒𝑐

2

𝑐𝑝𝐹
)

2

+
2𝜋2

3
(
𝑘𝐵𝑇

𝑐𝑝𝐹
)
2

]}.     (45) 

Further arrangement gives 

                                
𝑀

𝑅
≈ (

3

2𝛿𝐺𝑚𝑛
) {
𝑐𝑝𝐹
4
[1 − (

𝑚𝑒𝑐
2

𝑐𝑝𝐹
)

2

+
2𝜋2

3
(
𝑘𝐵𝑇

𝑐𝑝𝐹
)
2

]}.                (46) 

Then we adopt the approximation of EF~cpF in Eq. (46), and it gives 

             
𝑀

𝑅
≈ (

3

8𝛿𝐺𝑚𝑛
) {𝑐 (

3ℎ3𝑁

8𝜋𝑉
)

1 3⁄

− (
8𝜋𝑉

3ℎ3𝑁
)
1 3⁄

[(𝑚𝑒
2𝑐3) −

2𝜋2(𝑘𝐵𝑇)
2

3𝑐
]},    (47) 

Substituting Eq. (42) into Eq. (47) and arranging it, then we have  

(
8𝛿𝐺𝑚𝑛

3𝑐
)𝑀4 3⁄ ≈                                                                                                                        

                        (
9ℎ3

64𝜋2𝑚𝑛
)

1 3⁄

𝑀2 3⁄ − (
64𝜋2𝑚𝑛

9ℎ3
)

1 3⁄

[(𝑚𝑒
2𝑐2) −

2𝜋2(𝑘𝐵𝑇)
2

3𝑐2
] 𝑅2.  (48) 
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Solving R in Eq. (48) and expanding the square root to the second order, the relation 

between radius, temperature, and mass is 

          𝑅 ≈
1

𝑚𝑒𝑐 [1 −
2𝜋2(𝑘𝐵𝑇)

2

3(𝑚𝑒𝑐
2)2

]
1 2⁄

(
9ℎ3

64𝜋2𝑚𝑛
)

1 3⁄

𝑀1 3⁄ [1 − (
𝑀

𝑀0
)
2 3⁄

]

1 2⁄

,       (49) 

where  

                     𝑀0 = (
3𝑐

8𝛿𝐺𝑚𝑛
)
3 2⁄

(
9ℎ3

64𝜋2𝑚𝑛
)

1 2⁄

=
9ℎ𝑐

64𝜋𝛿𝐺𝑚𝑛
2
(
3ℎ𝑐

8𝛿𝐺
)
1 2⁄

.                 (50) 

M0 in Eq. (50) is the upper mass limit of the white dwarf star in the extremely relativistic 

case [8,9]. Eq. (49) is the same result as the case of pF>>mec at T= 0 K [8,9]. According 

to Eq. (49) at T=0 K, the radius of the white dwarf star with the solar mass is about 

2700 km [9]. The more important thing is the temperature term appear in the 

denominator of Eq. (49), which is much more reasonable than it is at T=0 K. It explicitly 

tells us that the relation between M and R depends on T, mn, and me.  

Then the radius-mass curve described in Eq. (49) at T=0 K is drawn in Fig. 1. The 

upper mass limit M0 is chosen as 1.44𝑀ʘ at δ=0.65 and 𝑀ʘ=1.99x1030 kg [9,21]. Most 

early research derived the relation of the radius and mass of the white dwarf star through 

the equation of state (EOS) [8,9]. However, the result shows the divergence of the radius 

when mass goes to zero for the low-density white dwarf star [8,9]. As we know, the 

density of the white dwarf star is about [8,9] 

       𝜌 ≡
𝑁

𝑉
≈ 107  𝑔 𝑐𝑚3⁄ ≈ 1013  𝑚𝑜𝑙𝑒 𝑚3⁄ ≈ 6 × 1036  𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠 𝑚3⁄ .           (51) 

When we consider the condition pF>>mec, it means  

                               
𝑁

𝑉
≫
8𝜋(𝑚𝑒𝑐

2)3

3ℎ3
= 5.2 × 1035  𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠 𝑚3⁄ .                            (52) 

As long as the white dwarf star possesses the minimal density as shown in Eq. (51), this 

condition is satisfied. In our common environment on the Earth, the most things have 

density much lower than that of the white dwarf star in Eq. (51). When thing disappears 

like the melting ice, its volume also becomes zero. A white dwarf star having very large 

radius as its mass goes to zero is much unreasonable. 
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Figure 1. The relation between radius and mass of the white dwarf star by Eq. (49) at the condition 

pF>>mec without considering EOS.  

  The other consideration is about mec
2>>EF, then the partition function, pressure, and 

number of the ideal Fermi electron gas become 

ln 𝛧 ≈ 𝑔
4𝜋𝑉(2𝑚𝑒)

3 2⁄

3ℎ3𝛽3 2⁄
×                                                                                                             

              [𝛤 (
5

2
) 𝑓5 2⁄ (𝑧) +

3

4
(
𝑘𝐵𝑇

𝑚𝑒𝑐2
)𝛤 (

7

2
) 𝑓7 2⁄ (𝑧) +

3

32
(
𝑘𝐵𝑇

𝑚𝑒𝑐2
)
2

𝛤 (
9

2
)𝑓9 2⁄ (𝑧)] , (53) 

  𝑃𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
 𝑔𝑎𝑠

≈
8𝜋(2𝑚𝑒)

3 2⁄ (𝑘𝐵𝑇)
5 2⁄

3ℎ3
[𝛤 (

5

2
) 𝑓5 2⁄ (𝑧) +

3

4
(
𝑘𝐵𝑇

𝑚𝑒𝑐2
)𝛤 (

7

2
)𝑓7 2⁄ (𝑧)],   (54) 

and  

𝑁(𝑇, 𝑉, 𝑧) ≈
4𝜋𝑉(2𝑚𝑒)

3
2(𝑘𝐵𝑇)

3 2⁄

ℎ3
×                                                                                         

         [𝛤 (
3

2
) 𝑓3 2⁄ (𝑧) +

5

4
(

1

𝑚𝑒𝑐
2𝛽
)𝛤 (

5

2
)𝑓5 2⁄ (𝑧) +

7

32
(

1

𝑚𝑒𝑐
2𝛽
)
2

𝛤 (
7

2
) 𝑓7 2⁄ (𝑧)] . (55) 

Combing Eq. (55) with Eq. (54), it gives the relationship between Pelectron gas, T, V, and 

N 

𝑃𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
𝑔𝑎𝑠

≈
2𝑁𝑘𝐵𝑇

3𝑉

[
 
 
 𝛤 (

5
2) 𝑓5 2⁄ (𝑧) +

3
4
(
𝑘𝐵𝑇
𝑚𝑒𝑐2

)𝛤 (
7
2) 𝑓7 2⁄ (𝑧) +

3
32
(
𝑘𝐵𝑇
𝑚𝑒𝑐2

)
2

𝛤 (
9
2) 𝑓9 2⁄ (𝑧)

𝛤 (
3
2) 𝑓3 2⁄ (𝑧) +

5
4
(
𝑘𝐵𝑇
𝑚𝑒𝑐2

)𝛤 (
5
2)𝑓5 2⁄ (𝑧) +

7
32
(
𝑘𝐵𝑇
𝑚𝑒𝑐2

)
2

𝛤 (
7
2) 𝑓7 2⁄ (𝑧)]

 
 
 

. (56) 

Here we use the non-relativistic chemical potential for EF>>kBT [4]  
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                                        𝜇 ≈ 𝐸𝐹 [1 −
𝜋2

12
(
𝑘𝐵𝑇

𝐸𝐹
)
2

−
89𝜋4

25920
(
𝑘𝐵𝑇

𝐸𝐹
)
4

]                            (57) 

where 

                                                          𝐸𝐹 ≈
𝑝𝐹
2

2𝑚𝑒
−

𝑝𝐹
4

8𝑚𝑒
3𝑐2

.                                                  (58) 

Further rearrangement of Eq. (56) and ignoring T2 terms in Eq. (56) and T4 term in Eq. 

(57) give 

 𝑃𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
𝑔𝑎𝑠

≈
2𝑁𝑘𝐵𝑇

3𝑉
[
𝛤 (
5
2
)𝑓5 2⁄ (𝑧)

𝛤 (
3
2) 𝑓3 2⁄ (𝑧)

]

{
  
 

  
 
1 +

3
4
(
𝑘𝐵𝑇
𝑚𝑒𝑐2

) [
𝛤 (
7
2) 𝑓7 2⁄ (𝑧)

𝛤 (
5
2
) 𝑓5 2⁄ (𝑧)

]

1 +
5
4
(
𝑘𝐵𝑇
𝑚𝑒𝑐

2) [
𝛤 (
5
2) 𝑓5 2⁄ (𝑧)

𝛤 (
3
2) 𝑓3 2⁄ (𝑧)

]

}
  
 

  
 

                             

                 ≈
𝑁𝑘𝐵𝑇

𝑉
(
2

5
ln 𝑧) [1 −

3

14
(
𝑘𝐵𝑇

𝑚𝑒𝑐2
ln 𝑧)]                                                                 

                   ≈
𝑁

𝑉
{
2

5
𝐸𝐹 [1 −

𝜋2

12
(
𝑘𝐵𝑇

𝐸𝐹
)
2

]} {1 −
3

14
(
𝐸𝐹
𝑚𝑒𝑐2

) [1 −
𝜋2

12
(
𝑘𝐵𝑇

𝐸𝐹
)
2

]}.       (59) 

After obtaining the pressure of the ideal Fermi electron gas varying with temperature, 

then we can estimate the relationship between mass and radius of the white dwarf star. 

The equilibrium condition in Eq. (43) becomes  

(
8𝜋𝑚𝑒

3𝑐3

3ℎ3
){
2

5
𝐸𝐹 [1 −

𝜋2

12
(
𝑘𝐵𝑇

𝐸𝐹
)
2

]} {1 −
3

14
(
𝐸𝐹
𝑚𝑒𝑐2

) [1 −
𝜋2

12
(
𝑘𝐵𝑇

𝐸𝐹
)
2

]}
�̅�

�̅�3

= 𝐾′
�̅�2

�̅�4
,                                                                                                      (60) 

and it gives 

 𝑀 = (
3

2𝛿𝐺𝑚𝑛
) {
2

5
𝐸𝐹 [1 −

𝜋2

12
(
𝑘𝐵𝑇

𝐸𝐹
)
2

]} {1 −
3

14
(
𝐸𝐹
𝑚𝑒𝑐2

) [1 −
𝜋2

12
(
𝑘𝐵𝑇

𝐸𝐹
)
2

]}𝑅.  (61) 

This reasonably shows that the radius disappears as M→0 verifying the previous 

viewpoint. 

V. The Mass-Radius Relation Obtained From EOS 

  Next, we further obtain the some relations from EOS, the equation of equilibrium for 

the stellar structure [12,22-24]. There are two equations to be considered here: 
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𝑑𝑃(𝑟)

𝑑𝑟
= −

𝐺𝑚(𝑟)𝜌(𝑟)

𝑟2
                                             (62) 

and 

                                                            
𝑑𝑚(𝑟)

𝑑𝑟
= 4𝜋𝑟2𝜌(𝑟),                                                 (63) 

where P(r), m(r), and ρ(r) are the distributions of the pressure, mass, and mass density 

varying with the radial position in the star, respectively. Theoretically speaking, once 

the distribution of ρ(r) is known, the distributions of the pressure and mass can be 

obtained by substituting ρ(r) into Eqs. (62) and (63). The boundary conditions are 

m(0)=0, ρ(r)=ρc, m(R)=ρ(R)=0, and dρ(r)/dr=0 at r=0 where ρc is the central density. 

Then defining the parameter  

                                                         𝑥 = 𝑥𝐹 ≡
𝑝𝐹
𝑚𝑒𝑐

= (
𝜌

𝜌0
)
1 3⁄

,                                        (64) 

where  

                                                           𝜌0 = 2𝑚𝑛 (
8𝜋𝑚𝑒

3𝑐3

3ℎ3
).                                              (65) 

Using Eq. (64), the high Fermi-energy pressure in Eq. (40) becomes 

𝑃𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
𝑔𝑎𝑠

≈                                                        

2𝜋𝑚𝑒
4𝑐5

3ℎ3
𝑥4

{
 
 

 
 

[1 +
1

2
(
1

𝑥
)
2

−
𝜋2

3
(
𝑘𝐵𝑇

𝑚𝑒𝑐2
)
2

(
1

𝑥
)
2

] −

[
3
2 − 𝜋

2 (
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

]

[𝑥2 − 𝑥 +
1
2
−
𝜋2

3
(
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

]

+

[3 − 𝜋2 (
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

] 𝑥

[𝑥2 − 𝑥 +
1
2 −

𝜋2

3
(
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

]

2

}
 
 

 
 

.                                                        (66) 

From Eq. (62), it induces 

                                                           
𝑑𝜌

𝑑𝑟
= −(

𝑑𝑃

𝑑𝜌
)
−1𝐺𝑚𝜌

𝑟2
.                                              (67)  

Then it is derived  
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𝑑𝑃

𝑑𝜌
= (

2𝜋𝑚𝑒
4𝑐5

3ℎ3
)
1

3𝜌0

{
 
 

 
 

4𝑥 + 𝑥 −
2𝜋2

3
(
𝑘𝐵𝑇

𝑚𝑒𝑐2
)
2

𝑥

− [
3

2
− 𝜋2 (

𝑘𝐵𝑇

𝑚𝑒𝑐2
)
2

]
4𝑥

𝑥2 − 𝑥 +
1
2 −

𝜋2

3
(
𝑘𝐵𝑇
𝑚𝑒𝑐2

)
2

+ [
3

2
− 𝜋2 (

𝑘𝐵𝑇

𝑚𝑒𝑐2
)
2

]
𝑥2(2𝑥 − 1)

[𝑥2 − 𝑥 +
1
2 −

𝜋2

3
(
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

]

2

+ [3 − 𝜋2 (
𝑘𝐵𝑇

𝑚𝑒𝑐
2
)
2

]
5𝑥2

[𝑥2 − 𝑥 +
1
2 −

𝜋2

3
(
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

]

2

− [3 − 𝜋2 (
𝑘𝐵𝑇

𝑚𝑒𝑐2
)
2

]
2𝑥3(2𝑥 − 1)

[𝑥2 − 𝑥 +
1
2 −

𝜋2

3
(
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

]

3

}
 
 

 
 

.                       (68) 

Finally, we can obtain the differential equation of ρ(r) by substituting Eq. (68) into Eq. 

(67). Similarly, the case for the low Fermi-energy pressure can be obtained by using Eq. 

(56). For μ≥kBT,  

𝑑𝑃

𝑑𝜌

=
𝑑

𝑑𝑥

{
 

 

(
2𝜋𝑚𝑒

4𝑐5

3ℎ3
)
4

5
(𝑥5 −

𝑥7

4
) [1 −

𝜋2

3
(
𝑘𝐵𝑇

𝑚𝑒𝑐2
)
2 1

(𝑥2 − 𝑥4 4⁄ )2
]

×
[𝑦2 +

5𝜋2

8 𝑦4] +
15
28
(
𝑘𝐵𝑇
𝑚𝑒𝑐2

) [𝑦 +
35𝜋2

24 𝑦3] +
1
48
(
𝑘𝐵𝑇
𝑚𝑒𝑐2

)
2

[1 +
21𝜋2

8 𝑦2]

[𝑦2 +
𝜋2

8
𝑦4] +

3
4
(
𝑘𝐵𝑇
𝑚𝑒𝑐

2) [𝑦 +
5𝜋2

8
𝑦3] +

1
16
(
𝑘𝐵𝑇
𝑚𝑒𝑐

2)
2

[1 +
35𝜋2

24
𝑦2]

}
 

 
𝑑𝑥

𝑑𝜌
, (69) 

where  

                                                                 y ≡
𝑘𝐵𝑇

𝜇
,                                                                 (70) 

and the expression of μ in Eq. (57) is adopted here. Using Eqs. (63) and (67) with the 

boundary conditions ρ(0)=ρc, ρ(R)=0, and dρ/dr=0 at r=0, we can obtain the central 

density-mass, central density-radius, and mass-radius relations numerically. The 
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numerical method is the fourth-order Runge-Kutta method [25]. According to the 

definition of the parameter x in Eq. (64), the calculations are divided into three regions 

by considering the central mass density ρc at different temperature. The temperature of 

the white dwarf star is considered homogeneously here. The high-density region is for 

ρc>ρ0, and we choose ρc≥5x1010 kg/m3 in our high-density calculations by using Eqs. 

(66) and (68). The low-density region is for ρc<ρ0, and we choose ρc≤109 kg/m3 in the 

low-density calculations by using Eqs. (56) and (69). Between 109 kg/m3 and 5x1010 

kg/m3 is the middle-density region, where it can be approximated by connecting the 

high- and low-density regions directly. In Fig. 2(a), the relation between mass and the 

central density of the white dwarf star is given in the high-, middle-, and low-density 

regions at different temperature. In the high-density region, the mass is close to 1.4 M⊙ 

after 1013 kg/m3. Those curves are almost the same one from low temperature to 108 K 

in this region, so only two cases at 107 K and 108 K are shown. In the low-density region, 

those curves have tiny deviation until T=107 K, and especially they are almost 

coincident at ρc≥2x107 kg/m3. At T=5x107 K, the curve is explicitly changed and the 

starting point is at 5x106 kg/m3. It means that the white dwarf star at this temperature 

has the central density higher than 5x106 kg/m3. As temperature increases, the starting 

point of the central density also increases. It is about 107 kg/m3 at 108 K, 4x107 kg/m3 

at 2x108 K, and 7x107 kg/m3 at 3x108 K. In the middle-density region, although the 

central density is only from 109 kg/m3 to 5x1010 kg/m3, the range of mass covers a large 

interval from 0.4 M⊙ to 1.1 M⊙. It means that the large part of the white dwarf stars is 

located in this region.  

In Fig. 2(b), the relation between the central density and mass is given in the high-, 

middle-, and low-density regions at different temperature. Both axes are shown in log 

scale. The central density is from 105 kg/m3 to 1014 kg/m3, and the radius is from 5x105 

to 5x107. At 106 K, it shows a logarithm relation between the central density and the 

radius of the white dwarf star. The higher central density is, the smaller the radius is. 

However, the trend is broken at 107 K and above. At 107 K, there is a turning point 

around the central density of 106 kg/m3 which means the maximal radius of the white 

dwarf star at this temperature is less than 3x107 m or 3x104 km. This turning point also 

means that the radius of the white dwarf star cannot increase infinitely as mentioned 

before. When we the mass goes to zero, the radius also approaches zero. If we extend 

the curve to zeros radius, it exhibit that the central density is always above 105 kg/m3 at 

107 K. The turning point increase in the central density as temperature increases, but 

the maximal radius decreases at the same time. The turning point is roughly 107 kg/m3 

at 5x107 K and 108 kg/m3 at 2x108 K. In conclusion, the same radius of the white dwarf 

star would correspond to different central density, and one is in the high-density region 

and the other is in the low-density region.  
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 In Fig. 2 (c), the mass-radius relation for the white dwarf star is shown. As 

mentioned in Fig. 2(a), the mass is close to 1.4 M⊙ after 1013 kg/m3 in the high-density 

region. Those curves are almost the same one from low temperature to 108 K in the 

high-density region, and only two cases at 107 K and 108 K are shown in this region. In 

the low-density region, those curves have tiny deviation until T=107 K, and it is almost 

coincident at ρc≥2x107 kg/m3. In the middle-density region, the range of mass covers a 

large interval from 0.4 M⊙ to 1.1 M⊙ where the central density is only from 109 kg/m3 

to 5x1010 kg/m3. It also implies that a large part of the white dwarf star we found 

astronomically belong to the middle-density region. Those results are the same as Fig. 

2(a). Especially, at T=5x107 K and above, it exists some parts that the mass at the same 

radius is larger than the curve at 107 K and below. Recently, the Sloan Digital Sky 

Survey Release 4 shows a lot of observations having larger mass comparing to the 

relativistic EOS at T= 0 K when the radius is larger than 8x103 km [22]. By using our 

calculations in Fig. 2(c), this phenomenon can be explained because the higher 

temperature results in these white dwarf stars with larger mass appearing at the same 

radius in the low-density region. Usually, the temperature of these white dwarf stars is 

higher than 107 K. Those parts are denoted by the dotted elliptic curve in Fig. 2(c). This 

explanation can also extend to the middle region in Fig. 2(c).  

 
(a)                               (b) 

 
                                  (c) 

Figure 2. The relations at different temperature in the high-, middle-, and low-density regions between 

(a) mass and the central density, (b) the central density and radius, and (c) mass and radius.  
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V. Conclusion 

  In summary, the mass-radius relation of the white dwarf star derived according to 

statistical mechanics shows that the temperature effect has to be considered at high 

temperature above 107 K. After all, the ideally degenerate Fermi electron gas is 

described at T=0 K, and the temperature effect would show something difference. The 

other corrections is due to the electron-electron interaction considered at T=0. The 

calculation considers the relativistic electrons and the result shows that this effect 

causes the pressure 2/137 time less than the original value. It means that the many-

particle effect appears and causes about 1.5% deviation in pressure. When the 

temperature effect is considered, the pressure is calculated by statistical mechanics. 

According to the Fermi energy, two cases are calculated. One is EF>>mec
2, and the other 

is EF<<mec
2. Because of the temperature effect, the chemical potential is also 

temperature-dependent and different expression in these two cases. From the 

deductions, the pressure produced by the Fermi electron gas depends on temperature 

complicatedly at the given particle number N and volume V. The mass-radius relation 

of the white dwarf star without considering EOS is obtained for two cases and the radius 

is zero as the mass of the white dwarf star disappears.  

Then, further considering EOS, the central density-mass, the central density-radius, 

and the mass-radius relations are obtained. The central density is divided into the high-, 

middle-, and low-density regions where the results can be coincident with the SDSS 

observations. In the high-density region, three relations are almost unchanged until 108 

K. The temperature effect mainly affects the low-density region at temperature above 

107 K. Especially, the mass-radius curves show some parts having larger mass at the 

same radius when temperature is higher. It gives an away to explain the SDSS 

observations at the radius more than 8x103 km that the mass of the white dwarf star is 

often larger than the prediction by the relativistic EOS at zero temperature. Those white 

dwarf stars of larger mass just correspond to the low- and middle-density regions. It 

means that we should consider the temperature effect to get the better calculations 

which can reasonably explain the astronomical observations.  
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