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1. Abstract
If yis an odd perfect number, let p be one of the prime factors of y, the exponent of p
be an integer n(n = 1), the prime factors other than pbe p,,p,,p3," b and the even

exponent of p, be g.

T T
y/p"=A+p+p* 4+ ph) | A+ +pi® + o+ /(20T = npqu
k=1 k=1
must be satisfied. Let m be a non negative integer and ¢ be a positive integer,

n=4m+1
p=4q+1

Letting a, b and cbe odd integers, satisfying following expressions,

T
a= 1_[(1 + P+ P 4 P
k=1

T
k=1

c=a/p"
2b=c(p™+--+1)
is established. This is a known content. Let s(s 2 r) be an integer, v be a rational

number,

S S
V= 1_[(1 +or ottt pqu)/l_[pqu
k=1 k=1

holds. By the consideration of this research paper, since it turned out that if vis not
an integer, by the uniqueness of a/b there is at most one solution that satisfies this
equation for arbitrary p. Then since by the uniqueness of a(p™+ -+ 1)/(bp™) we
proved that there is no solution for ¢ = a/p™ and 2b = c(p™ + -+ 1) other than
(a,b,p,n) = (1,1,1,1), we have obtained a conclusion that there are no odd perfect

numbers.

2. Introduction
The perfect number is one in which the sum of the divisors other than itself is the
same value as itself, and the smallest perfect number is
1+2+3=6
It 1s 6. Whether an odd perfect number exists or not is currently an unsolved

problem in mathematics.



3.

3.1.

3.2.

Proof

Let y be an odd perfect number, one of the prime factors of y be odd prime p and an
exponent of p be an integer n(n = 1). Let prime factors p;,p,,ps,"" v be the odd
prime numbers of factors other than p, g, be the index of p,, and an integer a be a

product of series other than prime p.
T

a= H(l + Pk + ka + -+ pqu) @
k=1
The number of terms N of variable ais

N= l_[(qk +1) ..
k=1

When yis a perfect number,

y=a(l+p+p?+--+p®)—ym>0)

n
aZp"/2=y

k=0

a Z p*/2p™) =y/p" ..
k=0

1s established.

If gy has at least one odd integer

Letting the number of terms where g, is an odd integer be a positive integer u,
because y/p"™ = [I;=1pr% is an odd integer, the denominator on the left side of the
expression (@ has a prime factor 2, from the expression @ variable a has more
than u prime factor 2 and variable ais an even integer. Therefore, Y}_,p* must be

an odd integer, nis an even integer and uis 1.

When all g, are even integers

y/p™ is an odd integer, the denominator on the left side of the expression @ is an
even integer, and since NV1is an odd integer when g, are all even integers, variable
ais an odd integer. Therefore, Y7_,p" is necessary to include one prime factor 2,

Yr_op* = 0 (mod 2) is established, and n must be an odd integer.

From 3.1, 3.2, in order to have an odd perfect number, only one exponent of the

prime factor of y must be an odd integer. We consider the case of 3.2 below.



In order for y to be an odd perfect number, the following expression must be
established.

T T
y/p" =1 +p+p’+-+p") 1_[(1 +pi+ P’ P /(2p") = Hpk"k
= k=1

k=1
However, q4,95,...,q, are all even integers.

Here, let bbe an odd integer

A following expression is established.

y/p" =a(l+p+p*+--+p"/2p™") =D

a(p™'-1)/Q@p—-Dp™) =b

(a—2b)p™1+2bp"—a=0 ..®

Because it is an n + 1 order equation of p, the solution of the odd prime pis n+1

at most for arbitrary a and b.

(ap — 2bp + 2b)p™ =a

Since ap —2bp + 2b is an odd integer, a/p™ is an odd integer. Let a/p™ be an odd
integer c.

ap—2bp+2b=c(c>0)..®

2b—a)p=2b—c

Since variable ais an odd integer, 2b — a is an odd integer and 2b —a # 0
p=2b—c)/(2b~a)



Since n 21,
a—c=cp"—cZ2cp—c>0
a>c

1s.

From the equation ©®

2b(p—1)—(ap—¢c)=0

2b—c(p™t-1)/(p-1)=0

(p" + -4+ 1)/2 is an odd integer, n = 4m + 1 must be hold with m as an integer.
2b(p— 1) = c(p™ — 1)

2b=c(p"+--+1)

2b=clp+DE*1+p"3+--+1) .D

Since b is an odd integer when p+1 is not a multiple of 4, p—1 must be a
multiple of 4. A positive integer is taken as q.

p=4q+1

is established.

When p>1

pt—1<p"
P"-D/-D<p"/(p-1
P4+ 1<p"/(p— 1)

Since p is an odd prime number satisfying p=4q+ 1 and p 2 5,
p"t+--4+1<p"/4
2b—a=c(p*+-+1)—cp"=c(p"1+-+1)
2b—a<cp"/4=a/4

2b < 5a/4

a>8b/5..®



Let ay and by be odd integers and if
e =1+pic+ Pk + -+ Py, bie=py’,
ag — bx <bk/(px— 1)

ag < bxpy/(px — 1)

r

a=] Jax< gbkpk/(pk -1)= bgpk/(pk -1

k=1
a/b < | [p/c—1
k=1

When r =1, since a/b < 3/2 is established, it becomes inappropriate contrary to
inequality ®.

From the expression (D),
b=clp+1)/2x (P> +p"3+--+1)
holds. Since (p+1)/2 is the product of only prime numbers of b, let dy be the

index,

G+n2=]] p

r
p=21_[ k-1 ..©@
k=1

From a = cp" and the expression @),
2bp" =a(p"+ -+ 1)
a(p™+ -+ 1)/2bp™) =1 ...(A)

When r =1,
a= (P2t -1/(p1 - 1)
b=p %

The equation (A) does not hold since there is no odd perfect number whenr = 1.



Let R be a rational number,

R=a(p" + -+ 1)/(2bp")

Let b’ be a rational number and let A and By to be odd integers,
b' = (px3** — 1)/(px ™ (px — 1)) > 1

A= (P -1 /(p— 1

By = py Ik

Multiplying R by b’, there are both cases that py increases p or does not change.
When multiplied by b’, the rate of change of R is Ap.p™(p'" + -+ 1)/(Brs1p"" (p™ +
-+ 1)), if p after variation is p’. If the rate of change of R is 1,

Arp P (@ + -+ 1)/Brap " @ + -+ 1)) =1

ArpP"(@" + -+ 1) =By p " (" + -+ 1)

This expression does not hold since the right side is not a multiple of p when p’ > p,
and A;,; > B,;; holds when p’=p. Due to this operation, R may be larger or

smaller than the original value since the rate of change of R does not become 1.

Assuming that R =1 in some r, letting x be an integer and by multiplying fractions
b' = A;;1/Briq, b = Ari2/Brya, b = A, /By to R. Furthermore, assuming that
Acs1Ais2 A 1s not a multiple of p, R is divided by Ai;1/Bisr1, Atsrz/Brsz,Ar/Br
and it is assumed that finally R = 1. At this time, assuming that n changes to n,,q,

the change rate of R by this operation when multiplying by A;,;/B;+1 18
Arap (P4 e+ 1)/ (Beyyp 4 (0" + -+ 1)

1 X Bpyap"(p"+t + - + 1) /(Agy1 "+ (p" + -+ + 1)) X ... X Byp"r-1(pfr 4 -
+ 1)/(Ap™r(p"rt + -+ 1)) X ApygpPr(piret 4+ oo+ 1)/ (Bryg pTrer (p
+ o+ 1)) X Apgpp™rr(phr+z + o0 + 1) /(Brypp™rt2 (pitet + 000 + 1)) X
X Axp™-t(p™ + -+ 1)/(Byp™(p™t + -+ 1)) =1
Bit1Be+2 - BrArs1Aryy o Agp" T (p™ 4 - + 1)
= At+1At42 - ArBrygBryp . Bx(p" + -+ 1) ... (B)
When n, < n, it becomes contradiction since the right side of above expression does
not include the prime factor p.
When n, =n,
Brs1Brsz o BrArs1Arss o Ag = Apy1Arsz o ArBrigBrag oo By ... (C)



Let s(s 2 r) be an integer and v be a rational number, if
S S

v= 1_[(1 +px +pi + o+ quk)/npqu
k=1 k=1
holds, assume that v is not an integer. ---(D)

Let e, f. be odd integers and g, be a rational number,
r r
erzl_[ (pqu+"'+1)'fr=1_[ p, gr = er/f;
k=1 k=1
holds.
8r+1 = erp1/fry1 = /B X (Prag T + -+ 1) /pryg ¥t > e /fr = g,

Let q;' be an even integer and q} > q; holds. Let g, be g.,' when q; becomes qj,

gr = (P11 (P + -+ 1)/p W (p It + -+ D))gr > g
1s established.

It is assumed that gy becomes qy —hy by changing qy than before for g.. hy is an
even integer. Then assume that r becomes s(s >r), g; = g, and g is not changed.
8s/8r = Pra1 ¥+t X o X PsB/((Praa T + -+ 1) XX (ps®s + -+ 1)) X py B X

X ppdr(p it 44 1) L (pe &P 4+ 1) /(p BT XL

% prqr—hr(plth +ot D) (pr + 4+ 1) =1
Pra13+ X oo X Pg9s /((Praq I#1 + -+ + 1) X o0 X (ps5 + -+ 1)) X py M1 x ...

X prhr(plch_hl 4ot 1) e (ppdrhr

D/ 4+ 1) o (pr 4+ 1)) = 1
Prar 3+t X X pgds X pyf X L. x prhr(plql‘hl +--+ 1) (prqf‘hr +--+ 1)

= (P8 4 4 1) e (P + -+ D(Pryg @+t + o+ 1) oo (g% + -+ + 1)
When hy < 0(1 =k =r1), multiply both sides by p, " so that both sides become
integers. When [[;-.,,(Ax/Bx) is not an integer, if both sides are divided by the
prime numbers from p.,; to ps, at least one prime number among the prime
numbers from p,,; to ps are left on the left side. Since a =[], Ax = cp™ holds
and from the expression @), ¢ must be a product of primes from p; to p,. Thereby,
the above equation does not hold, since it is inappropriate when there is even one
prime number other than p; to p, and p. When changing the value of py, it is
equivalent to dividing by py% and then multiplying by new p 9k, so it is sufficient
to consider only the changes of q, and r. From above, since g, does not chord the
original value when qy or r is increased or decreased, it takes unique values for the

variables py, gy, I



From the above proof,

g, = AyAy .. Ay/B;By .. By X Ary1Arsg o Ay/BraqBrig - By

g, must be represented uniquely, and the expression (C) does not satisfied. When
dividing by the prime number in the expression ), a contradiction arises since the
prime number not included in b is in the expression . Therefore, when [[;_,,(Ax/
By) is not an integer and p holds p=1(mod4) and p =25, the number of the

solution (a,b,p,n) satisfying R =1 is at most one.

Since (a,b,p,n) = (1,1,1,1) is inappropriate solution for the equation (A). At this
time, since a=b =1 and r =0 that [[j_;,;(Ax/Bx) is not an integer is same that
the condition (D) holds, and since the expression (C) becomes contradiction, there is
one inappropriate solution when n, = n = 1. Therefore, if the condition (D) holds,

there are no odd perfect numbers when n = 1.

Define the operation [multiplication] and the operation [division] as follows.
Assuming that p in the equation of R is replaced by p’ by multiplying A;/B;, define

operation [multiplication] to R as follows.

r
p =2 Hk_lpkdk xp%i—1

0= di = qi
Here, let i be i > r. Suppose operation [division] is division by A;/B; for R, and if p;
is included in p in the expression R, p; is deleted as dj = 0. Here, assuming that j

satisfies 1Sj=r.

In the proof of the expression (B), it is assumed that p changes on the way, and
finally p becomes py.
Ay . AL =cp"
2B, ..By = c(p" + -+ 1)
Ay .. Ay = C'pyix
2B, ..By =c'(p™+ -+ 1)
It is assumed that the above expressions are satisfied.
Bi+1Bts2 o BrAry1Aris o Agp"(p™ + -+ 1)
= At41Ae42 - ArBry1Bryo o Byp™(p" + -+ 1)
Biy1Bisz o BrAL ArAL 1 Ars AP (P™ + -+ 1)
= Ay AArs1Ary o ABryiBrog o Byp ™ (P + o+ 1)



Bit1Beyz - Bec'p™pt (p™ + -+ + 1)
= A1 ArAgy1Ayz - ArBriaBryg o Byp™(p" + -+ 1)
Bi41Brsg - Br'PP(px™ + =+ 1) = Ay . AAry1Apyg - ABrygBryg . By(p" + -+ 1)
By .. BrBit1Bryg - BrC'pm(p™ + - + 1)
=A; . AtA1 AL - ABy BBy Brys W By(pt + o+ 1)
By .. BrBit1Bryg - BrC'pm(p™ + - + 1)
= Ay ArAri Az A (™ + o+ 1D /2 X (p" + -+ 1)
B, ...B.BrsiBrag o Bop™ = Ap o ALAgs 1Ay o Ar/2 X (PP 4 - 4 1)

c(p" + 4+ 1)/2 X Bty1Bryz . Brp™ = cp"Ari1 Ay - Ar/2 X (P + -+ 1)
Bi+1Bi42 . By = Art1Arsz - Ay
is established. It becomes contradiction since Ay > By holds when the operations

[division] are performed.

Consider a tree whose vertex is (a,b,p,n) = (1,1,1,1), and when the operations
[multiplication] are performed, it becomes a child node. For example, consider a
child node connected to a vertex as follows.

(a,b,p,n) =(13,9,5,5) as p; =3, q; =2 and d; =1

(a,b,p,n) =(13,9,17,9) as p; =3, q; =2 and d; =2

(a,b,p,n) =(57,49,97,13) as p; =7, q; =2 and d; =2

Suppose that the operations [multiplication] for changing the value of p are

performed first, and then the operations [multiplication] for not changing the value

of p are performed to create a tree structure. Here, when there is a solution in a

certain p and there is a solution even in the other value p', considering a set of line

segments connecting these two points in four-dimensional space (a,b,p,n). If R=1

holds again when performing operation [multiplication] from one point where R = 1,

I X AppaP " (Prea™™ 4+ 1)/ (BraaPraa 1 (p" + -+ 1)) X ApyoPraa ™1 (Praz ™42 + o
+1)/(BrazPre2 ™2 (Praa " + 0 + 1)) X oo X Agpy—q 2 (px™ + -
+1)/(Bypx ™ (Px-1™t + -+ 1)) =1

Art1Ariz - Ax/(BryaBriz . Bx) = px™(p" + -+ 1)/(p"(px™ + -+ + 1))

AyAy o A(py™ + -+ + 1) /(ByBy . Byp™) = Ay Ay . A (p" + -+ + 1)/(B4By ... B,p") ... (E)



Assume that G, = AjA, ... A (p" + -+ 1)/(B{B; ... Bgyp™) holds. Here, it is assumed
that qx becomes qi —hy by changing qyx than before and n becomes n —h(n—h >
0) for G;. hy is an even integer and h is a non-negative integer that is a multiple of
4. Then assuming that r becomes s(s >r), G = G, and G is not changed, by the
same calculation of gg/g,,
Gs/Gy = Pra1 9+t X o X PO /((Prgr 3t + -+ 1) X .. X (ps%s + -+ 1)) X p191 X p92 X ...
X Prdrp?(py i 4 e+ 1) (pr 8T o+ DI A+ 1)/ (py BT
X . X ppArhrpt=h(p di 44 1) L (p O 4+ D (P o+ 1) =1
Pri19r+t X ... X pgdsp; 91 X .. X pPr(p 97 4 1) L (pp 9B e+ 1) (PP + -+ p)
= (P8 4 4 1) e (P + o+ (P A+ 4 D (Pragdr+t + -+ 1) oo (ps®
++ 1)

Since [[k=; Ak = cp™ holds,
Pri19r+t X .. X pgdsp; 91 X . X pPr(py @ 4 1) L (pp OB e+ 1) (PR 4+ 1)
=cp" (PP 4 4 D (Pra It 4 -+ 1) o (pgds + 4 1)
When hy < 0(1 =k =r1), multiply both sides by p, " so that both sides become
integers. When [[3-.,;(Ax/Byk) is not an integer, if both sides are divided by the
prime numbers from p.,; to ps, at least one prime number among the prime
numbers from p,., to ps are left on the left side. Because ¢ and p"+ -+ 1 are
products of prime numbers from p,; to p, and in the case of s > r+ 1, the left side
has prime numbers that is not on the right side as a factor, this expression does not
hold. In the case of s =r+ 1, when p # pg, this expression does not hold in the same
way. When p = ps and qg > n —h, since there is a prime factor p only on the left
side, this expression does not hold. Therefore, since except for the case of s=r+1,
p=ps and g; <n—h G, must be uniquely expressed, the expression (E) does not
hold. When s=r+1, p=ps and g <n-—h, substituting By = p9 into the
expression (E) as x =r+1,
A1Ay AP+ + D) (px™ + - + 1)/(By By .. Byp%spy™)
= AyAy . A (p" + -+ 1)/(B1B, ... B,p™)
(P + -+ D™ + -+ 1)/(pBp™) = (p" + -+ 1)/p"
(% + -+ D(px™ + -+ Dp" ™% = (p" + -+ + D)py™
Since the right side does not have a prime number p as a factor, this expression does
not hold.

10



When one point is (a,b,p,n) = (1,1,1,1), since r = 0, that [[}_,.,;(Ax/Byk) is not an
integer is same that the condition (D) holds. If the condition (D) holds, when
s>r+1 or p#ps, Gs# G, holds similarly and when s=r+1 and p=ps it

becomes inappropriate, since prime number pg is 1.

If the condition (D) does not hold, v=a/b when s =r. Because the equation (A)
must be satisfied at a point other than the point (a,b,p,n) = (1,1,1,1), considering v
becomes an integer,

v=a/b=2p"/(p" +--+1)

2p" =v(p"+--+1)

Let w be an integer and if v = wp™ holds,

2=w(p"+--+1)

When p=1(mod4), p25 and n=1(mod4), n=1,

p*+--+126

At this time, it becomes inappropriate, since w is not an integer. Therefore, except
for (a,b,p,n) = (1,1,1,1), there is no solution satisfying the equation (A). From the

above, there are no odd perfect numbers.

11



4. Complement
From the equation ®),
2bp"(p—1) = a(p™** - 1)
2=a(p""* -1)/(bp"(p—-1))
2=(p; 8" = 1)(p, %% - 1) .. (p, T = 1)(p"*t - 1)
/(P1%p2% . pp 4 pt(py — D(p2— 1D .. (pr — D(p— 1))
2(p; Bt — py ) (pp 02 — py%2) L (pe &t — p, ) (p™*t — p")
= (p1 1t = D(p, ™ - 1) .. (p T+ = D" - 1)

We consider when r = 2.
(p1*! = D (p %" — D(p™*! — 1) = 2(p B¥! — p,9) (p, %271 — p,%2) (p™*! — p")
Let s, t, u be integers,

s = p1(h+1 -1

t= p2q2+1 -1
u= pn+1 -1
are.

stu=2(p; B =1 — (py % — D) (p 02+ =1 = (p, %2 = )P —1-(p" - 1))
stu=2(s—(s+1)/p1+Dt—-t+D/p,+Du—(Qu+1/p+1)

pp1pzstu = 2((s + Dpy — (s + DI((t+ Dp, + (t+ D)((u+ Dp + (u+ 1))
ppipzstu = 2(s+ 1)(p; — D(t+ D(p. — D+ (p—-1)

stu/((s+ D(t+ D+ 1)) =2(py — D)(p2 — D(p — 1)/(p1p2P)

Since stu/((s + 1)(t+ 1)(u+ 1)) is a monotonically increasing function for variables
s, t and u, if

s232*1-1=26,p;,=3, 9, =2

t272*1-1=342,p,=7,q, =2

u=52-1=24,p=5n=1

holds,

stu/((s + D (t+ 1)(u + 1)) = 26 x 342 x 24/(27 X 343 X 25) = 7904/8575

2(py = D)(P = (P — 1)/(P1p2p) = 2 X 2X 6 X 4/(3 X 7 X 5) = 32/35

Since stu/((s + 1)(t+ 1)(u+ 1)) is limited to 1 when s, t and u are infinite,
stu/(s+ D+ Du+1) <1

12



If f(py,p2,p) = 2(p1 — D(p2z — D(p — 1)/(p1pzp) holds, it is sufficient to consider a
combination where f(pq,p,,p) < 1.

f(3,7,5) =2x2x6x4/(3x7x%x5)=32/35

f(3,11,5) =2x2x10x4/(3x11x5)=32/33

f(3,13,5) =2x2x12x%x4/(3%x13x5)=64/65

f(3,175) =2x2x16x4/(3%x17 x5) = 256/255

f(3,7,13) =2x2x6x12/(3%x7x%x13)=96/91

f(3,517) =2x2%x4x%x16/(3x5x%x17) = 256/255

From the above, when r = 2, a combination (pq,p,,p) = (3,7,5),(3,11,5),(3,13,5) can

be considered.

Let qx be 2 and n=1,if g(p;,p2,p) = (p* — D(p2° — D(P* — 1)/(p1’p2°p?),
g(3,7,5) = 26 x 342 x 24/(337352) = 7904/8575 > 32/35

g(3,11,5) = 26 x 1330 x 24/(3311352) = 55328/59895

g(3,13,5) = 26 x 2196 x 24/(3313352) = 3904/4225

Since the function g is the minimum in the case of q, =2 and n = 1, there is no

solution g and n when g > f, so the case of (p4,p2, p) = (3,7,5) becomes unsuitable.

stu/((s + D(t+ D+ 1)) =2(p; — D(pz — D(p — 1)/(p1P2P)
(p11* = D(p %" — (" — 1)/(p, 12+ p 22+ p™Hh)
=2(py — D(pz — D - 1/(P1P2P)

If F(p1,p2,p) = (p1 — D(p2 — D(p — D/(P1P2b),
F(p1q1+1' p2q2+1» pn+1) = 2F(p11 p21 p)

13
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