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Abstract: In this paper we introduce the clique-to-clique C' — C’ monophonic path, the
clique-to-clique monophonic distance d,,,(C,C"), the clique-to-clique C — C’ monophonic,
the clique-to-clique monophonic eccentricity em, (C'), the clique-to-clique monophonic radius
R, and the clique-to-clique monophonic diameter D,,, of a connected graph G, where
C and C' are any two cliques in G. These parameters are determined for some standard
graphs. It is shown that Ry, < Dy, for every connected graph G and that every two positive
integers a and b with 2 < a < b are realizable as the clique-to-clique monophonic radius and
the clique-to-clique monophonic diameter, respectively, of some connected graph. Further
it is shown that for any three positive integers a,b,c with 3 < a < b < ¢ are realizable as
the clique-to-clique radius, the clique-to-clique monophonic radius, and the clique-to-clique
detour radius, respectively, of some connected graph and also it is shown that for any three
positive integers a, b, c with 4 < a < b < ¢ are realizable as the clique-to-clique diameter, the
clique-to-clique monophonic diameter, and the clique-to-clique detour diameter, respectively,
of some connected graph. The clique-to-clique monophonic center Cp,,;(G) and the clique-
to-clique monophonic periphery P, (G) are introduced. It is shown that the clique-to-clique

monophonic center a connected graph does not lie in a single block of G.
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§1. Introduction

By a graph G = (V, E) we mean a finite undirected connected simple graph. For basic graph
theoretic terminologies, we refer to Chartrand and Zhang [2]. If X C V, then (X) is the
subgraph induced by X. A clique C of a graph G is a maximal complete subgraph and we
denote it by its vertices. A u—v path P beginning with v and ending with v in G is a sequence
of distinct vertices such that consecutive vertices in the sequence are adjacent in G. A chord of
a path w1, ug, ..., u, in G is an edge u;u; with j > i+ 2. For a graph G, the length of a path is
the number of edges on the path. In 1964, Hakimi [3] considered the facility location problems

as vertex-to-vertex distance in graphs. For any two vertices v and v in a connected graph G, the
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distance d(u, v) is the length of a shortest u — v path in G. For a vertex v in G, the eccentricity
of v is the distance between v and a vertex farthest from v in G. The minimum eccentricity
among the vertices of G is its radius and the maximum eccentricity is its diameter, denoted by
rad(G) and diam(G) respectively. A vertex v in G is a central vertex if e(v) = rad(G) and the
subgraph induced by the central vertices of G is the center Cen(G) of G. A vertex v in G is
a peripheral vertex if e(v) = diam(G) and the subgraph induced by the peripheral vertices of
G is the periphery Per(G) of G. If every vertex of a graph is central vertex then G is called
self-centered.

In 2005, Chartrand et. al. [1] introduced and studied the concepts of detour distance in
graphs. For any two vertices u and v in a connected graph G, the detour distance D(u,v) is
the length of a longest u — v path in G. For a vertex v in G, the detour eccentricity of v is the
detour distance between v and a vertex farthest from v in G. The minimum detour eccentricity
among the vertices of G is its detour radius and the maximum detour eccentricity is its detour
diameter, denoted by radp(G) and diamp(G) respectively. Detour center, detour self-centered
and detour periphery of a graph are defined similarly to the center, self-centered and periphery

of a graph respectively.

In 2011, Santhakumaran and Titus [7] introduced and studied the concepts of monophonic
distance in graphs. For any two vertices v and v in G, a v —v path P is a u —v monophonic path
if P contains no chords. The monophonic distance d, (u,v) from u to v is defined as the length
of a longest u — v monophonic path in G. For a vertex v in G, the monophonic eccentricity
of v is the monophonic distance between v and a vertex farthest from v in G. The minimum
monophonic eccentricity among the vertices of GG is its monophonic radius and the maximum
monophonic eccentricity is its monophonic diameter, denoted by rad,,(G) and diam,,(G) re-
spectively. Monophonic center, monophonic self-centered and monophonic periphery of a graph

are defined similar to the center and periphery respectively of a graph.

In 2002, Santhakumaran and Arumugam [6] introduced the facility locational problem
as clique-to-clique distance d(C,C") in graphs as follows. Let ¢ be the set of all cliques in a
connected graph G the clique-to-clique distance is defined by d(C, C") = min{d(u,v) : u € C,v €
C'}. For our convenience a C — C’ path of length d(C,C") is called a clique-to-clique C' — C’
geodesic or simply C' — C” geodesic. The clique-to-clique eccentricity e3(C) of a clique C in G
is the maximum clique-to-clique distance from C to a clique C’ € ¢ in G. The minimum clique-
to-clique eccentricity among the cliques of G is its clique-to-clique radius and the maximum
clique-to-clique eccentricity is its clique-to-clique diameter, denoted by r3 and ds respectively.
A clique C' in G is called a clique-to-clique central clique if e3(C) = r3 and the subgraph induced
by the clique-to-clique central cliques of GG are clique-to-clique center of G. A clique C' in G
is called a clique-to-clique peripheral clique if es(C) = ds and the subgraph induced by the
clique-to-clique peripheral cliques of G are clique-to-clique periphery of G. If every clique of G

is clique-to-clique central clique then G is called clique-to-clique self-centered.

In 2015, Keerthi Asir and Athisayanathan [4] introduced and studied the concepts of clique-
to-clique detour distance D(C,C’) in graphs as follows. Let ¢ be the set of all cliques in a
connected graph G and C,C’ € ¢ in G. A clique-to-clique C — C’ path P is a u — v path, where

u € C and v € C’, in which P contains no vertices of C' and C’ other than u and v and the
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clique-to-clique detour distance, D(C, C") is the length of a longest C — C’ pathin G. A C -’
path of length D(C,C") is called a C — C’ detour. The clique-to-clique detour eccentricity of a
clique C' in G is the maximum clique-to-clique detour distance from C' to a clique C’ € ¢ in G.
The minimum clique-to-clique detour eccentricity among the cliques of G is its clique-to-clique
detour radius and the maximum clique-to-clique detour eccentricity is its clique-to-clique detour
diameter, denoted by R3 and D3 respectively. The clique-to-clique detour center C'p3(G), the
clique-to-clique detour self-centered, the clique-to-clique detour periphery Pps(G) are defined
similar to the clique-to-clique center. the clique-to-clique self-centered and the clique-to-clique
periphery of a graph respectively.

These motivated us to introduce the concepts of clique-to-clique monophonic distance in
graphs and investigate certain results related to clique-to-clique monophonic distance and other
distances in graphs. These ideas have intresting applications in channel assignment problem
in radio technologies and capture different aspects of certain molecular problems in theoretical
chemistry. Also there are useful applications of these concepts to security based communication
network design. In a social network a clique represents a group of individuals having a common
interest. Thus the clique-to-clique monophonic centrality have intresting application in social
networks. Throughout this paper, G denotes a connected graph with at least two vertices.

§2. Clique-to-Clique Monophonic Distance

Definition 2.1 Let ¢ be the set of all cliques in a connected graph G and C,C’ € (. A clique-
to-cligue C — C' path P is said to be a clique-to-clique C — C" monophonic path if P contains
no chords in G. The clique-to-clique monophonic distance d,,(C,C") is the length of a longest
C — C'" monophonic path in G. A C — C’ monophonic path of length d,,(C,C") is called a

clique-to-clique C' — C’ monophonic or simply C — C’ monophonic.

Example 2.2 Consider the graph G given in Fig 2.1. For the cliques C = {u, w} and C' = {v, z}
in G, the C — C’ paths are P, : u,v, P> : w, 2,z and P3 : w,z,y,2. Now P; and P; are C — C’
monophonic paths, while P; is not so. Also the clique-to-clique distance d(C,C") = 1, the
clique-to-clique monophonic distance d,,,(C,C’) = 2, and the clique-to-clique detour distance
D(C,C") = 3. Thus the clique-to-clique monophonic distance is different from both the clique-
to-clique distance and the clique-to-clique detour distance. Now it is clear that P; is a C' — C’
geodesic, P is a C' — C’ monophonic, and P3 is a C — C’ detour.

Y
x z
w
U v

Fig.2.1
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Keerthi Asir and Athisayanathan [4] showed that for any two cliques C' and C’ in a non-
trivial connected graph G of order n, 0 < d(C,C’) < D(C,C") < n — 2. Now we have the
following theorem.

Theorem 2.3 For any two cliques C and C' in a non-trivial connected graph G of order n,
0<d(C,C") <dn(C,C") < D(C,C") <n-—2.

Proof By definition d(C,C") < d,,(C,C"). If P is a unique C' — C’ path in G, then
d(C,C") = d,(C,C") = D(C,C"). Suppose that G contains more than one C' — C’ path. Let @
be a longest C' — C’ path in G.

Case 1. If @ does not contain a chord, then d,,(C,C") = D(C,C").

Case 2. If @ contains a chord, then d,,(C,C") < D(C,C"). O

Remark 2.4 The bounds in Theorem 2.3 are sharp. If G = K3, then 0 = d(C,C) = d,,,(C,C) =
D(C,C) =n—2. Also if G is a tree, then d(C,C") = d,,,(C,C") = D(C, ") for every cliques C
and C’ in G and the graph G given in Fig. 2.1, 0 < d(C,C") < d,,(C,C") < D(C,C") < n — 2.

Theorem 2.5 Let C and C' be any two adjacent cliques (C # C') in a connected graph G.
Then d,, (C,C") =n — 2 if and only if G is a cycle Cy,(n > 3).

Proof Assume that G is cycle Cy, : ui,u2, -, Up—1, Upn,u1(n > 4). Since any edge in G
is a clique, without loss of generality we assume that C' = {uj,us}, C' = {uy,,u1} be any two
adjacent cliques. Then there exists two distinct C' — C’ paths, say P; and P, such that P; : u;
is a trivial C'— C’ path of length 0 and P : ug,u3, -+ ,Up_1, U, is C — C’ monophonic path of
length n — 2. It is clear that d,,(C,C’) = n — 2. Conversely assume that for any two distinct
adjacent cliques C and C’ in a connected graph G, d,,(C,C’") = n — 2. We prove that G is a
cycle. Suppose that G is not a cycle. Then G must be either a tree or a cyclic graph.

Case 1. If G is a tree, then C' — C' path is trivial. So that d,,(C,C’) =0 < n — 2, which is a

contradiction.

Case 2. If G is a cyclic graph, then G must contain a cycle Cy : 1,2, -+, 24,21 of length
d<n.If C={x,z2} and C'" = {x,,, 71} then d,,(C,C") < n — 2, which is a contradiction. O

Since the length of a clique-to-clique monophonic path between any two cliques in K, ,, is

2, we have the following theorem.

Theorem 2.6 Let Ky m(n < m) be a complete bipartite graph with the partition Vi, Va of
V(Knm) such that |Vi| = n and |Va| = m. Let C and C' be any two cliques in K, m, then
dm(C,C") = 2.

Since every tree has unique clique-to-clique monophonic path, we have the following theo-
rem.

Theorem 2.7 If G is a tree, then d(C,C") = d,(C,C") = D(C,C") for every cliques C and
C’inG.
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The converse of the Theorem 2.7 is not true. For the graph G obtained from a complete
bipartite graph K, (n > 2) by joining the vertices of degree n by an edge. In such a graph
every clique C' is isomorphic to K3 and so for any two cliques C and C’, d(C,C") = d,,(C,C") =
D(C,C") =0, but G is not tree.

83. Clique-to-Clique Monophonic Center

Definition 3.1 Let G be a connected graph and let ¢ be the set of all cliques in G. The
clique-to-clique monophonic eccentricity em,(C) of a clique C in G is defined by em,(C) =
max {d,,(C,C") : C" € (}. A clique C" for which e, (C) = d,(C,C") is called a clique-to-clique
monophonic eccentric clique of C. The clique-to-clique monophonic radius of G is defined as,
Ry, = rady, (G) = min {e,,,(C) : C € ¢} and the clique-to-clique monophonic diameter of G is
defined as, Dy, = diampy,(G) = max {em,(C) : C € (}. A clique C in G is called a clique-to-
clique monophonic central clique if e, (C) = Ry, and the clique-to-clique monophonic center
of G is defined as, Cpy(G) = Ceny (G) = ({C € (:emy(C)=Rp,}). A cligue C in G is
called a clique-to-clique monophonic peripheral clique if €m,,(C) = Dy, and the clique-to-clique
monophonic periphery of G is defined as, Py, (G) = Perp,(G) = ({C € (: em,(C) = D, ).
If every clique of G is a clique-to-clique monophonic central clique, then G is called a clique-

to-clique monophonic self centered graph.

Example 3.2 For the graph G given in Fig.3.1, the set of all cliques are given by, ( =
{C1,C4,C3,C4,C5,Cs,C7,Cs,Cy} where C1 = {vy,v2,v3}, Co = {v3,v4}, C5 = {vg,v5,06},
Cy = {ve,vr}, Cs5 = {vr, v}, Cs = {vs,v10}, C7r = {vg,v10}, Cs = {v4,v9}, Co = {v10,v11, V12,
0137014}-

Us Ve vr
V2
V4 Vs
U3
V11
V1
o V12
V9 V10
V14 V13
Fig.3.1

The clique-to-clique eccentricity e3(C'), the clique-to-clique detour eccentricity eps(C), the
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clique-to-clique monophonic eccentricity e, (C) of all the cliques of G are given in Table 1.

Cliques C C; Cy C3 C; Cs Cg C; Cs Cy
es(C) 3 2 2 2 3 3 2 2 3
emy(C) 5 4 4 5 4 4 5 4 5
eps(C) 6 5 4 5 5 5 6 5 6

Table 1

The clique-to-clique monophonic eccentric clique of all the cliques of G are given in Table

Cliques C'  Clique-to-Clique Monophonic Eccentric Cliques

Cy C4,Cs,Cq, Cr, Cy

C7 01502703708

Cy C1,C2,Cs,C5
Table 2

The clique-to-clique radius r3 = 2, the clique-to-clique diameter ds = 3, the clique-to-
clique detour radius R3 = 4, the clique-to-clique detour diameter D3 = 6, the clique-to-clique
monophonic radius R,,, = 4 and the clique-to-clique monophonic diameter D,,, = 5. Also
it is clear that the clique-to-clique center C5(G) = ({Cq, Cs3,C4,C7,Cs}), the clique-to-clique
periphery P3(G) = ({C1, Cs, Cg, Co}), the clique-to-clique detour center Cps(G) = ({C3}), the
clique-to-clique detour periphery Pp3(G) = ({C1,C7,Cy}), the clique-to-clique monophonic
center Cp,,(G) = ({Cq, C5,Cs, Cg, Cs }), the clique-to-clique monophonic periphery P, (G) =
({C1,C4,C7,Co}).

The clique-to-clique monophonic radius R,,, and the clique-to-clique monophonic diameter

D,,, of some standard graphs are given in Table 3.

Graph G K, P,(n>3) Cp(n>4) W,(n>5) K,m(m>n)

R, 0 | 253 ] n—2 n—3 2
D,y 0 n—3 n—2 n—3 2
Table 3

Remark 3.3 The complete graph K, the cycle C,,, the wheel W,, and the complete bipartite
graph K, ,, are the clique-to-clique monophonic self centered graphs.

Remark 3.4 In a connected graph G, C3(G), Cp3(G), Cny(G) and Ps(G), Pp3(G), P, (G)
need not be same. For the graph G given in Fig 3.1, it is shown that C3(G), Cp3(G), Cp, (G)
and P3(G), Pp3(G), P, (G) are distinct.

~_
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Theorem 3.5 Let G be a connected graph of order n. Then

(1) 0<e3(C) <ems(C) <ep3(C) <n—2 for every cliqgue C in G;
(ii)O§T3§Rm3 §R3§n—2;
(ZZZ) 0§d3 SDmg §D3 STL—Q.

Proof This follows from Theorem 2.3. |

Remark 3.6 The bounds in Theorem 3.5(¢) are sharp. If G = K3, then 0 = e3(C) = e,,,,(C) =
ep3(C) =n —2. Also if G is a tree, then e3(C) = en, (C) = ep3(C) for every clique C in G
and the graph G given in Fig. 2.1, e3(C) < em;(C) < ep3(C), where C' = {u, w}.

In [1, 2] it is shown that in a connected graph G, the radius and diameter are related
by rad(G) < diam(G) < 2rad(G), the detour radius and detour diameter are related by
radp(GQ) < diamp(G) < 2radp(G), and Santhakumaran et. al. [7]showed that the monophonic
radius and monophonic diameter are related by rad,,(G) < diam,,(G). Also Santhakumaran
et. al. [6] showed that the clique-to-clique radius and clique-to-clique diameter are related by
r3 <ds < 2r3+1 and Keerthi Asir et. al. [4] showed that the upper inequality does not hold for
the clique-to-clique detour distance. The following example shows that the similar inequality

does not hold for the clique-to-clique monophonic distance.

Remark 3.7 For the graph G of order n > 7 obtained by identifying the central vertex of
the wheel W,,_1 = K; 4+ Cj,—2 and an end vertex of the path P». It is easy to verify that
Dy > 2Ry, and D,y > 2R, + 1.

Ostrand [5] showed that every two positive integers a and b with a < b < 2a are realizable
as the radius and diameter respectively of some connected graph, Chartrand et. al. [1] showed
that every two positive integers a and b with a < b < 2a are realizable as the detour radius and
detour diameter respectively of some connected graph, and Santhakumaran et. al. [7] showed
that every two positive integers a and b with a < b are realizable as the monophonic radius and
monophonic diameter respectively of some connected graph. Also Santhakumaran et. al. [6]
showed that every two positive integers a and b with a < b < 2a+ 1 are realizable as the clique-
to-clique radius and clique-to-clique diameter respectively of some connected graph. Keerthi
Asir et. al. [4] showed that every two positive integers a and b with 2 < a < b are realizable
as the clique-to-clique detour radius and clique-to-clique detour diameter respectively of some
connected graph. Now we have a realization theorem for the clique-to-clique monophonic radius

and the clique-to-clique monophonic diameter for some connected graph.

Theorem 3.8 For each pair a,b of positive integers with 2 < a < b, there exists a connected
graph G with R,,, = a and Dy,, =b.

Proof Our proof is divided into cases following.
Case 1. a=hb.

Let G = Cyqa : u1,u2, -+ ,Ugt2,u1 be a cycle of order a + 2. Then e, (uju;41) = a for
1 <i<a+2 Ttis easy to verify that every clique S in G with e,,,,(S) = a. Thus R, = a
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and D,,, =basa=>0.

Ua+1

Fig. 3.2
Case 2. 2<a<b<2a.
Let Coqo : ur,u2, -+ ,uqq2,u1 be a cycle of order a+2 and Py_q19 : v1,02, -+ ,Vp—qt2 be

a path of order b — a + 2. We construct the graph G of order b+ 3 by identifying the vertex u;
of Cyt2 and vy of Py_4y2 as shown in Fig. 3.2. It is easy to verify that

b—i+2, if 2<i< %2

(uiuss1) -
Ema \UiUit+1) =
’ b—a+i-1, if [%2]<i<a+]l,

and €, (V;v;41) = ati—1 if 2 <@ <b—a+1, em,(ususg) = €my (Uat1Uat2) = €ms (Up—allb—ar1) =
b, ems (U1U2) = €mg (U1Ua12) = €ms (V102) = a. Tt is easy to verify that there is no clique S in G
with e,,,(S) < a and there is no clique S” in G with e,,,(S") > b. Thus R,,, = a and D,,, = b
as a < b.

Case 3. a<b>2a.

Let G be a graph of order b + 2a + 4 obtained by identifying the central vertex of the
wheel Wypy3 = K; + Cpy2 and an end vertex of the path Po,yo, where Ky : vy, Cpyq :

UL, U, Upt2, U1 aNd Pagio t U1,09, -+ ,V9q42. The resulting graph G is shown in Fig.3.3.
U1
O - o O - e o
V2 U3 Va Va+1 V2a+2
Ub+-2

Fig. 3.3
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It is easy to verify that e, (viu;ui41) =b if 1 <i<b+2and

2a —i, if 1<i<a,

€ms (Uivi+1) = )
i—1

, if a<i<2a+2.

It is also easy to verify that there is no clique S in G with e,,,,(S) < a and there is no
clique S’ in G with e,,,(S") > b. Thus R,,,, = a and D,,,, = b as b > 2a. O

Santhakumaran et. al. [7] showed that every three positive integers a,b and ¢ with 3 < a <
b < c are realizable as the radius, monophonic radius and detour radius respectively of some
connected graph. Now we have a realization theorem for the clique-to-clique radius, clique-
to-clique monophonic radius and clique-to-clique detour radius respectively of some connected

graph.

Theorem 3.9 For any three positive integers a, b, c with 3 < a < b < ¢, there exists a connected
graph G such that rs = a, Ry, = b, R3 = c.

Proof The proof is divided into cases following.

Casel. a=b=c.

Let Pyt ug,ug, -+ ,Ugto and Py : 01,02, ..., Vq42 be two paths of order a+2. We construct
the graph G of order 2a+4 by joining u; in P; and vy in P> by an edge. It is easy to verify that
e3(u1v1) = emg (u1v1) = ep3(u1v1) = @, e3(Uittir1) = €ms (Uittir1) = ep3(Uitiy1) = a+1i if 1 <
i <a+1.

It is also easy to verify that there is no clique S in G with e3(S) < a,em,(S) < b and
eps(S) <c Thusrs =a, Ry, =band R3=casa=b=c.

Case 2. 3<a<b<ec

Let Py : wj,ug, - ,uqye and Py @ v1,v3, -+ ,Uq42 be two paths of order a + 2. Let
Q1 wi, W, ..., Wp—qt3 and Q2 : 21,22, ,Zb—at+3 be two paths of order b — a + 3. Let
Ky :xy,29, - ,xe—py1 and Ko @ y1,Y2, -+, Ye—bs+1 be two complete graphs of order ¢ — b + 1.

We construct the graph G of order 2¢ + 4 as follows: (i) identify the vertices uq in Py with w;
in @1 and also identify the vertices v1 in Py with z1 in Q2; (i7) identify the vertices uz in Py
with wp—q43 in Q1 and also identify the vertices zp_qt3 in Q2 with vs in Po; (4i7) identify the
vertices uq41 in P} with 27 in K3 and also identify the vertices z._p4+1 in Ky with u, in Py;
(iv) identify the vertices vg41 in Py with y; in K5 and also identify the vertices y.—p+1 in Ko
with v, in Py; (v) join each vertex w;(2 < ¢ < b—a+2) in 1 with uy in P; and join each
vertex z;(2 <i<b—a+2)in Q2 with vy in Ps (vi) join w1 in P; with vy in P,. The resulting
graph G is shown in Fig.3.4.
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:l{cfbﬁ»]:
U4 .
Ul L IR 6—o0—o0
Uq Ua+1 Ua+2
Va Va+1 Va+2
V1 O - o—o0——o0
V4 : :
chbJrl

Fig.3.4

It is easy to verify that esz(ujv1) = a,

a+1, if i=1,

e3(ugwiwiy1) =
a+ 2, if 2<i<b—a+2,
a+1, if i=1,
83(1)22’1'Zz'+1) =
a+2, if 2<i<b—a+2,
a-+1, if 3<i<a,
e3(uitip1) =
2a+1, if i=a+1,
a+1i, if 3<i<a,
83(Uivi+1):

2a+1, if i=a+1,

e3(K1) =2a, e3(K3)=2a, em,(uiv1)="h,

and e, (uaw;wip1) =b+1i, if 1<i<b—a+2, epn;(v2zizig1) =b+i, if 1<i<b—a+2,

2b—a+1i, if 3<i<a,

€mg (Uillit1) =
2b+ 1, if i=a+1,

2b—a+1, if 3<i<a,

€mg ('Ui'UiJrl) =
2b+1, if i=a+1,

ems (Kl) = 2b, €m3 (Kg) = 2b, €D3(U1’U1) = C,
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eD3(u2wiwi+1) =c+i, if 1<i<b—a+2, 3D3(U22i2i+1) =c+1i, if 1<i<b—a+2,

c+b—a+1+4+14 if 3<i<a,
eDS(uiuiJrl):
c+b+2, if i=a+1,

c+b—a+1+14, if 3<i<a,
ep3(Vivig1) =
c+b+2, if i=a+1,

ep3(K1) =c+b+1, ep3(K2)=c+b+1

It is also easy to verify that there is no clique S in G with e3(S) < a, epm,(S) < b and
eps(S) <c Thusrs =a, Ry, =band R3=casa<b<c.

Case 3. 3<a<b=c.

Let Py @ uj,ug, -+ ,Uqg,Ugte and Po @ v1,V9, - , Vg, Vgt2 be two paths of order a + 2.
Let Q1 : wy,wa, -+ ,wp—gt3 and Q2 : 21,29, -+ , 2p—q+3 be two paths of order b — a + 3. Let
E :2z;3<i<b—a+2)and F; : y;(3 <i < b—a+2) be 2(b — a) copies of K;. We
construct the graph G of order 4b — 2a + 6 as follows: (i) identify the vertices u; in P; with
wy in @1 and also identify the vertices v1 in P» with 21 in Q2; (i) identify the vertices uz in
Py with wp—q43 in Q1 and also identify the vertices zp_o43 in Q2 with vs in P (4i%) join each
vertex 2;(3 < i < b—a+ 2) with w;(3 < i < b—a+2) and u; and also join each vertex
yi(3<i<b—a+2) with 2;(3<i<b—a+2) and vy (iv) join w; in P; with v; in P,. The
resulting graph G is shown in Fig. 3.5.

u1l L o——o
Ua+1 Ua+2
Va+1 Va+2

U1 O -:rnt o——o

Fig.3.5
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It is easy to verify that es(ujv1) = a,

a+1, if i=1,
es(wiwiy1) = qa+2, if i=2,
a+ 3, if 3<i<b—a+2,

and eg(ujuir1) = a+1i, if 1 <i<a+1, es(ua;) = a+1,

if 3<i<b—a+2
es(wiz;) =a+2, if 3<i<b—a+2,en,(uivy) =",

b+1, if i=1
emy (Witip1) = 2 —a+5—i, if 2<i<|b=atd]
bt it [ <i<boa+
b+1, if i=1,

ems(Uitlip1) =20 —a+3, if i =2,
%—a+i, if 3<i<a+l,
and em,(ur1z;) =b+1, if 3<i<b—a+2,

20—a+6—i, if 3<i< [,

ems (WiT;) =
b+, if |4 <i<b—a-—2,
and eps(uivr) = ¢,
c+1, if =1,
ep3(Wiwir1) =4 2c—a+5—i, if 2<i< [=AEB ]
¢+, if || <i<b-a+2,
ct1, if i=1,
ep3(Uitiv1) = 2c—a+3, if i=2,

2c —a+1, if 3<i<a+41,
and epz(uix;) =c+1, if 3<i<b—a+2,

€D3 (wzxz) =

)

¢+, if [ <i<b-a+2.

2e—a+6—i, if 3<i< |[uD]

It is easy to verify that there is no clique S in G with e3(S) < a, e, (S) < band ep3(S) < c.

Thus r3 =a, R, =band R3=casa <b=c. O

Santhakumaran et. al. [7] showed that every three positive integers a,b and ¢ with 5 < a <

b < c are realizable as the diameter, monophonic diameter and detour diameter respectively of
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some connected graph. Now we have a realization theorem for the clique-to-clique diameter,
clique-to-clique monophonic diameter and clique-to-clique detour diameter respectively of some

connected graph.

Theorem 3.10 For any three positive integers a, b, c with4 < a < b < ¢, there ezists a connected
graph G such that d3 = a, Dy, = b and D3 = c.

Proof The proof is divided into cases following.
Casel. a=b=c
Let G = Pyy3 : up,uz, -+ ,uqrs be a path. Then

e3(uitti+1) = emy(uitiz1) = epa(uiipr) = . o
i— 2, if VTJ<Z§(1+2.

It is easy to verify that there is no clique S in G with e3(S) > a, e, (S) > band ep3(S) > c.
Thus dg = a, Dy, =band D3 =casa=b=c.

Case 2. 4<a<b<ec

Let Py : uq,ug, - ,uqy2 be a path of order a+2. Let Py : wy,wa, -+ ,wp—q13 be a path of
order b — a + 3. Let Ps : x1,x2 be a path of order 2. Let K7 : y1,¥2, - ,Ye—b+1 be a complete
graph of order ¢ — b+ 1. We construct the graph G of order ¢ + 3 as follows: (i) identify the
vertices u; in Py, wi in Py with x; in P3 and identify the vertices us in P; with wp_q43 in Ps;
(i) identify the vertices uq41 in Py with y; in K7 and identify the vertices u, in Py with ye_pi1
in Ky; (i44) join each vertex w;(2 < i < b— a+ 2) in P, with ug in P;. The resulting graph G
is shown in Fig.3.6. It is easy to verify

Ug Ua+1 Ua+2

Fig.3.6

that eg(z122) = a, e3(K1) = a — 1,

a—i, if 3<i<|g],

coluatis) = i—1, if || <i<a
9 2 —=
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a—1, if 1<i<b—a+1,
a—2

e3(ugwiwiy1) = b0t
if i=b—a+2,

3

and e, (122) = b, emy (K1) =b—1,

b—a+1i—1, if 3<i<a for b—a+i>a—1,
€ms (Uiui+1) =
if 3<i<a for b—a+i<a-—i,
b—i, if 1<i< || for |Z] <b—a+3,
ems(Uawiwip1) = qi—1, if |3] <i<b—a+3 for |5] <b—a+3,
if 1<i<b—a+3 for [4]>b—a+3,

and eDg(lez) = ¢, eDB(Kl) =0,

b—a+i, if 3<i<a for b—a+i>c—b+a—i—1,
ep3(uitit1) =
c—b+a—i—1, if 3<i<a for b—a+i<c—b+a—1i—1,

c—i—1, if ISiSL%J for {%J<c—b—|—1,
eps(uowjwit1) = qi—1, if [2] <i<b—a+3 for |2 <c—b+1,

c—i—1, if 1<i<b—a+3 for [§]>c—b+1

It is easy to verify that there is no clique S in G with e3(S) > a, epm,(S) > band ep3(S) > c.
Thus ds = a, Dy, =band D3 =casa <b<c.

Case 3. 4<a<b=c.

Let Py : up,ug, -+ ,uqr2 be a path of order a + 2. Let Ps : wi,ws, ..., wp—q+3 be a path
of order b—a+ 3. Let P; : 21,22 be a path of order 2. Let F; : ;(3<i<b—a+2)beab—a
copies of K7. We construct the graph G of order 2b — a + 4 as follows: (¢) identify the vertices
up in Py,wy in Py with z1 in Ps and also identify the vertices ug in Py with wp—q43 in Pa; (42)
join each vertex x;(3 < i < b—a+ 2) with ug in P, and w; in P,. The resulting graph G is
shown in Fig.3.7.

Wh—a+1

Wp—a+2

us U4q

Fig.3.7
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It is easy to verify that es(z122) = a,

es(usz;)) =a—2, if 3<i<b-—a+2,

a, if 1<i<b-—a,
es(wiwiy1) =a—1, if i=b—a+1,

a—2, ifi=b—a+2,
and eg(z;wi—1) =a—1, if 3<i<b—a+2, en,(r122) =0,

b—a+2, if 3<i<b—a+2 for b—a+3>a—2,

emg (U3®;) =
a—2, if 3<i<b—a+2 for b—a+3<a-—2,
b, if 1=1,
b—a+2, if i=2 for b—a+3>a-2 ,
ems (Uittir1) =< a — 2, if i=2 for b—a+3<a-2 ,

b—a+1i—1, if 3<i<a for b—a+3>a—2 ,
2 if 3<i<a for b—a+3<a-—2

3

if 1<qi<|[bgH],

a+i—1, if |[=aEl| <i<b—a+1,

Ems (WiWi41) = =5+
i—1, if i=b—a+2 for i >a-—2,
a—2, if i=b—a+2 for i <a-—2,

s (Wi _ow;_ if 3<i< |b=ats
€m3(fbiwi_1): m3( 1—2 Wy 1) = _L 2 Jv

Ems (Wi—1w;) if L“%ﬂ<i§b—a+2,
eps3(z172) = c,
c, if i=1,
c—a+2, if i=2 for b—a+3>a—-2 ,
ep3(uitiy1) = { a — 2, if i=2 for b—a+3<a-2 ,

c—a+1—1, if 3<i<a for b—a+3>a—2

)

a—1, if 3<i<a for b—a+3<a-2 ,
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c—1i, if 1<q<[=at|,

a+i—1, if =2l <i<b—a+1,
eDS(wiwiJrl): L 2 J

i—1, if i=b—a+2 for i >a-—2,

a—2, if i=b—a+2 for i<a-—2

eps(wi—ow;—) if 3<i <[4,

6D3(Iz‘wi71) =
eDg(wi,lwi) if LIH%EXJ <i§b—a+2,

c—a+2, if 3<i<b—a—+2 for b—a+3>a-2,

eps(uzx;) =
a—2, if 3<i<b—a+2 for b—a+3<a-2.

It is easy to verify that there is no clique S in G with e3(S) > a, e, (S) > band ep3(S) > c.
Thus dg = a, Dy, =band D3 =casa <b=c. O

In [2], it is shown that the center of every connected graph G lies in a single block of
G, Chartrand et. al. [1] showed that the detour center of every connected graph G lies in a
single block of G, and Santhakumaran et. al. [7] showed that the monophonic center of every
connected graph G lies in a single block of G. But Keerthi Asir et. al. [4] showed that the
clique-to-clique detour center of every connected graph G does not lie in a single block of G.

However the similar result is not true for the clique-to-clique monophonic center of a graph.

Remark 3.11 The clique-to-clique monophonic center of every connected graph G does not
lie in a single block of G. For the Path P, 1, the clique-to-clique monophonic center is always
Ps5, which does not lie in a single block.

We leave the following open problems.

Problem 3.12 Does there exist a connected graph G such that e3(C) # em, (C) # eps3(C) for
every clique C in G?

Problem 3.13 Is every graph a clique-to-clique monophonic center of some connected graph?

Problem 3.14 Characterize clique-to-clique monophonic self-centered graphs.
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