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Abstract

We prove Payne’s nodal line conjecture for any bounded simply con-
nected, possibly non-convex, C* boundary domain 2 in plane R?; Payne
conjectured that any second Dirichlet eigenfunction of A, in any simply
connected bounded domain in R? can not have a closed nodal line.

a Sketch of Proof. According to Z. Liqun [10], multiplicity of the second
eigenvalue of ) is at most two. It is also known that the nodal line of
the second eigenfunction in €2 divides €2 precisely into two nodal domains.
Supposing the most severe case, we assume that an element ¢2(0) of the
second eigenspace in €2 whose dimension is two has a closed nodal line
which meets 002 at P.

According to [5], given a second eigenfunction in 2 and any smooth
deformation J : Q x [0,1] — R?, a linear sum of two eigenfunctions in the
deformation J(2,t) converges to the given second eigenfunction as ¢ — 0.
But this linear sum is not necessarily an eigenfunction in J(£2,t), since
two eigenfunctions may not belong to the same eigenspace.

Let {¢2(0), #3(0)} be an orthonormal basis of the second eigenspace
in ©, and let \; (J(Q,t)) denote the i-th, i = 2,3, eigenvalue of J(Q,t)
associated with the i-th normalized eigenfunction ¢;(t) := qSi(J(Q,t))
of A¢ in J(Q,t). Let us denote J(p,t) simply by Ji(p) and denote the
pulled-back function J; ¢:(t) to Q by ¢;o(t).

Proposition 2.12 states that if A2(J(€2,¢)) is double at ¢ = 0 and
simple on a deleted neighborhood of ¢ = 0 with the condition such that
lime,—o g5,_, Xi(J(1)), i = 2,3, exist and limeg—o g,_, A2(J(Q,1)) #
lim,—o %t:to As(J(92,t)), then ¢35 ,(t) turns out to converge to a second

eigenfunction in 2 as t — 0. From this fact we can infer that 2% \; (¢) and
4 7 o(t) exist and are continuous on a neighborhood of ¢ = 0.

We find a condition on deformations such that if a deformation J
satisfies this condition, then ¢7,(t) — ¢:(0), i = 2,3, as t — 0 with



4 M (J(@,t) # %t:O)\g (J(£%,t)). This condition is represented by

dt t=0

di A e¢2(0)
= —p2¢2(0) — (Ac + A2(0))g2(0), and ... (51)
. AJ*6¢3(0)
= —p3d3(0) — (Ac + X2(0))g3(0), ... (52)

where p2 # p3, p; € R, and g;(0) € C*(Q) with g; = 0 on 99, i = 2,3.
Note that the right hand sides of (51) and (52) have no (¢3(0))-component
and no {¢2(0))-component, respectively. If (51) holds, then by Proposition
2.10 (52) also holds for a number ps. Provided either (51) or (52) holds
and p2 # ps, one can conclude the followings; for ¢ = 2,3,

¢i0(t) = ¢:(0) (in Ly-norm),
9:(0) = component of %tzod’:,o(t) orthogonal to (¢2(0), ¢3(0)),
= N (T0.0)

We find a concrete deformation J which satisfies the condition men-
tioned above (Proposition 2.25). Given ¢2(0), p2 and ps, p2 # p3, we
will show the existence of deformation J such that J not only satisfies
condition (51) and (52) but also makes the following value (82) with sub-
index k removed be positive, and makes ¢3(0)-component of %t:()(b;p (t)
vanish;

9 d
_/QE(CJ):PKM(m(x,y,Q,T)Et:OAth*e¢>2(0)(x,y)dxdy, ..... (82)

where K, (o) stands for Green’s function of A. + A2(Q2) in Q and 8@
denotes the outer normal derivative. If we assume that ¢2(0) is positive in
the inner nodal domain, then the above positive requirement makes nodal
line of ¢35 ¢(t) be closed and separate from 99 over a deleted neighborhood
of t = 0. Note that from (51) and (52) p; is represented by an integral
— Jo gDz c$i(0)}6:(0)dwdy.

According to Hopf’s boundary point lemma, one can show by factor-
ization into linear sums of outer normal derivatives of eigenfunctions that
the following function on 92 has at most four zeros ( Proposition 2.23 );

Z Qi j 8@ ) 9¢,(0 )7 oy €RO L (80)

ov
2<14,j<3

But we can not confirm in this way the existence of segments of 92 on
which the following function does not vanish;

92(0) 0 [ O
A L
95.0) 25,0
+ Z %ird ajy ’

2.4, Q45 € R, ... (81)

2<4,5<3

In Proposition 2.25 to show the validity of construction of J satisfying
the conditions mentioned above we solve a problem related to zeros of



function (81) in an elementary and complicated way.

We will construct a piecewise smooth deformation which deforms
to = in order that each second eigenfunction of a piecewise differentiable
path consisting of the second eigenfunctions in this deformation may have
a closed nodal line, where through a dilation and a translation of 2 we
set

E={(z,y):0<2<2, 0<y<1}, X(E)=A(Q), ENQ#0.

The piecewise smooth deformation is composed alternately and repeatedly
of two distinct smooth deformations

TI™:Qum x [0,1] = R* and  F™ : T"™(Qn, qm) X [0,1] — R?,
where
Q1 =F 0T (Om), =0, m=1,2,3,....

The supports of J™ and F™ lie in the closures of Q,,, \ E and Q,, N E,
respectively. Deformation J™ satisfies (51), (52) and makes (82) with
JF* replaced by J/™* be positive, and J™ is also a deformation elim-
inating ¢3(2m)-component described in Proposition 2.25 which means
%tzojt*d)g (™ (Q2m)) has no ¢3(2m)-component. If we set 0 < p2 < ps,
then Ao (jtm (Qm)) and A3 (jtm(ﬂm)) — A2 (J{”(Qm)) strictly increase as
t grows from t = 0 to t = g, < 1. F™ fills up a portion of E\ Q,, and
then Az (F2" 0 JJ7 (Qm)) decreases to A2 (), and As(FJ" o Ty (Qm)) —
A2 (]-';" o Jqm, (Qm)) may decrease toward zero as s grows to one.

Let us denote §,, := 2N Q,,. Deformations stated in the above para-
graph will be constructed in order that ¢2(Qm)|Fm, the restriction of
¢2(2m) to §m, may approximate to ¢2(E) in Le-norm as m becomes
large. Then, a closed nodal line of ¢2(,) compared with the nodal
line of ¢2(E), the nodal line of ¢2(m)|Fm may be considered to be
sufficiently close to the segments {(z,y)|z = 0,1, 0 < y < 1}, and
{(z,y)|0 < = < 1, y = 0,1}. Then, the outer nodal domain €, of
¢2(2m) contains a sufficiently narrow and long simply connected band

W=0,n{(z,y):0<z<1/2, 1/4<y<3/4}.

We will follow methods of David Jerison [7]. From exponential decay
theorem (Lemma 3.1) applied to W one can show that for a ¢ € W NI,
Qf, the inner nodal domain of ¢2(0.,), the magnitude of gradient

|V (2)(€)]

also decays exponentially as ¢ moves along OW NIQL, and as m becomes
large. According to [7], we can show
. Q.
s |$2(Q2m)|
is bounded to the magnitude R|V¢2(Qm)(C)‘ for a disk B(z, R) C Q}, such

that ¢ € 0B(z, R)NOL. It implies that ¢2(Qm)|Fm can not approximate
to ¢2(2) in Q;, in Le-norm, and then we attain a contradiction.
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1 Introduction and a History of Nodal Line Con-
jecture

Topology of nodal lines of eigenfunctions is not yet well known. In a global concept Courant
nodal domain theorem may be regarded as almost the only remarkable achievement. Courant
nodal domain theorem [3] states that the nodal set of any k-th eigenfunction of C°° domain
divides the domain into at most k subregions. A corollary of this theorem tells us that the
second eigenfunction has precisely two nodal domains. As a simple case, study on the closed
nodal line of the second eigenfunction of A, has been pursued since L. E. Payne’s conjecture
[13] : In 1967 he conjectured that in any simply connected bounded domain in R? any second
eigenfunction of A, with Dirichlet homogeneous boundary condition cannot have a closed
nodal line.

Throughout the paper, © is any simply connected bounded (possibly non-convex) domain
in R? with C* boundary. An eigenfunction of the Laplace-Beltrami operator Ay in Q with
C'*° Riemannian metric g is meant to be a solution u # 0 satisfying the homogeneous Dirichlet
eigenvalue problem

(1)

u

Agu+du = 0 in Q,
0 on 09,

where Ag =37, \/ﬁDi( l9l9¥9D;), 4,5 = 1,2, g = (gi5), |g| = det (gs;). A positive X for

which the above Dirichlet condition (1) possesses a solution u is called an eigenvalue of Ay in
Q). Each associated eigenspace is finite dimensional, distinct eigenspaces are orthogonal each
other in L2(Q2), and L?(Q) is the direct sum of all the eigenspaces. We will denote the volume
element associated with g by dy. Let us denote by e the standard euclidean metric. Each
eigenfunction of Ay is C*° in Q, and eigenfunction of A, is analytic in €. It is known that
A is analytic-hypoelliptic operator. The nodal line of an (eigen)function u is defined to be
the set
{z € Q| u(z) =0},

and a nodal domain of u is a component of Q \ u~1(0). According to [4], the nodal sets
of eigenfunctions of C*°-Riemannian manifold in R? (if they exist) consist of a number of
C2-immersed one-dimensional closed submanifolds.

It is known that for generically many metric g eigenfunctions of Ay in a manifold with
boundary vanish of the second order where their nodal lines intersect boundary [15]. C.-S.
Lin [8] showed any convex smooth boundary bounded domain in R? with symmetry under
rational rotation with respect one point has no second eigenfunction of A. whose nodal line
is closed. A rational rotation means a rotation with angle 2wp/q for positive integers p and gq.
He also proves that if ¢2(2) is one of the normalized second eigenfunctions of A, in a bounded

smooth convex domain Q C R? such that %ﬁm >0, % the outward normal derivative, on
01, then ¢2(Q) is the only normalized second eigenfunction of A, in Q. David Jerison [7]
showed that for convex bounded domain  C R? there exists an absolute constant C such that
if diameter(£2) /inradius(2) > C, then the nodal line for the second eigenfunction of Q touches
the boundary. Recently A. D. Melas [11](1992) has proved that the Payne’s conjecture is true
for bounded convex smooth (boundary) domain in R?, and G. Alessandrini [1] for bounded
convex domain. On the other hand, as to a multiply connected domain, M. H.-Ostenhof, T.
H.-Ostenhof and N. Nadirashvili [12] have given a counterexample to Payne’s conjecture in a
non-simply connected domain. Also they give an example of domain in R? whose the second
eigenvalue is of multiplicity three.



It is well known that the first eigenvalue is simple. As for the second eigenvalue, from S.
Y. Cheng [4] it can be shown that the multiplicity of second eigenvalue of bounded smooth
boundary domain is at most three. Later Z. Liqun [10] verifies the dimension of the second
eigenspace of A, in bounded smooth boundary simply connected domain of R? is at most two.
In this paper, according to the result of Z. Liqun we assume that the second eigenspace of A
in any bounded smooth boundary simply connected domain of R? is at most two dimension.

2 Deformations whose Eigenfunctions form a C'-
Path which passes through a Given Eigenfunc-
tion

2.1 a Regularity of Paths composed of Eigenvalues and
Eigenfunctions of Deformations

Let J : Q x [0,1] — R2, J(P) := J(p,t), be a smooth deformation of Q. According to [5],
p.419, p.421, Theorem 10, the n-th eigenvalue of a C°° deformation J;(§2) varies continuously
to the n-th eigenvalue of Q as t — 0. Also Courant and Hilbert [5] showed that the r-th or-
dered eigenfunctions as well as eigenvalues of perturbed domains which are C*-diffeomorphic
to €2 converge to those of €, if the perturbed domains converge to €2. Their proof consisted
of reducing the problem to study of a family of differential operators on 2 obtained from
C*-diffeomorphisms. The coefficients of operators becomes to differ arbitrarily little from the
original coefficients. The section 13 of chapter V [5] is devoted to find the first and second
approximations of perturbations of domain. [5] shows a counter example with irregular per-
turbation and Neumann boundary problem in which the continuous property of eigenvalues
failed.

A linear integral equation corresponding to elliptic equation (Ae + )¢ = 0 is represented
by a homogeneous functional equation

(a,y) — /Q K (2,9, ¢, 7)$(¢, 7)d¢dr = 0.

Let Ko(z,y; ¢, 7) and K¢(x,y; ¢, T) be symmetric kernels associated with the above eigenvalue
problem of domain  and J;(2), respectively. According to [5] (Chapter III, §8 p.151, and
§9 p.152), one comprehends the following continuity property of eigenfunctions: Let the n-th
eigenspace of Ae in Q, n > 2, be of m-dimensional, and let the kernel K; converge to Ko
uniformly as ¢ — 0. Then, given any n-th eigenfunction ¢ of A, in €, there exists a linear
combination
a1(t)ir1(t) + - + am @) Pigm () (2

which converges uniformly to ¢ as t — +0, where ay(t) € R, and ;1 (¢) is an eigenfunction,
k=1,2,...,m, of Ac in J;(2). Note that the above linear sum is not necessarily eigenfunction,
since all eigenfunctions ;4 (t) may not belong to the same eigenspace. But it is said from
the above fact that each ;1 (t) converges to an n-th eigenfunction 1;£(0) of Q, as ¢ — 0,
and moreover the limit of each linear combination (2) composes the n-th eigenspace of A, in
Q. Thus, there may be eigenfunctions of Q to which no eigenfunction of J;(2) converges.

Throughout paper it is assumed that a second eigenfunction of €2 has a closed nodal line.
We will find a smooth deformation J; of € such that C'-path {¢)2’Jt(ﬂ)} which composes of
the normalized second eigenfunction of J;(€2) passes through a given second eigenfunction in
2 and each ¢3 j,(q), t € (0,1], has a closed nodal line separated from boundary, and if ;(0)
is double, ¢ = 2,3, then derivatives of path {)\Z‘ (Jt(Q))} composed of the second and third
eigenvalues of J;(€2) at ¢ = 0 are equivalent with prescribed values.



Firstly we are to show regularity of these paths. Let us denote by

¢i(t) 1= ¢i,7,() := ¢i(Jt(€)) the i-th normalized eigenfunction in J;(£2),
T (1) = (Jeo thl)*qbi (t) the eigenfunction ¢;(¢) pulled back to Ji,(£2), (3)
Xi(t) = Xi(Je(R)) the i-th eigenvalue of J;(Q) associated with ¢;(t),

for i € N, and 0 < ¢p,t < 1. For an orthonormal complete system {¢;(to) : ¢ € N} in J¢(2) let
us expand ¢, (t) as follows, and call this expansion ¢, (t) ezpanded with respect to ¢i(to);
G510 (1) = ¢i(t0) + D Brg.ik(t)Pk(t0),  Bro,ik(t) ER, i €N. (4)

keN

From identity A(JtOJ;Ol)*e(’bz:tO () = =xi(1)&; 4, (1), i €N, one can induce for 0 < ¢,20 <1

(A(Jtth_(;)*e — Ae)‘b;to(t)
= (4l = 200)) 800 0) = (B0 1y7, +Mi(00)) (6100 0 = 6i(10)- )

Remark 2.1. The operator A + A2(0) : Wr2(Q) N W2 (Q) — WE=22(Q), k> 2, is a
Fredholm of index zero, that is,

dim {W’“*Q»?(Q)/Im(Ae + /\2(0))} = dim Ker(Ac¢ + A2(0)),

where WFP denotes Sovolev space. If Ay(0) is double, then Jo {(Ac + A2(0))f}:(0) =
Jo {(Ac + 22(0))¢2(0)}f = 0, i = 2,3, f € WF2(Q) N W2, Thus W’“—QvQ(ﬂ)/Im(Ae +
A2(0)) 2 (¢2(0), ¢2(0)). Thus, the operator Ac+A2(0) : Wk2(Q)NW, 2 (Q) / ($2(0), $2(0)) —
Wk’z’z(ﬂ)/(d)g(O),d)g(O)) is bijective. The inverse operator (A. + )\2(0))71 : Im(Ae +
A2(0)) — Wk2(Q) N W, 2(Q) /Ker(Ae + X2(0)) given by

JEN JEN 1
> Bigi(0) = > ————3;6,(0)
P 22 X0 +2(0)

is also bounded operator since

JEN

sup Z

Pi jgK

1

<—
B0, = T T ho)

< 00, (6)

0) A2(0)

where {¢; : j € K} is an orthonormal basis of the second eigenspace in €, ng% ,GJQ. =1, and
| = Xjo (0) + A2(0)| is the smallest number among {| — A;(0) + A2(0)| : j & K}. //

Proposition 2.1 The value
oI+l

f;l})}(ws;egaxaay 20, W(zy), 1<j+1<2, 4,1€{0,1,2},

is bounded on t € [0,e], 0 < € < 1. The left hand of (5), (A(JtoJfl)*e — Ae)‘bzto(t),
to
converges in L2-norm to zero as t — to, to € [0,€]. %A(Jtojf1)*e}¢f to (t) is bounded in
to ’
Q ontel0e].

Proof. Theorem 3.7 ([6] Theorem 9.26, p.250) says that supq |¢7, (¢)| < C for a constant

C over all t € [0,¢] for a e, 0 < € < 1. Then, according to global estimate for solutions of

elliptic equation, Theorem 3.6 ([6] Theorem 6.6, p.98), if we set Lu = —;(t)$; , (¢), then the



. . j+1 . .
solution is u = ¢, (t), and then 62;78141(;5;% (t) is bounded over all t € [0,¢]. For this note

that the constant C'= Cy in Theorem 3.6 is dependent on J¢(£2), but max,¢[g,s] Ct exists.

Let us set
4,1=0,1,2 it
Af, aye = a0 (8) (2, y) . )
(JtOJto ) e 1§]er;§2 J ’ 8mJ8yl

Each entry a;;(t)(z,y) —aj,(to)(z,y) of differential operator A(]to ) e A converges to
Jrody

zero in || - ||g,2,0-norm in W*2(Q), k > 2, as t — to, since J; is a smooth deformation. Thus,

the first claim follows. Since each derivative %aﬂ(t) exists at any ¢t € [0, 1], from Theorem

3.6 the last claim is valid. Theorem 3.7 and Theorem 3.6 will be introduced in the next section
without proof. O

Remark 2.2. Let us assume that th ) ?3 1, (1) - #2(to)de converges to a non-zero num-
o )

ber as t — to. Then, since the left hand of (5) converges to zero as t — ¢y from Propo-
sition 2.1, and since Im(AJt* e + A2(to)) is orthogonal in metric Ji,e = e to the second
“0

eigenspace of A¢ in Ji,(§2), we can conclude that Az(t) converges to A2(to), and further-
more, then (A_;t* e + A2(t0))¢5(t) which is naturally orthogonal in metric e to the second

eigenspace of Ac in Ji, () also converges to zero as t — to. Consequently, by boundedness
of (AJE«OE + )\2(750))_1 (refer to Remark 2.1) the component of ¢4(t) orthogonal to the second
eigenspace of A in Jy, () denoted by (¢ (t)):o also converges (in L?-norm) to zero as t — t.

But whether ¢5(t) converges to an element in the second eigenspace of A¢ in Jy, () or

oscillates as t — to, the result of preceding paragraph is valid provided A2(t)converges to
)\Q(to) as t — tg. //

Proposition 2.2. Let \y(t) be simple at t = tg € (0,¢). Then, A2(t) is continuous
at t = to, and ¢35, (t) converges in L%-norm to the unique second eigenfunction ¢2(to) as
t—tg.

(Note.) If X2(to) is simple, then there is an € > 0 such that if |t — tg| < €, then A2(t) is also
simple. From Theorem 3.6 and by convergence of AJ;‘E to A one can verify convergence of

#3(t) in L2-norm to ¢2(tg) assures convergence in || - ||2,2,o-norm.

Proof. Firstly, we consider energy of the pushed-ahead first eigenfunction (th o Jt_l)*d)l (to)
to J¢(£2). We have

L7,y Vo1 (&) Ve (t)de

10|12
oy YUt 0 J7Y) 01 (0)V (1o © 1) "1 (t0)de
B H(Jto ° Jtil)*‘ﬁl(tO)H;

On the contrary we have
thO (@) Vo1(to)Vér(to)de
EABIE
S0y V(T o T ) 1)V (Jeo T (t)de
1(7e0 751 01013

If t — to, the right hand of (8) converges to A1(to), and the right hand of (9) converges to
A1(t). Therefore, if t — to, we have A1(t) < A1 (to) + €1(¢) and A1(to) < A1(t) + e2(t), where
€i(t) > 0, ¢ = 1,2, converges to zero as ¢ — tg. Consequently, A\1(t) — A1 (to).

Then, since from Remark 2.1 the inverse operator of AJ;‘Oe +A1(to) defined in Im(AJg‘Oe +

9)

A1(to)) is bounded, and since A1 (t) — A1(to) converges to zero, and since from Proposition 2.1



the left hand of (5) converges to zero, we can conclude that the component of ¢7 ; (¢) —¢1(to)
orthogonal to {¢1(tg)) with respect to metric e converges to zero function as ¢ — to. Therefore,
#7 4, (t) expanded with respect to {¢x(to) : k € N}, then ZkeN\{l} '6t20,1,k(t) converges to

zero. Since ||¢7 ;. (t)||f] Jolyee = 1 = ||¢1(to)||?, and each function of entries of the smooth
’ +o to *e
metric tensor (Jt o thl)*e converges (in || - ||2,2;0-sense) to that of e as t — to, we may

conclude that [|¢7 , (t)||? converges to one. Thus, (1 +ﬂt071,1(t))2 converges to one, and then
1,44 (t) converges to ¢1(to) as t — to.
Secondly, we are to verify proposition for the second eigenfunction. From minimum energy
property of eigenfunction we have

th (Q) Vg2 (t)Va(t)
62(0)[|2

< |:/’t(ﬂ) V{(Jto o J;1)*¢2(to) - 6271(t0,t)¢1(t)}

. V{(Jto o J7 ) 6a(to) — b2, (to, t)¢1(t)}}
N Gro 0 77 patt0) - 52,1(t0,t)¢1(t)H;27 (10)
where 62,1(to, t) = [}, () { (Jto © J 1) ¢ (to) }#1(t). On the contrary
L1y @) V2(t0) V(to)
o2 (to)5

< {/Jt[)m) V{(Jz o Jt—ol)*qsg(t) —2,1(t, to)¢>1(t0)}

: V{(Jt o Jit) pa(t) — a1 (¢, to)m(to)ﬂ
: H (JeoJit) ¢2(t) — 52,1(t7t0)¢1(t0)H2—27 (11)
where 02,1(t,t0) = [5, () {(Je 0 J;") "é2(t) 1 (t0). Since ¢1(t) — 7 (to), we have
Jlim 62,1 (t0,8) = 0= lim 62,1 (t,to)- (12)

According to the argument verifying convergence of the first eigenvalues, from (10) and (11)
A2(t) — A2(tg) as t — to.
Therefore, since the inverse operator of A« . + A2(to) defined in Im(AJt* e + A2(to))
0 0

is bounded operator from Proposition 2.1, formula (5) says the component of ¢3(t) — ¢3(to)
orthogonal to (¢3(to)) with respect to metric J; e converges (in L2-norm) to zero. That is,

2 .
Skem 2} (Bto,2,k(t) = Bto,2,k(to))” converges to zero. Since H¢§(t)||2t*e =1= Hd%(to)HQ; .
0
and since each function of entries of metric tensor Je converges to that of Jj e as ¢ — to,
we may conclude that ||¢3(t)||sx . converges to one. Therefore, (1 +ﬁt0,272(t))2 converges to
0

one, and then ¢}(t) converges (in L2-norm) to ¢3(to) as t — to. O

Proposition 2.3. Let us suppose that A2(t) is simple at t = to € (0,€). Then, derivatives
%t:to)\g(t), and %z:tod);,to (t) exist, and we have a unique representation

d

d d i
Ez:tOA(‘]tOJ;OI)*E(ﬁZ(tO) = _Ez:to)\Q(t)d)?(to) — (A + >\2(t0))£t:t0¢2,t0 (t).  (13)



Proof. The limit
. 1 .
tan;lo {t —to <A(Jt°‘]t61)*e a Ae)¢2,t0 (t)}

%t:toA(JtoJfol)*e
Then this limit equals to the left hand of equality (13). Thus, from (5) we get (13). In formula
(13) the image of Ac+A2(t0) is orthogonal under the metric e to the second eigenspace (¢2(to0))
of A¢ in Ji,(92). Therefore, a unique existence of A2(t) and a unique existence of the

exists, since from Proposition 2.2 ¢3 , (t) converges to ¢2(to) and exists.

dt t=tg
o
component of %t:to ¢35 (t) which is orthogonal to (¢2(to)) denoted by (%t:to ?3 1o (t)> are
shown.
To show existence of ¢2(tg)-component of %t:to #3 4,(t) we expand ¢3 , (t) with respect

to ¢2(to). Then, it suffices to show the existence of coefficient %t:to Bto,2,2(t). We introduce

a notation;

Notation 2.1. Let us suppose that B3 1, (t) converge to ¢2(to) as t — to. Expanding
#3 4, (t) with respect to ¢2(to), we define a value xt, (62(t)), to € (0,¢), by

X%o (¢2(t))
=165,00 () (@ W)|2.,

- (620000 + 3 o 206(00)) (2000) + 3 By 2 (0(t0) )
k=1

Jiq (82) k=1
o0
=14 2B15,2,2(6) + D Br o1, (0)- (14)
k=1

Note that ||¢>§’t0(t)(x,y)||§ (rori )" = 1 for all ¢ € [0,1], but Hq%(t)(z,y)”ie may not
’ 0

equal to one for tg # t. //
We are to show from smoothness of J; that %t:to Xto (¢92(t)) exists at o € (0,€). From

equality ||¢)§’t0 () (z, y)”g (JfoJ;I) < =1, by differentiating a product of function and metric
TATET o

tensor, we have

d N 2
— t)(z, d 1k
dt t=t, /]to(Q) |¢2,to( )( y)! (Jto‘]tol) .

d 2 d / 2
—_ t f— t B d — * :07
dtt:tOXtO (P2(1) + dtimto L, o |$2(t0) (=, y)] (o) e

and then
d

2, (62(1)) = / POy (15)

&t:to B %t:to

The right side of (15) exists at to, that is, %t:toxgo (¢2(t)) exists. Differentiating (14), we
have

d 2
— t
dtt:tOXtO (¢2( ))

d d
=2—  Big22)(1+ Brg22(t0)) +2 D Big2k(to)— , Bto, 2,k ()-
0 =to

dt =t keN (2} dtt=
Since limi—ty ¢3 4 (t) = ¢2(to) and then By, 2 k(to) = 0 for any k € N, we have
d

d
o o (8200) =250 Bro2a(). )

dtt=

Thus, %ﬁto’gg(t) exists at t = tg. ]



Remark 2.3. 1If \a(to) is simple, then obviously %t:to ¢3,t0 (t) is represented by
d
Z s Bto,2,k (1),
ken ¢t t=to
and since Ag(to) — A2(to) # 0 for k € N\ {2}, identity (13) implies that each %ﬁtmg’k(t),
k # 2, converges as t — tg. One can represent the component of %t:to ¢§,t0 (t) orthogonal to

(¢2(to)) by

d . °o d ) _
(Guy, 0 ®) = / tO(Q){dtt:tOA(JtoJal) L62(t0)(@.9) } Kng 1) (@45 G, T, (17)

where K, ;) stands for Green’s function of Ac + A2(t0) in Jiy(§2). Green’s function will be
introduced in this section later. //

Proposition 2.4. Let us suppose \a(to) be simple for to € (0,€). Then, paths of t-
variable functions %)\2 (t) and %(b; ¢, (t) are continuous at t = to.

Proof. From the formula (15) %Xto (¢2(t)) is continuous at t = to, since J is smooth. Then,
from (16) %ﬁtoygg(t) is also continuous at ¢t = to. By a similar way to getting (5) from (1),
we obtain the following second order identity from (13);

d d .
{aA(JtoJ;Ol)*e - at:tOA(Jtth’Ol)*e}(blto (®)

d *
Et:tOA(JtOJt_ol)*e{(ﬁZto (t) - ¢2(t0)}
d d %

_ %t:to )\Q(t){dﬁto(t) — ¢2(t0)}

- {A(Jt,oJfol)*e +A2(t) — (Ae + )\Q(to))}%(b;,to(t)

d *
= (A 20 { 03,000 = 3 $ha ()} (18)
Since Az (t) — A2(to), and ¢3 , (t) — ¢2(to), identity (18) shows that £ Xa(t) — %t:to)\g (t)
and (%qb;,to (t)— %t:to ‘75;,150 (t‘))O converge to zero and zero function, respectively, as t — tg.
We obtain from (18)
d2
dt2 1=,
d d
2 A 1y —
dt t=tq (Jt"Jto ) edt t=to

d d
Ao(t)— 54, (1)
0

Et:to dt t=t

d2
— = a2t
a2 s, 2(t)p2(to)
d2

dt? =

A(Jtolfl)*equ(tO)
to

93,10 (1)

— (Ae + X2(t0)) " $3,10 (1)- (19)

d2

dt? t=tg
. 42 o d2 PR . .

existence of the component (Wt:to ?3 4 (t))° of W bt #3 4, (t) which is orthogonal in metric

e to (¢2(tg)). Therefore, particularly, %/\Q(t) and (%qﬁ; to (t))° are continuous at t = to.

Since %ﬂto,gg(t) is continuous at ¢t = tg, the continuity of %(ﬁ;,to (t) at t = to is shown.

m}

Proposition 2.3 and identity (19) show a unique existences of A2(t) and a unique
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Proposition 2.5. Let \2(t) be double at t = 0.

(i) Then, regardless of the existence of limy .o ¢} ((t), and regardless of multiplicity of A2(t),

t>0,i=2,3, we have limy_q A;(t) = A2(0), and the function ( 7 o(t) —$i(0))° which stands

for the component of % o(t) — $i(0) orthogonal to (¢2(0), $3(0)) also converges (in L%-norm)

to zero-function as t — 0.

(i4) Regardless of multiplicity of A2(t), t > 0, if limy—o @3 ((t) exists, then A2(t) and (¢§7O(t))o,
the component of ¢§,0(t) which is orthogonal to the second eigenspace of 2, are continuously

differentiable at t = 0.

Proof. (i) Let us assume there is a sequence {t, € (0,e)} such that ¢, converges to O,
and assume [q 12, (0) - 85 o(tn) converges to zero for any second eigenfunction 2., (0) €
(¢2(0), ¢3(0)) corresponding to each ¢, asn — oco. Since ¢7 o(tn) converges to ¢1(0), [, ¢1(0)-
qS;’O(tn) converges to zero as t, — 0, and then we have A2(tn) — A2(0) + €1 for a number
€1 > 0. But minimal energy property of eigenfunction implies

{ /Jtnm) V(Jt_nh% (0) — 52,1(0,tn)¢1(tn))

-9 (" d2(0) 52,1(o,tn)¢1(tn))}

1
Z )\2(tn)7

. {/ }Jt_nl*¢2(0) — 52,1(0,tn)¢1(tn)‘2}
Jt,, ()

where 82,1(0,tn) = th”(Q) J;nl*@(o) “¢1(tn). Since ¢7 ((tn) converges to ¢1(0), d2,1(0,tn)
converges to zero as t, — 0. Observe the left hand of this inequality converges to A2(0) as t,, —
0. It implies A2(0) > A2(tn) + €2 for sufficiently large all n and for an e2 > 0. It is impossible
under the consequence such that Xa(tn) — A2(0) + €1. Consequently, [, b2,m (0) - ?3 o(tm)
does not converge to zero for any sequence {t., € (0,¢)} converging to zero, and for a second
eigenfunction ¢z, (0) € (¢2(0), $3(0)) corresponding to each given ¢y,. Then, from formula
(5) lim¢—o A2(t) = A2(0), and (¢§70(t) — ¢2(0))° converges to zero.

In the same way let us assume there is a sequence {t, € (0,e)} such that ¢, converges
to 0, and assume fQ ¥2,n(0) - ¢§,0(t") converges to zero for any the second eigenfunctin
¥2,,.(0) € (¢2(0), ¢3(0)). Then, since [, ¢3 o(tn) - $1(0) also converges to zero as tn, — 0, we
have A3(tn) — A2(0) + €3 for a number €3 > 0 as t, — 0. But

{/ V(Jt_nl*¢3(0) —03,1(0,tn)p1(tn) — 53,2(0,tn)¢2(tn))
Tty ()
V(15,1 63(0) — 55,10, tn)1 (tn) — 83,20, tn) (tn))}
-1
AL 60 = 8340006100 = 820,000 2 hae), 20
Tty ()

where 83,;(0,tn) = th"(Q) Jt_nl*¢>3(0) ~¢i(tn), i = 1,2. Since ¢7 ;(tn) — ¢1(0), we have
03,1(0,tn) — 0, and by the assumption i, 92 »(0) - #3,0(tn) — 0 for any second eigenfunction
12,(0) in Q, we have 03,2(0,t,) — 0 as n — oco. It implies the left hand of (20) converges to
A2(0), and therefore A2(0) > Az (¢rn )+ €4 for suffciently large all n and for an €4 > 0. It contra-
dicts to the consequence Az(tn) — A2(0) + e3. Consequently, from (5) lim;—o A3(t) = A3(0),
and (¢§,0(t) — ¢3(0))° converges to zero as t — 0.

(ii) When we replace tg by 0, the formula (19) as well as (13) holds in spite of double multiplic-
ity of A2(0). For this, consider the argument in the proofs of Proposition 2.3 and Proposition
2.4. O

Remark 2.4. Let \2(t) be double at t = 0, and simple on t € (0,¢). Let {¢2(0), ¢3(0)} be
an orthonormal basis of the second eigenspace in €2, and let ¢§,0(t) be expanded with respect

11



to ¢2(0). Let us assume that ¢3 (¢) converges to ¢2(0) as t — 0. Then, from (13) we have

(&, 083.00) (@) = = fo &, A ed2(0)(C,7) - Ky (o) (@, 9: ¢, )dCdr,
%tzomw =-Jq %tZOIAJ;mg(o; - $2(0), (21)
G002k () = =y 15007 Jo @m0l e82(0) - ¢1(0), k € N\ {2,3},

where Ky, gy is Green’s function of A + A2(0) in 2, and (%t:oqﬁg’o(t))o denotes the com-
ponent of %t:0¢3,0(t) orthogonal to (¢2(0),#3(0)). Thus, A2(¢) and (qb;yo(t))o are con-

tinuously differentiable on ¢ € [0,¢). Even though we assume that ¢} (t), ¢ = 2,3, con-

d

verges to ¢;(0), respectively, we can not assure existence of Tt t—0

@7 o(t), since existences of
lim¢, 0 %t:toﬂo’i’j (t), 4,4 = 2,3, are not yet verified.

Now let us suppose that we do not know whether ¢3 () converges to ¢2(0) or not. From
(13) we represent at to € (0,¢), for i = 2,3, k € N,

d -1 d
d )= LA e dilto)) - on(to)dudy.
at mto0 D = T (o) /Jm(m{dn:to (sroaigt) e Bel10)} - du(to)dady

Since diverges as tg — 0, one can not exclude the possibility of either di-

—1
—A3(to)+A2(to)
vergence or oscillation of %t:toﬁto’z?’(t) as to — 0. Thus, (¢2(¢0), #3(to)) component of
d
dtt=tg o
of k € N\ {2,3}, Proposition 2.1 implies %Z:toﬁt07i7k(t) is bounded on 0 < tg < €. //

(t) might oscillate as tg — 0 like the derivative of function ¢2 sin % But in the case

Proposition 2.6. Let J; be a smooth deformation of Q such that A2(0) = A3(0) is

double second eigenvalue, and A2(t) and A3(t) are simple on t € (0,e). Then, for i = 2,3,
o .

%t:to)\i(t) and (%t:to T o (t))° which denotes the component of %t:to 7 1o (t) orthogonal

to {(p2(to), #3(t0)) = (P2(t0)) ® (¢3(to)) under the metric e are bounded on 0 < tg < €.

Proof. From Proposition 2.5 A;(to) is bounded on 0 < tgp < €. Considering Proposition 2.1,
regardless of existence of lim¢,—0 ¢} ((to) (even though ¢ ;(to) oscillates as to — 0), one can
infer that in the identity (13)

d

Et:to

d d ,
A(Jto%l)*edn(to) = *at:to)\Q(t)(ﬁi(to) — (A + Ai(to)) Toms b7 4o (1),

%t:toA(Jtth’ol)*e@ (to) is bounded on 0 < tg < e. Then, since Im(Ae+/\i (to)) is orthogonal
to (¢i(to)) under metric e, two summands %t:to)\i(t)qﬁi(to) and (Ac+ A;i(to)) %t:to 7o (t)
which are orthogonal to each other are bounded on 0 < tp < €. Consequently, from Re-
mark 2.1 (%t:to ¥ to (t))° which denotes the component of %t:to ¥+, () orthogonal to
(p2(t0), #3(to)) under metric e is also bounded on 0 < tg < €. O

Remark 2.5. Under hypotheses of Proposition 2.6 in order to show the existence of
lim¢, o %t:m(ﬁ;,o(t) we are to verify that %t:toﬂto,gﬂ- (t), 1 =2,3,0 <ty < g, converge as

to — 0. In this case (t) exists from Proposition 2.4 and is represented by

d *
dt t=tg ¢2,to
d
dt t=t,

(¢2 (to)+ > ﬂt0,2,k(t)¢k(t0)>‘

keN

If we expand Jj ¢§,to (t) = ¢3,0(t)7 0 < to, with respect to ¢2(0), then from Proposition 2.3
the following identity holds;

d

d
— A jx o 5 o(tg) = ——
ity Jre®2,0(t0) i

d
A2(t)83,0(t0) = (Auz e+ A2(to)) - #30(t):
0 =to

t=t dt t=

12



In this case since AJ:‘ ek (0) # A (0)¢r (0), the coefficient of ¢y (0)-component of (AJ;‘ e+
0 o

)\g(to))it:tozﬁio(t) may differ from ( — A (to) + >\2(k0))%t:toﬁo,z,k(th(U)- Thus, the
coefficient %t:toﬁo’i’k(t) can not be represented by the same formula as %t:toﬁtﬂviﬁk(t)
expressed in Remark 2.4.

If we just show lim, .o %t:toﬂt(]’i’j(t)’ i,j = 2,3, exist, then lim;, .o %t:toﬁo,i,]-(t)

also exists, and vice versa. For this, note that since Jt*(J o(Jto thl)* = J;, we have

d *
Iy (dt B 1o (t)> = &t:t[)d)i,o(t)-
We may define lims, .o %t:toﬁovi!j (t) by %t:oﬁoﬂ%j (t). Then, lims,—o (ﬁ,o(to) exists from
Proposition 2.5, and

i 65 (t0) = 8u00) = (570(t0)° + 3 (1165 0) + Z / 2 50,4, ()65 (0)dt

j=2

®

@t t=1o Pito (t) converges as tg — 0.

Consequently, according to Remark 2.4, it is confirmed that 2

//

Before proving existences of lims,—0 ¢} ((to) and lims, .o %t:tg @7 o (t) we are to describe
concretely a deformation of €.

Definition 2.1. Let J~!:R2 x [0,1] — R? be a C* deformation defined by

CH(Em) = (z,y)
=(z " &n ), I (&)
=(&—-Gi(&m), n—He(&m), 0<t<1, (22)
where J; ! 1 R2 = R2, J;1(€,n) := J71(£,m,t), is a diffeomorphism for each t € [0,1]. Thus,

G B2 % [0,1] — R and H : B2 x [0,1] = B, G(E,m) := G(€,n,), Ho(&,m) := H(E 1), are
C*°-function such that Jacobian determinant of J7

1— 9G __OHy
¢ ¢
__ 909Gy 1— OHy |
on on

must not vanish at each ¢ € [0,1]. Also, Then, by inverse mappmg theorem the inverse map
J¢ 1 R? — R? exists and is of C*°(R?) at each ¢ € [0, 1]. Since J; ' is of C for t-variable, J;
is also of C>°([0, 1]). Thus by definition the following constraint equation holds;

Jt('];l(f’ 7))) = (5’77)7 J;l(Jt(x,y)) = (x»y)'

We call J~1 the inverse deformation of J. Let us call the restriction of J; to Q a simple
deformation of . The smoothness of 9.J¢(f2) is also assumed. Let us define the support of
C*° deformation J : R? x [0, 1] — R? by the closure of set

{pER2 J(p,t) #£p, forallt,0 <t < 1}.

Let us call the intersection of support of J with Q the support of a simple deformation J of
Q, and denote the support by supp(.J). Equivalently, it holds that R? \ (supp(J))O = {p S
Q:J(p,t)=p, forat,0 <t < 1}. One can show that supp(J~1) = supp(J). For this, if and
only if J(p,t1) = p for a ¢1, from the equality J_l(J(p,tl),tl) =p=J(p,t1), we can
conclude p & supp(J~1). Let us call boundary support of Jiq the set supp(J) N Q. //
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Let us set J(z,y,t) = (§,n) = (J,’: (z,9,t), Jy(x, y,t)). Then the following equations hold;

d d
=— =—  J7'(J(z,y,t),t
dtt:ox dti=o0 * ( S )

_[anl € | 9J; " an anl}
t=0

o6 ot on ot ot
B [aJ;I aJe  dJgt o, 8J;1}
e ot an ot at o
_9Je 05"
ot t=0 ot =0

—1
For this, note that 97y = = 0. About variable n the same result occurs,
9§ =0 on t=0
and then we have |
oJ aJ~
— =— . (23)
Ot t=0 ot t=0

Let us consider the co-ordinates change (£,71) — (z,y). The metric Jye(z,y) = (g5;)(z,y) is
given by

— 9€9¢ | 9n9n
911 = 55 8z + Oz Oz’
g12 =g21 =0,

o9& 9¢ dn On

922 = By 0y T oy ay-
From the fact &g = ¥, ; Z1=Di(v/lglg" D;), 1.7 = 1,2, g = (937), lo] = det(gi;) one can

calculate %t:to {AJ:eJtO’Lﬁ(to )}z, y) for any ¥(t) € C?(J(R2)). One has Ajre ( P(to)) =
JFAe (J;l*J: 1/1(t0))- From this equality one can obtain the following;

{asedippin} =2 [{Ac(uto) o 571} o si].

dtt to dtt to
Calculations using the chain rule on this equality also yields the following formula;
a ATyt @)
dt t=t, t=r0

e ot 2T} b(to)
g (5 t>2+(‘9‘;,7 t>2}th~—g2 °
A () Yoo

- aJ, - aJ d%J} ¢ (to)

waf(220) 5;)+<8‘§n*)~( 5‘;)}0%- ST

A5+ (T o

o€2 on2
?J;t, 2yt 95 ¥(to)
+{( 56 )+ ( o )}M-T](:p,y). (24)
Let us denote th = %t:tl G¢. From now on, particularly at t = 0, without inconsistency
7 - . k1+k . . k1+k .
we will identify [{%Gt} o Jt(x,y):| with %GO(L y)- //
t=0
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Proposition 2.7. Let a simple deformation J; of Q be given by (22), and %(0) be any
C2%(Q)-function. Then, we have

RV RICICY))
_ 9o &y(0) ,0Go 9*9(0) {BQGO L 9°Go } L 9v(0)
Ox Ox? Oy  Ozdy Ox? Oy? Ox
_2@ ~92(0) _2371;10 9%p(0) {3230 O2H, } L 0u(0) (25)
Oy Oy? dx  Oz0y Oz2 Oy? Oy
where Go = %t:OGt'

Proof. Direct calculation using (24) yields the equality. Note that for the first summand in

(24)
—1
%tzo{(%) onp=4 0{ag (e-cuem))’
= %t:o{l - %(JE(%% £), Jn(z,y, t))}2
= 72%t:0 0G1 — (Je(m,y, 1), Jy(z,y, t }+ Toeo
=*4(d@%)@,> P e | 02 by

dt ¢ 0€2 dt ' ogon dt

oG+

ot Ve ). Iyt )

d BGt
t=0dt =0\ OE

Since [%?LZO = [—6825‘] = [—gzgﬂtio = 0, we have

d 8J; L, _ d 0Gy
oot Cot) o = =2 (558 ) Vet )
_ _59G0 _ (- 2%)_
1213 Oz
By similar calculations, for the other summands it is also easily shown. a

+2{%§t(]§(z,y, t), Jp(z,y, t))} (Je(z,y, 1), In(z,y, t))}

t=0

Proposition 2.8. Let a simple deformation J; be given by (22), and {¢2, ¢3} be a basis
of the second eigenspace of Q). Then we have

/ {5 AJ;E¢i<x7y>}¢j(x,y)dxdy
Q =0

/ Hy(z, )8@ 8% dA, i,j € {2,3}. (26)

Proof. Using property (Ac 4+ X2(0))¢; = 0 = (Ac + X2(0))¢; as a solution of eigenvalue
problem, from Proposition 2.7 one can write the component of fn {%t:OAJt*eqﬁi}@' induced
by y-directional deformation (£,n + H) as follows;
/ (2 aHO a ¢>1 aHO 82¢; 92Hy  92Hy 8¢>1 ¢ )
—\“ 5 J
Q

Oy 2%+ 69: " 9xdy J Ox? Oy?

o 82@ OHo D¢ 9¢i 0¢;
=— | Z(r, a0 - — o dzd
/s;ay( 32¢J+6y 8y¢J Ay 8>xy
9 /. 0%¢; dHo 0¢; - O¢; 09,
— — ( H i+ — i — H, —= )dxdy. 27
/ 0. < Oaxayd)] + or Oy 93 0 Oy Oz ) vy (27)
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For each y such that Q N {y x R} # 0, denote the union of components of Q N {y x R} by
Uklre @), rer1(®@)], k = 1,2, ..., r(y) < r41(y), and for each z such that QN {R x z} # 0,
denote the union of components of Q N {R x z} by U;[s1(2),s141(2)], | = 1,2, ..., s;(z) <
s141(x). Since ¢p; = 0 on 09, (27) attains to

6(151 8¢] sp41 () / 8(;51 0¢; 17k+1 )
dz + d
/392 oy ay anz ay o) Y

sy (x) 1 (y)
- O¢; 0¢;
= Ho—— —>dA. 28
/BQ oy ov 28)

One exchanging the coordinate y for =, (28) for Go also holds by the same arguments.
m]

Remark 2.6. Although A\2(0) is double, if #5 2(t) converges to ¢2(0), then from (13) one
can represent as follows;

d d

a =— (1= Ay

dt =) /{dtt:e 75062(0) pé2(0)de,

o (d o N ]

—_ — *(t = — —_ K . a A o L dod
8VP<dtt:0¢2( )> /BV(C,T):P A2(0)(I,y,(,7){dtt:0 Jrea( )} wdy,

where Ky, (¢) stands for modified Green’s function of Ae + A2(0) in Jo(€2) which will be men-

tioned later. Let us review the equality (27) replacing ¢; by (% Considering

(= K200
induction of equality (27), we can infer that the component of fﬂ {%t:OAJZe¢i}%PKA2(O)
induced by y-directional deformation (§,7n) — (§,7 — H¢) is read as

0 52 bi 8HO dP; O¢; 8¢7
= ), 5y (o . ; — Ho dud
/f28y< Oy? ¢+(‘)y 8y¢J 2y oy )zy
9 [y 0% OHy d¢; B¢ O;
"~ Joaa\ i+ b — Ho———~ )dad
/ﬂ M( 2zoy® T ae By ¥ T H0gy ax) zoy
o 5 09
_ — Ho—/— )& - , d d, 2
/Qal/((,q—):p( 0 ay> ¢,n (@, y)dedy (29)

where [, E)uP(HO ‘%L)S = é%(g =P (Ho(g, T)W) The last term results from the
definition (A 4 Xi(0)) Ky, (o) = 0 as follows;

23¢; . By . Op; 0%¢; . Op; 0%¢;
7/H 83¢ /HOB 20y ¢J+(/H08y Oy? +/H08y 8:1:2)
— : X 8¢7« 8¢2 8¢2
—/HOAZ(O)a - [ fon© Lo+ [+ P( e ) (30)

Since ¢; is O(|P — (x,y)|3) from hypothesis, one has 8VP<HO 8¢’) = 0. Therefore, since

%((,T):PKAZ(O) vanishes on 90\ P for the measure zero point set { P} on the boundary 992,

(26) also holds when K, (o) substitutes for ¢;. //

9
ov (¢,7)=P

Proposition 2.9. For any distinct eigenfunctions ¢, and ¢r, in the second eigenspace
(¢2(0), #3(0)) of Ac in Q, we have

09, Oy,
——=dA =0
/gm or Ov

Proof. Set G¢ = t, and Hy = 0. Then, J; is a translation, and therefore Jje = e, and
%tzoAJ;eqSk (z,y) = 0. From (26) our claim follows. ml
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Definition 2.2 Let us set

0 0 0
5(&,”]) - a(fv ,r])ai&- +ﬁ(§:77)8*n,

for C*° functions o and (8 on 99, and let G¢ and H; satisfy

%t:o(§7 77) = 6(57 n)a(fm),
dtﬁt t=0 (57 n) = 6(57 n)ﬁ(£7 77)7
where (§,1) € 99, and & is a C function of 99 called a boundary function of Ji. //

The following equality with self adjointness of operator AJt* . on the second eigenspace
in 2 holds;

(31)

a
dt t=0

Proposition 2.10. Let {¢2(0),#3(0)} be a basis of the second eigenspace in Q, and let
Ji be a simple deformation of Q given by (22) and (31). Then,

/Q {%t:OAJze@(O)}@ (0)de

_[ 24020, ,
90 ov ov

d -
:/Q@(o){at:OAJ;e%(o)}de, i,j € {2,3}. (32)

where de A is the volume element on the boundary with respect to standard euclidean metric
e.

Proof. 1t is verified from Proposition 2.8 and from the preceding definition 2.2. O

When k ¢ {2, 3}, the following related to adjointness holds;

Proposition 2.11. Let J; be a simple deformation of Q given by (22) and (31), and
let ¢y (to), to € (0,¢€), the k-th eigenfunction of Ji,(Q). Suppose that A2(to) and A3(to) are
simple. We have for k € N\ {2,3}

d
/Jto(ﬂ) {ﬁtztoA(Jtth_ol)*ﬁm (to)}¢3(t0)de

d
{Et:tOA(‘hOJ;Ol)*e¢3(t0)}¢k (to)de

@

— (A3(to) — Ak (t0)) /th(ﬂ) {Gto 8¢gito) + Hy, 6(;5;50) }¢k(t0)de

+ (Ak(to) — As(to)) /J . {Gto 8¢g§:0) + Hy, 8¢g;t0) }¢3(t0)d6

d
= o {Ez:toA(JtOJf,_Ol)*€¢3(t0)}¢k(t0)de

— (A (to) — Az(t0)) /;] @ {atho + angm}¢3(to)¢k(to)d6~ (33)
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Proof. When A;(to) # Aj(to0), equality (27) turns into the following formula;

/JtOm) _(2% = ¢1(t0)d’](t )+ ang ' 8;;150)@(1&0)
8Z$0 8;520 } ' 8(%50)%@0)) de
- / a% (#o 823@3(%) ¢;(to) + aHt“ 8¢5(yt°) $;(to) — He, %572‘0)3%75@) de
— (Ni(to) — Xj(to)) /Jto(Q) e, 8¢(;(t0)¢J(t e "

Notice the equality below is commutative with respect to sub-indices ¢ and j when \;(to) #
Aj(to)s

0 (r 06i(to) OHy, O¢i(to) . 9¢;(to) 9 (to)
- / oy (Hto T‘ﬁj(to) + Tyoquﬁj (to) — Htg oy (;y )dwdy
8 i & <¢>z(to) OHy, 0¢i(to) . di(to) D (to)
/87 to— o ¢;(to) + oz Ty¢j(t0) —HtOTyéT)dzdy
/ 8@ )a¢j(t0)d8A. (35)
8t () ov

Thus
A Asgeon(eo) (o) = (o) = Natta)) [ {22500 g P 1

:/ 9%k (to) 3¢3(t0)deA
0Jto ()

ov ov

- /J ©) {%tﬂoAJ?S%(tO)}d’k (to)de
to =

., O¢3(to) | 8¢3
— (As(to) — Ak (to)) ‘/Jto(ﬂ) {Gto or T Hy, }¢ (to)d (36)
Note
/G 8¢k(to /G 8¢>3 to r(to) — ag—;“qbk(to)¢3(t0)~ O

Proposition 2.12. Let J; be a simple deformation of Q such that A2(0) = A3(0) is
double second eigenvalue, and \2(t) and A3(t) are simple on (0,€). Furthermore, for to €
(0,€) let limgy 0 %t:to Ai(t), i = 2,3, exist and

d d
li — As(t li — A2(t). 37
Jimy o X0 # Jim T () (37)

Then, %t:toﬁto’i’j (), 4,5 = 2,3, converge as to — 0. Then, ¢;0(t0) converges to one

element ¢;(0) € (¢2(0), $3(0)). Therefore, formulae (13) and (19) hold provided ¢2(to) and
to are replaced by a second eigenfunction ¢2(0) of Q and 0, respectively. Consequently, A;(t)
is of C1([0,¢)), and defining by

. d d )
lim — Bto ik (t) = — Oﬁo,i,k(t)a i, k=23, (38)

to—0 dt t=t, dt t=

To(t) € C([0,¢)).
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(Note) When ¢} (t) is expanded with respect to ¢;(0), ¢ = 2,3, Proposition 2.12 implies that
one can represent

$i(0) = ¢;(0) + lim¢y—0 Bo,:,2(t0)$2(0) + limyy—o Bo,i,3(to)3(0),
Bo,i,k(to) = Bo,i,k(t1) + ftt::ttlo A Boik(s)dt.

Proof. Let us suppose that lim;, ¢ %t:toﬁtU’Q’S(t) exists. Then, according to Remark 2.5,
lim¢o—0 Bo,2,3(to) exists, and then from Proposition 2.5 and from the fact that ||¢3 o (to)ll2,sx ¢
5 g

converges to one as tg — 0 one can infer that lim¢,—o Bo,2,2(to) also exists. Thus from
Proposition 2.5 ¢3 ((to) converges to a second eigenfunction in Q as tg — 0. Therefore,
according to the argument succeeding to Notation 2.1, regardless of multiplicity of A2(0), (16)
shows the existence of lim¢,—0 %t:toﬁo‘272(t) and the continuity of %t:toﬁo,g,g(t) on [0,¢).
Consequently, according to the argument of Remark 2.5, lim¢, .o %t:to ¢35 o(t) exists and
¢5,0(t) € C1([0,0)).

The proof for 3, 3,j(t), j = 2,3, can be accomplished in the same way as (¢, 2,;(t). Also
in a different way, one can infer that when existence of lim¢, .o ¢35 O(to) is shown, the limit of
#% o(to) which is orthogonal to ¢3 ;(t0) also exist. Then, existence of lim¢,—o %tztoq%’o(t)
can be verified. Consequently, it suffices to prove only existence of lim;, ¢ %t:to Bto,2,3(t).

To obtain an equation for coefficient %t:to Bto,2,3(t) of p3(to)-component of %t:to ?3 4o()
we take inner product of each side of (19) and ¢3(tg). Then, we have

d2
/Jt(Q) (Et:toA(Jtthigl)*5¢2(t0)>¢3(t0)de

d d d d
=2" As(t)— H—2—  Aa(t)— ¢
d oty 3( )dtt:toﬁt°’2’3( ) oty 2( )dtt:toﬁtO’Q’S( )
d d
+20 >0 (= sto)+ M) =  Bigks®)—  Big2k(t)
dt t=tg dt t=t¢
kezZt\{3}
d2
— (= As(to) + X2(t0)) — t). 39
(= X3 (to) + Ao( O))dt2t:toﬂt°’2’3() (39)

From (39) we obtain

d d d
— t)q2( — As(t) — — Aa(t
dtt:t06t0’2'3( ){ (dtt:tg 3(t) dt t=t, 2( ))

+2( — A3(to) + Xa(to)) %t:t ﬁt0,2,2(t)}

d2
= [ 58 syttt fstior
=tg to

d d
-2 > (= Xsto) + Ak(to)) = Bto,k,l’:(t)a Bto,2,k(t)
kezZ+\{2,3} t=to t=to
2

+ (= Xalto) + dolto)) Gz, Bro2(0). (40)

2
We do not know yet whether the second derivative c??t . Bo,2,3(t) and the second summand
=to

in the right hand side of equality (40) converge or not as tog — 0. So firstly we will describe a
formula of %t:to Bo,2,3(t) by solving ordinary linear differential equation (40). One can write
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(40) equivalently as follows;

d
lim fﬁtog,g(t) =:

t
Mmoo toﬁt°’2’3( )

1
= lim
=10 2(FA3(8) — A2(1)) + 2( = A3 (t) + A2 (t)) 55 Bro,2,2(t)

{/Q {%A(hwgl)*e‘f’?(to)}cﬁs(to)de

2
(= Xa(0) + 2(0) 2 B 2,00

dt 1=

ST (N0 MO s han®] @)

kezZt\{2,3}

From ordinary linear differential equation (41) we obtain a primitive function %ﬁtoﬂz,g(t)
of t-variable

%&0,2,3@) exp (/Pto(t)dt) :/% - exp (/Pto(t)dt)dtJrC,

where C is an integration constant,

2(LXs(t) = £2a(1)) +2(— As(t) + X2 (1)) 2 Bry2,2(t)
Xa(t) — A1) ’

Pto (t) =

and

d2
Q) = [ { 558 (rosiry2200) ps(to)de
d d
-2 Z (= A3(t) + A (1)) &ﬁto,k,ii(t)aﬂtop,k(t)-
kezt+\{2,3}

A simple calculation shows

o ] 70) o s 0050 (-2 200)

=01 (Aa(®) = Aa(t)* - exp ( — 2810 22() +C5 ), C4,C € R,
Then, we have

d

— t
dtt:toﬂto’z?’( )

1
_Cé (Ag(to) — )\2(150))2 - exp ( — 25,5072,2(0)

' U{%A(Jtojt;)l)*e¢>z(to)}¢3(to)dmy

2 Y (a0 M) B () 2 0]

[ (a6 = 22(0)) - exp (= 260, 22(0)

keZ+\{2,3} t=to

C

+ 5 , C3€eR. (42)

C5(A3(t) = X2(t))” - exp (= 26t0,2,2(1)) li=10
‘We are to show that the value
d d
-2 — A3(t A (t — t)— t 43
SO (= Aslto) + Ak( 0))dtt:t0ﬁto,k,3( )dtt:toﬁtU’Q’k( ) (43)

kezZt\{2,3}

which is a summand of integrand in (42) converges as to — 0.
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Lemma 2.13. Let A2(0) = \3(0) be the double second eigenvalue, and let A2 (t) and \3(t)
be simple eigenvalues of J¢(Q2) for t € (0,¢g), where Jy is a simple deformation of Q given by
(22). Let k € N\ {2,3}. Then, for the coefficients By, ;(t) defined by (4) the series (43)
converges as tg — 0.

Proof. We will show the series is bounded on 0 < t9 < e. Each factor ( — A3(to) +

)\k(to)) T 1=to Bto,k,3(t) is bounded on tg € (0, ) from Proposition 2.6. Then, %t:toﬁfm?’k(t)
will converge to zero as k — oo at any tg. That is, each summand term converges to zero as
k — oco. Consequently, the series will converge as tg — 0.

Let to > 0. From Proposition 2.11

%t:toﬂto,m(t)

=*m/%t:tOA(JtOJ;l)*e¢>k(t0)¢3(t0)

= S T | s Moy nto)+ [ {75 S bonaanto
= Buan)+ [ {2504 20 Y o)) (14

Thus, (43) is equivalent with

> (-t + i)

kEN\{2,3} dt ¢~
8G BH d
+/{ o =l }¢3(to ¢k(t0):|

ﬂt0,3,k(t)

Toes Oﬁto,z,k(t)~ (45)

The following equality holds;

> (= As(to) + Me(to)) %t:toﬁto,&k(t)

kEN\{2,3}

(= Xalto) + (o)) 5

d d
:/ |:at to A(JtoJ’ ) dalto) - dt = to A(JtOJfl)*e(bz(tO)}
/{dtt A (rerzt)  $3(to) }qﬁk (to) /{dtt o Do) ,#2(to) }¢k(to

Bto,2,k(t)
0

ke{2,3}
(46)
Then,
d
> (= xs(to) + Melto) - ol ﬁto,:a,k(t)
kEN\{2,3}

(= Xalto) +Ak<to>)%t:

By TR OV (PR
Z /{dtt to JtoJ E¢3(t0)}¢k(t0)'/{at:tOA(JtOJ;OI)*6¢2(t0)}¢k(t0)'

ke{2,3}
(47)

dtz to Bto,i,5(t), 4,7 € {2,3}, oscillates as tg — 0, (47) is bounded on tg € [0,¢),
because [ }{ S0 t:toA(Jtth’Ol)*em(tO)}L i € {2,3}, is bounded on tg € [0, ¢) from Proposition

ﬁto,Q,k(t)’

Even though
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2.1. Consequently, ZkeN\{2,3} ( — As(to) + /\k(to)) %t:toﬁtﬂv&k(t)%t:toﬂtoﬂvk(t) is also
bounded on tg € [0,€). On the other hand the series

(= As(to) + Ak (to) [/{6Gt° 8Ht° }¢3 (to) ¢k(t0)] d

dt 1t O/Bto,Z,k(t) (48)

kEN\{2,3}
is bounded on tg € [0,¢). For this, note that

> (= Xa(to) + Ae(to) {/{aGto 8Ht0 }¢3(to )k ( to)} Btg,2,k(t)
t=tg

keN\{2,3}

oG 8H
= / |: > to to }¢3(t0 AJt*eQﬁg(to)]
X t:t

+/[ BGtO aHtO }¢>3 to) Az(t)¢2(to)}

6Gt0 8Ht0 d
+/ [ o9 }¢3(t0)( — A3(to) + Az(to))at:to

Bto,2,3(t)#3(to) (49)

is bounded on tg € [0,5) from the fact that

d d * *
G 22t =— / (s A o) #30)}05(00)

is bounded on tg € [0,¢) and from Proposition 2.1. Inequality
—A3(to) + Ap41(to) < TN (to) + Ax+1(to)
=As3(to) + Ak(to) = —A2(to) + Ax(to)

holds for sufficiently large all k. Then, by the comparison test for the serieses we can show
(48) is also bounded on tg € [0, €). O

To show whether the right hand of (42) at ¢ = ¢o converges as tg — 0 one may set
approximately Az(t) — A2(¢) up to equal to

(%t:O)\g(t) — %t:OAQ(t))t (50)

for t in a sufficiently small deleted neighborhood of zero. Let us denote a factor of integrand
of (42) by

2
Fiy (t) ::/{:?A(Jtth’()l)*e}¢2(t0)¢3(t0)dxdy
“2 Y (A AR B k(1) S By )

keN\{2,3}

From Lemma 2.13 Fi,(to) converges as tog — 0. The integration [ (A3(t) — A2(t)) exp ( —
2,6t0,272(t))Ft0 (t)dt vanishes in the second order as t — 0. Thus, if C = 0, one can affirm
that function (42) at ¢t = tg converges as tog — 0. Let us assume that the constant C is not
zero. Then, the last summand of (42) at ¢t = ¢o diverges in (t;)Q degree as tg — 0. That is,

%t:toﬂtO’Q’S(t) diverges in ﬁ degree as tg — 0. Then, (3,,2,3(to) must be diverge in %

degree. It is not true, since B,,2,3(tg) must be bounded around tg = 0. Thus, the integration
constant C' must be zero. Consequently, %t:tO'BtU’Qv?’(t) converges as to — 0. O

2.2 Another Approach to Regularity of Path ¢ 79

$3,(t) with respective to t-variable when \,(€2) is Dou-
ble

Firstly, we wish to find a criterion for a simple deformation J; under which an orthonormal
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basis {¢2(0), ¢3(0)} of the second eigenspace of Q) is given, there are pulled-back eigenfunctions
85 o(t) and @3 ((t) of J¢(2) which converge respectively to ¢2(0) and ¢3(0). Let us consider
the following equalities for p2, p3 € R;

d

Tyt e92(0) = =p202(0) — (A + X2(0))2(0), (51)
% AJ35¢>3(0) = —p3¢3(0) — (A + A3(0)) g3(0), (52)
t=0

g:(0) =0, on 99, i=2,3.

Proposition 2.14. Let X\;(0), i = 2,3, be double eigenvalues. Let us assume that hy-
potheses (51) and (58) hold for Ji. If

p2 # p3, (53)

then pulled-back eigenfunction qb;o(t) i Ji(Q) to Q and the associated eigenvalue A;(t) of
Ji (), i = 2,3, have derivatives, respectively, on t € [0,€) which satisfy
. * . d . d * o
lim 670() = 6:(0), lim ZAi() = pi, and lim (Z650(0) = 9:0),  (54)
where (%(ﬁio(t))o stands for the component of % f,o(t) orthogonal to ($2(0), $3(0)).
Conversely, if ¢3 (t) converges to $2(0) as t — 0, then there is a pulled-back eigenfunc-
tion @3 (t) to Q which converges to ¢3(0). Thus, conditions (51) and (52) hold.

Proof. First, if X;(t) is double on ¢ € [0,¢), then obviously given any ¢;(0), there exist a pair
(a(t),b(t)) of real numbers such that a(t)¢s o(t) +b(t)¢3 (t) which is a pulled-back function
of the second eigenfunction a(t)¢2(t) + b(t)ps(t) of J¢(2) converges to ¢;(0) as t — 0. Then,
we considering (13), (51) and (52) hold with pa = p3. That is, hypothesis (53) is not kept.
Consequently, we may verify Proposition only in the case that X;(¢) is simple on (0,¢) for an
€>0.

Let us assume qﬁ;’o(t) does not converge to ¢2(0). Let us denote

¢5.0(t0) = ¢2(0) + fo,2,2(t0)$2(0) + Bo.2,3(t0)¢3(0) + D> Bo,2,(to)bi (0).

keN\{2,3}

Since ZkEN\{Q 3} Bo,2,x(t0)®:(0) converges to zero as t — to from Proposition 2.5, although
€ > 0 assumes any sufficiently small value, there are a fixed constant ¢ > 0 and 0 < tp < €
such that 82, 5(to) > o. Note that from Proposition 2.3 for to € (0,¢)

d
dt t=t,
d

== Gl 2 0850(t0) = (g, ¢ + ()

Ajgreds o(to)
4
dt t=to ke

> Boak®er(0).  (55)
N\{2,3}
On the other hand from (51) and (52)
d
dt 1=ty
:%t:tOAJ;e ((1 + Bo,2,2(t0)) $2(0) + Po,2,3(t0)$3(0) + (¢§,0(t0))0)
= — (14 Bo,2,2(t0)) p292(0) — Bo,2,3(t0) p3¢3(0)
- (AJ:‘De + A2(t0)) { (1 + Bo,2,2(t0)) g2(0) + Bo,2,3(t0)g3(0) }
2 AJ;E{ > ﬁo,z,k(to)qﬁk(o)}

dt t=to kEN\{2,3}

Agreds o(to)
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We are to show the ¢2(0) and ¢3(0)-component of the summand

d AJ;E{ > ﬂo,z,k(to)¢k(0)}

dt t=to keN\{2,3}

converge to zero as tog — 0. Referring to (7), for ¢ = 2,3 the following value is bounded over
all k € N\ {2,3}

/ {%t:toAJt*e‘bk(O)}%(O)dxdy

4,1=0,1,2
1
4,1=0,1,2
- [a0En{ 3

1<j+1<2

d §itl

Ly D) y)
dt t=t¢ 510 ) OxJ Oyt

o1 (0)(@,9) }6:(0)(, )

1<5+1<2

9t < d

5278y7 Ut oy, Lt D@ ) (D91 0)9)

Since zkeN\{? 3} Bo,2,k(to)dr(0) = (qb; O(to))o converges to zero in Lo-norm as tg — 0, the
norm ZkeN\{Q 3} Bg 9 k(to) converges to zero, and it verifies our claim. Then, from hypotheses
we have

%t:tOAJ?e¢§,o(to)
= — (14 Bo,2,2(t0)) p292(0) — Bo,2,3(t0) p3¢3(0)
— (Ae + 22(0)) { (1 + Bo,2,2(t0)) 92(0) + Bo,2,3(t0)g3(0) }
AJ?"‘{ > ﬁo,z,k(to)%(o)}.
kEN\{2,3}

Consequently, from (55) —(1 + B80,2,2(t0)) p2¢2(0) — Bo,2,3(to)p3¢3(0) must be equivalent to
the formula

%t:to

2] — (14 fo2.2(10))62(0) — fo2a(to)éa ()},

as top — 0, and since |Bo,2,3(to)| > /o, we must have po = p3. It is a contradiction. Then,
existence of %tzo)\g(t) is showed by Proposition 2.5 (ii). For ¢3 ;(¢), the same argument can
be applied.

Conversely, if ¢3 ((t) converges to ¢2(0), then from Proposition 2.5 formula (51) holds,
and then the converse statement can be verified from the adjointness in Proposition 2.10. The
converse is also shown by the fact that the third eigenfunction ¢§70(t0) which is orthogonal

to ¢3 o(to) under metric J{ e is uniquely determined, and therefore ¢3 ;(to) also converges,
and then (52) holds. O

Remark 2.7. We have shown in Proposition 2.10 that [, %t:OAtheqﬁg (0) - ¢3(0) =

Ja %t:OAJt*ed)s (0)-¢2(0). Therefore, if $3 o(t) converges to ¢2(0), then [, %t:OAJt*E(z)Q (0)-
¢3(0) = 0, that is, if (51) holds, and then (52) which does not have ¢2(0)-component naturally
follows, since image of A + X;(0) is orthogonal to (¢2(0), ¢3(0)) which is kernel of Ac + X;(0).
Then, setting 12 = a2,2¢2(0) + a2,3¢3(0), we can ascertain Proposition 2.10 as follows;

d
/Q %tiOAJ;‘e(bQ(O) P2
d

=/, Et:OAJ;‘e(z)?(O) - (a2,2¢2(0) + az,3¢3(0))

=- /ﬂ p2$2(0) - (az,2¢2(0) + az,3¢3(0))

dt i=0
The number p;(0) is uniquely determined, and g;(0) € C?(Q) with ¢;(0) = 0 on 99 is also
uniquely determined modulo (¢2(0), ¢3(0)). //

=—azz2p2 = /Q d Az et2(0) - ¢2(0).
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Definition 2.3. Let us call the following deformation an inflation or deflation of Q in
c-rate;
Iey: (:c,y) €N (:(;+ct:(;, y+cty), —o<c<oo, tE€ {te [0,1]: -1 < ct}. (56)
Let {¢2(0), $3(0)} be the orthonormal basis of the second eigenspace of Q. Define
¢i(t)(x, y)

- L O

1 1 1
= i (0 R R s I.+(2), i=2,3.
1+ct¢()(1+ctx 1+cty) (@,y) € Let(Q),

Then, ¢;(t) is a normalized second eigenfunction of I, ¢(€2), and A;(Ic,:(2)) = m)\l(ﬂ)

Then, we have

* * —1* i (0
61) = I { il o) ) = 449

%t:o)\i(t) =\ (Ic,t(Q)) = —2¢);(0), (57)
dt t=0 ::O(t) = 7C¢Z(0)7 and
o oBoii(t) = —c=% _ xo(¢i(t), i=2,3.
For a more general form consider the following eigenfunction in I :(2) for real smooth
functions as(t) and a3(¢) such that «;(0) = 0 for ¢ = 2, 3;
{120 (6200) + a3(1)920) + a3 ()93(0)) b )
={#200) + a2()92(0) + as(M3(0) } (7= =), (@y) € Lea(@. (58)
l+ct 1+ct ’
Define a normalized second eigenfunction ¢a(t) in I.+ () by

1 1 X .
Ttct V(1 +a2)? + a3 () {22000 +02(092(0) + as 00O} (15 7 7):

Then, ¢3(t) — ¢2(0) as t — 0, and

~ 1 1
#5(t) = : $2(0) + a2(t)$2(0) + a3 (t)¢3(0) p (2, ¥ ).
2 1+ct \/(1+a2(t))2+a§(t){ }( >
Then,
4 =2 1
dt t=0 2(t) dtt0|:(1+Ct>\/(1+a2(t))2+a§<t)
{1+ a2®)re(0) + aa(ma(m}] ,
= —{c+ a5(0) + a5(0)}A2(0) + {a5(0)A2(0) + a5(0)A3(0)}
— —cAa(0) — a5 (0){A2(0) — A3(0)} = —era(0), (59)
4 t)y=42 L (14 aa(t
di 1—0P0.22(t) = G, (1+cz)\/(1+a2(t))2+a§(t) (1+ az(t))
= —{c+ a4(0) + a4(0)} + a4 (0) = —c — a4(0),
4 1) =<2 1 ~as(t)) | = ak(0),
dt1=o022(0) = di1g (ren)y (1402(0) +a3 (0 )] =40

where \2(t) and By, ,i x(t) defined by (4) are associated with the pulled-back eigenfunction
¢35 (t). Thus three derivatives can be set at random by selecting %tzoai(t), 1= 2,3, and the

constant ¢ at our disposal. We may define ¢~)§ (t) as follows; for real smooth functions ~;(t)
such that v;(0) =0, ¢ = 2,3, and }=,_, 3 ()7 (t) =0,

- 1
#3(t)(z,y) = : $3(0) +72()92(0) +v3(t)¢3(0) ¢ (z,y).  //
3 Y 14 ct \/(1+’Y2(t))2+7§(t){ 3 Y2 2 Y3 3 }( y)
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Definition 2.4. Two C® deformations J! and J2 of Q given, we define the sum J! & J?2
by the deformation of Q2 given by

(' I e(x,y)
=(@,9) +{J} (z,9) = (2, 9)} + {JF (x,9) — (z,9)}
=Ji (z,y) + TP (z,y) — (z,y)
:(ng(ac,y,t) + J?(ac,y,t) —x, J%(ac,y,t) + Jﬁ(z,y,t) -y), (z,y)€q.

Obviously W is commutative, associative. //

We can show a linearity for & sum of simple deformations J* of Q;

Proposition 2.15. Let J* be a simple deformation of Q given by formula (22) for each
k=1,2,3,...,1. For any C2(Q)—function ¥(0) in Q and for —oo < ( < oo we have

dtt 0{ (Uk ljékt *ew(o)}
d
:;Ck{@tzomf*eww)}, .

Proof. For (; € R, Jgk , satisfies the equality

d d

e e =G By, () en
Denote Jk (57 ) = (5 - Glgkt(é-vn)vn th(g 77)) Theny Jé;t 4 ']C22t (5777) = (€ -
2 th(g, n),n— S e_, Hé?kt(f, n)). Proposition 2.7 (25) shows (60). m]

Thus from (60) we may state the following linearities;

Proposition 2.16. [ILet o (Jf(Q)), k = 1,2, converge to the same eigenfunction ¢2(2)
as t tends to zero. Then, we have

{ i L9 IRO) = 05 (Jll HO0) + %3 (), (61)
dt t=0>‘2(Jt W Jt (Q)) = at t—0>\2(‘] ) Et=o>‘2 (Jt (Q))
Therefore, ¢3 (J} WJ2()) converges to ¢2(£) provided 2 Treeo2 (JrwJZ(Q)) # %tzo)\g (Jiw

JE ().

Proof. Let us denote
Ath*e — A = @Ajtk*e,

X2 (JE(Q)) — X2(Q) := DA2 (JF (),

3 (JF () = 62(Q) = D5 (I ().
By the first hypothesis the limits of these differences exist as ¢ — 0. Thus

(B + 28 5., ) (#2(0) + D5 (I () )
=— {,\2 + DAz ( Jt (Q) )} <¢2(Q + D3 (Jt (Q)))

holds for all ¢ € [0,¢]. Discarding the second degree terms ZDAJ{He - D¢ (JF(Q)) and
D2 (JF(Q)) - D3 (JF(Q)), we have for each k = 1,2

1
tim —{ D65 (JF(Q) + DA g 62() |

= — Jim = { D2 (7H()2(0) + 22(2)D63 (74 (@) }. (62)
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Thus, we have

1
tim —{A. ST D65 (IF(9)) + Z DA v B2 Q)}

k=1,2

=~ Jim < - { Z DAz (JF (@) 92(2) + X2(Q) Y D3 (@)} (63)
k=1,2
Equality (62) is no other than (13). In fact from (60) equality (63) implies (61).
From the first assumption ¢3 (J;“(Q)), k = 1,2, also converge to the same eigenfunction
¢3(Q2). Then, from the last hypothesis, Proposition 2.14, and from (60), equality (61) implies
the last statement. O

Remark 2.8. TLet {¢2(0),$3(0)} be an orthonormal basis of the second elgenspace in Q.
For inflation or deflation I.: we have 68@ =c= %, and BGO i ¢’(0) + aaHo L 926:(0) =
’ E dy y 9y

—cXi(0)¢;(0), i = 2,3, but the other sumrnands are all zero. Then from Proposition 2.7
%tzo{alw*e@(o)} = +eXi(0)$i(0). Thus, £ X;(t) = —c;(0).

One referring to an example of Definition 2.3, qﬁ;"( ) converge to ¢;(£2), ¢ = 2,3, respec-
tively. For the pulled-back eigenfuncion q~5§ (t) in Definition 2.3, the following equalities holds;

d T*
— t
dt t:0¢2( )
02206200+ 5 Fo2a(t)6a(0)
= dtio 0,2,2 2 o 0,2,3 3(0),
where coefficients Et 0,6072,1-(15), i = 2,3, can be determined by selecting a suitable c-rate of

inflation or deflation and by adding suitable second eigenfunctions a; (t)¢;(0), ¢ = 2,3, in  to
the second eigenfunctions in I ¢(€2) at our disposal. For this, we may refer to (57) and (58).

A simple deformation J;¢ given, and let ¢2(t) be the second eigenfunction of J;(Q2) such
that ¢3 o(t) — ¢2(0), and let us denote by t2(t) the second eigenfunction in Ji W Ic+(€2)
converging to ¢2(0). Denote (Jy W I ¢)*a(t) = 35 (t). Considering the linearity (60) in
Proposition 2.16, from (57) and (58) one can define coefficient _Ez 0@3(t) to be equal to
the coefficient of ¢3(0)-component of dtt _o®3(t) so that the coefficient of ¢3(0)-component
of Et:0w2 (t) may vanishes.

Let us suppose closed nodal line of ¢2(0) meets 002 at P, and ¢2(0) is positive in the inner
nodal domain. Then, nodal line of 2(t) separates from boundary at sufficiently small all
t € (0, 1] provided %P(Et 0(15; o(t) )O > 0 and provided the coefficient of ¢3(0)-component

of ;tt o¥3 (t) vanishes. Since 3 P¢2( ) = 0, it does not matter what change of the coefficient
of ¢2(0)-component of -2 Treo¥s(t) is. //

Proposition 2.17. Suppose that A2(0) = \3(0) is double, and \2(t) and \3(t) are simple
ont € (0,e). Let {¢2(0),¢3(0)} be an orthonormal basis of the second eigenspace in Q. Let
Ji be a simple deformation of @ and let us suppose that ¢ o(t) — ¢2(0), and %t:O)\g(t) #+
%tzo)\g(t). Given any real number ¢ < 0, one can select an inflation or deflation I.:
and coefficients az(t) defined by (57) so that the pulled-back second eigenfunction 3(t) in
Ji W I ¢ () to Q may converge to ¢2(0) as t — 0, and

Jo £, w5 (t)-63(0) =0,

& 2 ulct(Q)) =2 _ O)\g(t) cx2(0),

(& _e50)° = (&, _y8500)"
where (%t:(ﬂ/}; (t))° stands for the component of %t:ow; (t) orthogonal to ($2(0), #3(0)).
Proof. Considering (57), (58), (59), and Proposition 2.16, we can select a3(t) satisfying our

proposition. O

27



Definition 2.5. A deformation eliminating ¢3(€2)-component in c-rate means a deforma-
tion J¢ W I ¢ described in Poposition 2.17. //

2.3 Green’s Function of A, + \3(0) in Q

Green’s function of Ac + A;(0) in © is the kernel Ky, (oy(x,y;(,7) of an integral operator
represented by

(¢, 7) = /Q K, () (@ ; ¢, 1)k, y)dady,

which corresponds to the linear inhomogeneous equation (AeJr)\i (0))u = k. Recalling Remark
2.1, such integral operator may be accepted as an inverse of A. + A;(0) and bounded in a
sense

sup || [ K006 mkGe )|, < . (64)
[Ikll2=1 2
Green’s function K, () acting on distributions over 2 is a weak solution of
(Ae + AZ(O))(m’y>K/\,(O) (C: T, y) = 5((,7‘) (x’ y)» (65)

where § is the Dirac distribution. From this we have
/Q Kx, o { (Ac +2:(0)) f} dady = /Q {(ac +2:(0) Ky ) }idady = f(¢, 7, (66)

if [, =0 for all ¢ € W, () such that (Ae + Xi(0))y = 0, where f € C2(Q) N W, ().
According to [5] p. 370, Green’s function satisfies

K)\Q(O)(a;7y;g77—) = KAQ(O)(CﬂT;:'E?y)?
KAQ(O)(xay;Cv T) = 7W10gr+7(17y3477)7 (67)
K)\Q(O)(a;7y;<77—) =0, for (477—) € 09, (may) €Q,

r=y@- 2+ -2,

~y(z,y; ¢, 7) and its derivatives up to the second order are continuous in a neighborhood of the
singular point, and where b(z,y; {,7) denotes a function having continuous derivatives up to
the second order such that b(¢, 7; ¢, 7), the value at source point, is identical to one.

To find symmetric functions b(z,y; ¢, 7) and ~ for which (65) and (67) are satisfied we
consider the equalities;

(Age,r) +22(0)) Ky (0)

where

logr 1
=— Ab) — b—A1
o (Ab) b27r ogr
2 Ologr b 2 Odlogr Ob

T on o¢ 9o¢ 2w Or Ot
1
- AQ(O)(g logr)b+ (A(¢,r) + A2(0))y

logr 2 Ologr 0b 2 Ologr 0b logr
= - = o2 2 (0 b
27 (B o) 2r 9¢ 9O 2w Ot OT 2(0)( 27 )
+ 062,41 (G 7) 4+ (Ae,ry +22(0))7 = 8y (¢ 7). (68)

Let us denote by

logr 2 Ologr Ob; 2 Ologr Ob; logr
) 16, T) = ——(A b; — — A2(0 b,
9o;(2,456,7) 27 ( ) i)+ 2r 9¢ OC 27 Ot Ot + A2 )< ) ¢
for some symmetric functions b;(x, y; ¢, 7) which belongs to C2(Q2 x ). Defining b = > 0ibg,
for real constants o;, one can select o; so that b(¢,7;¢(,7) = 1, b € C2(Q x Q) and gp :=

Y
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96, € C1(Q2 x Q). Such belongingness can be achieved by selecting o; so that A b+
A2(0)b € o(r), (,%b € o(r), and ai_rb € o(r). Let us consider equations

{ (Ae +>\2(0))(C77)W(ﬂf7y;C77) =go(z,y;¢,7), inQ (69)

V(@ y:¢,7) = LT log \/(w = O+ (y = )% = (@, 4:¢,7), on ((,7) € 02
for ¢ € C%(Q). Such a symmetric solution v will satisfy (67). Let us set
Y@, 95 ¢, 7) = u + h(z, y;¢,7),
where u € W*2(Q) N W01’2(Q)7 k > 2, and h is a harmonic function, that is, Ach = 0 in £,
and h = ¢ on 0. Thus,
(Ae+22(0))u = go (2,55 ¢, 7) — (Ae + A2(0)) h. (70)

Therefore, from Remark 2.1 u exists, and then « also exists. The uniqueness of Green’s
function is stated later with some assumption.

Let P € 9Q. By symmetric property we may regard (z,y) = P as a unique singular point
of Kx,(0)(z,y; P) in Q. From (65) we have

7]

(A + )\2(0)) (2,9) (5(( e

Since Ky, (0)(®,y;¢,7) =0 for (z,y) € 92\ P and for any (¢,7) € Q\ P, we also have

K)\Z(O)(I,y;C,T)) =0, forall (z,y) € Q. (71)

2 K)\Q(O)(z,y;(j,T) =0 atany (z,y) € 0Q\ P. (72)
v (¢,m)=P
Let us denote by N the closure of the set
e — K i C,T) =0 73
{ewea g rue@nen=of (73)

No matter how path points (z,y) moves to P, and no matter what the following value is;

li — K RHE RU 0},
el B 0@ 6 T) ERU {0} (0}

the line A divides Q at most into two domains. To verify this assertion we refer to [3]. Let
us assume 2 \ N consists of domains G1, G2, and G3. For each j = 1,2, define

7)[)' _ %pKXQ(O) in Gj,
/ 0 in Q\Gj.

Also let P € OG3. One can find a nontrivial function
2
f= Z Oc]"d)j, [eT S R
j=1

satisfying
0= (fr(@) = [ (For@)av.

where ¢1(2) is the first eigenfunction of Q for the eigenvalue problem subject to the same
boundary values as %PKAQ(O) having a singular point P € 99Q. Each v;, j = 1,2, belongs
to the space of admissible functions for the eigenvalue problem subject to the same bound-
ary values as % pEy(0)- Space of admissible functions is the completion of C'°° functions
compactly supported on  under the metric induced by Hf||?1) = ||f||3 + ||Grad f||3, where
|Grad f||3 = [(Grad f, Grad f)dV, and Grad is defined by using a concept of weak derivative
for functions in L?(2) under a given metric on the domain, that is, Grad f is a weak derivative
of f satisfying (Grad f, X) = —(f,divX) for all C! vector fields X with compact support on
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Q. Since %(g,q—):PK)\z(U)(x’y; ¢,7) = 0 at all (z,y) € 0 except the unique singularity
(z,y) = P € 9G3, the following equality holds;
(Grad ¢, Grad f) = —(Ad, f). (74)

Then, (Grad f, Grad f)/||f]13 = Z?:l a?/\g(O)/Hng = A2(0). Therefore, Rayleigh’s theorem
implies f is an eigenfunction in Q with g = e and A = A2(0). Thus, f is analytic in Q. So,
since f = 0 in G3, from maximum principle [3] p.329, chapter XII, section 11, (or from the
unique analytic continuation theorem,) f = 0 in . It is impossible. Thus, we can infer that

%(C T):PKAz(O)(m,y; ¢, 7) is the second eigenfunction for the eigenvalue problem with the
boundary values of (%pK/\g(o)-

For the first eigenvalue A1(0) one can show % K, (0) has no line N which is

¢ m)=pP
defined in the same way as (73). We state a generalized Courant’s nodal domain theorem;

Proposition 2.18. For each k € Z, %(C 7—)=PKA1C(0) is an eigenfuction of A in

associated with eigenvalue A\ (0) satisfying boundary condition

0 o0\ P,
[e') P.

The line N of % K, (0) defined by (73) divides 2 at most into two sub-domains.

(¢m)=P
Proof. This assertion has been shown in the previous paragraph. |

Definition 2.6. Let us call the line A" defined by (73) a nodal line, and call a component
of Q\ N a nodal domain of %(c,r):PKM(O)' //

Remark 2.9. 1Let us consider the function % This function assumes to be zero on {(z,0) :
z € R\ {0}}, converges to zero as (z,y) tends to (0,0) along path {(z,y) = (z, cz?) : x € R},
and converges to a constant c as (z,y) tends to (0,0) along the path {(z,y) = (z,cz) : € R}
for any constant ¢ € R. But this function diverges as (z,y) converges to (0,0) along the path

{(@,y) = (&, £v@) : & > 0}. /!

Proposition 2.19. Let {¢2(0), ¢3(0)} be an orthonormal basis of the second eigenspace
in Q. There are at most two points on OS2 at which the nodal line of

0
az¢2(z,y) + azps(z,y) +asg K, 0) (@, 93¢, 7)
v (¢,T)=P

meets OS2, where a; € R are not all zero.

Proof. It can be proven according to the proof of Courant’s nodal domain theorem. The
argument was shown in the paragraph preceding to Propsoition 2.18. O

Green’s function may be required to satisfy

(Ae + >‘2)K>\i(0) = 6(z,y)(§7 T) - Z ¢1(0)(C, T)(z’i(o)(x?y)? 1=2,3, (75)

i=2,3

where {¢2(0), ¢3(0)} is an orthonormal basis of the second eigenspace in Q. From (75) Green’s
function satisfies the following consistency of a distribution;

/ Kh(m{(Aem(o))m(o)}:o= / {(AE+A2(0>)KW}¢¢<O>, i=23  (76)

In contrast to this, for Green’s function which is not defined by (75) we have

/Q Kxi(o){(Ae + M(O))U} = /Q {(Ae + >\2(0))Kxi(o>}uov (77)
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where u° denotes the component of u which is orthogonal to (¢2(0), #3(0)). According to [15],
Green’s function is uniquely determined if we assume that

/Q Kx,0) (45 €, )5 (0) (a, y)drdy = 0, i = 2,3,

We call this uniquely determined Green’s function a modified Green’s function. It is obtained
by subtracting the eigenspace associated with A;(0). We are to represent modified Green
function K, by bilinear eigenfunction expansion. Let ¢ (0), k = 1,2, 3, ..., be the k-th ortho-
normal eigenfunctions of A, in  associated with eigenvalue A;(0), A2(0) = A3(0). Then, we
have
(Ae +2X2)¢5(0) = —(Ak(0) — A2(0)) ¢k (0),

that is, ¢ (0) is an eigenfunction of A 4+ A2(0) in Q associated with eigenvalue A (0) —
A2(0). Thus, {¢2(0), ¢3(0)} is the ortho-normal basis of the eigenspace of operator A+ A2(0)
in Q associated with eigenvalue equal to zero. Modified Green’s function is constructed in
the manner of bilinear series converging in La-norm; considering the equality fKAQ (Ae +

>\2)¢k(0)(x7y) = fK/\Q(_)‘k + )‘2)¢k(0) = ¢k(0)(477—) for k € Z + \{273}7

_ S 806D 60y

K 9 7
22 (96T —Ak(0) + 22(0)

(78)
k#£2,3

From (78) we have

= | neptt OGP - 0O @ )]l

8 2
I35 e 2w, = 22 | = Ak(0) + 22(0)

2.4 Deformations such that nodal line of ¢3(.J;(2)) is split

from boundary, and X, (J;(2)) which is multiple at ¢ = 0
changes into simple eigenvalue as ¢ grows from zero

The following lemma implies that if ¢ satisfies the Dirichlet eigenvalue problem (1), and
if nodal line of ¢ does not intersect a boundary point ¢, then %( ) # 0, that is, on a
neighborhood of boundary around ¢ ¢ vanishes in the first order.

Lemma 2.20. ([6] p.34, Hopf’s boundary point lemma in a limited
sense )  Suppose

Aet +c(z,y)¢ > 0,
in an open set D C  such that 0D is smooth and 0D N O is non-empty. Let qo be a point
on 0D N IQ such that
1) ¢ is continuous at qo;

2) ¢(z,y) < &(qo) for all (z,y) € D and ¢(q0) = 0.
Then the outer normal derivative of ¢ at qo satisfies the strict inequality

o¢

— 0.
o (q0) >

Definition 2.7. Let Q be a bounded smooth domain in R? and f be an eigenfunction
on 2 and p € 9N). We say that f has equi-angular K-system at p if and only if the nodal
line of f divides QN B(p,r) into K sectors of equal amplitude by theirs tangent lines at p for
sufficiently small all » > 0, K =1,2,3,---. //

If f has equi-angular K-system at p, then f vanishes of the K-th order. The equi-

angularity of K-system of an eigenfunction at boundary of a convex Euclidean domain in R?
with no smoothness assumption was verified by Alessandrini [1]. A. D. Melas [11] also showed
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that nodal line of the second eigenfunction of convex smooth domains approaches to boundary
point nontangentially with respect to the boundary. Previously Cheng [4] showed that the
eigenfunction of a Riemannian manifold has equi-angular K-system at interior points where
the nodal line meets.

The following Proposition is regarded as a concrete version of Hopf’s boundary point
lemma. From this proposition one can perceive eigenfunction ¢ vanishes as homogeneous
spherical harmonic polynomial in the lowest degree near each p € 9;

Proposition 2.21. Any eigenfunction ¢ of Ae in Q has an equi-angular system at every
p € OS2

Proof. To show that ¢ vanishes only up to finite order around p, we follow the arguments of
A. D. Melas [11]. Let H = {(z,y) : y > 0} be the upper half plane and let h be a conformal
mapping of H onto Q N B(p,r) with h((0,0)) = p, where r is small enough for QN B(p,r) to
be a simple domain. From the boundary regularity of elliptic differential equations it follows
that ¢ is C° up to the boundary near p. By a theorem of D. Kellogg [8] h extends C*° to
the boundary of H. Let .
p=¢oh

in H. Thus there is a sufficiently small # < r such that d; is C°° up to the boundary in
B((0,0),7)N H and ¢ = 0 on B((0,0),#) N9OH. By direct calculation, we have

|Acd| = [(Aeg) o hl|R'* < C|4)|
in B((0,0),7) N H for some constant C. Define ¢ in B((0,0),#) by

: _ $(x,y) if y >0,
Py) = { ~d(z,~y) iy <0, (")

Then it is easy to check that a%(f), a@qg, %({5, and 6—22¢~> are continuous in B((0,0),7),
Yy =0y oz

and f—;é = 0 in B((0,0),#) N &H. From the inequality |A.¢| < C|¢| in B((0,0),#) N H,

it follows that ;—;q; is also continuous in B((0,0),#). Since $ is C*° up to the boundary in

B((0,0),#) N H, we conclude that ¢ is in the Hélder space C2! in B((0,0),#), and moreover

|Acd| < C|9|

in B((0,0),#). Thus by Aronszajn’s unique continuation theorem [2], ¢ does not vanish of

infinite order in L!-sense at (0,0). Let ai = —8@ , for outer normal derivative ai to Q at
vp Yp vp

p. Since ¢ is C°° function in a neighborhood in H around (0,0) and vanishes of finite order

at (0,0), ¢ = é o h~1 also vanishes of finite order at p := (0,0). Then, since ¢ extends to be
C° up to the boundary of (2, one has Taylor expansion such that for an integer N > 1

¢ =Py +aPyi1+0(|(z,y)| V)

holds in IT := Q N B(O, 7, ), where B(O,#,7) = {z: 0 < arg(z) < 7, |2| < 7}, I is convex
for a sufficiently small number 7, Py is a non-zero polynomial of (minimal) degree N, and
Pn41 is a polynomial of degree N 4+ 1 with a € R. In fact according to Taylor expansion
aPny1(z,y) + 0(|($,y)|N+1) is written by

1 aN

+7 _
(N+DUdN |

0 0
0 {z 5500w ) +yg ol t)}

for all (z,y) € I, and for some tg € [0,1]. We have
AcPy =0, in I,

since ¢ has no homogeneous polynomial whose degree is less than N. Thus the polynomial
part Py is homogeneous spherical harmonic. Therefore, ¢ has equi-angular N-system at
p=(0,0). o
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Proposition 2.22. Let (0,0) € 99, and BV ©.0) = "By (0.0)° Suppose the nodal line of

the second eigenfunction ¢2(0) of Q has equi-angular three-system at (0,0), that is, it vanishes
of the third order at (0,0), and ¢2(0) > 0 in the middle open sector of the system. Let J;
be a simple deformation of Q2. Suppose aaV 0,0) dtt 0‘] @2(t) > 0, where ¢2(t) is the second

eigenfunction of Ji(Q) converging to ¢2(0). Then, there are e1 > 0 and €2 > 0 such that for
every t € (0,e1) the nodal line of J; ¢2(t) is separated from a fized neighborhood of boundary
B((0,0),e2) NoAQ.

Proof. Let us map © by a conformal map b to the upper-half plane R2t with (0,0)
(0,0). Let us remind ourselves that the equi-angular three-system at (0,0) is representes by
—322y + y> as minimal degree, and the spherical harmonic two-system is represented by zy.

Assume that h~1*J;¢2(t) has equi-angular three-system at (x,0) = (c1(t),0), for a dif-
ferentiable real function c1(¢) such that ¢1(0) = 0. The function c¢1(t) is differentiable with
respective to t-variable, since ¢2(t) is differentiable with respective to t-variable. Then, the
system is represented by —3(z — ¢ (t))2y +y3 = =2ty + 2c1(t)zy — 2%y + y3 near (0,0).

d * _
Then, 2 B3 or)—(0.0) = oJid2(t) =0
Let us assume that J; ¢2(t) has two equi-angular two-systems near (0, 0). We may consider

the following expansion near (0, 0);
=3(z — c2(t)) (z — e3(t))y + v,

V\éhere c2(t) and c3(t) are differentiable real functions such that c2(0) = 0 = ¢3(0). Then,
3y(00)dtt of — (‘E*C2(t))(‘”*c3(t))y+yg}:O~

Consequently if dtt 0887/ ©, O)J ¢2(t) > 0, then J}¢2(t) has neither equi-angular three-
system nor equi-angular two systems for every t € (0,e1] on B((O, 0), 52) non. m]

We describe a preliminary proposition which shows a general case of Hopf’s boundary
point lemma. Let {¢2, ¢3} be a basis of the second eigenspace of (2.

Proposition 2.23. The function
S g, 20100 )

Qi
2<14,j<3 ov ov

on the boundary 02 has at most four zeros on 02, where real coefficients «; ; are not all
zero.

ag 3t+ag 2
3,3

Proof. Let ag;3 # 0. Let us put (80) into the simple form %% + %% +

2,2 ¢g 3¢2
l/

aas Ov . Firstly, let us assume

(a23+a323¢2) 4<a2,2%%>

as3,3 ov as;z v Ov
99 ,
()

on a subset of Q. Then from quadratic formula (79) is factorized into

(280 - B2 (22 - 22)

on 02, ej,e2 €R.

ov ov ov
Each function of boundary a¢3 —e1 %¢2 and Lﬁf’ — EQL? has at most two number of zeros

on the subset of 9. Secondly, on the complement of the above subset of 92 we have
2
(8¢2) {<a2,3+a3,2) a22}<0
ov 3,3 3,3
Then (79) has no zeros on this subset. Thus our proposition is valid. If a3 3 = 0, then it is
easily shown that (79) also factorized. Thus our proposition follows. m|
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Remark 2.10. Unlike the function (79), we have no knowledge for the number of zeros
on 0N of the following function

Opa O (O Op; 0
22 (L K i 81
2,4 dv Ov (BVP AQ(O)) +2<izj:<3a 7 ov ov (81)

Remind yourself that %%FKAQ(O) has also at most two zeros on boundary (Proposition

2.19). This formula can not be always factorized in linear factors like (80). For simplicity let
us put (81) into the formula

093 8¢3 23 + a3 2 [olo) 8¢>3 22 8¢>2 24 0 0 K s
= 5, T o, 5, Y 7(513 >\2(0)> g

ov Ov 3,3 ov Ov a33 Ov o33 Ov

When the following function

<a2,3+a3,2 %)2_4 az,2 0¢2 042,43< 0 02

— K
33 ov az 3 Ov a3,30v \dvp AZ(O)) ov

is not negative on an oen subset of 912, considering the quadratic formula, we can not expect
the factorization of (80) in linear factor consisting of %, %, and % (%PKA2(0)> unlike

ov
(79). //

Corollary 2.24. LetS;,i=1,2,3,4,5, be closed segments on dQ which are disjoint one
another. Let simple boundary functions &;, i = 1,2,3,4,5, whose boundary supports are S;,
respectively, be given and each &; do not vanish on S?. Then, there is at least one simple
boundary function &, 1 < k <5, for which the value

RIS 2

5J
2<ijes | v OV

does not vanish, where constant coefficients o ;j are not all zero.

We are to show our main proposition of section 2. Let us denote

{ Ci'cj = fQ {%tzoAkae¢i(0)}¢j(O)dxdyv 1,J € {273}7
d 9
By = Ja {Et:OAJ’Cfa¢2 (0)}{%(@7):@)[(,\2(0) ydady.

To verify the proposition we apply significantly Hopf’s boundary point lemma. It seems to
be naturally true, but its proof is elementary and complicated. In the following Proposition
2.25 if a simple deformation J; of €2 is given, the deformation denoted by J¢¢, ¢ < 0, can be
defined from (22) in Definition 2.1.

(82)

Proposition 2.25. Let p2, ps and ps > 0 be real numbers such that pa # p3, and let
{¢2,p3} be an orthonormal basis of the second eigenspace of A in Q associated with A2(0),
and assume that the nodal line of ¢pa be closed and meets OS2 at exactly one point P and
¢2 is positive in the nodal domain enclosed by the closed nodal line. Let eleven boundary
functions &y of simple deformations Jf, k=1,2,3,...,11, whose boundary supports Sy are
disjointed each other be given, and let each & does not vanish on the interior of its boundary
support. Then, one can select four simple boundary functions &y ., and real numbers ij,
j=1,2,3,4, 1 < k; <11, for which the followings are satisfied: Let us define a deformation
J:Qx[0,q — R% |q < min{l, \i |}, eliminating ¢3(2)-component
1

which is represented by

SR S T
A N fie
k.
Wi Wler(z,y), 0<t<q,
i
where each J,” is a simple deformation on 0 <t < 1 with boundary function Qﬁkj , Ieyt is an

inflation or deflation in c-rate, and J_; := J~1(t) for sufficiently small t > 0. Then,
1) ¢§70(t) and ¢>§,O(t), 0 <t <1, converge to ¢2 and ¢3 as t — 0, respectively,

2) %tzo)\g(t) = pa, %tz())\g(t) = p3, and
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3) C%P%t:()(i)g’o(t) = pa is satisfied.

Proof. From Proposition 2.14, Proposition 2.16, Proposition 2.17, Definition 2.5 and notation
(82), it suffices to find J*i, j =1,2,3,4, for which the following system of linear equations
has a solution (Cky,- - 5 Chy);

0%2 0%12 C’fl
c%3 c23
) Ca3 .
C24 "'534
Cky
A « 92 P2
o 0< UﬁlJc;: i) e )
—Jo Sum (A i )*e¢>3>¢3 p2 + cA2(0)
= j=1 Ck t _ p3 + cA3(0) (83)
A SRy $2)¢s 0 ’
dett o( & e ) pi—p
d )
- Ja Et:o(A(w Sk )*e@)@PKAz(O)

=1 ot
J CkJ

where p denotes the coefficient of ¢3 component of %P %t 0¢’2‘ o(t) induced by the deforma-
tion U] 1JC . To find each J¥i 4 x 4-matrix in (83) has to be transformed without change

of rank into a regular matrix

dy . .
0 d .
; (84)
0 0 ds
0 0 0 dy
with dg # 0 for k = 1,2, 3,4. Each d; is calculated in
_ 1
dl = C22,
1
c
_ 2 33 2
dy = c33 — = ¢5o,
€22
1
c2 c% 1
d 3 Ca3 3 B chy 22 3 33 3
3 = Ca3 1 €22 ) 33 1 €22
€22 2 €22
2 %4 2
1 C -1 C 1
d 4 €24 4 T 4 €33 4
4 =\ C24 -1 ©22) — d €33 1 €22
€22 2 €22
2 2
€24~ 1 €22 1
<c3 _ 24C3>7{ €22 },(03 7‘3%303)
T o, 22 da 33 7 o1, 22
ds
2 Cés 2
1 C23 — 1. Ca2 1
4 €23 4 €32 4 €33 4
: (023 - Tczz) T (‘333 — 1 C22 . (85)
Ca2 2 C22

From Corollary 2.24 one can select by turn &1,,®2,,®3, € {&1,- -+, &11} for which di, da,
and d3 do not vanish. For an example we obtain

893 993 ci3 g2 92
d ::/ &, (203005 C33 002002,
Ov Ov  c3y Ov Ov
One can show that all &1,, &2,, and 3, have to be distinct each other. Otherwise, for an
example, while 17 = 21, the entry do = 0, since 0%2 = 052 and c§3 = c§3. When &;,, &2,
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and ®3, are selected, the number of candidates for &4, is eight. But, since function (81) can
not be factorized in linear factors like (80), one can not select a simple boundary function (‘54].
for which d4 does not vanish in the same way as we select ®1,, ®2; and &3,. Accordingly,
let us set

4 024 Cés 4
dy =cpy — ol 022 31(033 P51 022)

22 22
23 C§3 4
- Kl{(023 T022) B - (033 - 022) }7 (86)
€22 €22
where
2 054 2
€24 — A C22
Bl = 22 )
da2
2 C.
€23 C% €22
B2 = 22 s
da
2 2
1 €24~ 1 C22 1
3 €34 .3 c 3 €33 .3
(34— %022) - { d222 } ~(c35 — %022)
Ky =— 22 22 )
ds3
Let us denote by (&1,, 2,, ®3,) triplet of boundary functions, I = 1,2,3, ..., such that each
&, , k=1,2,3, is contained in {®1, -, B11}, and makes di not vanish in order in a sense of

Corollary 2.24. Let us define a function A(®1,, &2,, &3,) on 0N related to (86) by
A(®1,, B2, B3))

002000 _cky 002 000 _ 005065 _ cky 062 00
ov v c%z ov Ov ov v c%Z ov v

_Kl{(%%_@%%) By - (%%_@%%)}7 (87)
ov Ov 022 Jv Ov ov Ov 052 ov v

where ¢4 = %PKAQ(Q)7 and cfj, k = 1,2,3, is determined by &g, in a sense of Corollary
2.24, (82), and Proposition 2.10.

Let us assume that (assumption I. although any triplet (&1,, &2, ®3,), | = 1,2,3, ...,
be given, we have

/ G A(B1,, By, B3,) =0,
Q

for any &, € {&1, -+, 611} \ {B1,, B2, B3, }.) Let us assume that (assumption II. if we
replace (&1, ,®2,, &3, ) with another triplet (&1,, B2,, &3,), then the coefficient K; defined
by (&1,, ®2,, B3, ) turns into K1 +v2,3, 0 # 2,3 € R.) From now on when we select a triplet
(&1, B2, B3,) from {B1,- -, &11}, we will assume that if Iy # 2,

6111 #* @112.

Note that since the coefficient of function % % in (87) is one, % 924 5 invariant under the

choice (&1,, B2, 83,). Coefficient of component %% in (87) varies from K to K1 + 72,3
as (®1,,®2,, B3,) is replaced with (&1, , &2, , B3, ), and therefore

A(B1,, G2,, &3,)

Op2 O3 n Op2 D2 n Op3 Op3

=A(By,, Gy, , &
A(&1,, G2, 31>+’Y268 1225, TG 5

Yi,j € R. (88)
From Proposition 2.23 function 2,3 651?/2 9¢3 +2, %djf o) +73,3
at boundary. Consequently, by Corollary 2 24 and by assumptlon I fﬂ 611 (B1,, B2,, B3, ) #
0 for a boundary function &;; € {&1, -, &11} \ Uj=1,2{1,, &2,, 83, }. From assumption I it
is impossible. Therefore, either assumption I or assumption II does not hold. If assumption I
does not hold, our proof is done.

6¢>3 6¢3 has at most four zeros
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Then, we may assume that (assumption III. (&;,,®2,,®3,) replaced with another
triplet (&1,, B2,, ®3,), the coefficient K is invariant.) Then, suppose that (assumption
IV. the number By — K1 By is variant when the triplet changes into (&1,, ®2,, 83,).) Then,
the coefficient of %% in (87) equals to B1 — K1 B2 and therefore it varies according to
the changed triplet. By the same argument as preceding paragraph formula (88) holds with
73,3 # 0. Then, Corollary 2.23 also implies that one can find a simple boundary function &,
which makes d4 # 0 among {®1,---, &11}\ U?:l{QSlz , ®2,, 83, }. It is contradictory to either
assumption I or assumption IV.

Thus we may assume that (assumption V. (&1, , &2, , ®3,) changed into (&1,, &2,, B3,),
B — K1 B3 does not alter.) Then, under this assumption let us suppose that (assumption

1

1 .
VI. (&1,, B, , &3, ) changed into (&1,, Ba,, B3, ), the coefficient ~24 — [y =23 in (87) alters.
1 1 1 2 21 O3

€22 €22
Then, by assumption V the coefficient of %% in (87) varies. By the same argument as

the above Corollary 2.23 implies again that one can select a simple boundary function &;,
among {&1, -, B11} \ UL {&1,, B2, B3, } for which dy # 0.
Therefore, let us suppose that (assumption VII. triplet (&1,, ®2,, 83,) changed into
1 1
(&1,,, G2y, B3,), 3—4 — K1Z§—3 = Ky for a constant K2.) Note that K; has been assumed
22 22
to be invariant under this change of triplets. Thus, for two triplets (&;,,®2, ,®3,) and
<Q§127, &a,, @32> we have
c34 — Kichy — Kacgy = 0. (89)
The procedure in the preceding paragraphs can be considered to progress in the same way
for each pair of triplets {®1,, &2, &3, }, {61, &2, 83, }, j = 2,3,4,5, where &1, # &1,
if I1 # l2. Such pairs of triplets satisfy (89) for constants K7 and Ka. Then, from Corollary
2.23 (89) does not hold, since the function
O O O O Ao O
p2 Oda K $2 O3 K¢2 P2

ov Ov ! ov v 2 ov v

D2 (D4 0¢3(Q) g2
(2 _ K —K,—= 90
v ( ov LY > ov ) (90)
does not vanish calculated with a boundary function &;, which belongs to {&1, : I =

1,2,3,4,5}. For this, referring to Proposition 2.19, we observe that the right-hand side of
(90) has at most three zeros on 9. (If the nodal line of ¢2 is not closed, then (90) could have
at most four zeros.) Thus, (89) fails for some triplet.

After all our assumption I is not true, that is, there is a quadruple {®1,, &2, Vs3,, &4, }
which makes d4 not vanish. O

3 a Proof of Payne’s Nodal Line Conjecture

In this section we assume the strict situation that the second eigenvalue of € is double and
nodal line of a second eigenfunction in € is closed and touches the boundary. Then, Courant’s
nodal domain theorem [3] says that this nodal line meets boundary at exactly one point under
the third order vanishing-system. Then, from Proposition 2.25, one can find a deformation J
such that J;(€Q2) has C°°-boundary and has a unique normalized second eigenfunction whose
nodal line is closed and separated from boundary for all t, 0 < ¢t < q < 1. If we assume that
a segment of the closed nodal line of ¢ 7,(q) converges to and meets 92 uniformly at the
same time, then for some %o ¢2,Jt0 (@) have a sufficienty narrow sub-region of a nodal domain
which consists of a boundary of the nodal domain and two short segments traversing the nodal
domain. According to the argument of the last paragraph of this section containing (139),
exponential decay theorem in the narrow region leads us a contradiction.

Let ¢;,p and X\j(D) denote the j-th normalized eigenfunction of a domain D C R? and

the j-th eigenvalue of D, respectively. The restiction of ¢; p to Dg is denoted by qﬁj D|D .
, 0
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Let us denote by

E CR?
the rectangle {(x,y) 0< <2, 0<y< 1} whose corners are cut symmetrically and
sufficiently slightly to be smoothen. According to [5] p.395, nodal line of ¢ = is {(z,y) : =
1, 0 <y < 1}. Through inflation or deflation of Q1 := €, we set

A2(2) = A2 (). (91)
By translation of 21 we set
31:=Q1ﬂ575®, 9“1:=Q1\E7$@.

We deform €21 by a simple deformation Jtl whose support lies in the closure of remainder 2R
so that qul (2R1) may have thin and long iz bands 612“, k=1,2,...,i2 called branch, or have no

more than i2 discs %’2“ with various radius called blossom attached to top of 6’2“. Otherwise,
Jtl tunnels into PR;. We denote this tunneled set by Py \ T’g. Thus we may write

TN Q@) = T8 @) =F o {m\Uss ol e ulJ s,
k k k

In fact this domain is regarded as the interior of the closed connected set 1 U {9%1 \ Ug TIQC} U

Us 85 U, BS.

According to proposition 2.25, a deformation J' eliminating ¢3 (2, )-component can be
selected to satisfy the followings;
1) the nodal line of ¢271m(‘7t1) is closed and separated from boundary at all ¢t € (0, q1],

2) A2 (Im(7})) is simple at all ¢ € (0,4q1], and
3) A2(21) = X2(2) < A2 (Im(T3,))-

Definition 3.1. Let us call such a deformation L’Ttl a splitting deformation. Subsequently
we fill up the set =\ §1 by a smooth deformation F! : Im(Jy,) x [0,1] — R? called a filling

deformation so that the support of F1 may lie in 1, F1(F1) C E for all s € [0,1],
FL (Im(7,)) € FL, (Im(Fy,)), if 0<s1 <s2 <1, (92)

X2 (FL(Im(T4))) = A2(B) < X2 (Im(T,)), (93)
Fl (Im(qul)) may have the simple second eigenvalue at all s € [0,1), and nodal line of the
second eigenfunction of F} (Im(Jql1 )) may not touch boundary at all s € [0,1). Let us denote

Q2 = F1 (T2 (),
and denote F2 1= Q2 NE, R := Q2 \ (T2 U U, S5 U, BE). We define Qyy, inductively by
repeating above procedure;

Q= F" o I (Qm1), m>2. /)

Definition 3.2. Let us select four simple deformations Jtm’k with boundary supports
Sk, k =1,..,4, and let they be W-summands of a splitting 'deformation Jg" = W%:ljg:f-
We will call a simple deformation ™ expansive, if Im (JtT’]) - Im(]tzw), and contractive,
if Im(7;77) 2Im(F;)7) for 0 <t1 Sto < g // '
Firstly, let us define an expansive deformation Jtm’], 0 <t < gm, on its boundary support
&7, as follows; denote the outer normal vector to J;"/ (Qm) at each (z,y) € S, 0 <t < gm,
9 ) : .
by B T (ay)" Then, the followng has to be satisfied;
. Jﬁ’g(x»y) 7s7(;md(m’y)
lim
5—0 6

9
v g™ ()

= &(z,y)

where & is a non-negative smooth boundary function.
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Let .7tm’3 be defined by a positive boundary function &, on Sj,, and let it turn out to
correspond to an expansive simple deformation as the j-th W-summand of a splitting defor-
mation &Jizljg:;k. Then ¢; is positive, and ‘74 "I deforms SJ, to fill up a tunnel in R
from bottom, to form a protrusion, to grow branches7 or to increase radii of blossoms. On
the contrary, let J,"? turn to be a contractive deformation. Then (; is negative, and J,""’
tunnels into MRy, or diminishes branches and radii of blossoms. If it is assumed that (; turns
to be negatlve for the first time among the ordered set {¢1,¢2,(3,Ca}, the boundary function
of J 7 does not need to be (; ®?,, but we considering the linear system (83) and (84), &%,

can be redefined newly by an arbitrary smooth function on Sﬁn being negative on Sﬁn so that
the coefficient ¢; may alter only in positive sign. In this case for i, i = j+1, d; may alter, and
then &}, may selected newly among given eleven boundary functions, and the column vector
(p2 +¢A2(0), p3+cA3(0),0, p4)T in the system (83) and ¢; may alter again. Provided ¢; is also
turned out to be negative, one may proceed in the same way as (;. Consequently, when we
designed to fill up the bottom of tunnel according to the given shape, if the deformation turns
out to be contractive, then we can dig the tunnel from bottom by designing at our disposal.

If expansive deformations is repeated, the branch reaches an appropriate length, and then
we will inflate the portion around the top of branch. If expansiveness continues, the inflated
portion becomes a blossom which forms a disc except for the negligible small portion of top
of branch which is necessary to smooth the boundary.

If there are eleven blossoms B, in Q,, then we may deform only U, 9BE, by a splitting
deformation J/™ which inflates or deflates blossoms. Also we can deform 2, not to allow
more than eleven blossoms.

Definition 3.3. For f € C'(D) let us denote

IS\Zis
Inf*

After translating an, we can set for each k without loss of generality

s[ﬂ:/DWfF, £°1f] =

1k ik
an:{(x,y)ERQ:—?m<x<7m, 0<y<wfn}. (94)
Although &F, is bent, the validity of settlng (94) in the succeedmg arguments of proof is kept.
(Refer to Corollary 3.11.) We denote for —-2 < 9, zg <!m
an’ﬁ =6F N {(z,y): =9 <z <9}, sfn(xo) =6k N {z =0}

In what follows one side of the segment s¥, (0) connected with the blossom 8%, will be denoted
by
B = 6, 0 {(2,9):0 <z <1 /2 UBE, (95)
and denote
BE— =, \ BEF
We denote by Sy, the set of all indices k for which a blossom %lfn of Q,, exists. We set for
ke Sm,j€eN

O =16, bt e & i= 19, s =T = (@5)°

According to local estimation at boundary [6], Theorem 9.26 (It is stated in Theorem
3.7 later), one can notice {maxgm (02,0 |+ A2(Qm) = A2(E), m = 1,2,3, } has an upper
bound. Then, by exponential decay theorem presented below in Lemma 3.1, there are positive
constants C and C2 which depend only on the value A2 () such that

win (13,01, 1= 45~ 01
wk, ’

m?x [02,0.., |<Clexp(—Cg
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where wy, denotes the width of G%,. We may assume wF, are the same for all branches &F,

of Q. Also lfn may be assumed to be constant for all k € Sy,. Let us denote

: 11k k
min {|50° — 9|, | — 7l —
O, 0 1=C'16Xp<—02 {lglm =91 | ‘})
Wm,
Fom now on the symbols C7,C2, Cs, etc. will denote positive absolute constants. //

Lemma 3.1. (Exponential Decay Theorem, extracted from [7]) Let
. 1
V={z+iy:0<y<1/N, 0<z<zm}, ~§ <<@m;

and Vi and Vs be its vertical sides. Let W be a simply connected domain in R? such that
WnNV,#0, WCV, and OW\{ViUW}CV.

Let (Ae +Nu =0 in W, supy, [u| = e;, and u = 0 on OW \ (V1 U V2). Let us denote
e = max{ei,ez}. Then,

lu(z)| < Czeexp ( — C4N - distance(V;, 2)), 2z €W, (96)
for constants C3, Cyq which are independent of N and distance(V;, z).
Proof. Let v be the solution of (AE + /\)v =0in V with v = e = max{e1, e2} on the vertical
sides V;, i = 1,2, of V, and zero on the horizontal sides of V. Firstly, let u > 0 in an open

subset Uy C W. Since Ac(v —u) + A(v —u) = 0 in W, from the weak maximum principle ([6]
p 179, Theorem 8.1.) we have

inf(v —u) > inf(v—w)~ =0,
inf (v—u) > inf (v—u)
where (v—u)” = min{v—u, 0}. It implies that u < v in U;. Secondly, if u < 0 in a sub-domain

Uz C W, then
inf(v+u) > inf (v 4+u)~ =0,
w oW

and it implies that —u < v in Us. These two inequalities imply v > |u| in W. Straightforward
exponential decay estimation for v implies (96). i

Proposition 3.2. There are C;, i = 5,6,7,8,9, for which the followings are satisfied:
(i) For each k € Sp,

‘8[¢1,Qm|%§;:| - g[(gllc;n)qsL%fn*] ' < 057637”,19'

(ii) Let us suppose that Aa(BE) — A1 (BE) is bigger than a constant Cs > 0 for all m € N.
Then,

k— 2
H¢1,9m|‘3f{ - 91,m¢1,%f{ H < 07 ewnu'&
(iii)
k(213
— + 2 02
’£[¢1 Q| Nkes,, B ] Hl W5 (glﬂn) } ¢1,mkesmgi‘;]‘ < CS @wm,ﬁ~

(iv) Let us assume that A2(Nkes,, BE-Y — A (Nkes,, BE=) is bigger than a constant Cg > 0
for all m € N. Then,

2 1

e } H Co—02 .

H¢1 Q| Okes,, B { (o1 m) 2 NresmBh Mz < 905 Fwmo
kESm m

(v) Inequalities (i) and (ii) are also valid BE~ replaced by BE.
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Proof. (i) Let us define a piecewise C2 (B, )-function h™~ by

$1,0,,, (0,9) x e
h(z,y) = { + e+ 91,0,,(0,),  (2y) €65, 5N By,

97
0, (z,y) € B, \ &% e

Then, since qbl . has minimum energy among normalized functions in 002(‘35,;) which
’ m

vanish on the boundary,

6y g, —h7]. (98)

2
pk- h [ E[dy mi] < g[qsl’gm

has minimum energy among CQ(%fn_ )-functions which have the same

D1 L

Also since _
1 am |B ks

boundary value and the same La-norm as d)l Q |%k, s
m

||¢1,Qm|‘31fn7||§ ghﬁl,%ﬁ; +h7] 2 ||¢1,‘Blﬁn7 +h7”§ €[¢1’Qm|s31;n*]' (99)

Let us note the inequality

/%’fn’ [{é%((bl*ﬂm@ﬁ 7h_)}2 + {%(¢1,Qm|%ﬁ; B h_)}z]

0 o _ 4] 0
=E[01 0, |m ]~ /%m 25201 0m |05 o T /%m 20y 10m| 85 By

o AG) + (5}

From [6] Theorem 4.6 and Theorem 4.11 (Refer to Theorem 3.4 and Theorem 3.5 which will
be stated later.) one can induce for ¢, =0,1,2,0<i+j < 2,

W

giti
OxtOyJ 1’”m|6ﬁ,w

<Cio——7 sup |61, |
&k

m, 9

1
Z+J|

<Cn1 (100)

1
——0O,
i 1 m o ’
wlﬁfjl

where wp, is the given width of branches of Q,,. Note that Poisson’s equation Au = w in [6]
is satisfied by u = ¢ for w = —A1(Qm)¢ . We have by (100)
L[Sk, 4 Lom|Sk,

1,

‘/k— or lﬂm“Bm 8:0 ‘

1
L o L 7Y

1
32{0121@@ gwm? - ewm,ﬂmwmﬂ} =20 1—62 (101)

W Wm0

Similarly, from (100)

‘/k* 6y¢1 Qi

m

o
.
B dy ‘

Wm

<2{c11 @2 9o - CF1 — @2 ﬂwmﬁ} =20 — 62 9.

From (100) €[h_} is also bounded above to a constant times 762

TR Thus, we can
conclude

€ty o k- —hTI<E[B o i)t Clg—@wm,ﬁ (102)

BE 1,Qm
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Similarly, one can show

E[¢) mr- +hT] < E[D) ]+ Clgieim,ﬁ. (103)
Thus, from (98)
{160 e 12~ 164 ot 18} £, )
<Mty o, ot 015 €10y mh-]
S5[¢179m|%5{ —h~]
§€[¢1,nm|%ﬁ;] +Clzi®imﬂ. (104)

Since ||¢17%§n* + h_||3 2 ”(bl,%ﬁf Hz - }|¢1,%’;'rj|@,l;;hﬁms3$n* ”3’ from (99)
1
{|¢179m|%§[ H;{E[QSLVB’;f] + ClSE im,ﬂ}

2H¢1,Qm|«3§; H; S[d)l,%’:; + hi]

S O

Z{Hd)l,%’fg ||§ - ||¢1’%7:; }an 00%5{ H;}g[d)lygm|%f’;] : (105)

From (104) and (105) (i) is verified.
(ii) For proof it suffices to show

||¢1,Qm|%’fn— —h” - Qllc;n‘ﬁl,%’;‘; Hg < 0149571149'

Let us set
@ = /%kf <¢1,ﬂm}%’:; —h) 0, JEN

/%k_ Vf~Vg:—/B$n_(Af)g,

m

Note the formula

for piecewise 02(‘35,{) functions f, g which are equivalent to 0 on 6‘,35{. Since ¢

L |8k
h™ vanishes on B, from (i) and (102) we have
1 _ —\2¢x
015E@imﬂ9 2 5[¢1,9m|%’:; —h ] — ()€ [‘z’l,%f;]‘
= | St mh) ~ () )| (106)
j=1

Since (Q’f_m)z - Clﬁ@im,ﬂ < H¢179m|%5{ — h‘“g < (Qlf_m)z + Clﬁ@im,ﬂ’ we have

oo

\(Q’f;n)2 -> a?( < Cr6O% o (107)

j=1
Then, from (106) and (107) we have

1
01779‘2,,,”%19 >
Wm,

S a2 (8h) Zaixl(%m\

JEN JEN
= 3 ek - sk}
JEN\{1}

> > (e - sk}
JEN\{1}
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Cir Wlm @3"“
Thus, ZjeN\{l} a? < m Then from (107) when (Ql m) Zjoil Oé? 2 0

Crrte?

0< (Qllc;n)2 — 011 < 0169

m,Y
© Ao (BET) — A (BEY
. ke \2
otherwise when (gl’m — Z;il a? <0,
Cl?LQQ oo
kfwm Wmak 17206 <O¢17 7)2§Za?7(gk ) <016@um19'
xa(BE) - mmh) ~ T 2

Therefore, a2 approximates to (g]f;n)Q, and (ii) follows.
(iii) We define h~ for each k € Sy, by

b (o) = + 290w OV 4 1 g 0 (0), (2,y) € S, ,nBh
0. (@) € Nies,, (Bh \ &%, ).

The argument of proof of (iii) is similar to (i).
(iv) The way of proof of (iv) is the same as (ii).
(v) Proof of (v) follows those of (i) and (ii). i

Proposition 3.3. Assume that for a k € Sp,

Elby g, pit) = €01 g, |pi ]+ Mms Al > 0. (108)
Then, we have
(eft)% Ak, < Clg—ewmﬂ (109)
Proof. Let us define ¢ Qo by
€ 1— ) ) ) € %k+7
Gion @y =] (-d0ran@y, (@) € B (110)
f(e)(z)l,ﬂm, (-T,y), (I,y) € EB’Iﬂ )
for 0 < e < %, where f is a differentiable real function, and
f(e) (91 m) ( ) (@1 m) =1 (111)
Then, ||¢] o  [l2 =1. Let us define (1561 Q,, by
Te 1 (.’ﬂ,y), (CL’ y) EQ \6 I
?1.0,, (T,y) = W Y (112)
hm (mvy)¢1,ﬂm7 (I y) S Gm 9
where h'f,f : an i R is a smooth function defined by
e L—e—f(e  1—e+f(e)
W (o) = —S gy 22 E Y, (113)
We are to calculate an upper bound of
g[J)i,SZm] - g[d)l Q'm]
:g[qﬁiyn | ] +8[¢1 S |%7€+} [d)lﬂﬂmj
+ (S[¢1,Qm,|e,’jmﬂ] B €[¢1,szm|efnﬁ})' (114)
Direct calculation yields
£[¢1 Qm}%k_} +g[¢l Ko |‘Bk+]
2 0%
=@ (015) £ 16, g, ]~ M} + =P (1) €0, o il (119)
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2 k

From (115), (111), and from the equality 1 — (,Qlfj;n = (gl;n)Q7 we have

El9 o ms ] L9 o mi] — El010]
:{1 - (gl m) }{S [ 1 Q"L|%k+] - )‘Ifj(WL}
~ (24 A 6, ] ~ M)
* 2 *
(gl m) & [ |53k+] +(72€+6 )(gllf,tn) & [¢1,Qm|%fﬁ+]
* 2 *
- {1 - (91 m) }{5 [ 1 Qm|%5ﬁ+} 7)‘11€7m} - (‘glle,tn) € [¢1,Qm|%fn+]
=(—2¢ +€2) (oh 1) 2Nk, (116)
The other part in the right hand of (114) is calculated as follows;
€% a,0en ) 00, e )
_ 1—c— (9 (l—e—f(e) 1—6+f(6))3¢1,9m}2
“Jex H 39 Otm T 20 T 2 o
L—e—f(9 1—€+f(6)>2(5¢1,9m)2}
+ ( R 2 oy dedy
2 2 2 2
7/6571,00‘35{ @ Véran| /Gf,l,ﬂm%i??(l Flvoranl™ o
ot N2 2
Note that f(€)? = 1+ (2¢— €2 )( = ) =1+4aie+o(e) =1+0(e), (1—e—f(€))” = aze+o(e),
1 m

and (1 —e+ f(e)) = 2 + aze + o(e) for real constants a;,7 = 1,2,3. Then, from (100) and
from (117) eliminating the second degree term €? for a sufficiently small € > 0, we can induce

] - €lo]

1,Qm |6

‘g[¢ &k

m,9

1 1
. ]] <O(O—62, y<eCra—0% . (118)
m m m

.9
Consequently,
£[d1.0,.] = €lo1,0,]

< —(2e— 52)(9’1“;“”) A, + eclg—e (119)

wm,0*

If a constant k. makes |"i6(£iyﬂm”2 = 1, then we have |H,5 — 1| < ,/CQOEGim’ﬂ, since
Hd;iﬂm”% =195 q,, ||%‘ < C’goe@im,ﬁ for a constant Ca, and since H(l)iﬂmﬂg = 1. Therefore

inequality (119) still holds when one replaces q;i o and C'19 by normalized function neqzi Qo
and another constant Ca1, respectively. Since eigenfunction ¢ o, has minimal energy,

0< E[redS 0] — E[b1.0,] < —(2e =) (el F,) M7 + 6021*93%,19

and then setting e small enough, we have (109). O

Remark 3.1. Let us denote the differentiable function nym of e-variable by

] - €le]

R € 1 2 1 2
)5[¢ 1,Qm|6§n,ﬂ}‘ = Nip, < 0(6)79%”,19 < 6019E@wm,19-

1,9, |6k, 9

0 < E[red g, ] —E[¢1.0,] = —(2e — ) (o5 T,) 2N, + NF ..

Since € = 0 is a minimum point of E[ﬂgtbiﬂm] — 8[471’97”],

d - N d
0 = $6H0{8[56¢i,(2ml a £[¢1’Qm}} = Qlftﬂ)Q}\Iim + &eHONim.
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Therefore, (109) is described as
2

wnl )

kx kx
)‘1,m )‘1,m

( k+ )2 _ %EHONICV’”

Cis 5O
gl,m

We call f uniformly Holder continuous with exponent o in €, iff the quantity
z) —
[flao = sup M 0<a<l,
z,y €Q |z —yl
T#y

is finite. The Holder spaces C**(Q) are defined as the subspaces of C*(Q) consisting of
functions whose k-th order partial derivatives are uniformly Hélder continuous with exponent
a in Q. For simplicity we write C%%(Q) = C*(Q). By setting C*%(Q) = C*(Q), we may
include C*(Q) spaces among the C*:*(Q) spaces for 0 < o < 1.

Let us set

0,0 = sup sup|Dﬂu|, (3; a multi-index,

[ulk,0:0 = |D*u
|Bl=k

[u}k,a;ﬂ = [Dku}a;ﬂ = ‘le-lpk[Dﬁu}a,ﬂ

With these semi-norms, we can define the related norm

k k
lullor @y = [ulko = lulkoe =Y _[uljo0 =Y [DIuloa, (120)
i=o =0

luller,a @y = lulk,a0 = [ulk,00 + [ulka0 = [ulko + [u]k,00

k k
= Z[u}j,o;ﬂ + [Dku}a;ﬂ = Z |D?ulo;2 + sup [Dﬁu]a;ﬂ-
j=0 j=0 |B|=k
We set with d = diameter(2)
||U||/Ck(§) = lulho = > duljo0 =D d|Diujoo =Y & sup sup|D7ul,
=0 7=0 7=0 =j @
”u”/ck,a(ﬁ) = |u|;c,a;ﬂ = |’U“;c,§2 + dk+a[u}k,a;ﬂ = ‘ul;g,Q + dk+&[Dku]a;Q
k: . .
= 3 @ |Diuloge + dH2 DR
3=0
k . .
=Y d|D7ulo;q + d"* sup [DP]asq. (121)
j=0 |Bl=k

Theorem 3.4. ([6] Theorem 4.6.) Letu € C%(Q), and f € C%(Q) satisfy Poisson’s
equation Au = f in Q. Then u € C%*(Q) and for any two concentric balls By = Br(wxo),
Bz = Bagr(xo) CC Q we have

2
|“|/2,a;31 < C(lulo;p, + R |f|6,a;32),

where C = C(a).

Let us denote by Rﬁ_ the half-plane y > 0, and by T the hyperline, y = 0; Bs = Bag(zo),
By = Bgr(z0) will be balls with center zg € ﬁi and we let Bf = By NR%, B = B NR2.
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Theorem 3.5. ([6] Theorem 4.11.) Letue C*(Bf)NC°(By), and f € C*(B4)
satisfy Au = f in B;‘, u=0onT. Thenu € CQ’O‘(ET) and we have

/ 2 !/
|u‘2,a;BT S C(lulojB;’ + R |f‘0,o¢;3;)7

where C = C(a).

Theorem 3.6. ([6] Theorem 6.6.) Let Q be a C>* domain in R" and let u €
C?%(Q) be a solution of the second order linear differential equation Lu = a¥ (z)D;ju +
b (x)Diu+ c(x)u = f in Q, where a¥ = a’?, f € C¥(Q), and the coefficients of L satisfy, for
positive constants \, A,

> a6 > AEP forallz € Q, € ERT,
i+j=2
and B ‘
[a*0,a;05 [0%]0,0;0, I€lo,a;0 < A.
Let p(x) € C%%(Q) and suppose u = @ on Q. Then
|’U¢‘27a;Q S C(IU“'O,Q + ‘90‘2,04;9 + ‘fl0,0c;Q)'
where C = C(n, o, \, A, ).

Theorem 3.7. ([6] Theorem 9.26.) Let an operator L represented by

Lu = a™¥(z)D;ju + b*(z) Diu 4 c(z)u

be strictly elliptic in  with fized constants v and v such that

A bI\2 el

N S e (7) [ S v,

A A A
where A, A denote, respectively, the minimum and mazimum eigenvalues of the coefficient
matriz [a¥]. Let w € W2™(Q) N CO(Q) satisfy Lu > f in Q, u < 0 on BN OQ where
f€L™Q) and B = Bag(y) is a ball in R™. Then, for any p > 0, we have

1 1 R
sup u<C 7/ uwH)? P e ,
QNBRr(y) {(|B| Brm( ) ) )\H Iz (BmQ)}
where C = C(n,~,vR2,p).

Proposition 3.8. There are positive constants Caz, Ca3, Cas, and Cos which are in-
dependent of Qm under the boundedness assumption A2(Q2m) = A2(E), and for which the

followings are satisfied: There exist 31, 32 € R and (1)2 Ares. BE= such that
k€S, Bm

(i)
1
£ _ 75[ " ,] Coy— 2
' [¢2aﬂnl|mk€5m%')fn] .Xl;zjl(blyﬁkesm%fn < 22wm wm 9
=1,
(i)
o > sio [, < cx et
2,Qm |kes,, Bh T 1231 i hesm B 2 B o wms?
i=1,
where

fﬁkesm%fn‘ { =12 3% s BES } C01,Qm,

= - Zkesm f‘Bf,;r ¢2,Qm . ¢1,Qm7 (122)
2 2 _ k+ )2
31t =1-2 ks, (92,m) .
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(iii) To any k € Sy, there correspond 33, 34 € R such that
k4 —2
(92:;1)
(i)

k -2 K —2
(e2.7m) H%,Qmm:—(33¢1,m5n,++34¢2,w)H <C25*@3M(92%) (129

< 024—@2

Wm, ¥

(ggjﬂ)727 and

g[¢2797n|%$n+] - [33@31)%5'; + 34(152’%1;#]

where

{ f%ﬁf {33¢11%5”+ +2’4¢2,‘BW} C P19, = f% D2, P12 >
2 2 _ (k+ \2
3+ = (@2,m

(Note.) (ii) is valid Nges,, BE replaced by BE; with 31 and 3 limited by equations
3i0. k—} CP1,Q = —/ D2, * P10 >
/Blfn,i {1:21;2 B il
ket )2
Ht+m=1- (92,:1) :

Proof. (i) Considering the requirement of orthogonality of ¢2 o, to ¢1 ,q,, which is the only
difference between proof of Proposition 3.2 (i) and (iii), we define h~ by a function such that
for each k € Sm,

h(zy) =4 T+ ¢2,0,,(0,9), (z,y) € S ,NBL,
0, (%,9) € Nies,, (B \ &k, 4).

Note that since Y ,_; 39,

$2,9,, (0,9)
g (124)

Bk is defined in order that it may have the minimal energy

among functions in C2(Nge Sim %Ifn_) which vanish on the boundary and satisfy conditions
(122), we have

—2 _
||¢2,Qm|nk,%’:; —h H25[ Z 3“1’1',0,6%5“;] < g[¢2,nm|mk%$; —h7].

i=1,2

The rest of proof follows the way of proof of Proposition 3.2 (i).
(ii) The way of proof of (ii) is similar to that of Proposition 3.2 (ii) using the result Proposition
3.2 (i). One of the differences between them is the following; let us denote

w-
n

From (i) we have

k— — hi} Q. k— .
‘Bﬁ,; {¢2yﬂm NkeSy Bm ¢]’mk€57n%m

kESm

) _
0267640771719 Z g[¢2,ﬂm heSmBra h ] - 5[ -zl:zéi(ﬁimkesm%,’c{]‘
=1,
oo
[t e B 3 s s )
j=1 j=1,2
= D GN(kes, B ) - D {3?_°‘?}>‘jmkes’"%§"_)" (129)
JENV{1,2} i=1.2

Considering the equation

> ;b k= 1,0, = E $2,0,, - 91,0
k— { I¥ 5N B } siém k m m"*
‘/mkesm%m Sen DNkeSm =m +

kESy ! Bm
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If aj = 3; for j = 1,2, this equality holds only for a; = 0 for 3 < j. But if ay varies,
then this equality fails, since from Proposition 3.2 ¢ k— approximates to {1 —
12m [ Nkes,n, Bi:

k+ \2 1 . . .
Zkesm (,QL,m) }2 ¢1,ﬁkesm%§5’ and (bjﬂkesm%frf for 7 > 2 is approximately orthogonal

to¢>IQ

Ném

. Therefore, since a% + a% =1- Zkesm (Ql;tn)z, we may consider only

k—
NkeSy, Bm
the case that ag decreases. In this case Y >3 a? changes from zero to a positive number, and
it implies energy of ZJEN ozjqﬁj Ares,,
5]-, j =1,2. The rest of proof follows Proposition 3.2 (ii).

(iii) The way of proof is similar to that of Proposition 3.2 (i).
(iv) The way of proof is similar to that of Proposition 3.2 (ii). ]

Bk increases. It is absurd. Thus ajz- approximates to

Proposition 3.9. For ecach k € Sy, let us assume that

& [¢2,ﬂm|%’;ﬁ] =& [¢2 Qn |B 5 ] + Ay A > 0. (126)

Then, there is a constant Ca7 such that for any k € Sy,
oAt )N, < 002

2,m

(127)

Wm0

Thus, we have

Z (‘9126:"”_”)2 < CQ7|Sm|®W'm’
kESm

(Note.) If BE and BE are reversed in (126), then (127) also holds gg; and ggjn reversed.

Proof. The proof is similar to proof of Proposition 3.3 except for the requirement of orthogo-
nality of ¢2 0, to ¢1,q,,-
Let us define ¢ Q. 85 follows; let Q;Z and €2,, the inner-nodal domain and the outer-nodal

domain of ¢3 q,,, respectively. For C'-real function fi,0< fj(e) for e >0, j =2,3,4,5,

m?

f2(€) 2.0, (z,9), (z,y) € Bt N O,

oo (ey) =] (D920, (z,y) € B N,
2:2m f4(6)¢2,9m (xvy)7 (:E,y) S %fni n Q:;L»
f5(6)¢2,9m (m,y), (z,y) . N Q.

Let us define ¢5 , in the same sense as (110) in order that

-2
’2 =1+ be+ o(e)

2
€
H(bz,nmm’:anz H¢2,Qm|%iﬁ:

for a positive constant b. Provided we define ng q,, in the same sense as definition (112),
there exist f;, f;(0) =1, j = 2,3,4,5, for which the following conditions are satisfied;

||<z§2 anll2 = / ¢2 ., 91,9,, =0, and for sufficiently small all e

0< 8[¢2,Qm] - 8[¢2’Qm] < 70286(9 ) >‘ m T 6029@ m,0"
The last inequality implies (127). O

Remark 3.2. Considering Remark 3.1, we are to define two functions NS, and N§
of e-variable and (e, t)-variables, respectively. Let us denote

1@ - £les

— NE L
2.0 |6k, 2,Qm}6fﬁﬂ9]’ = Nom < (5) @

Wi, 9"

Then, by the same argument as N Lm

« . 4 .
0= 2 (£, —Eloan, )} =255 M+ 1 N /)
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Remark 3.3. If w,, is fixed, the larger \k*

5", is, the smaller QIQCJ;@ becomes. As the
contraposition the larger Qg";n is, the smaller A5* becomes. According to (127), no matter

kx
2,m

|‘3Ifn+] approximates to £* [¢>275} ~ E* [¢2,Qm|‘35{]' //

how small (ggtn)Q is, if we define ©,, , » to be sufficiently small value, A must be close to

zero, that is, £* [¢2 o,

Remark 3.4. Let us deform B85 by dilation and contraction of blossoms. Then, ac-
cording to Proposition 3.9 (127), when (ggjn)Q and A\k*

2,m

varies with fixed 6“-’7711”9’ they
correspond to each other one to one. That is, we infer that (951)2 increases, if and only

if )\S*m decreases. Consequently, when (ggtn)Q assumed to be sufficiently small, a suitably

large )\g*m

then we can conclude that |31] in Proposition 3.8 is determined to be sufficiently small and
|32] approximates to one. //

corresponds. Then, from Proposition 3.3 (Qlf:n)z turns to be a large value, and

Repeating splitting deformations and filling deformations, one must attains to a situation
such that remainder R, is simply connected and has arbitrarily small width. The width of
R C Ry, is defined by the maximum among diameters of disks which are contained in fA.
Let us assume that the width of 2R, can not be arbitrarily small for any sufficiently large m.
Then, we deform Q,, repeatedly by splitting deformations whose supports lie in the remainder
and blossoms and by filling deformations. Until there are eleven blossoms, we tunnel R,,,
attach branches, or vary diameter of blossoms. When the number of blossoms reaches eleven,
we deform only blossoms in order to vary their diameter by splitting deformation. But if
splitting deformations which only attach branches and blossoms and deform blossoms can
continue permanently, then we reach a situation such that 2 C Q, for a large £ > m. It is
impossible from the requirement 3) of Definition 3.1 of splitting deformation and requirement
(93). Thus, Jm must tunnel the remainder for an large m. That is, we can make the R, be
thinner as m becomes larger.

We illustrate a typical example of tunnelling. Let us set R := {(z,y)| 0 <z < 4, 0 <
y < 1}. Consider the following unions of segments in R, ;

{(@,y)z=1/3, 0 <y <2/3} | J{(z, )| 1/3 <z <11/3, y=2/3}
H@yl1/3<z<5/3, y=1/3}J{@= v z=2 0<y<1/3}
U{@yl2<z<11/3, y=1/3}. (128)

Then, we define tunnels in SR, by some thin neighborhoods of above unions of segments which
are disjoint each other. A simply connected band R, is divided into three ways around the
positions (5/3,1/3) and (11/3,1/2) .

From [6] Theorem 8.1 (the weak maximum principle) we obtain a corollary of Lemma 3.1.
Under the hypotheses and notations of Lemma 3.1 we can obtain R C Ry, described by the
following manner; let N in Lemma 3.1 be a sufficiently large integer, and let B:V — B(V) C
R? be a bending diffeomorphism such that

B YR =W, (129)

g:= B*¢2,Qm|m’

|B*1*3|=1, (B*Q,B*ﬁ>=o.
oy o€ on
Thus B preserves |% |, and therefore preserves %, the width of V. An elementary calculation
shows L L
0 0 9 0By o 0B,
B*—)g=—g(B™! =_—g—— + g,
( ag)g 65g( &m) =58 o T oy9 o
o 9Bzt o 9Byt o o oBz' o oyt o
prl 9B 0 OB 0 0 0B 0 05, 0 .y,
o€ o0& Oz ¢ 0Oy on on Ox on Oy
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where B~1 := (B;l, B;l).

Let p € B(0V \ {V1U V2}), and let us denote the closed disk with maximal diameter
contained in B(V') which touches p by D(p), and denote the set of points B(0V)NOD(p) \ {p}
by [(p). Let us denote by r(p) the radius of closed disk having maximum of the set of bounded
radii of disks which meet p, but do not intersect with B(V). Then, let us assume that two
points p1, p2 € OB(V) lie at each side of p, and the distances from p; and p2 to p are sufficiently
small. Then, the distance from [(p1) to [(p2) is very large compared to the distance from p;
to pa. Set 8% is tangent to OB(V) at q € [(p), and —(% is outer-normal derivative at gq.

Then, if we set }B*{% | = 1, then |B*(% | is very small compared to one. The magnitude
P q

of |B* 2 | is proportional to One can tunnel the remainder in order

r(p)
9€ 1(p) r(p)+diameter of D(p) "
that the width of the remainder may be much smaller than minimal value among all r(p).

Corollary 3.10. (Corollary of Lemma 3.1.) Let 92 C Ry, be a simply connected
open band with a sufficiently small width and a sufficiently large length, and let OR consist
of only a subset of ORm NIy, and more than or equal to two segments traversing Rm,. Let
us assume that

(i) either R satisfies (129)

(ii) or R contains a subset w where R is divided into several ways like the illustration (128),
and boundary of @ consists of ORm and segments each of whom traverses a way of Ry, with
an inequality diameter(w) << diameter(R).

Then, the restriction ¢2,Qm|m decays exponentially in the sense of (96).

Proof. (i) Consider the identities for differential operator G
Apreg = —A2(Qm)g = (Ae +G)g,
Aeg = —X2(2m)g — Gg, (131)
Acv = —X2(Qm)v,

where v is a function given in the proof of Lemma 3.1. From (130), (131), and from the
sentences following (130) there exists a constant C3p which is bounded below to

Cs1 - ( (p) )2,
r(p) + diameter of D(p)
for a constant C31, and satisfies
C30X2(Qm)v > [A2(Qm)g+Gg|, and Csov—|g| >0 on VijUVa. (132)
Then, considering the function C3gv — g, we have from (132)
Ae(C30v — ) = —A2(2m)(C30v — g) + Gg < O,
and then from weak maximum principle ([6] Theorem 8.1.)

inf (Csov — > inf (Czov—|g|)” =0,
B_l{l(m)( sov —gl) 2 inf (Csov —|gl)
where (C30v — |g|)” = min{C3pv — |g|,0}. Thus, C3gv > |g|, and from Lemma 3.1 g decays
exponentially for a sufficiently small width of fA.
(ii) If ¢2 Q |SR does not decay exponentially in w in which R is divided into several ways,

then one can redefine ¢ o, as follows in order that this redefined function which has unit
norm and is orthogonal to ¢; q,, may have energy less than that of ¢2 q,, ; consider the
existence of constant C3 in inequality (96). Let us suppose that no matter how much O, ¢

decreases, (96) fails in w, that is, C3 satisfying (96) does not exist. Then, we redefine ¢2 Q|w

by multiplying a positive constant which is slightly smaller than one. Then, we can redefine

¢2 o |Q \o 50 that it may have a larger Lo-norm and a less energy than the original. We
S [Qm

attain to a contradiction. O
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Remark 3.5. One can tunnel %, C Q,, or fill up tunnels in MR, so that Ry may be
sufficiently thin, and curvatures of the boundary 09,4+ ; N 9, +; may have an upper bound
for sufficiently large all j € N. Let p € 00+ NOQn 4, and B(p, 2R) N Ry, 4 be connected.
Let p be far sufficiently from §,, and %fn along R,,. Let

$:B(p, R) N Ry — B(O,R)NR>T,

B(O, R)NR?** =: B(O, R, 7), be an analytic function such that £ maps B(p, R)NOMRp, 44 onto
{(z,y) : —R <z < R, y =0}, H(p) = (0,0). Referring to proof of Corollary 3.10, by a weak

maximum principle 55*1*¢2 R ‘B(p R)N%oms decays exponentially in a rate @W;n,ﬂa where
Qi , m+j

w}, denotes width of Ry,. From Theorem 3.4 and Theorem 3.5 one can infer energy of ¢2 o,
restricted to the component of R, N{(z,y) : —R < = < R} which contains B(p, R) N R, also
/

decays exponentially in a rate %@i,m,ﬁ.

Now let us assume that width of 2R, U { Uk 6,]31} is sufficiently small, and

2
kZS: (Qétn)Q = H¢2,me| Ukes,, %Erj—HQ > (133)
e m

for a sufficiently small fixed constant ¢ > 0, and for all m which are bigger than an in-
teger. Without loss of generality let us denote by 9B}, a blossom of Q,, having maximal
radius. Assumption (133) implies from Proposition 3.9 that there exists a positive lower
bound of radius of %}, over all m > mj. Accordingly, by Proposition 3.3 and Proposi-
tion 3.9 a positive lower bound of H(l)i’QmHQ’%}n, 1 = 1,3, over all m also exists. From (78)

1 .. . .
we have ”%PK&(O)”? > W%P(mﬂm' From this inequality one can verify that

H%PKA2(0)H2 has a positive lower bound over all m. For verification we assert the inner
nodal domain can not go deeply into a sufficiently thin and long sub-region of the outer nodal
domain. If it is true, then Harnack inequality and a calculation of gradient imply our asser-
tion. From the following Proposition 3.11 we can verify our assertion, since P can not lie on
a neighborhood of an apex in a narrow protrusion and then |%P¢1yg | has a positive lower
bound over all m > m1.

m

Proposition 3.11 The inner nodal domain of ?2.Q,, can not go deeply into a sufficiently
thin and long sub-region of the outer nodal domain.

Proof. This is a rough sketch of proof. Let us assume the opposite proposition. We retract
the inner nodal domain from the center of the thin and long sub-region. Let the direction of
retraction is x-axis, and denote nodal line in this thin and long sub-region by A/. Since the
sub-region is thin, the values ‘E(f)gyg?nl in the retracted inner nodal domain is much smaller

than the value ‘%¢QQ | in a neighborhood of original N. O

m

Since %PKAZ(O) is the second eigenfunction in £ of boundary value problem with
a singular point P(Proposition 2.18.), and since Proposition 3.9 can hold for {%PK/\Q(O),

H%;DKM(O) .31 also has a positive lower bound over all m. Now we are to deform Q, by
’ m
a splitting deformation J™whose support lies in BL, .
Considering Proposition 2.25, the deformation
m m,kq m,ko m,ks m,kq
(Ct W jCklt ) W j(kzt W ‘7§k3t W jCk4t
is also a splitting deformation, where C;" is a collapsing deformation of 2, which removes
most of Ry,. Collapsing deformation Ci™, 0 < t < gy, shrinks Ry, and translates components
of the complement of QR,,. Note that ¢3 o, decays exponentially in :, so that variations of

the second eigenfunctions and eigenvalues induced by C}* may be negligible compared with
those induced by Jg:’lzl. Then, we define
°1

o (g,

am

Eringqm) V] (&Jﬁgl Jg:qu)(ﬂm) = Qm+1,

o1



and deform €, 1 repeatedly by deformations mentioned in Definition 3.1. When remainder
has again a sufficiently small width, we perform again a collapsing deformation and a splitting
deformation stated in the above. If we repeat this procedure, then we attain to the case such
that vol(Z) < vol(J,) for a large £, and attain to an inequality A2(F¢) < A2(E). It is absurd,
since it is assumed that A2(Qe) = A2(E).

Consequently, we may assume that
2

< 134
, =€ (134)

k
H¢2,Qm1 Ukesm, Bt

for some large m; and for the sufficiently small constant ¢ given in (133). Let us consider the
identity
A2(E) =A2(Qm,y )
_ k+ )2
_{1 - Z (92,m1) }S*[d)gyg

k

)

my

2
mk‘Bfﬁ} + ; (Qg%l) S*[d)?ﬂml

my

Proposition 3.9 implies
k 2 * k+ 2 * k
Z (QQ:;’U) € [¢27Qm |%§n+] = Z (92,7711) : (5 [d)g’gm |%§; ]+ >\2,*m1)
k€Smy ! . kE€Sm, ! .
is bounded above to ¢2A2(Z) + C27|Sm, \937”1 o+ Thus, we have
—_ 2 * —_
0< 2@ = {1=30(655,) ) @y, |nmis ] < 202(E) + CorlSumy 165, o+ (135)

k

Considering Proposition 3.8 (i) and (ii), we define 52,57"1 by a function such that for each k

2 =123 k— in Bm, \ Vi,

3Mkesm, By

52,&'m =
! 0 in B\ Fmy, and

$2’3m1 is defined in Vj, in order that ¢ may be of C2(Fm,), where Vj is a small

2,8 m1 |Fmy
neighborhood of §m; N m;cnl. Furthermore, we may define Egﬁml in Vi so that

€[¢2an1 |ﬁk%'$}71] ~ 5[¢2,3m1]~
Then, from (135) for sufficiently small values ¢ and wm,
5[52,57”] ~ Elpa =]
Then, by using the method of proof of Proposition 3.8 (ii) one can infer in La-norm

2,5, = P25

where 52’57”1 :=0in E\ Fm,. Therefore, we have in La-norm
bom~ Z 3595 s, B [5my
=12 1
Then, according to Remark 3.4,
2,2 & 320 (136)

k— .
2ymkesm1 ‘B'ml |37n1

From Proposition 3.8 (ii) when |32| approximates to one, the nodal line of d)Q’le lies in Fm, -
Then, (135) implies a contradiction.
To show this contradiction firstly note that if (136) is true, since ¢2 o has a closed
. . . . . ’ ml.
nodal line, we may say without loss of generality the nodal line of 2, is sufficiently close to
the segments {(z,y) : 2 =0,1, 0 <y < 1} and {(z,y) : « = 0,1, 0 < y < 1}. Let us denote

92



by Q,,, and Q:,Qz the outer and inner nodal domain of ¢279m1 , respectively. Thus Q.,, must
contain a sufficiently narrow and long simply connected band

W=, n{(z,y):0<z<1/2, 1/4<y<3/4}.

Then, by Lemma 3.1 |¢

decays exponentially in W. Let W have length 2¢' and

2,Qmy |Smy
width smaller than w!, , Which denotes width of the smallest rectangle containing W.

We are to follow the arguments in [7] of David Jerison. Lemma 2 [7] with the roles of
Qq = Q%l and Q2 := Q,,, reversed says that there is { € OW N 69%1 such that
032 032

|Vé2,0,,, (O < - (m%;X77 |$2,0,m, | < = Ou, 00 (137)
OB(z,s)N,

mq

where B(z,r) C Q%U ¢ € OWNOIB(z,r), 2r < s < 2wy,

absolute constant defined in Definition 3.3. Regardless of shape of OW N 89;;1, the radius r
and ¢ could be selected in order that %@w%l .9 may decay exponentially as w£n1 decreases.

and ©,, s stands for the
mq’

Since |¢>2,le | is superharmonic in Qn+117 comparison with a harmonic function (Hopf lemma)
implies
_min |[¢20, | < R|[Va,, (138)
B(z,R/2)
where B(z, R) C Q;Lnl with ¢ € 9B(z, R) N 89:,@1. For this refer to the paragraph succeeding
Lemma 3 in [7]. Thus,

C32R
200 o (139)

T m1’

~ min }(bz,gml | < R|V¢2,le <
B(z,R/2)

Consequently, (139) implies that ¢2,le can not approximate to ¢2 = in Lo-norm in Q;"nl,
and then we attain a contradiction. O

4 Another Proof of Payne’s nodal line conjec-
ture

Given  described in preceding sections, we deform §2,, only by splitting deformations with
modified condition such that it decreases strictly A2(Q,). Then, diameter of a blossom of
Q,, must keep increasing as m grows larger. But from Proposition 3.11 since the closed nodal
line of ¢2(2m) can not lie in a blossom, it means a contradiction.
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