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Abstract: In this paper certain results on N(k)-contact metric manifold endowed with a
extended quasi conformal curvature tensor are formulated. First, we consider £-extended
quasi conformally flat N(k)-contact metric manifold. Next we describe extended quasi-
conformally semi-symmetric and extended quasi conformal pseudo-symmetric N (k)-contact
metric manifold. Finally, we study the conditions C.(¢,X)- R =0 and C.(£,X)-S =0 on
N (k)-contact metric manifold.
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81. Introduction

In 1968, Yano and Sawaki [20] introduced the notion of quasi conformal curvature tensor C' on

a Riemannian manifold M and is given by

C(X,Y)Z = aR(X,Y)Z+b[S(Y,2)X — 8(X,2)Y +g(Y, 2)QX — g(X, Z)QY]

r a
_ 2 %} Y. Z2)X — g(X, 2)Y 1.1
5T Lo + 2| 90V 2)X — g(xX, 2)Y) (L1)
for all X, Y € TM, where a and b are constants and r is a scalar curvature. If « = 1 and
b= —ﬁ, then quasi conformal curvature tensor reduces to conformal curvature tensor.

The extended form of quasi conformal curvature tensor [8] is given by
Co(X.Y)Z = C(X,Y)Z = n(X)C(EY)Z —n(Y)C(X.OZ - n(Z)C(X.Y)e.  (12)

On the other hand Tanno [19] introduced a class of contact metric manifolds for which the
characteristic vector field £ belongs to the k-nullity distribution for some real number k. Such

manifolds are known as N (k)-contact metric manifolds. The authors Blair, Kim and Tripathi [2]
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gave the classification of N(k)-contact metric manifold satisfying the condition Z(§, X)-Z = 0.
Also quasi conformal curvature tensor on a sasakian manifold has been studied by De et al.,
[11]. Recently in [10], the authors study certain properties of N (k)-contact metric manifold

endowed with a concircular curvature tensor.

Motivated by these studies the present paper is organized as follows: After giving prelimi-
naries and basic formulas in Section 2, we study &-extended quasi conformally flat N (k)-contact
metric manifolds in Section 3 and we found that the manifold is n-Einstein and also it admits a
n-parallel Ricci tensor. In fact Section 4 is devoted to the study of extended quasi-conformally
semi-symmetric N (k)-contact metric manifold and proved that the manifold is either locally
isometric to B! x S™(4) or it is extended quasi-conformally flat. Then, in Section 5, we con-
sider extended quasi conformal pseudo-symmetric N (k)-contact metric manifold and we found
that the manifold reduces to n-Einstein. Finally in the last section, we discuss N (k)-contact
metric manifolds satisfying conditions Ce(¢, X)- R =0 and Ce(£, X)- S =0

§2. Preliminaries

A (2n+ 1)-dimensional smooth manifold M is said to be a contact manifold if it carries a global
differentiable 1-form 7 which satisfies the condition n A (dn)™ # 0 everywhere on M. Also a
contact manifold admits an almost contact structure (¢, &, n), where ¢ is (1, 1)-tensor field, ¢ is

a characteristic vector field and 7 is a global 1-form such that

P =—IT+n®E nE) =1, ¢ =0, n-¢=0. (2.1)

An almost contact metric structure is said to be be normal if the induced complex structure
J on the product manifold M x R is defined by,

7 (x.05) = (ex - s ).

is integrable, where X is tangent to M, t is the coordinate of R and f is a smooth function on
M x R. Let g be the Riemannian metric with almost contact structure (¢, &, n) i.e.,

9(0X, ¢Y) = g(X,Y) = n(X)n(Y).
From (2.1), it can be easily seen that

9(X,0Y) = —g(6X,Y),  g(X,§) = n(X), (2.2)

for all X,Y € TM. An almost contact metric structure is called contact metric structure
if g(X,8Y) = dn(X,Y). Moreover, if V denotes the Riemannian connection of g, then the
following relation holds;

Vxé=—-¢X — phX. (2.3)

A normal contact metric manifold is a Sasakian manifold. An almost metric manifold is
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Sasakian if and only if
(Vxo)Y = g(X,Y){ —n(Y)X,

where V is the Levi-Civita connection of the Riemannian metric g.

As a generalization of both R(X,Y)¢ = 0 and Sasakian case, the authors Blair, Koufogior-
gos and Papantoniou [4] introduced the idea of (k, u)-nullity distribution on a contact metric
manifold and gave several reasons for studying it. The (k, p)-nullity distribution N(k, u) of a
contact metric manifold M is defined by

N(k,p) s p— Np(k,p) ={Z2 € ,M : R(X,Y)Z = (kI + ph)(g(Y, 2)X — g(X, 2)Y)},

where (k, ) € R?. A contact metric manifold with £ € N(k, u) is called a (k, u)- contact metric
manifold. If g = 0, the (k, u)- nullity distribution reduces to k- nullity distribution [19]. The
k- nullity distribution N (k) of a Riemannian manifold is defined by

N(k): p— N,(k)={Z e T,M: R(X,Y)Z = kl[g(Y, Z)X — g(X, Z)Y]}, (2.4)

k being a constant. If the characteristic vector field £ € N(k), then we call a contact metric
manifold as N(k)- contact metric manifold [2]. If k& = 1, then the manifold is Sasakian and if
k = 0, then the manifold is locally isometric to the product E"*! x S™(4) for n > 1 and flat

for n =1 [3]. In an N(k)-contact metric manifold, the following relations holds:

R(X,Y){ = k[n(Y)X —n(X)Y], (2.5)

R(& X)Y = k[g(X,Y)E —n(Y)X], (2.6)
S(X,)Y) = 2(n—1)g(X,Y)+2(n—1)g(hX,Y)

+[2nk — 2(n — D)n(X)n(Y), (2.7)

S(X,€) =2nkn(X), Q&=2nk¢. (2.8)

Also in an N(k)-contact metric manifold, extended quasi conformal curvature tensor sat-

isfies the following;:

C.(X,Y)E = [a m - k) +2b (%:1 nk)] n(Y)X — 5(X)Y)
-b[n(Y)QX —n(X)QY], (2.9)
C.(6,X)Y = {a k— m) +2b <nk— 2n7"+ 1)] (V)X
—n(X)n(Y)E) +bn(Y)QX — 2nkn(X)n(Y)¢] = —Ce(X, )Y, (2.10)
C.(,)X = 0, (2.11)
N(Ce(X,Y)E) = n(Ce(é, X)Y) =n(Ce(X,€)Y) = n(Ce(X,Y)Z) = 0. (2.12)

By virtue of (1.2), let {e;} be an orthonormal basis of the tangent space at each point of
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the manifold and using (1.1) and (2.8), we get

2n
S 9(Culen, Y)Z,e0) = Lg(Y, Z) + MS(Y, Z) + No(¥ )W), (2.13)
i=1
where,
r2n—1) s a r a
L = br—2nk)— |————=(—+2b)| — |k 2nkb — —— (— +2b
(r = 2nk) {2n+1 (2n+ )] [‘“L " 2n+1(2n+ )]
M = a+b2n-3)
and

N = 4nkb — (4n — 3) {ak + 2nkb — 24 2b)} — 2b(r — 2nk).

— (
2n+1 \2n

Definition 2.1 A (2n+1)-dimensional N (k)-contact metric manifold M is said to be n-Einstein

if its Ricci tensor S is of the form
S(X,Y) =ag(X,Y) + Bn(X)n(Y),

for any vector fields X and Y, where o and (8 are constants. If =0, then the manifold M is
an Einstein manifold.

Definition 2.2 In a (2n + 1)-dimensional N (k)-contact metric manifold, if the Ricci tensor S
satisfies (Vi S)(¢X,dY) = 0, then the Ricci tensor is said to be n-parallel.

In [1], Baikoussis and Koufogiorgos proved the following lemma.

Lemma 2.1 Let M be an n-Einstein manifold of dimension (2n + 1)(n > 1). If £ belongs to
the k-nullity distribution, then k =1 and the structure is Sasakian.

§3. ¢-Extended Quasi Conformally Flat N(k)-Contact Metric Manifolds

Definition 3.1 A (2n + 1)-dimensional N (k)-contact metric manifold is said to be &-extended
quasi conformally flat if

Ceo(X,Y)E=0 for all X,Y € TM. (3.1)

Let us consider &-extended quasi conformally flat N(k)-contact metric manifold. Then
from (3.1) and (2.9), it can be easily seen that

0 = [a (m - k) +2b (271: - - nk)] (n(Y)X — n(X)Y) (3.2)
- (Y)QX —n(X)QY].
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Taking inner product of (3.2) with respect to W, we get

0 = |o(Grms #) 20 (G k) | (09 W) = 09 9)

= bn(Y)S(X, W) —n(X)S(Y,W)].

On plugging Y = ¢ in above equation, gives

S(X, W) = Ag(X, W) + Bn(X)n(W), (3.3)
where
A= [m (5= +20) —2nk—k—ﬂ and B = [mm%—ﬁ (%Jr%)].

Hence we can state the following:

Theorem 3.1 A (2n+1)-dimensional {-extended quasi conformally flat N(k)-contact metric

manifold is an n-FEinstein manifold.

Hence in view of Lemma 2.1 and above result, we can state the following result:

Corollary 3.1 Let M be a (2n+1)-dimensional -extended quasi conformally flat N (k)-contact

metric manifold, then k =1 and the structure is Sasakian.
Replacing X and W by ¢X and ¢W in (3.3) and using (2.1), we obtain
S(6X, W) = M'g(¢ X, oW). (3.4)

Now taking the covariant derivative of (3.4) with respect to U, yields

(Vus)ox,0m) = ) (L

b2n+1) \2n 2b) 9(X, oW).

If we consider N (k)-contact metric manifold with constant scalar curvature, then above

equation becomes
(VuS)(¢X,¢W) = 0.

Hence this leads us to the following result:

Corollary 3.2 A (2n+ 1)-dimensional -extended quasi conformally flat N (k)-contact metric

manifold with constant scalar curvature admits a n-parallel Ricci tensor.

§4. Extended Quasi-Conformally Semi-Symmetric N(k)-Contact Metric Manifold

Let us consider an extended quasi-conformally semi-symmetric N (k)-contact metric manifold
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ie.,

R(£,X)-Ce =0.
Then the above condition turns into,

0 = R(X)C(U V)W = Co(R(E, X)U, V)W (4.1)
_ée(Uv R(f, X)V)W - ée(Uv V)R(é.a X)W

In view of (2.6), equation (4.1) can be written as

0 =k [g(X,CeU,VIW)E = n(ClU, VW)X — g(X, U)Cel&, VIW

+ 0(U)C(X,VIW = g(X,V)C(U. W +n(V)Ce(U, X)W
— 9(X, W)CL(U,V)E + n(W)Ce(U, V)X] . (4.2)

Which implies that either £ = 0 or

9(X, Ce(U, VIW)E = n(Ce(U, V)W) X = g(X,U)Ce(&, V)W +(U)Ce(X, V)W
— 9(X, V)Co(U, OW + n(V)Co(U, X)W — g(X, W)Ce (U, V)E +n(W)Ce (U, V)X | = 0.
Now taking inner product of above equation with £ and then using (2.12), we get
9(X, C(U, V)W) = 0.

Which implies that C.(U, V)W = 0. Hence we can state the following:

Theorem 4.1 An extended quasi-conformally semi-symmetric N (k)-contact metric manifold
is either locally isometric to E"t1 x S™(4) for n > 1 and flat for n = 1 or the manifold is

extended quasi-conformally flat.

§5. Extended Quasi Conformal Pseudo-Symmetric N(k)-Contact Metric Manifold

Definition 5.1 A (2n+1)-dimensional N (k)-contact metric manifold M is said to be extended

quast conformal pseudo-symmetric if

(R(X,Y) - Co)(U,VIW = L [(X AY) - Ce)(U, V)W, (5.1)

holds for any vector fields X, Y, U, V, We T M, where Lg s function of M. The endomorphism
X NY is defined by
(XAY)Z=g¢Y,2)X —g(X, 2)Y. (5.2)

Now we prove the following result:

Theorem 5.1 Let M be a (2n + 1)-dimensional extended quasi conformal pseudo-symmetric



Extended Quasi Conformal Curvature Tensor on N (k)-Contact Metric Manifold 47

N (k)-contact metric manifold. Then either Lée =k or the the manifold is n-FEinstein.

Proof Let us consider a (2n + 1)-dimensional extended quasi conformal pseudo symmetric
N (k)-contact metric manifold. Taking Y = ¢ in (5.1), we get

(R(X,€) - CHUVIW = Lg [(X 7€) - Co) (U, V)W]. (53)
By virtue of (5.2) and (2.12), right hand side of above equation becomes

Le [—9(X, Ce(U, V)W)E = n(U)Ce(X.V)W + g(X,U)Ce (&, V)W — n(V)Ce (U, X)W (5.4)

+9(X, V)Ce(Uu §)W —n(W)C.(U, V)X + Q(Xv W)Ce(Uv V)g]

In view of (2.5), left hand side of (5.3) gives

NU)C(X V)W + g(X,U)Ce(&, V)W —n(V)Co(U, X)W  (5.5)

k[—g(X, Ce(U,V)W)E

+9(X, V)Ce(U, W —n(W)Ce(U, V)X + g(X, W)Ce (U, V)E].
By considering (5.5) and (5.4) in (5.3) with V' = &, we get

(Le, = B)[=9(X, Ce(U, W) = n(U)Ce(X-OW + g(X,U)Ce (&, W (5.6)
—(€)Ce (U, X)W + g(X, )Ce(U, OW — n(W)Ce(U, )X + g(X,W)Ce(U,£)€] = 0.

By using (2.9)-(2.11) in (5.6), we have either (Lz —k) =0 or

Co(U, X)W

[a (k - m> +2b (nk - ﬁ)] (n(W)g(X,U)¢ (5.7)
2n(U)n(X)m(W)E +nU)n(W)X + g(X, W)n(U)§ — g(X, W)U}
bln(W)S(X,U)§ — dnkn(U)n(X)n(W)E + n(U)n(W)QX

2nkg(X, Wn(U)¢§ — (X, W)QU].

+ o+

On contracting (5.7) with respect to U and then using (2.13), we have

S(X, W) = Ag(X, W) + B'n(X)n(W),

where,
1 r(3—4n) / a
A = ————  [2-2n)k —2n)2nkb— ——— (— +2b) — 2rb
a+b(2n —3) [( n)ka+ (6 = 2n)2n 2n+1 (2n+ ) T}’
B o= — Y n—3) (kat2nkb— (5= +2b) ) +20r — 120kb|
a+b(2n —3) 2n+1 \2n

Thus M is a n-Einstein manifold. O
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§6. N(k)-Contact Metric Manifold Satisfying C.(¢,X)- R=0 and C.(£, X) - S =

First we consider an N (k)-contact metric manifold satisfying C, (¢, X) - R = 0. Now it follows
from above condition that

= C.(&, X)R(U, V)Y — R(C.U,V)Y — R(U,C.(¢, X)V)Y — R(U,V)C.(&, X)Y.  (6.1)

By virtue of (2.10) in (6.1), gives

S A

— nO)RX, V)Y —n(X)R(E, )Y] ) (U, X)Y = n(X)R(U,§)Y]
- ()[R, V)X - n(X)R(U, )5]}+b{77( (U, VIV)[QX — 2nkn(X)¢]
= U)[RQX, V)Y = 2nkn(X)R(E,V)Y] = n(V)[R(U, QX)Y

= 2nkn(X)R(U, Y] = n(YV)[R(U, V)QX — 2nkn(X)R(U, V)]

} V)X - (X (6.2)

Considering U = £ in (6.2), gives

0 = Jo(b- gy )+ 2 (k- i )| RE VMK - 008 (63)
— [ROXVIY = g(X)R(E VY] = (V)R X)Y = n(X)R(E Y]
(R(
|

— ()[R V)X = n(X)R(E V)E]} + b{n(R(E V)Y)[QX — 2nkn(X)E]
= [RQX, V)Y = 2nkn(X)R(&, V)Y] = n(V)[R(S, QX)Y
— 2kn(X)R(E, Y] —n(Y)[R(S,V)QX — 2nkn(X)R(S, V)E]}-
Taking inner product of (6.3) with respect to £ and then by virtue of (2.5) and (2.6), we

obtain
0=kn(Y)[S(V,X)—A"g(V,X) - B"n(V)n(X)], (6.4)

where A” = [ (£ +26) — 20k — 5] and B = [4nk + 52 — ;or s (& 4 20)).
Since for an N (k)-contact metric manifolds 7(Y) # 0, then (6.4) yields either £ = 0 or

S(V,X) = A"g(V, X) + B"'n(V)n(X).
This leads us to the following;:

Theorem 6.1 Let M be a (2n + 1)-dimensional N(k)-contact metric manifold satisfying the

condition C. (&,X)-R=0. Then M reduces to n-FEinstein manifold or it is locally isometric to
E" x S™(4) for n > 1 and flat for n = 1.

Next we prove the following result:

Theorem 6.2 Let M be an (2n + 1)-dimensional N (k)-contact metric manifold satisfying
Co(¢,X)- S =0. Then the Ricci tensor S is given by the equation (6.7).—
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Proof Let us consider an N (k)-contact metric manifold satisfying the condition C. (& X)-

S = 0. Then it can be easily seen that
S(Cel&, X)Y, W) + S(Y, Ce(€, X)W) = 0. (6.5)

By virtue of (2.10), it follows from above equation that

0= {a (k - m) +2 <nk - %LH)] ((Y)[S(X, W) — n(X)S(E, W)] (6.6)
+n(W)S(Y, X) —n(X)S(Y, )]} + b{n(Y)[S(QX, W) — 2nkn(X)S({, W)]

+n(W)[S(Y,QX) — 2nkn(X)S(Y, )1}

On plugging Y = ¢ in (6.6) and making necessary calculation, we have

S(QX, W) =MS(X,Y) + Nn(X)n(W), (6.7)
where,
M = L(iwb)—%—mk
 [2n+1\2n b ’
2nk3a 2nkr a
N = 22— (— 4+2)].
{ R YO R (5, + )}
Hence the proof. O
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