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Abstract:

Interaction theories are usually based on a relativistically invariant Lagrange func-

tion. This function is generally known and accepted for the electromagnetic in-

teraction. The variation of that Lagrangian leads to the system of the coupled

Maxwell-Dirac equations. It contains a non-linear term. If you neglect this term,

you obtain the well-known linear Dirac equation and rules for determining the

correct values of the spectral lines of atoms. However, one cannot describe the ra-

diation process and has to introduce the quantum hypothesis. But, if the non-linear

term is also taken into account, there are solutions of the system what describe the

emission of ”quantum jumps” in space and time with correct frequencies. This is

demonstrated in the presented work for hydrogen and helium atoms. It explains

the entangled eigenfunctions in the context of a classical near-field theory. Further

problems like diffraction effects, photo effects and relativistic transformation of the

field tensor are discussed. Aim of the work is a proposal of an alternative to the

statistical interpretation of the quantum theory in context of a classical near-field

theory.
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Chapter 1

Introduction

Many authors discuss the interpretation of the quantum theory. The here men-

tioned papers are only a small selection of these articles [1-12]. In particular the

problem of the causality requires an examination. This question can be better

explained by introducing a definition of the causality. In general, a system be-

haves causal if its behaviour in time is determined by fixed rules. These rules

must be formulated mathematically for a physical system. For example, if you

apply Newton mechanics, elasticity theory, thermodynamics, fluid mechanics and

the Maxwell’s equations, you can certainly predict the behaviour of a system in

the macro world, unless it is too complex. Prerequisites are the knowledge of its

state at the beginning and proper mathematical methods. Then you can speak

from a causal process in a mathematical framework. However, it does not mean

that an equivalent system in the real physical world shows the same behaviour.

This has to be checked by experimental methods. If the measured start system,

the interim systems and the end system agree with the mathematical results, one

speaks from a causal physical process. Such successful tests took centuries and led

to the formulation of the known physical laws of the macro world, what is named

as classical physics. However, these laws are not able to explain the experimental

results of the micro world. In particular the radiation effects of atoms are typical
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examples for the dynamics in the micro world.

The assumptions of the tested atomic model are the following: The electron is

a point charge that revolves around an oppositely charged nucleus. The origin

of the electromagnetic field is the motion of these charges. The applied laws are

the Newtons laws of point mechanics and Maxwell’s equations. It is well-known

that the results of calculations using these equations do not agree with the related

experimental results. That allows two different interpretations. Either the model

is wrong or the dynamics is not causal in the atomic world. But, here the classical

mechanics is reduced to point mechanics. Then a causal description is not possible.

However, an alternative model is obtained if the electron is described by an

expanded field. A general definition of the causal behaviour of such fields was for-

mulated by A. Einstein [13, 14]. He describes the system with a four-dimensional

energy-momentum tensor of classical field functions. Such a system behaves causally

in all volume elements if the four-dimensional divergences of its lines are zero. Three

lines describe the momentum laws and the fourth line the energy law in all spatial

elements. The laws of angular momentum follow from combinations. The starting

point for such consideration must be a relativistically invariant Lagrange function.

This Lagrange function is generally known and accepted for the electromagnetic

interaction [15-18]. It also serves as model for other interaction theories [17]. One

obtains by variation of the Lagrange function the system of the coupled Maxwell-

Dirac equations. This system contains a non-linear term. The non-linearity is a

consequence of the self-field, which must be taken into account due to the variation

procedure. If one forms the energy-momentum tensor using the solutions of these

differential equations, one gets a system what behaves causally in a mathematical

framework. In addition, the system is relativistically invariant. But, it must be

shown that the mathematical results agree with linked experimental results. Then

you can say that the dynamics of the real atomic world also behaves causally.
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First we discuss the motivation for this investigation. It is usually practice to

neglect the self-field, which leads to linear equations [15, 18]. The consequence is

the statistical interpretation of the quantum theory. Here we give not a report on

the problems of this hypothesis. We only mention several central points. A linear

system has many advantages from a mathematical point of view. With this theory,

the correct frequencies of the spectral-lines are obtained according to special rules.

In addition, the eigenfunctions of the basic equations can be applied to characterise

the elements. In the quantum-field-theory (QFT) eigenfunctions of the Dirac-

equation stand for the electrons and eigenfunctions of the Maxwell’s equations in

free space stand for the photons [15-18]. These particles are exchangeable and

have no individual properties. It is a central point of the interpretation. This

assumption explains the entangled eigenfunctions and the multi-electron spectrum.

The problem is widely discussed in the literature with the result that no alternative

interpretation is possible [5-7, 10]. Examples are the discussions about hidden

parameters, the Bell’s unequation and the EPR paradox [1, 2]. However, all of

these considerations assume that the linear system is valid. Essential elements of

this picture are states, which can only be left by timeless jumps. The theory only

defines the probability of the transition from one state to another. It does not

include pictures of this transition. The problem of the causality in the context of

such model will not be discussed here.

The non-linear classical field theory allows the introduction of individual proper-

ties for the electron due to the non-zero rest-mass. Prerequisites are individual laws

of conservation for the linked energy-momentum tensor like the charge conserva-

tion. The shape of such field is usually not static. In this paper we try to solve such

non-linear systems and hope that finally all experimental results can be explained

with the aid of these solutions. Of course, in a first step one must restrict this task

to a few important problems. It is a purely mathematical approach. In particular,
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it is necessary to define a classical field with properties of a single particle.

The law of charge conservation requires a normalising procedure of the solutions

of the Dirac equation what leads to an individual charge distribution in space.

Therefore, we can a normalised field define as particle. In this context the eigen-

functions lose its independent meaning for the characterisation of particles. In

addition, the current Jµ = J1
µ + J2

µ of two electrons must now fulfils two separate

law of charge conservation ∂
∂xµ
J1
µ = 0 and ∂

∂xµ
J2
µ = 0. That means, a particle

is not given by a particular shape, but by a separating mechanism. The central

demand for fields of particles is the local validity of separable laws of conservation

for each particle field, independent on the extension. This claim are replaced by

the hypothesis of the point charge in the linear theory, that means an assumption

about the form of the charge distribution. In the non-linear interaction theory the

eigenfunctions are only describing elements of the whole field. We consider the

interaction between an electron and the electromagnetic field as in the complete

time-space continuum describable process.

The introduction of individual characteristics for a share of an electromagnetic

field is impossible in this picture, due to the vanishing rest-mass. If an atom

absorbs such a ”photon” from an electromagnetic field, the source of this share of

the electromagnetic field is normally not clear (one or more radiation sources). In

the present context, its particle properties can be detected only by interaction with

an electron. In addition, the classical field theory must also show that the energy

exchange between the electron and the electromagnetic field amounts to hν.

A general aspect is the question, where and when the Maxwell’s equations are

fulfilled as well in a quasi-static state and also during a radiation. In the non-linear

theory the electromagnetic field must fulfil Maxwell’s equations at all times, even

during a transition state ( ”quantum leaps”). Nevertheless, the time-space inte-

grals over the electromagnetic field must interact with the electron like a particle.
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Then the introduction of particle properties to characterise the electromagnetic

field is not really necessary. However, one must describe the ”quantum leap” by

a causal process with the known result. That means, the dynamics of the charge

distributions should explain the radiation properties. Radiation and absorption

processes of the electromagnetic fields must be describable in all local details. An-

other advantage of the hypothesis is the following: Since the basic equations reacts

invariantly to a Lorentz transformation, the exact solutions of these equations also

fulfil all demands of the special theory of relativity. This point alone justifies such

investigations.

It should be mentioned that this is not a new attempt. The problem of the

explanation of the electron properties by classical fields was first formulated by

G-Mie [16-19]. Further developments of the topic, however, lead to a renunciation

of this opinion as a result of the functional-analytical foundation of the quantum

theory. In the established formulation of the quantum theory, the problems of the

shape of particles and of the transition states are not considered explicitly [1, 2,

5-10]. Consequently, this point of view forces to apply a statistical interpretation.

The solution of coupled non-linear partial differential equations is the common

mathematical root. You can also ask what is the proper method for the solution of

such equations, regardless of the physical interpretation. The functional-analytical

methods neglect the self-field and the local field properties. Consequently, the

eigenfunction of linear operators and of which Green functions are the central top-

ics. Applying the non-linear theory, one has to solve the system exactly with the

aid of numerical methods. Another aspects are the followings: The statistical

interpretation was developed for the explanation of the effects of radiation and im-

pact. These effects are usually measured in far-field and a mathematical description

should be possible by asymptotic terms. Such terms are small in comparison with

other near-field terms. An example is the Hertz-dipole radiation. In addition, all
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dynamic processes in a condensed phase must be covered by quantum-leaps if you

apply the functional-analytical methods. That is difficult to understand.

Therefore, the introduction of an alternative concept for the definition of particles

is reasonable. The non-linear classical field theory allows a more detailed descrip-

tion of the interaction between particles due to the separate divergence equations

for the exchange of energy and momentum at all points of the field. Therefore a

remote reaction is excluded in all cases. In addition, this interaction is not strongly

linked with the motion of the mass centre of the electron field. The mathematical

difficulties of this theory are great because the hypothesis should cover the influ-

ence of all external fields. The success of such non-linear theories depends strongly

on the state of the theory of partial differential equations. Not only the non-linear

terms are the problem but, one must deal with the numerics of oscillating functions

too. That requires special methods. However, the power of modern computers has

improved the situation and leads to the hope that a better proof of the hypothesis

should be possible.

It is well-known that the Dirac (Schrödinger) equation and the Maxwell’s equa-

tions are originally linear equations. Proposed supplementations of the Dirac

(Scrödinger) equation by non-linear, additional terms appear artificially [20]. Whereas

the consequence of the Lagrange procedure seems plausible. Especially because it

ensures the compatibility with the relativity theory. Although the Dirac equation

has lost its linear nature as a result of the coupling with the electromagnetic self-

field, we expect that the frequency of an emitting share of the charge is independent

of the self-field. Then one obtains correct spectral lines. These points lead to the

following hypothesis:

”All effects of the interaction between the electron and the electromagnetic field

can be described by solutions of the system of the coupled Maxwell-Dirac equations
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without any contradiction to the principles of the classical, causal field theory.”

This hypothesis corresponds to the discussed Lagrange procedure. It can be

considered as a purely mathematical construct where its solution has no linking

to the physical discussion. These are only complementary considerations. The

complete description of the physical reality is not a claim of the hypothesis until

a generally convincing proof is available. Here, we investigate only the possibility

of a mathematical approximation to the physical reality by special solutions of

the basic equations within the framework of a classical near-field theory [20-23].

The generally accepted prohibition of the description of non-measurable quantities

should not be an obstacle for such an investigation since the mathematical questions

are very interesting. Our central topic is the study of the energy-momentum tensor

of the electromagnetic interaction in the context of classical fields. The focus is

on the radiation of bound transition states. We regard the radiation as a dynamic

process and not as an indescribable jump between two static states. The statistic

behaviour of the start time of transition states is in such context a consequence of

the variety of dynamic solutions and not an ”a priori” property. An atom should

not be considered as a rigid particle. That means, non-radiating dynamical states

must be possible too.

The different interpretation of the atomic world can be described in the following

points:

The first possibility (linear model):

1. One rejects the validity of the laws of the classical physics in the atomic world.

This is justified by the uncertainty principle, which does not allow the introduction

of exact values for coordinates and momenta of a particle at the same time, due

to experimental reasons. However, here the classical mechanics is reduced to the

point mechanics or the mechanics of rigid bodies.
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2. One avoids a definition of the electron. The question , ”What is a particle ?”,

is replaced by the question, ”Which properties does a particle have?”. Therefore,

it is not necessary to derive all properties of the electron from a theoretical model.

3. The basic equations are linear.

4. The demand of the validity of the laws of causality in the micro world, in partic-

ular in an atom, is replaced by the quantum hypothesis. That requires a statistical

interpretation of the solutions.

The second possibility (non-linear model):

1. The basic equations of the electromagnetic interaction result from the variation

of the well-known Lagrange function. That means, one has to solve the coupled

Maxwell-Dirac equations. It is a non-linear problem.

2. With the normalised solutions of the Dirac equation and the associated electro-

magnetic field, one can define an extended energy-momentum tensor what fulfils

locally all laws of conservation. These laws guarantee the individuality of the elec-

tron field.

3. If one regards this tensor field as an electron, one has to show that all experi-

mentally proven qualities of the electron can be explained by this model [23].

This requires solving of many mathematical problems. However, it is a worth-

while goal to show that the definition of the particle requires only basic equations

and normalising conditions and not additional assumptions. In the presented pa-

per, some of the related problems are investigated and open questions are discussed.

The following topics are described in the single chapters:

Chapter 2:

Here the basic equations of the fields and of which relationships are presented in

the applied form. All equations are well-known.
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Chapter 3:

The influence of the self-field on the solution of the Schrödinger equation of a

hydrogen atom is investigated. It is shown that the self-field leads to vibration

of the electron field, where the intensity of which depends on the total energy of

the system. An energy minimum is associated with a static solution. Only special

current dynamics causes radiation effects. In these cases the dynamic solution must

form a radiation moment what oscillates with the known spectral frequency. Such

moments are built up by solutions that contain transition states between different

excitation levels. The interact of these atoms with the electromagnetic field can

cause spectral lines. However, the influence of this field on the charge distribution

is small. If one neglects the radiation effect, one can show there are separate

laws of charge conservation for each level. That means, the exchange of charge

between the levels is very slow compared to the reciprocal frequency. If several

atoms form radiation moments, one has conditions like in a field of macroscopic

antennas. This is a basic for a causal description of the emission or the absorption

of ”photons”. The frequency must meet the known quantum condition and the

final energy exchange has to amount hν.

Besides, a strong vibration of the normalised electron field can lead to its escape

from the atom. It is only a hypothesis, but it shows a way, how the photo effect

can be explained in the framework presented, because an external radiation field

changes the energy and the momentum of the system. However, an exact proof has

not yet been attempted.

Chapter 4

The purpose of this chapter is the test of the radiation conditions of ”quantum-

leaps”. Therefore the properties of simple transition states are investigated. These
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have stable dynamic forms and contain shares which fulfil the radiation conditions.

Furthermore, the divergences of the energy-momentum tensor do not injure the

causality conditions.

Chapter 5 and chapter 6

These chapters correspond to the chapters 3 and 4. Here the same problems

are discussed for two electron systems (helium problem). One can show that the

known frequency conditions of the entangled eigenfunctions are also fulfilled in the

new picture. That means, no remote interaction is necessary for the explanation

of the spectral lines. Several studies on the fine structure are added.

Chapter 7

A few properties of a free solution, influenced by its self-field and by an external

field, are presented. The results can be applied for a plausible consideration of the

diffraction effects and the path of the electron in a tube. But, an exact description

is still lacking.
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Chapter 2

The basic equations

The formulas given in this section are general known. There are some alternative

descriptions, but no different meanings. We use the sum convention in the form

xµxµ :=
4∑
1

xµxµ (2.1)

or

xµ̄xµ̄ :=
3∑
1

xµxµ (2.2)

and the following notations of the coordinates:

x1 = x, x2 = y, x3 = z and x4 = ićt.

These notations have an advantage over the normal covariance convention when

other types of indices and of which positions are more important. Generally an

over lined index of a vector indicates its space components. We start from the well-

known Lagrange density for the electromagnetic interaction, which in the Gaussian

system is given by [16, 21]

L = − 1
8π

∂Aµ
∂xν

∂Aµ
∂xν
− c

2Ū(γµh̄
∂
∂xµ
− i éćγµAµ + Ḿ ć)U

+ c
2Ū(γµh̄

←−
∂
∂xµ

+ i éćγµAµ − Ḿ ć)U.
(2.3)
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The relation Ū(R1, t)
←−
∂
∂xν

= ∂Ū(R1,t)
∂xν

explains the meaning of the arrows. By varying

the fields U, Ū or Aµ independently, one obtains the Dirac equation, the conjugated

Dirac equation or the wave equation in the forms [16-18]

(γµ(h̄
∂

∂xµ
− ié

ć
Aµ) + Ḿ ć)U = 0, (2.4)

Ū(γµ(h̄

←−
∂

∂xµ
+ i

é

ć
Aµ)− Ḿ ć) = 0 (2.5)

and

(4+
∂2

(∂x4)2
)Aµ = −4πJµ (2.6)

with
Jµ = iéŪγµU,

U =



b1

b2

b3

b4

 , Ū = (b∗1 b∗2 − b∗3 − b∗4).
(2.7)

The variation of a slightly modified Lagrangian leads directly to the second pair of

Maxwell’s equations [20, 21]. From the eqs.(2.4/2.5) result the continuity equation

∂

∂xµ
Jµ = 0. (2.8)

The wave eqs.(2.6) follow from the condition

∂

∂xµ
Aµ = 0 (2.9)
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for the vector potentials. This approach are useful to solve the Maxwell’s equations

of the vacuum, what reads

∇× E = −1

ć
Ḣ, (2.10)

∇×H =
1

ć
Ė + 4πJ (2.11)

with the additional conditions

∇E = −4πiJ4 (2.12)

and

∇H = 0. (2.13)

Using the solutions of the eqs.(2.6), the field strengths can be described by

H = ∇×A (2.14)

and

E = ∇(iA4)−
1

ć
Ȧ. (2.15)

These vectors satisfy the Maxwell’s eqs.(2.10/2.11) if the potentials fulfil the wave

eq.(2.6). With the notations
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Fik = ∂Ak
∂xi
− ∂Ai

∂xk
, F̃νν = 0,

F̃12 = ∂A2

∂x1
− ∂A1

∂x2
, F̃13 = ∂A3

∂x1
− ∂A1

∂x3
, F̃14 = ∂A4

∂x1
− ∂A1

∂x4
,

F̃21 = −F12, F23 = ∂A3

∂x2
− ∂A2

∂x3
, F̃24 = ∂A4

∂x2
− ∂A2

∂x4
,

F̃31 = −F̃13, , F̃32 = −F̃13, F̃14 = ∂A4

∂x1
− ∂A1

∂x4
,

F̃41 = −F̃14, F̃42 = −F̃14, F̃43 = −F̃14

(2.16)

we can introduce the known field tensors F = [Fik] and

F̃ = [F̃ik] =



0 H3 −H2 −iE1

−H3 0 H1 −iE2

H2 −H1 0 −iE3

iE1 iE2 iE3 0

 . (2.17)

This allows the following fourth dimensional description of the second pair of the

Maxwell’s equations

DIV F̃ = −4πJ. (2.18)

A fourth dimensional description of the first pair of Maxwell’s equations is also

possible by introducing of additional notations [20]. The Lagrange density eq.(2.3)

leads to an energy-momentum tensor of the form

T aνµ = 1
4π(∂Aσ∂xν

∂Aσ
∂xµ
− 1

2δνµ
∂Aσ
∂xλ

∂Aσ
∂xλ

)

+ ćh̄
2 (Ūγµ

∂U
∂xν
− ∂Ū

∂xν
γµU).

(2.19)
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It is an asymmetric tensor and we add the terms

4Tνµ = 4T bνµ +4Tmνµ (2.20)

with

4T bνµ = − 1
4π( ∂

∂xσ
(AνFµσ) + ∂

∂xσ
(Aµ

∂Aσ
∂xν

)

−1
2δνµ

∂
∂xσ

(Aλ
∂Aσ
∂xλ

))
(2.21)

and

4Tmνµ = ćh̄
4

∂
∂xσ

(ŪγνγσγµU)

×(1− δνµ)(1− δσµ)(1− δσν).
(2.22)

You can show that the divergences of the tensors eqs.(2.21/2.22) and eq.(2.22) are

zero [16]. In addition, the relations

∫
4T4µdV = 0 (2.23)

are valid and therefore the symmetry correction has no influence on the energy

balance. After adding eq.(2.20) to eq.(2.19) one obtains the following symmetrical

energy-momentum tensor

Tνµ = 1
4π(FνσFµσ − 1

4δνµFσλFσλ)

+ ć
4(Ū(h̄ ∂

∂xν
− i éćAν)γµU − Ūγµ(h̄

←−
∂
∂xν

+ i éćAν)U

+Ū(h̄ ∂
∂xµ
− i éćAµ)γνU − Ūγν(h̄

←−
∂
∂xµ

+ i éćAµ)U).

(2.24)
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Tν µ can be split into

Tν µ = T̄ dνµ + T̄wνµ + T eνµ (2.25)

or

Tν µ = T dνµ + Twνµ + ∆Tmνµ + T eνµ. (2.26)

Here are

T̄ dν µ =
ćh̄

4
(Ūγµ

∂U

∂xν
− ∂Ū

∂xν
γµU + Ūγν

∂U

∂xµ
− ∂Ū

∂xµ
γνU), (2.27)

T̄wνµ = −1

2
(Aν Jµ + Aµ Jν) (2.28)

and

T eνµ =
1

4π
(FνσFµσ −

1

4
δνµFσλFσλ), (2.29)

respectively

T dν µ =
ćh̄

2
(Ūγµ

∂U

∂xν
− ∂Ū

∂xν
γµU) (2.30)

and

Twνµ = −Aν Jµ. (2.31)

The investigation of these tensors, using the methods of the classical field theory,

is the main topic of the presented paper. Therefore, we need following divergences

(see eqs.(2.8/2.9)

∂

∂xµ
T̄ dνµ = Jµ(

∂Aµ

∂xν
− ∂Aν

∂xµ
) +

1

2
(Aµ

∂Jν
∂xµ

+
∂Aν

∂xµ
Jµ), (2.32)

∂

∂xµ
T̄wνµ = −1

2
(Aµ

∂Jν
∂xµ

+
∂Aν

∂xµ
Jµ) (2.33)
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and

∂

∂xµ
T eνµ = −Jµ(

∂Aµ

∂xν
− ∂Aν

∂xµ
) (2.34)

or

∂

∂xµ
T dνµ = Jµ(

∂Aµ

∂xν
), (2.35)

∂

∂xµ
Twνµ = −Jµ(

∂Aν

∂xµ
). (2.36)

For the validity of these relations the basic differential equations (2.4)-(2.6) must

be fulfilled by U, Ū and Aµ. Then, one obtains

∂

∂xµ
(Tνµ) =

∂

∂xµ
(T̄ dνµ + T̄wνµ + T eνµ) = 0 (2.37)

and

∂

∂xµ
(Tνµ) =

∂

∂xµ
(T dνµ + Twνµ + T eνµ) = 0. (2.38)

After the space integration, it reads

d

ićdt

∫
Tν 4 dV = −

∫ ∂

∂xµ̄
(Tνµ̄)dV (2.39)

and therefore is

∫
Tν 4 (t1)dV −

∫
Tν 4 (t0)dV

= −ić ∫ t1t0 ∫
R2(x1

R Tν1 + x2

R Tν2 + x3

R Tν3)sinϑ dϑ dϕdt.
(2.40)
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These equations represent the integral forms of the conservation laws of momenta

(ν = ν̄) and energy (ν = 4). Singularities have to be excluded. The right hand

side of eq.(2.40) describes for R→ ∞ the radiation losses. The equations are valid

for a combination of a field of one electron with the electromagnetic field caused

by this electron. If an external electromagnetic field, described by AK
µ , influences

this system, Aµ must be replaced by Aµ +AK
µ in the eqs.(2.4/2.5/2.24), but not in

eq.(2.6). Then eq.(2.3) obtains the form

L = − 1
8π

∂Aµ
∂xν

∂Aµ
∂xν
− ć

2Ū(γµh̄
∂
∂xµ
− i éćγµ(Aµ + AK

µ ) + Ḿ ć)U

+ ć
2Ū(γµh̄

←−
∂
∂xµ

+ i éćγµ(Aµ + AK
µ )− Ḿ ć)U.

(2.41)

That means, the external field is strongly separated and has no influence on the

variation procedure. Therefore one obtains modified eqs.(2.4/2.5/2.24). This is in

case of a nucleus field AK
µ possible if the related charge is not singular and fixed. In

addition, as long as the sources of the external field are outside of the considered

area, the equations can be also applied.
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Chapter 3

The one-electron systems with self-field

3.1 General properties

In the first part we are dealt with the properties of the one-electron field be

bound by a nucleus. The known system of eigenfunctions is given by [15, 24]

χ(n, j,m) =



f 1
n(r)

√
j−m+1

2j+2 Yj+1/2 m−1/2(ϑ, ϕ)

f 1
n(r)

√
j+m+1

2j+2 Yj+1/2 m+1/2(ϑ, ϕ)

−ig1
n(r)

√
j+m

2j Yj−1/2 m−1/2(ϑ, ϕ)

ig1
n(r)

√
j−m

2j Yj−1/2 m+1/2(ϑ, ϕ)


(3.1)

and

φ(n, j,m) =



if 2
n(r)

√
j+m

2j Yj−1/2 m−1/2(ϑ, ϕ)

−if 2
n(r)

√
j−m

2j Yj−1/2 m+1/2(ϑ, ϕ)

g2
n(r)

√
j−m+1

2j+2 Yj+1/2 m−1/2(ϑ, ϕ)

g2
n(r)

√
j+m+1

2j+2 Yj+1/2 m−1/2(ϑ, ϕ)


. (3.2)
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n stands for the principal quantum number, j = l+ms for the momentum quantum

number, m for the magnet quantum number, l for the path quantum number and

ms = ±1/2 for the spin quantum number. The radial functions are solutions of the

equations

1
h̄ć(Ē

1
nj + é2

r − Ḿ ć2)f 1
n + (dg

1
n

dr − (j − 1/2)g
1
n

r = 0,
1
h̄ć(Ē

1
nj + é2

r + Ḿ ć2)g1
n − (df

1
n

dr + (j + 3/2)f
1
n

r = 0,
(3.3)

or

1
h̄ć(Ē

2
nj + é2

r − Ḿ ć2)f 2
n + (dg

2
n

dr + (j + 3/2)g
2
n

r = 0,
1
h̄ć(Ē

2
nj + é2

r + Ḿ ć2)g2
n − (df

2
n

dr + (j − 1/2)f
2
n

r = 0.
(3.4)

Ē1
nj and Ē2

nj represent the eigenvalues of the time independent Dirac equation and

χexp(−iĒ1
njt) respectively φexp(−iĒ2

njt) the complete eigenfunctions.

The first eq.(3.3) leads to following equation (generally : E = Ē − Ḿ ć2)

(En l + h̄2

2Ḿ
((1/r2)∂/∂r(r2∂/∂r)

−l(l + 1)/(r2)) + é2

r )f 1
n(r)

Yl m−1/2

Yl m+1/2

 = 0
(3.5)

if one uses the approximation

g1
n
∼=

h̄

2Ḿ ć
(
df 1
n

dr
+ (j + 3/2)

f 1
n

r
) (3.6)
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and sets l=j+1/2. Analogously one gets for the first eq.(3.4) also the eq.(3.5),

because l=j-1/2 and

g2
n
∼=

h̄

2Ḿ ć
((
df 2
n

dr
− (j − 1/2)

f 2
n

r
). (3.7)

Then the relativistic effects are neglected in the eigenvalue En l. You can see that

the eq.(3.5) has the form of the linked Schrödinger equation, where

f 1
n(r)(Yl m−1/2 over Yl m+1/2) is replaced by f 1

n(r)Yl m.

Here we consider only the special cases withm = ±1/2. That leads for j = l+1/2

in eq.(3.1) to ms = j − l = −1/2 :=↓ and to following spinor

χ′(R, n, l = j + 1/2,m = 1/2, ↓) =



Fn(r)
√

l
2l+1 Yl 0

Fn(r)
√

l+1
2l+1 Yl 1

−iGn(r)
√

l
2l−1Yl−1 0

iGn(r)
√

l−1
2l−1Yl−1 1


(3.8)

and in eq.(3.2) to ms = j − l = 1/2 :=↑ and

φ′(R, n, l = j + 1/2,m = 1/2, ↑) =



iFn(r)
√

l+1
2l+1 Yl 0

−iFn(r)
√

l
2l+1 Yl 1

Gn(r)
√

l+1
2l+3Yl+1 0

Gn(r)
√

l+2
2l+3Yl+1 1


.
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With the values j = l − 1/2,m = −1/2 is ms = j − l = −1/2 :=↓ . It leads in

eq.(3.1) to

χ′(R, n, l = j + 1/2,m = −1/2, ↓) =



Fn(r)
√

l+1
2l+1 Yl −1

Fn(r)
√

l
2l+1 Yl 0

−iGn(r)
√

l+1
2l−1Yl−1 −1

iGn(r)
√

l+1
2l−1Yl−1 0



and in eq.(3.2) because of ms = j − l = 1/2 :=↑ to

φ′(R, n, l = j − 1/2,m = −1/2, ↑) =



iFn(r)
√

l
2l+1 Yl −1

−iFn(r)
√

l+1
2l+1 Yl 0

Gn(r)
√

l+2
2l+3Yl+1 −1

Gn(r)
√

l+1
2l+3Yl+1 0


.

Using these spinors, we form the following sum functions of a single electron system:

U(R, t, ↑) =
∑
n l

(b′n l(t) ξ̃n l(R, ↑),
V (R, t, ↑) =

∑
n l
b′′n l η̃n l(R, ↑),

U(R, t, ↓) =
∑
n l

(d′n l(t) ξ̃n l(R, ↓),
V (R, t, ↓) =

∑
n l
d′′n l η̃n l(R, ↓).

(3.9)

Here we have introduced the expressions

ξ̃n l(R, 1/2) =

 ξ̂n l(R, 1/2)

ξ̌n l(R, 1/2)

 , η̃n l(R, 1/2) =

 η̂n l(R, 1/2)

η̌n l(R, 1/2)
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and

ξ̃n l(R,−1/2) =

 ξ̂n l(R,−1/2)

ξ̌n l(R,−1/2)

 , η̃n l(R,−1/2) =

 η̂n l(R,−1/2)

η̌n l(R,−1/2)


with

ξ̃n l(R, 1/2) =
√

l
2l+1χ

′(R, n, l = j + 1/2, 1/2, ↓)

−i
√

l+1
2l+1 φ

′(R, n, l − 1/2, 1/2, ↑),
(3.10)

ξ̃n l(R,−1/2) =
√

l
2l+1χ

′(R, n, l = j + 1/2,−1/2, ↓)

+i
√

l+1
2l+1 φ

′(R, n, l = j − 1/2,−1/2, ↑),
(3.11)

η̃n l(R, 1/2) =
√

l+1
2l+1χ

′(R, n, l = j + 1/2, 1/2, ↓)

+i
√

l
2l+1 φ

′(R, n, l = j − 1/2, 1/2, ↑)
(3.12)

or

η̃n l(R,−1/2) =
√

l+1
2l+1χ

′(R, n, l = j + 1/2,−1/2, ↓)

−i
√

l
2l+1 φ

′(R, n, l = j − 1/2, ↑).
(3.13)

The arrows indicate the orientation of the spin (ms = 1/2 :=↑, ms = −1/2 :=↓) and

the spinors of the eqs.(3.10-3.13) are given by

ξ̃n l(R, 1/2) =



FnYl 0

0

−iG1
n

l√
4l2−1

Yl−1 0 − iG2
n

l+1√
(2l+1)(2l+3)

Yl+1 0

iG1
n

√
l(l−1)√
4l2−1

Yl−1 1 − iG2
n

√
(l+1)(l+2)√

(2l+1)(2l+3)
Yl+1 1


, (3.14)

27



ξ̃n l(R,−1/2) =



0

FnYl 0

−iG1
n

√
l(l−1)√
4l2−1

Yl−1−1 + iG2
n

√
(l+1)(l+2)√

(2l+1)(2l+3)
Yl+1−1

iG1
n

l√
4l2−1

Yl−1 0 + iG2
n

l+1√
(2l+1)(2l+3)

Yl+1 0


,

η̃n l(R, 1/2) =



0

FnYl 1

−iG1
n

√
l(l+1)√
4l2−1

Yl−1 0 + iG2
n

√
l(l+1)√

(2l+1)(2l+3)
Yl+1 0

iG1
n

√
l2−1√
4l2−1

Yl−1 1 + iG2
n

√
l(l+2)√

(2l+1)(2l+3)
Yl+1 1


and

η̃n l(R,−1/2) =



FnYl−1

0

−iG1
n

√
l2−1√
4l2−1

Yl−1−1 − iG2
n

√
l(l+2)√

(2l+1)(2l+3)
Yl+1−1

iG1
n

√
l(l+1)√
4l2−1

Yl−1 0 − iG2
n

√
l(l+1)√

(2l+1)(2l+3)
Yl+1 0


.

This description corresponds to the representation in [15]. ξ̃n l(R,m = 1/2) (analo-

gously: ξ̃n l(R,−1/2), η̃n l(R, 1/2), η̃n l(R,−1/2) ) satisfies the eigenvalue equation

(γµ̄h̄
∂

∂xµ̄
− é2

ćr
γ4 + Ḿ ć)ξ̃n l(R, 1/2) = γ4Ēn lξ̃n l(R, 1/2). (3.15)
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One finds in [15] the the normalising factors. It becomes 1 if one neglects the small

influence of Gk
n. This enables the use of a relation to the related Schrödinger equa-

tion. We can write

ξ̂n l(R, 1/2) =

 1

0

 ξn l, ξ̂n l(R,−1/2) =

 0

1

 ξn l (3.16)

and

η̂n l(R, 1/2) =

 0

1

 ηn l , η̂n l(R,−1/2) =

 1

0

 η′n l (3.17)

where the expressions

ξn l = Fn(r)Yl 0(ϑ̀, ϕ̀),

ηn l = Fn(r)Yl 1(ϑ̀, ϕ̀)

and

η′n l = Fn(r)Yl −1(ϑ̀, ϕ̀)

are eigenfunctions of the following Schrödinger equation

(En l + h̄2/(2Ḿ)((1/r2)∂/∂r(r2∂/∂r)

−l(l + 1)/(r2)) + é2/r)Fn(r)Yl 0 = 0 , or (....)Fn(r)Yl±1 = 0 .
(3.18)
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Here the spin orientation has no influence on En l. This influence can be added

what is described in [18]. Using these solutions, the functions of eq.(3.9) are

Û(R, t, 1/2) =
∑
n l

(b′n l(t)

 1

0

 ξn l,
V̂ (R, t,−1/2) =

∑
n l
b′′n l

 0

1

 ξn l,
Û(R, t, 1/2) =

∑
n l
d′n l(t)

 0

1

 ηn l,
V̂ (R, t,−1/2) =

∑
n l
d′′n l(t)

 1

0

 η′n l.

(3.19)

For the linked solution of the Schrödinger equation one obtains such as the sum

u =
∑
n,l

b′nl(t)ξnl. (3.20)

In the following we replace n and l by one number k, with a fixed relation k=k(n,l),

and the functions of the eqs.(3.9) by the sum

U =
∑
k

ck(t)Hk (3.21)

with

Hk =

 ĥk
ȟk

 . (3.22)
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Using the linked eigenfunctions hk of the eq.(3.18), it becomes

u =
∑
k

ak(t)hk. (3.23)

with ck(t) = ak(t) exp(−i Ḿ ć2t/h̄). As an example we insert in the eqs.(3.20/3.21)

the expressions

ĥk =

 1

0

hk (3.24)

and ān l = ak. This requires a relativistic correction of the eigenvalue which is

described in [15, 18]. The formulas of ȟk and the spin correction are presented in

section 6.3.

In a transition state the functions are divided into two or more excitation levels.

For these cases we introduce a number z which indicates the excitation level. It is

U z =
∑
k

czk(t)H
z
k . (3.25)

Using the new notation of the new quantum numbers, the eigenvalue eqs.(2.4/2.5)

read now

(γµ̄h̄
∂

∂xµ̄
− é2

ćr
γ4 + Ḿ ć)Hz

k(R) =
1

ć
γ4Ē

z
kH

z
k(R) (3.26)

and
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−h̄ ∂ H̄z
p (R)

∂ xµ̄
γµ̄ − H̄z

p (R)(γ4
é2

ćr − Ḿ ć) = 1
ć H̄

z
p (R)γ4 Ē

z
p (3.27)

where Hz
k and H̄z

p represent the eigenfunctions and Ēz
k and Ēz

p the eigenvalues.

With eq.(3.21) the current

Jµ(R, t) = iéŪγµU (3.28)

becomes

Jµ̄ = é(û∗σµ̄ŭ− û∗σµ̄û) (3.29)

and with the approximation

ǔ ∼= −(ih̄/(2Ḿ ć))σν̄(∂ û/∂xν̄) (3.30)

one obtains

Jµ̄ = éh̄/(2Ḿ)(− i((û∗(∂ û/∂xµ̄)− (∂û∗/∂xµ̄)û)

+(rot(û∗−→σ û)).
(3.31)

Here the relation

û∗−→σ −→σ (∂ û/∂x¯̄ν)− (∂ û∗/∂xν̄)
−→σ −→σ û)

= û∗(∇û)− (∇û∗)u+ irot(û∗−→σ û)
(3.32)

is applied [18] . The last term in eq.(3.32) has a vanishing divergence.
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A relation between the solution of the Dirac equation and the Schrödinger

equation can be derived in a similar way [18]. It starts with

(i h̄∂ć∂t + i éćA4 − Ḿ ć)Û − (σµ̄(−ih̄ ∂
∂xµ̄
− é

ćAµ̄))Ǔ = 0, (3.33)

and

(i h̄∂ć∂t + i éćA4 + Ḿ ć)Ǔ − (σµ̄(−ih̄ ∂
∂xµ̄
− é

ćAµ̄))Û = 0. (3.34)

Using the relation i h̄∂ć∂tU = (Ḿ ć+ i h̄∂ć∂t exp(iḾ ć2t/h̄))U , one obtains the approxima-

tion

Ǔ ∼= 1
2Ḿ ć

(σµ̄(−ih̄ ∂
∂xµ̄
− é

ćAµ̄))Û . (3.35)

Hence it becomes

(i h̄∂ć∂t + i éćA4 − Ḿ ć)Û − 1
2Ḿ ć

(ih̄ ∂
∂xµ̄

+ é
ćAµ̄)2Û + éh̄

2Ḿ ć2
(−→σ rotµ̄Aµ̄)Û = 0 (3.36)

or (see eq.2.14))

(i h̄∂∂t + iéA4 − 1
2Ḿ

(ih̄ ∂
∂xµ̄

+ é
ćAµ̄)2 + éh̄

2Ḿ ć
(−→σ H))Û ′ = 0 (3.37)

with Û ′ = exp(iḾ ć2t/h̄))Û . Eq.(3.37) is the non-relativistic approximation of

the Dirac equation in a magnetic field. It is named Pauli equation. Û ′ has two
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components. It can be replaced by a normal function u if the term éh̄
2Ḿ ć

σµ̄Hµ̄ is

zero. That explains the relation between the Dirac and the Schrödinger equation

with the mentioned difference.

All presented expressions serve the preparation of the following topics. We start

with the influence of the self-fields on simple solutions of the Schrödinger equation.

The self-fields are given by (see eq.2.6)

Aµ(R, t) =
∫ 1

r01
(Jµ(R1, t− |R1 −R|/c)dV1. (3.38)

Then, the Dirac equation reads

[γµ(h̄
∂

∂xµ
− ié

ć
(AK

µ + Aµ)) + Ḿ ć]U = 0 (3.39)

where the potentials of the nucleus are given by

AK
4 = −ié/r, AK

µ̄ = 0

and the potentials Aµ are caused by the currents of the electron. The Schrödinger

equation takes the form

(ih̄ ∂
∂t + (h̄2/(2Ḿ))∆ + é2/r + iéA4)u(R, t) = 0 (3.40)

if the potentials Aν̄ are neglected and only the quasi-static approximation

A4(R, t) = ié
∫ 1

r01
u(R1, t)

∗ u(R1, t)dV1 (3.41)
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of the self-field is used. That means, a few contributions of the order ά2 have no

influence.

First we consider the static solution of the basic level z=0 of a s-state. Then the

coefficients in eq.(3.23) have the form

a0
k(t) = |a0

k| exp(iφ0
k) exp(−iE0t/h̄) (3.42)

and the eq.(3.40) leads to the system

(E0 − E0
k)a

0
k −

∑
m,k′,m′

a0
m(a0

k′)
∗a0
m′(

0 0
kmM

0 0
k′m′) = 0 (3.43)

with

(0 0
k nM

0 0
k′m′) = é2

∫ 1

r01
(h0

k(R))∗ h0
m(R)(h0

k′(R1))
∗ h0

m′(R1)dV1dV. (3.44)

E0
k represent the eigenvalues of the Schrödinger equation. The system eq.(3.43)

can be solved numerically by varying E0 and ak. Fig.1 and Fig.2 show a few of

such examples. Static solutions are only possible for E0 < 0. An eigenfunction

can be used as first approximation and as main term of a solution u. Therefore we

characterise these solution by the quantum number of the main term. The energy
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E0 is less negative than the eigenvalue of the main term.

Fig. 1: Comparison of static solutions

Fig. 2: Comparison of charge distributions of static solutions
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3.2 Dynamic solutions of pure s-states

In dynamic cases the coefficients a0
k(t) are functions of time and eq.(3.43) takes

the form

ih̄
∂

∂t
a0
k(t) = E0

ka
0
k(t) +

∑
m,k′,m′

a0
m(t)a0

k′(t)
∗a0
m′(t)(

0 0
kmM

0 0
k′m′), (3.45)

as long as only one excitation level z=0 is involved. We apply for numerical cal-

culations the following time definition t′ = ά(ć/á)t with the unit ∆t = á/(ć ά) =

0.24167 ∗ 10−16s. á = h̄2/(Ḿé2) = 5.292 ∗ 10−9cm describes the Bohr-radius and

the used energy unit is é2/á = ά2 Ḿ ć2 = 27.21eV . That leads to h̄/∆t = é2/á.

The total energy of the system is determined by an assumed initial distribution

of u0(R, t′0), as long as the loss by radiation can be neglected. Such fields are not

static, unless the energy is a minimum. In eq.(3.18) the expression Yl 0 can be

separated which results in

é2

á (i ∂∂ t′ + 1
2
á2

r2
∂
∂rr

2 ∂
∂r + á

r −
1
2l(l + 1) á

2

r2 − áA′4(r, t))f
0
l 0(r, t

′) = 0 . (3.46)

Here the mentioned dimensions are introduced. That means, it is (h̄/∆t)∆t∂
∂t =

(é2/á) ∂
∂t′ , h̄

2/(á2Ḿ) = (é2/á), h̄ω = h̄2π
T = (é2/á)2π

T ′ = (é2/á)ω′ and −iéA4 =

(é2/á)áA′4.

We consider first a purely rotationally symmetrical solution (l=0, s-state). The

solution of the Schrödinger equation has the form:

u0 = f 0
0 0(r, t

′)Y0 0 (3.47)
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with

f 0
0 0(r, t

′) =
∑
k

a0
k(t
′)h0

k(r). (3.48)

Due to eq.(3.18) and l=0, the functions h0
k(r) are the eigenfunctions of the equation

é2

á ((E0
k)
′ + 1

2
á2

r2
∂
∂rr

2 ∂
∂r + á

r )h
0
k(r) = 0 . (3.49)

These can be used to solve the equation

é2

á (i ∂∂ t′ + 1
2
á2

r2
∂
∂rr

2 ∂
∂r + á

r − áA0 0
0 0(r, t

′))f 0
0 0(r, t

′) = 0 . (3.50)

In preparation for the description of transition fields, the high index 0 is in-

troduced to characterise the excitation level. Hence the charge density is given

by

J0 0
4 = iéρ0 0

0 0(r, t
′)Y0 0Y0 0 (3.51)

with

ρ0 0
0 0 = (f 0

0 0(r, t
′)∗f 0

0 0(r, t
′). (3.52)
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The quasi-static component of the vector potential has the form

A0 0
0 0(r, t

′) = (I0 0
0 0(∞, t′)−

r∫
0

1/y2
y∫
0
x2ρ0 0

0 0(x, t
′))dx dy) (3.53)

which results from the integration of

1

r2

∂

∂r
r2 ∂

∂r
A0 0

0 0(r, t
′) = ρ0 0

0 0(r, t
′). (3.54)

Eq.(3.50) therefore leads to

i ddt′a
0
k(t
′) = (E0

k)
′a0
k(t
′) + 0 0

k M
0 0(t′) (3.55)

with

0 0
k M

0 0(t′) =
∫ ∞

0
r2(h0

k(r))
∗ f 0

0 0(r, t
′)á A0 0

0 0(r, t
′) dr . (3.56)

Here is é2

á
0 0
k M

0 0(t′) =
∑
m,k′,m′ a

0
m(t′)a0

k′(t
′)∗a0

m′(t
′)(0 0

kmM
0 0
k′m′).

The Fourier transformation of this expression reads

(0 0
k mx

0 0
l ) = 1

T ′
∫ t′0+T ′

t′0
exp(ilω′ (t′ − t′0) 0 0

k M
0 0(t′) dt′. (3.57)

With this equation and the relation
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a0
k(t
′) =

∑
l

0d lk exp(− i l ω′ (t′ − t′0)), (3.58)

the transformation of eq.(3.50) results in

∑
l ω
′ l dlk exp(−i l ω′ (t′ − t′0)) = (E0

k)
′∑

l
0dlk exp(−i l ω′ (t′ − t′0))

+
∑
l (

0 0
k mx

0 0
l ) exp(− i l ω′ (t′ − t′0) ).

(3.59)

The eq.(3.59) for the coefficients of the eigenfunction h0
k must be valid for all l

(here not a quantum number) in the interval t′0 ≤ t′ ≤ T ′ + t′0. If the time

functions f 0
0 0(R, t′), respectively a0

k(t
′), are obtained by numerical integration of

eq.(3.50/3.55)), the coefficients 0d lk and (0 0
k mx

0 0
l ) can be calculated using the

Fourier transformation.

For the solution of eq.(3.50) or eq.(3.55) one needs a complete system of eigen-

functions h0
k(r) which also contains energy values (E0

k)
′ > 0. The known meth-

ods for determining such functions cannot be used, since they are only in range

0 < r < ∞ orthogonal. Numerical calculations are not possible for such ranges.

Therefore a program was developed that allows to calculate eigenfunctions hzk in

the range 0 < r < RR for values (Ez
k)
′ < 4 and large RR. For low energy (Ez

k)
′ < 0

the functions hzk take on forms similar to the known radial eigenfunctions of the

s-states. A same program exists for p-states. The algorithms are described in

the appendices C1 and C2. Results of several calculations are documented in the

Fig.1-Fig.3 and in the Table 1 - Table 5. Fig.1 shows the radial functions fk(r)

of a few static s-states with and without self-field and Fig. 2 the linked charge

distributions r2fk(r)
∗fk(r). You can see that the form of the functions with and

without self-field are similar. The number of zero-points is the same, however the

radial charge distributions are expanded. In static cases the Fourier coefficients are
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reduced to

a0
k(t
′) ∼= 0dl̄k exp(− i l̄ω′(t′ − t′0)), E ′ = l̄ω′ ,

0dlk = 0 for l 6= l̄, ω′ = 2π/T ′.
(3.60)

The eigenfunction of the dominant coefficient a0
k is the eigenfunction of the linked

solution without self-field. For example:

|0dl̄1| < 1 dominates the sum of 1s′, (0dl̄1=1 in 1s), |0dl̄2| in 2s (0dl̄2 = 1 in 2s), etc.

The solution and the charge oscillate around a mean distribution if the total energy

eg exceeds the static minimum. This behaviour can be characterised as a fixation

of the electron field in an energy trough. The Fig. 3 shows the average charge

distribution for various total energies eg. Characteristic parameters of the vibra-

tions around the average distributions are documented in Tabl.2 and Tabl.3. These

follow from

ed(t′) = é2

á

∑
k(a

0
k(t
′))∗a0

k(t
′)(E0

k)
′,

ea(t′) = é2

2á

∑
k,m,k′,m′(a

0
k(t
′))∗a0

m(t′)(a0
k′(t
′))∗a0

m′(t
′)(0 0

kmM
0 0
k′m′),

eh(t′) = ed(t′) + 2ea(t′),

eg(t′) = ed(t′) + ea(t′).

(3.61)

eh = E ′ corresponds to the Hamilton energy in static cases. In addition, the

mean radii R/á of charge distributions and the dimensionless potentials A(0) for

r=0 are presented. Magnitudes of vibrations are characterised by mean deviation

∆ of the documented parameters. Tabl. 3 shows such dynamic parameters of

solution functions for several total energies eg. One can see that a rising value of

the total energy eg leads to stronger vibration, whereas in static limit the dynamics

is negligible. An external radiation field has influence on this vibration due to the
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interaction terms. Maybe that explains the photo effect.

Fig. 3: Average charge distributions of dynamic 1s-like states
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Fig. 4: Spectral distributions of dynamic 1s-like states

Table 1 (RR=100á, energy parameter of static s-states in é2/á)

1s:

eg eh ed ea A(0) R/á

-0.2440 -0.0476 -0.4403 0.1963 0.7247 2.525

2s:

eg eh ed ea A(0) R/á

-0.06262 -0.0072 -0.1161 0.05347 0.1564 8.74

3s:

eg eh ed ea A(0) R/á

-0.02416 0.0062 -0.05442 0.03026 0.09534 14.83

Table 2 (RR=100á, parameter of dynamic 1s-states)

1.: eg=-0.2440é2/á

eg eh ed ea A(0) R/á

∆eg ∆eh ∆ed ∆ea ∆A(0) ∆R/á

-0.2440 -0.0476 -0.4403 0.1963 0.7247 2.525

0.0 0.0 0.0 0.0 0.0 0.0
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2.:eg=-0.2347é2/á

eg eh ed ea A(0) R/á

∆eg ∆eh ∆ed ∆ea ∆Ā(0) ∆R/á

-0.2347 -0.0478 -0.4216 0.1869 0.7067 4.45

0.0 0.0058 0.0058 0.0059 0.0170 0.66

3.:eg=-0.2078é2/á

eg eh ed ea A(0) R/á

∆eg ∆eh ∆ed ∆ea ∆A(0) ∆R/á

-0.1995 -0.0867 -0.3689 0.1611 0.6645 8.10

0.0 0.0099 0.0102 0.0100 0.035 1.48

4.:eg=-0.1685é2/á

eg eh ed ea A(0) R/á

∆eh ∆ea ∆ed ∆Ea ∆Ā(0) ∆R/á

-0.1685 -0.0107 -0.3263 0.1578 0.6589 10.05

0.0 0.0088 0.0090 0.0090 0.0377 0.79

5.:eg=-0.1363é2/á

eg eh ed ea A(0) R/á

∆eg ∆eh ∆ed ∆ea ∆A(0) ∆R/á

-0.1363 0.0057 -0.2783 0.1420 0.6293 13.12

0.0 0.0095 0.010 0.0098 0.0449 0.72
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6.:eg=-0.1003é2/á

eg eh ed ea Ā(0) R/á

∆eg ∆eh ∆ed ∆ea ∆Ā(0) ∆R/á

-0.1003 0.0313 -0.2319 0.1316 0.6080 14.78

0.0 0.0089 0.094 0.0091 0.0462 1.72

Table 3:

Fluctuations ∆FF (r) of dynamic 1s-states ( FF (r) = r2f ∗(r)f(r))

1.: eg=-0.2440é2/á

FF (1) FF (2) FF (3) FF (4) FF (5)

∆FF (1) ∆FF (2) ∆FF (3) ∆FF (4) ∆FF (5)

0.5413 0.2931 0.0892 0.0093 0.0045

0.0 0.0 0.0 0.0 0.0

2.:eg=-0.2347é2/á

FF (1) FF (2) FF (3) FF (4) FF (5)

∆FF (1) ∆FF (2) ∆FF (3) ∆FF (4) ∆FF (5)

0.3050 0.2706 0.1560 0.0924 0.050

0.0113 0.0083 0.0032 0.0032 0.072

3.:eg=-0.2078é2/á
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FF (1) FF (2) FF (3) FF (4) FF (5)

∆FF (1) ∆FF (2) ∆FF (3) ∆FF (4) ∆FF (5)

0.2918 0.2502 0.1453 0.0765 0.0390

0.0241 0.0132 0.0110 0.0148 0.0126

4.:eg=-0.1685é2/á

FF (1) FF (2) FF (3) FF (4) FF (5)

∆FF (1) ∆FF (2) ∆FF (3) ∆FF (4) ∆FF (5)

0.2894 0.2470 0.1435 0.0750 0.0370

0.0280 0.0119 0.0108 0.0169 0.0101

5.:eg=-0.1363é2/á

FF (1) FF (2) FF (3) FF (4) FF (5)

∆FF (1) ∆FF (2) ∆FF (3) ∆FF (4) ∆FF (5)

0.2789 0.2320 0.1312 0.0665 0.0307

0.0339 0.0094 0.0248 0.0201 0.0095

6.:eg=-0.1003é2/á

FF (1) FF (2) FF (3) FF (4) FF (5)

∆FF (1) ∆FF (2) ∆FF (3) ∆FF (4) ∆FF (5)

0.2708 0.2216 0.1224 0.0605 0.0263
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0.0353 0.0115 0.0115 0.0198 0.0072

3.3 Dynamic solutions of pure p-states

Due to the influence of the potentials, a solution of p-cases can be described by

u1 = f 1
1 0(r, t

′)Y1 0 + f 1
3 0(r, t

′)Y3 0 + ... . (3.62)

We put z=1 to prepare for the transition states. The function f 1
3 0 should be small,

because it is only excited by A4. Therefore we consider the following charge distri-

bution

J1 1
4 = ié(ρ1 1

0 0(r, t
′)Y0 0Y0 0 + ρ1 1

2 0(r, t
′)Y2 0Y0 0) (3.63)

with

ρ1 1
0 0 = f 1

1 0(r, t
′)∗f 1

1 0(r, t
′) (3.64)

and

ρ1 1
2 0 =

2√
5
f 1

1 0(r, t
′)∗f 1

1 0(r, t
′). (3.65)

These relations are a consequence of

(Y1 0)
2 = (Y0 0)

2 +
2√
5
Y2 0Y0 0. (3.66)
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Therefore the quasi-static component of the vector potential A4 is given by:

−iéA4(R, t′) = (é2/á)(á A1 1
0 0(r, t

′) +
2á√

5
(Y2 0/Y0 0)A

1 1
2 0(r, t

′)). (3.67)

Here the functions are

A1 1
0 0(r, t

′) = (I1 1
0 0(∞, t′)−

r∫
0

1/y2
y∫
0
x2ρ1 1

0 0(x, t
′))dx dy) (3.68)

and

A1 1
2 0(r, t

′) = r2 (I1 1
2 0(∞, t′)−

r∫
0

1/y6
y∫
0
x4ρ1 1

2 0(x, t
′))dx dy). (3.69)

Eq.(3.69) follows from the integration of

(
1

r2

∂

∂r
r2 ∂

∂r
− 6

r2
)A1 1

2 0(R, t′) = ρ2 0(r, t
′). (3.70)

If the other components of the vector potential can be neglected, the Schrödinger

equation decompose into

i ∂∂t′f
1
1 0(r, t

′)Y1 0 = − ( á
2

2
∂
r2∂

r2∂
∂r −

á2

r2 + á
r )f

1
1 0(r, t

′)Y1 0

+áA1 1
0 0(r, t)f

1
1 0(r, t

′)Y1 0 + 2á√
5
A1 1

2 0(r, t
′)f 1

1 0(r, t
′)Y1 0 + ...

(3.71)
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and

i ∂∂t′f
1
3 0(r, t

′)Y3 0 = − ( á
2

2
∂
r2∂

r2∂
∂r −

6á2

r2 + á
r )f

1
3 0(r, t

′)Y3 0

+áA1 1
0 0(r, t)f

1
3 0(r, t

′)Y3 0 + 3á
√

3
35 A

1 1
2 0(r, t

′)f 1
1 0(r, t

′)Y3 0 + .. .
(3.72)

We describe f 1
1 0(r, t

′) by the sum

f 1
1 0(r, t

′) =
∑
k

a1
k(t
′)h1

k(r) (3.73)

where h1
k(r) are eigenfunctions of

é2

á ((E1
k)
′ + 1

2
á2

r2
∂
∂rr

2 ∂
∂r + á

r −
á2

r2 )h1
k(r) = 0 . (3.74)

If one neglects the influence of f 1
3 0Y3 0, the transformation of eq.(3.71) leads to

i ddt′a
1
k(t
′) = (E1

k)
′a1
k(t
′) + 1 1

k M
1 1(t′). (3.75)

Therefore the dynamic behaviour of the coefficient a1
k(t
′
0) results from the following

relation

a1
k(t
′
0 + ∆̄t′) = a1

k(t
′
0)

−i ∆̄t′ ((E1
k)
′ a1

k(t
′
0) + 1 1

k M
1 1(t′0)),

(3.76)

what can be solved by integration. The Fourier transformation of eq.(3.76) yields
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∑
l ω
′ l1 1dl1k exp(−i l1ω′ (t′ − t′0))

= (E1
k)
′∑

l1
1dl1k exp(−i l1ω′ (t′ − t′0))

+
∑
l1 (1 1

k mx
1 1
l1 ) exp(− i l1ω′ (t′ − t′0) ).

(3.77)

Here the notations

a1
k(t
′) =

∑
l1

1d l1k exp(− i l1ω′ (t′ − t′0)), (3.78)

1 1
k M

1 1(t′) = á
∫ R

0
r2 (h1

k(r))
∗f 1

1 0(r, t
′) (A1 1

0 0(r, t
′) + (2/

√
5)A1 1

2 0(r, t
′)) dr (3.79)

and

(1 1
k mx

1 1
l1 ) = 1

T ′
∫ t′0+T ′

t′0
exp(il1ω′ (t′ − t′0)) 1 1

k M
1 1(t′) dt′ (3.80)

are introduced. It is also possible to describe 1 1
k M

1 1(t′) as function of a1
k(t
′).

However, the eq.(3.79) was applied for numerical calculations. One has to calculate

the functions f 1
1 0(r, t

′) in interval between t′0 and T ′+ t′0 by numerical integration of

the eqs.(3.75). Then, the coefficients 1d l1k and (1 1
k mx

1 1
l1 ) can be determined using

Fourier transformations. The results must satisfy the eq.(3.77) for all l1. The

energy of the Dirac field ed is given by

ed(t′) =
é2

á

∑
k

(E1
k)
′ a1

k(t
′)∗a1

k(t
′) (3.81)
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and the quasi-static part of the electromagnetic energy ea(t) ∼= −i é2
∫
A4f

1
1 0Y1 0dV

by

ea(t′) ∼=
é2

2á

∫ R

0
r2(áA0 0

0 0(r, t
′) + (4/5) áA1 1

2 0(r, t
′))(f 1

1 0(r, t
′))∗ f 1

1 0(r, t
′)dr. (3.82)

In eq.(3.82) the value 4/5 results from the integral
∫

(Y1 0(ϑ
′)2Y2 0)(ϑ

′)/Y0 0)

× sin(ϑ′)dϑ′dϕ′ = 4/5. The laws of conservations built with these expressions

remain valid within the context of the applied exactness. That has to be proved

by numerical calculations. The results of such calculations for p-examples are

documented in Fig.7- Fig.10 and Table 4 - Table 6. All expressions have the same

meaning as in the s-cases.

Fig. 5: Average charge distributions of dynamic 2p-like states

51



Fig. 6: Relative fluctuation of charge distributions of dynamic 2p-like states
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Fig. 7: Spectral distributions of dynamic 2p-like states

Table 4 (RR=200á, parameter of dynamic 2p-like-states)

p1.: eg=-0.0339é2/á

eg ed ea A(0) R/á

∆eg ∆ed ∆Ea ∆A(0) ∆R/á

-0.0339 -0.0739 0.0400 0.1400 34.52

0.0 0.0026 0.0036 0.0072 0.98

p2.: eg=-0.00722é2/á

eg ed ea A(0) R/á
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∆eg ∆ed ∆Ea ∆A(0) ∆R/á

-0.0072 -0.0491 0.0419 0.1430 32.0

0.0 0.0020 0.0029 0.0067 1.61

p3.: eg=0.0979é2/á

eg ed ea A(0) R/á

∆eg ∆ed ∆Ea ∆A(0) ∆R/á

0.0979 0.0661 0.0318 0.126 44.61

0.0 0.0025 0.0025 0.0089 2.80

p4.: eg=0.1336é2/á

eg ed ea A(0) R/á

∆eg ∆ed ∆Ea ∆A(0) ∆R/á

0.1336 0.1091 0.0245 0.1109 52.07

0.0 0.0022 0.0022 0.0101 1.17

p5.: eg=0.1654é2/á

eg ed ea A(0) R/á

∆eg ∆ed ∆Ea ∆A(0) ∆R/á

0.1654 0.1473 0.0182 0.0950 60.86

0.0 0.0021 0.0021 0.0111 3.37
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3.4 Solutions of transition states

3.4.1 General characteristics of a transition solution

Now we consider solutions formed from two excitation levels. Several of the above

results can be applied to solve the Schrödinger equation using the approaches

u0(R, t′) = (Y0 0f
0
0 0(r, t

′) + Y2 0f
0
2 0(r, t

′) + ... , (3.83)

and

u1(R, t′) = Y1 0f
1
1 0(r, t

′) + Y3 0f
1
3 0(r, t

′) + ... . (3.84)

Then one obtains the following expression of the charge distribution

J0 0
4 + J1 1

4 + J1 0
4 + J0 1

4 = ié((ρ0 0
0 0(r, t

′) + ρ1 1
0 0(r, t

′))Y0 0Y0 0

+ρ1 0
1 0(r, t

′)Y1 0Y0 0 + ρ0 1
1 0(r, t

′)Y1 0Y0 0 + (2/
√

5)ρ1 1
2 0(r, t

′)Y2 0Y0 0).
(3.85)

This is justified by numerical results. The related quasi-static component of the

vector potential A4 has the form

−iéA4(R, t′) = é2(A0 0
0 0(r, t

′) + A1 1
0 0(r, t

′)

+A1 0
1 0(r, t

′)Y1 0/Y0 0 + A0 1
1 0(r, t

′)Y1 0/Y0 0 + (2/
√

5)A1 1
2 0(r, t

′)Y2 0/Y0 0).
(3.86)

A1 0
1 0(r, t

′) = (A0 1
1 0(r, t

′))∗ results from the following integral

A1 0
1 0(r, t

′) = r(I1 0
1 0(∞, t′)−

r∫
0

1/y4
y∫

0

x3ρ1 0
1 0(x, t

′)dx dy), (3.87)
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due to the special potential equation

(
1

r2

∂

∂r
r2 ∂

∂r
− 2

r2
)A1 0

1 0(r, t
′) = ρ1 0(r, t

′). (3.88)

The solutions can be described by eigenfunctions of eq.(3.49) or eq.(3.74). We use

the notations

f 0
0 0(r, t

′) =
∑
q
a0
q(t
′)h0

q(r) (3.89)

and

f 1
1 0(r, t

′) =
∑
p
a1
p(t
′)h1

p(r). (3.90)

These functions must satisfy the following equations

i é
2

á
∂
∂t′f

0
0 0(r, t

′)Y0 0 = é2

á (− 1
2( ár )

2 ∂
∂r

r2∂
∂r −

á
r

+ á(A0 0
0 0(r, t

′) + A1 1
0 0(r, t

′))f 0
0 0(r, t)Y0 0 + áA1 0

1 0(r, t
′)f 1

1 0(r, t
′)Y0 0)

(3.91)

and
i é

2

á
∂
∂t′f

1
1 0(r, t

′)Y1 0 = é2

á (− 1
2( ár )

2 ∂
∂r

r2∂
∂r + ( ár )

2 − á
r

+ á(A0 0
0 0(r, t

′) + A1 1
0 0(r, t

′))f 1
1 0(r, t

′)Y1 0)

+ é2

á ( 2á√
5
A1 1

2 0(r, t
′)f 1

1 0(r, t
′)Y1 0 + áA0 1

1 0(r, t
′)f 0

0 0(r, t
′)Y1 0)

(3.92)

if the influence of f 1
3 0Y3 0 is neglected. Here the charge sharing can be depicted by
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C0 =
∑
q

(a0
q(t
′))∗a0

q(t
′), (3.93)

C1 =
∑
p

(a1
p(t
′))∗a1

p(t
′), (3.94)

where C0 + C1
∼= 1. This is an approximation of the law of charge conservation,

which generally reads
∑
nCn = 1. The conditions C0 = const. and C1 = const. are

fulfilled when the radiation is negligible, which will be shown in the next section.

In these cases the coefficients are solutions of

i ddt′a
0
q(t
′) = a0

q(t
′)(E0

q )
′ + 0 0

q M
0 0(t′) + 0 1

q M
1 0(t′) (3.95)

and

i ddt′a
1
p(t
′) = a1

p(t
′)(E1

p)
′ + 1 1

p M
1 1(t′) + 1 0

p M
0 1(t′). (3.96)

Here 0 0
q M

0 0(t′) and 1 1
q M

1 1(t′) are given by the eqs.(3.56/3.79), while 0 1
q M

1 0(t′)

and 1 0
p M

0 1(t′) result from

0 1
q M

1 0(t′) = á
∫ R

0
r2 (h0

q(r))
∗ f 1

1 0(r, t
′)(A1 0

1 0(r, t
′)) dr (3.97)

or

1 0
p M

0 1(t′) = á
∫ R

0
r2 (h1

p(r))
∗f 0

0 0(r, t
′)(A0 1

1 0(r, t
′)) dr. (3.98)
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Due to the eqs.(3.95/3.96), the dynamic behaviour of the coefficients follows from

a0
q(t
′
0 + ∆̄t′) = a0

q(t
′
0)− i ∆̄t′ ( a0

q(t
′
0)(E

0
q )
′ + 0 0

q M
0 0(t′0) + 0 1

q M
1 0(t′0)) (3.99)

or

a1
p(t
′
0 + ∆̄t′) = a1

p(t
′
0)− i ∆̄t′ ( a0

q(t
′
0)(E

1
p)
′ + 1 1

p M
1 1(t′0) + 1 0

p M
0 1(t′0)). (3.100)

Final results of such calculations show that these fields also vibrate in an energy

valley.

3.4.2 Spectral properties of a transition solution

We describe the Fourier coefficients of a0
q(t
′) and a1

p(t
′) by

a0
q(t
′) =

∑
l

0dlq exp(−il ω′ (t′ − t′0)),
a1
p(t
′) =

∑
l1

1dl1p exp(il1ω
′(t′ − t′0)).

(3.101)

Hence the transformations of eqs.(3.83/3.84) are given by

u0 =
∑
l, q

0dlq exp(−i l ω′ ( t′ − t′0))h
0
q, (3.102)

u1 =
∑
l1, p

1dl1p exp(i( exp(−i (l1ω′ ( t′ − t′0))h
1
p (3.103)

with

0dlq =
1

T ′

∫ t′0+T ′

t′0
exp(il ω′ (t′ − t′0))a0

q(t
′)dt′ (3.104)

and
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1dl1p =
1

T ′

∫ t′0+T ′

t′0
exp(il1ω′ (t′ − t′0)) a1

p(t)
′dt′. (3.105)

Besides, we apply the following notations

(0 0
q mx

0 0
l ) = 1

T ′
∫ t′0+T ′

t′0
exp(ilω′ (t′ − t′0)) 0 0

q M
0 0(t′)dt′, (3.106)

(0 1
q mx

1 0
l ) = 1

T ′
∫ t′0+T ′

t′0
exp(ilω′ (t′ − t′0)) 0 1

q M
1 0(t′)dt′, (3.107)

(1 0
p mx

0 1
l1 ) = 1

T ′
∫ t′0+T ′

t′0
exp(−ilω′ (t′ − t′0)) 1 0

p M
1 0(t′)dt′ (3.108)

and

(1 1
p mx

1 1
l1 ) = 1

T ′
∫ t′0+T ′

t′0
exp(−ilω′ (t′ − t′0)) 1 1

p M
1 1(t′)dt′. (3.109)

If we put the eqs.(3.101-3.109) into the eqs.(3.95/3.96), we obtain

l ω′ 0dlq exp(−i l ω′ (t′ − t′0)) = exp(−i l ω′ )(t′ − t′0)) ((E0
q )
′ (0dlq)

+ (0 0
q mx

0 0
l ) + (0 1

q mx
1 0
l ))

(3.110)

and

l1ω′ 0dl1p exp(−i l ω′ (t′ − t′0)) = exp(−i l ω′ )(t′ − t′0)) ((E 1
p)
′(dl1p )

+ (1 1
p mx

1 1
l1 ) + (1 0

p mx
0 1
l1 )).

(3.111)

59



Several results of these calculations are shown in Fig. 7, Fig 8 and Table 9.

Fig. 7: 2p-1s transition states: charge shares (mean distributions) of s-states

and p-states
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Fig. 8: Spectral distributions of 2p-1s transition states

T1p: %p = 0.9, T1s: %s = 0.1;

T2p: %p = 0.7, T2s: %s = 0.3;

T3p: %p = 0.5, T3s: %s = 0.5;

T4p: %p = 0.3, T4s: %s = 0.7;

T5p: %p = 0.1, T5s: %s = 0.9;

Table 9 (RR=200á, energy parameter of 2p-s transition states in é2/á)

T1. %p = 0.9, %s = 0.1, T ′ = 2000

eg edg eag A(0) ∆A(0)

0.2036 0.1665 0.0371 0.1715 0.0093

61



egp edp eap ωlp R/á

∆egp ∆edp ∆eap ∆R/á

0.1678 0.1351 0.0327 -0.0125 41.91

0.0001 0.00218 0.0020 1.33

egs eds eas ωls R/á

∆egs ∆eds ∆eas ∆R/á

0.0358 0.0314 0.0044 -0.0125 26.63

0.0001 0.00023 0.00023 1.46

T2. %p = 0.7, %s = 0.3, T ′ = 2000

eg edg eag A(0) ∆A(0)

0.1356 0.0963 0.0394 0.2384 0.0182

egp edp eap ωlp R/á

∆egp ∆edp ∆eap ∆R/á

0.1003 0.0765 0.0238 -0.0125 40.56

0.0001 0.0046 0.0019 1.89

egs eds eas ωls R/á

∆egs ∆eds ∆eas ∆R/á

0.0353 0.0197 0.0156 -0.0125 24.11

0.0001 0.0011 0.00011 2.34
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T3. %p = 0.5, %s = 0.5, T ′ = 2000

eg edg eag A(0) ∆A(0)

0.0418 -0.0158 0.0576 0.3818 0.0245

egp edp eap ωlp R/á

∆egp ∆edp ∆eap ∆R/á

0.0911 0.0789 0.0122 -0.0125 57.07

0.0002 0.0087 0.0013 3.89

egs eds eas ωls R/á

∆egs ∆eds ∆eas ∆R/á

-0.0493 -0.0947 0.0454 -0.0125 12.80

0.0001 0.0032 0.0032 1.34

T4. %p = 0.3, %s = 0.7, T ′ = 2000

eg edg eag A(0) ∆A(0)

-0.0494 -0.1427 0.0933 0.5154 0.0245

egp edp eap ωlp R/á

∆egp ∆edp ∆eap ∆R/á

0.0699 0.0649 0.0050 -0.0125 74.96

0.0005 0.0040 0.0005 1.04
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egs eds eas ωls R/á

∆egs ∆eds ∆eas ∆R/á

-0.1193 -0.2076 0.0883 -0.0133 9.43

0.0001 0.0051 0.0051 0.56

T5. %p = 0.1, %s = 0.9, T ′ = 2000

eg edg eag A(0) ∆A(0)

-0.1556 -0.3017 0.1461 0.6379 0.0201

egp edp eap ωlp R/á

∆egp ∆edp ∆eap ∆R/á

0.0303 0.0294 0.0010 -0.0125 101.92

0.0005 0.0026 0.0001 5.04

egs eds eas ωls R/á

∆egs ∆eds ∆eas ∆R/á

-0.1859 -0.3311 0.1451 -0.0133 6.85

0.0001 0.0055 0.0055 0.38

3.4.3 The law of charge conservation of a transition state

If you want to fully characterise the dynamics of fields, it is necessary to inves-

tigate the tensor defined in eq.(2.30). For this purpose we avoid specifying the

dimensions and apply solutions of the Dirac equation divided into different excita-
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tion levels. The linked tensor can be used to verify the law of charge conservation

in separate excitation levels. With the functions

U z−s(R, t) = exp(−iḾ ć2(t− t0)/h̄)
∑
q
az−sq (t)Hz−s

q (R) (3.112)

and

U z(R, t) = exp(−iḾ ć2(t− t0)/h̄)
∑
p
a1
p(t)H

z
p (R), (3.113)

the divergence of the tensor

z z−sT dν µ =
ć h̄

2
(Ū zγµ

∂ U z−s

∂ xν
− ∂ Ū z

∂ xν
γµ U

z−s) (3.114)

reads

∂ z z−sT dν µ
∂ xµ

=
ć h̄

2

∂

∂ xµ
{Ū zγµ

∂ U z−s

∂ xν
− ∂ Ū z

∂ xν
γµ U

z−s}. (3.115)

The functions Hz
p and Hz−s

q are eigenfunctions of eq.(3.5), which correspond to

the solutions hzp and hz−sq of the Schrödinger equation (see eq.(3.18) and eq.(3.46)).

Due to | dazn/dt |<< Ḿć2/h̄ and czn(t)
∼= azn(t) exp(−i Ḿ ć2(t− t0)/h̄), it becomes

h̄
∂ U z

∂ x4

∼= − Ḿ ć U z. (3.116)

Therefore eq.(3.115) describes for v = 4 the continuity equation
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∂

∂ xµ
z z−sT d4µ

∼= − Ḿ ć2 ∂

∂ xµ
{Ū zγµ U

z− s}. (3.117)

The integral over the divergence should be zero for all values of z and s=0 in the

considered approximation. To prove this remark we apply eq.(2.4) or eq.(2.5) in

the following reduced form

[γµh̄
∂

∂xµ
− ié

ć
Āµγµ + Ḿ ć]U 0 − ié

ć
A1 0
µ )γµU

1 = 0, (3.118)

Ū 0[γµh̄

←−
∂

∂xµ
+ i

é

ć
Āµγµ − Ḿ ć] + i

é

ć
Ū 1γµA

0 1
µ = 0. (3.119)

Āµ(R, t) describes the common potential formed from the charges J0 0
µ + J1 1

µ and

the charge of the nucleus. All potentials have quasi-static character. Therefore the

integral over the separated continuity equation reads

h̄
∫ ∂
∂ xµ
{Ū 0γµ U

0}dV = i éć
∫
(Ū 0γµU

1A1 0
µ − Ū 1γµU

0A0 1
µ )dV (3.120)

and, because of

ié
∫
(Ū 0γµU

1A1 0
µ dV =

∫ 1
r0 1
J0 1
µ (R)J1 0

µ (R1)dV1dV,

ié
∫
(Ū 1γµU

0A0 1
µ dV =

∫ 1
r0 1
J1 0
µ (R)J0 1

µ (R1)dV1dV,
(3.121)

it becomes in this approximation
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−i h̄
ć

∑
n

∂

∂t
((a0

n(t))
∗a0
n(t)) = 0. (3.122)

The prerequisite of eq.(3.122) is the application of the quasi-static potentials. That

means, the radiation is neglected. Then the eq.(3.120) leads to eq.(3.122). A similar

consideration yields −i h̄ć
∑
n
∂
∂t((a

1
n)
∗a1
n)) = 0.

This result remains valid for more than two excitation levels. That is, all values

z = 0,±1,±2, .. are possible. In the eqs.(3.118/3.119) the test is restricted to

z = 0 and s = 0,−1. Separate laws of charge conservation can be proved for all

excitation levels.
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Chapter 4

Radiation properties

4.1 The solution functions

It is convenient to use the Dirac equation to determine the currents. The solu-

tions must satisfy the following equations:

γ4h̄
∂
∂x4
U 0 = [−γµ̄h̄ ∂

∂xµ̄
+ i éć(Aµ + AK

µ )γµ)− Ḿ ć]U 0 + i éćA
1 0
µ γµU

1, (4.1)

h̄∂ Ū
0

∂x4
γ4 = [−h̄∂ Ū0

∂xµ̄
γµ̄ − i éć(Aµ + AK

µ )Ū 0γµ + Ḿ ćŪ0]− i éćA
0 1
µ Ū

1γµ, (4.2)

γ4h̄
∂
∂x4
U 1 = [−γµ̄h̄ ∂

∂xµ̄
+ i éć(Aµ + AK

µ )γµ)− Ḿ ć]U 1 + i éćA
0 1
µ γµU

0 (4.3)

and

h̄∂ Ū
1

∂x4
γ4 = [−h̄∂ Ū1

∂xµ̄
γµ̄ − i éć(Aµ + AK

µ )Ū 1γµ + Ḿ ćŪ 1]− i éćA
1 0
µ Ū

0γµ. (4.4)
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The functions can be described by

U 0(R, t) = exp(−iḾ ć2(t− t0)/h̄)
∑
q
a0
q(t)H

0
q (R), (4.5)

U 1(R, t) = exp(−iḾ ć2(t− t0)/h̄)
∑
p
a1
p(t)H

1
p(R) (4.6)

and of which sum by

U 0 + U 1 = exp(−iḾ ć2(t− t0)/h̄)

 û0

ǔ0

 + exp(−iḾ ć2(t− t0)/h̄)

 û1

ǔ1

 (4.7)

with

û0(R, t) =

 1

0

u0 (4.8)

and

û1(R, t) =

 1

0

u1. (4.9)

Here is

u0 = Y0 0f
0
0 0(r, t) + .... (4.10)

and

u1 = Y1 0f
1
1 0(r, t) + .... . (4.11)

The functions u0 and u1 can be approximated by the solution of the Schrödinger

equation (see eqs.(3.91/3.92)). Then, the potential−iéA4(R, t) is given by eq.(3.86).
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4.1.1 Coefficient dynamics of a transition solution

We apply again the dimension introduced in section 3.2. That means, h̄ d
dt and

the energy values E are replaced by é2

á
d
dt′ and E ′ = E/(é2/á). After such transfor-

mation, we multiply eq.(4.1) with H̄0
q and integrate over the volume V. This leads

to

i é
2

á
d
dt′a

0
q(t
′) = é2

á (E0
q )
′aq(t

′) + é2 ∑
µ ( 0 0

q M
0 0
µ (t′) + 0 0

q M
1 1
µ (t′)

+ 0 1
q M

1 0
µ (t′)) + é2

á á(0 1
q S

1 0)
(4.12)

and an analogous procedure with H̄0
q results in

i é
2

á
d
dt′ (a

0
q(t
′))∗ = − é2

á (E1
q )
′(a1

q(t
′))∗ − é2 ∑

µ( 0 0
q M̄

0 0
µ (t′) + 0 0

q M̄
1 1
µ (t′)

+ 0 1
q M̄

1 0
µ (t′))− é2

á (1 0
q S̄

0 1).
(4.13)

Here are

∑
µ

0 0
q M

0 0
µ (t′) = − iá

é exp(i(t
′ − t′0)/ά2)

∫
H̄0
qγµU

0(t′)A0 0
µ (t′)dV, (4.14)

∑
µ

0 0
q M

1 1
µ (t′) = − iá

é exp(i(t
′ − t′0)/ά2)

∫
H̄0
qγµU

1(t′)A1 1
µ (t′)dV, (4.15)

∑
µ

0 1
q M

1 0
µ (t′) = − iá

é exp(i(t
′ − t′0)/ά2)

∫
H̄0
qγµU

1(t′)A1 0
µ (t′)dV, (4.16)

∑
µ

0 0
q M̄

0 0
µ (t′) = − iá

é exp(−i(t
′ − t′0)/ά2)

∫
Ū 0γµH

0
q A

0 0
µ (t′)dV, (4.17)

∑
µ

0 0
q M̄

1 1
µ (t′) = − iá

é exp(−i(t
′ − t′0)/ά2)

∫
Ū 0γµH

0
q A

1 1
µ (t′)dV (4.18)

and
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∑
µ

1 0
q M̄

0 1
µ (t′) = − iá

é exp(−i(t
′ − t′0)/ά2)

∫
Ū 1γµH

0
q A

0 1
µ (t′)dV. (4.19)

All potentials have quasi-static character, while ( 0 1
q S

1 0) and (1 0
q S̄

0 1) describe

the influence of radiation. That follows from the difference between the retarded

potential, given in eq.(3.38), and the linked quasi-static potential. Details are

presented in section 4.1.2. In addition, the potentials A0 0
µ̄ (t′), etc. are not be

taken into account there, because the magnitude of the integral 0 0
q M

0 0
µ̄ (t′) has an

order of ά2. Its influence on the quasi-static field is small. That means, the sum

in the eqs.(4.12/4.13) can be reduced to the terms with µ=4. This is applied,

for example, in the eqs.(3.95/3.96) where radiation is also neglected. The Fourier

transformations of the functions of the eqs.(4.5/4.6) are given by

U 0 =
∑
l, q

0dlq exp(−i(1/ά2) + lω′)( t′ − t′0))H
0
q (4.20)

or

Ū 0 =
∑
l, q (0dlq)

∗ exp(+i(1/ά2) + lω′)( t′ − t′0))H
0
q . (4.21)

Here we use the relations

0dlq =
1

T ′

∫ t′0+T ′

t′0
exp(ilω′ (t′ − t′0))0a1

q(t
′)dt′ (4.22)

and

(0dlq)
∗ =

1

T ′

∫ t′0+T ′

t′0
exp(−ilω′ (t′ − t′0))(0a1

q(t)
′)∗dt′. (4.23)
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Similar expressions can be introduced for U 1 and Ū 1. Besides, we apply following

notations

(0 0
q mx

0 0
l )µ = 1

T ′
∫ t′0+T ′

t′0
exp(ilω (t′ − t′0)) 0 0

q M
0 0
µ (t′)dt′, (4.24)

(0 0
q m̄x

0 0
l )µ = 1

T ′
∫ t′0+T ′

t′0
exp(−ilω (t′ − t′0)) 0 0

q M̄
0 0
µ (t′)dt′ (4.25)

and

(0 1
q sm

1 0
l ) = 1

T ′
∫ t′0+T ′

t′0
exp(ilω′ (t′ − t′0)) (0 1

q S
1 0(t′))dt′ (4.26)

for the Fourier transformations of 0 0
q M

0 0
µ (t′), 0 0

q M̄
0 0
µ (t′) and (0 1

q S
1 0(t′)). Analo-

gous expressions follow from the Fourier transformations of 1 1
q M

1 1
µ (t′), etc. The

terms (0 1
q sm

1 0
l ) and (0 1

q ¯sm1 0
l ) cause small changes in the magnitude 0dlq(t

′) and
1dl1p (t′) when special conditions are fulfilled. Then the separated laws of charge

conservation of the excitation levels are violated. Because of

i é
2

á
d
dt′a

0
q(t
′) = (é2/á)

∑
l (l ω

′ 0dlq

+ i
d (0dlq)

d t′ ) exp(−i( l ω′ )(t′ − t′0))
(4.27)

and

(é2/á)γµ̄ć
∂ H0

q

∂xµ̄
= (é2/á)( ár + (E0

q )
′)γ4H

0
q , (4.28)
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the eqs.(4.12/4.13) yield

(é2/á)(l ω′ ) 0dlq + i
d (0dlq)

d t′ ) = (é2/á)( (E0
q )
′ 0dlq

+
∑
µ((0 0

q mx
0 0
l )µ + (0 0

q mx
1 1)µ + (0 1

q mx
1 0
l )µ) + á (0 1

q sm
1 0
l ))

(4.29)

respectively

(é2/á)(−l ω′ (0dlq) + i
d (0dlq)

d t′ ) = (é2/á)(− (E0
q )
′ 0dlq

− ∑
µ((0 0

q m̄x
0 0
l )µ + (0 0

q m̄x
1 1
l )µ + (1 0

q m̄x
0 1
l )µ))− á(0 1

q ¯sm1 0
l )).

(4.30)

(E0
q )
′ = (Ē

0

q)
′−1/ά2 in the eqs.(4.29/4.30) contains the small difference between the

integrals
∫
H̄HdV and

∫
H̄γ4HdV . The eq.(4.29)) can be reduced for quasi-static

potentials to

l ω′ (0dlq) = (E0
q )
′ 0dlq

+á
∑
µ((0 0

q mx
0 0
l )µ + (0 0

q mx
1 1
l )µ + (0 1

q mx
1 0
l )µ).

(4.31)

An analogous relation is valid for eq.(4.30).

This result is a consequence of the separate laws of conservation for the linked

excitation levels in these cases, what is shown in section 3.4.3. However, a charge

transfer from one level to another can be caused by radiation. We assume that the

relations

i
d (0dlq)

d t′ = á (0 1
q sm

1 0
l ),

i
d (0dlq)

∗

d t′ = −á (1 0
q ¯sm0 1

l )
(4.32)

and analogously
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i
d (1dlp)

d t′ = á (1 0
p sm

0 1
l ),

i
d (1dlp)

∗

d t′ = −á (0 1
p ¯sm1 0

l )
(4.33)

describe this effect. The small values of (0 1
q sm

1 0
l ), ect. have an influence on the

solution of the eq.(4.29/4.30) only during a long time ((t′ − t′0 >> 1/$′) .

4.1.2 The single radiation effect

In this section we study radiation effects of a transition state. Such an effect is

only possible if the field includes a ”freely” oscillating radiation moment. ”Freely”

oscillating means, an external radiation field of a specific frequency can influence

the phase position of this oscillation. We assume that such a moment is formed

from the eigenfunctions H0
q and H1

p and consider the sum

U 1a + U 0a = a1
p(t
′) exp(−i(t′ − t′0)/ά2)

 ĥ1
p

ȟ1
p


+ (a0

q(t
′) exp(−i(t′ − t′0)/ά2)

 ĥ0
q

ȟ0
q

 (4.34)

with

ĥ1
p(R) =

 1

0

Y1 0h
1
p(r) (4.35)

and

ĥ0
q(R) =

 1

0

Y0 0h
0
q(r). (4.36)

The linked solution of the Schrödinger equation is
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u1a(r, t′) + u0a(r, t′) = a1
p(t
′)Y1 0h

1
p(r)

+ a0
q(t
′)Y0 0h

0
q(r).

(4.37)

Using the Fourier transformation a0
q(t
′) =

∑
l

0dlq exp(−ilω′(t′−t′0)) and (a1
p(t
′))∗ =∑

l1 (1dl1p )∗ exp(il1ω′(t′ − t′0)) you get the current

1 0
p qJµ(R, t′) = ié

∑
l, l1 (1dl1p )∗ (0dlq)(j

1 0
p q )µ(R) exp(i (l1− l)ω′ (t′ − t′0)). (4.38)

The sum includes terms like

D1 0
p q =

∑
l

(1dl+L
p )∗ (0dlq). (4.39)

This share of eq.(4.38) describes an oscillating dipole moment with the frequency

$′/(2π∆t) = Lω/(2π) = $/(2π). It fulfils separately the continuity equation for

frequencies h̄$ = ((E1
p)
′ − (E0

q )
′)é2/á. Then the related energy-momentum tensor

oscillate quasi ”freely”. Such ”freely” oscillating current is the prerequisite for a

radiation effect, as the theory of antennas shows [26/27]. The other terms have no

influence on the far field. Here we consider the following current components (see

eq.(3.31), h̄/(Ḿ ć) = άá)

1 0
p qJ̃µ(R, t′) = ié D1 0

p q (j1 0
p q )µ(R) exp(i$′ (t′ − t′0)), (4.40)

and

0 1
q pJ̃µ(R, t′) = iéD0 1

q p (j0 1
q p )µ(R) exp(−i$′ (t′ − t′0)), (4.41)
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with

(j1 0
p q )µ = H̄1

pγµH
0
q ,

(j1 0
p q )3 = −0.5ćάá Y0 0 (Y1 0(h

1
p(r))

∗ ∂ h0
q(r)

∂ x3
− ∂ (Y1 0 h

1
p(r))

∗

∂ x3
h0
q(r)),

(j0 1
q p)3 = = −0.5ćάá Y0 0 ((h0

q(r))
∗ ∂ Y1 0 h

1
p(r)

∂x3
− (

∂ h0
q(r)

∂x3
)∗Y1 0 h

1
p(r)),

(j1 0
p q )4 = Y1 0Y0 0 %

1 0
p q(r) = Y1 0Y0 0 (h1

p(r))
∗h0

q(r),

(j0 1
q p)4 = Y1 0Y0 0 %

0 1
q p(r) = Y1 0Y0 0 (h0

q(r))
∗h1

p(r).

(4.42)

For a simple description we can assume that D1 0
p q is given by the maximum of all

products |(1d l+L
p )∗ (0d lq)| and put this into the eqs.(4.40/4.41). That means, the

coefficients are

a0r
q (t′) = 0rd lmaxq exp(−i (lmax)ω′(t′ − t′0)),

a1r
p (t′) = 1rd lmax+L

p exp(−i (lmax+ L)ω′ (t′ − t′0)).
(4.43)

It is a working hypothesis for the numerical calculations and includes a few ques-

tions. Some additional products (1d l+∆L
p )∗ (0d lq)) near lmax can contribute to a syn-

chronously oscillating current, given in the eqs.(4.40/4.41). The continuity equation

reads

∂(1 0
p qJ̃µ)

∂xµ
= ié

∂

∂xµ
(D1 0

p q (H̄1
pγµH

0
q ) exp(i$ (t− t0))) = 0 (4.44)

or

ié D1 0
p q (κ (H̄1

pγ4H
0
q ) + ∂

∂ xµ̄
(H̄1

pγµ̄H
0
q ) ) exp(i$ (t− t0)) = 0. (4.45)
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Here is

κ = $/ć = Lω′/(ć∆t) (4.46)

and due to the eqs.(3.26/3.27), one obtains

∂

∂ xµ̄
(H̄1

pγµ̄H
0
q ) =

1

ćh̄
(Ē1

p − Ē0
q ). (4.47)

Therefore, the eq.(4.47) is fulfilled for constant values of D1 0
p q and for

$′∆t = (Ē1
p − Ē0

q )/h̄. (4.48)

This can be converted to

$′ = (E1
p)
′ − (E0

q )
′, (4.49)

because of (h̄∆t) = é2/á and Ē1
p−Ē0

q
∼= é2

á ((E1
p)
′−(E0

q )
′). Ē1

p , Ē
0
q are eigenvalues

of the Dirac equation and (E1
p)
′, (E0

q )
′ of the linked Schrödinger equation. The

value of

ω′L = $′ (4.50)
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can be obtained in the numerical procedure by selecting of T ′. Then, the eqs.(4.44/4.45)

describe a ”freely” oscillation of a current with a magnitude |D1 0
p q | in a wide range

around the centre of the time interval. The Gibbs phenomenon does not allow such

an interpretation near the time borders.

An absolutely precise frequency of a ”freely” oscillation cannot be determined

with a numerical procedure. However, it is possible to show that the force balance

of the complete energy-momentum tensor requires the exact fulfilment of eq.(4.48).

In preparation for this proof, we consider more details of the radiation process.

The retarded potentials are given by

−ié 1 0
p qÃµ(R, t) = é2

∫ 1

iér0 1

1 0
p qJ̃µ(R1, t − r0 1/ć)dV1, (4.51)

what can be converted in near-field into

−ié 1 0
p qÃµ̄

∼= −iéÃ′
1 0

µ̄ − i(é2/á)áκ B̃1 0
µ̄ (4.52)

and

−ié 1 0
p qÃ4 = −ié Ã′1 0

4 + (é2/á) (− áκ2G̃1 0
4 + iáκ3 Z̃1 0

4 ). (4.53)

Besides is

−ié 0 1
q pÃµ̄

∼= −iéÃ′
0 1

µ̄ + i(é2/á)áκ B̃0 1
µ̄ (4.54)

and

−ié 0 1
q pÃ4 = −iéÃ′0 1

4 + (é2/á) (− áκ2G̃0 1
4 − iáκ3 Z̃0 1

4 ). (4.55)
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The first term Ã′
1 0

µ describes the quasi-static share of the oscillating potentials that

contributes to 0 1
q M

1 0
µ . For µ = 4 it has the form

−ié Ã′1 0

4 (R, t) = (é2/á)D1 0
p q exp(i$ (t− t0))Y1 0

Y0 0
á r(I1 0

p q (∞)

−
r∫
0

1/y4
s∫
0
x3%1 0

p q(x))dxdy).
(4.56)

The dipole approximation of a long time stable oscillation with the normalised

frequency κ leads to the dimensionless parameter

B̃1 0
µ̄ (t) = 1

ié

∫ 1 0
p qJ̃µ̄(R1, t)dV1 (4.57)

or

B̃0 1
µ̄ (t) = 1

ié

∫ 0 1
q pJ̃µ̄(R1, t)dV1. (4.58)

That means

B̃1 0
µ̄ (t) = exp(i$(t− t0))B1 0

µ̄ ,

B1 0
µ̄ = D1 0

p q

∫
(H̄1

pγµ̄H
0
q )dV1

(4.59)

and

B̃0 1
µ̄ (t) = exp(−i$(t− t0))B0 1

µ̄ ,

B0 1
µ̄ = D0 1

q p

∫
(H̄0

qγµ̄H
1
p)dV1.

(4.60)

In addition, we find
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G̃1 0
4 (R) = 1/2)D1 0

p q exp(i$ (t− t0))
∫
r0 1(H̄

1
pγ4H

0
q )dV1 (4.61)

and

Z̃1 0
4 (R) = (1/6)D1 0

p q exp(i$ (t− t0))
∫

(r0 1)
2 (H̄1

pγ4H
0
q )dV1. (4.62)

Because of ( (r0 1)
2 = r2 − 2xµ̄x

1
µ̄ + (r1)

2) becomes

Z̃1 0
4 (R) = −x3

3
exp(i$ (t− t0))

∫
x1

3 Y1 0(ϑ1)Y0 0%
1 0
p q(r1)dV1 (4.63)

and due to eq.(4.45) is

∫
xµ̄H̄

1
pγ4H

0
qdV =

1

κ

∫
H̄1
pγµ̄H

0
qdV. (4.64)

Hence we get

D1 0
p q

∫
x3H̄

1
pγ4H

0
qdV =

1

κ
B1 0

3 (4.65)

and

Z̃1 0
4 (R) = −x3

3κ
B̃1 0

3 . (4.66)

The analogous relations, as consequence of ∂/∂xµ( 0 1
q pJ̃µ̄(R1, t)) = 0, are

D0 1
q p

∫
x3H̄

0
qγ4H

1
pdV = −1

κ
B0 1

3 (4.67)
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and

Z̃0 1
4 (R) =

x3

3κ
B̃0 1

3 . (4.68)

Such terms cause radiation. That means, the terms ( 0 1
q sm

1 0
l ) and ( 1 0

q ¯sm0 1
l ) in the

eqs.(4.29/4.30) cannot be neglected when the current oscillates synchronously over

a long period of time. According to the eqs.(4.1-4.4) and the eqs.(4.32/4.33), the

components

−ié(∫ (Ū 0γµ̄U
1 (1 0

q pÃµ̄))fdV − ié(∫ (Ū 0γ4U
1(1 0
q pÃ4))

fdV

:= é2/á (0dlq)
∗ á(0 1

q sm
1 0
l )

(4.69)

must be taken into account because of which relevance to the far-field. Therefore

we replace these terms in the eqs.(4.69) by the following the expressions:

Ū 0γµU
1 := exp(−i Lω (t− t0))(0dlq)

∗ 1dl+Lp H̄0
qγµH

1
p ,

−ié(1 0
q pÃµ̄) := −i(é2/á)(áκ)B̃1 0

µ̄ ,

−ié 1 0
q pÃ4 := i(é2/á)áκ3 Z̃1 0

4 = −i(é2/á) áκ
2 x3

3 B̃1 0
3 .

(4.70)

Here (0dlq)
∗ 1dl+Lp stands for D0 1

q p and (1dl+Lp )∗ 0dlq for D1 0
p q . Then the eq.(4.69) is

given by

(é2/á)((0dlq)
∗ 1dl+Lp (iáκ

∫
H̄0
qγ3H

1
qdV (−B1 0

3 )− i áκ2

3

∫
x3H̄

0
qγ4H

1dV B1 0
3 )

= −2
3i(é

2/á)((0dlq)
∗ 1dl+Lp áκ

∫
H̄0
qγ3H

1
qdV B

1 0
3 .

(4.71)
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That means, we have replaced the eqs.(4.69) by

(é2/á)á (0dlq)
∗ (0 1

q sm
1 0)

= −i2
3(é2/á)((0dlq)

∗ 1dl+Lp áκ
∫
H̄0
qγ3H

1
qdV B

1 0
3 .

(4.72)

Due to the eqs.(4.64/4.65) is (0dlq)
∗ 1dl+Lp

∫
H̄0
qγ3H

1
pdV = B0 1

3 ,̇ Therefore becomes

(é2/á)á (0dlq)
∗ (0 1

q sm
1 0
l ) = −i2

3(é2/á)áκB0 1
3 B1 0

3 . (4.73)

With the eqs.(4.32) one obtains

i(é2/á)(0dlq)
∗ d
dt′ (

0dlq) = −i(é2/á)2
3 áκB

1 0
3 B0 1

3 . (4.74)

In addition, we need for the determination of (1 0
q ¯sm0 1

l ) the shares of

−ié(∫ (Ū 1γµ̄U
0 (0 1

q pÃµ̄))fdV − ié(∫ (Ū 1γ4U
0(0 1
q pÃ4))

fdV

:= é2/á (0d0
q) á(1 0

q ¯sm0 1
l )

(4.75)

which are relevant in far-field. That means, we substitute in the eqs.(4.75) the

following expressions:

Ū 1γµU
0 :=

∑
l exp(i Lω (t− t0))(1d1+L

p )∗ 0dlqH̄
1
pγµH

0
p ,

−ié(0 1
q pÃµ̄) := i(é2/á)(áκ)B̃0 1

µ̄ ,
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−ié 0 1
q pÃ4 := −i(é2/á)(áκ3) Z̃0 1

4 = i(é2/á) áκ
2 x3

3 B̃0 1
3 .

With eqs.(4.64/4.65) we get

(é2/á)
∑
l(

1d1+L
p )∗ 0dlqáκ

∫
H̄1
pγ3H

0
qdV (B0 1

3 ) + i áκ
2

3

∫
x3H̄

1
qγ4H

0
qdV B

0 1
3

= 2
3(é2/á)áκ(1d1+L

p )∗ 0dlq
∫
H̄1
pγ3H

0
qdV B

0 1
3

(4.76)

and one can eq.(4.75) substitute by

(é2/á)á (1 0
q ¯sm1 0

l )(0dlq)

= 2
3(é2/á)áκ((1dl+Lp )∗ 0dlq

∫
H̄1
pγ3H

0
qdV B

0 1
3 .

(4.77)

According to eq.(4.32) becomes

i(é2/á) d
dt′ [(

0dlq)
∗)] ( 0dlq) = −i2áκ

3 (é2/á)B1 0
3 B0 1

3 . (4.78)

The sum of the eq.(4.74) and eq.(4.78) yields (áκ = $ά∆t)

d
dt′ ((

0dlq)
∗ (0dlq)) = −4áκ

3 B
1 0
3 B0 1

3 . (4.79)

An analogous consideration leads to

d
dt′ ((

1dl1p )∗ (1dl1p )) = 4áκ
3 B

1 0
3 B0 1

3 , (4.80)
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due to the different sign of κ. These relations describe the charge exchange between

the first and the zero excitation level during the time interval t′0 ≤ t′ ≤ t′o + T ′.

It shows, how the well-known dipole equations, embedded in a transition field,

describe radiation. Numerical calculations exhibit that in our cases the values of

|B1 0
3 | are small and therefore, the related radiation loss too. An emission of one

”photon” it takes about 10−6s for the presented p-s transition. However, this pro-

cess can run much faster if more atoms contribute to the radiation field. This will

be shown in the next sections. Finally we mention that the far-field approximation

of eq.(4.51) has the form Ãµ = (c(ω)/r) exp(−i(ωt − r/ć)) where only for the

radiation frequencies the coefficients c(ω) are not zero. This is, due to the differ-

ent numbers of wavelengths up to the sources in the atom. Therefore the other

frequencies of the charge dynamics can be excluded [27].

4.1.3 A general approach to radiation effects

Now we try to describe the influence of radiation in a more general way. The

combination of eq.(4.1) with eq.(4.2) leads to

h̄ ∂
∂x4
Ū 0γ4U

0 = −h̄ ∂
∂xµ̄
Ū 0γµ̄U

0 + i éc(Ã
1 0
µ Ū

0γµU
1 − Ã0 1

µ Ū
1γµU

0). (4.81)

It results in

∫
h̄ ∂
∂ xµ
{Ū 0γµ U

0}dV = i éc
∫
(Ã1 0

µ Ū
0γµU

1 − Ã0 1
µ Ū

1γµU
0)dV. (4.82)
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This is not zero for a retarded potential Ã and therefore the relationship

i h̄ć
d
dt((a

0
q)
∗a0
q) = −i éc

∫
(Ã1 0

µ Ū
0γµU

1 − Ã0 1
µ Ū

1γµU
0)dV 6= 0 (4.83)

must be taken into account. We insert the functions, presented in section 4.1.2,

into the eqs.(4.82/4.83). Only the currents 1 0
p qJ̃µ = J̃1 0

µ and 0 1
p qJ̃µ = J̃0 1

µ form

radiation moments. With these additional terms, given in the eqs.(4.69/4.72), and

the eqs.(4.74/4.78), the right side of eq.(4.83) reads in our case

−ié ∫
( Ã1 0

µ Ū
0γµU

1 − Ã0 1
µ Ū

1γµU
0)dV

= é2

á

∫ á
r0 1
Ū 0(R, t′)γµU

1(R, t′) Ū 1(R1, t
′)γµU

0(R1, t
′)dV1dV

− é2

á

∫ á
r0 1
Ū 1(R, t′)γµU

0)(R, t′) Ū 0(R1, t
′)γµU

1(R1))dV1dV

−i4áκ
3 (é2/á)B1 0

3 B0 1
3 .

(4.84)

Then, we can assume that the value of

i h̄ć
d
dt((a

0
q)
∗a0
q) = −i4áκ

3 (é2/á)B1 0
3 (t′n)B

0 1
3 (t′n) (4.85)

is approximately constant in the interval t′n < t′ < t′n + T ′. A similar consideration

is necessary to estimate the change of Ū 1γ4U
1. The eqs.(4.3/4.4) lead to

h̄ ∂
∂x4
Ū 1γ4U

1 = −h̄ ∂
∂xµ̄
Ū 1γµ̄U

1 − i éc(Ã
1 0
µ Ū

0γµU
1 − Ã0 1

µ Ū
1γµU

0) (4.86)
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and to

i h̄ć
d
dt((a

1
p)
∗a1
p) = i4áκ

3 (é2/á)B1 0
3 (t′n)B

0 1
3 (t′n). (4.87)

The Eqs.(4.85/4.87)) describe the correction of the conservation laws of excitation

levels by radiation. Using this result we calculate the influence of the radiation on

the energy component of the associated tensor. One obtains for the time average

of the volume integral over the components of such tensors the expressions

1
T ′

∫ T ′+tn
t′n

(0 0
q qT

d
4 4(t

′))′ dV dt′ = − é2

á
0d0
q(t
′
n)
∗ (0dlq(t

′
n)) (1/ά2 + l ω′) H̄0

qγ4H
0
q (4.88)

and

1
T ′

∫ T ′+t′n
t′n

(1 1
p pT

d
4 4(t

′)) dV dt′ = − é2

á
1dl1p (t′n)

∗ (1dl1p (t′n))( 1/ά2 + l1ω′). (4.89)

Using these equations the linked change in the mean energy of the Dirac field

becomes

− 1
T ′

d
dt′n

∫ T ′+t′n
t′n

(1 1T d4 4(t
′) + 0 0T d4 4(t

′)) dV dt′ =

− é2

á
d
dt′n

1dl+Lp (t′n)
∗ (1dl+Lp (t′n))( 1/ά2 + l ω′ + Lω′)

− é2

á
d
dt′n

0dlq(t
′
n)
∗ (0dlq(t

′
n))( 1/ά2 + l ω′).

(4.90)
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That means,

− 1
T ′

d
dt′n

∫ T ′+t′n
t′n

(1 1T d4 4(t
′) + 0 0T d4 4(t

′)) dV dt′ = − é2

á Lω′ d
dt′n

(1dl+Lp (t′n)
∗ (1dl+Lp (t′n)))

(4.91)

or with the eqs.(4.85/4.87)

− 1
T ′

d
dt′n

∫ T ′+t′n
t′n

(1 1T d4 4(t
′) + 0 0T d4 4(t

′)) dV dt′ = − é2

á
4áćκ2

3 B1 0
3 (t′n)B

0 1
3 (t′n). (4.92)

This can be replaced by

− 1
T ′

d
dt′n

∫ T ′+t′n
t′n

(1 1T d4 4(t
′) + 0 0T d4 4(t

′)) dV dt′ = h̄ω 4áκ
3 (B1 0

µ̄ )∗(t′n)B
1 0
µ̄ (t′n) (4.93)

because of (B1 0
µ̄ )∗ = −B0 1

µ̄ and é2

á Lω/∆t = h̄$. Eq.(4.92) describes the radiation

losses per ∆t in é2/á and eq.(4.93) in h̄ω. Here is assumed that a share of the field

oscillates synchronously in interval t′n ≤ t′ ≤ t′n + T ′ with the frequency $/(2π)

and the fixed magnitude D1 0
p q(t

′
n) := 1dl+Lp (t′n)

∗ (1dl+Lp (t′n). The magnitude is slightly

different in adjacent time intervals. In addition, one can also use the eqs.(4.79/4.80)

to determine change in the integral LSµ̄ over the torque. For example, because of

LS3 = − i
ć

∫
(x1(T

d
2 4 + ∆Tm2 4)− x2(T

d
1 4 + ∆Tm1 4))dV, (4.94)

one obtains
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− 1
T ′

d
dt′n

∫ T ′+t′n
t′n

LS3dt
′ = h̄∆m d

dt′n
(dlp(t

′
n)
∗ (dlp(t

′
n))) (4.95)

where ∆m describes the difference of magnet quantum numbers. In the discussed

case is ∆m = 0. It is also possible to show that the surface integrals over the

far-field yield the same results as the near-field expressions [27].

4.1.4 The field of multiple radiation moments

If the wavelength λ = 2πć/$ is significantly larger than the distance between

the atoms, we can assume that further atoms, located on Rk around a central atom

with the coordinates R0 = R, also have a transition state. This is a consequence

of an overlap frequency $/(2π) of the electromagnetic field. Hence the complete

radiation current is given by

1 0
p qJ̃

g
µ
∼=

∑
k

1 0
p qJ

k
µ(R′k) exp(i$′ (t′ − t′0)), (4.96)

with

1 0
p qJ

n
µ (R′k) = ié kD1 0

p q(k)(jkp q)µ(R′k),

(jkp q)µ(R′k) = H̄p(R
′
k)γµHq(R

′
k),

D1 0
p q(k) =

∑
l(

1kdl+L
p )∗ (0kdlq)

R′k = R−Rk.

(4.97)

Rk describes the zero coordinates of the atom k. The radiation relevant vector

potentials of the central atom are presented in the eqs.(4.52/4.55).
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As long as the condition $ r0 k/ć << 1 is fulfilled, the near-field approxi-

mation can be applied to determine all expressions 1 0
p qÃ

k
µ(R, t′) of a transition

field. We characterise these atoms with k=1, 2, ..., N. In our special case is $/ć =

0.002737á−1, because of λ = 2πć/$ = 2296á = 121.5nm. This should cover a

number of additional radiation sources. Of which vector potentials have around

R′k = (0, 0, 0) the form

−ié 1 0
p qÃ

k
µ̄(R′k, t

′) ∼= −iéÃ′
1 0

µ̄ (k)(R′k, t
′)− é2κ B̃1 0

µ̄ (k), (4.98)

and

−ié 1 0
p qÃ

k
4(R′k, t

′) = −ié Ã′1 0

4 (k)(R′k, t
′) + é2 (− κ2G̃1 0

4 (k) + iκ3 Z̃1 0
4 (k)). (4.99)

The sums over radiation relevant components of the vector potentials on R =

(0, 0, 0) are given by

−ié (1 0
p qÃµ̄)f ∼= − é2 ∑

k

κ B̃1 0
µ̄ (k), (4.100)

and

−ié (1 0
p qÃ4)

f ∼= é2 ∑
k

(iκ3 Z̃1 0
4 (R′k). (4.101)

According to eq.(4.59) or eq.(4.66), we get

B̃1 0
µ̄ (k) = exp(i$′(t′ − t′0))B1 0

µ̄ (k),

B1 0
µ̄ (k) = D1 0

p q(k)
∫
(H̄1

pγµ̄H
0
q )dV ′k

(4.102)

or

Z̃1 0
4 (R′k) = −1

3
xµ̄B̃

1 0
µ̄ (k) (4.103)
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because of xkµ̄
∫
H̄1
pγ4H

0
qdV = 0. The values of B1 0

µ̄ (k) are approximately constant

in the time interval, as long as the near field conditions are met. If the transition

states of these atoms are synchronised, one must add all linked radiation terms.

Then, because of the eqs.(4.100/4.102), one obtains at the location of the central

atom ( R0 = (0, 0, 0)) instead of the eqs.(4.72) the following values

(0Ū 0)γµ(0U 1) := exp(−i ω̄′(t′ − t′0)(0dlq)
∗ 1dl+Lp H̄0

qγµH
1
p ,

−ié (1 0
p qÃµ̄(R))f ∼= −(é2/á) exp(i(ω̄′(t′ − t′0))

∑
k (áκB1 0

µ̄ (k))

×Ck
p q(R−Rk) exp(iφkp q(R−Rk)),

−ié (1 0
p qÃ4(R))f ∼= −(é2/á) exp(i(ω̄′(t′ − t′0))

∑
k ( áκ

2xµ̄
3 B1 0

µ̄ (k))

×Ck
p q(R−Rk) exp(iφkp q(R−Rk)).

(4.104)

The parameters B1 0
µ̄ (k), Ck

p q, and φkp q, depend on the phase and the orientation

of the currents J̃kµ(R′k, t
′) and of which distance from the origin. These expressions

can be put in eq.(4.71). Then one obtains instead of eq.(4.74) the equation

∑
l, k(

0dlq)
∗ d
dt′ (

0dlq) = −2áκ
3 B

0 1
µ̄ (0)

∑
k(
kO1 0

p q)B
1 0
µ̄ (k) (4.105)

and for eq.(4.80)

∑
l, k

d
dt′ [(

1dlq)
∗ )]( 1dlq) = −2áκ

3 B
1 0
µ̄ (0)

∑
k(
kO0 1

q p)B
0 1
µ̄ (k), (4.106)

The determination of the amount and the phase of (kO1 0
p q) and (kO0 1

q p) requires

studying a more detailed model. However, one can assume that a dominating
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transition current of a central atom determines the phase angles of the transition

currents of all atoms involved, as in the antennas of technical dipole fields. The

reason is that a multiplication of exp(iϕk) on the transition functions kU 0(R′k, t
′)

and kU 1(R′k, t
′) has no influence on the solutions of the linked system as long as

the radiation field is neglected. However, the phase angle can be influenced by the

radiation field. Therefore a state with |∑l
d
dt′ ((

0dlq)
∗) ( 0dlq))| >> 2áκ

3 (B1 0
µ́ )∗B1 0

µ́ is

possible, which causes stronger charge exchange. Consequently, the model allows

an emission of one ”photon” faster than the mentioned 10−6s. However, a precise

description of radiation processes requires an intensive investigation of the system.

4.2 The Dirac field of a transition state

Now we look at the force and energy balance for a general solution of the Dirac

equation which is only influenced by the quasi-static potentials. This is necessary

to prove the causal behaviour of the system. The solution functions are

U =
∑
s=0,±1,.. U

z−s

U z−s =
∑
q
z−saq(t) exp(−i( ( Ḿ ć2/h̄) ( t − t0))H

z−s
q

(4.107)

and
Ū =

∑
z Ū

z

Ū z =
∑
p (zap(t))

∗ exp(i( (Ḿ ć2/h̄) ( t − t0))H̄
z
p ,

(4.108)

which lead to

Jµ =
∑
z,s

z z−s
p q Jµ(R, t) =

∑
z′,s′

z′+s′ z′
p q Jµ(R, t),

z+s′ z′
p q Jµ(R, t) = iéŪ z′+s′γµU

z′
(4.109)
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and the quasi-static potentials

As′
µ =

∑
z
z+s′ z
p q Aµ(R, t) =

∑
z′

z′ z′−s′
p q Aµ(R, t)

z+s′ z
p q Aµ(R, t) = ié

∑
p,q(a

z+s′
p (t))∗ azq(t)

∫ 1
r0 1
H̄z+s′
p (R1)γµH

z
q (R1)dV1.

(4.110)

We also need the following forms of the eigenvalue eqs.(3.26/3.27):

γµ̄(h̄
∂ Hz−s

q

∂ xµ̄
) =

1

ć
(Ēz−s

q +
é2

r
) γ4H

z−s
q − Ḿ ćHz−s

q , (4.111)

(h̄
∂ H̄z

p

∂ xµ̄
)γµ̄ = 1

ć H̄
z
pγ4(− Ēz

p − é2

r ) + Ḿ ć H̄z
p . (4.112)

The divergences of the lines of the energy-momentum tensor, formed with the

functions of the eqs.(4.107/4.108) read

∂ z z−sT dν µ
∂ xµ

=
ć h̄

2

∂

∂ xµ
[Ū zγµ

∂ U z−s

∂ xν
− ∂ Ū z

∂ xν
γµ U

z−s]. (4.113)

Using the eqs.(4.107/4.108) and the eqs.(4.111/4.112), we get for these divergences

∂ z z−sT dν µ̄
∂ xµ̄

= 1
2(

∑
p (azp)

∗H̄z
p (−Ēz

p − é2

r ) γ4
∂ Uz−s

∂ xν

−∂ Ūz

∂ xν

∑
q a

z−s
q (Ēz−s

q + é2

r ) γ4H
z−s
q

+Ū z ∂
∂ xν

[(
∑
q a

z−s
q (Ēz−s

q + é2

r ) γ4H
z−s
q ],

− ∂
∂ xν

[
∑
p( (azp)

∗ H̄z
p (−Ēz

p − é2

r ) ] γ4U
z−s).

(4.114)
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After adding the missing term for µ = 4, it becomes for ν = ν̄

∂ z z−sT dν̄ µ
∂ xµ

= 1
2(

∑
p H̄

z
p (ćh̄

∂ (azp)
∗

∂ x4
− (azp)

∗ (Ēz
p + é2

r )) γ4
∂ Uz−s

∂ xν̄

−∂ Ūz

∂ xν̄

∑
q(ćh̄

∂ az−sq

∂ x4
+ cz−sq (Ēz−s

q + é2

r )) γ4H
z−s
q

+Ū z ∂
∂ xν̄

[
∑
q((ćh̄

∂ az−sq

∂ x4
+ az−sq (Ēz−s

q + é2

r )) γ4H
z−s
q ]

− ∂
∂ xν̄

[
∑
p( H̄

z
p (ćh̄

∂ (azp)
∗

∂ x4
− (azp)

∗ (Ēz
p + é2

r )) ] γ4U
z−s).

(4.115)

Using the Fourier transformations of the functions

Ū z =
∑
p,l1

(zdl1p )∗ exp(i( ( Ḿ ć2/h̄ + l1ω )( t − t0))H̄
z
p (4.116)

and

U z−s =
∑
q,l

z−sdlq exp(−i( ( Ḿ ć2/h̄ + lω) ( t − t0))H
z−s
q , (4.117)

one obtains

∂ z z−sT dν̄ µ
∂ xµ

= 1
2

∑
p,q,l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω (t − t0))

×((H̄z
p γ4

∂ Hz−s
q

∂ xν̄
− ∂ H̄z

p

∂ xν̄
γ4H

z−s
q ) ( ( l1 − l )ω h̄ − Ēz

p + Ēz−s
q )

+ 2 H̄z
pγ4H

z−s
q (∂ ( é2/r)

∂ xν̄
)).

(4.118)

This can be described for s=1 and z=1 by
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∂ 1 0T dν̄ µ
∂ xµ

∼= 1
2

∑
p,q,l,l1 ((1dl1p )∗ (0dlq) exp(i (l1 − l)ω (t − t0) )

×((H̄1
p γ4

∂ H0
q

∂ xν̄
− ∂ H̄1

p

∂ xν̄
γ4H

0
q ) ( ( l1 − l )ω h̄ − Ē1

p + Ē0
q )

+ 2 H̄1
pγ4H

0
q (∂ ( é2/r)

∂ xν̄
)).

(4.119)

For ν = 4 the components are

z z−sT d4 µ̄ = −1
2

∑
p,q,l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω (t − t0))

×(2 Ḿ ć2 + h̄(l1 + l)ω) H̄z
pγµ̄H

z−s
q

(4.120)

and

z z−sT d4 4 = −1
2

∑
p,q,l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω (t − t0))

×(2 Ḿ ć2 + h̄(l1 + l)ω) H̄z+s
p γ4H

z
q .

(4.121)

The divergence of the fourth line is

∂
∂ xµ

(z z−sT d4µ) = − 1
2ć

∑
p,q,l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω (t − t0))

× (h̄(l1 − l)ω − Ēz
p + Ēz−s

q )(2 Ḿ ć2 + h̄(l1 + l)ω) H̄z
pγ4H

z−s
q

(4.122)

because of

∂
∂ xµ̄

H̄z
pγµ̄H

z−s
q = 1

2ćh̄(− Ēz
p + Ēz−s

q ) H̄z
pγ4H

z−s
q (4.123)

and

∂
∂ x4

(z z−sT d4 4) = − 1
2ć

∑
p,q,l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω (t − t0))

× (l1 − l)ω (2 Ḿ ć2 + h̄(l1 + l)ω) H̄z
pγ4H

z−s
q .

(4.124)
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One gets for the space integral over the eq.(4.122), due to the orthogonality of Hz−s
q

and Hz
p , the expression

∫ ∂
∂ xµ

(z z−sT d4µ) dV = − δ(s) 1
2ć

∑
q,l,l1 ((zdl1q )∗ (z−sdlq)

× exp(i (l1 − l)ω (t − t0)) (l1 − l)ω (2 Ḿ ć2 + h̄(l1 + l)ω).
(4.125)

Its mean value in time is given for s=0 by

1
T

∫ T+tn
tn

∫ ∂
∂ xµ

(z zT d4µ(t)) dV dt = 0. (4.126)

This is a consequence of the continuity eq.(3.122), which yields for 2 Ḿ ć2 >>

h̄(l1 + l)ω and z=1, s=0 the constant value

1
T

∫ T+tn
tn (1 1T d4 4(t)) dV dt = − ∑

p,l1 ((1dl1p )∗ (1dl1p ) Ḿ ć2 (4.127)

and for z=0, s=0

1
T

∫ T+tn
tn (0 0T d4 4(t))) dV dt = − ∑

q,l ((
0dlq)

∗ (0dlq) Ḿ ć2, (4.128)

if the radiation can be neglected.

To describe the influence of purely quasi-static potentials on the force and energy

balance, we use the following Dirac equations
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Ū
∑
z γµ h̄

∂Uz

∂ xµ
= 1

ć(é
2/r )Ūγ4 U

+ i éć
∑
z,s,s′=0,±1,.. (A

−s′
µ Ū zγµ U

z−s ) − Ḿ ćŪ U
(4.129)

and

∑
z(h̄

∂ Ūz

∂ xµ
)γµU = − 1

c(é
2/r)Ūγ4U

−i éc
∑
z,s,s′=0,±1,.. (A

−s′Ū z γµ U
z−s ) + Ḿ ć ŪU.

(4.130)

We don’t use of the relation

i éć
∑
s′=0,±1,..

∫
(A−s

′

µ Ū zγµ U
z−sdV

= i é
2

c

∑
z′,s′=0,±1,..

∫
(
∫
Ū zγµ U

z−s ∫ 1
r0 1
Ū z′−s′γµU

z′dV1dV

= i é
2

c

∑
z′

∫
(
∫
Ū zγµ U

z−s ∫ 1
r0 1
Ū z′−sγµU

z′dV1dV

(4.131)

because the terms with s 6= s′ are necessary for the local description of the force

balance. The eqs.(4.129/4.130) enables the formulation of the divergence eq.(4.119)

in an alternate way. The eqs.(4.129/4.130) lead to

∑
z,s

∂ z z−sT dν µ
∂ xµ

=
∑
z, s Ū

zγ4 U
z−s ∂

∂ xν
(é2/r)

+ié
∑
z,s,s′(

∂ A−s
′

µ

∂ xν
)Ū zγµU

z−s ).
(4.132)

It agrees with eq.(2.35) if we neglect the radiation. With the help of the Fourier

transformation, the eq.(4.129) can be replaced by
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∑
z,s Ū

zγµ(h̄ ∂ Uz−s

∂ xµ
) =

1
c

∑
p,q,z,z′,s,s′,l,l1,µ (zdl1p )∗ z−sdlq exp(−i (Ḿ ć2/h̄ + (l − l1)ω )(t − t0))

×(− é2

á ((z z−sq mgz
′−s′ z′
l )µ/(

z−sdlq ) + é2

r ) H̄z
pγ4H

z−s
q − Ḿ ć2 H̄z

pH
z−s
q )

(4.133)

and eq.(4.130) by

∑
z,s(h̄

∂ Ūz

∂ xµ
γµU

z−s) =
1
c

∑
p,q,z,z′,s,s′,l,l1,µ (zdl1p )∗ z−sdlq exp(−i (Ḿ ć2/h̄ + (l − l1)ω )(t − t0))

×(− é2

á ((z z−sp m̄gz
′−s′ z′
l1 )µ/(

zdl1p )∗) + é2

r )H̄z
pγ4H

z−s
q + Ḿ ć2 H̄zHz−s

q )

(4.134)

Here is

(z z−sq mgz
′−s′ z′
l )µ = 1

T

∫ t0+T
t0 exp(ilω (t− t0)) z z−s

′

q M z′−s′ z′
µ (t)dt (4.135)

with

∑
µ
z z−s
q M z′−s′ z′

µ (t) = −iá exp(i(t− t0)/ά2)

× ∫
H̄z
q γµU

z−s(t)
∫ 1
r0 1
Ū z′−s′γµU

z′dV1dV
(4.136)

or

(z z−sp m̄gz
′−s′ z′
l )µ = 1

T

∫ t0+T
t0 exp(−il1ω (t− t0)) z z−sp M̄ z′−s′ z′

µ (t)dt (4.137)
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with

∑
µ
z z−s
p M̄ z′−s′ z′

µ (t) = −iá exp(−i(t− t0)/ά2)

× ∫
Ū zγµH

z−s′
p (t)

∫ 1
r0 1
Ū z′−s′γµU

z′dV1dV .
(4.138)

According to eq.(4.111) becomes

γµ h̄
∂Uz−s

∂ xµ
= 1

ć

∑
q (− ih̄ d

dta
z−s
q + az−sq (Ez−s

q + (é2/r )))γ4H
z−s
q . (4.139)

In addition, one can write in purely quasi-static cases (see eqs.(4.12/4.13))

ih̄ d
dta

z−s
q = Ez−s

q az−sq + é2

á

∑
µ, z′,s′

z z−s
q M z′−s′ z′

µ (t). (4.140)

After changing the dimension is

é2

á
d
dt′a

z−s
q = i é

2

á ((Ez−s
q )′az−sq (t′) +

∑
µ, z′,s′

z z−s
q M z′−s′ z′

µ (t′)). (4.141)

Besides, one obtains (see eq.4.30)

i é
2

á
d
dt′ (a

z
p(t
′))∗ = − é2

á ((Ez
p)
′(azp(t

′))∗

+
∑
µ, z′, s′

z z−s
p M̄ z′−s′ z′

µ (t′)).
(4.142)
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The Fourier transformation leads to

i é
2

á
d
dt′a

z−s
q (t′) = (é2/á)

∑
l (l ω

′ z−sdlq

+ i
d (z−sdlq)

d t′ ) exp(−i( l ω′ )(t′ − t′0)).
(4.143)

Therefore in quasi-static case (
d (z−sdlq)

d t′ = 0), the eq.(4.142) results in

(é2/á)(l ω′ ) z−sdlq = (é2/á)( (Ez−s
q )′ z−sdlq +

∑
µ,z′,s′,(

z z−s
q mgz

′−s′ z′
l )µ) . (4.144)

and the eq.(4.142) in

(−é2/á)(l1ω ) (zdl1p )∗ = (é2/á)(− (Ez
p)
′ (zdl1p )∗

− ∑
µ, z′, s′(

z z−s
p m̄gz

′−s′ z′
l1 )µ) .

(4.145)

These expressions yield

(é2/á)1
2

∑
l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t′ − t′0)) ( l1 − l )ω′

= 1
2

∑
l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t′ − t′0))( (Ez

p)
′ − (Ez−s

q )′ )

+
∑
z′,s′,µ((z z−sq m̄gz

′−s′ z′
l1 )µ/(

zdl1p )∗ − (z z−sq mgz
′−s′ z′
l )µ/(

z−sdlq))

(4.146)

and thus
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(é2/á)1
2

∑
l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t′ − t′0)) ( l1 − l )ω′

×(H̄z
p γ4

∂ Hz−s
q

∂ xν̄
− ∂ H̄z

p

∂ xν̄
γ4H

z−s
q )

= 1
2

∑
l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t′ − t′0))( (Ez

p)
′ − (Ez−s

q )′ )

+
∑
z′,s′,µ((z z−sq m̄gz

′−s′ z′
l1 )µ/(

zdl1p )∗) − (z z−sq mgz
′−s′ z′
l )µ/(

z−sdlq))

×(H̄z
p γ4

∂ Hz−s
q

∂ xν̄
− ∂ H̄z

p

∂ xν̄
γ4H

z−s
q ) .

(4.147)

If one puts this expression in eq.(4.118), one obtains

∂ z z−sT dν̄ µ
∂ xµ

= é2

2á

∑
p,q,l,l1(

zdl1p )∗ z−sdlq exp(i (l1 − l)ω′ (t′ − t′0))

×((
∑
z′,s′,µ(−(z z−sp m̄gz

′−s′ z′
l1 )µ/(

zdl1p )∗ + (z z−sq mgz
′−s′ z′
l )µ/(

z−sdlq)

−(Ez
p)
′ + (Ez

q−s)
′ ) (H̄z

p γ4
∂ Hz−s

q

∂ xν̄
− ∂ H̄z

p

∂ xν̄
γ4H

z−s
q )

+ H̄z
pγ4H

z−s
q

∂ ( é2/r)
∂ xν̄

) )

(4.148)

and for z=1, s=1 it is

∂ 1 0T dν̄ µ
∂ xµ

= é2

2á

∑
p,q,l,l1(

1dl1p )∗ 0dlq exp(i (l1 − l)ω′ (t′ − t′0))

×((
∑
z′,s′,µ(−(1 0

p m̄g
z′−s′ z′
l1 )µ/(

1dl1p )∗ + (1 0
q mg

z′−s′ z′
l )µ/(

0dlq))

−(E1
p)
′ + (E0

q )
′ ) (H̄1

p γ4
∂ H0

q

∂ xν̄
− ∂ H̄1

p

∂ xν̄
γ4H

0
q )

+ H̄1
pγ4H

0
q
∂ ( é2/r)
∂ xν̄

) ).

(4.149)

Using eq.(4.147), the eq.(4.122) reads

∂
∂ xµ

(z z−sT d4µ) = é2

2á

∑
p,q,l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t′ − t′0))

× ((
∑
z′,s′(−(z z−sp m̄gz

′−s′ z′
l1 )µ/(

zdl1p )∗ + (z z−s
′

q mgz
′−s′ z′
l )µ/(

zdlq))

− (Ez
p)
′ + (Ez−s

q )′)(2/ά2 + (l1 + l)ω′) H̄z
pγ4H

z−s
q

(4.150)
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and for z=1, s=1 becomes

∂
∂ xµ

(1 0T d4µ) = é2

2á

∑
p,q,l,l1 ((1dl1p )∗ (0dlq) exp(i (l1 − l)ω′ (t′ − t′0))

× (
∑
z′,s′,µ(−(1 0

p m̄g
z′−s′ z′
l1 )µ/(

1dl1p )∗ + (1 0
q mg

z′−s′ z′
l )µ/(

0dlq))

− (E1
p)
′ + (E0

q )
′)(2/ά2 + (l1 + l)ω′) H̄1

pγ4H
0
q .

(4.151)

The comparison of eq.(4.118) and eq.(4.149) leads to

∑
p,q,l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t′ − t′0))( (l1− l)ω′

−(Ez
p)
′ + (Ez−s

q )′ − ∑
z′,s′,µ((z z−sp m̄gz

′−s′ z′
l1 )µ/(

zdl1p )∗

+ (z z−sq mgz
′−s′ z′
l )µ/(

z−sdlq)))

×( H̄z
p γ4

∂ Hz−s
q

∂ xν
− ∂ H̄z

p

∂ xν
γ4H

z−s
q + 2 H̄z

pγ4H
z−s
q

∂ ( é2/r)
∂ xν

) = 0

(4.152)

or eq.(4.119) and (4.150) to

∑
p,q,l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t′ − t′0))((l1− l)ω′

−(Ez
p)
′ + (Ez−s

q )′ − ∑
z′,s′,µ((z z−sm̄gz

′−s′ z′
l1 )µ/(

zdl1p )∗

+ (z z−sq mgz
′−s′ z′
l )µ/(

z−sdlq)))( 2/ά2

+ (l1 + l)ω′) H̄z
pγ4H

z−s
q = 0.

(4.153)

Both results are obtained directly by multiplying of eq.(4.147) with different func-

tions and adding up of all terms. These equations become for z=1, z′=1 and s=1,

s′= 1 the form
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∑
p,q,l,l1 ((1dl1p )∗ (0dlq) exp(i (l1 − l)ω′ (t′ − t′0))( (l1− l)ω′

−(E1
p)
′ + (E0

q )
′ − ∑

µ((1 0
p m̄g

0 1
l1 )µ/(

1dl1p )∗

+ (1 0
q mg

0 1
l )µ/(

0dlq)))( H̄
1
p γ4

∂ H0
q

∂ xν

−∂ H̄1
p

∂ xν
γ4H

0
q + 2 H̄1

pγ4H
0
q
∂ ( é2/r)
∂ xν

) = 0

(4.154)

and

∑
p,q,l,l1 ((1dl1p )∗ (0dlq) exp(i (l1 − l)ω′ (t′ − t′0))((l1− l)ω′

−(E1
p)
′ + (E0

q )
′ − ∑

µ((1 0m̄g0 1
l1 )µ/(

1dl1p )∗

+ (1 0
q mg

0 1
l )µ/(

0dlq) ))( 2/ά2 + (l1 + l)ω′) H̄1
pγ4H

0
q = 0.

(4.155)

The Eqs.(4.148/4.150) must be valid for all frequencies ∆ l ω/π = (l − l1)ω′/π

in the interval t′0 ≤ t′ ≤ T ′ + t′0 for every combinations of p and q. The basis

equations must thus be fulfilled exactly. This is only possible when all excitation

levels and all eigenfunction are used. That means, the solutions are formed by the

following sums

∑
z Ū

z(R, t)

=
∑
z,p,l1 (zdl1p )∗ exp(i( ( 1/ά2 + l1ω′ )( t′ − t′0))H̄

z
p (R)

(4.156)

and

∑
z′
U z′(R, t) =

∑
z′,q,l

z′dlq exp(−i( ( 1/ά2 + lω′) ( t′ − t0)
′)Hz′

q (R). (4.157)

If these functions fulfils the basic equations exactly in the mentioned time interval,

then the eqs.(4.152/4.153) are also met. Such accuracy is not to be expected in the

presented approximation.
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4.3 The complete energy-momentum tensors of a transi-

tion state

In this section we compare the energy-momentum tensor of the electromagnetic

field and the Dirac field of a transition state. Since the radiation field does not

contribute to the stability of such system, we take into account only the quasi-static

potentials. These fields are caused by the following currents

Jµ = Ĵµ + δ(µ− 4)JK4 (4.158)

with
Ĵµ = ieŪγµU, U =

∑
z U

z,

JK4 = −ie%K .
(4.159)

One needs for description of the dynamic behaviour of such fields the tensor com-

ponents T̂ dν µ, T̂
w
ν µ, and T̂

e
ν µ, which are given by

T̂ dν µ = c h̄
2 (Ūγµ

∂ U
∂ xν
− ∂ Ū

∂ xν
γµ U),

T̂wν µ = Twν µ + T̀wν µ,

T̂ eν µ = T eν µ + T̀ eν µ

(4.160)

with

Twν µ = −ÂνĴµ,

T̀wν µ = − ÂνJ
K
µ − AK

ν Ĵµ,

T̆wν µ = −AK
ν J

K
µ .

(4.161)
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We use for T̀ eνµ the tensor

T̀ eνµ =
1

4π
(FK

νσF
e
µσ + F̂ e

νσF
K
µσ −

1

4
δ(ν − µ)(F e

σλF
K
σλ + FK

σλF
e
σλ)). (4.162)

Generally the divergence of T̂ dν µ = T dν µ, given in eqs.(4.149/4.150), must be com-

pensated by the divergence of T̂wν µ + T̂ eν µ. These have the following forms

∂
∂ xµ

(Twνµ + T eνµ) = −Ĵµ∂ Âµ∂ xν
,

∂
∂ xµ

(T̀wνµ + T̀ eνµ) = (−Ĵµ
∂ AKµ
∂ xν
− JKµ

∂ Âµ
∂ xν

) ,

∂
∂ xµ

(T̆wνµ + T̆ eνµ) = −JKµ
∂ AKµ
∂ xν

.

(4.163)

We regard %K(r) to be a small expanded charge distribution of the nucleus with

spherical symmetry and not as a singularity. Then all transformations are allowed.
∂
∂ xµ

(T̆wνµ + T̆ eνµ) describes the divergence of an independent field and can be sepa-

rated. The remaining divergence equations are

∂
∂ xµ

(Twνµ + T eνµ) =
∑
z, s

∂
∂ xµ

(z z−sTwνµ + z z−sT eνµ) (4.164)

respectively

∂
∂ xµ

(Twνµ + T eνµ) = −∑
z, s, s′

∂ A−s
′

µ

∂ xν
Jz z−sµ ,

∂
∂ xµ

(T̀wνµ + T̀ eνµ) = −∑
z, s(J

z z−s
µ

∂ AKµ
∂ xν

+ JKµ
∂ A−s

′
µ

∂ xν
)

(4.165)
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and the sum is (see eq.(4.132))

∂
∂ xµ

(Twνµ + T eνµ + T̀wνµ + T̀ eνµ) = − ∑
z, s Ū

zγ4 U
z−s ∂

∂ xν
(é2/r)

−ié∑
z, s, s′ ((

∂ A−s
′

µ

∂ xν
) (Ū zγµU

z−s − ∑
z, s J

K
µ
∂ Asµ
∂ xν

)
(4.166)

or

∂
∂ xµ

(Twνµ + T eνµ + T̀wνµ + T̀ eνµ) = − ∑
z,s

∂ z z−sT dν µ
∂ xµ

− ∑
z, s J

K
µ
∂ Asµ
∂ xν

. (4.167)

These relations yield the general force balance equations

∑
z, s

∂
∂ xµ

(z z−sT dν µ + z z−sTwν µ + z z−sT eνµ + z z−sT̀wνµ

+ z z−sT̀ eνµ) = − ∑
z, s J

K
µ
∂ As4
∂ xν

(4.168)

which in our special case can be approximated by

∂
∂ xµ

( 1 0T dν µ + 1 0Twµ + 1 0T eνµ + 1 0T̀wνµ + 1 0T̀ eνµ) = − JK4
∂ A1 0

µ

∂ xν
. (4.169)

Here the ride side becomes for v = ν̄ (see eq.(4.110))

∑
z, s J

K
4
∂ As4
∂ xν̄

= (é2/á)
∑
z,p,q,l,l1 ((zdl1p )∗ (z−sdlq)

× exp(i (l1 − l)ω′ (t′ − t′0))(
K
pqmk

z z−s)ν̄
(4.170)

with
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(Kpqmk
z z−s)ν̄(R) = JK4 (R) ∂

∂ xν̄
(
∫ 1
r0 1
H̄z
p (R1)γµH

z−s
q (R1)dV1). (4.171)

We insert the generalised eq.(4.148) into (4.168) and obtain after changing the

dimension

∂
∂ xµ

(z z−sTwν̄µ + z z−sT eν̄µ + z z−sT̀wν̄µ + z z−sT̀ eν̄µ)

= −(é2/á)1
2

∑
s,p,q,l,l1 (zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t′ − t′0))

×(
∑
z′,s′((

z z−s
p m̄gz

′−s′ z′
l1 )µ/(

zdl1p )∗ − (z z−s
′

q mgz
′−s′ z′
l )µ)/(z−sdlq))

×( H̄z
p γ4

∂ Hz−s
q

∂ xν̄
− ∂ H̄z

p

∂ xν̄
γ4H

z−s
q + H̄z

pγ4H
z−s
q

∂ ( 2/r)
∂ xν̄

)

− 2(Kpqmk
z z−s)ν̄).

(4.172)

That means the eq.(4.169) yields for ν = ν̄

∂
∂ xµ

(z z−sT dν̄ µ + z z−sTwν̄ µ + z z−sT eν̄µ + z z−sT̀wν̄µ + z z−sT̀ eν̄µ) =

(é2/á)1
2

∑
p,q,l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t − t0))( (l1− l)ω′

−(Ez
p)
′ + (Ez−s

q )′ − ∑
z′,s′((

z z−s
p m̄gz

′ z′−s′
l1 )µ/(

zdl1p )∗

− (z z−sq mgz
′ z′−s′
l )µ/(

z−sdlq)))( H̄
z
p γ4

∂ Hz−s
q

∂ xν
− ∂ H̄z

p

∂ xν̄
γ4H

z−s
q

+2 H̄z
pγ4H

z−s
q

∂ ( é2/r)
∂ xν̄

− 2(Kpqmk
z z−s)
ν̄ )

(4.173)

and for ν = 4

∂
∂ xµ

(z z−sT d4µ + z z−sTw4µ + z z−sT e4µ + z z−sT̀w4µ + z z−sT̀ e4µ) =

(é2/á)1
2

∑
p,q,l,l1 ((zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t′ − t′0))((l1− l)ω′

−(Ez
p)
′ + (Ez−s

q )′ − ∑
z′,s′((

z z−sm̄gz
′−s′ z′
l1 )µ/(

zdl1p )∗

− (z z−sq mgz
′−s′ z′
l )µ/(

z−sdlq) ))((2/ά2 + (l1 + l)ω′) H̄z
pγ4H

z−s
q

− 2(Kpqmk
z z−s)4) .

(4.174)

Here is
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(Kpqmk
z z−s)4 = −(l1− l)ω′ JK4 (R)(

∫ 1
r0 1
H̄z
p (R1)γµH

z−s
q (R1)dV1). (4.175)

Due to eq.(4.168), it becomes for all ν

∂
∂ xµ

(z z−sT dν µ + z z−sTwν µ + z z−sT eνµ + z z−sT̀wνµ + z z−sT̀ eνµ) =

−(é2/á)
∑
p,q,l,l1(

zdl1p )∗ (z−sdlq) exp(i (l1 − l)ω′ (t′ − t′0)) (Kpqmk
z z−s)ν,

(4.176)

Last equation contains the divergence of following oscillating field

1 0T̃ drν µ = (é2/á)1
2

∑
l ((

1rdl+Lk )∗ exp(i( (1/ά2 + (l + L)ω′ )( t′ − t′0))

×H̄1
k(R)γµ

∂
∂xν

[0rdlm exp(−i( (1/ά2 + (l + L)ω′ )( t′ − t′0))H
0
m(R)]

− ∂
∂xν

[(1rdl+Lk )∗ exp(i( (1/ά2 + lω′ )( t′ − t′0)))H̄
1
k(R)]

×γµ 0rdlm exp(−i( (1/ά2 + lω′ )( t′ − t′0))H
0
m(R)),

(4.177)

which can be replaced by

1 0T̃ drν̄ µ = (é2/á)1
2D

1 0
km exp(i$′(t′ − t′0)(H̄kγν̄

∂Hm

∂xν̄
− ∂H̄k

∂xν̄
γµHm)

and
1 0T̃ dr4µ = − (é2/á) 1

ά2D
1 0
km exp(i $′ (t′ − t′0)) H̄

1
kγµH

0
m.

(4.178)

Due to the eqs.(4.119), the divergences of this tensor read
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∂ 1 0T̃ drν̄ µ
∂ xµ

∼= (é2/á)1
2D

1 0
km exp(i$′ (t′ − t′0) )

×((H̄1
k γ4

∂ H0
m

∂ xν̄
− ∂ H̄1

k

∂ xν̄
γ4H

0
m) ($′ − (E1

k)
′ + (E0

m)′

+ H̄1
kγ4H

0
m (∂ (2/r)

∂ xν̄
))

(4.179)

or

∂
∂ xµ

(1 0T̃ dr4µ) = (é2/á) 1
ά2D

1 0
km exp(i $′ (t′ − t′0))

× ($′ − (E1
k)
′ + (E0

m)′) H̄1
kγ4H

0
m

(4.180)

if the radiation loss is neglected. The compensating terms of these fields are

1 0T̃wν̄ µ = −D1 0
km exp(i$ (t − t0) ( kmA1 0

ν̄ J
K
µ + AK

ν̄
kmJ1 0

µ ),
1 0T̃ eν̄ µ = 1

4πD
1 0
km exp(i$ (t − t0) (FK

ν̄ σ (kmF e, 1 0
µσ ) + (kmF e, 1 0

ν̄σ )FK
µσ

−1
2δ(ν̄ − µ)FK

σλ (kmF e, 1 0
σλ ))

(4.181)

with

kmA1 0
4 (R) = ié

∫ 1
r0 1
H̄1
kγ4H

0
m (R1, )dV1,

kmF e, 1 0
ν̄ µ
∼= δ(4− µ)∂

kmA1 0
4

∂xν̄
,

kmF e, 1 0
νµ̄
∼= −δ(ν − 4)∂

kmA1 0
4

∂xµ̄
,

kmJ̃1 0
µ = ié exp(i$(t− t0)H̄1

kγµH
0
m.

(4.182)

The tensor components have the form
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1 0T̃wν̄ µ = −δ(4− µ)D1 0
km exp(i$ (t − t0)) ( kmA1 0

ν̄ J
K
4 + AK

4
kmJ1 0

ν̄ ),
1 0T̃ eν̄ µ = 1

4πD
1 0
km exp(i$ (t − t0)) (FK

ν̄ σ
kmF e, 1 0

µσ + kmF e, 1 0
νσ FK

ν̄ σ

−δ(ν̄ − µ̄) ∂
kmA1 0

4

∂ xσ̄

∂ AK4
∂ xσ̄

).

(4.183)

Due to ∆ kmA1 0
ν̄ = − 4π kmJ1 0

ν̄
∼= 0 and kmA1 0

ν̄
∼= 0 , we get 1 0T̃wν̄µ

∼= 0 and for the

sum of the divergences of these tensors

∂
∂ xµ

(1 0T̃wν̄µ + 1 0T̃ eν̄µ) = −(é2/á)D1 0
km exp(i$′ (t′ − t′0) (H̄1

kγ4H
0
m (∂ (1/r)

∂ xν̄
)

+ JK4
∂ kmA1 0

4

∂ xν̄
).

(4.184)

Using the eqs.(4.119/4.180), it becomes

∂
∂ xµ

( 1 0T̃ drν̄ µ + 1 0T̃wν̄ µ + 1 0T̃ eν̄ µ) = (é2/á)1
2D

1 0
km exp(i$′ (t′ − t′0) )

×((H̄1
k γ4

∂ H0
m

∂ xν̄
− ∂ H̄1

k

∂ xν̄
γ4H

0
m) ($′ − (E1

k)
′ + (E0

m)′ )

−D1 0
km J

K
4
∂ kmA1 0

4 (R)
∂ xν̄

.

(4.185)

In addition, it is ∂ kmA1 0
4 (R)

∂ xν̄
∼= 0 for a spherically, only small expanded charge

distribution of the nucleus, if kmA1 0
4 has an extreme value in this area. Then the

last term in eq.(4.185) can be approximated by

ié
∂ kmA1 0

4 (R)

∂ xν̄
%K(r) = 0. (4.186)
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With eqs.(4.49/4.186) the eq.(4.185) reads

∂
∂ xµ

( 1 0T̃ dν̄ µ + 1 0T̃wν̄ µ + 1 0T̃ eν̄ µ) = 0. (4.187)

In addition, because of: Ḿ ć2 � 1 0T̃w4µ,
1 0T̃ e4µ, it becomes ∂

∂ xµ
( 1 0T̃ d4µ + 1 0T̃w4µ +

1 0T̃ e4µ) ∼= ∂
∂ xµ

( 1 0T̃ d4µ). That means, the divergence of the fourth line, given in

eq.(4.174), describes the continuity equation in the applied approximation.

The consideration exhibits that the dynamics of a transition field fulfils the

causality condition because the divergences of the energy-momentum tensor of the

system are zero. Such tensors include normally radiation moments. These can

interact with a radiation field and cause radiation effects if a frequency condition is

fulfilled. Prerequisites are a noticeable size of such spectral line and the fulfilment

of an independent continuity equation such as eq.(4.44). Also the value of the

emitted energy must amount to E = hν when the transition process is completed.

Details on the radiation fields are described in section 4.1.2. The combination of the

results allows to say that this model explains the emission of a ”photon” through

a causal process.
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Chapter 5

The two-electron system

5.1 The basic equations

In the next step we consider a classical field model in which two electrons are

bound to a double charged nucleus. According to our interpretation, the electron 1

and 2 should be described by the following separated field functions U(R1, t) and

V (R2, t) inR1-space andR2-space, respectively. Nevertheless, the current and ten-

sor components can be interpreted finally as field functions in the real space R. It

is also useful sometimes to set R = R′ to characterise the source of real electromag-

netic fields. The functions satisfy the conditions
∫
Ū(R1, t)γ

1
4U(R1, t)dV1 = 1 and∫

V̄ (R2, t)γ
2
4V (R2, t)dV2 = 1. These are influenced by the potentials

A1
4(R1, t) = ié

∫ 1
r1 1′

Ū(R′1, t)γ′
1
4U(R′1, t)dV ′1 ,

A2
4(R1, t) = ié

∫ 1
r1 2′

V̄ (R′2, t)γ′
2
4V (R′2, t)dV ′2 ,

A1
4(R2, t) = ié

∫ 1
r2 1′

Ū(R′1, t)γ′
1
4U(R′1, t)dV ′1 ,

A2
4(R2, t) = ié

∫ 1
r2 2′

V̄ (R′2, t)γ′
2
4V (R′2, t)dV ′2 .

(5.1)
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That leads to the Dirac equations

(γ1
µ(h̄

∂

∂x1
µ

− ié
ć
(AK

4 + A1
4(R1, t) + A2

4(R1, t)) + Ḿ ć)U(R1, t) = 0 (5.2)

and

(γ2
µ(h̄

∂

∂x2
µ

− ié
ć
(AK

4 + A1
4(R2, t) + A2

4(R2, t)) + Ḿ ć)V (R2, t) = 0, (5.3)

where the potential of the nucleus is given by

AK
4 = −2ié/r1 (or = −2ié/r2).

The potentials A1
4 and A2

4 are defined in the eqs.(5.1). The completions by Aj
µ̄ in

the eqs.(5.2/5.3) shall no be discussed here. These have only a small influence. We

try to solve the eqs.(5.2/5.3) applying the following series

U(R1, t) =
∑
n an(t)Hn(R1) =

∑
n,l c

l
n exp(−ilωt)Hn(R1),

Ū(R1, t) =
∑
n′ an′(t)

∗H̄n′(R1) =
∑
n′,l′(c

l′
n′)
∗ exp(il′ωt)H̄n′(R1),

V (R2, t) =
∑
m bm(t)Km(R2) =

∑
m,l1 d

l1
m exp(−ilωt)Km(R2),

V̄ (R2, t) =
∑
m′ bm′(t)

∗K̄m′(R2) =
∑
m′,l1′(d

l1′
m′)
∗ exp(il1′ωt)K̄m′(R2),

(5.4)

where Hn(R1) and Km(R2) satisfy the eigenvalue equations
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ć(γ1
µ̄h̄

∂

∂x1
µ̄

− 2é2

ćr1
γ1

4 + Ḿ ć)Hn(R1) = γ1
4Ē

H
n Hn(R1) (5.5)

and

ć(γ2
µ̄h̄

∂

∂x2
µ̄

− 2é2

ćr2
γ2

4 + Ḿ ć)Km(R2) = γ2
4Ē

K
mKm(R2). (5.6)

Hn(R) and Km(R) fulfil the orthogonal conditions in R. One can put R1 = R2 =

R in all final results, denoting properties in the real space, such as J2
µ(R2, t) =

J2
µ(R, t).
First we describe the solutions of the eqs.(5.2/5.3) by the functions

U(R1, t) = exp(− iĒ t/h̄)Ŭ(R1),

Ŭ(R1) =
∑
n ānHn(R1)

(5.7)

and

V (R2, t) = exp(− iĒ t/h̄)V̆ (R2),

V̆ (R2) =
∑
m b̄mKm(R2).

(5.8)

These lead to the Dirac equations

(γ1
4i
h̄∂
∂ t − ć

−→
P 1U(R1, t) + ié(A1

4(R1) + A2
4(R1))γ

1
4)U(R1t) = 0 (5.9)

and

(γ2
4i
h̄∂
∂ t − ć

−→
P 2)V (R2, t) + ié(A1

4(R2) + A2
4(R2))γ

2
4)V (R2, t) = 0, (5.10)
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where the operators are given by

−→
P 1 = h̄γ1

µ̄(
−→
∂ /∂x1

µ̄)− 2é2γ1
4/(ćr1) + Ḿ ć,

−→
P 2 = h̄γ2

µ̄(
−→
∂ /∂x2

µ̄)− 2é2γ2
4/(ćr2) + Ḿ ć.

(5.11)

The high indices hint at the related space. We also use the following notations

←−
P 1 = h̄γ1

µ̄(
←−
∂ /∂x1

µ̄) + 2é2γ1
4/(ćr1)− Ḿ ć,

←−
P 2 = h̄γ2

µ̄(
←−
∂ /∂x2

µ̄) + 2é2γ2
4/(ćr2)− Ḿ ć.

(5.12)

If one inserts the eqs.(5.7/5.8) in the eqs.(5.9/5.10), one obtains

(Ē − ĒH
n )ān

+ié
∫
(A1

4(R1) + A2
4(R1))H̄n(R1)γ

1
4Ŭ(R1)dV1 = 0,

(Ē − ĒK
m )b̄m

+ié
∫
(A1

4(R2) + A2
4(R2))Km(R2)γ

2
4 V̆ (R2)dV2 = 0.

(5.13)

Such static solutions should satisfy the minimum condition

−
∫
T4 4dV = min. (5.14)

Here is

Tν µ = T d1
ν µ + T d2

ν µ + Tw1
ν µ + Tw2

ν µ + T eν µ. (5.15)

114



These tensors have in dynamic cases the form

T d1
ν µ = ch̄

2 (Ū(R1, t)γ
1
µ
∂U(R1,t)
∂x1

ν
− ∂Ū(R1,t)

∂x1
ν

γ1
µU(R1, t)),

T d2
ν µ = ch̄

2 (V̄ (R2, t)γ
2
µ
∂V (R2,t)
∂x2

ν
− ∂V̄ (R2,t)

∂x2
ν

γ2
µV(R2, t)),

Tw1
ν µ = −(A1

ν(R1, t) + A2
ν(R1, t))J

1
µ(R1, t)),

Tw2
ν µ = −(A1

ν(R2, t) + A2
ν(R2, t))J

2
µ(R2, t),

T eν µ = 1
4π((F 1

ν σ(R, t) + F 2
ν σ(R, t))(F 1

ν σ(R, t) + F 2
ν σ(R, t))

−1
4δν µ(F 1

σ λ(R, t) + F 2
σ λ(R, t))2).

(5.16)

We write again in the final results R1 = R2 = R. The missing term − ∫
AK
µ (J1

µ+

J2
µ)dV is compensated by the nucleus field and has no meaning in the minimum

condition eq.(5.14). For static solutions the integrals over T d1
4 4 + T d2

4 4 are given,

according to the eqs.(5.13), by

− ∫
(T d1

4 4 + T d2
4 4)dV =

∑
n Ē

H
n (an)

∗an

+
∑
m Ē

K
m (bm)∗bm −

∫
(A1

4 + A2
4)(J

1
4 + J2

4 )dV.
(5.17)

Therefore is

− ∫
(T d1

4 4 + T d2
4 4 + Tw1

4 4 + Tw2
4 4 )dV =

∑
n Ē

H
n (ān)

∗ān +
∑
m Ē

K
m (b̄m)∗b̄m (5.18)

and with

−
∫
T e4 4 dV

∼= −
1

2

∫
(A1

µ + A2
µ)(J1

µ + J2
µ)dV (5.19)

becomes
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− ∫
T4 4dV =

∑
n Ē

H
n (ān)

∗ān

+
∑
m Ē

K
m (b̄m)∗b̄m − 1

2

∫
(A1

4 + A2
4)(J

1
4 + J2

4 )dV.
(5.20)

In addition, it is

− ∫
T4 4dV = Ē(

∑
n ((ān)

∗ān

+
∑
m(b̄m)∗b̄m) + 1

2

∫
(A1

4 + A2
4)(J

1
4 + J2

4 )dV.
(5.21)

Comparing of eq.(5.20) with eq.(5.21) leads to the relation

∑
n (Ē − ĒH

n )(ān)
∗ān +

∑
m(Ē − ĒK

m )(b̄m)∗b̄m

+
∫
(A1

4 + A2
4)(J

1
4 + J2

4 )dV = 0.
(5.22)

This also follows from the eqs.(5.13) by multiplication and addition.

5.2 The energy-momentum tensor

In the next point we consider the tensor of dynamic solutions. For this aim we

apply the eqs.(5.2-5.4). The divergences of the related tensors

T̂ djν µ(Rj, t) = 1
2Ū(Rj, t)ch̄γ

j
µ

−→
∂
∂xjν
− 1

2Ū(Rj, t)ch̄γ
j
µ

←−
∂
∂xjν

U(Rj, t) (5.23)

are
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∂
∂x1

µ
T̂ d1
ν̄ µ(R1, t) = 1

2(Ū(R1, t)ch̄γ
1
µ̄(
←−
∂
∂x1

µ̄

−→
∂
∂x1

ν̄
+
−→
∂
∂x1

ν̄

−→
∂
∂x1

µ̄
)U(R1, t)

−1
2(Ū(R1, t)ch̄γ

1
µ̄(
←−
∂
∂x1

µ̄

←−
∂
∂x1

ν̄
+
←−
∂
∂x1

ν̄

−→
∂
∂x1

µ̄
)U(R1, t) + ∂

íc∂t
T̂ d1
ν̄ µ(R1, t)

and
∂
∂x1

µ
T̂ d2
ν̄ µ(R2, t) = 1

2(V̄ (R2, t)ch̄γ
2
µ̄(
←−
∂
∂x2

µ̄

−→
∂
∂x2

ν̄
+
−→
∂
∂x2

ν̄

−→
∂
∂x2

µ̄
) V (R2, t)

−V̄ (R2, t)ch̄γ
2
µ̄(
←−
∂
∂x2

µ̄

←−
∂
∂x2

ν̄
+
←−
∂
∂x2

ν̄

−→
∂
∂x2

µ̄
)V (R2, t)) + ∂

íc∂t
T̂ d2
ν̄ µ(R2, t).

(5.24)

We can replace ch̄γ1
µ̄

−→
∂
∂x1

µ̄
U(R1, t) , Ū(R1, t)

←−
∂
∂x1

ν̄
ch̄γ1

µ̄ through

ch̄γ1
µ̄

−→
∂
∂x1

µ̄
U(R1, t) = (ć

−→
P 1 + é2γ1

4
2
r1
− Ḿ ć2)U(R1, t)

or

Ū(R1, t)
←−
∂
∂x1

ν̄
ch̄γ1

µ̄ = Ū(R1, t)(ć
←−
P 1 − é2γ1

4
2
r1

+ Ḿ ć2)

(5.25)

and ch̄γ2
µ̄

−→
∂
∂x1

µ̄
V (R2, t) , V̄ (R2, t)

←−
∂
∂x1

ν̄
ch̄γ2

µ̄ through analogous equations.

Then one obtains for the eqs.(5.24) the expressions

∂
∂x1

µ
T̂ d1
ν̄ µ(R1, t) = 1

2Ū(R1, t)((ć
←−
P 1 − é2γ1

4
2
r1

+ Ḿ ć2)
−→
∂
∂x1

ν̄

+
−→
∂
∂x1

ν̄
(ć
−→
P 1 + é2γ1

4
2
r1
− Ḿ ć2)− (ć

←−
P 1 − é2γ1

4
2
r1

+ Ḿ ć2)
←−
∂
∂x1

ν̄

−
←−
∂
∂x1

ν̄
(ć
−→
P 1 + é2γ1

4
2
r1
− Ḿ ć2))U(R1, t) + ∂

íc∂t
T̂ d1
ν̄ µ(R1, t)

(5.26)

or

∂
∂x2

µ
T̂ d2
ν̄ µ(R2, t) = 1

2V̄ (R2, t)γ
1
4((ć
←−
P 2 − é2γ2

4
2
r2

+ Ḿ ć2)
−→
∂
∂x2

ν̄

+
−→
∂
∂x2

ν̄
(ć
−→
P 2 + é2γ2

4
2
r2
− Ḿ ć2)− (ć

←−
P 2 − é2γ1

4
2
r1

+ Ḿ ć2)
←−
∂
∂x2

ν̄

−
←−
∂
∂x2

ν̄
(ć
−→
P 2 + é2γ2

4
2
r2
− Ḿ ć2))V (R2, t) + ∂

íc∂t
T̂ d2
ν̄ µ(R1, t).

(5.27)
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We insert into these equations the functions described in eqs.(5.4). Then the

eqs.(5.26/5.27) read

∂
∂x1

µ
T̂ d1
ν µ(R1, t) =

∑
n,n′,l,l′

∂
∂x1

µ
(l
′ l
n′ nT

d1
ν µ(R1, t)) (5.28)

with

∂
∂x1

µ
(l
′ l
n′ nT

d1
ν µ(R1, t)) = 1

2(cl
′

n′)
∗(cln)

× exp(i(l′ − l)ωt)(H̄n′(R1)γ
1
4(ĒH

n − ĒH
n′ )(
−→
∂
∂x1

ν̄

−
←−
∂
∂x1

ν̄
) + é2 ∂

∂x1
ν̄
[ 2
r1

])Hn(R1) + ∂
íc∂t

(l
′ l
n′ nT

d1
ν µ(R1, t))

(5.29)

and (from now on: (l
′ l
n′ nT

d1
ν µ(R1, t)) = T d1

ν µ(R1, t))

∂
íc∂t

T d1
ν̄ 4(R2, t) = 1

2(cl
′

n′)
∗(cln) exp(i(l′ − l)ωt)

×(h̄(l′ − l)ω)(H̄n′(R1)γ
1
4
∂Hn(R1)
∂x1

ν̄
− ∂(H̄n′(R1)

∂x2
ν̄

γ1
4Hn(R1)).

(5.30)

Applying the abbreviations (see eq.5.4)

l′ l
n′ nC1(t) = (cl

′

n′)
∗(cln) exp(i(l′ − l)ωt),

l1′ l1
m′mC2(t) = (dl1

′

m′)
∗(dl1m) exp(i(l1′ − l1)ωt),

(5.31)

the product of the complete charges can be described by

%(R1)%(R2) = é2 ∑
n′,n,l,l′,m′,m,l1′,l1

l′ l
n′ nC1(t)

l1′ l1
m′mC2(t)

×H̄n′(R1)γ
1
4Hn(R1)K̄m′(R2)γ

2
4Km(R2).

(5.32)
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With the eigenvalue equations

ćh̄γ1
µ̄

−→
∂
∂x1

µ̄
Hn(R1) = γ1

4(En + é2 2
r1

)Hn(R1),

H̄n′(R1)
←−
∂
∂x1

µ̄
ch̄γ1

µ̄ = H̄n(R1)γ
1
4(−En′ − é2 2

r1
),

(5.33)

it becomes

∂
∂x1

µ
T d1
ν̄ µ(R1, t) = 1

2
l′ l
n′ nC1(t)((Ē

H
n − ĒH

n′ + h̄(l′ − l)ω)

×(H̄n′(R1)γ
1
4
∂Hn(R1)
∂x1

ν̄
− ∂(H̄n′(R1)

∂x1
ν̄

γ4Hn(R1)

+ é2H̄n′(R1)γ
1
4 Hn(R1)

∂
∂x1

ν̄
[ 2
r1

]) .

(5.34)

Analogously reads

∂
∂x2

µ
T d2
ν̄ µ(R2, t) = 1

2
l1′ l1
m′mC2(t)((Ē

K
m − ĒK

m′ + h̄(l1− l1′)ω)

×(K̄m′(R2)γ
2
4
∂Km(R2)

∂x2
ν̄
− ∂(K̄m′(R2)

∂x2
ν̄

γ2
4Km(R2))

+ é2K̄m′(R2)γ
2
4 Km(R2)

∂
∂x2

ν̄
[ 2
r2

]).

(5.35)

Due to h̄ ∂
i∂t exp(−iḾ ć2/h̄) = −Ḿ ć2 exp(−iḾ ć2/h̄) and

∂
∂x1

µ
T d1

4µ(R1, t) = −Ḿ ć2(H̄n′(R1)(
l′ l
n′ nC1(t)ch̄γ

1
µ̄(
←−
∂
∂x1

µ̄
+
−→
∂
∂x1

µ̄
)

+ h̄∂
íc∂t

l′ l
n′ nC1(t))Hn(R1),

(5.36)

we get

∂
∂x1

µ
T d1

4µ(R1, t) = − l′ l
n′ nC1(t)Ḿ ć2(EH

n + é2( 2
r1

)

−(EH
n′ + é2( 2

r1
)) + h̄(l′ − l)ω)H̄n′(R1)γ

1
4Hn(R1)

(5.37)

and

∂
∂x2

µ
T d2

4µ(R2, t) = − l1′ l1
m′mC2(t)Ḿ ć2(EK

m + é2( 2
r2

)

−(EK
m′ + é2( 2

r2
)) + h̄(l1′ − l1)ω)K̄m′(R2)γ

2
4Km(R2).

(5.38)
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These relations describe the energy and force balance if the interaction between the

electrons is neglected. One sees that the conditions ĒH
n − ĒH

n′ + h̄(l′ − l)ω = 0 and

ĒK
m − ĒK

m′ + h̄(l1 − l1′)ω = 0 are only fulfilled by different frequencies. However,

radiation should be caused if the divergences eq.(5.37) and eq.(5.38) contain syn-

chronously oscillating shares of a common special frequency. Hence we look for

combinations of H and K where parts of the divergences meet this condition. Be-

sides, the interaction between the electrons must be taken into account. Therefore

we introduce the following operators:

Qν̄
1 = ch̄γ1

µ̄γ
2
4(
←−
∂
∂x1

µ̄

−→
∂
∂x1

ν̄
+
−→
∂
∂x1

ν̄

−→
∂
∂x1

µ̄
) − ch̄γ1

µ̄γ
2
4(
←−
∂
∂x1

µ̄

←−
∂
∂x1

ν̄
+
←−
∂
∂x1

ν̄

−→
∂
∂x1

µ̄
)

+h̄γ2
4γ

1
4
∂
i∂t(
−→
∂
∂x1

ν̄
−
←−
∂
∂x1

ν̄
) + é2 ∂

∂x1
ν̄
[ 2
r1
− 1

r1 2
]γ1

4γ
2
4 ,

Qν̄
2 = ch̄γ1

4γ
2
µ̄(
←−
∂
∂x2

µ̄

−→
∂
∂x2

ν̄
+
−→
∂
∂x2

ν̄

−→
∂
∂x2

µ̄
) − ch̄γ1

4γ
2
µ̄(
←−
∂
∂x2

µ̄

←−
∂
∂x2

ν̄
+
←−
∂
∂x2

ν̄

−→
∂
∂x2

µ̄
)

+h̄γ2
4γ

1
4
∂
i∂t(
−→
∂
∂x2

ν̄
−
←−
∂
∂x2

ν̄
) + é2 ∂

∂x2
ν̄
[ 2
r2
− 1

r2 1
]γ1

4γ
2
4 ,

(5.39)

Q4
1 = − á

άγ
2
4((ćh̄γ1

µ̄

←−
∂
∂x1

µ̄
− γ1

4 é
2( 2
r1
− 1

r1 2
)

+(ćh̄γ1
µ̄

−→
∂
∂x1

µ̄
+ γ1

4 é
2( 2
r1
− 1

r1 2
) + h̄γ1

4
∂
i∂t),

Q4
2 = − á

άγ
1
4((ćh̄γ2

µ̄

←−
∂
∂x2

µ̄
− γ2

4 é
2( 2
r2
− 1

r2 1
)

+(h̄γ2
µ̄

−→
∂
∂x2

µ̄
+ γ2

4 é
2( 2
r2
− 1

r2 1
) + h̄γ1

4
∂
i∂t).

(5.40)

The term é2

r2 1
describes the interaction between the electrons. á/ά follows from

120



Ḿ ć/h̄ = á/ά. The sum (Q4
1 +Q4

2) reads

Q4
1 +Q4

2 = − á
ά(
←−
Q

4

1 2 +
−→
Q

4

1 2 + 2γ1
4γ

2
4
h̄∂
i∂t) (5.41)

with

−→
Q

4

1 2 = γ2
4(ćh̄γ1

µ̄

−→
∂
∂x1

µ̄
− γ1

4 é
2( 2
r1
− 1

r1 2
))

+γ1
4(ćh̄γ2

µ̄

−→
∂
∂x2

µ̄
− é2γ2

4( 2
r2
− 1

r2 1
)),

←−
Q

4

1 2 = γ2
4(ćh̄γ1

µ̄

←−
∂
∂x1

µ̄
+ γ1

4 é
2( 2
r1
− 1

r1 2
))

+γ1
4(ćh̄γ2

µ̄

←−
∂
∂x2

µ̄
+ é2γ2

4( 2
r2
− 1

r2 1
)).

(5.42)

Applying these operators, one can introduce the following the eigenvalue equations

−→
Q

4

1 2Ψ
±
nm(R1,R2) = Ē±nmγ

1
4γ

2
4Ψ±nm(R1,R2),

Ψ̄±n′m′(R1,R2)
←−
Q

4

1 2 = −Ē±n′m′γ1
4γ

2
4Ψ̄±n′m′(R1,R2)

(5.43)

with

Ψ±nm(R1,R2) = 1√
2
(Hn(R1)Km(R2)±Km(R1)Hn(R2)),

Ψ̄±n′m′(R1,R2) = 1√
2
(H̄n′(R1)K̄m′(R2)± K̄m′(R1)H̄n′(R2)),

Hn(R1)Km(R2) = 1√
2
(Ψ+

nm(R1,R2) + Ψ−nm(R1,R2))

(5.44)

and
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Ē±nm = ĒH
n + ĒK

m + 4(
HH
nn M

KK
mm )4 ± 4(

HK
nm M

KH
mn )4,

Ē±n′m′ = ĒH
n′ + ĒK

m′ + 4(
HH
n′n′M

KK
m′m′)4 ± 4(

HK
n′m′M

KH
m′n′)4,

µ(HHnn M
KK
mm )µ =

∫
(1/r1 2)H̄n(R1)γµHn(R1) K̄m(R2)γµKm(R2)dV2dV1,

µ(HKnm M
KH
mn )µ =

∫
(1/r1 2)H̄n(R1)γµKm(R1) K̄m(R2)γµHn(R2)dV2dV1.

(5.45)

We investigate the cases where m′ = m and n′ 6= n. That means,∫
K̄m(R2)γ

2
4Km(R2)dV2 = 1 but

∫
H̄n′(R1)γ

1
4Hn(R1)dV1 = 0. Then the following

sum of the divergences of the fourth line of the tensors becomes

l1′ l1
m′mC2(t)

∂
∂x1

µ
T d1

4µ(R1, t) + l′ l
n′ nC1(t)

∂
∂x1

µ
T d2

4µ(R2, t)

= l1′ l1
mmC2(t)

∫
H̄n′(R1)K̄m(R2)Q

4
1
l′ l
n′ nC1(t)Hn(R1)Km(R2)dV2

+ l′ l
n′ nC1(t)

∫
(H̄n′(R1)K̄m(R2)Q

4
2
l1′ l1
mmC2(t)Hn(R1)Km(R2)dV1.

(5.46)

The sum of the interaction terms is zero due to the eqs.(5.42). Eq.(5.46) can be

decomposed (see the eqs.(5.42) ) into

l1′ l1
mmC2(t)

∂
∂x1

µ
T d1

4µ(R1, t) + l′ l
n′ nC1(t)

∂
∂x1

µ
T d2

4µ(R2, t) = − á
ά
l1′ l1
mmC2(t)

∫
(H̄n′(R1)K̄m(R2)

×(
←−
Q

4

1 2 +
−→
Q

4

1 2 + 2γ1
4γ

2
4
h̄∂
i∂t)

l′ l
n′ nC1(t))Hn(R1)Km(R2)dV2

− á
ά
l′ l
n′ nC1(t)

∫
(H̄n′(R1)K̄m(R2)(

←−
Q

4

1 2 +
−→
Q

4

1 2

+2γ1
4γ

2
4
h̄∂
i∂t)

l1′ l1
mmC2(t))Hn(R1)Km(R2)dV1

(5.47)

or
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l1′l1
mmC2(t)

∂
∂x1

µ
T d1

4µ(R1, t) + l′ l
n′ nC1(t)

∂
∂x2

µ
T d2

4µ(R2, t) =

− á
2ά( l1

′ l1
mmC2(t)

∫
(Ψ̄+

n′m(R1,R2)(
←−
Q

4

1 2 +
−→
Q

4

1 2 + 2γ1
4γ

2
4
h̄∂
i∂t)

l′ l
n′ nC1(t) Ψ+

nm(R1,R2))dV2

+ l1′ l1
mmC2(t)

∫
(Ψ̄−n′m(R1,R2)(

←−
Q

4

1 2 +
−→
Q

4

1 2 + 2γ1
4γ

2
4
h̄∂
i∂t)

l′ l
n′ nC1(t) Ψ−nm(R1,R2))dV2

+ l′ l
n′ nC1(t)

∫
(Ψ̄+

n′m(R1,R2)(
←−
Q

4

1 2 +
−→
Q

4

1 2 + 2γ1
4γ

2
4
h̄∂
i∂t)

l1′ l1
mmC2(t) Ψ+

nm(R1,R2))dV1

+ l′ l
n′ nC1(t)

∫
(Ψ̄−n′m(R1,R2)(

←−
Q

4

1 2 +
−→
Q

4

1 2 + 2γ1
4γ

2
4
h̄∂
i∂t)C2(t) Ψ−nm(R1,R2))dV1)

+ á
2ά∆O.

(5.48)

That leads to

l1′ l1
mmC2(t)

∂
∂x1

µ
T d1

4µ(R1, t) + l′ l
n′ nC1(t)

∂
∂x2

µ
T d2

4µ(R2, t) =
á

2ά
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)

∫
Ψ̄+
n′m(R1,R2)(Ē

+
n′m − Ē+

nm

−2h̄(l′ − l)ω) Ψ+
nm(R1,R2)dV2

+ á
2ά

l′ l
n′ nC1(t)

l1′ l1
mmC2(t)

∫
Ψ̄−n′m(R1,R2)(Ē

−
n′m − Ē−nm

−2h̄(l′ − l)ω) Ψ−nm(R1,R2)dV2

+ á
2ά

l′ l
n′ nC1(t)

l1′ l1
mmC2(t)

∫
Ψ̄+
n′m(R1,R2)(Ē

+
n′m − Ē+

nm

−2h̄(l1′ − l1)ω) Ψ+
nm(R1,R2)dV1

+ á
2ά

l′ l
n′ nC1(t)

l1′ l1
mmC2(t)

∫
Ψ̄−n′m(R1,R2)(Ē

−
n′m − Ē−nm

−2h̄(l1′ − l1)ω) Ψ−nm(R1,R2)dV1

+ á
2ά∆O

(5.49)

with
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∆O(R1,R2, t) = ∆O4+
a (R1, t) + ∆O4+

b (R2, t) + ∆O4−
a (R1, t)

+∆O4−
b (R2, t),

∆O4±
a (R1, t) = −( l1

′ l1
mmC2(t)

∫
(Ψ̄±n′m(R1,R2)(

←−
Q

4

1 2 +
−→
Q

4

1 2

+2γ1
4γ

2
4
h̄∂
i∂t)

l′ l
n′ nC1(t) Ψ∓nm(R1,R2))dV2

= l′ l
n′ nC1(t)

l1′ l1
mmC2(t)

∫
Ψ̄±n′m(R1,R2)(Ē

±
n′m − Ē∓nm

−2h̄(l′ − l)ω)γ1
4γ

2
4 Ψ∓nm(R1,R2)dV2 =

1
2
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)(E

±
n′m − E∓nm − 2h̄(l′ − l)ω)H̄n′(R1)γ

1
4Hn(R1)

∆O4±
b (R2, t) = −( l1

′ l1
mmC1(t)

∫
(Ψ̄±n′m(R1,R2)(

←−
Q

4

1 2 +
−→
Q

4

1 2

+2γ1
4γ

2
4
h̄∂
i∂t)

l′ l
n′ nC2(t) Ψ∓nm(R1,R2))dV1

= l′ l
n′ nC1(t)

l1′ l1
mmC2(t)

∫
Ψ̄±n′m(R1,R2)(Ē

±
n′m − Ē∓nm

−2h̄(l1′ − l1)ω)γ1
4γ

2
4 Ψ∓nm(R1,R2)dV1 =

−1
2
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)(E

±
n′m − E∓nm − 2h̄(l′ − l)ω)H̄n′(R2)γ

2
4Hn(R2).

(5.50)

If we consider the coordinates R1 = R and R2 = R in the eqs.(5.49/5.50) as coor-

dinates of the real space, we get for n′ 6= n and l′ − l = l1′ − l1 the relations

∆O4±
a (R,R, t) + ∆O4±

b (R,R, t) = 0. (5.51)

Therefore we obtain

l1′ l1
m′mC2(t)

∂
∂x1

µ
T d1

4µ(R, t) + l′ l
n′ nC1(t)

∂
∂x2

µ
T d2

4µ(R, t) =
á

2ά
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)((Ē

+
n′m − Ē+

nm − 2h̄(l′ − l)ω) H̄n′(R)γ0
4Hn(R)

+(Ē−n′m − Ē−nm − 2h̄(l′ − l)ω) H̄n′(R)γ0
4Hn(R)).

(5.52)
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Eq.(5.52) is describable also by the divergences of currents. To show this, we

introduce the following currents

J±d1
µ̄ (R1, t) = i

2 é
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)(J

H
µ̄ (R1, t) + JA±µ̄ (R1)),

J±d2
µ̄ (R2) = i

2 é
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)(J

H
µ̄ (R2) + JB±µ̄ (R2))

(5.53)

with

JHµ̄ (R1) = H̄n′(R1)γ
1
µ̄Hn(R1),

J±Aµ̄ (R1)) = − 1
4πh̄ć

∂
∂x1

µ̄

∫ 1
r1 1′

Ψ̄±n′m(R′1,R′2)γ1′
4 γ

2′
4 é

2( 1
r1′ 2′

)Ψ±nm(R′1,R′2)dV ′2dV ′1
JHµ̄ (R2) = H̄n′(R2)γ

2
µ̄Hn(R2),

J±Bµ̄ (R2)) = − 1
4πćh̄

∂
∂x2

µ̄

∫ 1
r2 2′

Ψ̄±n′m(R′1,R2)γ
1′
4 γ

2′
4 é

2( 1
r2′ 1′

)Ψ±nm(R′1,R′2)dV ′2dV ′1
or

J±d1
4 (R1, t) = ié l

′ l
n′ nC1(t)

l1′ l1
m′mC2(t)H̄n′(R1γ

1
4H(R1), J

±A
4 = 0

J±d2
4 (R2, t) = ié l

′ l
n′ nC1(t)

l1′ l1
mmC2(t)H̄n′(R2γ

2
4H(R2), J

±B
4 = 0.

(5.54)

If you use the solutions of the following potential equations

− 1
4π

∂2

∂x1
µ̄∂x

1
µ̄
(
∫

( 1
r1 1′

Ψ̄±n′m(R′1,R′2) γ1′
4 γ

2′
4 é

2( 1
r1′ 2′

)Ψ±nm(R′1,R′2)dV ′2dV ′1 =

= Ψ̄±n′m(R1,R′2) γ1
4γ

2′
4 é

2( 1
r1 2′

)Ψ±nm(R1,R′2)dV ′2)

and

− 1
4π

∂2

∂x2
µ̄∂x

2
µ̄
(
∫

( 1
r1′ 2

Ψ̄±n′m(R′1,R′2) γ1′
4 γ

2′
4 é

2( 1
r1′ 2′

)Ψ±nm(R′1,R′2)dV ′2dV ′1 =

Ψ̄±n′m(R′1,R2) γ
1′
4 γ

2
4 é

2( 1
r1′ 2

)Ψ±nm(R′1,R2)dV
′

1 ,

(5.55)

you obtain for the divergences of the currents:
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ćh̄ ∂
∂x1

µ̄
JHµ̄ (R1) = (En′ + Em − En − Em)H̄n′(R1)γ

1
4Hn(R1),

ćh̄ ∂
∂x1

µ̄
J±Aµ̄ (R1) = Ψ̄±n′m(R1,R′2)γ1

4γ
2′
4 ( 1

r1 2′
)Ψ±nm(R1,R′2)dV ′2 ,

ćh̄ ∂
∂x1

µ̄
JHµ̄ (R2) = (En′ + Em − En − Em)H̄n′(R2)γ

2
4Hn(R2),

ćh̄ ∂
∂x1

µ̄
J±Bµ̄ (R2) = Ψ̄±n′m(R′1,R2)γ

1′
4 γ

2
4( 1
r1′ 2

)Ψ±nm(R′1R2)dV
′

1 ,

(5.56)

Here the eq.(4.47) and the relation h̄ć = (é2/áά) are applied. Therefore is

ćh̄ ∂
∂x1

µ
J±d1
µ (R1) = i

2 é
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)(E

±
n′m − E±nm

−2h̄(l′ − l)ω)H̄n′(R1)γ
1
4Hn(R1),

ćh̄ ∂
∂x2

µ
J±d2
µ (R2) = i

2 é
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)(E

±
n′m − E±nm

−2h̄(l′ − l)ω)H̄n′(R2)γ
2
4Hn(R2).

(5.57)

We consider again the coordinates R1 = R and R2 = R in these equations as

coordinates of the real space. That leads to the relations

ćh̄ ∂
∂xµ

(J±d1
µ̄ (R) + J±d2

µ̄ (R)) = i
2 é

l′ l
n′ nC1(t)

l1′ l1
mmC2(t)(E

±
n′m − E±nm

−2h̄(l′ − l)ω)H̄n′(R)γ0
4Hn(R).

(5.58)

and the comparison with eq.(5.52) to ( áά ćh̄ = Ḿ ć2)

l1′ l1
mmC2(t)

∂
∂x1

µ
T d1

4µ(R, t) + l′ l
n′ nC1(t)

∂
∂x2

µ
T d2

4µ(R, t) =
á

2ά
l′ l
n′ nC1(t)

l1′ l1
m′mC2(t)((Ē

+
n′m − Ē+

nm − 2h̄(l′ − l)ω) H̄n′(R)γ0
4Hn(R)

+(Ē−n′m − Ē−nm − 2h̄(l′ − l)ω) H̄n′(R)γ0
4Hn(R))

= −Ḿ ć2 i
é

∂
∂xµ

(J+d
µ (R) + J−dµ (R)).

(5.59)
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The factor 1/2 in eq.(5.58) is the consequence of eq.(5.51), where the other half

of the associated current is compensated. However, the charge components Jdj4

are involved completely. These currents form for n′ 6= n radiation moments. That

means, it radiates when one of the conditions

(E±n′m − E±nm − 2h̄(l′ − l)ω) = 0 (5.60)

is fulfilled. Then an interaction with a radiation field is not disturbed by the nor-

mal force balance. All terms of the sum over differences l′ − l = l1′ − l1 which

meet this condition, contribute to the effect. The expressions H̄n′ = (Ĥ∗n′ Ȟ
∗
n′) and

Hn = (Ĥn over Ȟn) explain the linking with the solutions Ĥ∗n′ = ()h∗n′ and Ĥn =

()hn of the Schrödinger equation. The difference to the eqs.(5.36-5.38) results from

the influence of the second electron on the oscillation of the first electron and the

opposite reaction.

Finally we consider the divergences of the other tensor lines in a more general

form. We use the following expression

l1′ l1
m′mC2(t)

∂
∂x1

µ
T d1
ν̄ µ(R1, t) + l′ l

n′ nC1(t)
∂
∂x1

µ
T d2
ν̄ µ(R2, t)

= l1′ l1
m′mC2(t)

∫
H̄n′(R1)K̄m′(R2)Q

ν̄
1
l′ l
n′ nC1(t)Hn(R1)Km(R2)dV2

+ l′ l
n′ nC1(t)

∫
(H̄n′(R1)K̄m′(R2)Q

ν̄
2
l1′ l1
m′mC2(t)Hn(R1)Km(R2)dV1.

(5.61)

If we add up all terms with n, n′,m,m′, given eq.(5.61), we obtain the complete

force balance. Using the abbreviations
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HH
n′ nL1KKm′m(R1,R2)ν̄ = l1′ l1

m′mC2(t)H̄n′(R1) K̄m′(R2)Q
ν̄
1
l′ l
n′ nC1(t)Hn(R1)Km(R2),

HH
n′ nL2KKm′m(R1,R2)ν̄ = l′ l

n′ nC1(t)H̄n′(R1) K̄m′(R2)Q
ν̄
2
l1′ l1
m′mC2(t)Hn(R1)Km(R2),

(5.62)

this divergence reads

l1′ l1
m′mC2(t)

∂
∂x1

µ
T d1
ν̄ µ(R1, t) + l′ l

n′ nC1(t)
∂
∂x2

µ
T d2
ν̄ µ(R2, t)

=
∫ HH
n′ nL1KKm′m(R1,R2, t)ν̄dV2 +

∫ HH
n′ nL2KKm′m(R1,R2, t)ν̄dV1.

(5.63)

Due to the eqs.(5.34/5.35/5.39) and because of

l1′ l1
m′mC2(t)H̄n′(R1)Q

ν̄
1
l′ l
n′ nC1(t)Hn(R1)K̄m′(R2)γ

2
4Kn(R2)

= l1′ l1
m′mC2(t)H̄n′(R1)(−EH

n′ − é2 2
r1

+ EH
n + é2 2

r1
)γ1

4

−→
∂
∂x1

ν̄

+(EH
n′ + é2 2

r1
− EH

n − é2 2
r1

)
←−
∂
∂x1

ν̄

+h̄γ2
4γ

1
4
∂
i∂t(
−→
∂
∂x1

ν̄
−
←−
∂
∂x1

ν̄
) + é2 ∂

∂x1
ν̄
[ 2
r1
− 1

r1 2
]γ1

4
l′ l
n′ nC1(t)Hn(R1)K̄m′γ

2
4Kn(R2),

(5.64)

it becomes

∫ HH
n′ nL1KKm′m(R1,R2, t)ν̄dV2 = l′ l

n′ nC1(t)
l1′ l1
m′mC2(t)

∫
H̄n′(R1)K̄m′(R2)γ

2
4

×((−EH
n′ − é2γ1

4
2
r1

)
−→
∂
∂x1

ν̄
+
←−
∂
∂x1

ν̄
(EH

n + é2γ1
4

2
r1

)

(Hn(R1, t)Km(R2)dV2 + h̄(l′ − l)ω)
∫
(H̄n′(R1)γ

1
4
∂Hn(R1)
∂x1

ν̄

−∂(H̄n′(R1)
∂x1

ν̄
γ4Hn(R1))K̄m′(R2)γ

2
4 Km(R2)dV2

+ é2 ∫
H̄n′(R1)γ

1
4 Hn(R1)

∂
∂x1

ν̄
[ 2
r1
− 1

r1 2
])K̄m′(R2)γ

2
4Km(R2)dV2.

(5.65)
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Hence is

∫ HH
n′ nL1KKm′m(R1,R2, t)ν̄dV2 = l′ l

n′ nC1(t)
l1′ l1
m′mC2(t)((E

H
n − EH

n′ + h̄(l′ − l)ω)

×(H̄n′(R1)γ
1
4
∂Hn(R1)
∂x1

ν̄
− ∂H̄n′(R1)

∂x1
ν̄

γ1
4Hn(R1))δ(m

′ −m)

+ é2 ∫
H̄n′(R1)γ

1
4 Hn(R1)

∂
∂x1

ν̄
[ 2
r1
− 1

2r1 2
])K̄m′(R2)γ

2
4Km(R2)dV2).

(5.66)

The analogous formula reads

∫ HH
n′ nL2KKm′m(R1,R2, t)ν̄dV2 = l′ l

n′ nC1(t)
l1′ l1
m′mC2(t)((E

K
m − EK

m′ + h̄(l1′ − l1)ω)

×(K̄m′(R1)γ
2
4
∂Km(R2)

∂x2
ν̄
− ∂K̄m′(R2)

∂x2
ν̄

γ2
4Km(R2))δ(n

′ − n)

+ é2 ∫
H̄n′(R1)γ

1
4 Hn(R1)

∂
∂x2

ν̄
[ 2
r2
− 1

r2 1
])K̄m′(R2)γ

2
4Km(R2)dV1).

(5.67)

So becomes

l1′ l1
m′mC2(t)

∂
∂xµ
T d1
ν̄ µ(R1, t) + l′ l

n′ nC1(t)
∂
∂xµ
T d2
ν̄ µ(R2, t)

= l′ l
n′ nC1(t)

l1′ l1
m′mC2(t)((E

H
n − EH

n′ + h̄(l′ − l)ω)

×(H̄n′(R1)γ
1
4
∂Hn(R1)
∂x1

ν̄
− ∂H̄n′(R1)

∂x1
ν̄

γ1
4Hn(R1))δ(m

′ −m) + (EK
m − EK

m′

+h̄(l1′ − l1)ω)(K̄m′(R2)γ
2
4
∂Km(R2)

∂x2
ν̄
− ∂K̄m′(R2)

∂x2
ν̄

γ2
4Km(R2))δ(n

′ − n)

+ é2 ∫
(H̄n′(R1)γ4Hn(R1)

∂
∂x1

ν̄
[ 2
r1
− 1

r1 2
]K̄m′(R2)γ

2
4Km(R2)dV2

+é2 ∫
H̄n′(R1)γ

1
4Hn(R1)

∂
∂x2

ν̄
[ 2
r2
− 1

r1 2
])K̄m′(R2)γ

2
4 Km(R2) dV1) .

(5.68)

This has to be compensated through the divergence of the linked quasi-static elec-

tromagnetic field.
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5.3 The Schrödinger approximation

All these equations can be replaced by analogous expression based on solutions

of the Schrödinger equation. We apply the units of dimensions, specified in section

3.2. The functions linked to the eqs.(5.4) are now

u(R1, t
′) =

∑
n
an(t

′)hn(R1), (5.69)

and

v(R2, t
′) =

∑
m
bm(t′)k̀m(R2) (5.70)

respectively in the static cases

u(R1, t
′) = exp(− iE ′ t′)ŭ(R1),

ŭ(R1) =
∑
n ānhn(R1)

(5.71)

and

v(R2, t) = exp(− iE ′ t′)v̆(R2),

v̆(R2) =
∑
m b̄mk̀m(R2).

(5.72)

These expressions must satisfy the following differential equations

é2

á ((i ∂∂ t′ −
−→
P
s

1 + A1
4(R1, t

′) + A2
4(R1, t

′))u(R1, t
′) = 0,

é2

á (i ∂∂ t′ −
−→
P
s

2 + A1
4(R2, t

′) + A2
4(R2, t

′))v(R2, t
′) = 0,

(5.73)
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é2

á u(R1, t
′)∗((i ∂∂ t′ −

←−
P
s

1 − A1
4(R1, t

′)− A2
4(R1, t

′)) = 0,

é2

á v(R2, t
′)∗(i ∂∂ t′ −

←−
P
s

2 − A1
4(R2, t

′)− A2
4(R2, t

′)) = 0.

(5.74)

The new operators are

−→
P
s

1 = −1
2

−→
∂

2

∂x1
µ̄∂x

1
µ̄
− 2

r1
,
−→
P
s

2 = −1
2

−→
∂

2

∂x2
µ̄∂x

2
µ̄
− 2

r2
,

←−
P
s

1 = 1
2

←−
∂

2

∂x1
µ̄∂x

1
µ̄

+ 2
r1
,
←−
P
s

2 = 1
2

←−
∂

2

∂x2
µ̄∂x

2
µ̄

+ 2
r2

(5.75)

which lead to
−→
P
s

1hn(R) = (Eh
n)′hn(R) and hn(R)∗

←−
P
s

1 = −(Eh
n)′h(R)∗.

The eqs.(5.40) read now

Qs
1 = − é2

á ((
←−
P
s

1 − 1
r1 2

) + (
−→
P
s

1 + 1
r1 2

) + ∂
i∂ t′ ),

Qs
2 = − é2

á ((
←−
P
s

2 − 1
r1 2

) + (
−→
P
s

2 + 1
r2 1

) + ∂
i∂ t′ )

(5.76)

and the eqs.(5.42) obtain the form

−→
Q
s

1 2 = é2

á (
−→
P
s

1 +
−→
P
s

2 + 1
r1 2

),

←−
Q
s

1 2 = é2

á (
←−
P
s

1 +
←−
P
s

2 − 1
r1 2

).

(5.77)

The eigenfunctions and the eigenvalues are
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ψ±nm(R1,R2) = 1√
2
(hn(R1)k̀m(R2)± k̀m(R1)hn(R2)),

ψ±n′m(R1,R2)
∗ = 1√

2
(hn′(R1)

∗k̀m(R2)± k̀m(R1)
∗hn′(R2))

∗ (5.78)

and

(E±nm)′ = (Eh
n)′ + (Ek

m)′ + 4(
hh
nnM

kk
mm)4 ± 4(

hk
nmM

kh
mn)4

(E±n′m)′ = (Eh
n′)
′ + (Ek

m)′ + 4(
hh
n′n′M

kk
mm)4 ± 4(

hk
n′mM

kh
mn′)4.

(5.79)

With these operators the relations from eq.(5.46) to eq.(5.52) can be approximated

as follows:

l1′ l1
mmC2(t

′) ∂
∂x1

µ
T d1

4µ(R1, t
′) + l′ l

n′ nC1(t
′) ∂
∂x1

µ
T d2

4µ(R2, t
′)

= − á
ά( l1

′ l1
mmC2(t

′)
∫
hn′(R1)

∗k̀m(R2)
∗Qs

1
l′ l
n′ nC1(t

′)hn(R1)k̀m(R2)dV2

+ l′ l
n′ nC1(t

′)
∫
hn′(R1)

∗k̀m(R2)
∗Qs

2
l1′ l1
mmC2(t

′)hn(R1)k̀m(R2)dV1)

(5.80)

or

l1′ l1
mmC2(t

′) ∂
∂x1

µ
T d1

4µ(R1, t
′) + l′ l

n′ nC1(t
′) ∂
∂x2

µ
T d2

4µ(R2, t
′) =

− á
2ά( l1

′ l1
mmC2(t

′)
∫

(ψ+
n′m(R1,R2)

∗(
←−
Q
s

1 2 +
−→
Q
s

1 2 + 2 ∂
i∂t′ )

l′ l
n′ nC1(t

′)ψ+
nm(R1,R2))dV2

+ l1′ l1
mmC2(t

′)
∫

(ψ−n′m(R1,R2)(
←−
Q
s

1 2 +
−→
Q
s

1 2 + 2 ∂
i∂t′ )

l′ l
n′ nC1(t

′)ψ−nm(R1,R2))dV2

+ l′ l
n′ nC1(t

′)
∫

(ψ+
n′m(R1,R2)

∗(
←−
Q
s

1 2 +
−→
Q
s

1 2 + 2 ∂
i∂t′ )

l1′ l1
mmC2(t

′)ψ+
nm(R1,R2))dV1

+ l′ l
n′ nC1(t

′)
∫

(ψ−n′m(R1,R2)
∗(
←−
Q
s

1 2 +
−→
Q
s

1 2 + 2 ∂
i∂t′ )

l1′ l1
mmC2(t

′)ψ−nm(R1,R2))dV1)

+ á
2ά(∆Os+

a (R1, t
′) + ∆Os+

b (R2, t
′) + ∆Os−

a (R1, t
′) + ∆Os−

b (R2, t
′))

(5.81)
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with

∆Os±
a (R1, t) = −( l1

′ l1
mmC2(t)

∫
(ψ±n′m(R1,R2)

∗(
←−
Q

4

1 2 +
−→
Q

4

1 2

+2 h̄∂i∂t)
l′ l
n′ nC1(t)ψ

∓
nm(R1,R2))dV2

= l′ l
n′ nC1(t)

l1′ l1
mmC2(t)

∫
ψ±n′m(R1,R2)

∗(E±n′m − E∓nm
−h̄(l′ − l)ω)ψ∓nm(R1,R2)dV2

∆Os±
b (R2, t) = −( l1

′ l1
mmC1(t)

∫
(ψ±n′m(R1,R2)

∗(
←−
Q
s

1 2 +
−→
Q
s

1 2

+2 h̄∂i∂t)
l′ l
n′ nC2(t)ψ

∓
nm(R1,R2))dV1

= l′ l
n′ nC1(t)

l1′ l1
mmC2(t)

∫
ψ±n′m(R1,R′2)∗(E±n′m − E∓nm

−h̄(l1′ − l1)ω)ψ∓nm(R1,R′2)dV1.

(5.82)

Therefore is

l1′ l1
mmC2(t)

∂
∂x1

µ
T d1

4µ(R1, t) + l′ l
n′ nC1(t)

∂
∂x2

µ
T d2

4µ(R2, t) =
á

4ά
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)((E

+
n′m − E+

nm − 2h̄(l′ − l)ω)hn′(R1)
∗hn(R1)

+(E−n′m − E−nm − 2h̄(l′ − l)ω)hn′(R1)
∗hn(R1)

+(E+
n′m − E+

nm − 2h̄(l1′ − l1)ω)hn′(R2)
∗hn(R2)

+(E−n′m − E−nm − 2h̄(l1′ − l1)ω)hn′(R2)
∗hn(R2)) + á

2ά∆O.

(5.83)

and
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∆O = ∆Os+
a (R1, t) + ∆Os+

b (R2, t) + ∆Os−
a (R1, t) + ∆Os−

b (R2, t)

= 1
2
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)((E

+
n′m − E−nm − 2h̄(l′ − l)ω)hn′(R1)

∗hn(R1)

+(E−n′m − E+
nm − 2h̄(l′ − l)ω)hn′(R1)

∗hn(R1)

−(E+
n′m − E+

nm − 2h̄(l1′ − l1)ω)hn′(R2)
∗hn(R2)

−(E−n′m − E−nm − 2h̄(l1′ − l1)ω)hn′(R2)
∗hn(R2)).

(5.84)

If you consider the coordinates R1 = R and R2 = R in the eqs.(5.83/5.84) as

coordinates of the real space, you obtain again for n′ 6= n and l′ − l = l1′ − l1 the

relation

l1′ l1
mmC2(t)

∂
∂x1

µ
T d1

4µ(R, t) + l′ l
n′ nC1(t)

∂
∂x2

µ
T d2

4µ(R, t) =
á

2ά
l′ l
n′ nC1(t)

l1′ l1
mmC2(t)(E

+
n′m − E+

nm − 2h̄(l′ − l)ω)hn′(R)∗hn(R)

+2 áά(E−n′m − E−nm − 2h̄(l′ − l)ω)hn′(R)∗hn(R)

(5.85)

due to ∆Os±
a (R, t′) + ∆Os±

b (R, t′) = 0. The current components, be formed from

the solutions of the Schrödinger equation, are given in eq.(5.60).

5.4 Properties of the solutions

In this section we apply the Schrödinger approximation and the dimension units

introduced in section 3.2. The considered dynamic solutions are

0u(R1, t
′) =

∑
n

0an(t
′)0hn(R1)

1u(R1, t
′) =

∑
n

1an(t
′)1hn(R1)

v(R2, t
′) =

∑
m bm(t′)k̀m(R2)

(5.86)

and
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0u(R1, t
′)∗ =

∑
p

0ap(t
′)∗ 0hp(R1)

∗,
1u(R1, t

′)∗ =
∑
p

1ap(t
′)∗ 1hp(R1)

∗

v(R2, t
′)∗ =

∑
q bq(t

′)∗ k̀q(R2)
∗.

(5.87)

These form the charges

ρ1 = é(0u(R1, t
′)∗ +1 u(R1, t

′)∗)(0u(R1, t
′) +1 u(R1, t

′)),

ρ2 = é(v(R2, t
′)∗ v(R2, t

′)
(5.88)

and the associated electrostatic vector-potentials

A1
4(R, t′) = ié

∫ 1
r0 1
ρ1(R1, t

′)dV1,

A2
4(R, t′) = ié

∫ 1
r0 2
ρ2(R2, t

′)dV2.
(5.89)

In addition, it reads −iéA1
4(R1, t

′)0u(R1, t
′) =

∑
n(

0h
n M

1(t′)) 0hn(R1),

−iéA2
4(R1, t

′)0u(R1, t
′) =

∑
n(

0h
n M

2(t′)) 0hn(R1), etc. Therefore the functions should

satisfy the following Schrödinger equations (see eqs.(5.73/5.74)):
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i é
2

á
∂
∂t′

0u(R1, t
′) = é2

á

−→
P
s

1
0u(R1, t

′) +
∑
n (0h

n M
1(t′) + 0h

n M
2(t′))0hn(R1),

i é
2

á
∂
∂t′

1u(R1, t
′) = é2

á

−→
P
s

1
1u(R1, t

′) +
∑
n (1h

n M
1(t′) + 1h

n M
2(t′))1hn′(R1),

−i é2

á
∂
∂t′

0u(R1, t
′)∗ = − é2

á
0u(R1, t

′)∗
←−
P
s

1

+
∑
p (0h

p M
1(t′)∗ + 0h

p M
2(t′)∗) 0hp(R1)

∗,

−i é2

á
∂
∂t′

1u(R1, t
′)∗ = − é2

á
1u(R1, t

′)∗
←−
P
s

1

+
∑
p (1h

p M
1(t′)∗ + 1h

p M
2(t′)∗) 1hp(R1)

∗,

i é
2

á
∂
∂t′ v(R2, t

′) = é2

á

−→
P
s

2 v(R2, t
′) +

∑
m(kmM

1(t′) + k
mM

2(t′))ḱm(R2),

−i é2

á
∂
∂t′ v(R2, t

′)∗ = − é2

á v(R2, t
′)∗
←−
P
s

2

+
∑
q (kqM

1(t′)∗ + k
qM

2(t′)∗) ḱq(R2)
∗.

(5.90)

0hn,
1hn,

0hp,
1hp, k̀m and k̀q are orthogonal eigenfunctions. This system is useful

to describe a transition state.

The coefficients 0an(t
′), 1an′, bm(t′), etc. follow from the eqs.(5.90). It is

i é
2

á
d0an(t′)
dt′ = é2

á (0Eh
n)′ 0an(t

′) + 0h
n M

1(t′) + 0h
n M

2(t′),

i é
2

á
d1an(t′)
dt′ = é2

á (1Eh
n)′ 1an(t

′) + 1h
n M

1(t′)) + 1h
n M

2(t′),

i é
2

á
dbm(t′)
dt′ = é2

á (Ek
m)′ bm(t′) + k

mM
1(t′)) + (kmM

2(t′)

(5.91)

and

ié2

á
d0ap(t

′)∗

dt′ = − é2

á (0Eh
p )′ 0an(t

′)∗ − 0h
p M

1(t′)∗ − 0h
p M

2(t′)∗,

i é
2

á
d1ap(t

′)∗

dt′ = − é2

á (1Eh
p )′ 1ap(t

′)∗ − 1h
p M

1(t′)∗ − 1h
n′M

2(t′)∗,

i é
2

á
dbq(t

′)∗

dt′ = − é2

á (Ek
q )′ bq(t

′)∗ − k
qM

1(t′)∗ − k
qM

2(t′)∗.

(5.92)
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We insert into the eqs.(5.90-5.92) the following Fourier transformed expressions

0an(t
′) =

∑
l

0cln exp(−il ω′ (t′ − t′0)),
1an(t

′) =
∑
l

1cln exp(−il ω′ (t′ − t′0)),
bm(t′) =

∑
l1 d

l1
m exp(−il1ω′ (t′ − t′0))

0ap(t
′)∗ =

∑
l′ (

0cl
′

p)
∗ exp(il′ ω′ (t′ − t′0)),

1ap(t
′)∗ =

∑
l′ (

1cl
′

p)
∗ exp(il′ ω′ (t′ − t′0)),

bq(t
′)∗ =

∑
l1′ (d

l1′
q )∗ exp(il1′ ω′ (t′ − t′0))

(5.93)

respectively

0h
n M

1(t′) = é2

á

∑
l

0hmaln exp(−il ω′ (t′ − t′0)),
1h
n M

1(t′) = é2

á

∑
l

1hmaln exp(−il ω′ (t′ − t′0)),
0h
n M

2

(t′) = é2

á

∑
l1

0hmbl1n exp(−il1ω′ (t′ − t′0)),
1h
n M

2(t′) = é2

á

∑
l

1hmbln exp(−il ω′ (t′ − t′0)),
k
mM

1(t′) = é2

á

∑
l
kmalm exp(−il ω′ (t′ − t′0)),

k
mM

2

(t′) = é2

á

∑
l1

kmbl1m exp(−il1ω′ (t′ − t′0))

(5.94)

and

0h
p M

1(t′)∗ = é2

á

∑
l′ (

0hmal
′

p)
∗ exp(il′ ω′ (t′ − t′0)),

1h
p M

1(t′)∗ = é2

á

∑
l′ (

1hmal
′

p)
∗ exp(il′ ω′ (t′ − t′0)),

0h
p M

2

(t′)∗ = é2

á

∑
l1′ (

0hmbl1
′

p )∗ exp(il1′ ω′ (t′ − t′0)),
1h
p M

2(t′)∗ = é2

á

∑
l′ (

1hmbl
′

p)
∗ exp(il ω′ (t′ − t′0)),

k
qM

1(t′)∗ = é2

á

∑
l′ (

kmal
′

q )
∗ exp(il′ ω′ (t′ − t′0)),

k
qM

2(t′)∗ = é2

á

∑
l1′ (

kmbl1
′

q )∗ exp(il1′ ω′ (t′ − t′0)).

(5.95)
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Here is

0hmaln = −i áé
∫
(A1

4(R1, t
′)

∑
j,l1 exp(i(l − l1)ω′(t′ − t′0))

× 0hn(R1)
∗( 0cl1j

0hj(R1) + 1cl1j
1hj(R1))dV1,

1hmaln = −i áé
∫
(A1

4(R1, t
′)

∑
j,l1 exp(i(l − l1)ω′(t′ − t′0))

× 1hn(R1)
∗( 0cl1j

0hj(R1) + 1cl1j
1hj(R1))dV1,

0hmbln = −i áé
∫
(A2

4(R1, t
′)

∑
j,l1 exp(i(l − l1)ω′(t′ − t′0))

× 0hn(R1)
∗( 0cl1j

0hj(R1) + 1cl1j
1hj(R1))dV1,

1hmbln = −i áé
∫
(A2

4(R1, t
′)

∑
j,l1 exp(i(l − l1)ω′(t′ − t′0))

× 1hn(R1)
∗( 0cl1j

0hj(R1) + 1cl1j
1hj(R1))dV1,

kmalm = −i áé
∫
(A1

4(R1, t
′)

∑
j,l1

0dl1j

× exp(i(l − l1)ω′(t′ − t′0)) ḱm(R1)
∗ ḱj(R1)dV1,

kmblm(t′)) = −i áé
∫
(A2

4(R1, t
′)

∑
j,l1

1dl1j

× exp(i(l − l1)ω′(t′ − t′0)) ḱm(R1)
∗ ḱj(R1)dV1

(5.96)

and
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(0hmal
′

p)
∗ = −i áé

∫
(A1

4(R1, t
′)

∑
j′,l1′ exp(−i(l′ − l1′)ω′(t′ − t′0))

× 0hp(R1)(
0cl1

′

j′
0hj′(R1) + 1cl1

′

j′
1hj′(R1))

∗dV1,

(1hmal
′

j′)
∗ = −i áé

∫
(A1

4(R1, t
′)

∑
j′,l1′ exp(−i(l′ − l1′)ω′(t′ − t′0))

× 1hp(R1)(
0cl1

′

j′
0hj′(R1) + 1cl1

′

j′
1hj′(R1))

∗dV1,

(0hmbl
′

p)
∗ = −i áé

∫
(A2

4(R1, t
′)

∑
j′,l1′ exp(−i(l′ − l1′)ω′(t′ − t′0))

× 0hp(R1)(
0cl1

′

j′
0hj′(R1) + 1cl1

′

j′
1hj′(R1))

∗dV1,

(1hmbl
′

p)
∗ = −i áé

∫
(A2

4(R1, t
′)

∑
j′,l1′ exp(−i(l′ − l1′)ω′(t′ − t′0))

× 1hp(R1)(
0cl1

′

j′
0hj′(R1) + 1cl1

′

j′
1hj′(R1))

∗dV1,

(kmal
′

q )
∗ = −i áé

∫
(A1

4(R1, t
′)

∑
j′,l1′ exp(−i(l′ − l1′)ω′(t′ − t′0))

× 0dl1j′ ḱq(R1)
∗ ḱj′(R1)dV1,

(kmbl
′

q )
∗ = −i áé

∫
(A2

4(R1, t
′)

∑
j′,l1′ exp(−i(l′ − l1′)ω′(t′ − t′0))

× 1dl1
′

j′ ḱq(R1)
∗ ḱj′(R1)dV1.

(5.97)

Now we consider the share é2 (1u(R1)
∗v(R2)

∗ 0u(R1)v(R2)) of the total charge

product. This and the conjugated complex expression can form radiation moments.

The dynamics of this product is determined by

i é
2

á
∂
∂t′ (

1u(R1, t
′)∗v(R2, t

′)∗ 0u(R1, t
′)v(R2, t

′))

= i é
2

á ( ∂
∂t′ [(

1u(R1, t
′)∗v̄(R2, t

′)∗] 0u(R1, t
′)v(R2, t

′)

+ 1u(R1, t
′)∗v(R2, t

′)∗ ∂∂t′ [
0u(R1, t

′)v(R2, t
′)]).

(5.98)

The expression

1 0O∗ = i é
2

á
∂
∂t′ (

1u(R1, t
′)∗ v(R2, t

′)∗) (5.99)
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leads to (see eq.(5.86/5.87/5.93)

1 0O∗ = − é2

á

∑
p,l′,q,l1′ (l

′ + l1′)ω′ exp(i(l′ + l1′)ω′ (t′ − t′0))
×(1cl

′

p)
∗ (dl1

′

q )∗(1hp(R1)
∗)ḱq(R2)

∗.
(5.100)

This can be replaced by

1 0O∗ = (− ∑
p ( é

2

á (1ap(t
′))∗ 1hp(R1)

∗←−P
s

1

+ (1h
p M

1(t′)∗ + 1h
p M

2(t′)∗)1hp(R1)
∗)v(R2)

∗

+(− ∑
q ( é

2

á (bq(t
′))∗ ḱq(R2)

∗←−P
s

2

+ (kqM
1(t′)∗ + k

qM
2(t′)∗)ḱq(R2)

∗)u(R1)
∗

(5.101)

and, due to the eqs.(5.93-5.95), becomes

1 0O∗ = − é2

á (
∑
p,l′ exp(il′ ω′ (t′ − t′0))((1cl

′

p)
∗ (1Eh

p )′

+ (1hmal
′

p)
∗ + (1hmbl

′

p)
∗)1hp(R1)

∗)v(R2)
∗

+
∑
q,l1′ exp(il1′ ω′ (t′ − t′0))( (dl1

′

q )∗ (Ek
q )′

+ (kmal1
′

q )∗ + (kmbl1
′

q )∗)ḱq(R2)
∗)1u(R1, t

′)∗)

(5.102)

and with eqs.(5.86/5.90)

1 0O∗ = − é2

á (
∑
p,l′,q,l1′ exp(i(l′ + l1′)ω′ (t′ − t′0))(1cl

′

p)
∗ (dl1

′

q )∗((1Eh
p )′ + (Ek

q )′

+ (1hmal
′

p)
∗ + (1hmbl

′

p)
∗ + (kmal1

′

q )∗

+ (kmbl1
′

q )∗)1hp(R1)
∗)ḱq(R2)

∗)) .
(5.103)
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After multiplication with ou(R1, t
′)v(R2, t

′) we get

1 0O∗(ou(R1, t
′)v(R2, t

′)) = − é2

á (
∑
p,l′,q,l1′,n,l,m,l1

× exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)

×((1Eh
p )′ + (Ek

q )′ + (1hmal
′

p)
∗ + (1hmbl

′

p)
∗

+ (kmal1
′

q )∗ + (kmbl1
′

q )∗)1hp(R1)
∗)ḱq(R2)

∗)0hn(R1)ḱm(R2))

(5.104)

or using eq.(5.100)

1 0O∗(ou(R1, t
′)v(R2, t

′)) = − é2

á (
∑
p,l′,q,l1′,n,l,m,l1

× exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)

×( (l′ + l1′)ω′ )1hp(R1)
∗)ḱq(R2)

∗)0hn(R1)ḱm(R2)) .

(5.105)

The comparison of the eq.(5.104) and (5.105) results in

− é2

á (
∑
p,l′,q,l1′,n,l,m,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))

×(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)( (l′ + l1′)ω′ )1hp(R1)
∗)ḱq(R2)

∗)0hn(R1)ḱm(R2))

= − é2

á (
∑
p,l′,q,l1′,n,l,m,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))

×(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)((1Eh
p )′ + (Ek

q )′ + (1hmal
′

p)
∗ + (1hmbl

′

p)
∗

+ (kmal1
′

q )∗ + (kmbl1
′

q )∗)1hp(R1)
∗)ḱq(R2)

∗)0hn(R1)ḱm(R2)) .

(5.106)

and, due to (1Eh
p )′ + (Ek

q )′ = 0.5(E+
p q)
′ + (E−p q))

′)− 4(
hh
ppM

kk
qq )4, becomes
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é2

á (
∑
p,l′,q,l1′ ((l

′ + l1′)ω′ − 1
2((E+

p q)
′ + (E−p q))

′) exp(i(l′ + l1′)ω′ (t′ − t′0))
×(1cl

′

p)
∗ (dl1

′

q )∗)(1hp(R1)
∗)ḱq(R2)

∗

= é2

á (
∑
p,l′,l1′ exp(i(l′ + l1′)ω′ (t′ − t′0))(1cl

′

p)
∗ (dl1

′

q )∗

×((1hmal
′

p)
∗ + (1hmbl

′

p)
∗ + (kmal1

′

q )∗ + (kmbl1
′

q )∗)

− 4(
hh
ppM

kk
qq )4(

0hp(R1)
∗)ḱq(R2)

∗.

(5.107)

The next we consider the expression

0 1O = i é
2

á
∂
∂t′ (

0u(R1, t
′)v(R2, t

′)). (5.108)

It reads (see eqs.(5.86/5.96)

O0 1 = − é2

á

∑
n,l,m,l1 (l + l1)ω′ exp(−i(l + l1)ω′ (t′ − t′0))
×(0cln) (dl1m)(0hn(R1))ḱm(R2).

(5.109)

This can be substituted by

O0 1 = (
∑
n ( é

2

á
0an(t

′)
−→
P
s

1
0hn(R1) + (0h

n M
1(t′) + 0h

n M
2(t′))0hn(R1))v(R2)

+(
∑
m ( é

2

á (bm(t′))
−→
P
s

2 ḱm(R2) + k
mM

1(t′)ḱm(R2) + k
mM

2(t′)ḱm(R2))
0u(R1)

(5.110)

and, due to the eqs.(5.90-5.96), becomes
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O0 1 = é2

á (
∑
n,l exp(−il ω′ (t′ − t′0))((0cln) (0Eh

n)′

+ (0hmaln) + (0hmbln))
0hn(R1))v(R2)

+
∑
m,l1 exp(−il1ω′ (t′ − t′0))( (dl1m) (Ek

m)′

+ (kmal1m) + (kmbl1m))ḱm(R2)
0u(R1, t

′))

(5.111)

or with eqs.(5.86)

O0 1 = é2

á (
∑
n,l,m,l1 exp(−i(l + l1)ω′ (t′ − t′0))(0cln) (dl1m)((0Eh

n)′ + (Ek
m)′

+ (0hmaln) + (0hmbln) + (kmal1m)

+ (kmbl1m))0hn(R1))ḱm(R2))) .

(5.112)

Therefore is

(1u(R1)
∗v(R2)

∗)O0 1 = é2

á (
∑
p,l′,q,l1′,n,l,m,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))

×(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)((0Eh
n)′ + (Ek

m)′

+ (0hmaln) + (0hmbln) + (kmal1m)

+ (kmbl1m))1hp(R1))
∗ḱq(R2)

∗(0hn(R1))ḱm(R2)))) .
(5.113)

and with eq.(5.109)

(1u(R1)
∗v(R2)

∗)O0 1 = é2

á (
∑
p,l′,q,l1′,n,l,m,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))

×(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)((l + l1)ω′)1hp(R1))
∗ḱq(R2)

∗(0hn(R1))ḱm(R2)))) .
(5.114)
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That leads to

é2

á (
∑
p,l′,q,l1′,n,l,m,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))

×(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)((l + l1)ω′)1hp(R1))
∗ḱq(R2)

∗(0hn(R1))ḱm(R2))))

= é2

á (
∑
p,l′,q,l1′,n,l,m,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))
×(1cl

′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)((0Eh
n)′ + (Ek

m)′

+ (0hmaln) + (0hmbln) + (kmal1m)

+ (kmbl1m))1hn(R1))
∗ḱm(R2)

∗(0hn(R1))ḱm(R2)))) .

(5.115)

Due to the eq,(5.98 ), one obtains

i é
2

á ( ∂
∂t′ [(

1u(R1, t
′)∗v(R2, t

′)∗] 0u(R1, t
′)v(R2, t

′)

+ 1u(R1, t
′)∗v(R2, t

′)∗ ∂∂t′ (
0u(R1, t

′)v(R2, t
′)))

= − é2

á (
∑
p,l′,q,l1′,n,l,m,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))

×(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)( (l′ + l1′ − l − l1)ω′ )

× 1hp(R1)
∗)ḱq(R2)

∗)0hn(R1)ḱm(R2)).

(5.116)

and for the sum of eq.(5.104) and eq.(5.115)

i é
2

á ( ∂
∂t′ [(

1u(R1, t
′)∗v(R2, t

′)∗] 0u(R1, t
′)v(R2, t

′)

+ 1u(R1, t
′)∗v(R2, t

′)∗ ∂∂t′ (
0u(R1, t

′)v(R2, t
′)))

= é2

á (
∑
p,l′,q,l1′,n,l,m,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))

×(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)(− (1Eh
p )′ + (Ek

q )′) + (0Eh
n)′ + (Ek

m)′

− (1hmal
′

p)
∗ − (1hmbl

′

p)
∗ − (kmal1

′

q )∗ − (kmbl1
′

q )∗) + (0hmaln) + (0hmbln)

+ (kmal1m) + (kmbl1m))1hp(R1))
∗ḱq(R2)

∗(0hn(R1))ḱm(R2)))) .

(5.117)
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Using the relations (1Eh
p )′+ (Ek

q )′ = 0.5((E+
p q)
′+ (E−p q))

′)− 4(
hh
ppM

kk
qq )4 and (0Eh

n)′+

(Ek
m)′ = 0.5(E+

nm)′ + (E−nm))
′)− 4(

hh
nnM

kk
mm)4, it becomes

− é2

á (
∑
p,l′,q,l1′,n,l,m,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))

×(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (dl1m)( (l′ + l1′ − l − l1)ω′ )

× 1hp(R1)
∗)ḱq(R2)

∗)0hn(R1)ḱm(R2)).

= é2

á (
∑
p,l′,q,l1′,n,l,m,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))

×(1cl
′

p)
∗ (dl1

′

q )∗(0cln) (d̄l1m)(− 0.5(1E+
p q)
′ + (1E−p q))

′)− 4(
hh
ppM

kk
qq )4

+0.5(
0

E+
nm)′ + (0E−n q)

′)− 4(
hh
nnM

kk
mm)4

− (1hmal
′

p)
∗ − (1hmbl

′

p)
∗ − (kmal1

′

q )∗ − (kmbl1
′

q )∗) + (0hmaln) + (0hmbln)

+ (kmal1m) + (kmbl1m))1hp(R1))
∗ḱq(R2)

∗(0hn(R1))ḱm(R2)))).

(5.118)

The integration over V2 yields, due to the orthogonality of ḱq()
∗ḱm(),

− é2

á (
∑
p,l′,m,l1′,n,l,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))

0.5(1cl
′

p)
∗ (dl1

′

m )∗(0cln) (dl1m)(( (l′ + l1′ − l − l1)ω′ + (1E+
pm)′ − (0E+

nm)′)

+ ( (l′ + l1′ − l − l1)ω′ + (1E−pm)′ − (0E−nm)′) 1hp(R1)
∗)0hn(R1)).

= é2

á (
∑
p,l′,m,l1′,n,l,l1 exp(i(l′ + l1′ − l − l1)ω′ (t′ − t′0))
×(1cl

′

p)
∗ (dl1

′

m )∗(0cln) (dl1m)(− 4(
hh
ppM

kk
mm)4

− 4(
hh
nnM

kk
mm)4 − (1hmal

′

p)
∗ − (1hmbl

′

p)
∗ − (kmal1

′

m )∗ − (kmbl1
′

m )∗

+ (0hmaln) + (0hmbln) + (kmal1m) + (kmbl1m))1hp(R1)
∗(0hn(R1))).

(5.119)

The left side is formed by current divergences analogously to eqs.(5.57). Details of

eq.(5.119) should not be considered here. However one must be taken into account,

that the solutions of the eqs.((5.90/5.91/5.92) are only influenced by quasi-static

potentials. Radiation effects are neglected. But, this assumption must be corrected
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if a share of the currents satisfies one of the conditions given in the eqs.(5.60). That

share must the divergence eq.(5.58) also fulfils.

The related sub-field satisfies the energy balance as in one-electron case (see section

4.3). However, the eigenfunctions hn and k̀m and of which eigenvalues (En)
′ and

(Em)′ differ from the expressions of one-electron cases due to the double charge of

the nucleus. Such tables have so far only be calculated for s-states and therefore,

we restrict our numerical documentation on these cases and set hn = Y0 0h
′
n(r)

and k̀m = Y0 0h
′
m(r). These combinations do not form radiation moments and the

introduction of excitation levels makes not sense. In addition, the border of the

calculation range RR and the number of eigenfunctions must be greater than in

the one-electron case. This leads to longer calculation times. The Figs. 10-12 and

Table 10 show some results. The parameter e represents the total energy of the

system, which depends on the starting distribution. However, here we have used

a reduced number of eigenfunctions and a short calculation time. That means,

we have accepted a lower level of accuracy. Therefore the shapes in Fig. 10 and

Fig. 11 are wider and show dents. Nevertheless, it allows a reasonable interpretation

of the results. Fig. 11 exhibits a similar frequency behaviour of c1
1 = |cl1| and

d1
1 = |d1

1(l1 = l)| (see eqs.(5.86/5.87/5.93). However, the accuracy of the examples

presented is too low for a more detailed interpretation.
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Fig. 10: (see the eqs.(5.91/5.92)

Mean f ∗(r)f(r)r2 = 1
4π T ′

∫ T ′
0 u(r1, t

′)∗u(r1, t
′)dt′ of electron 1 (cases A1-E1) and

mean f ∗(r)f(r)r2 = 1
4π T ′

∫ T ′
0 v(r, t′)∗v(r, t′)dt′ of electron 2 (cases A2-E2); The

eqs.(5.88) link A1 with A2, B1 with B2, C1 with C2, D1 with D2 and E1 with

E2;
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Fig. 11: Spectral distributions of the 1s-coefficient |cl=1
n=1| of electron 1 (see the

egs.(5.93)) and the 1s-coefficient |dl1=1
m=1| of the electron 2 (cases A-E);

Table 10 Energy parameters of two-electron states:

(A-E:states, e=eg1+eg2 in é2/á),

A: T ′=1000, e=0.1070

eg1 ed1 ea1 R1 ∆R1

0.0307 -0.0404 0.0711 34.69 2.74

eg2 ed2 ea2 R2 ∆R2

0.0763 0.0109 0.0654 38.91 2.97
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e edg eag A(0) ∆A(0)

0.1070 -0.0295 0.1365 0.756 0.019

B: T ′=1000, e=0.0835

eg1 ed1 ea1 R1 ∆R1

0.0383 -0.0532 0.0915 33.41 3.49

eg2 ed2 ea2 R2 ∆R2

0.0451 -0.0456 0.0907 34.17 3.49

e edg eag A(0) ∆A(0)

0.0835 -0.0988 0.1823 0.9287 0.1842

C: T ′=1000, e=-0.03627

eg1 ed1 ea1 R1 ∆R1

0.0488 -0.0662 0.1150 32.68 3.60

eg2 ed2 ea2 R2 ∆R2

-0.0851 -0.2466 0.1616 25.65 4.35

e edg eag A(0) ∆A(0)

-0.0363 -0.3128 0.2766 1.1867 0.1333

D: T ′=1000, egg=-0.1651

eg1 ed1 ea1 R1 ∆R1

0.0865 -0.0275 0.1140 33.00 2.73

eg2 ed2 ea2 R2 ∆R2

-0.2516 -0.6000 0.3485 10.53 2.02
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e edg eag A(0) ∆A(0)

-0.1651 -0.6274 0.4623 1.5431 0.1001

E: T ′=1000, egg=-0.3888

eg1 ed1 ea1 R1 ∆R1

-0.1944 -0.4922 0.2978 13.32 1.70

eg2 ed2 ea2 R2 ∆R2

-0.1944 -0.4522 0.2978 13.32 1.70

e edg eag A(0) ∆A(0)

-0.3888 -0.9843 0.5955 1.6959 0.1333
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Chapter 6

Influence of the spin

6.1 Context of the problem

For the description of the influence of orientation on the spectral lines we con-

sider fields, which are divided into two excitation levels. In addition, special shares

describing the radiation effects are to be separated in a final presentation. In

particular, we restrict the investigation to cases in which two of the selected eigen-

functions are equal, i.e. oKm = zKm = Km. A transition field can be formed using

the following solutions of the Dirac equation (see eqs.(5.2/5.3)

U1(R1, t) =
∑
j
zâj(t)

zHj(R1)

+
∑
l exp(− i l ω t) zcln zHn(R1)

+
∑
j′
oâj′(t)

oHj′(R1)

+
∑
l′ exp(− i l′ ω t) ocl′n′ oHn′(R1),

(6.1)

U2(R2, t) =
∑
k
z b̂k(t)

zKk(R2)

+
∑
l exp(− i l1ω t) zdl1m zKm(R2)

+
∑
k′

ob̂k′(t)
oKk′(R2)

+
∑
l′ exp(− i l1′ ω t) odl1′m oKm(R2).

(6.2)
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We study appropriate separated products of these functions and define, related to

eq.(5.120),

C1(t) = (ocl
′

n′)
∗(zcln) exp(i(l′ − l)ωt) o,

C2(t) = (odl1
′

m )∗(zdlm) exp(i(l1′ − l1)ωt).
(6.3)

Here the indexes o and z mean upper and lower level. oâj′(t),
zâj(t),

ob̂k′(t) and
z b̂k(t) follow from the coefficients of the complete system, shown in the eqs.(5.4),

by subtracting the separated terms.

According to the eqs.(5.46/5.52), the divergence of the tensor, formed with the

separated terms, reads

C2(t)
∂
∂x1

µ
T d1

4µ(R1, t) + C1(t)
∂
∂x1

µ
T d2

4µ(R2, t) = − á
άC2(t)

∫
(H̄n′(R1)K̄m(R2)

×(
←−
Q

4

1 2 +
−→
Q

4

1 2 + 2γ1
4γ

2
4
h̄∂
i∂t)C1(t))Hn(R1)Km(R2)dV2

− á
άC1(t)

∫
(H̄n′(R1)K̄m(R2)(

←−
Q

4

1 2 +
−→
Q

4

1 2

+2γ1
4γ

2
4
h̄∂
i∂t)C2(t))Hn(R1)Km(R2)dV1

(6.4)

or

C2(t)
∂
∂x1

µ
T d1

4µ(R, t) + C1(t)
∂
∂x2

µ
T d2

4µ(R, t) =
á

2ά C1(t)C2(t)((Ē
+
n′m − Ē+

nm − 2h̄(l′ − l)ω) H̄n′(R)γ0
4Hn(R)

+(Ē−n′m − Ē−nm − 2h̄(l′ − l)ω) H̄n′(R)γ0
4Hn(R)).

(6.5)

One obtains for n′ 6= n and l1′ − l1 = l′ − l the eqs.(5.47-5.52). Here we apply

the practical dimensions (unit of the energy: é2/á, unit of the length á, unit of the

time ∆t) and get for the divergence of the current
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ćh̄ ∂
∂xµ

(J±d1
µ̄ (R) + J±d2

µ̄ (R)) = i
2 éC1(t)C2(t)(E

±
n′m − E±nm

−2h̄(l′ − l)ω)H̄n′(R)γ0
4Hn(R)

(6.6)

and the comparison with eq.(5.52) to ( áά ćh̄ = Ḿ ć2 = 1
ά2

é2

á )

C2(t)
∂
∂x1

µ
T d1

4µ(R, t) + C1(t)
∂
∂x2

µ
T d2

4µ(R, t) =
á

2άC1(t)C2(t)((Ē
+
n′m − Ē+

nm − 2h̄(l′ − l)ω) H̄n′(R)γ0
4Hn(R)

+(Ē−n′m − Ē−nm − 2h̄(l′ − l)ω) H̄n′(R)γ0
4Hn(R))

= −i 1
ά2

é
á

∂
∂xµ

(J+d
µ (R) + J−dµ (R)).

(6.7)

This current causes a radiation if oH̄n′(R1)γ
1
4
zHn(R1) forms a radiation moment

and the prerequisite, formulated in section 5.2, are fulfilled. That means, one of

the frequency meets the condition

o(E+
n′m)′ − z(E+

nm)′ = 2(l′ − l)ω′

or
o(E−n′m)′ − z(E−nm)′ = 2(l′ − l)ω′.

(6.8)

However, it must taken into account that J+d
µ (R, t′) and J−dµ (R, t′) oscillate with

the same frequency, but only one moment satisfies the radiation condition. That

means, only the oscillation with one of the frequency given in the eqs.(6.8) causes

radiation. We discus in section 6.2 witch frequency is selected.
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6.2 The influence of spin orientation

The orientation must be taken into account, to describe fine structure effects.

Therefore we introduce vertical arrows in the functions. The selected terms in the

eqs.(6.1/6.2) can be depicted by

U(R1, t, ↑) =
∑
l

cln exp(−ilωt)Hn(R1, ↑), (6.9)

and

V (R2, ↑, t) =
∑
l1

dl1m exp(−iωl1))Km(R2, ↑), (6.10)

whereby the direction of the arrow stands for the spin orientation. We consider the

known solution of the eq.(5.42), however, replace the operators
−→
P 1,

−→
P 2 and

−→
Q

4

1 2

with

P1 = h̄γ1
µ̄(∂/∂x1

µ̄)− 2é2γ1
4/(ćr1) + Ḿ ć,

P2 = h̄γ2
µ̄(∂/∂x2

µ̄)− 2é2γ2
4/(ćr2) + Ḿ ć

(6.11)

and

Q1 2 = (γ2
4(ćh̄γ1

µ̄
∂
∂x1

µ̄
− γ1

4 é
2( 2
r1
− 1

r1 2
))

+γ1
4(ćh̄γ2

µ̄
∂
∂x2

µ̄
− é2γ2

4( 2
r2
− 1

r2 1
)))

Q̂1 2 = Q1 2 + γ1
4γ

2
4
h̄∂
i∂t .

(6.12)

The functions Hn(R1, ↑) and Km(R2, ↑) satisfy the eigenvalue equations

ćP1Hn(R1, ↑) = ĒH1
n (↑)γ1

4Hn(R1, ↑),
ćP2Km(R2, ↑) = ĒK2

m (↑)γ2
4Km(R2, ↑),

Q1 2Ψ
±
nm(R1,R2, ↑↑) = Ē±nm(↑↑)γ1

4γ
2
4Ψ±nm(R1,R2, ↑↑).

(6.13)
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Here is

Ψ±nm(R1,R2, ↑↑) = 1√
2
(Hn(R1, ↑)Km(R2, ↑)±Km(R1, ↑)Hj(R2, ↑)). (6.14)

We look at a few combinations of s- and p-states. For example:

Hn(↑) = φ′(R1, ń, 0, m̆ = 1/2, ↑) =

 ĥń 0(↑)
ȟń 0(↑)

 , ĥń 0(↑) =

 iY0 0f
s
ń(r)

0

 ,
Km(↑) = φ′(R2, ḿ, 1, m̆ = 1/2, ↑) =

 k̂ḿ 1(↑)
ǩḿ 1(↑)

 ,
k̂ḿ 1(↑) =

 iY1 0

√
2/3f pḿ(r)

−iY1 1

√
1/3f pḿ(r)

 .

(6.15)

You find in the eqs.(3.8) the meaning of the arguments of φ′(R1, ń, 0, m̆) for j =

l − m̆ = 1/2, ) and also the alternative expression Km(↑) = φ′(R2, ḿ, 1, m̆ =

−1/2, ↑) for j=3/2. In addition, we use again relations like n = n(ń, 0, m̆) and

m = m(ḿ, 1, m̆) between the numbers. With the functions of the eqs.(6.15) you

cannot check the fine structure rules with the aid of the basic states because some

eigenvalues are equal. Therefore we consider different p1p1-states.

Case A:

With the functions
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Hn(↑) = φ′(R1, ń, 1, m̆ = 1/2, ↑) =

 ĥń 0(↑)
ȟń 0(↑)

 ,
ĥń 1(↑) =

 iY1 0

√
2/3f pń(r)

−iY1 1

√
1/3f pń(r)

 ,

Km(↑) = φ′(R2, ḿ, 1, m̆ = 1/2, ↑) =

 k̂ḿ 1(↑)
k̆ḿ 1(↑)

 ,
k̂ḿ 1(↑) =

 iY1 0

√
2/3f pḿ(r)

−iY1 1

√
1/3f pḿ(r)



(6.16)

and

CD1(t) = clnd
l1
m exp(−i(l + l1)wt+ φ1(t))

CD2(t) = clnd
l1
m exp(−i(l + l1)wt+ φ2(t))

(6.17)

we form the expression

W±
nm(R1,R2, t, ↑↑ + ↑↑) = 1

2(CD1(t)(Ψ
±
nm(R1,R2, ↑↑)

+CD2(t)Ψ
±
nm(R1,R2, ↑↑))

(6.18)

and use eq.(5.42) or eq.(6.12). We consider the cases of which the frequencies

meet one of the conditions given in eq.(6.7) or eq.(6.8). Then the radiation must

be taken into account. If φ2(t) and φ2(t) record this influence, we assume that

|d(φ1(t)/dt| and |φ2(t))/dt| are negligible because the radiation field is very small

in the cases examined. Therefore one obtains the eigenvalue using of the following

equation

W̄±
nm(R1,R2, t, ↑↑ + ↑↑)Q̂1 2W

±
nm(R1,R2, t, ↑↑ + ↑↑) = (clnd

l1
m)∗clnd

l1
m

×(KK±nm(R1,R2, ↑↑ + ↑↑) +GG±nm(R1,R2, ↑↑ + ↑↑)
+ĀJ

±
nm(↑↑ + ↑↑) +HH±nm(R1,R2, ↑↑ + ↑↑))

(6.19)
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with

KK±nm(R1,R2, ↑↑ + ↑↑)
= 1

2(H̄n(R1, ↑)ćP1Hn(R1, ↑) K̄m(R2, ↑)γ2
4Km(R2, ↑)

+K̄m(R1, ↑)ćP1Km(R1, ↑) H̄n(R2, ↑)γ2
4Hn(R2, ↑)

+H̄n(R1, ↑)γ1
4Hn(R1, ↑) K̄m(R2, ↑)ćP2Km(R2, ↑)

+K̄m(R1, ↑)γ1
4Km(R1, ↑) H̄n(R2, ↑)ćP2Hn(R2, ↑)),

(6.20)

GG±nm(R1,R2, ↑↑ + ↑↑)
= ±1

2(H̄n(R1, ↑)ćP1Km(R1, ↑) K̄m(R2, ↑)γ2
4Hn(R2, ↑)

+K̄m(R1, ↑)ćP1Hn(R1, ↑) H̄n(R2, ↑)γ2
4Km(R2, ↑)

+H̄n(R1, ↑)γ1
4Km(R1, ↑) K̄m(R2, ↑)ćP2Hn(R2, ↑)

+K̄m(R1, ↑)γ1
4Hn(R1, ↑) H̄n(R2, ↑)ćP2Km(R2, ↑)),

(6.21)

ĀJ
±

(↑↑ + ↑↑) = 1
4( 4(

H1↑H1↑
nn AJK2↑K2↑

mm )4 ± 4(
H1↑K1↑
nm AJK2↑H2↑

mn )4

+ 4(
H2↑H2↑
nn AJK1↑K1↑

mm )4 ± 4(
H2↑K2↑
nm AJK1↑H1↑

mn )4

+ 4(
K1↑K1↑
mm AJH2↑H2↑

nn )4 ± 4(
K1↑H1↑
mn AJH2↑K2↑

nm )4

+ 4(
K2↑K2↑
mm AJH1↑H1↑

nn )4 ± 4(
K2↑H2↑
mn AJH1↑K1↑

nm )4),

4(
HH
nn AJ

KK
mm )4 = é2H̄n(R1)γ

1
4Hn(R1)

1
r1 2
K̄m(R2)γ

2
4Km(R2), etc.

(6.22)

and
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HH±nm(R1,R2, ↑↑ + ↑↑)
= −(l + l1)wh̄Ψ̄±nm(R1,R2, ↑↑)γ1

4γ
2
4Ψ±nm(R1,R2, ↑↑).

(6.23)

The new designations H1 := Hn(R1), H2 : Hn(R2) etc. indicate the electrons 1 or

2. After integration it reads

∫
KK±nm(R1,R2, ↑↑ + ↑↑)dV1dV2

= 1
2(ĒH1

n (↑) + ĒK1
m (↑) + ĒH2

n (↑) + ĒK2
m (↑)),

∫
GG±nm(R1,R2, ↑↑ + ↑↑)dV1dV2 = 0,

∫
ĀJ
±
nm(↑↑ + ↑↑)dV1dV2 = M̄±

nm(↑↑ + ↑↑),

∫
HH±nm(R1,R2, t, ↑↑ + ↑↑)dV1dV2 = −(l + l1)wh̄

(6.24)

with

M̄±
nm(↑↑ + ↑↑) = 1

2( 4(
H1↑H1↑
nn MK2↑K2↑

mm )4 ± 4(
H1↑K1↑
nm MK2↑H2↑

mn )4

+ 4(
H2↑H2↑
nn MK1↑K1↑

mm )4 ± 4(
H2↑K2↑
nm MK1↑H1↑

mn )4).
(6.25)

Therefore one obtains the equation

∫
W̄±

nm(R1,R2, t, ↑↑ + ↑↑)Q̂1 2W
±
nm(R1,R2, t, ↑↑ + ↑↑)dV1dV2

= (clnd
l1
m)∗clnd

l1
m(Ē±HKnm (↑↑ + ↑↑)− (l + l1)wh̄ ),

(6.26)
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what yields the condition

Ē±HKnm (↑↑ + ↑↑) = (l + l1)wh̄ (6.27)

for the eigenvalues

Ē±HKnm (↑↑ + ↑↑) = 1
2(ĒH1

n (↑) + ĒK1
m (↑)

+ĒH2
n (↑) + ĒK2

m (↑)) + M̄±
nm(↑↑ + ↑↑).

(6.28)

The following relations

KK−nm(R1,R2, t, ↑↑ + ↑↑) = KK+
nm(R1,R2, ↑↑ + ↑↑),

GG+
nm(R1,R2, t, ↑↑ + ↑↑) = −GG−nm(R1,R2, ↑↑ + ↑↑)

M̄±
nm(↑↑ + ↑↑) = M̄±

nm(∗)
(6.29)

are useful for comparing of the results. In our approximation the potential integrals

are independent on the orientation and we suppress these informations sometimes.

The orientation can be combined with solutions of the Schrödinger equation if

one apply the following notations:

α = α′ =

 1

0

 , β = β′ =

 1

0

 ,
ᾱ = ᾱ′ = {1 0}, β̄ = β̄′ = {0 1}.

(6.30)

For example, it is

ĥn(R1, ↑) := αhn(R1),

ĥn(R2, ↓) := β′hn(R2).
(6.31)
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We use these notations to characterise the function W±
nm(R1,R2, t, ↑↑ + ↑↑) and

get the following equivalent expression

W±
nm(R1R2, t

′, ↑↑ + ↑↑) := 1
2(CD1(t

′) + CD2(t
′))αα′ψ±nm(R1,R2). (6.32)

Here

ψ±nm(R1,R2) =
1√
2

(hn(R1)k̀m(R2)± k̀m(R1)hn(R2)) (6.33)

are the eigenfunctions of the operator
−→
Q
s

1 2 = Qs
1 2, defined in eqs.(5.77/6.12). This

leads to

E±h knm (∗) =
∫
ψ±nm(R1,R2)

∗Qs
1 2ψ

±
nm(R1,R2)dV2dV1, (6.34)

where ψ±nm is formed from the related eigenfunctions Y1 0f
p
m̀ and Y1±1f

p
m̀ of the

Schrödinger equation (see eq.(3.18)). Eh
ń l(∗) etc. are eigenvalues of P s

1 . Hence

eq.(6.16) leads to

EH
n (↑) = Eh

ń 1(∗) + ∆E(ń, l = 1, ↑) and

EK
m (↑) = Ek

ḿ 1(∗) + ∆E(ḿ, l = 1, ↑),

the eq.(6.28) reads
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E−HKnm (↑↑ + ↑↑) = E−h knm (∗) + 1
2(∆E(ń(h1), l = 1, ↑))

+∆E(ń(h2), l = 1, ↑) + ∆E(ḿ(k1), l = 1, ↑) + ∆E(ḿ(k2), l = 1, ↑))
(6.35)

with

E−h knm (∗) = Eh
ń 0(∗) + Ek

ḿ 1(∗) + 4(
hh
nnM

kk
mm)4 − 4(

hk
nmM

kh
mn)4. (6.36)

In section 6.3 you find the correction terms ∆E(ń(h1), l = 1, ↑), etc. Eq.(6.35)

fulfils the established symmetry condition. The reason is discussed later and the

influence of the potentials is considered in section 6.4.

Case B:

In the next examples the spin orientation is changed and the basic functions are:

Hn(↓) = χ′(R1, ń, 1, ↓) =

 ĥń 1(↓)
h̆ń 0(↓)

 ,
ĥń 1(↓) =

Y1 0

√
1/3f pń(r)

Y1 1

√
2/3f pń(r)


Km(↓) = χ′(R2, ń, 1, ↓) =

 k̂ḿ 1(↓)
k̆ḿ 1(↓)

 ,
k̂ń 1(↓) =

Y1 0

√
1/3f pḿ(r)

Y1 1

√
2/3f pḿ(r)

 .

(6.37)

You find the meaning of the argument also in the eqs.(3.8). The functions, presented

in the eqs.(6.18), read now
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W±
nm(R1,R2, t, ↓↓ + ↓↓) = 1

2(CD1(t)(Ψ
±
nm(R1,R2, ↓↓)

+CD2(t)Ψ
±
nm(R1,R2, ↓↓)),

(6.38)

or

W−
nm(R1,R2, t

′, ↓↓ + ↓↓) := 1
2(CD1(t

′) + CD2(t
′))ββ′ψ−nm(R1,R2). (6.39)

That gives

EH
n (↓) = Eh

ń,1(∗) + ∆E(ń, l = 1, ↓),

EK
m (↓) = Ek

ḿ,1(∗) + ∆E(ḿ, l = 1, ↓) and

eq.(6.28) reads

E−HKnm (↓↓ + ↓↓) = E−h knm (∗) + 1
2(∆E(ń(h1), l = 1, ↓))

+∆E(ń(h2), l = 1, ↓) + ∆E(ḿ(k1), l = 1, ↓) + ∆E(ḿ(k2), l = 1, ↓)).
(6.40)

Case C:

Using the functions depicted in the eqs.(6.16/6.37), you can build the following

expression

W−
nm(R1,R2, t, ↑↓ + ↓↑) = 1√

2
CD1(t)(Ψ

−a
nm(R1,R2, ↑↓)

+CD2(t)Ψ
−a
nm(R1,R2, ↓↑))

(6.41)

with

Ψ±anm(R1,R2, ↑↓) = 1√
2
(Hn(R1, ↑)Km(R2, ↓)±Km(R1, ↓)Hn(R2, ↑)),

Ψ±anm(R1,R2, ↓↑) = 1√
2
(Hn(R1, ↓)Km(R2, ↑)±Km(R1, ↑)Hn(R2, ↓)).

(6.42)
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For this approach the equations (6.9/6.10) must be replaced by

U(R1, ↑↓, t) =
1√
2

∑
l

cln exp(−ilwt)(Hn(R1, ↑) +Hn(R1, ↓)), (6.43)

and

V (R2, ↑↓, t) =
1√
2

∑
l1

dl1m exp(−il1)wt)(Km(R2, ↑) +Km(R2, ↓)). (6.44)

The combination of U = Hn(↑) + Kn(↑) and V = Km(↓) + Hm(↓) does not make

sense because of 4(
HK↑
nm MKH↓

mn )4 = 4(
HK↓
nm MKH↑

mn )4 = 0. However, it is possible to

describe the function W−
nm(R1,R2, t, ↑↓ + ↓↑) by

W−
nm(R1,R2, t, ↑↓ + ↓↑) := 1√

2
(CD1(t)αβ

′ + CD2(t)βα
′)ψ−nm(R1,R2). (6.45)

The eq(6.41) leads to

W̄−
nm(R1,R2, t, ↑↓ + ↓↑)Q̂1 2W

−
nm(R1,R2, t, ↑↓ + ↓↑)

= (clnd
l1
m)∗clnd

l1
mKK

−
nm(R1,R2, ↑↓ + ↓↑) +GG−nm(R1,R2, ↑↓ + ↓↑)

+ĀJ
−
nm(↑↓ + ↓↑) +HH−nm(R1,R2, ↑↓ + ↓↑)

(6.46)
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with

KK±nm(R1,R4, ↑↓ ∓ ↓↑)
= 1

4(H̄n(R1, ↑)ćP̂1Hn(R1, ↑) K̄m(R2, ↓)γ2
4Km(R2, ↓)

+K̄m(R1, ↓)ćP̂1Km(R1, ↓) H̄n(R2, ↑)γ2
4Hn(R2, ↑)

+H̄n(R1, ↑)γ1
4Hn(R1, ↑) K̄m(R2, ↓)ćP̂2Km(R2, ↓)

+K̄m(R1, ↓)γ1
4Km(R1, ↓) H̄n(R2, ↑)ćP̂2Hn(R2, ↑)

+H̄n(R1, ↓)ćP̂1Hn(R1, ↓) K̄m(R2, ↑)γ2
4Km(R2, ↑)

+K̄m(R1, ↑)ćP̂1Km(R1, ↑) H̄n(R2, ↓)γ2
4Hn(R2, ↓)

+H̄n(R1, ↓)γ1
4Hn(R1, ↓) K̄m(R2, ↑)ćP̂2Km(R2, ↑)

+K̄m(R1, ↑)γ1
4Km(R1, ↑) H̄n(R2, ↓)ćP̂2Hn(R2, ↓)),

(6.47)

G±nm(R1,R2, ↑↓ ∓ ↑↓)
= ∓1

4(H̄n(R1, ↑)ćP̂1Km(R1, ↑) K̄m(R2, ↓)γ2
4Hn(R2, ↓)

+K̄m(R1, ↓)ćP̂1Hn(R1, ↓) H̄n(R2, ↑)γ2
4Km(R2, ↑)

+H̄n(R1, ↑)γ1
4Km(R1, ↑) K̄m(R2, ↓)ćP̂2Hn(R2, ↓)

+K̄m(R1, ↓)γ1
4Hn(R1, ↓) H̄n(R2, ↑)ćP̂2Km(R2, ↑)

+H̄n(R1, ↓)ćP̂1Km(R1, ↓) K̄m(R2, ↑)γ2
4Hn(R2, ↑)

+K̄m(R1, ↑)ćP̂1Hn(R1, ↑) H̄n(R2, ↓)γ2
4Km(R2, ↓))

+H̄n(R1, ↓)γ1
4Km(R1, ↓) K̄m(R2, ↑)ćP̂2Hn(R2, ↑)

+K̄m(R1, ↑)γ1
4Hn(R1, ↑) H̄n(R2, ↓)ćP̂2Km(R2, ↓)),

(6.48)
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ĀJ
±

(↑↓ ∓ ↓↑)nm = 1
8( 4(

H1↑H1↑
nn AJK2↓K2↓

mm )4 ± 4(
H1↑K1↑
nm AJK2↓H2↓

mn )4

+ 4(
H2↑H2↑
nn AJK1↓K1↓

mm )4 ± 4(
H2↑K2↑
nm AJK1↓H1↓

mn )4

+ 4(
K1↑K1↑
mm AJH2↓H2↓

nn )4 ± 4(
K1↑H1↑
mn AJH2↓K2↓

nm )4

+ 4(
K2↑K2↑
mm AJH1↓H1↓

nn )4 ± 4(
K2↑H2↑
mn AJH1↓K1↓

nm )4

+ 4(
H1↓H1↓
nn AJK2↑K2↑

mm )4 ± 4(
H1↑K1↑
nm AJK2↑H2↑

mn )4

+ 4(
H2↓H2↓
nn AJK1↑K1↑

mm )µ ± 4(
H2↓K2↓
nm AJK1↑H1↑

mn )4

+ 4(
K1↓K1↓
mm AJH2↑H2↑

nn )4 ± 4(
K1↓H1↓
mn AJH2↑K2↑

nm )4

+ 4(
K2↓K2↓
mm AJH1↑H1↑

nn )4 ± 4(
K2↓H2↓
mn AJH1↑K1↑

nm )4)

(6.49)

and

HH±nm(R1,R2, ↑↓ ∓ ↓↑)
= −1

2(l + l1)wh̄(Ψ̄±anm(R1,R2, ↑↓)γ1
4γ

2
4Ψ±anm(R1,R2, ↑↓)

+Ψ̄±anm(R1,R2, ↓↑)γ1
4γ

2
4Ψ±anm(R1,R2, ↓↑)).

(6.50)

Here we have also introduced the expressions for W+
nm(R1,R2, t, ↑↓ − ↓↑). The

integration yields
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∫
KK−nm(R1,R2, ↑↓ + ↓↑)dV1dV2

= 1
2(ĒH1

n (↑) + ĒH2
n (↓) + ĒK1

m (↑) + ĒK2
m (↓)),

∫
GG−nm(R1,R2, ↑↓ + ↓↑)dV1dV2 = 0,

M̄−(↑↓ + ↓↑)nm =
∫
ĀJ
−

(↑↓ + ↓↑)dV1dV2

= 1
4( 4(

H1↑H1↑
nn MK2↓K2↓

mm )4 − 4(
H1↑K1↑
nm MK2↓H2↓

mn )4

+ 4(
H2↑H2↑
nn MK1↓K1↓

mm )4 − µ(H2↑K2↑
nm MK1↓H1↓

mn )4

+ 4(
K1↑K1↑
mm MH2↓H2↓

nn )4 − 4(
K1↑H1↑
mn MH2↓K2↓

nm )4

+ 4(
K2↑K2↑
mm MH1↓H1↓

nn )4 − 4(
K2↑H2↑
mn MH1↓K1↓

nm )4).

(6.51)

Therefore, integrating eq.(6.46), one obtains the eigenvalue equation

∫
W̄−

nm(R1,R2, t, ↑↓ + ↓↑)Q̂1 2W
−
nm(R1,R2, t, ↑↓ + ↓↑)dV1dV2

= (clnd
l1
m)∗clnd

l1
m(Ē−HKnm (↑↓ + ↓↑)− (l + l1)wh̄ ).

(6.52)

That means, for

Ē−HKnm (↑↓ + ↓↑) = (l + l1)wh̄. (6.53)

the integral becomes zero. Here is

Ē−HKnm (↑↓ + ↓↑) = 1
2(ĒH1

n (↑) + ĒK1
m (↓)

+ĒH2
n (↓) + ĒK2

m (↑)) + M̄−
nm(↑↓ + ↓↑)

(6.54)

166



and due to the eqs.(6.34/6.41) it becomes

EH
n (↑) = Eh

ń 0(∗) + ∆E(ń, l = 1, ↑), EH
n (↓) = Eh

ń 0(∗) + ∆E(ń, l = 1, ↓) and

EK
m (↑) = Ek

ḿ 1(∗) + ∆E(ḿ, l = 1, ↑) and EK
m (↓) = Ek

ḿ 1(∗) + ∆E(ḿ, l = 1, ↓).

Using the eqs.(6.47-6.50), the eigenvalue energy reads

E−HKnm (↑↓ + ↓↑) = E−h knm (∗) + 1
4(∆E(ń(h1), l = 1, ↑)

+∆E(ḿ(k1), l = 1, ↓) + ∆E(ḿ(k2), l = 1, ↓) + ∆E(ń(h2), l = 1, ↑)
+∆E(ń(h1), l = 1, ↓)) + ∆E(ḿ(k1), l = 1, ↑)
+∆E(ḿ(k2), l = 1, ↑) + ∆E(ń(h2), l = 1, ↓)).

(6.55)

or

E−HKnm (↑↓ + ↓↑) = E−h knm (∗) + 1
2(∆E(ń(h), l = 1, ↑)

+∆E(ḿ(k), l = 1, ↓) + ∆E(ḿ(k), l = 1, ↑) + ∆E(ń(h), l = 1, ↓))
(6.56)

The correction terms remain equal for E+HK
nm (↑↓ + ↓↑) .

Case D:

Finally we replace eq.(6.41) by

W+
nm(R1,R2, t, ↑↓ − ↓↑) = 1√

2
CD1(t)(Ψ

+a
nm(R1,R2, ↑↓)

−CD2(t)Ψ
+a
nm(R1,R2, ↓↑))

(6.57)

or
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W+
nm(R1,R2, t

′, ↑↓ − ↓↑) := 1√
2
(CD1(t

′)αβ′ − CD2(t
′)βα′)ψ+

nm(R1,R2). (6.58)

Then, analogously to eq.(6.46), it reads

W̄+
nm(R1,R2, t, ↑↓ − ↓↑)Q̂1 2W

+
nm(R1,R2, t, ↑↓ − ↓↑)

= (clnd
l1
m)∗clnd

l1
m(KK+

nm(R1,R2, t, ↑↓ − ↓↑) +GG+
nm(R1,R2, t, ↑↓ − ↓↑)

+ĀJ
+
nm(↑↓ − ↓↑) +HH+

nm(R1,R2, ↑↓ − ↓↑)).
(6.59)

One finds the functions KK+
nm ect. also in the eqs (6.47-6.50) and one obtains by

integration of eq.(6.59) the relation

∫
W̄+

nm(R1,R2, t, ↑↓ − ↓↑)Q̂1 2W
+
nm(R1,R2, t, ↑↓ − ↓↑)dV1dV2

= (clnd
l1
m)∗clnd

l1
m(Ē+HK

nm (↑↓ − ↓↑)− (l + l1)wh̄ ).
(6.60)

This expression is zero for

Ē+HK
nm (↑↓ − ↓↑) = (l + l1)wh̄ (6.61)

with

E+HK
nm (↑↓ − ↓↑) = E+h k

nm (∗) + 1
2(∆E(ń(h), l = 1, ↑)

+∆E(ń(h), l = 1, ↓) + ∆E(ḿ(k), l = 1, ↓) + ∆E(ḿ(k), l = 1, ↑)).
(6.62)
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For E−HKnm (↑↓ − ↓↑) one obtain equal correction terms. The values Ē+HK
nm () or

Ē−HKnm () require different frequencies (l + l1)w/(2π) to fulfil eq.(6.53) or eq.(6.61).

If a frequency in one integral of eq.(6.4) meet this condition, the other integral does

not contribute to the radiation. Besides, it is reasonable to assume that only one

synchronous oscillation is possible during the same time.

A strong mathematical argumentation for the choice of the sign in W±
nm() is

missing yet. However, some completions exhibit connections. For this reason we

add in the operators of the transition process Q4
1 2 (see eqs.(5.41/5.42)) the poten-

tials of the radiation fields: Ăµ̄(z onn′Jµ̄), Ă4(
z o
nn′J4) = z oA4(Ri)− z oA′4(Ri)− () (see

eqs.(4.52/4.53)). It depends on the spin orientation. With the modified operators

and the functions

W±
nm(R1,R2, ↑↑ + ↑↑)′ = Ψ±nm(R1,R2, ↑↑),

W̄±
n′m(R1,R2, ↑↑ + ↑↑)′ = Ψ̄±n′m(R1,R2, ↑↑),

(6.63)

we form the expression

HK
n′mI

±HK
nm (↑↑ + ↑↑) =

∫
W̄±

n′m(R1,R2, ↑↑ + ↑↑)′(−→Q
4

1 2

+
←−
Q

4

1 2)W
±
nm(R1,R2, t, ↑↑ + ↑↑)′dV2

+iéH̄n′(R1, ↑)γµHn(R1, ↑)Ăµ(R1,
z o
nn′Jµ(R2, ↑↑))

+iéH̄n′(R1, ↑)γµHn(R1, ↑)Ăµ(R1,
o z
n′ nJµ(R2, ↑↑)).

(6.64)

That reads (case a)
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HK
n′mI

±HK
nm (↑↑ + ↑↑) = H̄n′(R1, ↑)γ4Hn(R1, ↑)(E±h knm (∗) + ∆E(ń(h), l, ↑))

+iéH̄n′(R1, ↑)γµHn(R1, ↑)Ăµ(z onn′J̆µ(R2, ↑↑))
−(E±h kn′m (∗) + ∆E(ń′(h), l, ↑))H̄n′(R1, ↑)γ4Hn(R1, ↑)

+iéH̄n′(R1, ↑)γµHn(R1, ↑)Ăµ(R1,
o z
n′ nJµ(R2, ↑↑)).

(6.65)

Similar considerations result in (case b)

HK
n′mI

±HK
nm (↓↓ + ↓↓) = H̄n′(R1, ↓)γ4Hn(R1, ↓)(E±h knm (∗)

+∆E(ń(h), l, ↓)) + iéH̄n′(R1, ↓)γµHn(R1, ↓)Ăµ(z onn′J̆µ(R2, ↓↓))
−(E±h kn′m (∗) + ∆E(ń′(h), l, ↓))H̄n′(R1, ↓)γ4Hn(R1, ↓)

+iéH̄n′(R1, ↓)γµHn(R1, ↓)Ăµ(R1,
o z
n′ nJµ(R2, ↓↓)).

(6.66)

In addition, one obtains

HK
n′mI

±HK
nm (↑↓ ∓ ↓↑)

= 1
2H̄n′(↑)γ4Hn(↑)(E±h knm (∗) + ∆E(ń(h), l, ↑))

+ i
2 éH̄n′(↑)γµHn(↑)Ăµ(z onn′Jµ(↓↓))

+1
2H̄n(↓)γ4Hn(↓)(E±h knm (∗) + ∆E(ń(h), l, ↓))

+ i
2 éH̄n′(↓)γµHn(↓)Ăµ(z onn′Jµ(↑↑))

−1
2H̄n′(↑)γ4Hn(↑)(E±h kn′m (∗) + ∆E(ń′(h), l, ↑))

+ i
2 éH̄n′(↑)γµHn(↑)Ăµ(o zn′ nJµ(↓↓))

−1
2H̄n′(↓)γ4Hn(↓)(E±h kn′m (∗) + ∆E(ń′(h), l, ↓))

+ i
2 éH̄n′(↓ γµHn(↓)Ăµ(o zn′ nJµ(↑↑))

(6.67)

and, because of
i
2 éH̄n′(↑)γµHn(↑)Ăµ(z onn′Jµ(↓↓)) = − i

2 éH̄n′(↑)γµHn(↑)Ăµ(z onn′Jµ(↑↑)) etc.,
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HK
n′mI

±HK
nm (↑↓ ∓ ↓↑)

= 1
2H̄n′(↑)γ4Hn(↑)(E±h knm (∗) + ∆E(ń(h), l, ↑))
− i

2 éH̄n′(↑)γµHn(↑)Ăµ(z onn′Jµ(↑↑))
+1

2H̄n(↓)γ4Hn(↓)(E±h knm (∗) + ∆E(ń(h), l, ↓))
− i

2 éH̄n′(↓)γµHn(↓)Ăµ(z onn′Jµ(↓↓))
−1

2H̄n′(↑)γ4Hn(↑)(E±h kn′m (∗) + ∆E(ń′(h), l, ↑))
− i

2 éH̄n′(↑)γµHn(↑)Ăµ(o zn′ nJµ(↑↑))
−1

2H̄n′(↓)γ4Hn(↓)(E±h kn′m (∗) + ∆E(ń′(h), l, ↓))
− i

2 éH̄n′(↓ γµHn(↓)Ăµ(o zn′ nJµ(↓↓)).

(6.68)

The eqs.(6.65/6.66) shows equal signs in front of ∆E() and i
2 éH̄n′()γµHn()Ăµ(z onn′Jµ()

for the terms with the same orientation, however, the terms in eq.(6.68) have op-

posite signs. Maybe this is a hint for the possible radiation frequencies. It could

mean that radiation with the frequency, given in eq.(6.60), will only be excited if

the denoted terms have opposite sign in HK
n′mI

+HK
nm (). The value

Ē−HKnm () = (l + l1)wh̄ (6.69)

should be possible in all other cases. Then we get the the desired results. How-

ever, this consideration does not exactly explain the fine structure. That requires

more knowledge about the solutions and the excitation mechanism of the radiation

process. Finally we present the results assuming this hypothesis:

Case A

E−HKnm (↑↑ + ↑↑) = E−h knm (∗) + ∆E(ń(h), l = 1, ↑)
+∆E(ḿ(k), l = 1, ↑);

(6.70)

Case B

171



E−HKnm (↓↓ + ↓↓) = E−h knm (∗) + ∆E(ń(h), l = 1, ↓)
+∆E(ḿ(k), l = 1, ↓);

(6.71)

Case C:

E−HKnm (↑↓ + ↓↑) = E−h knm (∗) + 1
2(∆E(ń(h), l = 1, ↑)

+∆E(ń(h), l = 1, ↓) + ∆E(ḿ(k), l = 1, ↓) + ∆E(ḿ(k), l = 1, ↑);
(6.72)

Case D:

E+HK
nm (↑↓ − ↓↑) = E+h k

nm (∗) + 1
2(∆E(ń(h), l = 1, ↑)

+∆E(ń(h), l = 1, ↓) + ∆E(ḿ(k), l = 1, ↓) + ∆E(ḿ(k), l = 1, ↑).
(6.73)

6.3 The calculation of the correction terms

We transform the eq.(2.4) with ξ = U = Hn or ξ = U = Hn to determine

Eh
n(↑) or Ek

m(↑) in the known way and write

(Eh
n + iéAK

4 )ξ̂ = ć−→σ (−ih̄) ∂ ξ̌
∂ xµ

,

(Eh
n + iéAK

4 + 2Ḿ ć2)ξ̌ = ć−→σ (−ih̄) ∂ ξ̂
∂ xµ

.
(6.74)

AK
4 = − 2ié/r represents the electrostatic potential of the nucleus and −→σ =

(σ1, σ2, σ3) is formed with Pauli matrices. This leads to (see [18])

ξ̌ = (1 − Ehn+iéAK4
2Ḿ ć2

)ć−→σ ( −ih̄
2Ḿ ć

) ∂ ξ̂
∂ xµ

(6.75)
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and therefore becomes

(Eh
n + iéAK

4 )ξ̂ = − h̄2

2Ḿ
(1− Ehn+iéAK4

2Ḿ ć2
)σµ̄σν̄

∂
∂ xµ̄

∂ ξ̂
∂ xµ̄

+ h̄2

4Ḿ2ć2
σµ̄

∂
∂ xµ̄

iéAK
4 σν̄

∂
∂ xν̄

ξ̂
(6.76)

or (in eq.(6.35): Eh
n(∗, j = 1/2) = Eh

n(∗)0 + ∆Eh
n(∗)0)

(Eh
n(∗)0 + ∆Eh

n(∗)0 + ∆Eh
n(↑) + iéA4)ξ̂j = − h̄2

2Ḿ
∂
∂ xµ̄

∂ ξ̂n
∂ xµ̄

I

+ h̄2 Ehn+iéAK4
4Ḿ2ć2

∂
∂ xµ̄

∂ ξ̂n
∂ xµ̄

+ iéh̄2

4M2c2
∂AK4
∂xµ̄

∂ξ̂n
∂xµ̄

− éh̄2σ3

4M2c2
∂AK4
∂x1

∂ξ̂n
∂x2

+ éh̄2σ3

4M2c2
∂AK4
∂x2

∂ξ̂n
∂x1

+ éh̄2σ2

4M2c2
∂AK4
∂x1

∂ξ̂n
∂x3
− éh̄2σ2

4M2c2
∂AK4
∂x3

∂ξ̂n
∂x1

− éh̄2σ1

4M2c2
∂AK4
∂x2

∂ξ̂n
∂x3

+ éh̄2σ1

4M2c2
∂AK4
∂x3

∂ξ̂n
∂x2
.

(6.77)

Here the relations

σν̄σµ̄
∂
∂xν̄

∂ξ̂n
∂xµ̄

= ∂
∂xµ̄

∂ξ̂n
∂xµ̄
I, (6.78)

iσµ̄σν̄
∂AK4
∂xµ̄

∂ξ̂n
∂xν̄

= i∂A
K
4

∂xµ̄

∂ξ̂n
∂xµ̄
I

−σ1(
∂AK4
∂x2

∂ξ̂n
∂x3
− ∂AK4

∂x3

∂ξ̂n
∂x2

)

+σ2(
∂AK4
∂x1

∂ξ̂n
∂x3
− ∂AK4

∂x3

∂ĥn
∂x1

)

−σ3(
∂AK4
∂x1

∂ξ̂n
∂x2
− ∂AK4

∂x2

∂ξ̂n
∂x1

)

(6.79)
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are used. The expressions ∆Eh
n(∗)0 and ∆Eh

n(↑) describe the correction of the

energy eigenvalues Eh
n of the Schrödinger equation (I:=1)

(Eh
n(∗)0 + iéAK

4 )hn = − h̄2

2Ḿ
∂
∂ xµ̄

∂ hn
∂ xµ̄

. (6.80)

After multiplying by (ξ̂n)
∗ = Ĥn and integration, the eq.(6.77) can be decomposed

into

Eh
n(∗)0 = − h̄2

2Ḿ

∫
(hn)

∗ ∂
∂ xµ̄

∂ hn
∂ xµ̄

dV − ié ∫
AK

4 (hn)
∗hndV (6.81)

and (see [18] eq.(70.14))

∆E(ń, l = j(l), ↑) = −8ά2

ń3 ( 1
j+1/2 −

3
4ń). (6.82)

For φ′(R1, ń, l, m̆± 1/2, ↑) is j=l-1/2 and therefore

∆E(ń, l, ↑) = −8ά2

ń3 (1
l −

3
4ń), l 6= 0, (6.83)

while for χ′(R1, ń, l, m̆ = ±1/2, ↓) is j=l+1/2 and

∆E(ń, l, ↓) = −8ά2

ń3 ( 1
l+1 −

3
4ń) and

∆E(ń, l = 0, ∗) = −8ά2

ń3 (1− 3
4ń).

(6.84)
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6.4 The potential integrals

The charge components related to the eqs.(6.15), have the form

JHH4 (∗) = iéf sn(r)2(Y0 0)
2,

JHK4 (↑) = ié
√

2
3(f sn(r)f pm(r)Y0 0Y1 0 = JHK4 (↑),

JKK4 (↑) = iéf pm(r)2(2
3(Y1 0)

2 + 1
3(Y1 1)

∗Y1 1)

= iéf pm(r)2((Y0 0)
2 + 1√

5
Y0 0Y2 0).

(6.85)

Therefore becomes

4(
HH
nn M

KK
mm )4 = (Y0 0)

4 ∫ ∫ 1
r0 0′

(f pn(r)2f pm(r′)2dV dV ′

=
∫∞
0 r2f sn(r)f pm(r)(1

r

∫ r
0 (r′)2f sn(r′)f pm(r′)dr′ +

∫∞
r r′f pm(r′)f sn(r′)dr′)dr

4(
HK
nm M

KH
mn )4 = 4(

KH
mn M

HK
nm )4 =

2
3(Y0 0)

2 ∫ ∫ 1
r0 0′

(f sn(r)f pm(r)Y1 0(δ, ϕ) (f pm(r′)f sn(r′)Y1 0(δ
′, ϕ′)dV dV ′

= 2
9

∫∞
0 r2f sn(r)f pm(r)( 1

r2

∫ r
0 (r′)3f sn(r′)f pm(r′)dr′ + r

∫∞
r f pm(r′)f sn(r′)dr′)dr.

(6.86)

Using the eqs.(6.16), it reads

JHH4 (↑) = iéf pn(r)2((Y0 0)
2 + 1√

5
Y0 0Y2 0),

JHK4 (↑) = iéf pn(r)f pm(r)((Y0 0)
2 + 1√

5
Y0 0Y2 0) = JKH4 (↑),

JKK4 (↑) = iéf pm(r)2((Y0 0)
2 + 1√

5
Y0 0Y2 0).

(6.87)

The eqs.(6.37) give the same results. That means, the orientation has no influence

on the potential integrals and we can write in the cases A, B, C, D
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4(
HH
nn M

KK
mm )4 = (Y0 0)

4 ∫ ∫ 1
r0 0′

(f pn(r)2f pm(r′)2dV dV ′

+1
5(Y0 0)

2 ∫ ∫ 1
r0 0′

(f pn(r)2Y2 0(δ, ϕ) (f pm(r′)2Y2 0(δ
′, ϕ′)dV dV ′)

=
∫∞
0 r2f sn(r)f pm(r)(1

r

∫ r
0 (r′)2f sn(r′)f pm(r′)dr′ +

∫∞
r r′f pm(r′)f sn(r′)dr′)dr

+ 1
25

∫∞
0 r2f sn(r)f pm(r)( 1

r3

∫ r
0 (r′)4f sn(r′)f pm(r′)dr′ + r2 ∫∞

r
1
r′f

p
m(r′)f sn(r′)dr′)dr

= 4(
KH
mn M

HK
nm )4.

(6.88)
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Chapter 7

The free solutions with self-field

7.1 The basic equations

We assume that no external electromagnetic field exists in the considered area.

Then the potential in the Schrödinger equation is reduced to the self-field described

by

A4(R, t) = ié
∫ 1

r01
u(R1, t)

∗ u(R1, t)dV1. (7.1)

Here u represents a solution of the following Schrödinger equation

(ih̄ ∂
∂t + (h̄2/(2Ḿ))∆ + iéA4)u(R, t) = 0. (7.2)

We restrict the investigation to spherically symmetric fields and use again the

notations introduce in section 3.2. The practical dimensions are: unit of the energy:

é2/á and unit of the time ∆t. Besides we use in this chapter the length unit á.

Therefore is d/dr := ád/dr and eq.(7.2) reads
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é2

á (i ∂∂ t′ + 1
2r2

∂
∂rr

2 ∂
∂r − áA0 0(r, t

′))f(r, t′)Y0 0 = 0 (7.3)

A static solution of eq.(7.3) does not exist. That means, u has the form

u(R, t′) = Y0 0f(r, t′). (7.4)

This leads to

f(r, t′) =
∑
n
cn(t

′)hn(r) (7.5)

with cn = bn exp iϕn(t
′). hn are, according to eg.(3.49/7.2), the eigenfunctions of

the following equation

( é
2

á )(E ′n + 1
2r2

∂
∂rr

2 ∂
∂r)hn(r) = 0 . (7.6)

These functions have the form

hn(r) =
√

2
R

1
r sin(n$′r) (7.7)

with En = (é2/á)E ′n = (é2/á)(n$)2. R is the large radius of the considered sphere.

hn(r) represents a complete system of singularity-free eigenfunctions in the range

0 ≤ r ≤ R. Using this system, the eq.(7.3)
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can be solved. In addition, u(r, t′) = Y0 0f(r, t′) describes a solution in the free

space if the conditions u(R) = 0 and (du(r)/dr = 0 are satisfied for r=R. The

charge density is given by

J0 0
4 = iéρ0 0(r, t

′)Y0 0Y0 0 (7.8)

with

ρ0 0 = (f(r, t′)∗f(r, t′). (7.9)

Therefore the quasi-static component of the vector potential A4 follows from

A0 0(r, t
′) = (I0 0(∞, t′)−

r∫
0

(Iρ(y, t′)/y2) dy). (7.10)

Here the integral function

Iρ(y, t′) =
y∫

0

x2ρ0 0(x, t
′)dx (7.11)

and áA0 0(r, t
′) are dimensionless. The eqs.(7.3/7.4) lead to

i ddt′cn(t
′) = E ′ncn(t

′) + Mn(t
′) (7.12)

with

Mn(t
′) = á

∫ ∞
0

r2A0 0(r, t
′)hn(r) f(r, t′) dr. (7.13)
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The Fourier transformation of this expression reads (ω′ = 2π/T ′)

(mxln) = 1
T ′

∫ t′0+T ′

t′0

∫∞
0 exp(ilω′ (t′ − t′0)) r2 á(A0 0

0 0(r, t
′)hn(r) f(r, t′) drdt′. (7.14)

With this equation and the relation

cn(t
′) =

∑
l

d ln exp(− i l ω′ (t′ − t′0)) (7.15)

the Fourier-transformation of eq.(7.12) yields

∑
l ω
′ l dln exp(−i l ω′ (t′ − t′0)) = E ′n

∑
l d

l
n exp(−i l ω′ (t′ − t′0))

+
∑
l mx

l
n exp(− i l ω′ (t′ − t′0) ).

(7.16)

Therefore becomes

(ω′ l − E ′n) d
l
n = mxln. (7.17)

The eqs.(7.12) must be solved with the aid of numerical methods that include

the calculations of Mn(t
′). The numerical determination of this integral can be
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avoided, using the procedure given in appendix D.

According to eq.(7.13) the energy of the electrostatic field has the value

ea(t′) =
é2

2á

∑
n,m,j,k

cn(t
′)∗cm(t′)cj(t

′)∗ck(t
′)(nmMj k) (7.18)

with (see section 6.4 and appendix D, á/r0 0′ := 1/r0 0′)

nmM
1
j k = á

∫ ∫ (Y0 0)4

r0 0′
hn(r)hm(r)hj(r

′)hk(r
′)dV dV ′. (7.19)

The energy of the Dirac field amounts to

ed(t′) =
é2

á

∑
n

1

2
(n$′)2 cn(t

′)∗cn(t
′) = eg − ea(t′). (7.20)

7.2 The force balance of a free solution

The force and energy balance of the presented system results from the divergence

of the associated energy-momentum tensor. It reads

T dν̄ µ̄ = h̄ć
2á (Ūγµ̄

∂
∂xν̄
U − ∂Ū

∂xν̄
γµ̄U) (7.21)

with
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U =

 Û
Ǔ

 , Ū = (Û ∗ − Ǔ ∗) (7.22)

and (see eq.(3.9))

Û =
∑
n
cn(t

′)

 ihn(r)Y0 0

0

 , Ǔ =
∑
n
cn(t

′)

 gn(r)
√

1
3Y1 0

gn(r)
√

2
3Y1 1

 , (7.23)

or

Û ∗ =
∑
j c
∗
j(t
′)(− ihj(r)∗Y0 0 0)

Ǔ ∗ =
∑
j c
∗
j(t
′)(gj(r)

∗ 1√
3
Y1 0 gj(r)

∗
√

2
3(Y1 1)

∗).
(7.24)

Here is gn(r) = h̄
2Ḿ ćá

∂hn(r)
∂r . Using the approximation (see [18], eq.(61.19))

Ǔ = −i h̄
2 ´M ćá
−→σ∇Û ,

Ǔ ∗ = i h̄
2Ḿ ćá
∇Û ∗−→σ ,

(7.25)

we get

T dν̄ ν̄ = h̄2

4iḾ á2
(− (Û ∗−→σ )(−→σ ∂

∂xν̄
∇Û) +∇(Û ∗−→σ )(−→σ ∂Û

∂xν̄
)

+(∂Û
∗

∂xν̄
−→σ )(−→σ∇Û)− ( ∂

∂xν̄
∇Û ∗−→σ )(−→σ Û))

(7.26)

or (see eq.(2.30))
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T dν̄ ν̄ = i
∑
n,jHFj n(− hj(r)∗ ∂

∂xν̄
∇hn + ∂hj(r)

∗

∂xν̄
∇hn) +∇hj(r)∗ ∂hn∂xν̄

− ( ∂
∂xν̄
∇hj(r)∗)hn)

+
∑
n,jHFj nrot((hj(r)

∗ ∂hn
∂xν̄

+ ∂hj(r)
∗

∂xν̄
hn)(0 0 1))

(7.27)

with HFj n(t
′) = (h̄ Y0 0)2

4Ḿá2
cj(t

′)∗cn(t
′) = (é Y0 0)2

4á c∗j(t
′)cn(t

′). The last expression in

eq.(7.27) has no influence on the force balance, since the divergence of the rotation

of a vector is zero. Therefore we can replace eq.(7.26) with

T d
′

ν̄ µ̄ = i
∑
n,jHFj n(t

′)(− hj(r)∗ ∂
2hn(r)
∂xν̄∂xµ̄

− ∂2hj(r)
∗

∂xν̄∂xµ̄
hn(r)

+∂(hj(r)
∗

∂xν̄

∂hn(r)
∂xµ̄

+ ∂hj(r)
∗

∂xµ̄

∂hn(r)
∂xν̄

),
(7.28)

or

T d
′

ν̄ µ̄ = i
∑
n,jHFj n(t

′)(− xν̄
r
xµ̄
r (hj(r)

∗ r∂
∂r [

1
r
∂hn(r)
∂r ]− r∂

∂r [
1
r
∂hj(r)

∗

∂r ]hn(r)

−(hj(r)
∗

r
∂hn(r)
∂r + ∂hj(r)

∗

∂r
hn(r)
r )δν̄ µ̄ + 2∂hj(r)

∗

∂r
∂hn(r)
∂r ).

(7.29)

The last column of this tensor is

T d
′

ν̄ 4 = 2
ά

∑
n,jHFj n(t

′)xν̄r (hj(r)
∗ ∂hn(r)

∂r −
∂hj(r)

∗

∂r hn(r)). (7.30)

Here the relations ∂Fn(r)
∂xν̄

= xν̄
r
∂Fn(r)
∂r are applied. One also has to consider the

contribution of the electrostatic field, given by (see eq.2.19)/2.29/3.53))

T eν̄ µ̄ = é2

á2

∑
n,j cj(t

′)∗cn(t
′)(Y0 0)

2 (−xν̄
r
xµ̄
r + 1

2δν̄ µ̄)(∂A0 0(r,t′)
∂r )2 =

4
á

∑
n,jHFj n(t

′) (−xν̄
r
xµ̄
r + 1

2δν̄ µ̄)(∂A0 0(r,t′)
∂r )2

T eν̄ 4
∼= 0.

(7.31)
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The eqs.(7.28/7.30) exhibit spherical symmetry when the terms are transformed

into a spherical system. For this reason we introduce the following four dimensional

unit-vectors

er = (x1

r ,
x2

r ,
x3

r , 0),

eϑ = (cos(α) cos(ϑ), sin(ϕ) cos(ϑ), sin(ϑ), 0),

eϕ = (−sin(ϕ), cos(ϕ), 0, 0),

e4 = (0, 0, 0, 1),

(7.32)

which are associated with the following transformation matrix

α̂ =



α1 1 = x1

r α1 2 = x2

r α1 3 = x3

r α1 4 = 0

α2 1 = cos(α) cos(ϑ) α2 2 = sin(ϕ) cos(ϑ) α2 3 = sin(ϑ) α2 4 = 0

α3 1 = −sin(ϕ) α3 2 = cos(ϕ) α3 3 = 0 α3 4 = 0

α4 1 = 0 α4 2 = 0, α4 3 = 0 α4 4 = 1

 .

(7.33)

The sum of eq.(7.28/29) and eq.(7.30) can be described by

T d
′

ν µ + T eν µ = α1 να1µT
p
r r(r, t

′) + δν µT
q
r r(r, t

′) (7.34)

with
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T pr r = i
∑
n,jHFj n(− hj(r)∗ ∂

2hn(r)
∂2r −

∂2hj(r)
∗

∂2r hn(r)

+1
r(hj(r)

∗ ∂hn(r)
∂r + ∂hj(r)

∗

∂r hn(r))

+2∂hj(r)
∗

∂r
∂hn(r)
∂r )− 4

á

∑
n,jHFj n(

∂A0 0(r,t′)
∂r )2,

T qr r = −i∑n,jHj n(
hj(r)

∗

r
∂hn(r)
∂r + ∂hj(r)

∗

∂r
hn(r)
r ) + 4

á

∑
n,jHFj n (∂A0 0(r,t′)

∂r )2

(7.35)

and

T pr 4 = (2/ά)
∑
n,jHFj n(t

′)(hj(r)
∗ ∂hn(r)

∂r −
∂hj(r)

∗

∂r hn(r))

T p4 4 = (2/ά2)
∑
n,jHFj n(t

′)(hj(r)
∗hn(r).

(7.36)

We transform eq.(7.34) with the aid of the matrix α̂ into the following tensor

T gν̄ µ̄ = αν̄ λαµ̄ κ(α1λα1κT
p
r r(r, t

′) + δλκT
q
r r(r, t

′))

= δν̄ 1 δµ̄ 1T
p
r r(r, t

′) + δν̄ µ̄T
q
r r(r, t

′),

T gν 4 = δν 4αν 1T
p
r 4(r, t

′).

(7.37)

That means, the sum T gν µ = T d
′

ν µ+T eν µ obtains in the system with the unit-vectors

defined in the eqs.(7.32) the form

T g =



T gr r 0 0 T gr 4

0 T gϑϑ 0 0

0 0 T gϕϕ 0

T g4 r 0 0 T g4 4

 . (7.38)
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Here are

T gr r = i
∑
n,jHFj n(− hj(r)∗ ∂

2hn(r)
∂r∂r −

∂2hj(r)
∗

∂r∂r hn(r) + 2∂(hj(r)
∗

∂r
∂hn(r)
∂r )

− 4
á

∑
n,jHFj n (∂A0 0(r,t′)

∂r )2,

T gϑϑ = T gϕϕ = −i∑n,jHFj n
1
r(hj(r)

∗ ∂hn(r)
∂r + ∂hj(r)

∗

∂r hn(r))

+ 4
á

∑
n,jHFj n(

∂A0 0(r,t′)
∂r )2,

T gr 4 = (2/ά)
∑
n,jHFj n(t

′) (hj(r)
∗ ∂hn(r)

∂r −
∂hj(r)

∗

∂r hn(r)),

T g4 r = T gr 4,

T g4 4 = −(2/ά2)
∑
n,jHFj n(t

′)hj(r)
∗hn(r).

(7.39)

All terms are independent of the direction of the radial unit-vector due to the

spherical symmetry. Therefore the r-component of the four-dimensional divergence

of this tensor reads

(divT g)r = ∂T gr r
á∂r + 2

árT
g
r r − 1

ár(T
g
ϑϑ + T gϕϕ) + ∂T gr 4

∂x4
(7.40)

respectively

(divT g)r = i
∑
n,jHFj n(t

′)(− hj(r)∗( ∂∂r [(
∂2hn(r)
∂r∂r + 2

r
∂hn(r)
∂r )]

− ∂
∂r [(

∂2hj(r)
∗

∂r∂r + 2
r
∂hj(r)

∗

∂r )]hn(r) + (∂hj(r)
∗

∂r )(∂
2hn(r)
∂r∂r + 2

r
∂hn(r)
∂r )

+(∂
2hj(r)

∗

∂r∂r + 2
r
∂hj(r)

∗

∂r ) ∂∂rhn(r))

− 4
á2

∑
n,jHFj n (Y0 0)

2 ∂A0 0(r,t′)
∂r (∂

2A0 0(r,t′)
∂r∂r + 2

r
∂A0 0(r,t′)

∂r )

−i (éY0 0)2

2ć∆̄t

∑
n,j

∂(c∗j (t
′)cn(t′))

∂t′ (hj(r)
∗ ∂hn(r)

∂r −
∂hj(r)

∗

∂r hn(r))

(7.41)

or due to eq.(3.54)
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(divT g)r = i é
2 (Y0 0)2

4á

∑
n,j c

∗
j(t
′)cn(t

′)(2(E ′n

−E ′j)(hj(r)∗(
∂hn(r′)
∂r − ∂hj(r)

∗

∂r hn(r))− 4
á2

∑
n,jHFj n

∂A0 0(r,t′)
∂r %0 0(r, t

′)

−i άé
2 (Y0 0)2

2á

∑
n,j

∂(c∗j (t
′)cn(t′))

∂t′ (hj(r)
∗ ∂hn(r)

∂r −
∂hj(r)

∗

∂r hn(r)).

(7.42)

The constants follow from 1/(ć∆t) = ά/á, exp(−iEt) = exp(−iE ′t′) and é2∆t/áh̄ =

1. The numerical results recommend the approach cn = bn(t
′) exp i(−E ′nt′−ϕn(t′)).

This leads with HFj n(t
′) = (é Y0 0)2

4á c∗j(t
′)cn(t

′)) to the following force balance equa-

tion

(divT g)r + ∂T e4 r
∂x4

= i
∑
n,jHFj n(2(E ′n − E ′j)(hj(r)∗

∂hn(r)
∂r −

∂hj(r)
∗

∂r hn(r))

+ 4
á2

∑
n,jHFj n

∂A0 0(r,t′)
∂r %0 0 + 2ά

∑
n,jHFj n(

−i
bj(t′)bn(t′)

∂(bj(t
′)bn(t′))
∂t′

− ((E ′n + ∂ϕn(t′)
∂t′ − E

′
j −

∂ϕj(t
′)

∂t′ ))(hj(r)
∗ ∂hn(r)

∂r −
∂hj(r)

∗

∂r hn(r)) = 0.

(7.43)

Hence becomes

4
á2

∑
n,jHFj n

∂A0 0(r,t′)
∂r %0 0 = 2ά

∑
n,jHFj n ( i

bj(t′)bn(t′)
∂(bj(t

′)bn(t′))
∂t′

−(E ′n − E ′j)(−1 + i)− ∂ϕn(t′)
∂t′ + ∂ϕj(t

′)
∂t′ )(hj(r)

∗ ∂hn(r)
∂r′ −

∂hj(r)
∗

∂r hn(r)).
(7.44)

The left side looks like a part of a Lorentz force density and the right side is the

local change in the radial current. Here you can see that the expansion rate of the

mean radius becomes constant because the limit of ∂A0 0(r,t′)
∂r %0 0 is zero.

Finally we mention the energy law which follows from the divergence of the

fourth line. That reads

(divT g)4 = ∂T g4 r
∂r + 2

rT
g
4 r + ∂T g4 4

∂x4
= 0 (7.45)
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or

(divT g)4 = (4/ά)
∑
n,jHFj n(t

′) (hj(r)
∗hn(r)2(E ′j − E ′n)

+4/ά)
∑
n,jHFj n(t

′)hj(r)
∗hn(r) ( i

bj(t′)bn(t′)
∂(bj(t

′)bn(t′))
∂t′

+((E ′n − E ′j + ∂ϕn(t′)
∂t′ −

∂ϕj(t
′)

∂t′ ) = 0

(7.46)

respectively

(divT g)4 = 4/ά)
∑
n,jHFj n(t

′)hj(r)
∗hn(r) ( i

bj(t′)bn(t′)
∂(bj(t

′)bn(t′))
∂t′

+∂ϕn(t′)
∂t′ −

∂ϕj(t
′)

∂t′ ) = 0.
(7.47)

In this approximation the energy law represents the charge conservation law, shown

above.

7.3 A ”free” solution in an external field

The determination of a ”free” solution in an external field requires a great effort.

However, it should be possible using modern computer systems. Here we discuss

only the problems. Examples are the dynamics of the tensor of an electron in the

field of an accelerator or a television tube [27]. It means that vector potentials have

to be replaced by

Aµ = Ae
µ + As

µ, (7.48)

where Ae
µ(x1, x2, x3) represents a static external field and As

µ(x1, x2, x3, t) the self

field. We suppose that Jeµ, the source of Ae
µ, be on the outside of the space consid-
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ered. Hence is Jµ = Jsµ(x1, x2, x3, t) = iéŪγµU . The complete energy-momentum

tensor in this area is formed by the following contributions

T̂ν µ = T dν µ + ssTwν µ + ssT eν µ + esTwν µ + esT eν µ + eeT eν µ (7.49)

with

T dν µ = ćh̄
2 (Ūγµ

∂U
∂xν
− ∂Ū

∂xν
γµU),

ssTwνµ = −As
ν J

s
µ,

esTwνµ = −Ae
ν J

s
µ,

ssT eνµ = 1
4π(F s

νσF
s
µσ − 1

4δνµF
s
σλF

s
σλ),

esT eνµ = 1
4π(F e

νσF
s
µσ − 1

4δνµF
e
σλF

s
σλ),

eeT eνµ = 1
4π(F e

νσF
e
µσ − 1

4δνµF
e
σλF

e
σλ).

(7.50)

The divergence of all lines from T̂ν µ must be zero. That is also independently fulfils

for eeT eν µ and we neglect this tensor. Using the eqs.(2.34-2.36) one obtains

∂

∂xµ
(ssT eνµ +es T eνµ) = −Jµ(

∂As
µ

∂xν
− ∂As

ν

∂xµ
)− Jµ(

∂Ae
µ

∂xν
− ∂Ae

ν

∂xµ
), (7.51)

∂

∂xµ
T dνµ = Jµ((

∂Ae
µ

∂xν
) + (

∂As
µ

∂xν
)) (7.52)

and

∂

∂xµ
(ssTwνµ + esTwνµ) = −Jµ((

∂Ae
ν

∂xµ
) + (

∂As
ν

∂xµ
)), (7.53)
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which also results in the eq.(2.38). Therefore the divergence condition ∂T̂ν µ/∂xµ =

0 leads for ν = ν̄ to

∂

∂xµ
(T gν̄µ) = Jµ(

∂Ae
µ

∂xν̄
− ∂Ae

ν̄

∂xµ
) (7.54)

with

T gνµ = T dνµ + ssTwνµ + ssT eνµ. (7.55)

T gνµ represents all components of the energy-momentum tensor of the electron sys-

tem. Consequently describes eq.(7.54) its general response to an external electro-

magnetic field. Due to h̄ć = é2/ά, h̄ ∂U
∂x4

= −Ḿ ćU , you get

T dν̄ 4
∼= é2

2áά(Û ∗I ∂Û∂xν̄ −
∂Û∗

∂xν̄
IÛ), (7.56)

T dν̄ 4 = h̄ć
2 (Ūγν̄

∂U
∂x4
− ∂Ū

∂x4
γν̄U) ∼= iḾ ć2 1

éJν̄ (7.57)

and

T d4 ν̄
∼= é2

2áά(Û ∗I ∂Û∂xν̄ −
∂Û∗

∂xν̄
IÛ) + i é

2

2áάrot(Û ∗−→σ Û)ν̄. (7.58)

The integral over the momentum eqs.(7.54) reads

∫ ∂
∂xµ
T dν̄µdV +

∫ ∂
∂xµ

(ssTwν̄µ +ss T eν̄µ)dV =
∫
Jµ(

∂Aeµ
∂xν̄
− ∂Aeν̄

∂xµ
)dV. (7.59)
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One obtains for the motion of the electron system the equation

Ḿ dv̄ν̄
dt
∼= ∫

Jµ(
∂Aeµ
∂xν̄
− ∂Aeν̄

∂xµ
)dV with

v̄ν̄ = ć
é

∫
Jν̄dV,

(7.60)

because of eq.(7.57), the approximation

∫ ∂
∂xµ

(ssTwν̄µ + ssT eν̄µ)dV
∼= ∫

Jµ(
∂Aeµ
∂xν̄

)dV ∼= 0 (7.61)

and

∫ ∂
∂xµ
T dν̄µdV = ∂

∂x4

∫
T dν̄4dV = ∂

∂x4

∫
T d4 ν̄dV. (7.62)

The right side of eq.(7.60? has the form of an integral description of the Lorentz

force Jµ(
∂Aeµ
∂xν̄
− ∂Aeν̄

∂xµ
) = −iJ4E− i

−→
J ×H.

It makes sense to show, how strongly the eq.(7.60) deviates from the following

basic equation of the electron optics

d

dt
[

Ḿ−→v√
1− (v/ć)2

] = é(E +−→v ×H), (7.63)
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which describes the movement of a point charge. Here we also use the time unit ∆t

and the relations E(t)dt/h̄ = E ′(t′)dt′, h̄/∆t = é2/á. If
−→R(t′) = (y1(t

′), y2(t
′), y3(t

′))

represents the solution vector of eq.(7.63), one obtains

−→R(t′)−−→R(t′0) =
∫ t′
t′0

(dy1

dt′ ,
dy2

dt′ ,
dy3

dt′ )dt
′ (7.64)

and vµ̄ = dyµ̄
dt′ . We put the function

Û(R, t′) = exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))W (R, t′) (7.65)

in eq.(3.37). That is

(i h̄∂∂t + iéA4 − 1
2Ḿ

(ih̄ ∂
∂xµ̄

+ é
ćAµ̄)2 + éh̄

2Ḿ ć
σµ̄Hµ̄)Û

= W (i h̄∂∂t −
1

2Ḿ
(ih̄ ∂

∂xµ̄
)2 − é

Ḿ ć
Aµ̄ih̄

∂
∂xµ̄

) exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))

+ h̄2

2Ḿ
∂W
∂xµ̄

∂
∂xµ̄

exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))

+ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))(i h̄∂∂t + iéA4

− 1
2Ḿ

(ih̄ ∂
∂xµ̄

+ é
ćAµ̄)2 + éh̄

2Ḿ ć
σµ̄Hµ̄)W = 0

(7.66)

respectively

(i h̄∂∂t + iéA4 − 1
2Ḿ

(ih̄ ∂
∂xµ̄

+ é
ćAµ̄)2 + éh̄

2Ḿ ć
σµ̄Hµ̄)Û

= é2

áW (R, t′)( i∂∂t′ exp(−i(∫ E ′(t′)dt′ + i vµ̄(t′)xµ̄))

+1
2 exp(−i ∫ E ′(t′)dt′) á2∂2

∂xµ̄∂xµ̄
exp(−ivµ̄(t′)xµ̄)

+i áéA4 exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))

+ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))(i ∂∂t′ + i áéA4)))W

+ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))(− 1
2Ḿ

(ih̄ ∂
∂xµ̄

+ é
ćAµ̄)2

+ éh̄
2Ḿ ć

σµ̄Hµ̄ + iάéávµ̄Aµ̄)W (R, t′)
−i é2

2 vµ̄ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄)) ∂
∂xµ̄
W (R, t′) = 0

(7.67)
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or

(i h̄∂∂t + iéA4 − 1
2Ḿ

(ih̄ ∂
∂xµ̄

+ é
ćAµ̄)2 + éh̄

2Ḿ ć
σµ̄Hµ̄)Û

= é2

á (E ′(t′)− á2

2 vµ̄(t′)vµ̄(t′) + xµ̄
∂vµ̄
∂t′ + i áéA4)Û(R, t′)

+ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))(i ∂∂t′ + i áéA4

− 1
2Ḿ

(ih̄ ∂
∂xµ̄

+ é
ć áAµ̄)2 + éh̄

2Ḿ ć
σµ̄Hµ̄ + iάéávµ̄Aµ̄)W (R, t′)

−i é2

2 vµ̄ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄)) ∂
∂xµ̄
W (R, t′) = 0.

(7.68)

Here the relationships h̄2/Ḿ = é2á, h̄/(Ḿ ć) = άá and Aµ = Ae
µ(x1, x2, x3) +

As
µ(x1, x2, x3, t

′) are used. For a purely electrostatic external field (Ae
µ̄ = 0, As

µ̄
∼= 0)

it becomes

(i h̄∂∂t + iéA4 − 1
2Ḿ

(ih̄ ∂
∂xµ̄

)2)Û

= é2

á (E ′(t′)− 1
2vµ̄(t′)vµ̄(t′) + xµ̄

∂vµ̄
∂t′ + i áéA4)Û(R, t′)

+ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))(i ∂∂t′ + i áéA4 + ∂2

2∂xµ̄∂xµ̄
)W (R, t′)

−i é2

2 vµ̄ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄)) ∂
∂xµ̄
W (R, t′) = 0.

(7.69)

We replace the energy E ′(t′) by

E ′(t′) = 1
2vµ̄(t′)2 − i áéA

e
4(
−→R(t′)) (7.70)

and obtain instead of the eqs.(7.68/7.69) the expressions

(i h̄∂∂t + iéA4 − 1
2Ḿ

(ih̄ ∂
∂xµ̄

+ é
ć áAµ̄)2 + éh̄

2Ḿ ć
σµ̄Hµ̄)Û

= é2

á (xµ̄
∂vµ̄
∂t′ + i áé(A

e
4(R)− Ae

4(
−→R(t′)) + As

4(R, t)))Û(R, t′)
+ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))(− 1

2Ḿ
(ih̄ ∂

∂xµ̄
+ é

ć áAµ̄)2

+ éh̄
2Ḿ ć

σµ̄Hµ̄ + iάéávµ̄Aµ̄)W (R, t′)
− é2

2 vµ̄ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄)) ∂
∂xµ̄
W (R, t′) = 0

(7.71)
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or

(i h̄∂∂t + iéA4 + 1
2Ḿ

(h̄ ∂
∂xµ̄

)2)Û

= é2

á (xµ̄
∂vµ̄
∂t′ + i áé(A

e
4(R)− Ae

4(
−→R(t′)) + As

4(R, t)))Û(R, t′)
+ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄))(i ∂∂t′ + ∂2

2∂xµ̄∂xµ̄
)W (R, t′)

−i é2

2 vµ̄ exp(−i(∫ E ′(t′)dt′ + vµ̄(t′)xµ̄) ∂
∂xµ̄
W (R, t′) = 0.

(7.72)

According to this expressions, the energy E ′(t′) depends on the coordinates of the

solution
−→R(t′) = (y1(t

′) y2(t
′) y3(t

′)) of eq.(7.63). The energy law of the movement

of such point charge has in é2/á the form [28,29]

−i áé(A
e
4(y1(t

′), y2(t
′), y′3(t

′))

−Ae
4(y1(t

′
0), y2(t

′
0), y3(t

′
0)) = 1

2(v2(t′)− v2(t′0)).
(7.73)

Due to

−i áé
∫ dAe4
dyµ̄

dyµ̄
dt′ dt

′ = −i áé(A
e
4(y1(t

′), y′2(t
′), y3(t

′))

−Ae
4(y1(t

′
0), y2(t

′
0), y3(t

′
0)),

(7.74)

it becomes

−i áé
∫ dAe4
dyµ̄

dyµ̄
dt′ dt

′ = 1
2Ḿ(v(t′)2 − v(t′0)

2). (7.75)

Hence the right side of eq.(7.70) is independent of time and we get E ′(t) = E ′(t0).

Eq.(7.63) must be solved to determine the linked energy-momentum tensor and to

check the difference to eq.(7.60). It is
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άć

á

d

dt′
[

Ḿ−→v (
−→R(t′))√

1− (|v(
−→R(t′))|/ć)2

] = é(5Ae
4(
−→R(t′)) +−→v (

−→R(t′))×H(
−→R(t′)), (7.76)

or for |−→v | � ć

Ḿ
d

dt′
−→v (
−→R(t′)) ∼=

áé

άć
(5Ae

4(
−→R(t′)) +−→v (

−→R(t′))×H(
−→R(t′)). (7.77)

This must be compared to the integrals given in the eqs.(7.61/7.62). Using the

approximation T dν̄ µ̄
∼= 0 on the surface of the area, it reads

∫ ∂
∂xµ
T dν̄µdV

∼= ćh̄
2
d
dt

∫
(Ūγ4

∂
∂xν̄
− ∂

∂xν̄
Ūγ4U)dV (7.78)

or (see eq.(7.58))

∫ ∂
∂xµ
T dν̄µdV

∼= ά2ć2

2a
d
dt′

∫
(Û ∗I ∂Û∂xν̄ −

∂Û∗

∂xν̄
IÛ)dV + i é

2ć2

2á
d
dt′

∫
rot(Û ∗−→σ Û)ν̄dV. (7.79)

With the eq.(7.65) and h̄ć = é2/ά one obtains for the tensor components

T dν̄ µ = −i é2

ά vν̄(t
′)W̄γµW + é2

2ά(W̄γµ
∂W
∂xν̄
− ∂W̄

∂xν̄
γµW ) (7.80)
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and for the integrals over the divergences

∫ ∂
∂xµ

(T dν̄µ)dV = é2

ά
dvν̄(t′)
dt

∫
W̄γ4WdV − i é2

ά vν̄(t
′)

∫ ∂(W̄γµW )
∂xµ

dV

+ é2

2άá

∫
(W̄γµ

∂2W
∂xµ∂xν̄

+ ∂W̄
∂xµ
γµ

∂W
∂xν̄
− ∂W̄

∂xν̄
γµ

∂W
∂xµ
− ∂2W̄

∂xµ∂xν̄
γµW )dV.

(7.81)

If the integration region V is great enough for the assumption T dν̄ µ̄
∼= 0 on its

surface, eq.(7.81) can be approximated by ( ∂/∂x4 = −i άa∂/∂t
′)

∫ ∂
∂xµ

(T dν̄µ)dV = é2

á
dvν̄(t′)
dt′

∫
W̄γ4WdV + é2

2á
∂
∂t′

∫
(W̄γ4

∂W
∂xν̄
− ∂W̄

∂xν̄
γ4W )dV. (7.82)

Then, it is possible the eq.(7.59) to replace by

ć é
2

á
vν̄(t′)
∂t′ +Dν̄ =

∫
Jµ(

∂Aeµ
∂xν̄
− ∂Aeν̄

∂xµ
)dV (7.83)

with

Dν̄
∼=
é2

2á

∂

∂t′

∫
(W̄γ4

∂W

∂xν̄
− ∂W̄

∂xν̄
γ4W )dV −

∫
Jµ(

∂As
µ

∂xν̄
− ∂As

ν̄

∂xµ
)dV (7.84)

where Dν̄ depends on the internal dynamics of the electron field.

Eq.(7.83) describes the deviation between the influence of the Lorentz force on a

point charge and the balance equation of the linked field tensor. Eq.(7.60) and

eq.(7.76) are equal for 1
á

∫
Jµ(

∂Aeµ
∂xν̄
− ∂Aeν̄

∂xµ
)dV = é(E +−→v ×H) and Dν̄ − 1

á

∫
Jµ(

∂Asµ
∂xν̄
−

∂Asν̄
∂xµ

)dV = 0. That means, d
dt

Ḿ√
1−(v/ć)2

∼= M d
−→v
dt′ for (v/ć)2 << 1. Then in eq.(7.60),
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one can put v̄ = v. Such test requires the solution of the linked differential equations

(see eq.(7.71)). In addition, one can assume that the field of a strong positive charge

captures and brings together the ”free” electron field as long as the balance of which

momentums allows it. Internal vibration should be the consequence. If the ”free”

electron field is influenced by external fields, it must be checked whether the final

results of such capturing processes correlate with paths of point charges. Then

the field model also explains the known results of the electron optics. The basic

equations of the field theory always guarantee the unit of the electron field. It

is an important point for the interpretation. In this picture the dynamics of an

isolated electron field with a short distance to a proton must likely lead to vibrating

hydrogen atom.

The components of the fourth line of the tensors are

T d4µ = − é2

á ( 1
ά2 + E ′ + ∂vν̄(t′)xν̄

∂t′ )(ŪγµU)

−i é2

2á(W̄γµ
∂W
∂t′ −

∂W
∂t′ γµW )

(7.85)

and the divergence is

∂T d4µ
∂xµ

= − é2

á2 ( 1
ά2 + E ′ + ∂vν̄(t′)xν̄

∂t′ ) ∂
∂xµ

(ŪγµU)− é2

á2

∂vµ̄
∂t′ (Ūγµ̄U)

−i é2

2á2
∂
∂xµ

(W̄γµ
∂W
∂t′ −

∂W
∂t′ γµW ).

(7.86)

Because of ( ∂
∂xµ

(ŪγµU) = 0) and ∂
∂xµ

(esTw4µ + esT e4µ) = −i άáJµ(
∂Asµ
∂t′ ),

it becomes

∂
∂xµ
T g4µ = − é2

á2

∂vµ̄
∂t′ (Ūγµ̄U)

−i é2

2á2
∂
∂xµ

(W̄γµ
∂W
∂t′ −

∂W
∂t′ γµW )− i άáJµ(

∂Asµ
∂t′ ).

(7.87)

This must be compensated through the divergence
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− ∂

∂xµ
(esTw4µ + esT e4µ) = −iά

á
Jµ̄(

∂Ae
4

∂xµ̄
). (7.88)

7.4 A few numerical results

Numerical calculations show that the charge distributions of a ”free” solution

always and permanently expands for all initial distributions. That means, it is (see

eq. 7.13))

ea(t′) =
1

2

∑
n
an(t

′)∗Mn(t
′) ∼ 1/RR(t′) (7.89)

where

RR(t′) =
R∫

0

r3ρ0 0(r, t
′))dr (7.90)

describes the mean radius. Consequently is ea(t′0) > ea(t′0 + t′) and ed(t′0) <

ed(t′0 + t′). Besides, the calculations exhibit that only spectral coefficients an(t
′)

contribute to the Dirac energy ed in a small range around am(t′) if t′ approaches

infinity (t′ → ∞) . This underlines the shapes in Fig.12. The charge distributions

are located in an expanding shell, in which the empty inner cavity expands too.

Therefore, the spectral coefficients an are enriched in a small distribution around

the limit function

hm(r) =

√√√√ 2

R

1

r
sin(mωr). (7.91)
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.

The value of m follows from the condition ed −→ eg, (eg:= total energy), what

leads to m =
√

2 eg/ω and to the solution

f(r, t′ →∞) =
n=m+N∑
n=m−N

an(t
′)hn(r), m >> N. (7.92)

When approaching this limit, the coefficients can be described by

an(t
′) = bn(t

′) exp(− i (ϕn(t
′) + E ′nt

′)), (7.93)

where bn represents the amount. If you insert this sum in eq.(7.2), you obtain by

multiplying with an(t
′)∗hn(r) and integrating the equations

i
dan(t

′)

dt′
= ((

dϕn(t
′)

dt′
+ E ′n)bn(t

′) + i
bn(t

′)

dt′
)(exp(− i ϕn(t′)− iE ′n t′) (7.94)

and

(dϕn(t′)
dt′ + E ′n)bn(t

′)2 + ibn(t
′)bn(t′)

dt′ = E ′nbn(t
′)2 + an(t

′)∗Mn(t
′). (7.95)

The split in real and imaginary part yields

bn(t
′)2 dϕn(t′)

dt′ = Re(an(t
′)∗Mn(t

′)) (7.96)
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respectively

bn(t
′)bn(t′)

dt′ = Im(an(t
′)∗Mn(t

′)). (7.97)

These equations result in

ϕn(t
′ + dt′) = ϕn(t

′) + dt′

bn(t)2Re(an(t
′)∗Mn(t

′)) (7.98)

and

bn(t
′ + dt′) = bn(t

′) + dt′

bn
Im(an(t

′)∗Mn(t
′)). (7.99)

The changes are very small due to eq.(7.89). Eq.(7.94) can therefore be approxi-

mated by

i
dan(t

′)

dt′
∼= (E ′n)bn(t

′) exp(−iE ′n t′). (7.100)

These limits of the coefficients explain the behaviour of the expanded cloud which

is independent of the self-field. However, its influence must be taken into account

when the field of an opposite charge causes an attraction of the cloud.

Assuming such a behaviour, one can also given a weak explanation of the scat-

tering effect, caused by a double slit screen (see Fig. 13). Numerical calculations

show that the charge distribution forms in a rest system an expanding spherical

shell. If the influence of the Lorentz transformation is neglected, one obtains also

the shown scape of the charge cloud. However, one dimension is compress by
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the Lorentz contraction for a fast moving electron field. Due to the charge con-

servation law one can expect that an electron field with high speed and a special

direction could completely pass the scree. To show that, one has to solve the linked

time-dependent Schrödinger equation with the potential of the screen. The screen

potential can be described by the field of many static dipole moments with a proper

arrangement. This changes the shape of the cloud in time and internal vibrations

are the consequence. An exact solution ensures that the charge conservation and

the unit of the field are given. The direction of the charge centre behind the screen

depends on the path and the speeds of the of the incident charge cloud. This could

result in scattering patterns on a detector at a great distance. In addition, the

extended electron field must be brought together by the external electromagnetic

field in the vicinity of the detector. But, the last considerations are only hypothe-

ses and guidelines for further investigations. It should be possible to determine the

behaviour in the rest system of the electron when the screen with the slit moves.

For this aim one can use the following solution function

u(R, t′) =
∑
nm

Ynmfnm(r, t′) (7.101)

with

fnm(r, t′) =
∑
nm

cnm(t′)hnm(r). (7.102)

This requires the calculation of eigenfunctions hnm(r) for a large R (see Appendix

C).
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Fig. 12: Expansion of the charge cloud:

RR(t′) = r0(t/∆t) mean radius (see eq.7.90),

r1(t/∆t) low limit radius (
∫ r1
0 %0 0(r)r

2dr < 0.001),

r2(t/∆t) high limit radius (
∫ r2
0 %0 0(r)r

2dr = 0.999).
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Fig 13: Symbolic sketch of the double slit experiment:

The come in sphere-shell contains the most of the charge of a single electron which moves in the

arrow direction. The screen can be described by special potentials that influence the dynamic

solution of the Schrödinger equation. Possible interpretation: Different paths of incident clouds

cause different escape directions. A sum of individual clouds at different times of incoming could,

after an appropriate time, produce a pattern on a screen far behind the slit. Such screen must be

able to capture the clouds.
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Fig. 14: Change of electrostatic energies ea of ”free” solutions.
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Appendix A

Numerical calculations of solution functions

The time integration of eq.(3.55) in a small step yields

a0
k(t
′
0 + ∆̄ t′) = a0

k(t
′
0)

−i ∆̄ t′ (E0
k a

0
k(t
′
0) +

∫R
0 r2A0 0

0 0(r, t
′
0)(h

0
k(r))

∗ f 0
0 0(r, t

′
0)dr).

(A.1)

With the aid of this equation, the time development of a0
k(t
′) and thus also of

f 0
0 0(r, t

′) can be determined step by step. For this reason the integrals

0Mx
k =

∫R
0 r2A0 0

0 0(r, t
′
0)(h

0
k(r))

∗ f 0
0 0(r, t

′
0)dr (A.2)

must be calculated. Therefore, we put g(r) = A0 0
0 0(r, t

′
0)(h

0
k(r))

∗ f 0
0 0(r, t

′
0) in eq.(3.56)

for different k and fixed t′0 and obtain f 0
0 0(r, t

′
0 + ∆̄ t′) according to the eq.(A1). A

few small programs were implemented for the calculation of the function f 0
0 0(r, t

′)

step by step. The size of ∆̄ t′ must be so small that all conservation laws are satis-

fied. The start function f 0
0 0(r, t

′
0) is mostly unknown and arbitrary. It makes sense

to start with a defined deviation from a static state. The total energy without rest

energy
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eg = −
∫
T4 4dV − Mc2 (A.3)

has a minimum in static cases. Applying eqs.(3.33/3.34), it becomes

T d4 4 + Tw4 4 = c
2 Ū

0(−γµ̄h̄ ∂
∂xµ̄

+ i écA
K
4 γ4 −Mc)U 0

− c
2 (−h̄∂ Ū0

∂xµ̄
γµ̄ − i écA

K
4 Ū0γ4 +Mc ))U 0.

(A.4)

The integral over the share

ed = c
2

∫
Ū 0(−γµ̄h̄ ∂

∂xµ̄
+ i écA

K
4 γ4)U

0dV

− c
2

∫
(−h̄∂ Ū0

∂xµ̄
γµ̄ − i écA

K
4 Ū0γ4 )U 0dV

(A.5)

can with the aid of the eqs.(3.26) in the used dimension be replaced by

ed(t′) =
é2

á

∑
k

(E0
k)
′(a0

k(t
′))∗a0

k(t
′). (A.6)

For the quasi-static electromagnetic energy ea(t′) = − ∫
T e4 4dV one gets

ea(t′) ∼=
é2

2á

∫ R

0
r2A0 0

0 0(r, t
′)(f 0

0 0(r, t
′))∗ f 0

0 0(r, t
′)dr. (A.7)

The entire energy of the system

eg = ed+ ea (A.8)
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is constant if the radiation losses are negligible. Then it must be

d

dt
ea(t) = − d

dt
ed(t). (A.9)

Checking this condition is a test of the accuracy of the numerical results. The total

eg is smaller than the Hamilton energy because of

eh(t) = ed(t) + 2 ea(t). (A.10)
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Appendix B

Calculation of potentials

According to eq.(3.53) and eq.(3.68), the potentials A0 0
0 0(r, t

′) and A1 1
0 0(r, t

′) have

the form

A(r) = (I(∞, t′)−
r∫

0

1/y2
y∫

0

x2ρ(x, t′))dx dy). (B.1)

The integral

I(r, t′) =
∫ r

0
y−2Is(y, t′)dy (B.2)

can be calculated approximately using the Simpson’s rule in the form

I(m∆ r) = I((m− 2) ∆ r) + Is((m− 2)∆ r)/(∆ r (m− 2))2

+4 Is((m− 1)∆ r)/(∆ r (m− 1))2 + Is(m∆ r)/(∆ rm)2 .
(B.3)

Is(y) :=
y∫
0
x2ρ(x, t′))dx is

Is(m∆ r) = Is((m− 2) ∆ r) + 1
3(((m− 2) ∆ r )2ρ((m− 2)∆ r)

+4 ((m− 1) ∆ r)2 ρ((m− 1) ∆ r) + (m∆ r)2 ρ(m∆ r) ) for m = 2, 3, .. .
(B.4)
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The starting values are

Is(0) = 0, Is(∆ r) ∼= (∆r)3 ρ(0)/3,

I(0) = 0, I(∆ r) ∼= (∆r)2 ρ(0)/6 .
(B.5)

A similar procedure is possible to determine

A1 0
1 0(r, t

′) = r(I1 0
1 0(∞, t′)− 1√

3

r∫
0

1/y4
y∫

0

x3ρ1 0
1 0(x, t

′))dx dy). (B.6)

Due to I(r) =
∫ r
0 y
−4 ∫ y

0 x
3ρ(x, t′)dxdy, eqs.(B3/B4) have to be replaced by

I(m∆ r) = I((m− 2) ∆ r) + Is((m− 2)∆ r)/(∆ r (m− 2))4

+4 Is((m− 1)∆ r)/(∆ r (m− 1))4 + Is(m∆ r)/(∆ rm)4
(B.7)

and

Is(m∆ r) = Is((m− 2) ∆ r) + 1
3(((m− 2) ∆ r )

3

ρ((m− 2)∆ r)

+4 ((m− 1) ∆ r)3 ρ((m− 1) ∆ r) + (m∆ r)3 ρ(m∆ r) ) for m = 2, 3, ..,
(B.8)

with the starting values

Is(0) = 0, Is(∆ r) ∼= (∆r)4 ρ(0)/4,

I(0) = 0, I(∆ r) ∼= (∆r) ρ(0)/4 .
(B.9)
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In case of

A1 1
2 0(r, t

′) = r2 (I1 1
2 0(∞, t′)−

r∫
0

1/y6
y∫
0
x4ρ1 1

2 0(x, t))dx dy) (B.10)

the integral I(r) =
∫ r
0 y
−6 ∫ y

0 x
6ρ′(x, t′)dxdy leads to

I(m∆ r) = I((m− 2) ∆ r) + Is((m− 2)∆ r)/(∆ r (m− 2))6

+4 Is((m− 1)∆ r)/(∆ r (m− 1))6 + Is(m∆ r)/(∆ rm)6
(B.11)

and

Is(m∆ r) = Is((m− 2) ∆ r) + 1
5(((m− 2) ∆ r )

5

ρ′((m− 2)∆ r)

+4 ((m− 1) ∆ r)5 ρ′((m− 1) ∆ r) + (m∆ r)5 ρ′(m∆ r) ) for m = 2, 3, .
(B.12)

The starting values are

Is(0) = 0, Is(∆ r) ∼= (∆r)2 ρ′(0)/14,

I(0) = 0, I(∆ r) ∼= (∆r)7 ρ′(0)/7 .
(B.13)

Here the modification ρ′(r, t′) = r−2ρ(r, t′) is introduced because ρ′(r.t′) is not sin-

gular on r=0. Other numerical methods can also be applied that take singularities

into account.
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Appendix C

Calculation of eigenfunctions

C.1 Eigenfunctions of s-states

To find eigenfunctions h0
k and eigenvalues E0

k := (E0
k)
′ of eq.(3.49) in the range

0 ≤ r ≤ R, the following equation

E0
kh

0
k (r) = − ((0.5/r2)(∂/∂r)(r2∂/∂r) + 2/r)h0

k(r) (C.1)

must be solved numerically. After reorientation and integration of eq.(C1) it gives

h0
k (r) = −2

∫ r

0
y−2

∫ y

0
x2(1/x+ E0

k)h
0
k (x)dxdy. (C.2)

This expression is similar to the integral in eq.(B1). If we replaced ρ(r) by g(r) =

(1/r + E0
k)h

0
k (r), we can write

h0
n (mdr) ∼= h0

k(0)− I0
k(m∆ r). (C.3)
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Here the integral I0
k(m∆ r) is given by

I0
k(m∆ r) = I0

k((m− 2) ∆ r) + IS0
k((m− 2)∆ r)/(∆ r (m− 2))2

+4 IS0
k((m− 1)∆ r)/(∆ r (m− 1))2 + IS0

k(m∆ r)/(∆ rm)2
(C.4)

with

IS0
k(m∆ r) = IS0

k((m− 2) ∆ r)

+1
3(f 0

k ((m− 2)∆ r)(m− 2) ∆ r (1 + E0
k(m− 2)∆ r))

+4 f 0
k ((m− 1) ∆ r) (m− 1) ∆ r) (1 + E0

k(m− 1)∆ r))

+f 0
k (m∆ r) m∆ r) (1 + E0

km∆ r))) for m = 2, 3, ..

(C.5)

and the starting values by

I0
k(0) = 0, I0

k(∆ r) = (1 + E0
k∆r/3)∆r h0

k(0),

IS(0) = 0, IS(1) = (0.5∆r + E0
k/3)(∆r)2 h0

k(0),

h0
k(∆ r) = (1 + E0

k∆r/3)∆r h0
k(0) .

(C.6)

In eq.(C3) the missing value can be described by the extrapolation

h0
k(m∆ r) = 2h0

k((m− 1)∆ r) − h0
k((m− 2)∆ r) . (C.7)

Using these formulas, a simple program was realised for calculating of eigenfunc-

tions in the mentioned range. The functions h0
k(r) must satisfy the condition
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h0
k(R) = 0. This can be achieved by varying the input parameter E0

k, while the

staring value h0
k(0) follows from the normalising integral

(h0
k(r))

2 = 1/(
∫ R

0
r2(ĥ0

k(r))
2 dr). (C.8)

Here ĥ0
k(r) represents a function that satisfies the condition ĥ0

k(R) = 0. The number

of zero points in interval 0 ≤ r ≤ R must be given by the index k, where k includes

the last point r=R. For k=n the functions h0
k(r) are identical to the known radial

functions Fn 0(r) of the ns-states (Fig. 1) as long as Fn 0(R) and whose derivations

near R are negligible. With R=100 that is given up to k=5. For k > 5 up to

k=120 the functions h0
k(r) were calculated numerically and stored in a file. The

orthogonality of these functions is proven. By numerical calculations it could be

demonstrated that the integrals
∫R
0 r

2

f 0
k (r)f 0

n(r)dr = δ(k − n) + ∆I0(k, n)

show only slightly deviations ∆I0(k, n) from the ideal value δ(k − n). ∆I0(k, n) is

for n 6= k less than 0.00001 and for k=n less than 0.0000001. Therefore the eigen-

functions h0
k(r) with the associated eigenvalues E0

k can be used to solve eq.(3.50).

h0
k(r) and E0

k depend on the choice of R, how mentioned above. However, solutions

f 0
0 0(r, t) of eq.(3.50) are independent on R as long as R is large enough that the

functions f 0
0 0(r, t) and whose derivations near r=R are approximately zero during

the entire calculation time. The asymptotic solutions for E0
k > 0 and large r have

the form f 0
k (r) = g0

ksin(
√

2E0
kr + φ0

k)/r. Amount g0
k and phase φ0

k result from nu-

merical calculations.
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C.2 Eigenfunctions of p-states

The radial eigenfunctions h1
k(r) with the eigenvalue E0

k := (E0
k)
′ of p-states in a

sphere from a radius R must, according to eq.(3.74), fulfil the following equation

E1
k h

1
k(r) = − ((0.5/r2)(∂/∂r)(r2∂/∂r)− 1/r2 + 1/r)h1

k(r). (C.9)

This leads to

0.5/r3(∂/∂r)(r4∂/∂r)(h1
k(r)/r) = −(E1

k + 1/r)h1
k(r) (C.10)

and thus to

(h1
k(r)/r) − I1

k(0) = −2
∫ r

0
y−4

∫ y

0
x3(E1

k + 1/x)h1
k(x) dx dy. (C.11)

A numerical approximation of the internal integral of eq.(C12) is given by

IS1
k(y) = IS1

k(y −∆y) +
∫ y

y−∆y
x3(E1

k + 1/x)h1
k(x) dx. (C.12)

With the limit of h1
k(r) = rB1

k(r) for r −→ 0 the eq.(C11) yields

IS1
k(y) = −

∫ y

0
x3(E1

k +
1

x
)h1

k(x)dx ∼= −B1
k(0) (0.2E1

k y
5 + 0.25 y4). (C.13)
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Using this approximation the second integration can be described by

I1
k(r) = I1

k(r −∆r) + 2
∫ r

r−∆r
y−4 IS1

k(y) dy. (C.14)

and therefore becomes

h1
k (r) = r(B1

k (0) − I1
k (r)). (C.15)

In addition if r is large enough, the following transformation (see eq.(C10))

h1
k (r) = −2

∫ r
0 y
−2 ∫ y

0 x
2(E1

k + 1/x− 1/x2)h1
k (x)dxdy (C.16)

can be used. With

g(x) = (E1
k + 1/x− 1/x2)h1

k (x), (C.17)

the methods of the s-case can also be applied in this range. Therefore, three dif-

ferent integration areas were introduced in the program. The selected examples

require an integration border of R=200 and 250 eigenfunctions. k again stands for

the number of zero points. The well-known description of h1
k can be applied up

to k = 8, because all values h1
k(r > 0.8R) are small enough for these cases. The

numerical accuracy around the values E1
k
∼= 0 (k=6 until 15) is critical. Here the

215



error coefficients ∆I1(k, n) come close to 0.0001, while for other combinations of n

and k these coefficients have values of about 0.00001 or 0.0000001 for k=n.
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Appendix D

The potential integral of a free solution

The numerical determination of the potential integral formulated in section 7.1

can be replaced by the following analytical calculation of

nmMj k =
∫ ∫ (Y0 0)4

r0 0′
hn(r)hm(r)hj(r

′)hk(r
′)dV dV ′. (D.1)

This reads

nmMj k =
∫R
0 r2hn(r)hm(r)

∫∞
r

1
s2

∫ s
0 (r′)2hj(r

′)hk(r
′)dr′dsdr. (D.2)

The internal integral

Hj k(s) = 1
R

∫ s
0 (cos((j − k)ω r′)− cos((j + k)ω r′))dr′ (D.3)

yields
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Hj k =



1
R(s− 1

2jωsin(2jωs) for s ≤ R, j = k

1 for s > R, j = k
1
R( 1

(j−k)ωsin((j − k)ωs)− 1
(j+k)ωsin((j + k)ωs) for s ≤ R, j 6= k

0 for s > R, j 6= k

 (D.4)

and therefore is

∫ ∞
r

1

s2
Hj k(s)ds =



1
R(1− ln( rR)− sin(2jωr)

2jωr + Ci(2jωR)− Ci(2jωr))
for j = k

1
R((sin((j−k)ωr)

(j−k)ωr + Ci((j − k)ωr)− Ci((j − k)ωR))

−sin((j+k)ωr)
(j+k)ωr − Ci((j + k)ωr) + Ci((j + k)ωR)))

for j 6= k


. (D.5)

Finally nmMj k is given by

nmMj k = 1
2Rπ( 1

β −
1
α)Si((β − α)π) + R

2π( 1
β + 1

α)Si((β + α)π)

+ 1
2Rπ( 1

β −
1
δ )Si((β − δ)π) + R

2π( 1
β + 1

δ )Si((β + δ)π)

+ 1
2Rπ( 1

γ −
1
α)Si((γ − δ)π) + 1

2Rπ( 1
γ + 1

α)Si((γ + α)π)

+ 1
2Rπ( 1

γ −
1
δ )Si((γ − δ)π) + 1

2Rπ( 1
γ + 1

δ )Si((γ + δ)π).

(D.6)

Here we have introduce the notations α = j − k, β = n − m, γ = m + n, δ =

j + k, and ω = π/R and the integral-functions Si(x) =
∫ x
0

1
y sin(y)dy and Ci(x) =∫∞

x
1
y cos(y)dy . In addition, one must taken into account the following limits:
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α→ 0, β → 0 : nnMj j = 2
R + 1

2Rπ(2
δSi(δ π) + 2

γSi(δ π)+

+( 1
γ −

1
δ )Si((γ − δ)π) + ( 1

γ + 1
δ )Si((γ + δ)π)) + ....

β → 0 : nnMj k = 1
2Rπ( 2

αSi(απ) + 2
δSi(δ π)

+ ( 1
γ −

1
α)Si((γ − δ)π) + ( 1

γ + 1
α)Si((γ + α)π)

+( 1
γ −

1
δ )Si((γ − δ)π) + ( 1

γ + 1
δ )Si((γ + δ)π))) + ......

α→ 0 : nmMj j = 1
2Rπ( 2

βSi(β π) + 2
γSi(δ π)

+ ( 1
β −

1
δ )Si((β − δ)π) + ( 1

β + 1
δ )Si((β + δ)π)

+( 1
γ −

1
δ )Si((γ − δ)π) + ( 1

γ + 1
δ )Si((γ + δ)π)) + ... .

(D.7)

The step from eq.(D5) to eq.(D6) requires the integrals:

1
απ

∫R
0 rsin(αωr)hn(r)hm(r)dr

= 1
2πRα (Si((α + β)π) + Si((α− β)π)

−Si((α− γ)π)− Si((α + γ)π)),

(D.8)

1
2πδR

∫R
0 rsin(ωδr)hn(r)hm(r)dr

= 1
2πRδ (Si((δ − γ)π) + Si((δγ)π)

−Si((δ + β)π)− Si((δ − β)π)),

(D.9)

1
R

∫R
0 r2Ci(ωαr)hn(r)hm(r)dr

= 1
2πRβ (Si((α + β)π) + Si((α− β)π)

− 1
2πRγ (Si((α + γ)π) + Si((−α + γ)π))

(D.10)

or
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1
R

∫R
0 r2Ci(ωδr)hn(r)hm(r)dr

= 1
2πRβ (Si((β + δ)π) + Si((β − δ)π)

− 1
2πRγ (Si((δ + γ)π) + Si((δ − γ)π)).

(D.11)
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Appendix E

General Notations

Conventions:

x1 = x, x2 = y, x3 = z, x4 = ict four dimensional coordinates

xµ̄xµ̄ :=
3∑̄

µ=1
xµ̄xµ̄ sum convention for three dimension

xµxµ :=
4∑

µ=1
xµxµ sum convention for four dimension

R = (x1, x2, x3) three dimensional space coordinate

r0 1 = |R−R1| distance

δ(n) = 1 for n=0 and 0 for n 6= 0 trigger function

u(x)
←−
∂
∂x = ∂u(x)

∂x special definition of a derivation;

γµ̄ =

 0 − iσµ̄
iσµ̄ 0

 special matrix

σ1 =

 0 1

1 0

 Pauli-matrix

σ2 =

 0 − i
i 0


σ3 =

 1 0

0 − 1


−→σ = (σ1, σ2, σ3)
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γ4 =

 I 0

0 − I

 special matrix;

I =

 1 0

0 1


Constants:

é elementary charge, é = 1.60 10−19As

ć speed of light

h Planck constant, h = 6.6262× 10−34Ws2

h̄ = h/(2π) used form, h̄ = é2/(άć) = ∆t é2/á

Ḿ rest mass of the electron, Ḿ = 0.91096× 10−30 kg

(= constant of the Dirac equation)

Ḿ ć2 rest energy of the electron, Ḿ ć2 ∼= 0.5MeV

á = h̄2/(Ḿé2) Bohr-radius, á = 5.292 ∗ 10−11m

é/á2 used energy unit, é/(á)2 = 27.21 eV

∆t = á/(ć ά) used time unit, ∆t = 0.24167 ∗ 10−16s

t time in s

t′ time in ∆t

ά = h̄/(á Ḿ ć2) fine structure constant, ά = 0.0072974;

Functions of the one electron field:

U(R, t) =
∑
p cp(t)Hp(R) solution of the Dirac equation

U z(R, t) =
∑
p c

z
p(t)H

z
p (R) share of the solution

z number of excitation level

Ū(R, t) =
∑
p(cp(t))

∗H̄p(R) solution of the conjugated Dirac equation
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Hp =

 ĥp
ȟp

 =



h1
p

h2
p

h3
p

h4
p

 eigenfuction of the Dirac equation

H̄p = ((h1
p)
∗ (h1

p)
∗ − (h1

p)
∗ − (h1

p)
∗) conjucated complex function

ĥp ∼=
 1

0

hp special relation between the functions

u =
∑
p ap(t)hp solution of the Schroedinger equation

Yj m spherical area functions;

Field functions:

JK4 = −ié%K charge component of the nucleus

Jµ = iéŪγµU component of the electron current:

µ = µ̄: normal current

µ = 4: charge component

Jµ = ié
∑
z z−s Ū

zγµU
z+s distribution of the current:

z and z-s: excitation levels

Aµ(Jµ) component of the vector potential of the self field

JKµ , A
K
µ (JKµ ) current and vector potential of the nucleus (eq.(300)

E electric field strength

H magnetic field strength;

Field tensors:

Tν µ = T dνµ + Twνµ + ∆Tmνµ + T eνµ complete field tensor of one electron and the

related electromagnetic field

T dν µ tensor component of the Dirac field
z z−sT dν µ special component of the tensor:

z and z-s excitation levels
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Twνµ interaction tensor

∆Tmνµ transformation tensor

T eνµ tensor of the electromagnetic self field;

Notations of the two electron system:

Pj =
−→
P j Dirac operator react to Rj

P s
j =
−→
P
s

j Schröedinger operator react to Rj

Q1 2 =
−→
Q

4

1 2 Dirac operator react to R1,R2

Qs
1 2 =

−→
Q
s

1 2 , Schroedinger operator react to R1,R2

U(R1, t, ↑) solution of the Dirac equation of electron 1

V (R2, t, ↑) solution of the Dirac equation of electron 2

Ψ±(R1,R2) eigenfunctions of Q1 2

ψ±(R1,R2) eigenfunctions of Qs
1 2

AHH
µ , AU U

µ vector potentials

(HHn′n M
KK
m′m)µ =∫

(1/r1 2)H̄n′(R1)γµHn(R1)

×K̄m′(R2)γµKm(R2)dV2dV1 electro-magnetic energy integral

W±
nm(R1,R2, t, ↑↓ + ↓↑) A Combination of eigenfunctions

Ψ±n ,m(R1,R2) with different orientation;
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