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On  some  Ramanujan’s  continued  fractions:  mathematical  connections  with
MRB Constant, Higher Spin and various sectors of String Theory

                                  Michele Nardelli1,  Antonio Nardelli

                                                        Abstract

In this paper, we analyze further Ramanujan’s continued fractions. We describe the
mathematical connections with MRB Constant, Higher Spin and various sectors of
String Theory
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From:

Manuscript Book I - Srinivasa Ramanujan

We have:

sqrt(αβ) + sqrt((1-α)(1-β)) + 4*(αβ(1-α)(1-β))^(1/4)

Input

3D plot                  (figure that can be related to a D-brane/Instanton)
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Contour plot

Alternate forms

Alternate form assuming α and β are positive

Real roots
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Integer roots

Roots for the variable β

Series expansion at α=0
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Series expansion at α=∞

Derivative

Indefinite integral
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Local maximum

From:

sqrt(αβ) + sqrt((1-α)(1-β)) + 20*(αβ(1-α)(1-β))^(1/4) + 8sqrt2 * (αβ(1-α)(1-β))^(1/8) 
* [(αβ)^(1/4)+((1-α)(1-β))^(1/4)]

Input
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3D plot                  (figure that can be related to a D-brane/Instanton)

Contour plot

Alternate forms
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Expanded forms

Alternate form assuming α and β are positive
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Series expansion at α=0

Derivative
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Indefinite integral

From:

sqrt(αβ) + sqrt((1-α)(1-β)) + 8*(αβ(1-α)(1-β))^(1/6) * [(αβ)^(1/6)+((1-α)(1-β))^(1/6)]

Input
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3D plot                  (figure that can be related to a D-brane/Instanton)

Contour plot
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Alternate forms

Expanded form

Alternate form assuming α and β are positive

Series expansion at α=0
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Series expansion at α=∞

Derivative

Indefinite integral



14

From the sum of

((√((α-1)(β-1))+√(αβ)+4((α-1)α(β-1)β)^(1/4)))+((8√(2)((α-1)α(β-1)β)^(1/8)(((α-1)(β-
1))^(1/4)+(αβ)^(1/4))+√((α-1)(β-1))+√(αβ)+20((α-1)α(β-1)β)^(1/4)))

Input

Exact result

((8((α-1)α(β-1)β)^(1/6)(((α-1)(β-1))^(1/6)+(αβ)^(1/6))+√((α-1)(β-1))+√(αβ)))

we obtain:

8√(2)((α-1)α(β-1)β)^(1/8)(((α-1)(β-1))^(1/4)+(αβ)^(1/4))+2√((α-1)(β-1))+2√(αβ)
+24((α-1)α(β-1)β)^(1/4)+((8((α-1)α(β-1)β)^(1/6)(((α-1)(β-1))^(1/6)+(αβ)^(1/6))
+√((α-1)(β-1))+√(αβ)))

Input
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Exact result

Expanded form

Alternate forms assuming α and β are positive
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Series expansion at α=0



17

Derivative



18

Indefinite integral

From the exact result

we obtain:

8 ((α - 1) α (β - 1) β)^(1/6) (((α - 1) (β - 1))^(1/6) + (α β)^(1/6)) + 8 sqrt(2) ((α - 1) α 
(β - 1) β)^(1/8) (((α - 1) (β - 1))^(1/4) + (α β)^(1/4)) + 3 sqrt((α - 1) (β - 1)) + 3 sqrt(α 
β) + 24 ((α - 1) α (β - 1) β)^(1/4)
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for α = 8  and  β = 16 ,  we obtain:

8 ((8-1) 8(16-1)16)^(1/6) (((8-1)(16-1))^(1/6)+(8*16)^(1/6))+8√(2)((8-1)8(16-
1)16)^(1/8)(((8-1)(16-1))^(1/4)+(8*16)^(1/4))+3√((8-1)(16-1))+3√(8*16)+24((8-
1)8(16-1)16)^(1/4)

Input

Result

Decimal approximation

739.097446…. (we note that 739 – 11 = 728 = 93 -1 = Ramanujan taxicab number)

Alternate forms
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From the result

we obtain, after some calculations:

ln (ζ(64^-8) ((24 sqrt(2) + 48 2^(3/4) 105^(1/4) + 3 sqrt(105) + 
sinh((0.8/(64Pi))^8)^2(16 210^(1/6) (2 2^(1/6) + 
105^(1/6)))x+cosh((0.8/(64Pi))^8)^2(16 2^(3/8) 105^(1/8) (2 2^(3/4) + 
105^(1/4)))))y)

Input

Result
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3D plots
Real part               (figures that can be related to the D-branes/Instantons)

Imaginary part
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Contour plots
Real part

Imaginary part

Alternate form
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Alternate forms assuming x and y are positive

Root

Root for the variable y

Series expansion at x=0

Series expansion at x=∞
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Partial derivatives

Indefinite integral

Limit

Alternative representations
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Series representations



26

Integral representations
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Functional equations
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From:

we obtain, after some calculations:

3d plot log((cosh(6.79894×10^-37) x + tanh(566.8)) cosh(ζ(1/281474976710656))y)

Input interpretation
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3D plots
Real part      

(figures that can be related to a D-branes/Instantons and a fractals)

Imaginary part
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Contour plots
Real part

Imaginary part
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From the same formula, we obtain:

3d plot zeta(24) cosh^4(log(6.79894×10^-37 x + 566.8) + log(y) +cosh^-2(log(-
ζ(1/281474976710656)) + i π))

Input interpretation

3D plots
Real part                   (figures that can be related to the D-branes/Instantons)
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Imaginary part

Contour plots
Real part
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Imaginary part

From

=  739.097446….  (we note that 739 – 11 = 728 = 93 -1 = Ramanujan taxicab number)

we obtain also:
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(24 sqrt(2) + 48 2^(3/4) 105^(1/4) + 3 sqrt(105) + 16 210^(1/6) (2 2^(1/6) + 
105^(1/6)) + 16 2^(3/8) 105^(1/8) (2 2^(3/4) + 105^(1/4)))dxdy

Indefinite integral

3D plot                (figure that can be related to a D-brane/Instanton)
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Contour plot

Definite integral over a disk of radius R

Definite integral over a square of edge length 2 L

Dividing the result of the two integrals by
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we obtain:

((24 sqrt(2) + 48 2^(3/4) 105^(1/4) + 3 sqrt(105) + 16 210^(1/6) (2 2^(1/6) + 
105^(1/6)) + 16 2^(3/8) 105^(1/8) (2 2^(3/4) + 105^(1/4))) π)/(739.0974460175287)

Input interpretation

Result

3.141592653…. = π

Series representations
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1/6(((24 sqrt(2) + 48 2^(3/4) 105^(1/4) + 3 sqrt(105) + 16 210^(1/6) (2 2^(1/6) + 
105^(1/6)) + 16 2^(3/8) 105^(1/8) (2 2^(3/4) + 105^(1/4))) 
π)/(739.0974460175287))^2
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Input interpretation

Result

1.644934066…. = ζ(2) = π2/6 (trace of the instanton shape)

Series representations
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40

1+1/16(((24 sqrt(2) + 48 2^(3/4) 105^(1/4) + 3 sqrt(105) + 16 210^(1/6) (2 2^(1/6) + 
105^(1/6)) + 16 2^(3/8) 105^(1/8) (2 2^(3/4) + 105^(1/4))) 
π)/(739.0974460175287))^2+(MRB const)^(1-1/(4π)+π)

Input interpretation

Result

1.61797307…. result that is a very good approximation to the value of the golden 
ratio 1.618033988749...

And again:

 ((4 (24 sqrt(2) + 48 2^(3/4) 105^(1/4) + 3 sqrt(105) + 16 210^(1/6) (2 2^(1/6) + 
105^(1/6)) + 16 2^(3/8) 105^(1/8) (2 2^(3/4) + 105^(1/4))))/(739.0974460175287))^6

Input interpretation

Result

4096 = 642
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27sqrt(((4 (24 sqrt(2) + 48 2^(3/4) 105^(1/4) + 3 sqrt(105) + 16 210^(1/6) (2 2^(1/6) 
+ 105^(1/6)) + 16 2^(3/8) 105^(1/8) (2 2^(3/4) + 
105^(1/4))))/(739.0974460175287))^6)+1

Input interpretation

Result

1729

This  result  is  very near  to  the mass  of  candidate  glueball  f0(1710)  scalar  meson.
Furthermore, 1728 occurs in the algebraic formula for the  j-invariant of an  elliptic
curve. (1728 = 82  * 33) The number 1728 is one less than the Hardy–Ramanujan
number 1729  (taxicab number)

From:

An Introduction to Higher-Spin Fields - Augusto Sagnotti-Scuola Normale 
Superiore, Pisa - Eotvos Superstring Workshop, Budapest, Sept. 2007

We have:

https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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1/2(δ*φ)^2 + s*δ * φ*C + s(s-1)*δ*C*D  + (s(s-1))/2 * (δ*D)^2 – s/2 * C^2

Input

Solutions

Geometric figure

Alternate forms
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Expanded forms

Derivative

Indefinite integral

From

      first equation

for s = 0.8  / π2  and  δ = 2 , we obtain:
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3d Plot zeta(24) (1/2(2*φ)^2 + (0.8π^-2)*2 * φ*C + cos(0.8π^-2(0.8π^-2-1)*2*C*D  
+ (0.8π^-2(0.8π^-2-1))/2 * (2*D)^2) – sin((0.8π^-2)/2 * C^2))

Input interpretation

3D plot                        (figure that can be related to a D-brane/Instanton)
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Contour plot

and also:

3d Plot zeta(24) (1/2(2*φ)^2 + (0.8π^-2)*2 * φ*C + cos(0.8π^-2(0.8π^-2-1)*2*C*D  
+ cosh((0.8π^-2(0.8π^-2-1))/2 * (2*D)^2)) – sin((0.8π^-2)/2 * C^2))

Input interpretation
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3D plot                         (figure that can be related to a D-brane/Instanton)

Contour plot
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And again, after some calculations, we obtain:

3d Plot zeta(24) (sinh(1/2(2*φ)^2 + (0.8π^-2)*2 * φ*C) + cosh(0.8π^-2(0.8π^-2-
1)*2*C*D  + cos((0.8π^-2(0.8π^-2-1))/2 * (2*D)^2)) – sin((0.8π^-2)/2 * C^2))

Input interpretation

3D plot                      

(figure that can be related to a D-brane/Instanton and to a sector of the 
Riemann zeta function landscape)
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Contour plot

From

we obtain:
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((C^2/2 - C δ φ + C δ D + (δ^2 D^2)/2) + √((-C^2/2 + C δ φ - C δ D - (δ^2 D^2)/2)^2
+ 2 δ^2 φ^2 (C δ D + (δ^2 D^2)/2)))/(2 (C δ D + (δ^2 D^2)/2))

Input

Exact result

Alternate forms
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Alternate form assuming C, D, and δ are positive

Expanded form
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Performing the following calculation

((C^2/2 - C δ φ + C δ D + (δ^2 D^2)/2) + √((-C^2/2 + C δ φ - C δ D - (δ^2 

D^2)/2)^2 + 2 δ^2 φ^2 (C δ D + (δ^2 D^2)/2)))/(2 (C δ D + (δ^2 D^2)/2))dxdy 

we obtain:

Indefinite integral
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Definite integral over a disk of radius R

Definite integral over a square of edge length 2 L
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From:

simplifying for  C = 64,  D = 8,  δ = 2 :

((64^2/2 - 64 2 φ + 64 2 8 + (2^2 8^2)/2) + √((-64^2/2 + 64 2 φ - 64 2 8 - (2^2 
8^2)/2)^2 + 2 2^2 φ^2 (64 2 8 + (2^2 8^2)/2)))/(2 (64 2 8 + (2^2 8^2)/2))

Input

Result

2.68089

Alternate forms
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Expanded forms

and:

(((64^2/2 - 64 2 φ + 64 2 8 + (2^2 8^2)/2) + √((-64^2/2 + 64 2 φ - 64 2 8 - (2^2 
8^2)/2)^2 + 2 2^2 φ^2 (64 2 8 + (2^2 8^2)/2)))/(2 (64 2 8 + (2^2 8^2)/2)))dxdy
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Indefinite integral
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3D plot                  (figure that can be related to a D-brane/Instanton)
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Contour plot

Definite integral over a disk of radius R

Definite integral over a square of edge length 2 L

Dividing the two integral results by  
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we obtain:

((π(-128 φ + sqrt((128 φ - 3200)^2 + 1179648) + 3200))/2304) 1/ ((-128 φ + sqrt((128
φ - 3200)^2 + 1179648) + 3200)/2304)

Input

Exact result

Decimal approximation

3.141592653….

Property

Series representations
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Integral representations
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1/6(((π(-128 φ + sqrt((128 φ - 3200)^2 + 1179648) + 3200))/2304) 1/ ((-128 φ + 
sqrt((128 φ - 3200)^2 + 1179648) + 3200)/2304))^2

Input

Exact result

Decimal approximation

1.644934066…. = ζ(2)

Property
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Series representations

Integral representations
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1+1/16(((π(-128 φ + sqrt((128 φ - 3200)^2 + 1179648) + 3200))/2304) 1/ ((-128 φ + 
sqrt((128 φ - 3200)^2 + 1179648) + 3200)/2304))^2+(MRB const)^(1-1/(4π)+π)

Input

Exact result

Decimal approximation

1.6179730704…. result that is a very good approximation to the value of the golden 
ratio 1.618033988749...

Alternate forms
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And again:

((((1/576 (-128 φ + sqrt((128 φ - 3200)^2 + 1179648) + 3200)))1/ ((-128 φ + 
sqrt((128 φ - 3200)^2 + 1179648) + 3200)/2304)))^6

Input

Exact result

4096 = 642

27sqrt(((((1/576 (-128 φ + sqrt((128 φ - 3200)^2 + 1179648) + 3200)))1/ ((-128 φ + 
sqrt((128 φ - 3200)^2 + 1179648) + 3200)/2304)))^6)+1

Input
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Exact result

1729

This  result  is  very near  to  the mass  of  candidate  glueball  f0(1710)  scalar  meson.
Furthermore, 1728 occurs in the algebraic formula for the  j-invariant of an  elliptic
curve. (1728 = 82  * 33) The number 1728 is one less than the Hardy–Ramanujan
number 1729  (taxicab number)

Series representations

https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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Now, we have:

-1/2*(δ*φ)^2 + s/2*(δ*φ)^2 + s(s-1)*δ*δ*φ*D + s(s-1)*(δ*D)^2+ (s(s-1)(s-2))/2 * 
(δ*D)^2

Input

Exact result

second equation

Alternate forms
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Expanded form

Root

Roots

Derivative
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Indefinite integral

From the result of the above indefinite integral, we obtain:

((1/24 s (6 φ^2 (-2 + s) + 4 D φ s (-3 + 2 s) + D^2 s^2 (-4 + 3 s)) δ^2))

Input

Alternate forms

Alternate form assuming D, s, and δ are positive
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Expanded forms

Performing the following calculation

((1/24 s (6 φ^2 (-2 + s) + 4 D φ s (-3 + 2 s) + D^2 s^2 (-4 + 3 s)) δ^2))dxdy

we obtain:

Indefinite integral

Definite integral over a disk of radius R
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Definite integral over a square of edge length 2 L

Dividing the result of the two above integrals by

we obtain:

(1/24 π δ^2 s (D^2 (3 s - 4) s^2 + 4 D (2 s - 3) s φ + 6 φ(s - 2)^2))/(1/24 δ^2 s (D^2 (3
s - 4) s^2 + 2 (1 + sqrt(5)) D (2 s - 3) s + 6 φ(s – 2)^2))

Input

Result

3.14159 ≈ π
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Alternate form assuming D and s are positive

Expanded form

Series representations

and:

1/6((1/24 π δ^2 s (D^2 (3 s - 4) s^2 + 4 D (2 s - 3) s φ + 6 φ(s - 2)^2))/(1/24 δ^2 s 
(D^2 (3 s - 4) s^2 + 2 (1 + sqrt(5)) D (2 s - 3) s + 6 φ(s – 2)^2)))^2
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Input

Result

1.64493 ≈ ζ(2) = π2/6 = 1.644934 (trace of the instanton shape)

Expanded form

Series representations
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1+1/16((1/24 π δ^2 s (D^2 (3 s - 4) s^2 + 4 D (2 s - 3) s φ + 6 φ(s - 2)^2))/(1/24 δ^2 s 
(D^2 (3 s - 4) s^2 + 2 (1 + sqrt(5)) D (2 s - 3) s + 6 φ(s - 2)^2)))^2+(MRB const)^(1-
1/(4π)+π)

Input

Result

1.61797  result that is a very good approximation to the value of the golden ratio 
1.618033988749...

Alternate forms
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Expanded form

And again:

((1/6 δ^2  s (D^2 (3 s - 4) s^2 + 4 D (2 s - 3) s φ + 6 φ(s - 2)^2))/(1/24 δ^2 s (D^2 (3 s
- 4) s^2 + 2 (1 + sqrt(5)) D (2 s - 3) s + 6 φ(s – 2)^2)))^6

Input

Result

4096 = 642

Series representations



74

Integral representation

Symbolic integer derivatives

27sqrt(((1/6 δ^2  s (D^2 (3 s - 4) s^2 + 4 D (2 s - 3) s φ + 6 φ(s - 2)^2))/(1/24 δ^2 s 
(D^2 (3 s - 4) s^2 + 2 (1 + sqrt(5)) D (2 s - 3) s + 6 φ(s – 2)^2)))^6)+1
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Input

Result

1729

This  result  is  very near  to  the mass  of  candidate  glueball  f0(1710)  scalar  meson.
Furthermore, 1728 occurs in the algebraic formula for the  j-invariant of an  elliptic
curve. (1728 = 82  * 33) The number 1728 is one less than the Hardy–Ramanujan
number 1729  (taxicab number)

Series representations

https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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From

second equation

after some calculations, we obtain:

Indeed:

3d Plot of  zeta(24)(-(2^2 φ^2)/2+2^2 (y)^2(0.2/Pi-1)0.2/Pi+sinh(1/2 
2^2(y)^2(0.2/Pi-2)(0.2/Pi-1)0.2/Pi)+tanh(2^2 (y)(0.2/Pi-1)0.2/Pi*φ+1/2 2^2 
0.2/Pi*φ^2))

Input interpretation
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3D plot                         (figure that can be related to a D-brane/Instanton)

Contour plot
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From the result of the first equation

for δ = 2  and  s = 0.8/π2

we obtain:

Result

((236364091 π^24 (-sin(0.0405285 C^2) + cosh(0.148973 C D - cos(0.148973 D^2)) 
+ sinh(0.262306 C + 2 φ^2)))/201919571963756521875)
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Input interpretation

Result

3D plot                  

(figure that can be related to a D-brane/Instanton and to a sector of the 
Riemann zeta function landscape)



80

Contour plot

Alternate forms
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Expanded form

Alternate form assuming C and D are real

Series expansion at C=0

Derivative
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Indefinite integral

From the result of the second equation

we obtain:

Input
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Result

Plots                        (figures that can be related to the open strings)

Alternate forms
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Expanded forms

Alternate form assuming y is real

Roots

Series expansion at y=0
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Derivative

Indefinite integral

Alternative representations
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Series representations
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Integral representations
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Functional equations
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From

for  C = D = 1 :

(236364091 π^24 (-sin(0.0405285) + cosh(0.148973 1 - cos(0.148973)) + 
sinh(0.262306 1 + 2 φ^2)))/201919571963756521875

Input interpretation

Result

123.4786….

Alternative representations
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Series representations



92

Integral representations
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From

for  y = 1 :

(236364091 π^24 (tanh(0.333338 - 0.385798) - 0.238437 + sinh(0.230847) - 2 
φ^2))/201919571963756521875

Input interpretation

Result

-5.294014….
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Alternative representations

Series representations
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Integral representations

From the previous two results, after some calculations, we obtain:

3d Plot of zeta(24) cosh(((123.4786)/(-5.294014))x^(-((Pi^4)/12)))
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Input interpretation

3D plots
Real part              (figures that can be related to the D-branes/Instantons)

Imaginary part



97

Contour plots
Real part

Imaginary part
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