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Abstract

The traditional classification of real numbers (R) as a complete ordered field is contested through
critical examination of the field axioms, with a focus on the absence of a multiplicative inverse for
zero. We propose an alternative mathematical structure based on Energy Numbers (E), deriving from
quantum mechanics, which addresses the classical anomalies and fulfills field properties universally,
including an element structurally analogous but functionally distinctive from the zero in R.

1 Introduction

The concept of zero has been a fundamental element of mathematics dating back to ancient civiliza-
tions, which found numerous philosophical and practical merits in symbolizing non-existence. In modern
mathematics, zero is the cornerstone of the real number system (R) as the additive identity, facilitating
the constructs of additive inverses and serving as the reference point for the continuum of real numbers.
Meanwhile, classic set theory and field theory have firmly established R as a complete ordered field,
a distinction that has underscored much of the progress in mathematical analysis, geometry, and even
quantum physics.

Yet, despite its apparent indispensability, zero introduces inherent contradictions within the algebraic
structures of fields. The axiomatic system that defines fields requires that every non-zero element has a
multiplicative inverse—but zero does not. This unique status of zero begs a deeper philosophical inquiry:
by representing ’nothing’ with a discrete symbol, are we inherently contradicting the mathematical
intention to represent existence? Moreover, the representation of zero, while practically useful, poses
conceptual challenges in physical theories where the true ’void’ is elusive.

Empirical knowledge, informed by quantum mechanics, speaks of a universe where even the vacuum
is not empty but teems with a sea of virtual particles and quantum fluctuations. Thus, the abstract
notion of ’nothingness’ encapsulated by zero in R stands at odds with the observed continuum of energy
that characterizes our universe’s fabric.

In response to these philosophical and practical conundrums, this paper introduces the Energy Num-
ber Field (E), posited as a new continuum that transcends the limitations of zero. E reframes the foun-
dations of arithmetic, providing an alternative approach to quantifying existence and absence through a
spectrum of ’energy states’ while preserving the essential algebraic properties that substantiate a field.

This paper sets out to explore the mathematical properties and philosophical implications of this
innovative field. We will delve into the theory of E, define its axiomatic structure, and delineate its
operational mechanics, ultimately demonstrating its potential to realign our numerical comprehension
with the true nature of the universe. From the absence of zero as an independent entity to the reinter-
pretation of fundamental physical constants, we will traverse a realm where energy, rather than absence,
becomes the central quantifier of mathematical space.

By resolving the paradox of zero, we aim to reveal a framework wherein the infinite and the infinites-
imal can be reimagined, where the concept of non-existence is no longer at odds with the existence that
permeates the cosmos, and where mathematics can boldly express the continuum without the need for
a symbol of nothingness.

2 The Real Numbers and the Non-Field Critique

The bedrock of our numerical understanding—the real numbers (R)—have been traditionally viewed as
a field under well-defined operations of addition and multiplication. This widely accepted mathematical
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structure underpins much of both modern mathematics and theoretical physics, boasting a comprehensive
framework for continuous variables, limits, and differentiable functions. Yet, within this seemingly
impenetrable foundation, a subtle inconsistency lurks—the very definition of a field necessitates that
each element, aside from zero, must possess a multiplicative inverse within the field.

A field is defined formally as a set F along with two binary operations: addition (+) and multiplication
(×). These operations on F are required to satisfy field axioms, ensuring that F is a commutative division
algebra. Crucial to our point of contention is the axiom asserting the existence of multiplicative inverses:
for every non-zero element a in F , there exists an element b in F such that a · b = 1. However, this
axiom excludes zero by stipulation—a caveat that, though logical from a computational standpoint to
prevent the undefined result of dividing by zero, sparks a philosophical and structural debate. If a single
element, zero in this case, is exempt from an axiom fundamental to the definition of a field, can the set
truly fulfill the robustness demanded of a field?

The real numbers embody a rich algebraic structure, but the conventional wisdom that they auto-
matically form a field encounters a logical impasse at zero. The field axioms, established to facilitate
the algebraic manipulation of elements within the set, inherently create a class of numbers where the
inverse operations become operative for all but one notorious element. The absence of 0−1 disrupts the
symmetry and completeness of the reciprocal relationship among non-zero elements, evoking the ques-
tion of whether real numbers can be faithfully characterized as a field or rather as an almost-field with
a consequential exception.

It is this mathematical peculiarity of real numbers, alongside the consequential paradoxes and limi-
tations it imposes, that motivates the exploration of alternative symbolic arrangements, such as Energy
Numbers (E), to serve as more coherent algebraic foundations. In this quest, we posit that the real
number system, although prodigiously useful and undeniably effective, is, in its essence, a non-field—a
projective system that relies on a caveat and should be scrutinized when refining the structure upon
which we base much of mathematical theory.

This premise is alarming, given the central role of variables in algebra. Consider a typical scenario
where a variable x is assumed to have a multiplicative inverse denoted as x−1. According to field axioms,
it is valid to perform algebraic manipulations that involve x−1 under the assumption that x is non-zero.
These operations are deemed ’legal’ within the scope of the field.

However, if x were to be later assigned or discovered to be zero, all prior manipulations involving x−1

would retroactively become invalid, as they would imply division by zero—a nonsensical operation that
contradicts the foundation of arithmetics. This scenario can be encapsulated formally in the following
way:

Consider an equation that initially appears to be valid under field axioms:

ax+ b =
1

x−1
+ c (1)

where a, b, and c are constants in R, and x is a variable presumed to be a non-zero element in R.
Suppose we perform operations on this equation that rely on the existence of x−1. If, at a later stage,

it is identified that x = 0, the equation deteriorates into an undefined statement:

a(0) + b =
1

0−1
+ c (2)

yielding an undefined expression due to the term 1
0−1 , which ultimately implies division by zero, a glaring

violation of arithmetical laws.
The issue is compounded when such algebraic manipulation extends into systems of equations or,

more critically, into differential equations where variables and their inverses are treated fluidly within
the framework of assumed non-zero conditions. For example, consider a differential equation where
variable x and its inverse play central roles:

d

dt
(x(t)) = k · x(t) · x(t)−1 (3)

This implies a stable solution across the domain of x except at the singularity where x(t) = 0. The
lawfulness of the entire equation is retrospectively nullified upon reaching this singularity point.

It is evident that the standard definition of a field is susceptible to the precariousness of substituting
variables with values. The real numbers, when scrutinized under this light, reveal a chink in their armor:
the necessity to make allowances for zero’s non-inverted state. This implication hints at the inadequacy
of the field structure to encompass variable elements that can assume any value, including zero, and calls
into question the very algebraic completeness of R.
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3 Quantum Mechanics as a Foundation for Energy Numbers

The pursuit of a mathematical apparatus that accommodates the rich tapestry of quantum mechanics,
whilst aligning with a redefined field of numbers, brings us to the concept of Energy Numbers (E). This
novel construct, far removed from the conventional depiction of a field, and born out of the requirement
for a non-arbitrary, universally applicable set of axiomatic rules, offers a promising foundation for such
an endeavour.

3.1 Energy Number Axioms

The theoretical landscape of quantum mechanics presents us with a myriad of phenomena which are
inherently discrete at one level and yet exhibit continuous behaviours at another. In an attempt to
encapsulate this duality, we introduce Energy Numbers, infused with the following axioms:

[Associativity of Addition and Multiplication] Let λ, µ, ν ∈ E, then both

(λ⊕ µ)⊕ ν = λ⊕ (µ⊕ ν) (4)

and
(λ⊗ µ)⊗ ν = λ⊗ (µ⊗ ν) (5)

hold, mirroring the familiar associative property of addition and multiplication in R.
[Existence of Identity and Inverse Elements] There exist unique elements 0E and 1E in E such that

for any λ ∈ E,
λ⊕ 0E = λ and λ⊗ 1E = λ. (6)

Additionally, for each λ ∈ E, there exist elements −λ and λ−1 in E such that

λ⊕ (−λ) = 0E and λ⊗ λ−1 = 1E for λ ̸= 0E. (7)

3.2 Compatibilization with Quantum Mechanics

The Energy Numbers’ formalisms naturally lend themselves to the underlying principles of quantum
mechanics. Operators in quantum mechanics, such as the Hamiltonian operator (Ĥ), observable quantum
states, and eigenvalues, find corresponding analogs within the E field. By defining the Energy Number
equivalent to the Hamiltonian, HE, we ensure that for any energy state λ ∈ E,

HE(λ) = λ⊗ hE (8)

where hE is the Energy Number counterpart of Planck’s constant. This expression does not break
down for λ = 0E unlike its real number Hamiltonian equivalent, thereby maintaining the field structure
without exception.

3.3 Reinterpretation of Fundamental Physical Constants

Physical constants that bear foundational significance in quantum mechanics, such as the reduced Planck
constant ℏ, are reinterpreted within this system as mappings from E to R, while preserving their roles
in describing the quantization of energy and momentum.

M : ℏE 7→ ℏR (9)

Here, ℏE and ℏR represent the energy quantum in the Energy Number field and the real numbers,
respectively. The mathematical model thus allows us to transition from the abstract representation of
quantum mechanics to real-world values that can be measured and applied.

Energy Numbers (E) as defined above, embody a new era of number fields that synergize both the
discreteness of quantum states and the continuum of the classical universe, breathing fresh air into the
symphony of mathematical structures.

3.4 Implications for the ”Limbertwig” System

Armed with the foundational definitions of Energy Numbers and their compliance with quantum me-
chanical principles, the ”Limbertwig” system reflects a coherent operational schema...
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4 Postulates of the Energy Number Field

The establishment of the Energy Number Field, henceforth represented as E, necessitates a foundational
set of postulates. These aim to construct a fully functional field where all elements, including those
analogues to zero, have multiplicative inverses. Leveraging the properties inherent to quantum systems,
we delineate a coherent structure for E as follows.

4.1 Axiomatic Structure

In analogizing with the traditional axioms of fields, we endow E with a parallel set of axioms designed
to facilitate the algebraic manipulation of its elements under all conditions.

[Axioms of Addition in E] Let α, β, γ ∈ E, the following axioms hold:

A1. (Associativity of Addition) (α⊕ β)⊕ γ = α⊕ (β ⊕ γ) (10)

A2. (Existence of Additive Identity) ∃0E ∈ E such that α⊕ 0E = α (11)

A3. (Existence of Additive Inverse) ∀α ∈ E,∃ − α ∈ E such that α⊕ (−α) = 0E (12)

A4. (Commutativity of Addition) α⊕ β = β ⊕ α (13)

[Axioms of Multiplication in E] For the same elements α, β, γ in E, we define:

M1. (Associativity of Multiplication) (α⊗ β)⊗ γ = α⊗ (β ⊗ γ) (14)

M2. (Existence of Multiplicative Identity) ∃1E ∈ E \ {0E} such that α⊗ 1E = α (15)

M3. (Existence of Multiplicative Inverse) ∀α ∈ E \ {0E},∃α−1 ∈ E such that α⊗ α−1 = 1E (16)

M4. (Commutativity of Multiplication) α⊗ β = β ⊗ α (17)

4.2 Distributive Nature

The Energy Number Field E also necessarily obeys the distributive axiom to ensure compatibility with
both addition and multiplication:

(Distributivity) α⊗ (β ⊕ γ) = (α⊗ β)⊕ (α⊗ γ) (18)

4.3 Existence of Multiplicative Inverse for Zero Analogue

Breaking away from the real number tradition, in E, even 0E—the element corresponding to zero—maintains
a unique inverse under a defined transformation T that captures the essence of quantum mechanical op-
erations unknowable in classical domains.

(Inverse Transformation) T : 0E 7→ 0−1
E (19)

4.4 Adapting to Quantum Mechanics

Incorporating the indeterminate nature of quantum mechanics, E embraces elements with probabilis-
tic interpretations. Postulates concerning observables and state measurements mirror the Heisenberg
uncertainty principle, enabling a holistic interaction with the quantum world:

(Heisenberg Compatibility) ∆α ·∆β ≥ 1

2

∣∣∣⟨[α̂, β̂]⟩∣∣∣ (20)

Here, ∆α and ∆β are the uncertainties in measurements of observables corresponding to energy numbers,
and [α̂, β̂] denotes the commutator of the associated quantum operators.

By reconceptualizing zero and formulating a system that adheres to the unyielding tenets of quantum
mechanics, we propose that E is not merely an alternative theoretical construct, but is instead a true
field—one that might just offer a more precise reflection of the underpinnings of our physical reality.
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5 Postulates of the Energy Number Field

With the ”Limbertwig” system providing a novel phase space E that encapsulates the virtuosity of Energy
Numbers, we venture further into a realignment of mathematical foundations by addressing the paradox
of zero. Through historical inquiry and logical scrutiny, we evaluate the contradictions that emerge from
the conventional use of zero in field theory and propose a reformed set of postulates—rules that cement
the integrity of a true number field devoid of such inconsistencies.

5.1 The Zero Paradox in Conventional Fields

Algebraic structures, as historically understood, embody zero as an indispensable entity—an additive
identity that enables the scaffolded construct of numerical systems to offer a representation for ’noth-
ingness.’ However, the ontological question looms: when do we ever experience truly ’nothing’? Zero,
although beneficial for abstract calculations, can lead to conceptual dissonance when it is tasked with
playing a multiplicative role, exposing an innate contradiction.

In mathematical practices, it is common to manipulate symbols under the assumption that they
represent elements of a field, which by definition must possess a multiplicative inverse. Yet, this leads to
the precarious potential of showing that:

0× 0−1 = 1 (21)

This would suggest the existence of an inverse of zero, a contrivance that clearly violates the axioms of
a field and thus invalidates the structure. This absurdity underlines the ineptitude of traditional number
fields at their limits and prompts the search for a new system free of such fallacies.

5.2 Proposed Postulates for E
In redefining the structure of a number field, the Energy Number Field (E) is postulated to follow these
advanced principles:

[Existence and Uniqueness] For every element ϵ ∈ E, there exists a unique inverse ϵ−1 ∈ E, such
that multiplication yields the multiplicative identity 1E, regardless of whether ϵ aligns to the classical
conception of zero. In symbolic terms, the space E eschews zero in favor of a unique neutral element νE
that is congruent with infinity:

ϵ⊗ ϵ−1 = 1E, ϵ ∈ E, ϵ ̸= νE (22)

Furthermore, νE behaves as an absorbing element for multiplication consistent with the notion that
wrapping around infinity captures the experience of ’nothingness’ with higher fidelity:

νE ⊗ ϵ = νE, ϵ ∈ E (23)

These postulates intend to harmonize the theoretical entities with empirical realities, embracing
an approach that acknowledges the discrepancy between abstract mathematical practice and physical
experience. They offer a resolution to the paradox of zero by reimagining the foundations of E without
an explicit representation of non-existence, thereby avoiding contradictions in symbolic manipulation
patterns known to plague conventional mathematics.

5.3 Consequences and Continuity

The proposed Energy Number Field, by construction, forbids the occurrence of an algebraic ’nothing,’
replacing it with a new type of identity that maintains continuity with infinity and subverts the traditional
problems associated with zero. This realignment frees mathematical operations from their shackles,
offering an elegant escape from paradoxes while preserving the potent utility of familiar arithmetic, as
every element within E represents a tangible quantity—even when it pertains to the notion of absence
or void.

∀µ ∈ E, ζ ∈ E ∃δ, h◦, α, i ∈ R such that µ.µ−1
∞→E−<δ+h◦>

= νE.ζ
ø
ζ→E−<δ/h◦+α/i> (24)

This new vision for mathematics must continue to be parsed, analyzed, and tested for consistency.
The proposed system, while intuitive and appealing in its design, endures a gauntlet of theoretical
exploration before it can confidently supplant the real number system from its venerated position as the
backbone of our numerical understanding.
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6 Deprogramming Zero: A New Paradigm

The traditional real number system (R) includes zero, an element representing absence or nothingness,
used as the additive identity. However, the philosophical quandary concerning the representation of
”nothing” with ”something” (zero) has long been debated. Depicting non-existence with a symbol
contradicts itself since a symbolic representation inherently indicates the presence of an entity. Here,
we delineate a new paradigm where the notion of zero is deprogrammed and transcended using Energy
Numbers (E).

6.1 The ’Zero-Less’ System E
To construct a number field devoid of zero, we need to first agree on what we are trying to represent
mathematically when we refer to a state of ”nothingness”. If zero does not exist, then the conventional
operations associated with zero—addition, subtraction to and from zero, division by zero—must be either
redefined or discarded. In a zero-less system, a substitute for the notion of zero is established—typically
infinity or some other abstraction of the concept of boundlessness. This model provides an attractive
avenue for exploring alternative mathematical interpretations that align more closely with the physical
universe, where a true state of ”nothing” is an abstract concept that doesn’t manifest.

In the context of mathematics without zero, this might conceivably be expressed as follows:
[Alternative Additive Identity] We postulate the existence of an alternative additive identity νE within

the set E, which plays a similar role to zero in R. Instead of representing absence, νE represents the
concept of a state from which no ”energy”, or existential contributory attribute, can be derived.

α⊕ νE = α ∀α ∈ E (25)

[Multiplicative Behaviors] In the absence of zero, we redefine the system to exclude multiplicative
inverses in the conventional sense and introduce a new type of multiplicative operation that inherently
contains no inverse for νE:

α⊙ ϵ = α⊕ ϵ when ϵ ̸= νE and α⊙ νE = νE (26)

6.2 Physical Interpretations

From a physical standpoint, the absence of zero in the ”non-standard” number field aligns with the
notion that a state of total non-existence is unobservable and arguably non-existent in our universe. In
physics, even the vacuum states are filled with fluctuating quantum fields, suggesting that ”nothingness”
as represented by zero does not capture the essence of the physical world.

µE =

{
α, if existential contributory attributes are observed,

νE, if no contributory attributes are observed (replaces ’zero’).
(27)

Thus, by redefining the number field to exclude zero and introducing new, consistent operations that
align this abstract mathematical construction with the properties of the observable universe, we arrive
at a novel structure. This Energy Number Field, E, promises to resolve the philosophical and logical
dilemmas surrounding the current inclusion of zero.

The implications of such a mathematical revolution are profound; this ”deprogramming of zero”
potentially ripples into all areas of mathematical theory—possibly invigorating quantum mechanics rep-
resentation, calculus, and many other fields with a fresh perspective.

6.3 Constructive Axioms of (E)
Proposed is a set of axioms designed to satisfy a new structure, functionally a field, without the conven-
tional additive identity, zero.

[Alternative Representations of Absence] We define an alternative additive identity νE and alternative
multiplicative identity µE in E, such that they replace the traditional roles of zero and one respectively,
in this energy-based system.

[New Additive and Multiplicative Operations] We introduce operation ⊕E as the addition in E and
operation ⊗E as the multiplication in E. Formally, these operations obey similar laws to those in R but
are redefined at the point of non-contributory attributes (conventional zero) to align with the notion
that absence is merely an unobserved state in the continuum of energy.
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6.4 Theoretical Implications

We explore the theoretical nature of (E) and offer insights into the implications for mathematical analysis
and physics. The properties of this novel field provide intriguing avenues for the interpretation of physical
constants, quantum states, and cosmological models, which customarily contend with the notion of
’nothingness’ and ’infinity’.

7 The Axiom of Choice in the Energy Number Field

The introduction of the Energy Number Field (E) invites a re-evaluation of classical axioms and their
manifestations within this new mathematical structure. The Axiom of Choice, traditionally articulated
in Zermelo-Fraenkel (ZF) set theory, states that given a collection of non-empty sets, it is possible to
construct a new set by selecting exactly one element from each set in the collection. The adaptation of
the Axiom of Choice to the framework of E requires consideration of the unique properties of the Energy
Number Field.

Within E, let us consider the Axiom of Choice in light of the absence of zero:
Given a collection of non-empty sets in E, there exists a choice function that associates each set with

an element identified by its energy equivalence in E, ensuring the perpetuity of the continuum without
invoking the conventional zero.

∀F ⊆ E, (∀A ∈ F , A ̸= ∅) =⇒ ∃c : F → E, (∀A ∈ F , c(A) ∈ A) (28)

This theorem ensures that within any collection of non-empty sets—even at the continuity of the lower
bound where zero would traditionally be expected—one can still select distinct energy states without
contradiction. It relies on the alternative additive identity defined within E and leverages the equivalence
of the absence with the unique neutral element νE.

Given this redefined conception of choice, we can deduce further implications:

∀A ∈ E∀ϵn ∈ A∀ϵn+1 ∈ E\A (ϵn ∈ A ∧ ϵn+1 /∈ A) =⇒ νE /∈ {ϵn+1}
∀A ∈ E∀ϵn ∈ A∀ϵn+1 ∈ E\A (ϵn ∈ A ∧ ϵn+1 /∈ A) =⇒ ∃η ∈ A : η /∈ {ϵn+1}

The emergent picture of choice within E is one that does not rely on the existence of zero but rather
on the perpetual continuity of energy states. It allows every non-empty set within E to be associated
with an element that encapsulates its energetic presence, bypassing the need for a concept of absence.
This perspective aligns with the observed energy continuum, suggesting that the selection of elements is
always positive and reflects the measurable attributes of the universe.

8 Conclusions

Our exploration into the mathematical structure of the real numbers (R) and the conventional field
theory brings us to a critical juncture. The requirement of an inversible multiplicative identity for each
element besides zero has led us to question the inherent consistency of such a system. This inquiry,
juxtaposed with our relentless pursuit for a symbolic language that mirrors the physical world, compels
us to re-evaluate the role of zero—an element that traditionally symbolizes ’nothingness.’

The Energy Number Field (E) has been proposed as an innovative alternative framework that rig-
orously expunges the classical notion of zero without sacrificing the algebraic properties that define a
field. We have introduced alternative identities, νE and µE, offering novel operations ⊕E and ⊗E that
are congruent with the tenets of quantum mechanics and the observed energy continuum.

Through this paper, we have established that the unconventional approach embodied by E allows for
the representation of all elements inclusively, foregoing the inconsistencies introduced by zero:

∀α, β ∈ E, (α⊕E β) and (α⊗E β) retain the familiar properties of addition and multiplication (29)

Moreover,

∀α ∈ E \ {νE}, ∃α−1 ∈ E such that α⊗E α−1 = 1E (30)
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demonstrative of the self-contained, intrinsic completeness of our Energy Number Field without the
need to invoke a realm ’outside’ the system to justify its operational laws.

The Axiom of Choice, when viewed through the lens of E, offers a reconciliatory perspective:

∀ non-empty set A ∈ E, ∃ an energy equivalence that defines a choice function consistent within the entire continuum.
(31)

Such theoretical cohesion binds the elements of E to a metaphysical expression of energy that does
not fall into the paradoxes introduced by zero in the classical number systems.

The road ahead beckons for rigorous mathematical proofs and philosophical debates about the im-
plications of a ’zero-less’ mathematical universe. How energy is quantified, infinity is bounded, and
absence is denoted will require a shift in perspective — one that welcomes a depiction of reality where
’nothingness’ is but a concept, serving no representative purpose within the core lexicon of mathematics.

As we annex this conclusion, we’re prompted to deliberate the potential equations that could arise
from the furthered use of E in complex analysis, topology, or even quantum field theory. One might
consider how the notion of a limit, integral, or derivative evolves when traditional zero assumptions are
omitted. Indeed, does the function

f(α) = lim
ϵ→νE

α

ϵ
(32)

hold any significance, and can it be defined as α approaches the alternative additive identity of E?
In due course, our discourses must culminate in empirical validation within the physical sciences,

elevating these mathematical constructs from abstract speculation to concrete phenomena. It is in this
synthesis of theory and experiment that the true merit of our efforts will be realized — not merely by
the virtues of internal consistency but also by the unbiased adjudicator of universal truth: nature itself.
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