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____________________________
I have used a variety of 4  4 matrix factor pairs while using Helmholtzian operator factorizations

in analyzing fermion architecture and interactions; some commutative, others not.
The following is a generalization to a set of 4  4 associative-commutative
matrix factor pairs of general linear/differential operators to establish as

a baseline foundation to begin operating from.
Because the operators are associative-commutative,
the factors lend themselves to chaining - and thus, to

chaining of mesons, hadrons, and to chemical compound chaining -
amino acid chains, proteins, nucleic acids , and so on
Much is known, but MACLOF chains may provide a

mathematical foundation to chemical compound chaining
Note also, that since MACLOF factoring may be extended to higher dimensions,

so too MACLOF chaining, and resulting expansion of understanding.
____________________________

The Helmholtzian operator factorization is:
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Thus, this all may be considered a or a result of binary interaction.
(of a matter-anti-matter pair)

Note, firstly, the factorization operation is right-to-left

NOTE:
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form a four-dimmensional vector space closed under ordinary matrix multiplication.
(similar to the Pauli matrices without the i (but the first two are already equivalent to: 1, i)

And:
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Dirac facoring uses the 2x2 Pauli matrices: 1 
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along with the 2x2 identity matrix: 0 
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So:
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More generally, i & mi may be replaced with:
Multidimensional Associative-Commutative Linear Operator Factors:

Lij & ij with similar results, yet far reaching.
(In this case M  2 for dimension 22  4  MACLOFactorization)

definiton 1: Given: commutative-associative linear operators Lij & ij
and:
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DBm & DAn are called B-factors & A-factors, under indices m & n , respectively.

Theorem I.1: For commutative-associative linear operators Lij & ij
and:
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definiton 2: Given: commutative-associative linear operators Lij & ij
and: B-factors & A-factors: DBm & DAn , under indices m & n , respectively:
DBmDAn & DAnDBm are called BA-factorizations & AB-factorizations, respectively.

Corollary I.1.1: For commutative-associative linear operators Lij & ij
and:
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Proof:
This is merely a restatement of theorem I.1 with alternative subscripts (for convenience).



Corollary I.1.2: For commutative-associative linear operators Lij & ij
and:
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Proof:
Immediate from corollary I.1.1:   n &   m



Thus, DA,DB MACLOF chains may be written:
DAnDBmDADB or DBmDAnDBDA ;

generally, pairwise:
DAn1DBn1DAn2DBn2DAnMDBnM or DBm1DAm1DBm2DAm2DBmMDAmM

and may link end-to-end; such as figured here:

So, the following lemmas I.2 & 1.3 describe properties of the MACLOFs :

Lemma I.2.1.1-(BAc1r1): For linear/differential operators Lij & ij
and:
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Lemma I.2.1.2-(BAc1r2): For linear/differential operators Lij & ij
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L3mL0n  L0mL3n  L3m0n  3mL0n  L0m3n  0mL3n  3m0n  0m3n L1mL2n  L2mL1n  L1m

Ljm  Ljn :


L1nL2n  L2nL1n  L1n2n  1mL2n  L2n1n  2mL1n  1m2n  2m1n L3nL0n  L0nL3n  L3n0n 

L3nL0n  L0nL3n  L3n0n  3mL0n  L0n3n  0mL3n  3m0n  0m3n L1nL2n  L2nL1n  L1n2n


L1n2n  1mL2n  L2n1n  2mL1n  1m2n  2m1n L3n0n  3mL0n  L0n3n  0mL3n  3m0n  

L3n0n  3mL0n  L0n3n  0mL3n  3m0n  0m3n L1n2n  1mL2n  L2n1n  2mL1n  1m2n  

Ljm  Ljn are linear/differential & ij are constants:


L1nL2n  L2nL1n  2nL1n  2mL1n  1mL2n  1nL2n  1m2n  2m1n L3nL0n  L0nL3n  0nL3n 

L3nL0n  L0nL3n  0nL3n  0mL3n  3mL0n  3nL0n  3m0n  0m3n L1nL2n  L2nL1n  2nL1n


2n  2mL1n  1m  1nL2n  1m2n  2m1n 0n  0mL3n  3n  3mL0n  3m0n  0m3n

0n  0mL3n  3m  3nL0n  3m0n  0m3n 2n  2mL1n  1m  1nL2n  1m2n  2m1n
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Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1mL2n  L2mL1n  2mL1n  1mL2n  L1m2n  L2m1n   1m2n  2m1n  L3mL0n  L0mL3n 

L3mL0n  L0mL3n  3mL0n  0mL3n  L3m0n  L0m3n   3m0n  0m3n L1mL2n  L2mL1n 



Lemma I.2.1.3-(BAc1r3): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D2m
D0n

  D1m
D3n

  D0mD2n
  D3mD1n

 
L1mL3n  L3mL1n  L1m3n  1mL3n  L3m1n  3mL1n  1m3n  3m1n L2mL0n  L0mL2n  L2m0

L2mL0n  L0mL2n  L2m0n  2mL0n  L0m2n  0mL2n  2m0n  0m2n L1mL3n  L3mL1n  L1m3

Ljm  Ljn :


L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m1n L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m

L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m2n L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m

Ljm  Ljn are linear/differential & ij are constants:


3m  3nL1n  1m  1nL3n  1m3n  3m1n L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m2n

2n  2mL0n  0n  0mL2n  2m0n  0m2n L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m1n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1mL3n  L3mL1n  1mL3n  3mL1n  L1m3n  L3m1n  1m3n  3m1n L2mL0n  L0mL2n  2m

L2mL0n  L0mL2n  2mL0n  0mL2n  L2m0n  L0m2n  2m0n  0m2n L1mL3n  L3mL1n  1m

Proof:

D2m
D0n

  D1m
D3n

  D0mD2n
  D3mD1n

  
0 L2m  2m

L2m  2m 0

L0n  0n 0

0 L0n  0n


0 L1m  1m

L1m  1m 0


L1m  1mL3n  3n  L3m  3mL1n  1n L2m  2mL0n  0n  L0m  0mL2n  2n

L2m  2mL0n  0n  L0m  0mL2n  2n L1m  1mL3n  3n  L3m  3mL1n  1n


L1mL3n  3n  1mL3n  3n  L3mL1n  1n  3mL1n  1n L2mL0n  0n  2mL0n  0n  L

L2mL0n  0n  2mL0n  0n  L0mL2n  2n  0mL2n  2n L1mL3n  3n  1mL3n  3n  L


L1mL3n  L1m3n  1mL3n  1m3n  L3mL1n  L3m1n  3mL1n  3m1n L2mL0n  L2m0n  2mL0n  2

L2mL0n  L2m0n  2mL0n  2m0n  L0mL2n  L0m2n  0mL2n  0m2n L1mL3n  L1m3n  1mL3n  1


L1mL3n  L3mL1n  L1m3n  1mL3n  L3m1n  3mL1n  1m3n  3m1n L2mL0n  L0mL2n  L2m

L2mL0n  L0mL2n  L2m0n  2mL0n  L0m2n  0mL2n  2m0n  0m2n L1mL3n  L3mL1n  L1m

Ljm  Ljn :


L1nL3n  L3nL1n  L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m1n L2nL0n  L0nL2n  L2n0n 

L2nL0n  L0nL2n  L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m2n L1nL3n  L3nL1n  L1n3n 


L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m1n L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m

L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m2n L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m

Ljm  Ljn are linear/differential & ij are constants:


3m  3nL1n  1m  1nL3n  1m3n  3m1n L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m2n

2n  2mL0n  0n  0mL2n  2m0n  0m2n L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m1n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1mL3n  L3mL1n  1mL3n  3mL1n  L1m3n  L3m1n  1m3n  3m1n L2mL0n  L0mL2n  2m

L2mL0n  L0mL2n  2mL0n  0mL2n  L2m0n  L0m2n  2m0n  0m2n L1mL3n  L3mL1n  1m



Lemma I.2.1.4-(BAc1r4): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij
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Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D1m
 D0n

  D2m
 D3n

  D3m
 D2n

  D0m
 D1n

 
L1mL0n

  L0m L1n
  L1m0n

  1m L0n
  L0m1n

  0m L1n
  1m0n

  0m1n
  L2m L3n

  L3mL2n
  L2

L2mL3n
  L3mL2n

   L2m3n
  2m L3n

  L3m2n
  3m L2n

  2m3n  3m2n
  L1mL0n

  L0m1n
   L1m

Ljm  Ljn :


L1n0n

  1m L0n
  L0n1n

  0m L1n
  1m0n

  0m1n
  L2n3n

  2m L3n
  L3n2n

  3m L2n
  2m3n 

L2n3n
  2m L3n

  L3n2n
  3m L2n

  2m3n  3m2n
  L1n0n

  1mL0n
  L0n1n

  0m L1n
  1m0n

 

Ljm  Ljn are linear/differential & ij are constants:


1n

  1m L0n
  0m  0n

 L1n  1m0n
  0m1n

  3n
  3m L2n

  2m  2n
 L3n  2m3n 

3m  3n
 L2n  2n

  2m L3n
  2m3n  3m2n

  1m  1n
 L0n  0n

  0m L1n
  1m0n

  

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1mL0n

  L0m L1n
  1m L0n

  0m L1n
  L1m0n

  L0m1n
  1m0n

  0m1n
  L2m L3n

  L3mL2n
  

L2mL3n
  L3mL2n

   2m L3n
  3m L2n

  L2m3n
  L3m2n

  2m3n
  3m2n

  L1mL0n
  L0mL1n

   1

Proof:

D1m
 D0n

  D2m
 D3n

  D3m
 D2n

  D0m
 D1n

 
D1m 0

0 D1m


D0n
 0

0 D0n



D2m

 0

0 D2m


0 D3n


D3n
 0


D3m

 0

0 D3m



D1mD0n

  D0m
 D1n

 D2m
 D3n

  D3m
 D2n



D2m
 D3n

  D3m
 D2n

 D1m
 D0n

  D0m
 D1n




L1m  1m L0n

  0n
   L0m  0m L1n

  1n
  L2m  2m L3n

  3n
   L3m  3m L2n

  2n
 

L2m  2m L3n
  3n

   L3m  3m L2n
  2n

  L1m  1m L0n
  0n

   L0m  0m L1n
  1n

 


L1mL0n

  L0m L1n
  L1m0n

  1m L0n
  L0m1n

  0m L1n
  1m0n

  0m1n
  L2m L3n

  L3mL2n
  L

L2mL3n
  L3mL2n

   L2m3n
  2m L3n

  L3m2n
  3m L2n

  2m3n  3m2n
  L1mL0n

  L0mL1n
   L

Ljm  Ljn :


L1n0n

  1m L0n
  L0n1n

  0m L1n
  1m0n

  0m1n
  L2n3n

  2m L3n
  L3n2n

  3m L2n
  2m3n 

L2n3n
  2m L3n

  L3n2n
  3m L2n

  2m3n  3m2n
  L1n0n

  1mL0n
  L0n1n

  0m L1n
  1m0n

 

Ljm  Ljn are linear/differential & ij are constants:


1n

  1m L0n
  0m  0n

 L1n  1m0n
  0m1n

  3n
  3m L2n

  2m  2n
 L3n  2m3n 

3m  3n
 L2n  2n

  2m L3n
  2m3n  3m2n

  1m  1n
 L0n  0n

  0m L1n
  1m0n

  

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1mL0n

  L0m L1n
  1m L0n

  0m L1n
  L1m0n

  L0m1n
  1m0n

  0m1n
  L2m L3n

  L3mL2n
  

L2mL3n
  L3mL2n

   2m L3n
  3m L2n

  L2m3n
  L3m2n

  2m3n
  3m2n

  L1mL0n
  L0mL1n

   1



Lemma I.2.2.1-(BAc2r1): For linear/differential operators Lij & ij

and:
Dij

  Lij  ij , Dij
  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D0mD3n
  D3m

D0n
  D2m

D1n
  D1mD2n

 
L2mL1n  L1mL2n  L2m1n  2mL1n  L1m2n  1mL2n  2m1n  1m2n L0mL3n  L3mL0n  L0m3n

L0mL3n  L3mL0n  L0m3n  0mL3n  L3m0n  3mL0n  0m3n  3m0n L2mL1n  L1mL2n  L2m1

Ljm  Ljn :


L2n1n  2mL1n  L1n2n  1mL2n  2m1n  1m2n L0n3n  0mL3n  L3n0n  3mL0n  0m3n  

L0n3n  0mL3n  L3n0n  3mL0n  0m3n  3m0n L2n1n  2mL1n  L1n2n  1mL2n  2m1n  

Ljm  Ljn are linear/differential & ij are constants:


2m  2nL1n  1m  1nL2n  2m1n  1m2n 3m  3nL0n  0m  0nL3n  0m3n  3m0n

3n  3mL0n  0n  0mL3n  0m3n  3m0n 2n  2mL1n  1n  1mL2n  2m1n  1m2n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :
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0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2mL1n  L1mL2n  2mL1n  1mL2n  L2m1n  L1m2n  2m1n  1m2n L0mL3n  L3mL0n  0mL

L0mL3n  L3mL0n  0mL3n  3mL0n  L0m3n  L3m0n  0m3n  3m0n L2mL1n  L1mL2n  2mL

Proof:

D0mD3n
  D3m

D0n
  D2m

D1n
  D1mD2n

 
D0m

 0

0 D0m


0 D3n


D3n
 0


0 D3m



D3m
 0

D0n
 0

0 D0n



0 D2m



D2m
 0


D2m

 D1n
  D1m

 D2n
 D0m

 D3n
  D3m

 D0n


D0m
 D3n

  D3m
 D0n

 D2m
 D1n

  D1m
 D2n




L2m  2mL1n  1n  L1m  1mL2n  2n L0m  0mL3n  3n  L3m  3mL0n  0n

L0m  0mL3n  3n  L3m  3mL0n  0n L2m  2mL1n  1n  L1m  1mL2n  2n


L2mL1n  L1mL2n  L2m1n  2mL1n  L1m2n  1mL2n  2m1n  1m2n L0mL3n  L3mL0n  L0m

L0mL3n  L3mL0n  L0m3n  0mL3n  L3m0n  3mL0n  0m3n  3m0n L2mL1n  L1mL2n  L2m

Ljm  Ljn :


L2n1n  2mL1n  L1n2n  1mL2n  2m1n  1m2n L0n3n  0mL3n  L3n0n  3mL0n  0m3n  

L0n3n  0mL3n  L3n0n  3mL0n  0m3n  3m0n L2n1n  2mL1n  L1n2n  1mL2n  2m1n  

Ljm  Ljn are linear/differential & ij are constants:


2m  2nL1n  1m  1nL2n  2m1n  1m2n 3m  3nL0n  0m  0nL3n  0m3n  3m0n

3n  3mL0n  0n  0mL3n  0m3n  3m0n 2n  2mL1n  1n  1mL2n  2m1n  1m2n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2mL1n  L1mL2n  2mL1n  1mL2n  L2m1n  L1m2n  2m1n  1m2n L0mL3n  L3mL0n  0mL

L0mL3n  L3mL0n  0mL3n  3mL0n  L0m3n  L3m0n  0m3n  3m0n L2mL1n  L1mL2n  2mL



Lemma I.2.2.2-(BAc2r2): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D3m
D3n

  D0mD0n
  D1m

D1n
  D2mD2n

 
L3mL3n  L0mL0n  L1mL1n  L2mL2n  L3m3n  3mL3n  L0m0n  0mL0n  L1m1n  1mL1n  L2m2n  2m

0

Ljm  Ljn :


L3nL3n  L0nL0n  L1nL1n  L2nL2n  L3n3n  3mL3n  L0n0n  0mL0n  L1n1n  1mL1n  L2n2n  2mL

0

Ljm  Ljn are linear/differential & ij are constants:


L3nL3n  L0nL0n  L1nL1n  L2nL2n  3n  3mL3n  0m  0nL0n  1n  1mL1n  2m  2nL2n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L3nL3n  L0nL0n  L1nL1n  L2nL2n  3n3n  0n0n  1n1n  2n2n

0 L3nL3n  L0nL0n  L1nL1n  L2nL

Ljn are functions or differential operators & ij are non-constant functions:


L3mL3n  L0mL0n  L1mL1n  L2mL2n  3mL3n  0mL0n  1mL1n  2mL2n  L3m3n  L0m0n  L1m1

0

Proof:

D3m
D3n

  D0mD0n
  D1m

D1n
  D2mD2n

 
0 D3m



D3m
 0

0 D3n


D3n
 0


D0m

 0

0 D0m


D0n
 0

0 D0n



0 D1m



D1m
 0


D3m

 D3n
  D0m

 D0n
  D1m

 D1n
  D2m

 D2n
 0

0 D3m
 D3n

  D0m
 D0n

  D1m
 D1n

  D2m
 D2n




L3m  3mL3n  3n  L0m  0mL0n  0n  L1m  1mL1n  1n  L2m  2mL2n  2n

0 L3m 


L3mL3n  L3m3n  3mL3n  3m3n  L0mL0n  L0m0n  0mL0n  0m0n  L1mL1n  L1m1n  1mL1n  1m1n

0
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L3mL3n  L0mL0n  L1mL1n  L2mL2n  L3m3n  3mL3n  L0m0n  0mL0n  L1m1n  1mL1n  L2m2n  2

0

Ljm  Ljn :


L3nL3n  L0nL0n  L1nL1n  L2nL2n  L3n3n  3mL3n  L0n0n  0mL0n  L1n1n  1mL1n  L2n2n  2mL

0

Ljm  Ljn are linear/differential & ij are constants:


L3nL3n  L0nL0n  L1nL1n  L2nL2n  3n  3mL3n  0m  0nL0n  1n  1mL1n  2m  2nL2n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L3nL3n  L0nL0n  L1nL1n  L2nL2n  3n3n  0n0n  1n1n  2n2n

0 L3nL3n  L0nL0n  L1nL1n  L2nL

Ljn are functions or differential operators & ij are non-constant functions:


L3mL3n  L0mL0n  L1mL1n  L2mL2n  3mL3n  0mL0n  1mL1n  2mL2n  L3m3n  L0m0n  L1m1

0



Lemma I.2.2.3-(BAc2r3): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D2m
D3n

  D1m
D0n

  D0mD1n
  D3mD2n

 
L2mL3n  L3mL2n  L2m3n  2mL3n  L3m2n  3mL2n  2m3n  3m2n L1mL0n  L0mL1n  L1m

L1mL0n  L0mL1n  L1m0n  1mL0n  L0m1n  0mL1n  1m0n  0m1n L2mL3n  L3mL2n  L2m

Ljm  Ljn are linear/differential & ij are constants:


3m  3nL2n  2m  2nL3n  2m3n  3m2n 1n  1mL0n  0n  0mL1n  1m0n  0m

1m  1nL0n  0m  0nL1n  1m0n  0m1n 3n  3mL2n  2n  2mL3n  2m3n  3m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2mL3n  L3mL2n  2mL3n  3mL2n  L2m3n  L3m2n  2m3n  3m2n L1mL0n  L0mL1n  1mL

L1mL0n  L0mL1n  1mL0n  0mL1n  L1m0n  L0m1n  1m0n  0m1n L2mL3n  L3mL2n  2mL

Proof:

D2m
D3n

  D1m
D0n

  D0mD1n
  D3mD2n

  
0 D2m



D2m
 0

0 D3n


D3n
 0


0 D1m



D1m
 0

D0n
 0

0 D0n



D0m

 0

0 D0m



D2m

 D3n
  D3m

 D2n
 D1m

 D0n
  D0m

 D1n


D1m
 D0n

  D0m
 D1n

 D2m
 D3n

  D3m
 D2n




L2m  2mL3n  3n  L3m  3mL2n  2n L1m  1mL0n  0n  L0m  0mL1n  1n

L1m  1mL0n  0n  L0m  0mL1n  1n L2m  2mL3n  3n  L3m  3mL2n  2n


L2mL3n  3n  2mL3n  3n  L3mL2n  2n  3mL2n  2n L1mL0n  0n  1mL0n  0n  L0m

L1mL0n  0n  1mL0n  0n  L0mL1n  1n  0mL1n  1n L2mL3n  3n  2mL3n  3n  L3m


L2mL3n  L2m3n  2mL3n  2m3n  L3mL2n  L3m2n  3mL2n  3m2n L1mL0n  L1m0n  1mL0n  1m

L1mL0n  L1m0n  1mL0n  1m0n  L0mL1n  L0m1n  0mL1n  0m1n L2mL3n  L2m3n  2mL3n  2m


L2mL3n  L3mL2n  L2m3n  2mL3n  L3m2n  3mL2n  2m3n  3m2n L1mL0n  L0mL1n  L1m

L1mL0n  L0mL1n  L1m0n  1mL0n  L0m1n  0mL1n  1m0n  0m1n L2mL3n  L3mL2n  L2m

Ljm  Ljn :


L2nL3n  L3nL2n  L2n3n  2mL3n  L3n2n  3mL2n  2m3n  3m2n L1nL0n  L0nL1n  L1n0n 

L1nL0n  L0nL1n  L1n0n  1mL0n  L0n1n  0mL1n  1m0n  0m1n L2nL3n  L3nL2n  L2n3n


L2n3n  2mL3n  L3n2n  3mL2n  2m3n  3m2n L1n0n  1mL0n  L0n1n  0mL1n  1m0n  

L1n0n  1mL0n  L0n1n  0mL1n  1m0n  0m1n L2n3n  2mL3n  L3n2n  3mL2n  2m3n  

Ljm  Ljn are linear/differential & ij are constants:


3m  3nL2n  2m  2nL3n  2m3n  3m2n 1n  1mL0n  0n  0mL1n  1m0n  0m

1m  1nL0n  0m  0nL1n  1m0n  0m1n 3n  3mL2n  2n  2mL3n  2m3n  3m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0
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Ljn are functions or differential operators & ij are non-constant functions:


L2mL3n  L3mL2n  2mL3n  3mL2n  L2m3n  L3m2n  2m3n  3m2n L1mL0n  L0mL1n  1mL

L1mL0n  L0mL1n  1mL0n  0mL1n  L1m0n  L0m1n  1m0n  0m1n L2mL3n  L3mL2n  2mL



Lemma I.2.2.4-(BAc2r4): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D1m
 D3n

  D2m
 D0n

  D3m
 D1n

  D0m
 D2n

 
L2mL0n  L0mL2n  L2m0n  2mL0n  L0m2n  0mL2n  2m0n  0m2n L1mL3n  L3mL1n  L1m3n  

L1mL3n  L3mL1n  L1m3n  1mL3n  L3m1n  3mL1n  1m3n  3m1n L2mL0n  L0mL2n  L2m0n  

Ljm  Ljn :


L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m2n L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m

L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m1n L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m

Ljm  Ljn are linear/differential & ij are constants:


2n  2mL0n  0m  0nL2n  2m0n  0m2n 3m  3nL1n  1n  1mL3n  1m3n  3m1n

3n  3mL1n  1m  1nL3n  1m3n  3m1n 2m  2nL0n  0n  0mL2n  2m0n  0m2n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2mL0n  L0mL2n  2mL0n  0mL2n  L2m0n  L0m2n  2m0n  0m2n L1mL3n  L3mL1n  1mL3n

L1mL3n  L3mL1n  1mL3n  3mL1n  L1m3n  L3m1n  1m3n  3m1n L2mL0n  L0mL2n  2mL0n

Proof:

D1m
 D3n

  D2m
 D0n

  D3m
 D1n

  D0m
 D2n

 
D1m

 0

0 D1m


0 D3n


D3n
 0


D2m

 0

0 D2m


D0n
 0

0 D0n



D3m

 0

0 D3m



D2m

 D0n
  D0m

 D2n
 D1m

 D3n
  D3m

 D1n


D1m
 D3n

  D3m
 D1n

 D2m
 D0n

  D0m
 D2n




L2m  2mL0n  0n  L0m  0mL2n  2n L1m  1mL3n  3n  L3m  3mL1n  1n

L1m  1mL3n  3n  L3m  3mL1n  1n L2m  2mL0n  0n  L0m  0mL2n  2n


L2mL0n  0n  2mL0n  0n  L0mL2n  2n  0mL2n  2n L1mL3n  3n  1mL3n  3n  L3mL

L1mL3n  3n  1mL3n  3n  L3mL1n  1n  3mL1n  1n L2mL0n  0n  2mL0n  0n  L0mL


L2mL0n  L2m0n  2mL0n  2m0n  L0mL2n  L0m2n  0mL2n  0m2n L1mL3n  L1m3n  1mL3n  1m3n

L1mL3n  L1m3n  1mL3n  1m3n  L3mL1n  L3m1n  3mL1n  3m1n L2mL0n  L2m0n  2mL0n  2m0n


L2mL0n  L0mL2n  L2m0n  2mL0n  L0m2n  0mL2n  2m0n  0m2n L1mL3n  L3mL1n  L1m3n 

L1mL3n  L3mL1n  L1m3n  1mL3n  L3m1n  3mL1n  1m3n  3m1n L2mL0n  L0mL2n  L2m0n 

Ljm  Ljn :


L2nL0n  L0nL2n  L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m2n L1nL3n  L3nL1n  L1n3n  1

L1nL3n  L3nL1n  L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m1n L2nL0n  L0nL2n  L2n0n  2


L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m2n L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m

L1n3n  1mL3n  L3n1n  3mL1n  1m3n  3m1n L2n0n  2mL0n  L0n2n  0mL2n  2m0n  0m

Ljm  Ljn are linear/differential & ij are constants:


2n  2mL0n  0m  0nL2n  2m0n  0m2n 3m  3nL1n  1n  1mL3n  1m3n  3m1n

3n  3mL1n  1m  1nL3n  1m3n  3m1n 2m  2nL0n  0n  0mL2n  2m0n  0m2n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2mL0n  L0mL2n  2mL0n  0mL2n  L2m0n  L0m2n  2m0n  0m2n L1mL3n  L3mL1n  1mL3n

L1mL3n  L3mL1n  1mL3n  3mL1n  L1m3n  L3m1n  1m3n  3m1n L2mL0n  L0mL2n  2mL0n



Lemma I.2.3.1-(BAc3r1): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij
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Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D0mD2n
  D3m

D1n
  D2m

D0n
  D1mD3n

 
L3mL1n  L1mL3n  L3m1n  3mL1n  L1m3n  1mL3n  3m1n  1m3n L0mL2n  L2mL0n  L0m2

L0mL2n  L2mL0n  L0m2n  0mL2n  L2m0n  2mL0n  0m2n  2m0n L3mL1n  L1mL3n  L3m1

Ljm  Ljn :


L3n1n  3mL1n  L1n3n  1mL3n  3m1n  1m3n L0n2n  0mL2n  L2n0n  2mL0n  0m2n  2m

L0n2n  0mL2n  L2n0n  2mL0n  0m2n  2m0n L3n1n  3mL1n  L1n3n  1mL3n  3m1n  1m

Ljm  Ljn are linear/differential & ij are constants:


3m  3nL1n  1m  1nL3n  3m1n  1m3n 2n  2mL0n  0n  0mL2n  0m2n  2m0n

2m  2nL0n  0m  0nL2n  0m2n  2m0n 3n  3mL1n  1n  1mL3n  3m1n  1m3n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3mL1n  L1mL3n  3mL1n  1mL3n  L3m1n  L1m3n  3m1n  1m3n L0mL2n  L2mL0n  0mL

L0mL2n  L2mL0n  0mL2n  2mL0n  L0m2n  L2m0n  0m2n  2m0n L3mL1n  L1mL3n  3mL

Proof:

D0mD2n
  D3m

D1n
  D2m

D0n
  D1mD3n

  
D0m

 0

0 D0m


0 D2n


D2n
 0


0 D3m



D3m
 0

0 D1n


D1n
 0


0 D2m



D2m
 0


D3m

 D1n
  D1m

 D3n
 D0m

 D2n
  D2m

 D0n


D0m
 D2n

  D2m
 D0n

 D3m
 D1n

  D1m
 D3n




L3m  3mL1n  1n  L1m  1mL3n  3n L0m  0mL2n  2n  L2m  2mL0n  0n

L0m  0mL2n  2n  L2m  2mL0n  0n L3m  3mL1n  1n  L1m  1mL3n  3n


L3mL1n  1n  3mL1n  1n  L1mL3n  3n  1mL3n  3n L0mL2n  2n  0mL2n  2n  L2m

L0mL2n  2n  0mL2n  2n  L2mL0n  0n  2mL0n  0n L3mL1n  1n  3mL1n  1n  L1m


L3mL1n  L3m1n  3mL1n  3m1n  L1mL3n  L1m3n  1mL3n  1m3n L0mL2n  L0m2n  0mL2n  0m

L0mL2n  L0m2n  0mL2n  0m2n  L2mL0n  L2m0n  2mL0n  2m0n L3mL1n  L3m1n  3mL1n  3m


L3mL1n  L1mL3n  L3m1n  3mL1n  L1m3n  1mL3n  3m1n  1m3n L0mL2n  L2mL0n  L0m2

L0mL2n  L2mL0n  L0m2n  0mL2n  L2m0n  2mL0n  0m2n  2m0n L3mL1n  L1mL3n  L3m1

Ljm  Ljn :


L3nL1n  L1nL3n  L3n1n  3mL1n  L1n3n  1mL3n  3m1n  1m3n L0nL2n  L2nL0n  L0n2n 

L0nL2n  L2nL0n  L0n2n  0mL2n  L2n0n  2mL0n  0m2n  2m0n L3nL1n  L1nL3n  L3n1n 


L3n1n  3mL1n  L1n3n  1mL3n  3m1n  1m3n L0n2n  0mL2n  L2n0n  2mL0n  0m2n  2m

L0n2n  0mL2n  L2n0n  2mL0n  0m2n  2m0n L3n1n  3mL1n  L1n3n  1mL3n  3m1n  1m

Ljm  Ljn are linear/differential & ij are constants:


3m  3nL1n  1m  1nL3n  3m1n  1m3n 2n  2mL0n  0n  0mL2n  0m2n  2m0n

2m  2nL0n  0m  0nL2n  0m2n  2m0n 3n  3mL1n  1n  1mL3n  3m1n  1m3n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3mL1n  L1mL3n  3mL1n  1mL3n  L3m1n  L1m3n  3m1n  1m3n L0mL2n  L2mL0n  0mL

L0mL2n  L2mL0n  0mL2n  2mL0n  L0m2n  L2m0n  0m2n  2m0n L3mL1n  L1mL3n  3mL



Lemma I.2.3.2-(BAc3r2): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D3m
D2n

  D0mD1n
  D1m

D0n
  D2mD3n

 
L3mL2n  L2mL3n  L3m2n  3mL2n  L2m3n  2mL3n  3m2n  2m3n L0mL1n  L1mL0n  L0m

L0mL1n  L1mL0n  L0m1n  0mL1n  L1m0n  1mL0n  0m1n  1m0n L3mL2n  L2mL3n  L3m

Ljm  Ljn :


L3n2n  3mL2n  L2n3n  2mL3n  3m2n  2m3n L0n1n  0mL1n  L1n0n  1mL0n  0m1n  

L0n1n  0mL1n  L1n0n  1mL0n  0m1n  1m0n L3n2n  3mL2n  L2n3n  2mL3n  3m2n  
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Ljm  Ljn are linear/differential & ij are constants:


3m  3nL2n  2m  2nL3n  3m2n  2m3n 1m  1nL0n  0m  0nL1n  0m1n  1m0n

1n  1mL0n  0n  0mL1n  0m1n  1m0n 2n  3mL2n  3n  2mL3n  3m2n  2m3n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3mL2n  L2mL3n  3mL2n  2mL3n  L3m2n  L2m3n  3m2n  2m3n L0mL1n  L1mL0n  0mL

L0mL1n  L1mL0n  0mL1n  1mL0n  L0m1n  L1m0n  0m1n  1m0n L3mL2n  L2mL3n  3mL

Proof:

D3m
D2n

  D0mD1n
  D1m

D0n
  D2mD3n

  
0 D3m



D3m
 0

0 D2n


D2n
 0


D0m

 0

0 D0m


0 D1n


D1n
 0


0 D1m



D1m
 0


D3m

 D2n
  D2m

 D3n
 D0m

 D1n
  D1m

 D0n


D0m
 D1n

  D1m
 D0n

 D3m
 D2n

  D2m
 D3n




L3m  3mL2n  2n  L2m  2mL3n  3n L0m  0mL1n  1n  L1m  1mL0n  0n

L0m  0mL1n  1n  L1m  1mL0n  0n L3m  3mL2n  2n  L2m  2mL3n  3n


L3mL2n  2n  3mL2n  2n  L2mL3n  3n  2mL3n  3n L0mL1n  1n  0mL1n  1n  L1m

L0mL1n  1n  0mL1n  1n  L1mL0n  0n  1mL0n  0n L3mL2n  2n  3mL2n  2n  L2m


L3mL2n  L3m2n  3mL2n  3m2n  L2mL3n  L2m3n  2mL3n  2m3n L0mL1n  L0m1n  0mL1n  0m

L0mL1n  L0m1n  0mL1n  0m1n  L1mL0n  L1m0n  1mL0n  1m0n L3mL2n  L3m2n  3mL2n  3m


L3mL2n  L2mL3n  L3m2n  3mL2n  L2m3n  2mL3n  3m2n  2m3n L0mL1n  L1mL0n  L0m

L0mL1n  L1mL0n  L0m1n  0mL1n  L1m0n  1mL0n  0m1n  1m0n L3mL2n  L2mL3n  L3m

Ljm  Ljn :


L3nL2n  L2nL3n  L3n2n  3mL2n  L2n3n  2mL3n  3m2n  2m3n L0nL1n  L1nL0n  L0n1n 

L0nL1n  L1nL0n  L0n1n  0mL1n  L1n0n  1mL0n  0m1n  1m0n L3nL2n  L2nL3n  L3n2n


L3n2n  3mL2n  L2n3n  2mL3n  3m2n  2m3n L0n1n  0mL1n  L1n0n  1mL0n  0m1n  

L0n1n  0mL1n  L1n0n  1mL0n  0m1n  1m0n L3n2n  3mL2n  L2n3n  2mL3n  3m2n  

Ljm  Ljn are linear/differential & ij are constants:


3m  3nL2n  2m  2nL3n  3m2n  2m3n 1m  1nL0n  0m  0nL1n  0m1n  1m0n

1n  1mL0n  0n  0mL1n  0m1n  1m0n 2n  3mL2n  3n  2mL3n  3m2n  2m3n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3mL2n  L2mL3n  3mL2n  2mL3n  L3m2n  L2m3n  3m2n  2m3n L0mL1n  L1mL0n  0mL

L0mL1n  L1mL0n  0mL1n  1mL0n  L0m1n  L1m0n  0m1n  1m0n L3mL2n  L2mL3n  3mL



Lemma I.2.3.3-(BAc3r3): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D2m
D2n

  D1m
D1n

  D0mD0n
  D3mD3n

 
L2mL2n  L1mL1n  L0mL0n  L3mL3n  L2m2n  2mL2n  L1m1n  1mL1n  L0m0n  0mL0n  L3m3n  3m

0

Ljm  Ljn :


L2nL2n  L1nL1n  L0nL0n  L3nL3n  L2n2n  2mL2n  L1n1n  1mL1n  L0n0n  0mL0n  L3n3n  3mL

0

Ljm  Ljn are linear/differential & ij are constants:


L2nL2n  L1nL1n  L0nL0n  L3nL3n  2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L2nL2n  L1nL1n  L0nL0n  L3nL3n  2n2n  1n1n  0n0n  3n3n

0 L2nL2n  L1nL1n  L0nL0n  L3nL

Ljn are functions or differential operators & ij are non-constant functions:
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L2mL2n  L1mL1n  L0mL0n  L3mL3n  2mL2n  1mL1n  0mL0n  3mL3n  L2m2n  L1m1n  L0m0n

0

Proof:

D2m
D2n

  D1m
D1n

  D0mD0n
  D3mD3n

 
0 D2m



D2m
 0

0 D2n


D2n
 0


0 D1m



D1m
 0

0 D1n


D1n
 0


D0m

 0

0 D0m



D2m

 D2n
  D1m

 D1n
  D0m

 D0n
  D3m

 D3n
 0

0 D2m
 D2n

  D1m
 D1n

  D0m
 D0n

  D3m
 D3n




L2m  2mL2n  2n  L1m  1mL1n  1n  L0m  0mL0n  0n  L3m  3mL3n  3n

0 L2m 


L2mL2n  2n  2mL2n  2n  L1mL1n  1n  1mL1n  1n  L0mL0n  0n  0mL0n  0n  L3m

0


L2mL2n  L2m2n  2mL2n  2m2n  L1mL1n  L1m1n  1mL1n  1m1n  L0mL0n  L0m0n  0mL0n  0m0n

0


L2mL2n  L1mL1n  L0mL0n  L3mL3n  L2m2n  2mL2n  L1m1n  1mL1n  L0m0n  0mL0n  L3m3n  3

0

Ljm  Ljn :


L2nL2n  L1nL1n  L0nL0n  L3nL3n  L2n2n  2mL2n  L1n1n  1mL1n  L0n0n  0mL0n  L3n3n  3mL

0

Ljm  Ljn are linear/differential & ij are constants:


L2nL2n  L1nL1n  L0nL0n  L3nL3n  2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L2nL2n  L1nL1n  L0nL0n  L3nL3n  2n2n  1n1n  0n0n  3n3n

0 L2nL2n  L1nL1n  L0nL0n  L3nL

Ljn are functions or differential operators & ij are non-constant functions:


L2mL2n  L1mL1n  L0mL0n  L3mL3n  2mL2n  1mL1n  0mL0n  3mL3n  L2m2n  L1m1n  L0m0n

0



Lemma I.2.3.4-(BAc3r4): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D1m
 D2n

  D2m
 D1n

  D3m
 D0n

  D0m
 D3n

 
L3mL0n  L0mL3n  L3m0n  3mL0n  L0m3n  0mL3n  3m0n  0m3n L1mL2n  L2mL1n  L1m

L1mL2n  L2mL1n  L1m2n  1mL2n  L2m1n  2mL1n  1m2n  2m1n L3mL0n  L0mL3n  L3m

Ljm  Ljn :


L3nL0n  L0nL3n  L3n0n  3mL0n  L0n3n  0mL3n  3m0n  0m3n L1nL2n  L2nL1n  L1n2n

L1nL2n  L2nL1n  L1n2n  1mL2n  L2n1n  2mL1n  1m2n  2m1n L3nL0n  L0nL3n  L3n0n 


L3n0n  3mL0n  L0n3n  0mL3n  3m0n  0m3n L1n2n  1mL2n  L2n1n  2mL1n  1m2n  

L1n2n  1mL2n  L2n1n  2mL1n  1m2n  2m1n L3n0n  3mL0n  L0n3n  0mL3n  3m0n  

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL0n  0m  0nL3n  3m0n  0m3n 2n  2mL1n  1m  1nL2n  1m2n  2m1n

2m  2nL1n  1n  1mL2n  1m2n  2m1n 3m  3nL0n  0n  0mL3n  3m0n  0m3n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3mL0n  L0mL3n  3mL0n  0mL3n  L3m0n  L0m3n  3m0n  0m3n L1mL2n  L2mL1n  1mL

L1mL2n  L2mL1n  1mL2n  2mL1n  L1m2n  L2m1n  1m2n  2m1n L3mL0n  L0mL3n  3mL

Proof:

D1m
 D2n

  D2m
 D1n

  D3m
 D0n

  D0m
 D3n

  
D1m

 0

0 D1m


0 D2n


D2n
 0


D2m

 0

0 D2m


0 D1n


D1n
 0


D3m

 0

0 D3m



D3m

 D0n
  D0m

 D3n
 D1m

 D2n
  D2m

 D1n


D1m
 D2n

  D2m
 D1n

 D3m
 D0n

  D0m
 D3n
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L3mL0n  L3m0n  3mL0n  3m0n  L0mL3n  L0m3n  0mL3n  0m3n L1mL2n  L1m2n  1mL2n  1m

L1mL2n  L1m2n  1mL2n  1m2n  L2mL1n  L2m1n  2mL1n  2m1n L3mL0n  L3m0n  3mL0n  3m


L3mL0n  L0mL3n  L3m0n  3mL0n  L0m3n  0mL3n  3m0n  0m3n L1mL2n  L2mL1n  L1m

L1mL2n  L2mL1n  L1m2n  1mL2n  L2m1n  2mL1n  1m2n  2m1n L3mL0n  L0mL3n  L3m

Ljm  Ljn :


L3nL0n  L0nL3n  L3n0n  3mL0n  L0n3n  0mL3n  3m0n  0m3n L1nL2n  L2nL1n  L1n2n

L1nL2n  L2nL1n  L1n2n  1mL2n  L2n1n  2mL1n  1m2n  2m1n L3nL0n  L0nL3n  L3n0n 


L3n0n  3mL0n  L0n3n  0mL3n  3m0n  0m3n L1n2n  1mL2n  L2n1n  2mL1n  1m2n  

L1n2n  1mL2n  L2n1n  2mL1n  1m2n  2m1n L3n0n  3mL0n  L0n3n  0mL3n  3m0n  

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL0n  0m  0nL3n  3m0n  0m3n 2n  2mL1n  1m  1nL2n  1m2n  2m1n

2m  2nL1n  1n  1mL2n  1m2n  2m1n 3m  3nL0n  0n  0mL3n  3m0n  0m3n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3mL0n  L0mL3n  3mL0n  0mL3n  L3m0n  L0m3n  3m0n  0m3n L1mL2n  L2mL1n  1mL

L1mL2n  L2mL1n  1mL2n  2mL1n  L1m2n  L2m1n  1m2n  2m1n L3mL0n  L0mL3n  3mL



Lemma I.2.4.1-(BAc4r1): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D0mD1n  D3m
D2n  D2m

D3n  D1mD0n 
L0mL1n  L1mL0n  L0m1n  0mL1n  1mL0n  L1m0n  0m1n  1m0n L3mL2n  L2mL3n  L3m2n

L3mL2n  L2mL3n  L3m2n  3mL2n  2mL3n  L2m3n  3m2n  2m3n L0mL1n  L1mL0n  L0m1n 

Ljm  Ljn :


L0n1n  0mL1n  1mL0n  L1n0n  0m1n  1m0n L3n2n  3mL2n  L2n3n  2mL3n  3m2n  

L3n2n  3mL2n  2mL3n  L2n3n  3m2n  2m3n L0n1n  0mL1n  L1n0n  1mL0n  0m1n  

Ljm  Ljn are linear/differential & ij are constants:


1n  1mL0n  0m  0nL1n  0m1n  1m0n 3m  3nL2n  2n  2mL3n  3m2n  2m3n

3n  3mL2n  2m  2nL3n  3m2n  2m3n 1m  1nL0n  0n  0mL1n  0m1n  1m0n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L0mL1n  L1mL0n  0mL1n  1mL0n  L0m1n  L1m0n  0m1n  1m0n L3mL2n  L2mL3n  3mL

L3mL2n  L2mL3n  3mL2n  2mL3n  L3m2n  L2m3n  3m2n  2m3n L0mL1n  L1mL0n  0mL

Proof:

D0mD1n  D3m
D2n  D2m

D3n  D1mD0n 
D0m

 0

0 D0m


D1n
 0

0 D1n



0 D3m



D3m
 0

D2n
 0

0 D2n



0 D2m



D2m
 0

D3n
 0

0 D3n



D0m

 D1n
  D1m

 D0n
 D3m

 D2n
  D2m

 D3n


D3m
 D2n

  D2m
 D3n

 D0m
 D1n

  D1m
 D0n




L0m  0mL1n  1n  L1m  1mL0n  0n L3m  3mL2n  2n  L2m  2mL3n  3n

L3m  3mL2n  2n  L2m  2mL3n  3n L0m  0mL1n  1n  L1m  1mL0n  0n


L0mL1n  1n  0mL1n  1n  L1mL0n  0n  1mL0n  0n L3mL2n  2n  3mL2n  2n  L2m

L3mL2n  2n  3mL2n  2n  L2mL3n  3n  2mL3n  3n L0mL1n  1n  0mL1n  1n  L1m


L0mL1n  L0m1n  0mL1n  0m1n  L1mL0n  L1m0n  1mL0n  1m0n L3mL2n  L3m2n  3mL2n  3m

L3mL2n  L3m2n  3mL2n  3m2n  L2mL3n  L2m3n  2mL3n  2m3n L0mL1n  L0m1n  0mL1n  0m


L0mL1n  L1mL0n  L0m1n  0mL1n  1mL0n  L1m0n  0m1n  1m0n L3mL2n  L2mL3n  L3m

L3mL2n  L2mL3n  L3m2n  3mL2n  2mL3n  L2m3n  3m2n  2m3n L0mL1n  L1mL0n  L0m

Ljm  Ljn :


L0nL1n  L1nL0n  L0n1n  0mL1n  0m1n  L1n0n  1mL0n  1m0n L3nL2n  L2nL3n  L3n2n

L3nL2n  L2nL3n  L3n2n  3mL2n  3m2n  L2n3n  2mL3n  2m3n L0nL1n  L1nL0n  L0n1n 
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L0n1n  0mL1n  1mL0n  L1n0n  0m1n  1m0n L3n2n  3mL2n  L2n3n  2mL3n  3m2n  

L3n2n  3mL2n  2mL3n  L2n3n  3m2n  2m3n L0n1n  0mL1n  L1n0n  1mL0n  0m1n  

Ljm  Ljn are linear/differential & ij are constants:


1n  1mL0n  0m  0nL1n  0m1n  1m0n 3m  3nL2n  2n  2mL3n  3m2n  2m3n

3n  3mL2n  2m  2nL3n  3m2n  2m3n 1m  1nL0n  0n  0mL1n  0m1n  1m0n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L0mL1n  L1mL0n  0mL1n  1mL0n  L0m1n  L1m0n  0m1n  1m0n L3mL2n  L2mL3n  3mL

L3mL2n  L2mL3n  3mL2n  2mL3n  L3m2n  L2m3n  3m2n  2m3n L0mL1n  L1mL0n  0mL



Lemma I.2.4.2-(BAc4r2): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D3m
D1n  D0mD2n  D1m

D3n  D2mD0n 
L0mL2n  L2mL0n  L0m2n  0mL2n  L2m0n  2mL0n  0m2n  2m0n L3mL1n  L1mL3n  L3m1n  3m

L3mL1n  L1mL3n  L3m1n  3mL1n  L1m3n  1mL3n  3m1n  1m3n L0mL2n  L2mL0n  L0m2n  0m

Ljm  Ljn :


L0n2n  0mL2n  L2n0n  2mL0n  0m2n  2m0n L3n1n  3mL1n  L1n3n  1mL3n  3m1n  1m

L3n1n  3mL1n  L1n3n  1mL3n  3m1n  1m3n L0n2n  0mL2n  L2n0n  2mL0n  0m2n  2m

Ljm  Ljn are linear/differential & ij are constants:


2n  2mL0n  0m  0nL2n  0m2n  2m0n 3n  3mL1n  1m  1nL3n  3m1n  1m3n

3m  3nL1n  1n  1mL3n  3m1n  1m3n 0n  0mL2n  2m  2nL0n  0m2n  2m0n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L0mL2n  L2mL0n  0mL2n  2mL0n  L0m2n  L2m0n  0m2n  2m0n L3mL1n  L1mL3n  3mL1n

L3mL1n  L1mL3n  3mL1n  1mL3n  L3m1n  L1m3n  3m1n  1m3n L0mL2n  L2mL0n  0mL2n

Proof:

D3m
D1n  D0mD2n  D1m

D3n  D2mD0n 
0 D3m



D3m
 0

D1n
 0

0 D1n



D0m

 0

0 D0m


D2n
 0

0 D2n



0 D1m



D1m
 0

D3n
 0

0 D3n



D0m

 D2n
  D2m

 D0n
 D3m

 D1n
  D1m

 D3n


D3m
 D1n

  D1m
 D3n

 D0m
 D2n

  D2m
 D0n




L0m  0mL2n  2n  L2m  2mL0n  0n L3m  3mL1n  1n  L1m  1mL3n  3n

L3m  3mL1n  1n  L1m  1mL3n  3n L0m  0mL2n  2n  L2m  2mL0n  0n


L0mL2n  2n  0mL2n  2n  L2mL0n  0n  2mL0n  0n L3mL1n  1n  3mL1n  1n  L1mL

L3mL1n  1n  3mL1n  1n  L1mL3n  3n  1mL3n  3n L0mL2n  2n  0mL2n  2n  L2mL


L0mL2n  L0m2n  0mL2n  0m2n  L2mL0n  L2m0n  2mL0n  2m0n L3mL1n  L3m1n  3mL1n  3m1n

L3mL1n  L3m1n  3mL1n  3m1n  L1mL3n  L1m3n  1mL3n  1m3n L0mL2n  L0m2n  0mL2n  0m2n


L0mL2n  L2mL0n  L0m2n  0mL2n  L2m0n  2mL0n  0m2n  2m0n L3mL1n  L1mL3n  L3m1n 

L3mL1n  L1mL3n  L3m1n  3mL1n  L1m3n  1mL3n  3m1n  1m3n L0mL2n  L2mL0n  L0m2n 

Ljm  Ljn :


L0nL2n  L2nL0n  L0n2n  0mL2n  L2n0n  2mL0n  0m2n  2m0n L3nL1n  L1nL3n  L3n1n  3

L3nL1n  L1nL3n  L3n1n  3mL1n  L1n3n  1mL3n  3m1n  1m3n L0nL2n  L2nL0n  L0n2n  0


L0n2n  0mL2n  L2n0n  2mL0n  0m2n  2m0n L3n1n  3mL1n  L1n3n  1mL3n  3m1n  1m

L3n1n  3mL1n  L1n3n  1mL3n  3m1n  1m3n L0n2n  0mL2n  L2n0n  2mL0n  0m2n  2m

Ljm  Ljn are linear/differential & ij are constants:


2n  2mL0n  0m  0nL2n  0m2n  2m0n 3n  3mL1n  1m  1nL3n  3m1n  1m3n

3m  3nL1n  1n  1mL3n  3m1n  1m3n 0n  0mL2n  2m  2nL0n  0m2n  2m0n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0
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Ljn are functions or differential operators & ij are non-constant functions:


L0mL2n  L2mL0n  0mL2n  2mL0n  L0m2n  L2m0n  0m2n  2m0n L3mL1n  L1mL3n  3mL1n

L3mL1n  L1mL3n  3mL1n  1mL3n  L3m1n  L1m3n  3m1n  1m3n L0mL2n  L2mL0n  0mL2n



Lemma I.2.4.3-(BAc4r3): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D2m
D1n  D1m

D2n  D0mD3n  D3mD0n 
L0mL3n  L3mL0n  L0m3n  0mL3n  L3m0n  3mL0n  0m3n  3m0n L2mL1n  L1mL2n  L2m1n

L2mL1n  L1mL2n  L2m1n  2mL1n  L1m2n  1mL2n  1m2n  2m1n L0mL3n  L3mL0n  L0m3n 

Ljm  Ljn :


L0n3n  0mL3n  L3n0n  3mL0n  0m3n  3m0n L2n1n  2mL1n  L1n2n  1mL2n  1m2n  2m

L2n1n  2mL1n  L1n2n  1mL2n  1m2n  2m1n L0n3n  0mL3n  L3n0n  3mL0n  0m3n  3m

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL0n  0m  0nL3n  0m3n  3m0n 2m  2nL1n  1n  1mL2n  1m2n  2m1n

1m  1nL2n  2n  2mL1n  1m2n  2m1n 3m  3nL0n  0n  0mL3n  0m3n  3m0n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L0mL3n  L3mL0n  0mL3n  3mL0n  L0m3n  L3m0n  0m3n  3m0n L2mL1n  L1mL2n  2mL

L2mL1n  L1mL2n  2mL1n  1mL2n  L2m1n  L1m2n  1m2n  2m1n L0mL3n  L3mL0n  0mL

Proof:

D2m
D1n  D1m

D2n  D0mD3n  D3mD0n  
0 D2m



D2m
 0

D1n
 0

0 D1n



0 D1m



D1m
 0

D2n
 0

0 D2n



D0m

 0

0 D0m



D0m

 D3n
  D3m

 D0n
 D2m

 D1n
  D1m

 D2n


D2m
 D1n

  D1m
 D2n

 D0m
 D3n

  D3m
 D0n




L0m  0mL3n  3n  L3m  3mL0n  0n L2m  2mL1n  1n  L1m  1mL2n  2n

L2m  2mL1n  1n  L1m  1mL2n  2n L0m  0mL3n  3n  L3m  3mL0n  0n


L0mL3n  3n  0mL3n  3n  L3mL0n  0n  3mL0n  0n L2mL1n  1n  2mL1n  1n  L1m

L2mL1n  1n  2mL1n  1n  L1mL2n  2n  1mL2n  2n L0mL3n  3n  0mL3n  3n  L3m


L0mL3n  L0m3n  0mL3n  0m3n  L3mL0n  L3m0n  3mL0n  3m0n L2mL1n  L2m1n  2mL1n  2m

L2mL1n  L2m1n  2mL1n  2m1n  L1mL2n  L1m2n  1mL2n  1m2n L0mL3n  L0m3n  0mL3n  0m


L0mL3n  L3mL0n  L0m3n  0mL3n  L3m0n  3mL0n  0m3n  3m0n L2mL1n  L1mL2n  L2m1

L2mL1n  L1mL2n  L2m1n  2mL1n  L1m2n  1mL2n  1m2n  2m1n L0mL3n  L3mL0n  L0m3n

Ljm  Ljn :


L0nL3n  L3nL0n  L0n3n  0mL3n  L3n0n  3mL0n  0m3n  3m0n L2nL1n  L1nL2n  L2n1n 

L2nL1n  L1nL2n  L2n1n  2mL1n  L1n2n  1mL2n  1m2n  2m1n L0nL3n  L3nL0n  L0n3n 


L0n3n  0mL3n  L3n0n  3mL0n  0m3n  3m0n L2n1n  2mL1n  L1n2n  1mL2n  1m2n  2m

L2n1n  2mL1n  L1n2n  1mL2n  1m2n  2m1n L0n3n  0mL3n  L3n0n  3mL0n  0m3n  3m

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL0n  0m  0nL3n  0m3n  3m0n 2m  2nL1n  1n  1mL2n  1m2n  2m1n

1m  1nL2n  2n  2mL1n  1m2n  2m1n 3m  3nL0n  0n  0mL3n  0m3n  3m0n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L0mL3n  L3mL0n  0mL3n  3mL0n  L0m3n  L3m0n  0m3n  3m0n L2mL1n  L1mL2n  2mL

L2mL1n  L1mL2n  2mL1n  1mL2n  L2m1n  L1m2n  1m2n  2m1n L0mL3n  L3mL0n  0mL



Lemma I.2.4.4-(BAc4r4): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij
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Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D1m
 D1n  D2m

 D2n  D3m
 D3n  D0m

 D0n 
L1mL1n  L2mL2n  L3mL3n  L0mL0n  L1m1n  1mL1n  L2m2n  2mL2n  L3m3n  3mL3n  L0m0n  0mL

0

Ljm  Ljn :


L1nL1n  L2nL2n  L3nL3n  L0nL0n  L1n1n  1mL1n  L2n2n  2mL2n  L3n3n  3mL3n  L0n0n  0mL

0

Ljm  Ljn are linear/differential & ij are constants:


L1nL1n  L2nL2n  L3nL3n  L0nL0n  1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L1nL1n  L2nL2n  L3nL3n  L0nL0n  1n1n  2n2n  3n3n  0n0n

0 L1nL1n  L2nL2n  L3nL3n  L0nL

Ljn are functions or differential operators & ij are non-constant functions:


L1mL1n  L2mL2n  L3mL3n  L0mL0n  1mL1n  2mL2n  3mL3n  0mL0n  L1m1n  L2m2n  L3m3

0

Proof:

D1m
 D1n  D2m

 D2n  D3m
 D3n  D0m

 D0n 
D1m

 0

0 D1m


D1n
 0

0 D1n



D2m

 0

0 D2m


D2n
 0

0 D2n



D3m

 0

0 D3m



D1m

 D1n
  D2m

 D2n
  D3m

 D3n
  D0m

 D0n
 0

0 D1m
 D1n

  D2m
 D2n

  D3m
 D3n

  D0m
 D0n




L1m  1mL1n  1n  L2m  2mL2n  2n  L3m  3mL3n  3n  L0m  0mL0n  0n

0 L1m 


L1mL1n  1n  1mL1n  1n  L2mL2n  2n  2mL2n  2n  L3mL3n  3n  3mL3n  3n  L0m

0


L1mL1n  L2mL2n  L3mL3n  L0mL0n  L1m1n  1mL1n  L2m2n  2mL2n  L3m3n  3mL3n  L0m0n  0

0

Ljm  Ljn :


L1nL1n  L2nL2n  L3nL3n  L0nL0n  L1n1n  1mL1n  L2n2n  2mL2n  L3n3n  3mL3n  L0n0n  0mL

0

Ljm  Ljn are linear/differential & ij are constants:


L1nL1n  L2nL2n  L3nL3n  L0nL0n  1nL1n  1mL1n  2nL2n  2mL2n  3nL3n  3mL3n  0nL0n  0mL

0


L1nL1n  L2nL2n  L3nL3n  L0nL0n  1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L1nL1n  L2nL2n  L3nL3n  L0nL0n  1m1n  2m2n  3m3n  0m0n

0 L1nL1n  L2nL2n  L3nL3n  L0

Ljn are functions or differential operators & ij are non-constant functions:


L1mL1n  L2mL2n  L3mL3n  L0mL0n  1mL1n  2mL2n  3mL3n  0mL0n  L1m1n  L2m2n  L3m3

0



Lemma I.3.1.1-(ABc1r1): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D0n
 D0m  D3n

D3m
  D2n

D2m
  D1nD1m

 
L0nL0m  L3nL3m  L2nL2m  L1nL1m  L0n0m  0nL0m  L3n3m  3nL3m  L2n2m  2nL2m  L1n1m  1n

0

Ljm  Ljn :


L0nL0n  L3nL3n  L2nL2n  L1nL1n  L0n0m  0nL0n  L3n3m  3nL3n  L2n2m  2nL2n  L1n1m  1nL

0

Ljm  Ljn are linear/differential & ij are constants:
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L0nL0n  L3nL3n  L2nL2n  L1nL1n  0m  0nL0n  3m  3nL3n  2m  2nL2n  1n  1mL1n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L0nL0n  L3nL3n  L2nL2n  L1nL1n  0n0n  3n3n  2n2n  1n1n

0 L0nL0n  L3nL3n  L2nL2n  L1nL

Ljn are functions or differential operators & ij are non-constant functions:


L0nL0m  L3nL3m  L2nL2m  L1nL1m  1nL1m  0nL0m  3nL3m  2nL2m   L1n1m  L0n0m 

0

Proof:

D0n
 D0m  D3n

D3m
  D2n

D2m
  D1nD1m

 
L0n  0n 0

0 L0n  0n

L0m  0m 0

0 L0m  0m


0 L3n  3n

L3n  3n 0


L0n  0nL0m  0m  L3n  3nL3m  3m  L2n  2nL2m  2m  L1n  1nL1m  1m

0 L0n 


L0nL0m  L0n0m  0nL0m  0n0m  L3nL3m  L3n3m  3nL3m  3n3m  L2nL2m  L2n2m  2nL2m  2n2m

0


L0nL0m  L3nL3m  L2nL2m  L1nL1m  L0n0m  0nL0m  L3n3m  3nL3m  L2n2m  2nL2m  L1n1m  1

0

Ljn  Ljn :


L0nL0n  L3nL3n  L2nL2n  L1nL1n  L0n0m  0nL0n  L3n3m  3nL3n  L2n2m  2nL2n  L1n1m  1nL

0

Ljm  Ljn are linear/differential & ij are constants:


L0nL0n  L3nL3n  L2nL2n  L1nL1n  0m  0nL0n  3m  3nL3n  2m  2nL2n  1n  1mL1n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L0nL0n  L3nL3n  L2nL2n  L1nL1n  0n0n  3n3n  2n2n  1n1n

0 L0nL0n  L3nL3n  L2nL2n  L1nL

Ljn are functions or differential operators & ij are non-constant functions:


L0nL0m  L3nL3m  L2nL2m  L1nL1m  1nL1m  0nL0m  3nL3m  2nL2m   L1n1m  L0n0m 

0



Lemma I.3.1.2-(ABc1r2): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D3n
D0m  D0n

 D3m
  D1n

D2m
  D2nD1m

 
L1nL2m  L2nL1m  L1n2m  1nL2m  L2n1m  2nL1m  1n2m  2n1m L3nL0m  L0nL3m  L3n

L3nL0m  L0nL3m  L3n0m  3nL0m  L0n3m  0nL3m  3n0m  0n3m L1nL2m  L2nL1m  L1n

Ljm  Ljn :


L1n2m  1nL2n  L2n1m  2nL1n  1n2m  2n1m L3n0m  3nL0n  L0n3m  0nL3n  3n0m 

L3n0m  3nL0n  L0n3m  0nL3m  3n0m  0n3m L1n2m  1nL2n  L2n1m  2nL1n  1n2m 

Ljm  Ljn are linear/differential & ij are constants:


2n  2mL1n  1n  1mL2n  1n2m  2n1m 3n  3mL0n  0m  0nL3n  3n0m  0n3m

3m  3nL0n  0n  0mL3n  3n0m  0n3m 2n  2mL1n  1n  1mL2n  1n2m  2n1m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1nL2m  L2nL1m  2nL1m  1nL2m   L1n2m  L2n1m   1n2m  2n1m  L3nL0m  L0

L3nL0m  L0nL3m  3nL0m  0nL3m   L0n3m  L3n0m   3n0m  0n3m  L1nL2m  L

Proof:

D3n
D0m  D0n

 D3m
  D1n

D2m
  D2nD1m

  
0 L3n  3n

L3n  3n 0

L0m  0m 0

0 L0m  0m


L0n  0n 0

0 L0n  0n


L1n  1nL2m  2m  L2n  2nL1m  1m L3n  3nL0m  0m  L0n  0nL3m  3m

L3n  3nL0m  0m  L0n  0nL3m  3m L1n  1nL2m  2m  L2n  2nL1m  1m
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L1nL2m  L1n2m  1nL2m  1n2m  L2nL1m  L2n1m  2nL1m  2n1m L3nL0m  L3n0m  3nL0m  3

L3nL0m  L3n0m  3nL0m  3n0m  L0nL3m  L0n3m  0nL3m  0n3m L1nL2m  L1n2m  1nL2m  1


L1nL2m  L2nL1m  L1n2m  1nL2m  L2n1m  2nL1m  1n2m  2n1m L3nL0m  L0nL3m  L3n

L3nL0m  L0nL3m  L3n0m  3nL0m  L0n3m  0nL3m  3n0m  0n3m L1nL2m  L2nL1m  L1n

Ljm  Ljn :


L1nL2n  L2nL1n  L1n2m  1nL2n  L2n1m  2nL1n  1n2m  2n1m L3nL0n  L0nL3n  L3n0

L3nL0n  L0nL3n  L3n0m  3nL0n  L0n3m  0nL3n  3n0m  0n3m L1nL2n  L2nL1n  L1n2


L1n2m  1nL2n  L2n1m  2nL1n  1n2m  2n1m L3n0m  3nL0n  L0n3m  0nL3n  3n0m 

L3n0m  3nL0n  L0n3m  0nL3m  3n0m  0n3m L1n2m  1nL2n  L2n1m  2nL1n  1n2m 

Ljm  Ljn are linear/differential & ij are constants:


2n  2mL1n  1n  1mL2n  1n2m  2n1m 3n  3mL0n  0m  0nL3n  3n0m  0n3m

3m  3nL0n  0n  0mL3n  3n0m  0n3m 2n  2mL1n  1n  1mL2n  1n2m  2n1m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1nL2m  L2nL1m  2nL1m  1nL2m   L1n2m  L2n1m   1n2m  2n1m  L3nL0m  L0

L3nL0m  L0nL3m  3nL0m  0nL3m   L0n3m  L3n0m   3n0m  0n3m  L1nL2m  L



Lemma I.3.1.2-(ABc1r2)a: For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D3m
D0n  D0m

 D3n
  D1m

D2n
  D2mD1n

 
L1mL2n  L2mL1n  L1n2m  1nL2m  L2n1m  2nL1m  1n2m  2n1m L3nL0m  L0nL3m  L3n

L3nL0m  L0nL3m  L3n0m  3nL0m  L0n3m  0nL3m  3n0m  0n3m L1nL2m  L2nL1m  L1n

Ljm  Ljn :


L1n2m  1nL2n  L2n1m  2nL1n  1n2m  2n1m L3n0m  3nL0n  L0n3m  0nL3n  3n0m 

L3n0m  3nL0n  L0n3m  0nL3m  3n0m  0n3m L1n2m  1nL2n  L2n1m  2nL1n  1n2m 

Ljm  Ljn are linear/differential & ij are constants:


2n  2mL1n  1n  1mL2n  1n2m  2n1m 3n  3mL0n  0m  0nL3n  3n0m  0n3m

3m  3nL0n  0n  0mL3n  3n0m  0n3m 2n  2mL1n  1n  1mL2n  1n2m  2n1m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1nL2m  L2nL1m  2nL1m  1nL2m   L1n2m  L2n1m   1n2m  2n1m  L3nL0m  L0

L3nL0m  L0nL3m  3nL0m  0nL3m   L0n3m  L3n0m   3n0m  0n3m  L1nL2m  L

Proof:

D3m
D0n  D0m

 D3n
  D1m

D2n
  D2mD1n

  
0 L3m  3m

L3m  3m 0

L0n  0n 0

0 L0n  0n


L0m  0m 0

0 L0m  0m


L1m  1mL2n  2n  L2m  2mL1n  1n L3m  3mL0n  0n  L0m  0mL3n  3n

L3m  3mL0n  0n  L0m  0mL3n  3n L1m  1mL2n  2n  L2m  2mL1n  1n


L1mL2n  L1m2n  1mL2n  1m2n  L2mL1n  L2m1n  2mL1n  2m1n L3mL0n  L3m0n  3mL0n  3

L3mL0n  L3m0n  3mL0n  3m0n  L0mL3n  L0m3n  0mL3n  0m3n L1mL2n  L1m2n  1mL2n  1


L1mL2n  L2mL1n  L1m2n  1mL2n  L2m1n  2mL1n  1m2n  2m1n L3mL0n  L0mL3n  L3m

L3mL0n  L0mL3n  L3m0n  3mL0n  L0m3n  0mL3n  3m0n  0m3n L1mL2n  L2mL1n  L1m

Ljm  Ljn :


L1nL2n  L2nL1n  L1n2n  1mL2n  L2n1n  2mL1n  1m2n  2m1n L3nL0n  L0nL3n  L3n0

L3nL0n  L0nL3n  L3n0n  3mL0n  L0n3n  0mL3n  3m0n  0m3n L1nL2n  L2nL1n  L1n2


L1n2n  1mL2n  L2n1n  2mL1n  1m2n  2m1n L3n0n  3mL0n  L0n3n  0mL3n  3m0n 

L3n0n  3mL0n  L0n3n  0mL3n  3m0n  0m3n L1n2n  1mL2n  L2n1n  2mL1n  1m2n 

Ljm  Ljn are linear/differential & ij are constants:


2m  2nL1n  1m  1nL2n  1m2n  2m1n 3m  3nL0n  0n  0mL3n  3m0n  0m

3n  3mL0n  0m  0nL3n  3m0n  0m3n 2n  2mL1n  1n  1mL2n  1m2n  2m
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Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1nL2m  L2nL1m  2nL1m  1nL2m   L1n2m  L2n1m   1n2m  2n1m  L3nL0m  L0

L3nL0m  L0nL3m  3nL0m  0nL3m   L0n3m  L3n0m   3n0m  0n3m  L1nL2m  L



Lemma I.3.1.3-(ABc1r3): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D2n
D0m  D1n

D3m
  D0n

 D2m
  D3nD1m

 
L1nL3m  L3nL1m  L1n3m  1nL3m  L3n1m  3nL1m  1n3m  3n1m L2nL0m  L0nL2m  L2n0m

L2nL0m  L0nL2m  L2n0m  2nL0m  L0n2m  0nL2m  2n0m  0n2m L1nL3m  L3nL1m  L1n3m

Ljm  Ljn :


L1n3m  1nL3n  L3n1m  3nL1n  1n3m  3n1m L2n0m  2nL0n  L0n2m  0nL2n  2n0m 

L2n0m  2nL0n  L0n2m  0nL2n  2n0m  0n2m L1n3m  1nL3n  L3n1m  3nL1n  1n3m 

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL1n  1n  1mL3n  1n3m  3n1m 2m  2nL0n  0n  0mL2n  2n0m  0n2m

2n  2mL0n  0m  0nL2n  2n0m  0n2m 3m  3nL1n  1m  1nL3n  1n3m  3n1m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1nL3m  L3nL1m  1nL3m  3nL1m  L1n3m  L3n1m  1n3m  3n1m L2nL0m  L0nL2m  2nL

L2nL0m  L0nL2m  2nL0m  0nL2m  L2n0m  L0n2m  2n0m  0n2m L1nL3m  L3nL1m  1n

Proof:

D2n
D0m  D1n

D3m
  D0n

 D2m
  D3nD1m

 
0 D2n



D2n
 0

D0m
 0

0 D0m



0 D1n



D1n
 0

0 D3m


D3m
 0


D0n

 0

0 D0n



D1n

 D3m
  D3n

 D1m
 D2n

 D0m
  D0n

 D2m


D2n
 D0m

  D0n
 D2m

 D1n
 D3m

  D3n
 D1m




L1n  1nL3m  3m  L3n  3nL1m  1m L2n  2nL0m  0m  L0n  0nL2m  2m

L2n  2nL0m  0m  L0n  0nL2m  2m L1n  1nL3m  3m  L3n  3nL1m  1m


L1nL3m  3m  1nL3m  3m  L3nL1m  1m  3nL1m  1m L2nL0m  0m  2nL0m  0m 

L2nL0m  0m  2nL0m  0m  L0nL2m  2m  0nL2m  2m L1nL3m  3m  1nL3m  3m 


L1nL3m  L1n3m  1nL3m  1n3m  L3nL1m  L3n1m  3nL1m  3n1m L2nL0m  L2n0m  2nL0m  2n

L2nL0m  L2n0m  2nL0m  2n0m  L0nL2m  L0n2m  0nL2m  0n2m L1nL3m  L1n3m  1nL3m  1


L1nL3m  L3nL1m  L1n3m  1nL3m  L3n1m  3nL1m  1n3m  3n1m L2nL0m  L0nL2m  L2n

L2nL0m  L0nL2m  L2n0m  2nL0m  L0n2m  0nL2m  2n0m  0n2m L1nL3m  L3nL1m  L1n

Ljm  Ljn :


L1nL3n  L3nL1n  L1n3m  1nL3n  L3n1m  3nL1n  1n3m  3n1m L2nL0n  L0nL2n  L2n0m

L2nL0n  L0nL2n  L2n0m  2nL0n  L0n2m  0nL2n  2n0m  0n2m L1nL3n  L3nL1n  L1n3


L1n3m  1nL3n  L3n1m  3nL1n  1n3m  3n1m L2n0m  2nL0n  L0n2m  0nL2n  2n0m 

L2n0m  2nL0n  L0n2m  0nL2n  2n0m  0n2m L1n3m  1nL3n  L3n1m  3nL1n  1n3m 

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL1n  1n  1mL3n  1n3m  3n1m 2m  2nL0n  0n  0mL2n  2n0m  0n2m

2n  2mL0n  0m  0nL2n  2n0m  0n2m 3m  3nL1n  1m  1nL3n  1n3m  3n1m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1nL3m  L3nL1m  1nL3m  3nL1m  L1n3m  L3n1m  1n3m  3n1m L2nL0m  L0nL2m  2nL

L2nL0m  L0nL2m  2nL0m  0nL2m  L2n0m  L0n2m  2n0m  0n2m L1nL3m  L3nL1m  1n
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Lemma I.3.1.4-(ABc1r4): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D1n
 D0m  D2n

 D3m
  D3n

 D2m
  D0nD1m

 
L1nL0m  L0nL1m  L1n0m  1nL0m  L0n1m  0nL1m  1n0m  0n1m L2nL3m  L3nL2m  L2n3m 

L2nL3m  L3nL2m  L2n3m  2nL3m  L3n2m  3nL2m  2n3m  3n2m L1nL0m  L0nL1m  L1n0m 

Ljm  Ljn :


L1n0m  1nL0n  L0n1m  0nL1n  1n0m  0n1m L2n3m  2nL3n  L3n2m  3nL2n  2n3m 

L2n3m  2nL3n  L3n2m  3nL2n  2n3m  3n2m L1n0m  1nL0n  L0n1m  0nL1n  1n0m 

Ljm  Ljn are linear/differential & ij are constants:


1m  1nL0n  0m  0nL1n  1n0m  0n1m 3n  3mL2n  2m  2nL3n  2n3m  3n2m

3m  3nL2n  2n  2mL3n  2n3m  3n2m 1n  1mL0n  0n  0mL1n  1n0m  0n1m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1nL0m  L0nL1m  1nL0m  0nL1m  L1n0m  L0n1m  1n0m  0n1m L2nL3m  L3nL2m  2nL3m

L2nL3m  L3nL2m  2nL3m  3nL2m  L2n3m  L3n2m  2n3m  3n2m L1nL0m  L0nL1m  1nL0m

Proof:

D1n
 D0m  D2n

 D3m
  D3n

 D1m
  D0nD1m

 
D1n

 0

0 D1n


D0m
 0

0 D0m



D2n

 0

0 D2n


0 D3m


D3m
 0


D3n

 0

0 D3n



D1n

 D0m
  D0n

 D1m
 D2n

 D3m
  D3n

 D2m


D2n
 D3m

  D3n
 D2m

 D1n
 D0m

  D0n
 D1m




L1n  1nL0m  0m  L0n  0nL1m  1m L2n  2nL3m  3m  L3n  3nL2m  2m

L2n  2nL3m  3m  L3n  3nL2m  2m L1n  1nL0m  0m  L0n  0nL1m  1m


L1nL0m  0m  1nL0m  0m  L0nL1m  1m  0nL1m  1m L2nL3m  3m  2nL3m  3m  L3

L2nL3m  3m  2nL3m  3m  L3nL2m  2m  3nL2m  2m L1nL0m  0m  1nL0m  0m  L0


L1nL0m  L1n0m  1nL0m  1n0m  L0nL1m  L0n1m  0nL1m  0n1m L2nL3m  L2n3m  2nL3m  2n3

L2nL3m  L2n3m  2nL3m  2n3m  L3nL2m  L3n2m  3nL2m  3n2m L1nL0m  L1n0m  1nL0m  1n0


L1nL0m  L0nL1m  L1n0m  1nL0m  L0n1m  0nL1m  1n0m  0n1m L2nL3m  L3nL2m  L2n3m

L2nL3m  L3nL2m  L2n3m  2nL3m  L3n2m  3nL2m  2n3m  3n2m L1nL0m  L0nL1m  L1n0m

Ljm  Ljn :


L1nL0n  L0nL1n  L1n0m  1nL0n  L0n1m  0nL1n  1n0m  0n1m L2nL3n  L3nL2n  L2n3m 

L2nL3n  L3nL2n  L2n3m  2nL3n  L3n2m  3nL2n  2n3m  3n2m L1nL0n  L0nL1n  L1n0m 


L1n0m  1nL0n  L0n1m  0nL1n  1n0m  0n1m L2n3m  2nL3n  L3n2m  3nL2n  2n3m 

L2n3m  2nL3n  L3n2m  3nL2n  2n3m  3n2m L1n0m  1nL0n  L0n1m  0nL1n  1n0m 

Ljm  Ljn are linear/differential & ij are constants:


1m  1nL0n  0m  0nL1n  1n0m  0n1m 3n  3mL2n  2m  2nL3n  2n3m  3n2m

3m  3nL2n  2n  2mL3n  2n3m  3n2m 1n  1mL0n  0n  0mL1n  1n0m  0n1m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L1nL0m  L0nL1m  1nL0m  0nL1m  L1n0m  L0n1m  1n0m  0n1m L2nL3m  L3nL2m  2nL3m

L2nL3m  L3nL2m  2nL3m  3nL2m  L2n3m  L3n2m  2n3m  3n2m L1nL0m  L0nL1m  1nL0m



Lemma I.3.2.1-(ABc2r1): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D0n
 D3m

  D3n
D0m  D2n

D1m
  D1nD2m

 
L2nL1m  L1nL2m  L2n1m  2nL1m  L1n2m  1nL2m  2n1m  1n2m L0nL3m  L3nL0m  L0n

L0nL3m  L3nL0m  L0n3m  0nL3m  L3n0m  3nL0m  0n3m  3n0m L2nL1m  L1nL2m  L2n
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Ljm  Ljn :


L2n1m  2nL1n  L1n2m  1nL2n  2n1m  1n2m L0n3m  0nL3n  L3n0m  3nL0n  0n3m 

L0n3m  0nL3n  L3n0m  3nL0n  0n3m  3n0m L2n1m  2nL1n  L1n2m  1nL2n  2n1m 

Ljm  Ljn are linear/differential & ij are constants:


2n  2mL1n  1n  1mL2n  2n1m  1n2m 3m  3nL0n  0n  0mL3n  0n3m  3n

3n  3mL0n  0n  0mL3n  0n3m  3n0m 2n  2mL1n  1m  1nL2n  2n1m  1n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2nL1m  L1nL2m  2nL1m  1nL2m  L2n1m  L1n2m  2n1m  1n2m L0nL3m  L3nL0m  0n

L0nL3m  L3nL0m  0nL3m  3nL0m  L0n3m  L3n0m  0n3m  3n0m L2nL1m  L1nL2m  2n

Proof:

D0n
 D3m

  D3n
D0m  D2n

D1m
  D1nD2m

  
L0n  0n 0

0 L0n  0n

0 L3m  3m

L3m  3m 0


0 L3n  3n

L3n  3n 0


L2n  2nL1m  1m  L1n  1nL2m  2m L0n  0nL3m  3m  L3n  3nL0m  0m

L0n  0nL3m  3m  L3n  3nL0m  0m L2n  2nL1m  1m  L1n  1nL2m  2m


L2nL1m  L2n1m  2nL1m  2n1m  L1nL2m  L1n2m  1nL2m  1n2m L0nL3m  L0n3m  0nL3m 

L0nL3m  L0n3m  0nL3m  0n3m  L3nL0m  L3n0m  3nL0m  3n0m L2nL1m  L2n1m  2nL1m 


L2nL1m  L1nL2m  L2n1m  2nL1m  L1n2m  1nL2m  2n1m  1n2m L0nL3m  L3nL0m  L

L0nL3m  L3nL0m  L0n3m  0nL3m  L3n0m  3nL0m  0n3m  3n0m L2nL1m  L1nL2m  L

Ljm  Ljn :


L2nL1n  L1nL2n  L2n1m  2nL1n  L1n2m  1nL2n  2n1m  1n2m L0nL3n  L3nL0n  L0n

L0nL3n  L3nL0n  L0n3m  0nL3n  L3n0m  3nL0n  0n3m  3n0m L2nL1n  L1nL2n  L2n


L2n1m  2nL1n  L1n2m  1nL2n  2n1m  1n2m L0n3m  0nL3n  L3n0m  3nL0n  0n3m
L0n3m  0nL3n  L3n0m  3nL0n  0n3m  3n0m L2n1m  2nL1n  L1n2m  1nL2n  2n1m

Ljm  Ljn are linear/differential & ij are constants:


2n  2mL1n  1n  1mL2n  2n1m  1n2m 3m  3nL0n  0n  0mL3n  0n3m  3

3n  3mL0n  0n  0mL3n  0n3m  3n0m 2n  2mL1n  1m  1nL2n  2n1m  1

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2nL1m  L1nL2m  2nL1m  1nL2m  L2n1m  L1n2m  2n1m  1n2m L0nL3m  L3nL0m  

L0nL3m  L3nL0m  0nL3m  3nL0m  L0n3m  L3n0m  0n3m  3n0m L2nL1m  L1nL2m  



Lemma I.3.2.2-(ABc2r2): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D3n
D3m

  D0n
 D0m  D1n

D1m
  D2nD2m

 
L3nL3m  L0nL0m  L1nL1m  L2nL2m  L3n3m  3nL3m  L0n0m  0nL0m  L1n1m  1nL1m  L2n2m  2n

0

Ljm  Ljn :


L3nL3n  L0nL0n  L1nL1n  L2nL2n  L3n3m  3nL3n  L0n0m  0nL0n  L1n1m  1nL1n  L2n2m  2nL

0

Ljm  Ljn are linear/differential & ij are constants:


L3nL3n  L0nL0n  L1nL1n  L2nL2n  0m  0nL0n  1m  1nL1n  2n  2mL2n  3m  3nL3n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L3nL3n  L0nL0n  L1nL1n  L2nL2n  3n3n  0n0n  1n1n  2n2n

0 L3nL3n  L0nL0n  L1nL1n  L2nL

Ljn are functions or differential operators & ij are non-constant functions:


L3nL3m  L0nL0m  L1nL1m  L2nL2m  3nL3m  0nL0m  1nL1m  2nL2m  L3n3m  L0n0m  L1n1m

0

22



Proof:

D3n
D3m

  D0n
 D0m  D1n

D1m
  D2nD2m

 
0 L3n  3n

L3n  3n 0

0 L3m  3m

L3m  3m 0


L0n  0n 0

0 L0n  0n


L3n  3nL3m  3m  L0n  0nL0m  0m  L1n  1nL1m  1m  L2n  2nL2m  2m

0 L3n 


L3nL3m  3m  3nL3m  3m  L0nL0m  0m  0nL0m  0m  L1nL1m  1m  1nL1m  1m  L2

0


L3nL3m  L3n3m  3nL3m  3n3m  L0nL0m  L0n0m  0nL0m  0n0m  L1nL1m  L1n1m  1nL1m  1n1

0


L3nL3m  L0nL0m  L1nL1m  L2nL2m  L3n3m  3nL3m  L0n0m  0nL0m  L1n1m  1nL1m  L2n2m  

0

Ljm  Ljn :


L3nL3n  L0nL0n  L1nL1n  L2nL2n  L3n3m  3nL3n  L0n0m  0nL0n  L1n1m  1nL1n  L2n2m  2nL

0

Ljm  Ljn are linear/differential & ij are constants:


L3nL3n  L0nL0n  L1nL1n  L2nL2n  0m  0nL0n  1m  1nL1n  2n  2mL2n  3m  3nL3n 

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L3nL3n  L0nL0n  L1nL1n  L2nL2n  3n3n  0n0n  1n1n  2n2n

0 L3nL3n  L0nL0n  L1nL1n  L2

Ljn are functions or differential operators & ij are non-constant functions:


L3nL3m  L0nL0m  L1nL1m  L2nL2m  3nL3m  0nL0m  1nL1m  2nL2m  L3n3m  L0n0m  L1n

0



Lemma I.3.2.3-(ABc2r3): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D2n
D3m

  D1n
D0m  D0n

 D1m
  D3nD2m

 
L2nL3m  L3nL2m  L2n3m  2nL3m  L3n2m  3nL2m  2n3m  3n2m L1nL0m  L0nL1m  L1n

L1nL0m  L0nL1m  L1n0m  1nL0m  L0n1m  0nL1m  1n0m  0n1m L2nL3m  L3nL2m  L2n

Ljm  Ljn :


L2nL3n  L3nL2n  L2n3m  2nL3n  L3n2m  3nL2n  2n3m  3n2m L1nL0n  L0nL1n  L

L1nL0mn  L0nL1n  L1n0m  1nL0n  L0n1m  0nL1n  1n0m  0n1m L2nL3n  L3nL2n  L

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL2n  2n  2mL3n  2n3m  3n2m 1n  1mL0n  0m  0nL1n  1n0m  0n

1m  1nL0n  0n  0mL1n  1n0m  0n1m 3m  3nL2n  2m  2nL3n  2n3m  3n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2nL3m  L3nL2m  2nL3m  3nL2m  L2n3m  L3n2m  2n3m  3n2m L1nL0m  L0nL1m  

L1nL0m  L0nL1m  1nL0m  0nL1m  L1n0m  L0n1m  1n0m  0n1m L2nL3m  L3nL2m  

Proof:

D2n
D3m

  D1n
D0m  D0n

 D1m
  D3nD2m

  
0 L2n  2n

L2n  2n 0

0 L3m  3m

L3m  3m 0


0 L1n  1n

L1n  1n 0


L2n  2nL3m  3m  L3n  3nL2m  2m L1n  1nL0m  0m  L0n  0nL1m  1m

L1n  1nL0m  0m  L0n  0nL1m  1m L2n  2nL3m  3m  L3n  3nL2m  2m


L2nL3m  L2n3m  2nL3m  2n3m  L3nL2m  L3n2m  3nL2m  3n2m L1nL0m  L1n0m  1nL0m 

L1nL0m  L1n0m  1nL0m  1n0m  L0nL1m  L0n1m  0nL1m  0n1m L2nL3m  L2n3m  2nL3m 


L2nL3m  L3nL2m  L2n3m  2nL3m  L3n2m  3nL2m  2n3m  3n2m L1nL0m  L0nL1m  L

L1nL0m  L0nL1m  L1n0m  1nL0m  L0n1m  0nL1m  1n0m  0n1m L2nL3m  L3nL2m  L

Ljm  Ljn :


L2nL3n  L3nL2n  L2n3m  2nL3n  L3n2m  3nL2n  2n3m  3n2m L1nL0n  L0nL1n  L

L1nL0mn  L0nL1n  L1n0m  1nL0n  L0n1m  0nL1n  1n0m  0n1m L2nL3n  L3nL2n  L
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Ljm  Ljn are linear/differential & ij are constants:


3n  3mL2n  2n  2mL3n  2n3m  3n2m 1n  1mL0n  0m  0nL1n  1n0m  0n

1m  1nL0n  0n  0mL1n  1n0m  0n1m 3m  3nL2n  2m  2nL3n  2n3m  3n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2nL3m  L3nL2m  2nL3m  3nL2m  L2n3m  L3n2m  2n3m  3n2m L1nL0m  L0nL1m  

L1nL0m  L0nL1m  1nL0m  0nL1m  L1n0m  L0n1m  1n0m  0n1m L2nL3m  L3nL2m  



Lemma I.3.2.4-(ABc2r4): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D1n
 D3m

  D2n
 D0m  D3n

 D1m
  D0nD2m

 
L2nL0m  L0nL2m  L2n0m  2nL0m  L0n2m  0nL2m  2n0m  0n2m L1nL3m  L3nL1m  L1n3m 

L1nL3m  L3nL1m  L1n3m  1nL3m  L3n1m  3nL1m  1n3m  3n1m L2nL0m  L0nL2m  L2n0m 

Ljm  Ljn :


L2nL0n  L0nL2n  L2n0m  2nL0n  L0n2m  0nL2n  2n0m  0n2m L1nL3n  L3nL1n  L1n3m 

L1nL3n  L3nL1n  L1n3m  1nL3n  L3n1m  3nL1n  1n3m  3n1m L2nL0n  L0nL2n  L2n0m 

Ljm  Ljn are linear/differential & ij are constants:


2m  2nL0n  0m  0nL2n  2n0m  0n2m 3n  3mL1n  1m  1nL3n  1n3m  3n1m

3m  3nL1n  1n  1mL3n  1n3m  3n1m 2n  2mL0n  0n  0mL2n  2n0m  0n2m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2nL0m  L0nL2m  2nL0m  0nL2m  L2n0m  L0n2m  2n0m  0n2m L1nL3m  L3nL1m  1nL3m

L1nL3m  L3nL1m  1nL3m  3nL1m  L1n3m  L3n1m  1n3m  3n1m L2nL0m  L0nL2m  2nL0m

Proof:

D1n
 D3m

  D2n
 D0m  D3n

 D1m
  D0nD2m

 
L1n  1n 0

0 L1n  1n

0 L3m  3m

L3m  3m 0


L2n  2n 0

0 L2n  2n


L2n  2nL0m  0m  L0n  0nL2m  2m L1n  1nL3m  3m  L3n  3nL1m  1m

L1n  1nL3m  3m  L3n  3nL1m  1m L2n  2nL0m  0m  L0n  0nL2m  2m


L2nL0m  L2n0m  2nL0m  2n0m  L0nL2m  L0n2m  0nL2m  0n2m L1nL3m  L1n3m  1nL3m  1n

L1nL3m  L1n3m  1nL3m  1n3m  L3nL1m  L3n1m  3nL1m  3n1m L2nL0m  L2n0m  2nL0m  2n


L2nL0m  L0nL2m  L2n0m  2nL0m  L0n2m  0nL2m  2n0m  0n2m L1nL3m  L3nL1m  L1n3m

L1nL3m  L3nL1m  L1n3m  1nL3m  L3n1m  3nL1m  1n3m  3n1m L2nL0m  L0nL2m  L2n0m

Ljm  Ljn :


L2nL0n  L0nL2n  L2n0m  2nL0n  L0n2m  0nL2n  2n0m  0n2m L1nL3n  L3nL1n  L1n3m 

L1nL3n  L3nL1n  L1n3m  1nL3n  L3n1m  3nL1n  1n3m  3n1m L2nL0n  L0nL2n  L2n0m 

Ljm  Ljn are linear/differential & ij are constants:


2m  2nL0n  0m  0nL2n  2n0m  0n2m 3n  3mL1n  1m  1nL3n  1n3m  3n1m

3m  3nL1n  1n  1mL3n  1n3m  3n1m 2n  2mL0n  0n  0mL2n  2n0m  0n2m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L2nL0m  L0nL2m  2nL0m  0nL2m  L2n0m  L0n2m  2n0m  0n2m L1nL3m  L3nL1m  1nL3m

L1nL3m  L3nL1m  1nL3m  3nL1m  L1n3m  L3n1m  1n3m  3n1m L2nL0m  L0nL2m  2nL0m



Lemma I.3.3.1-(ABc3r1): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

24



Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D0n
 D2m

  D3n
D1m

  D2n
D0m  D1nD3m

 
L3nL1m  L1nL3m  L3n1m  3nL1m  L1n3m  1nL3m  3n1m  1n3m L0nL2m  L2nL0m  L0n2m

L0nL2m  L2nL0m  L0n2m  0nL2m  L2n0m  2nL0m  0n2m  2n0m L3nL1m  L1nL3m  L3n1m

Ljm  Ljn :


L3nL1n  L1nL3n  L3n1m  3nL1n  L1n3m  1nL3n  3n1m  1n3m L0nL2n  L2nL0n  L0n2m

L0nL2n  L2nL0n  L0n2m  0nL2n  L2n0m  2nL0n  0n2m  2n0m L3nL1n  L1nL3n  L3n1m

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL1n  1n  1mL3n  3n1m  1n3m 2n  2mL0n  0m  0nL2n  0n2m  2n0m

2m  2nL0n  0n  0mL2n  0n2m  2n0m 3m  3nL1n  1m  1nL3n  3n1m  1n3m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3nL1m  L1nL3m  3nL1m  1nL3m  L3n1m  L1n3m  3n1m  1n3m L0nL2m  L2nL0m  0nL2

L0nL2m  L2nL0m  0nL2m  2nL0m  L0n2m  L2n0m  0n2m  2n0m L3nL1m  L1nL3m  3nL

Proof:

D0n
 D2m

  D3n
D1m

  D2n
D0m  D1nD3m

 
L0n  0n 0

0 L0n  0n

0 L2m  2m

L2m  2m 0


0 L3n  3n

L3n  3n 0


L3n  3nL1m  1m  L1n  1nL3m  3m L0n  0nL2m  2m  L2n  2nL0m  0m

L0n  0nL2m  2m  L2n  2nL0m  0m L3n  3nL1m  1m  L1n  1nL3m  3m


L3nL1m  L3n1m  3nL1m  3n1m  L1nL3m  L1n3m  1nL3m  1n3m L0nL2m  L0n2m  0nL2m  0n

L0nL2m  L0n2m  0nL2m  0n2m  L2nL0m  L2n0m  2nL0m  2n0m L3nL1m  L3n1m  3nL1m  3n


L3nL1m  L1nL3m  L3n1m  3nL1m  L1n3m  1nL3m  3n1m  1n3m L0nL2m  L2nL0m  L0n2

L0nL2m  L2nL0m  L0n2m  0nL2m  L2n0m  2nL0m  0n2m  2n0m L3nL1m  L1nL3m  L3n

Ljm  Ljn :


L3nL1n  L1nL3n  L3n1m  3nL1n  L1n3m  1nL3n  3n1m  1n3m L0nL2n  L2nL0n  L0n2m

L0nL2n  L2nL0n  L0n2m  0nL2n  L2n0m  2nL0n  0n2m  2n0m L3nL1n  L1nL3n  L3n1m

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL1n  1n  1mL3n  3n1m  1n3m 2n  2mL0n  0m  0nL2n  0n2m  2n0m

2m  2nL0n  0n  0mL2n  0n2m  2n0m 3m  3nL1n  1m  1nL3n  3n1m  1n3m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3nL1m  L1nL3m  3nL1m  1nL3m  L3n1m  L1n3m  3n1m  1n3m L0nL2m  L2nL0m  0nL2

L0nL2m  L2nL0m  0nL2m  2nL0m  L0n2m  L2n0m  0n2m  2n0m L3nL1m  L1nL3m  3nL



Lemma I.3.3.2-(ABc3r2): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D3n
D2m

  D0n
 D1m

  D1n
D0m  D2nD3m

 
L3nL2m  L2nL3m  L3n2m  3nL2m  L2n3m  2nL3m  3n2m  2n3m L0nL1m  L1nL0m  L0n

L0nL1m  L1nL0m  L0n1m  0nL1m  L1n0m  1nL0m  0n1m  1n0m L3nL2m  L2nL3m  L3n

Ljm  Ljn :


L3nL2n  L2nL3n  L3n2m  3nL2n  L2n3m  2nL3n  3n2m  2n3m L0nL1n  L1nL0n  L0n1

L0nL1n  L1nL0n  L0n1m  0nL1n  L1n0m  1nL0n  0n1m  1n0m L3nL2n  L2nL3n  L3n2

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL2n  2n  2mL3n  3n2m  2n3m 1m  1nL0n  0n  0mL1n  0n1m  1n0m

1n  1mL0n  0m  0nL1n  0n1m  1n0m 3m  3nL2n  2m  2nL3n  3n2m  2n3m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0
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Ljn are functions or differential operators & ij are non-constant functions:


L3nL2m  L2nL3m  3nL2m  2nL3m  L3n2m  L2n3m  3n2m  2n3m L0nL1m  L1nL0m  0nL

L0nL1m  L1nL0m  0nL1m  1nL0m  L0n1m  L1n0m  0n1m  1n0m L3nL2m  L2nL3m  3nL

Proof:

D3n
D2m

  D0n
 D1m

  D1n
D0m  D2nD3m

  
0 L3n  3n

L3n  3n 0

0 L2m  2m

L2m  2m 0


L0n  0n 0

0 L0n  0n


L3n  3nL2m  2m  L2n  2nL3m  3m L0n  0nL1m  1m  L1n  1nL0m  0m

L0n  0nL1m  1m  L1n  1nL0m  0m L3n  3nL2m  2m  L2n  2nL3m  3m


L3nL2m  L3n2m  3nL2m  3n2m  L2nL3m  L2n3m  2nL3m  2n3m L0nL1m  L0n1m  0nL1m 

L0nL1m  L0n1m  0nL1m  0n1m  L1nL0m  L1n0m  1nL0m  1n0m L3nL2m  L3n2m  3nL2m 


L3nL2m  L2nL3m  L3n2m  3nL2m  L2n3m  2nL3m  3n2m  2n3m L0nL1m  L1nL0m  L

L0nL1m  L1nL0m  L0n1m  0nL1m  L1n0m  1nL0m  0n1m  1n0m L3nL2m  L2nL3m  L

Ljm  Ljn :


L3nL2n  L2nL3n  L3n2m  3nL2n  L2n3m  2nL3n  3n2m  2n3m L0nL1n  L1nL0n  L0n

L0nL1n  L1nL0n  L0n1m  0nL1n  L1n0m  1nL0n  0n1m  1n0m L3nL2n  L2nL3n  L3n

Ljm  Ljn are linear/differential & ij are constants:


3n  3mL2n  2n  2mL3n  3n2m  2n3m 1m  1nL0n  0n  0mL1n  0n1m  1n

1n  1mL0n  0m  0nL1n  0n1m  1n0m 3m  3nL2n  2m  2nL3n  3n2m  2n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3nL2m  L2nL3m  3nL2m  2nL3m  L3n2m  L2n3m  3n2m  2n3m L0nL1m  L1nL0m  0

L0nL1m  L1nL0m  0nL1m  1nL0m  L0n1m  L1n0m  0n1m  1n0m L3nL2m  L2nL3m  3



Lemma I.3.3.3-(ABc3r3): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D2n
D2m

  D1n
D1m

  D0n
 D0m  D3nD3m

 
L2nL2m  L1nL1m  L0nL0m  L3nL3m  L2n2m  2nL2m  L1n1m  1nL1m  L0n0m  0nL0m  L3n3m  3n

0

Ljm  Ljn :


L2nL2n  L1nL1n  L0nL0n  L3nL3n  L2n2m  2nL2n  L1n1m  1nL1n  L0n0m  0nL0n 

0

Ljm  Ljn are linear/differential & ij are constants:


L2nL2n  L1nL1n  L0nL0n  L3nL3n  2m  2nL2n  1m  1nL1n  0m  0nL0n  3n

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L2nL2n  L1nL1n  L0nL0n  L3nL3n  2n2n  1n1n  0n0n  3n3n

0 L2nL2n  L1nL1n 

Ljn are functions or differential operators & ij are non-constant functions:


L2nL2m  L1nL1m  L0nL0m  L3nL3m  2nL2m  1nL1m  0nL0m  3nL3m  L2n2m  L1

0

Proof:

DAnDBm  D2n
D2m

  D1n
D1m

  D0n
 D0m  D3nD3m

 
0 L2n  2n

L2n  2n 0

0 L2m  2m

L2m  2m 0


0 L1n  1n

L1n  1n 0


L2n  2nL2m  2m  L1n  1nL1m  1m  L0n  0nL0m  0m  L3n  3nL3m 

0


L2nL2m  L1nL1m  L0nL0m  L3nL3m  L2n2m  2nL2m  L1n1m  1nL1m  L0n0m  0nL0m

0

Ljm  Ljn :


L2nL2n  L1nL1n  L0nL0n  L3nL3n  L2n2m  2nL2n  L1n1m  1nL1n  L0n0m  0nL0n 

0

Ljm  Ljn are linear/differential & ij are constants:
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L2nL2n  L1nL1n  L0nL0n  L3nL3n  2m  2nL2n  1m  1nL1n  0m  0nL0n  3n

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L2nL2n  L1nL1n  L0nL0n  L3nL3n  2n2m  1n1m  0n0m  3n3m

0 L2nL2n  L1nL1n 

Ljn are functions or differential operators & ij are non-constant functions:


L2nL2m  L1nL1m  L0nL0m  L3nL3m  2nL2m  1nL1m  0nL0m  3nL3m  L2n2m  L1

0



Lemma I.3.3.4-(ABc3r4): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D1n
 D2m

  D2n
 D1m

  D3n
 D0m  D0nD3m

 
L3nL0m  L0nL3m  L3n0m  3nL0m  L0n3m  0nL3m  3n0m  0n3m L1nL2m  L2nL1m  L1n2

L1nL2m  L2nL1m  L1n2m  1nL2m  L2n1m  2nL1m  1n2m  2n1m L3nL0m  L0nL3m  L3n0m

Ljm  Ljn :


L3nL0n  L0nL3n  L3n0m  3nL0n  L0n3m  0nL3n  3n0m  0n3m L1nL2n  L2nL1n  L1n

L1nL2n  L2nL1n  L1n2m  1nL2n  L2n1m  2nL1n  1n2m  2n1m L3nL0n  L0nL3n  L3n

Ljm  Ljn are linear/differential & ij are constants:


3m  3nL0n  0m  0nL3n  3n0m  0n3m 2m  2nL1n  1n  1mL2n  1n2m  2n

2n  2mL1n  1m  1nL2n  1n2m  2n1m 3n  3mL0n  0n  0mL3n  3n0m  0n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3nL0m  L0nL3m  3nL0m  0nL3m  L3n0m  L0n3m  3n0m  0n3m L1nL2m  L2nL1m  1

L1nL2m  L2nL1m  1nL2m  2nL1m  L1n2m  L2n1m  1n2m  2n1m L3nL0m  L0nL3m  3n

Proof:

D1n
 D2m

  D2n
 D1m

  D3n
 D0m  D0nD3m

  
L1n  1n 0

0 L1n  1n

0 L2m  2m

L2m  2m 0


L2n  2n 0

0 L2n  2n


L3n  3nL0m  0m  L0n  0nL3m  3m L1n  1nL2m  2m  L2n  2nL1m  1m

L1n  1nL2m  2m  L2n  2nL1m  1m L3n  3nL0m  0m  L0n  0nL3m  3m


L3nL0m  L3n0m  3nL0m  3n0m  L0nL3m  L0n3m  0nL3m  0n3m L1nL2m  L1n2m  1nL2m  

L1nL2m  L1n2m  1nL2m  1n2m  L2nL1m  L2n1m  2nL1m  2n1m L3nL0m  L3n0m  3nL0m  3


L3nL0m  L0nL3m  L3n0m  3nL0m  L0n3m  0nL3m  3n0m  0n3m L1nL2m  L2nL1m  L

L1nL2m  L2nL1m  L1n2m  1nL2m  L2n1m  2nL1m  1n2m  2n1m L3nL0m  L0nL3m  L3

Ljm  Ljn :


L3nL0n  L0nL3n  L3n0m  3nL0n  L0n3m  0nL3n  3n0m  0n3m L1nL2n  L2nL1n  L1n

L1nL2n  L2nL1n  L1n2m  1nL2n  L2n1m  2nL1n  1n2m  2n1m L3nL0n  L0nL3n  L3n

Ljm  Ljn are linear/differential & ij are constants:


3m  3nL0n  0m  0nL3n  3n0m  0n3m 2m  2nL1n  1n  1mL2n  1n2m  2n

2n  2mL1n  1m  1nL2n  1n2m  2n1m 3n  3mL0n  0n  0mL3n  3n0m  0n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L3nL0m  L0nL3m  3nL0m  0nL3m  L3n0m  L0n3m  3n0m  0n3m L1nL2m  L2nL1m  1

L1nL2m  L2nL1m  1nL2m  2nL1m  L1n2m  L2n1m  1n2m  2n1m L3nL0m  L0nL3m  3n



Lemma I.3.4.1-(ABc4r1): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0
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then:

D0n
 D1m  D3n

D2m  D2n
D3m  D1nD0m

 
L0nL1m  L1nL0m  L0n1m  0nL1m  L1n0m  1nL0m  0n1m  1n0m L3nL2m  L2nL3m  L3n2m 

L3nL2m  L2nL3m  L3n2m  3nL2m  L2n3m  2nL3m  3n2m  2n3m L0nL1m  L1nL0m  L0n1m 

Ljm  Ljn :


L0nL1n  L1nL0n  L0n1m  0nL1n  L1n0m  1nL0n  0n1m  1n0m L3nL2n  L2nL3n  L3n2m 

L3nL2n  L2nL3n  L3n2m  3nL2n  L2n3m  2nL3n  3n2m  2n3m L0nL1n  L1nL0n  L0n1m 

Ljm  Ljn are linear/differential & ij are constants:


1m  1nL0n  0m  0nL1n  0n1m  1n0m 3m  3nL2n  2n  2mL3n  3n2m  2n3m

3n  3mL2n  2m  2nL3n  3n2m  2n3m 1n  1mL0n  0n  0mL1n  0n1m  1n0m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L0nL1m  L1nL0m  0nL1m  1nL0m  L0n1m  L1n0m  0n1m  1n0m L3nL2m  L2nL3m  3nL2m

L3nL2m  L2nL3m  3nL2m  2nL3m  L3n2m  L2n3m  3n2m  2n3m L0nL1m  L1nL0m  0nL1m

Proof:

D0n
 D1m  D3n

D2m  D2n
D3m  D1nD0m

 
L0n  0n 0

0 L0n  0n

L1m  1m 0

0 L1m  1m


0 L3n  3n

L3n  3n 0


L0n  0nL1m  1m  L1n  1nL0m  0m L3n  3nL2m  2m  L2n  2nL3m  3m

L3n  3nL2m  2m  L2n  2nL3m  3m L0n  0nL1m  1m  L1n  1nL0m  0m


L0nL1m  L0n1m  0nL1m  0n1m  L1nL0m  L1n0m  1nL0m  1n0m L3nL2m  L3n2m  3nL2m  3n2m

L3nL2m  L3n2m  3nL2m  3n2m  L2nL3m  L2n3m  2nL3m  2n3m L0nL1m  L0n1m  0nL1m  0n1m


L0nL1m  L1nL0m  L0n1m  0nL1m  L1n0m  1nL0m  0n1m  1n0m L3nL2m  L2nL3m  L3n2m

L3nL2m  L2nL3m  L3n2m  3nL2m  L2n3m  2nL3m  3n2m  2n3m L0nL1m  L1nL0m  L0n1m

Ljm  Ljn :


L0nL1n  L1nL0n  L0n1m  0nL1n  L1n0m  1nL0n  0n1m  1n0m L3nL2n  L2nL3n  L3n2m 

L3nL2n  L2nL3n  L3n2m  3nL2n  L2n3m  2nL3n  3n2m  2n3m L0nL1n  L1nL0n  L0n1m 

Ljm  Ljn are linear/differential & ij are constants:


1m  1nL0n  0m  0nL1n  0n1m  1n0m 3m  3nL2n  2n  2mL3n  3n2m  2n3m

3n  3mL2n  2m  2nL3n  3n2m  2n3m 1n  1mL0n  0n  0mL1n  0n1m  1n0m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L0nL1m  L1nL0m  0nL1m  1nL0m  L0n1m  L1n0m  0n1m  1n0m L3nL2m  L2nL3m  3nL2m

L3nL2m  L2nL3m  3nL2m  2nL3m  L3n2m  L2n3m  3n2m  2n3m L0nL1m  L1nL0m  0nL1m



Lemma I.3.4.2-(ABc4r2): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D3n
D1m  D0n

 D2m  D1n
D3m  D2nD0m

 
L0nL2m  L2nL0m  L0n2m  0nL2m  L2n0m  2nL0m  0n2m  2n0m L3nL1m  L1nL3m  L3n

L3nL1m  L1nL3m  L3n1m  3nL1m  L1n3m  1nL3m  3n1m  1n3m L0nL2m  L2nL0m  L0n2

Ljm  Ljn :


L0nL2n  L2nL0n  L0n2m  0nL2n  L2n0m  2nL0n  0n2m  2n0m L3nL1n  L1nL3n  L3n1

L3nL1n  L1nL3n  L3n1m  3nL1n  L1n3m  1nL3n  3n1m  1n3m L0nL2n  L2nL0n  L0n2m

Ljm  Ljn are linear/differential & ij are constants:


2m  2nL0n  0m  0nL2n  0n2m  2n0m 3n  3mL1n  1m  1nL3n  3n1m  1n3m

3m  3nL1n  1n  1mL3n  3n1m  1n3m 2n  2mL0n  0n  0mL2n  0n2m  2n0m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:
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L0nL2m  L2nL0m  0nL2m  2nL0m  L0n2m  L2n0m  0n2m  2n0m L3nL1m  L1nL3m  3n

L3nL1m  L1nL3m  3nL1m  1nL3m  L3n1m  L1n3m  3n1m  1n3m L0nL2m  L2nL0m  0nL

Proof:

D3n
D1m  D0n

 D2m  D1n
D3m  D2nD0m

  
0 L3n  3n

L3n  3n 0

L1m  1m 0

0 L1m  1m


L0n  0n 0

0 L0n  0n


L0n  0nL2m  2m  L2n  2nL0m  0m L3n  3nL1m  1m  L1n  1nL3m  3m

L3n  3nL1m  1m  L1n  1nL3m  3m L0n  0nL2m  2m  L2n  2nL0m  0m


L0nL2m  L0n2m  0nL2m  0n2m  L2nL0m  L2n0m  2nL0m  2n0m L3nL1m  L3n1m  3nL1m  

L3nL1m  L3n1m  3nL1m  3n1m  L1nL3m  L1n3m  1nL3m  1n3m L0nL2m  L0n2m  0nL2m  0


L0nL2m  L2nL0m  L0n2m  0nL2m  L2n0m  2nL0m  0n2m  2n0m L3nL1m  L1nL3m  L

L3nL1m  L1nL3m  L3n1m  3nL1m  L1n3m  1nL3m  3n1m  1n3m L0nL2m  L2nL0m  L0

Ljm  Ljn :


L0nL2n  L2nL0n  L0n2m  0nL2n  L2n0m  2nL0n  0n2m  2n0m L3nL1n  L1nL3n  L3n

L3nL1n  L1nL3n  L3n1m  3nL1n  L1n3m  1nL3n  3n1m  1n3m L0nL2n  L2nL0n  L0n

Ljm  Ljn are linear/differential & ij are constants:


2m  2nL0n  0m  0nL2n  0n2m  2n0m 3n  3mL1n  1m  1nL3n  3n1m  1n

3m  3nL1n  1n  1mL3n  3n1m  1n3m 2n  2mL0n  0n  0mL2n  0n2m  2n

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L0nL2m  L2nL0m  0nL2m  2nL0m  L0n2m  L2n0m  0n2m  2n0m L3nL1m  L1nL3m  3

L3nL1m  L1nL3m  3nL1m  1nL3m  L3n1m  L1n3m  3n1m  1n3m L0nL2m  L2nL0m  0n



Lemma I.3.4.3-(ABc4r3): For linear/differential operators Lij & ij
and:

Dij
  Lij  ij , Dij

  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D2n
D1m  D1n

D2m  D0n
 D3m  D3nD0m

 
L0nL3m  L3nL0m  L0n3m  0nL3m  L3n0m  3nL0m  0n3m  3n0m L2nL1m  L1nL2m  L2n1m 

L2nL1m  L1nL2m  L2n1m  2nL1m  L1n2m  1nL2m  2n1m  1n2m L0nL3m  L3nL0m  L0n3m 

Ljm  Ljn :


L0nL3n  L3nL0n  L0n3m  0nL3n  L3n0m  3nL0n  0n3m  3n0m L2nL1n  L1nL2n  L2n1m 

L2nL1n  L1nL2n  L2n1m  2nL1n  L1n2m  1nL2n  2n1m  1n2m L0nL3n  L3nL0n  L0n3m 

Ljm  Ljn are linear/differential & ij are constants:


3m  3nL0n  0m  0nL3n  0n3m  3n0m 2m  2nL1n  1n  1mL2n  2n1m  1n2m

2n  2mL1n  1m  1nL2n  2n1m  1n2m 3n  3mL0n  0n  0mL3n  0n3m  3n0m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L0nL3m  L3nL0m  0nL3m  3nL0m  L0n3m  L3n0m  0n3m  3n0m L2nL1m  L1nL2m  2nL1m

L2nL1m  L1nL2m  2nL1m  1nL2m  L2n1m  L1n2m  2n1m  1n2m L0nL3m  L3nL0m  0nL3m

Proof:

D2n
D1m  D1n

D2m  D0n
 D3m  D3nD0m

 
0 L2n  2n

L2n  2n 0

L1m  1m 0

0 L1m  1m


0 L1n  1n

L1n  1n 0


L0n  0nL3m  3m  L3n  3nL0m  0m L2n  2nL1m  1m  L1n  1nL2m  2m

L2n  2nL1m  1m  L1n  1nL2m  2m L0n  0nL3m  3m  L3n  3nL0m  0m


L0nL3m  L0n3m  0nL3m  0n3m  L3nL0m  L3n0m  3nL0m  3n0m L2nL1m  L2n1m  2nL1m  2n1m

L2nL1m  L2n1m  2nL1m  2n1m  L1nL2m  L1n2m  1nL2m  1n2m L0nL3m  L0n3m  0nL3m  0n3m


L0nL3m  L3nL0m  L0n3m  0nL3m  L3n0m  3nL0m  0n3m  3n0m L2nL1m  L1nL2m  L2n1m

L2nL1m  L1nL2m  L2n1m  2nL1m  L1n2m  1nL2m  2n1m  1n2m L0nL3m  L3nL0m  L0n3m

Ljm  Ljn :


L0nL3n  L3nL0n  L0n3m  0nL3n  L3n0m  3nL0n  0n3m  3n0m L2nL1n  L1nL2n  L2n1m 

L2nL1n  L1nL2n  L2n1m  2nL1n  L1n2m  1nL2n  2n1m  1n2m L0nL3n  L3nL0n  L0n3m 
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Ljm  Ljn are linear/differential & ij are constants:


3m  3nL0n  0m  0nL3n  0n3m  3n0m 2m  2nL1n  1n  1mL2n  2n1m  1n2m

2n  2mL1n  1m  1nL2n  2n1m  1n2m 3n  3mL0n  0n  0mL3n  0n3m  3n0m

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


0 0

0 0

Ljn are functions or differential operators & ij are non-constant functions:


L0nL3m  L3nL0m  0nL3m  3nL0m  L0n3m  L3n0m  0n3m  3n0m L2nL1m  L1nL2m  2nL1m

L2nL1m  L1nL2m  2nL1m  1nL2m  L2n1m  L1n2m  2n1m  1n2m L0nL3m  L3nL0m  0nL3m



****
Lemma I.3.4.4-(ABc4r4): For linear/differential operators Lij & ij

and:
Dij

  Lij  ij , Dij
  Lij  ij

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

then:

D1n
 D1m  D2n

 D2m  D3n
 D3m  D0nD0m

 
L1nL1m  L2nL2m  L3nL3m  L0nL0m  L1n1m  1nL1m  L2n2m  2nL2m  L3n3m  3nL3m  L0n0m  0nL

0

Ljm  Ljn :


L1nL1n  L2nL2n  L3nL3n  L0nL0n  L1n1m  1nL1n  L2n2m  2nL2n  L3n3m  3nL3n  L0n0m  0nL

0

Ljm  Ljn are linear/differential & ij are constants:


L1nL1n  L2nL2n  L3nL3n  L0nL0n  1m  1nL1n  2m  2nL2n  3m  3nL3n  0n  0mL0n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L1nL1n  L2nL2n  L3nL3n  L0nL0n  1n1n  2n2n  3n3n  0n0n

0 L1nL1n  L2nL2n  L3nL3n  L0nL

Ljn are functions or differential operators & ij are non-constant functions:


L1nL1m  L2nL2m  L3nL3m  L0nL0m  1nL1m  2nL2m  3nL3m  0nL0m  L1n1m  L2n2m  L3n3m

0

Proof:

D1n
 D1m  D2n

 D2m  D3n
 D3m  D0nD0m

 
L1n  1n 0

0 L1n  1n

L1m  1m 0

0 L1m  1m


L2n  2n 0

0 L2n  2n


L1n  1nL1m  1m  L2n  2nL2m  2m  L3n  3nL3m  3m  L0n  0nL0m  0m

0 L1n 


L1nL1m  L1n1m  1nL1m  1n1m  L2nL2m  L2n2m  2nL2m  2n2m  L3nL3m  L3n3m  3nL3m  3n3m

0


L1nL1m  L2nL2m  L3nL3m  L0nL0m  L1n1m  1nL1m  L2n2m  2nL2m  L3n3m  3nL3m  L0n0m  0

0

Ljm  Ljn :


L1nL1n  L2nL2n  L3nL3n  L0nL0n  L1n1m  1nL1n  L2n2m  2nL2n  L3n3m  3nL3n  L0n0m  0nL

0

Ljm  Ljn are linear/differential & ij are constants:


L1nL1n  L2nL2n  L3nL3n  L0nL0n  1m  1nL1n  2m  2nL2n  3m  3nL3n  0n  0mL0n  

0

Ljm  Ljn are linear/differential & ij are constants & jm  jn :


L1nL1n  L2nL2n  L3nL3n  L0nL0n  1n1m  2n2m  3n3m  0n0m

0 L1nL1n  L2nL2n  L3nL3n  L0

Ljn are functions or differential operators & ij are non-constant functions:


L1nL1m  L2nL2m  L3nL3m  L0nL0m  1nL1m  2nL2m  3nL3m  0nL0m  L1n1m  L2n2m  L3n3m

0



Theorem II.1: Given: linear/differential operators Lij & ij are constants & jm  jn :
and: B-factors & A-factors: DBn & DAn , under the same index n ,
BA-factorizations & AB-factorizations are equal: DBnDAn  DAnDBn ;
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i.e.: BA-factorizations & AB-factorizations under the same index are commutative.
Proof:

From Theorem I.1:

DBnDAn 

D0nD0n
  D3n

D3n
  D2n

D2n
  D1nD1n

 D0nD3n
  D3n

D0n
  D2n

D1n
  D1nD2n

 D0nD2n
  D3n

D1n
  D2n

D0n
  D1nD3n



D3n
D0n

  D0nD3n
  D1n

D2n
  D2nD1n

 D3n
D3n

  D0nD0n
  D1n

D1n
  D2nD2n

 D3n
D2n

  D0nD1n
  D1n

D0n
  D2nD3n



D2n
D0n

  D1n
D3n

  D0nD2n
  D3nD1n

 D2n
D3n

  D1n
D0n

  D0nD1n
  D3nD2n

 D2n
D2n

  D1n
D1n

  D0nD0n
  D3nD3n




D1n
 D0n

  D2n
 D3n

  D3n
 D2n

  D0n
 D1n

 D1n
 D3n

  D2n
 D0n

  D3n
 D1n

  D0n
 D2n

 D1n
 D2n

  D2n
 D1n

  D3n
 D0n

  D0n
 D3n



DAnDBn 

D0n
 D0n  D3n

D3n
  D2n

D2n
  D1nD1n

 D0n
 D3n

  D3n
D0n  D2n

D1n
  D1nD2n

 D0n
 D2n

  D3n
D1n

  D2n
D0n  D1nD3n



D3n
D0n  D0n

 D3n
  D1n

D2n
  D2nD1n

 D3n
D3n

  D0n
 D0n  D1n

D1n
  D2nD2n

 D3n
D2n

  D0n
 D1n

  D1n
D0n  D2nD3n



D2n
D0n  D1n

D3n
  D0n

 D2n
  D3nD1n

 D2n
D3n

  D1n
D0n  D0n

 D1n
  D3nD2n

 D2n
D2n

  D1n
D1n

  D0n
 D0n  D3nD3n



D1n
 D0n  D2n

 D3n
  D3n

 D1n
  D0nD1n

 D1n
 D3n

  D2n
 D0n  D3n

 D1n
  D0nD2n

 D1n
 D2n

  D2n
 D1n

  D3n
 D0n  D0nD3n



So, from Lemmas I.2 & I.3, under the headings: Ljn are linear/differential & ij are constants & jm  jn :

 DBnDAn 

|Ln |2  |n |2  0

0 |Ln |2  |n |2 

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

|Ln |2  |n |2  0

0 |Ln |2  |n |2 

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

|Ln |2  |n |2  0

0 |Ln |2  |n |2 

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

|Ln |2  |n |2  0

0 |Ln |2 

 DAnDBn 

|Ln |2  |n |2  0

0 |Ln |2  |n |2 

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

|Ln |2  |n |2  0

0 |Ln |2  |n |2 

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

|Ln |2  |n |2  0

0 |Ln |2  |n |2 

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

|Ln |2  |n |2  0

0 |Ln |2 

 DBnDAn

 |Ln |2  |n |2 

I2 02 02 02

02 I2 02 02

02 02 I2 02

02 02 02 I2

where:
|Ln |2  L1nL1n  L2nL2n  L3nL3n  L0nL0n & |n |2  1n1n  2n2n  3n3n  0n0n



Theorem II.2: For linear/differential operators Lij  i & ij  mi (constants)
DBn & DAn and DBnDAn & DAnDBn are Helmholtzian factors and factorizations, respectively;

and: DBnDAn  DAnDBn .
Proof:

Lij  i & ij  mi  Dij
  i  mi , Dij

  i  mi

So:
Dij

  i  mi , Dij
  i  mi

Dij 
Dij

 0

0 Dij


, Dij
 

Dij
 0

0 Dij


, Dij
 

0 Dij


Dij
 0

, Dij
 

0 Dij


Dij
 0

So, from Theorem II.1
DBn & DAn and DBnDAn & DAnDBn are Helmholtzian factors and factorizations, respectively;

and: DBnDAn  DAnDBn .


as follows:
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Theorem III.1: For linear/differential operators DBn & DAm :
where:

Ljm  Ljn are linear/differential & ij are constants:
then:

DBnDAm  c1 c2 c3 c4 Lm  Ln

where:
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c1

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

2m  2nL1n 

1m  1nL2n 

1n2m  2n1m

0m  0nL3n 

3m  3nL0n 

3n0m  0n3m

0m  0nL3n 

3m  3nL0n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

3n  3mL1n 

1n  1mL3n 

1n3m  3n1m

0m  0nL2n 

2n  2mL0n 

2n0m  0n2m

2m  2nL0n 

0m  0nL2n 

2n0m  0n2m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

1m
  1n L0n 

 0n  0m
 L1n 

1n0m
  0n1m

 

3m
  3n L2n 

 2n  2m
 L3n 

2n3m  3n2m
 

3n  3m
 L2n 

2m
  2n L3n 

2n3m  3n2m
 

1n  1m
 L0n 

0m
  0n L1n 

1n0m
  0n1m

 

c2

2n  2mL1n 

1n  1mL2n 

2n1m  1n2m

3n  3mL0n 

0n  0mL3n 

0n3m  3n0m

3m  3nL0n 

0m  0nL3n 

0n3m  3n0m

2m  2nL1n 

1m  1nL2n 

2n1m  1n2m

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

3n  3mL2n 

2n  2mL3n 

2n3m  3n2m

1m  1nL0n 

0m  0nL1n  

1n0m  0n1m

1n  1mL0n 

0n  0mL1n 

1n0m  0n1m

3m  3nL2n 

2m  2nL3n 

2n3m  3n2m

2m  2nL0n 

0n  0mL2n 

2n0m  0n2m

3n  3mL1n 

1m  1nL3n 

1n3m  3n1m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

2n  2mL0n 

0m  0nL2n 

2n0m  0n2m
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c3

3n  3mL1n 

1n  1mL3n 

3n1m  1m3n

2m  2nL0n 

0m  0nL2n 

0n2m  2n0m

2n  2mL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1m  1nL3n 

3n1m  1n3m

3n  3mL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0n  0mL1n 

0n1m  1n0m

1m  1nL0n 

0m  0nL1n 

0n1m  1n0m

2m  3nL2n 

3m  2nL3n 

3n2m  2n3m

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2n2m  1n1m  0n0m  3n3m

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2n2m  1n1m  0n0m  3n3m

3m  3nL0n 

0n  0mL3n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

3n0m  0n3m

c4

1m  1nL0n 

0n  0mL1n 

0n1m  1n0m

3n  3mL2n 

2m  2nL3n 

3n2m  2n3m

3m  3nL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0m  0nL1n 

0n1m  1n0m

2m  2nL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1n  1mL3n 

3n1m  1n3m

3n  3mL1n 

1m  1nL3n 

3n1m  1n3m

0m  0nL2n 

2n  2mL0n 

0n2m  2n0m

3m  3nL0n 

0n  0mL3n 

0n3m  3n0m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

1n  1mL2n 

2m  2nL1n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

0n3m  3n0m

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1n1m  2n2m  3n3m  0n0m

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1n1m  2n2m  3n3nm  0n0m

DBmDAn  c1 c2 c3 c4 Ln  Lm

34



where:

c1

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

2n  2mL1n 

1n  1mL2n 

1m2n  2m1n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

3m  3nL1n 

1m  1nL3n 

1m3n  3m1n

0n  0mL2n 

2m  2nL0n 

2m0n  0m2n

2n  2mL0n 

0n  0mL2n 

2m0n  0m2n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

1n
  1m L0n 

 0m  0n
 L1n 

1m0n
  0m1n

 

3n
  3m L2n 

 2m  2n
 L3n 

2m3n  3m2n
 

3m  3n
 L2n 

2n
  2m L3n 

2m3n  3m2n
 

1m  1n
 L0n 

0n
  0m L1n 

1m0n
  0m1n

 

c2

2m  2nL1n 

1m  1nL2n 

2m1n  1m2n

3m  3nL0n 

0m  0nL3n 

0m3n  3m0n

3n  3mL0n 

0n  0mL3n 

0m3n  3m0n

2n  2mL1n 

1n  1mL2n 

2m1n  1m2n

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

3m  3nL2n 

2m  2nL3n 

2m3n  3m2n

1n  1mL0n 

0n  0mL1n  

1m0n  0m1n

1m  1nL0n 

0m  0nL1n 

1m0n  0m1n

3n  3mL2n 

2n  2mL3n 

2m3n  3m2n

2n  2mL0n 

0m  0nL2n 

2m0n  0m2n

3m  3nL1n 

1n  1mL3n 

1m3n  3m1n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

2m  2nL0n 

0n  0mL2n 

2m0n  0m2n
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c3

3m  3nL1n 

1m  1nL3n 

3m1n  1m3n

2n  2mL0n 

0n  0mL2n 

0m2n  2m0n

2m  2nL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1n  1mL3n 

3m1n  1m3n

3m  3nL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0m  0nL1n 

0m1n  1m0n

1n  1mL0n 

0n  0mL1n 

0m1n  1m0n

2n  3mL2n 

3n  2mL3n 

3m2n  2m3n

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2m2n  1m1n  0m0n  3m3n

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2m2n  1m1n  0m0n  3m3n

3n  3mL0n 

0m  0nL3n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

3m0n  0m3n

c4

1n  1mL0n 

0m  0nL1n 

0m1n  1m0n

3m  3nL2n 

2n  2mL3n 

3m2n  2m3n

3n  3mL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0n  0mL1n 

0m1n  1m0n

2n  2mL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1m  1nL3n 

3m1n  1m3n

3m  3nL1n 

1n  1mL3n 

3m1n  1m3n

0n  0mL2n 

2m  2nL0n 

0m2n  2m0n

3n  3mL0n 

0m  0nL3n 

0m3n  3m0n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

1m  1nL2n 

2n  2mL1n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

0m3n  3m0n

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1m1n  2m2n  3m3n  0m0n

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1m1n  2m2n  3m3n  0m0n

DBnDAm  DBmDAn  c1 c2 c3 c4 Lm  Ln
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where:

c1

L0nL0n  L0nL0n  L3nL3n  L3nL3n  L2nL2n  L2nL2n  L1nL1n  L1nL1n 

0m  0n  0n  0mL0n  3m  3n  3n  3mL3n 

2m  2n  2n  2mL2n  1m  1n  1n  1mL1n 

0n0m  0m0n  3n3m  3m3n  2n2m  2m2n  1n1m  1m1n

0

0 

L0nL0n  L0nL0n  L3nL3n  L3nL3n  L2nL2n  L2

0m  0n  0n  0mL0n  3m  3n  3n  

2m  2n  2n  2mL2n  1m  1n  1n  

0n0m  0m0n  3n3m  3m3n  2n2m  2m2

2m  2n  2n  2mL1n 

1m  1n  1n  1mL2n 

1n2m  2n1m  1m2n  2m1n

0m  0n  0n  0mL3n 

3m  3m  3n  3mL0n 

3n0m  0n3m  3m0n  0m3n

0m  0n  0n  0mL3n 

3m  3n  3n  3mL0n 

3n0m  0n3m  3m0n  0m3n

2m  2n  2n  2mL1n 

1n  1m  1m  1nL2n 

1n2m  2n1m  1m2n  2m1n

3n  3m  3m  3nL1n 

1n  1m  1m  1nL3n 

1n3m  3n1m  1m3n  3m1n

0m  0n  0n  0mL2n 

2n  2m  2m  2nL0n 

2n0m  0n2m  2m0n  0m2n

2m  2n  2n  2mL0n 

0m  0n  0n  0mL2n 

2n0m  0n2m  2m0n  0m2n

3m  3n  3n  3mL1n 

1n  1m  1m  1nL3n 

1n3m  3n1m  1m3n  3m1n

1m
  1n  1n

  1m L0n 

 0n  0m
  0m  0n

 L1n 

1n0m
  0n1m

   1m0n
  0m1n

 

3m
  3n  3n

  3m L2n 

 2n  2m
  2m  2n

 L3n 

2n3m  3n2m
   2m3n  3m2n

 

3n  3m
  3m  3n

 L2n 

2m
  2n  2n

  2m L3n 

2n3m  3n2m
   2m3n  3m2n

 

1n  1m
   1m  1n

 L0n 

0m
  0n  0n

  0m L1n 

1n0m
  0n1m

   1m0n
  0m1n
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c2

2n  2m  2m  2nL1n 

1n  1m  1m  1nL2n 

2n1m  1n2m  2m1n  1m2n

3n  3m  3m  3nL0n 

0n  0m  0m  0nL3n 

0n3m  3n0m  0m3n  3m0n

3m  3n  3n  3mL0n 

0m  0n  0n  0mL3n 

0n3m  3n0m  0m3n  3m0n

2m  2n  2n  2mL1n 

1m  1n  1n  1mL2n 

2n1m  1n2m  2m1n  1m2n

L3nL3n  L3nL3n  L0nL0n  L0nL0n  L1nL1n  L1nL1n  L2nL2n  L2nL2n 

3m  3n  3n  3mL3n  0n  0m  0m  0nL0n 

1m  1n  1n  1mL1n  2n  2m  2m  2nL2n 

3n3m  3m3n  0n0m  0m0n  1n1m  1m1n  2n2m  2m2n

0

0

L3nL3n  L3nL3n  L0nL0n  L0nL0n  L1nL1n  L1n

3n  3m  3m  3nL3n  0m  0n  0n  0m

1m  1n  1n  1mL1n  2n  2m  2m  2n

3n3m  3m3n  0n0m  0m0n  1n1m  1m1n

3n  3m  3m  3nL2n 

2n  2m  2m  2nL3n 

2n3m  3n2m  2m3n  3m2n

1m  1n  1n  1mL0n 

0m  0n  0n  0mL1n 

1n0m  0n1m  1m0n  0m1n

1n  1m  1m  1nL0n 

0n  0m  0m  0nL1n 

1n0m  0n1m  1m0n  0m1n

3m  3n  3n  3mL2n 

2m  2n  2n  2mL3n 

2n3m  3n2m  2m3n  3m2n

2m  2n  2n  2mL0n 

0n  0m  0m  0nL2n 

2n0m  0n2m  2m0n  0m2n

3n  3m  3m  3nL1n 

1m  1n  1n  1mL3n 

1n3m  3n1m  1m3n  3m1n

3m  3n  3n  3mL1n 

1n  1m  1m  1nL3n 

1n3m  3n1m  1m3n  3m1n

2n  2m  2m  2nL0n 

0m  0n  0n  0mL2n 

2n0m  0n2m  2m0n  0m2n
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c3

3n  3m  3m  3nL1n 

1n  1m  1m  1nL3n 

3n1m  1m3n  3m1n  1m3n

2m  2n  2n  2mL0n 

0m  0n  0n  0mL2n 

0n2m  2n0m  0m2n  2m0n

2n  2m  2m  2nL0n 

0n  0m  0m  0nL2n 

0n2m  2n0m  0m2n  2m0n

3m  3n  3n  3mL1n 

1m  1n  1n  1mL3n 

3n1m  1n3m  3m1n  1m3n

3n  3m  3m  3nL2n 

2n  2m  2m  2nL3n 

3n2m  2n3m  3m2n  2m3n

1n  1m  1m  1nL0n 

0n  0m  0m  0nL1n 

0n1m  1n0m  0m1n  1m0n

1m  1n  1n  1mL0n 

0m  0n  0n  0mL1n 

0n1m  1n0m  0m1n  1m0n

2m  3n  2n  3mL2n 

3m  2n  3n  2mL3n 

3n2m  2n3m  3m2n  2m3n

L2nL2n  L2nL2n  L1nL1n  L1nL1n  L0nL0n  L0nL0n  L3nL3n  L3nL3n 

2m  2n  2n  2mL2n  1m  1n  1n  1mL1n 

0n  0m  0m  0nL0n  3n  3m  3m  3nL3n 

2n2m  2m2n  1n1m  1m1n  0n0m  1m1n  3n3m  1m1n

0

0

L2nL2n  L2nL2n  L1nL1n  L1nL1n  L0nL0n  L0n

2n  2m  2m  2nL2n  1n  1m  1m  1n

0m  0n  0n  0mL0n  3m  3n  3n  3m

2n2m  2m2n  1n1m  1m1n  0n0m  1m1

3m  3n  3n  3mL0n 

0n  0m  0m  0nL3n 

3n0m  0n3m  3m0n  0m3n

2m  2n  2n  2mL1n 

1n  1m  1m  1nL2n 

1n2m  2n1m  1m2n  2m1n

2n  2m  2m  2nL1n 

1m  1n  1n  1mL2n 

1n2m  2n1m  1m2n  2m1n

3n  3m  3m  3nL0n 

0m  0n  0n  0mL3n 

3n0m  0n3m  3m0n  0m3n
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c4

1m  1n  1n  1mL0n 

0n  0m  0m  0nL1n 

0n1m  1n0m  0m1n  1m0n

3n  3m  3m  3nL2n 

2m  2n  2n  2mL3n 

3n2m  2n3m  3m2n  2m3n

3m  3n  3n  3mL2n 

2n  2m  2m  2nL3n 

3n2m  2n3m  3m2n  2m3n

1n  1m  1m  1nL0n 

0m  0n  0n  0mL1n 

0n1m  1n0m  0m1n  1m0n

2m  2n  2n  2mL0n 

0n  0m  0m  0nL2n 

0n2m  2n0m  0m2n  2m0n

3m  3n  3n  3mL1n 

1n  1m  1m  1nL3n 

3n1m  1n3m  3m1n  1m3n

3n  3m  3m  3nL1n 

1m  1n  1n  1mL3n 

3n1m  1n3m  3m1n  1m3n

0m  0n  0n  0mL2n 

2n  2m  2m  2nL0n 

0n2m  2n0m  0m2n  2m0n

3m  3n  3n  3mL0n 

0n  0m  0m  0nL3n 

0n3m  3n0m  0m3n  3m0n

2n  2m  2m  2nL1n 

1m  1n  1n  1mL2n 

1n2m  2n1m  1m2n  2m1n

1n  1m  1m  1nL2n 

2m  2n  2n  2mL1n 

1n2m  2n1m  1m2n  2m1n

3n  3m  3m  3nL0n 

0m  0n  0n  0mL3n 

0n3m  3n0m  0m3n  3m0n

L1nL1n  L1nL1n  L2nL2n  L2nL2n  L3nL3n  L3nL3n  L0nL0n  L0nL0n 

1m  1n  1n  1mL1n  2m  2n  2n  2mL2n 

3m  3n  3n  3mL3n  0m  0n  0n  0mL0n 

1n1m  1m1n  2n2m  2m2n  3n3m  3m3n  0n0m  0m0n

0

0

L1nL1n  L1nL1n  L2nL2n  L2nL2n  L3nL3n  L

1n  1m  1m  1nL1n  2n  2m  2m 

3n  3m  3m  3nL3n  0n  0m  0m 

1n1m  1m1n  2n2m  2m2n  3n3nm  3m

DBpDAm  c1 c2 c3 c4 Lm  Lp

where:
c1
c2
c3
c4

DBmDAp  c1 c2 c3 c4 Lp  Lm

where:
c1
c2
c3
c4

DBpDAm  DBmDAp  c1 c2 c3 c4 Lm  Lp

where:
c1
c2
c3
c4

DBnDAm  c1 c2 c3 c4 Lm  Ln

where:
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c1

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

2m  2nL1n 

1m  1nL2n 

1n2m  2n1m

0m  0nL3n 

3m  3mL0n 

3n0m  0n3m

0m  0nL3n 

3m  3nL0n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

3n  3mL1n 

1n  1mL3n 

1n3m  3n1m

0m  0nL2n 

2n  2mL0n 

2n0m  0n2m

2m  2nL0n 

0m  0nL2n 

2n0m  0n2m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

1m  1n L0n 

 0n  0m
 L1n 

1n0m  0n1m
 

3m  3n L2n 

 2n  2m
 L3n 

2n3m
  3n2m

 

3n  3m
 L2n 

2m  2n L3n 

2n3m
  3n2m

 

1n  1m
 L0n 

0m  0n L1n 

1n0m  0n1m
 

c2

2n  2mL1n 

1n  1mL2n 

2n1m  1n2m

3n  3mL0n 

0n  0mL3n 

0n3m  3n0m

3m  3nL0n 

0m  0nL3n 

0n3m  3n0m

2m  2nL1n 

1m  1nL2n 

2n1m  1n2m

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

3n  3mL2n 

2n  2mL3n 

2n3m  3n2m

1m  1nL0n 

0m  0nL1n  

1n0m  0n1m

1n  1mL0n 

0n  0mL1n 

1n0m  0n1m

3m  3nL2n 

2m  2nL3n 

2n3m  3n2m

2m  2nL0n 

0n  0mL2n 

2n0m  0n2m

3n  3mL1n 

1m  1nL3n 

1n3m  3n1m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

2n  2mL0n 

0m  0nL2n 

2n0m  0n2m
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c3

3n  3mL1n 

1n  1mL3n 

3n1m  1m3n

2m  2nL0n 

0m  0nL2n 

0n2m  2n0m

2n  2mL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1m  1nL3n 

3n1m  1n3m

3n  3mL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0n  0mL1n 

0n1m  1n0m

1m  1nL0n 

0m  0nL1n 

0n1m  1n0m

2m  3nL2n 

3m  2nL3n 

3n2m  2n3m

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2n2m  1n1m  0n0m  3n3m

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2n2m  1n1m  0n0m  3n3m

3m  3nL0n 

0n  0mL3n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

3n0m  0n3m

c4

1m  1nL0n 

0n  0mL1n 

0n1m  1n0m

3n  3mL2n 

2m  2nL3n 

3n2m  2n3m

3m  3nL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0m  0nL1n 

0n1m  1n0m

2m  2nL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1n  1mL3n 

3n1m  1n3m

3n  3mL1n 

1m  1nL3n 

3n1m  1n3m

0m  0nL2n 

2n  2mL0n 

0n2m  2n0m

3m  3nL0n 

0n  0mL3n 

0n3m  3n0m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

1n  1mL2n 

2m  2nL1n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

0n3m  3n0m

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1n1m  2n2m  3n3m  0n0m

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1n1m  2n2m  3n3nm  0n0m

DBmDAn  c1 c2 c3 c4 Lm  Ln
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where:

c1

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

2n  2mL1n 

1n  1mL2n 

1m2n  2m1n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

3m  3nL1n 

1m  1nL3n 

1m3n  3m1n

0n  0mL2n 

2m  2nL0n 

2m0n  0m2n

2n  2mL0n 

0n  0mL2n 

2m0n  0m2n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

1n
  1m L0n 

 0m  0n
 L1n 

1m0n  0m1n
 

3n
  3m L2n 

 2m  2n
 L3n 

2m3n
  3m2n

 

3m  3n
 L2n 

2n
  2m L3n 

2m3n
  3m2n

 

1m  1n
 L0n 

0n
  0m L1n 

1m0n  0m1n
 

c2

2m  2nL1n 

1m  1nL2n 

2m1n  1m2n

3m  3nL0n 

0m  0nL3n 

0m3n  3m0n

3n  3mL0n 

0n  0mL3n 

0m3n  3m0n

2n  2mL1n 

1n  1mL2n 

2m1n  1m2n

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

3m  3nL2n 

2m  2nL3n 

2m3n  3m2n

1n  1mL0n 

0n  0mL1n  

1m0n  0m1n

1m  1nL0n 

0m  0nL1n 

1m0n  0m1n

3n  3mL2n 

2n  2mL3n 

2m3n  3m2n

2n  2mL0n 

0m  0nL2n 

2m0n  0m2n

3m  3nL1n 

1n  1mL3n 

1m3n  3m1n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

2m  2nL0n 

0n  0mL2n 

2m0n  0m2n
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c3

3m  3nL1n 

1m  1nL3n 

3m1n  1m3n

2n  2mL0n 

0n  0mL2n 

0m2n  2m0n

2m  2nL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1n  1mL3n 

3m1n  1m3n

3m  3nL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0m  0nL1n 

0m1n  1m0n

1n  1mL0n 

0n  0mL1n 

0m1n  1m0n

2n  3mL2n 

3n  2mL3n 

3m2n  2m3n

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2m2n  1m1n  0m0n  3m3n

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2m2n  1m1n  0m0n  3m3n

3n  3mL0n 

0m  0nL3n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

3m0n  0m3n

c4

1n  1mL0n 

0m  0nL1n 

0m1n  1m0n

3m  3nL2n 

2n  2mL3n 

3m2n  2m3n

3n  3mL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0n  0mL1n 

0m1n  1m0n

2n  2mL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1m  1nL3n 

3m1n  1m3n

3m  3nL1n 

1n  1mL3n 

3m1n  1m3n

0n  0mL2n 

2m  2nL0n 

0m2n  2m0n

3n  3mL0n 

0m  0nL3n 

0m3n  3m0n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

1m  1nL2n 

2n  2mL1n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

0m3n  3m0n

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1m1n  2m2n  3m3n  0m0n

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1m1n  2m2n  3m3n  0m0n

DBnDAm  DBmDAn  c1 c2 c3 c4 Lm  Ln
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where:
c1
c2
c3
c4
Proof:

DBmDAn  c1 c2 c3 c4 Lm  Ln

where:

c1

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

2n  2mL1n 

1n  1mL2n 

1m2n  2m1n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

3m  3nL1n 

1m  1nL3n 

1m3n  3m1n

0n  0mL2n 

2m  2nL0n 

2m0n  0m2n

2n  2mL0n 

0n  0mL2n 

2m0n  0m2n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

1n
  1m L0n 

 0m  0n
 L1n 

1m0n
  0m1n

 

3n
  3m L2n 

 2m  2n
 L3n 

2m3n  3m2n
 

3m  3n
 L2n 

2n
  2m L3n 

2m3n  3m2n
 

1m  1n
 L0n 

0n
  0m L1n 

1m0n
  0m1n
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c2

2m  2nL1n 

1m  1nL2n 

2m1n  1m2n

3m  3nL0n 

0m  0nL3n 

0m3n  3m0n

3n  3mL0n 

0n  0mL3n 

0m3n  3m0n

2n  2mL1n 

1n  1mL2n 

2m1n  1m2n

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

3m  3nL2n 

2m  2nL3n 

2m3n  3m2n

1n  1mL0n 

0n  0mL1n  

1m0n  0m1n

1m  1nL0n 

0m  0nL1n 

1m0n  0m1n

3n  3mL2n 

2n  2mL3n 

2m3n  3m2n

2n  2mL0n 

0m  0nL2n 

2m0n  0m2n

3m  3nL1n 

1n  1mL3n 

1m3n  3m1n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

2m  2nL0n 

0n  0mL2n 

2m0n  0m2n

c3

3m  3nL1n 

1m  1nL3n 

3m1n  1m3n

2n  2mL0n 

0n  0mL2n 

0m2n  2m0n

2m  2nL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1n  1mL3n 

3m1n  1m3n

3m  3nL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0m  0nL1n 

0m1n  1m0n

1n  1mL0n 

0n  0mL1n 

0m1n  1m0n

2n  3mL2n 

3n  2mL3n 

3m2n  2m3n

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2m2n  1m1n  0m0n  3m3n

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2m2n  1m1n  0m0n  3m3n

3n  3mL0n 

0m  0nL3n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

3m0n  0m3n
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c4

1n  1mL0n 

0m  0nL1n 

0m1n  1m0n

3m  3nL2n 

2n  2mL3n 

3m2n  2m3n

3n  3mL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0n  0mL1n 

0m1n  1m0n

2n  2mL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1m  1nL3n 

3m1n  1m3n

3m  3nL1n 

1n  1mL3n 

3m1n  1m3n

0n  0mL2n 

2m  2nL0n 

0m2n  2m0n

3n  3mL0n 

0m  0nL3n 

0m3n  3m0n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

1m  1nL2n 

2n  2mL1n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

0m3n  3m0n

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1m1n  2m2n  3m3n  0m0n

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1m1n  2m2n  3m3n  0m0n

 DBnDAm  c1 c2 c3 c4 (flip n’s & m’s) Lm  Ln

where:
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c1

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

2m  2nL1n 

1m  1nL2n 

1n2m  2n1m

0m  0nL3n 

3m  3nL0n 

3n0m  0n3m

0m  0nL3n 

3m  3nL0n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

3n  3mL1n 

1n  1mL3n 

1n3m  3n1m

0m  0nL2n 

2n  2mL0n 

2n0m  0n2m

2m  2nL0n 

0m  0nL2n 

2n0m  0n2m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

1m
  1n L0n 

 0n  0m
 L1n 

1n0m
  0n1m

 

3m
  3n L2n 

 2n  2m
 L3n 

2n3m  3n2m
 

3n  3m
 L2n 

2m
  2n L3n 

2n3m  3n2m
 

1n  1m
 L0n 

0m
  0n L1n 

1n0m
  0n1m

 

c2

2n  2mL1n 

1n  1mL2n 

2n1m  1n2m

3n  3mL0n 

0n  0mL3n 

0n3m  3n0m

3m  3nL0n 

0m  0nL3n 

0n3m  3n0m

2m  2nL1n 

1m  1nL2n 

2n1m  1n2m

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

3n  3mL2n 

2n  2mL3n 

2n3m  3n2m

1m  1nL0n 

0m  0nL1n  

1n0m  0n1m

1n  1mL0n 

0n  0mL1n 

1n0m  0n1m

3m  3nL2n 

2m  2nL3n 

2n3m  3n2m

2m  2nL0n 

0n  0mL2n 

2n0m  0n2m

3n  3mL1n 

1m  1nL3n 

1n3m  3n1m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

2n  2mL0n 

0m  0nL2n 

2n0m  0n2m
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c3

3n  3mL1n 

1n  1mL3n 

3n1m  1m3n

2m  2nL0n 

0m  0nL2n 

0n2m  2n0m

2n  2mL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1m  1nL3n 

3n1m  1n3m

3n  3mL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0n  0mL1n 

0n1m  1n0m

1m  1nL0n 

0m  0nL1n 

0n1m  1n0m

2m  3nL2n 

3m  2nL3n 

3n2m  2n3m

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2n2m  1n1m  0n0m  3n3m

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2n2m  1n1m  0n0m  3n3m

3m  3nL0n 

0n  0mL3n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

3n0m  0n3m

c4

1m  1nL0n 

0n  0mL1n 

0n1m  1n0m

3n  3mL2n 

2m  2nL3n 

3n2m  2n3m

3m  3nL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0m  0nL1n 

0n1m  1n0m

2m  2nL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1n  1mL3n 

3n1m  1n3m

3n  3mL1n 

1m  1nL3n 

3n1m  1n3m

0m  0nL2n 

2n  2mL0n 

0n2m  2n0m

3m  3nL0n 

0n  0mL3n 

0n3m  3n0m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

1n  1mL2n 

2m  2nL1n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

0n3m  3n0m

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1n1m  2n2m  3n3m  0n0m

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1n1m  2n2m  3n3nm  0n0m

 DBnDAm  c1 c2 c3 c4 (negate m’s) Lm  Ln
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where:

c1

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

2m  2nL1n 

1m  1nL2n 

1n2m  2n1m

0m  0nL3n 

3m  3mL0n 

3n0m  0n3m

0m  0nL3n 

3m  3nL0n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

3n  3mL1n 

1n  1mL3n 

1n3m  3n1m

0m  0nL2n 

2n  2mL0n 

2n0m  0n2m

2m  2nL0n 

0m  0nL2n 

2n0m  0n2m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

1m  1n L0n 

 0n  0m
 L1n 

1n0m  0n1m
 

3m  3n L2n 

 2n  2m
 L3n 

2n3m
  3n2m

 

3n  3m
 L2n 

2m  2n L3n 

2n3m
  3n2m

 

1n  1m
 L0n 

0m  0n L1n 

1n0m  0n1m
 

c2

2n  2mL1n 

1n  1mL2n 

2n1m  1n2m

3n  3mL0n 

0n  0mL3n 

0n3m  3n0m

3m  3nL0n 

0m  0nL3n 

0n3m  3n0m

2m  2nL1n 

1m  1nL2n 

2n1m  1n2m

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

3n  3mL2n 

2n  2mL3n 

2n3m  3n2m

1m  1nL0n 

0m  0nL1n  

1n0m  0n1m

1n  1mL0n 

0n  0mL1n 

1n0m  0n1m

3m  3nL2n 

2m  2nL3n 

2n3m  3n2m

2m  2nL0n 

0n  0mL2n 

2n0m  0n2m

3n  3mL1n 

1m  1nL3n 

1n3m  3n1m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

2n  2mL0n 

0m  0nL2n 

2n0m  0n2m
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c3

3n  3mL1n 

1n  1mL3n 

3n1m  1m3n

2m  2nL0n 

0m  0nL2n 

0n2m  2n0m

2n  2mL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1m  1nL3n 

3n1m  1n3m

3n  3mL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0n  0mL1n 

0n1m  1n0m

1m  1nL0n 

0m  0nL1n 

0n1m  1n0m

2m  3nL2n 

3m  2nL3n 

3n2m  2n3m

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2n2m  1n1m  0n0m  3n3m

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2n2m  1n1m  0n0m  3n3m

3m  3nL0n 

0n  0mL3n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

3n0m  0n3m

c4

1m  1nL0n 

0n  0mL1n 

0n1m  1n0m

3n  3mL2n 

2m  2nL3n 

3n2m  2n3m

3m  3nL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0m  0nL1n 

0n1m  1n0m

2m  2nL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1n  1mL3n 

3n1m  1n3m

3n  3mL1n 

1m  1nL3n 

3n1m  1n3m

0m  0nL2n 

2n  2mL0n 

0n2m  2n0m

3m  3nL0n 

0n  0mL3n 

0n3m  3n0m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

1n  1mL2n 

2m  2nL1n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

0n3m  3n0m

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1n1m  2n2m  3n3m  0n0m

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1n1m  2n2m  3n3nm  0n0m
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where:

c1

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

2n  2mL1n 

1n  1mL2n 

1m2n  2m1n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

3m  3nL1n 

1m  1nL3n 

1m3n  3m1n

0n  0mL2n 

2m  2nL0n 

2m0n  0m2n

2n  2mL0n 

0n  0mL2n 

2m0n  0m2n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

1n
  1m L0n 

 0m  0n
 L1n 

1m0n  0m1n
 

3n
  3m L2n 

 2m  2n
 L3n 

2m3n
  3m2n

 

3m  3n
 L2n 

2n
  2m L3n 

2m3n
  3m2n

 

1m  1n
 L0n 

0n
  0m L1n 

1m0n  0m1n
 

c2

2m  2nL1n 

1m  1nL2n 

2m1n  1m2n

3m  3nL0n 

0m  0nL3n 

0m3n  3m0n

3n  3mL0n 

0n  0mL3n 

0m3n  3m0n

2n  2mL1n 

1n  1mL2n 

2m1n  1m2n

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

3m  3nL2n 

2m  2nL3n 

2m3n  3m2n

1n  1mL0n 

0n  0mL1n  

1m0n  0m1n

1m  1nL0n 

0m  0nL1n 

1m0n  0m1n

3n  3mL2n 

2n  2mL3n 

2m3n  3m2n

2n  2mL0n 

0m  0nL2n 

2m0n  0m2n

3m  3nL1n 

1n  1mL3n 

1m3n  3m1n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

2m  2nL0n 

0n  0mL2n 

2m0n  0m2n
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c3

3m  3nL1n 

1m  1nL3n 

3m1n  1m3n

2n  2mL0n 

0n  0mL2n 

0m2n  2m0n

2m  2nL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1n  1mL3n 

3m1n  1m3n

3m  3nL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0m  0nL1n 

0m1n  1m0n

1n  1mL0n 

0n  0mL1n 

0m1n  1m0n

2n  3mL2n 

3n  2mL3n 

3m2n  2m3n

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2m2n  1m1n  0m0n  3m3n

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2m2n  1m1n  0m0n  3m3n

3n  3mL0n 

0m  0nL3n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

3m0n  0m3n

c4

1n  1mL0n 

0m  0nL1n 

0m1n  1m0n

3m  3nL2n 

2n  2mL3n 

3m2n  2m3n

3n  3mL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0n  0mL1n 

0m1n  1m0n

2n  2mL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1m  1nL3n 

3m1n  1m3n

3m  3nL1n 

1n  1mL3n 

3m1n  1m3n

0n  0mL2n 

2m  2nL0n 

0m2n  2m0n

3n  3mL0n 

0m  0nL3n 

0m3n  3m0n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

1m  1nL2n 

2n  2mL1n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

0m3n  3m0n

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1m1n  2m2n  3m3n  0m0n

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1m1n  2m2n  3m3n  0m0n
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where:

c1

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

2m  2nL1n 

1m  1nL2n 

1n2m  2n1m

0m  0nL3n 

3m  3mL0n 

3n0m  0n3m

0m  0nL3n 

3m  3nL0n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

3n  3mL1n 

1n  1mL3n 

1n3m  3n1m

0m  0nL2n 

2n  2mL0n 

2n0m  0n2m

2m  2nL0n 

0m  0nL2n 

2n0m  0n2m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

1m
  1n L0n 

 0n  0m
 L1n 

1n0m
  0n1m

 

3m
  3n L2n 

 2n  2m
 L3n 

2n3m  3n2m
 

3n  3m
 L2n 

2m
  2n L3n 

2n3m  3n2m
 

1n  1m
 L0n 

0m
  0n L1n 

1n0m
  0n1m

 



L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

2n  2mL1n 

1n  1mL2n 

1m2n  2m1n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

3m  3nL1n 

1m  1nL3n 

1m3n  3m1n

0n  0mL2n 

2m  2nL0n 

2m0n  0m2n

2n  2mL0n 

0n  0mL2n 

2m0n  0m2n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

1n
  1m L0n 

 0m  0n
 L1n 

1m0n
  0m1n

 

3n
  3m L2n 

 2m  2n
 L3n 

2m3n  3m2n
 

3m  3n
 L2n 

2n
  2m L3n 

2m3n  3m2n
 

1m  1n
 L0n 

0n
  0m L1n 

1m0n
  0m1n
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L0nL0n  L0nL0n  L3nL3n  L3nL3n  L2nL2n  L2nL2n  L1nL1n  L1nL1n 

0m  0n  0n  0mL0n  3m  3n  3n  3mL3n 

2m  2n  2n  2mL2n  1m  1n  1n  1mL1n 

0n0m  0m0n  3n3m  3m3n  2n2m  2m2n  1n1m  1m1n

0

0 

L0nL0n  L0nL0n  L3nL3n  L3nL3n  L2nL2n  L2nL

0m  0n  0n  0mL0n  3m  3n  3n  3m

2m  2n  2n  2mL2n  1m  1n  1n  1m

0n0m  0m0n  3n3m  3m3n  2n2m  2m2n

2m  2n  2n  2mL1n 

1m  1n  1n  1mL2n 

1n2m  2n1m  1m2n  2m1n

0m  0n  0n  0mL3n 

3m  3m  3n  3mL0n 

3n0m  0n3m  3m0n  0m3n

0m  0n  0n  0mL3n 

3m  3n  3n  3mL0n 

3n0m  0n3m  3m0n  0m3n

2m  2n  2n  2mL1n 

1n  1m  1m  1nL2n 

1n2m  2n1m  1m2n  2m1n

3n  3m  3m  3nL1n 

1n  1m  1m  1nL3n 

1n3m  3n1m  1m3n  3m1n

0m  0n  0n  0mL2n 

2n  2m  2m  2nL0n 

2n0m  0n2m  2m0n  0m2n

2m  2n  2n  2mL0n 

0m  0n  0n  0mL2n 

2n0m  0n2m  2m0n  0m2n

3m  3n  3n  3mL1n 

1n  1m  1m  1nL3n 

1n3m  3n1m  1m3n  3m1n

1m
  1n  1n

  1m L0n 

 0n  0m
  0m  0n

 L1n 

1n0m
  0n1m

   1m0n
  0m1n

 

3m
  3n  3n

  3m L2n 

 2n  2m
  2m  2n

 L3n 

2n3m  3n2m
   2m3n  3m2n

 

3n  3m
  3m  3n

 L2n 

2m
  2n  2n

  2m L3n 

2n3m  3n2m
   2m3n  3m2n

 

1n  1m
   1m  1n

 L0n 

0m
  0n  0n

  0m L1n 

1n0m
  0n1m

   1m0n
  0m1n
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c2

2n  2mL1n 

1n  1mL2n 

2n1m  1n2m

3n  3mL0n 

0n  0mL3n 

0n3m  3n0m

3m  3nL0n 

0m  0nL3n 

0n3m  3n0m

2m  2nL1n 

1m  1nL2n 

2n1m  1n2m

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

3n  3mL2n 

2n  2mL3n 

2n3m  3n2m

1m  1nL0n 

0m  0nL1n 

1n0m  0n1m

1n  1mL0n 

0n  0mL1n 

1n0m  0n1m

3m  3nL2n 

2m  2nL3n 

2n3m  3n2m

2m  2nL0n 

0n  0mL2n 

2n0m  0n2m

3n  3mL1n 

1m  1nL3n 

1n3m  3n1m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

2n  2mL0n 

0m  0nL2n 

2n0m  0n2m



2m  2nL1n 

1m  1nL2n 

2m1n  1m2n

3m  3nL0n 

0m  0nL3n 

0m3n  3m0n

3n  3mL0n 

0n  0mL3n 

0m3n  3m0n

2n  2mL1n 

1n  1mL2n 

2m1n  1m2n

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

3m  3nL2n 

2m  2nL3n 

2m3n  3m2n

1n  1mL0n 

0n  0mL1n  

1m0n  0m1n

1m  1nL0n 

0m  0nL1n 

1m0n  0m1n

3n  3mL2n 

2n  2mL3n 

2m3n  3m2n

2n  2mL0n 

0m  0nL2n 

2m0n  0m2n

3m  3nL1n 

1n  1mL3n 

1m3n  3m1n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

2m  2nL0n 

0n  0mL2n 

2m0n  0m2n
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2n  2m  2m  2nL1n 

1n  1m  1m  1nL2n 

2n1m  1n2m  2m1n  1m2n

3n  3m  3m  3nL0n 

0n  0m  0m  0nL3n 

0n3m  3n0m  0m3n  3m0n

3m  3n  3n  3mL0n 

0m  0n  0n  0mL3n 

0n3m  3n0m  0m3n  3m0n

2m  2n  2n  2mL1n 

1m  1n  1n  1mL2n 

2n1m  1n2m  2m1n  1m2n

L3nL3n  L3nL3n  L0nL0n  L0nL0n  L1nL1n  L1nL1n  L2nL2n  L2nL2n 

3m  3n  3n  3mL3n  0n  0m  0m  0nL0n 

1m  1n  1n  1mL1n  2n  2m  2m  2nL2n 

3n3m  3m3n  0n0m  0m0n  1n1m  1m1n  2n2m  2m2n

0

0

L3nL3n  L3nL3n  L0nL0n  L0nL0n  L1nL1n  L1nL1

3n  3m  3m  3nL3n  0m  0n  0n  0m

1m  1n  1n  1mL1n  2n  2m  2m  2n

3n3m  3m3n  0n0m  0m0n  1n1m  1m1n

3n  3m  3m  3nL2n 

2n  2m  2m  2nL3n 

2n3m  3n2m  2m3n  3m2n

1m  1n  1n  1mL0n 

0m  0n  0n  0mL1n 

1n0m  0n1m  1m0n  0m1n

1n  1m  1m  1nL0n 

0n  0m  0m  0nL1n 

1n0m  0n1m  1m0n  0m1n

3m  3n  3n  3mL2n 

2m  2n  2n  2mL3n 

2n3m  3n2m  2m3n  3m2n

2m  2n  2n  2mL0n 

0n  0m  0m  0nL2n 

2n0m  0n2m  2m0n  0m2n

3n  3m  3m  3nL1n 

1m  1n  1n  1mL3n 

1n3m  3n1m  1m3n  3m1n

3m  3n  3n  3mL1n 

1n  1m  1m  1nL3n 

1n3m  3n1m  1m3n  3m1n

2n  2m  2m  2nL0n 

0m  0n  0n  0mL2n 

2n0m  0n2m  2m0n  0m2n
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c3

3n  3mL1n 

1n  1mL3n 

3n1m  1m3n

2m  2nL0n 

0m  0nL2n 

0n2m  2n0m

2n  2mL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1m  1nL3n 

3n1m  1n3m

3n  3mL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0n  0mL1n 

0n1m  1n0m

1m  1nL0n 

0m  0nL1n 

0n1m  1n0m

2m  3nL2n 

3m  2nL3n 

3n2m  2n3m

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2n2m  1n1m  0n0m  3n3m

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2n2m  1n1m  0n0m  3n3m

3m  3nL0n 

0n  0mL3n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

3n0m  0n3m



3m  3nL1n 

1m  1nL3n 

3m1n  1m3n

2n  2mL0n 

0n  0mL2n 

0m2n  2m0n

2m  2nL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1n  1mL3n 

3m1n  1m3n

3m  3nL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0m  0nL1n 

0m1n  1m0n

1n  1mL0n 

0n  0mL1n 

0m1n  1m0n

2n  3mL2n 

3n  2mL3n 

3m2n  2m3n

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2m2n  1m1n  0m0n  3m3n

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2m2n  1m1n  0m0n  3m3n

3n  3mL0n 

0m  0nL3n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

3m0n  0m3n

58





3n  3m  3m  3nL1n 

1n  1m  1m  1nL3n 

3n1m  1m3n  3m1n  1m3n

2m  2n  2n  2mL0n 

0m  0n  0n  0mL2n 

0n2m  2n0m  0m2n  2m0n

2n  2m  2m  2nL0n 

0n  0m  0m  0nL2n 

0n2m  2n0m  0m2n  2m0n

3m  3n  3n  3mL1n 

1m  1n  1n  1mL3n 

3n1m  1n3m  3m1n  1m3n

3n  3m  3m  3nL2n 

2n  2m  2m  2nL3n 

3n2m  2n3m  3m2n  2m3n

1n  1m  1m  1nL0n 

0n  0m  0m  0nL1n 

0n1m  1n0m  0m1n  1m0n

1m  1n  1n  1mL0n 

0m  0n  0n  0mL1n 

0n1m  1n0m  0m1n  1m0n

2m  3n  2n  3mL2n 

3m  2n  3n  2mL3n 

3n2m  2n3m  3m2n  2m3n

L2nL2n  L2nL2n  L1nL1n  L1nL1n  L0nL0n  L0nL0n  L3nL3n  L3nL3n 

2m  2n  2n  2mL2n  1m  1n  1n  1mL1n 

0n  0m  0m  0nL0n  3n  3m  3m  3nL3n 

2n2m  2m2n  1n1m  1m1n  0n0m  1m1n  3n3m  1m1n

0

0

L2nL2n  L2nL2n  L1nL1n  L1nL1n  L0nL0n  L0nL0

2n  2m  2m  2nL2n  1n  1m  1m  1n

0m  0n  0n  0mL0n  3m  3n  3n  3m

2n2m  2m2n  1n1m  1m1n  0n0m  1m1n

3m  3n  3n  3mL0n 

0n  0m  0m  0nL3n 

3n0m  0n3m  3m0n  0m3n

2m  2n  2n  2mL1n 

1n  1m  1m  1nL2n 

1n2m  2n1m  1m2n  2m1n

2n  2m  2m  2nL1n 

1m  1n  1n  1mL2n 

1n2m  2n1m  1m2n  2m1n

3n  3m  3m  3nL0n 

0m  0n  0n  0mL3n 

3n0m  0n3m  3m0n  0m3n
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c4

1m  1nL0n 

0n  0mL1n 

0n1m  1n0m

3n  3mL2n 

2m  2nL3n 

3n2m  2n3m

3m  3nL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0m  0nL1n 

0n1m  1n0m

2m  2nL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1n  1mL3n 

3n1m  1n3m

3n  3mL1n 

1m  1nL3n 

3n1m  1n3m

0m  0nL2n 

2n  2mL0n 

0n2m  2n0m

3m  3nL0n 

0n  0mL3n 

0n3m  3n0m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

1n  1mL2n 

2m  2nL1n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

0n3m  3n0m

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1n1m  2n2m  3n3m  0n0m

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1n1m  2n2m  3n3nm  0n0m



1n  1mL0n 

0m  0nL1n 

0m1n  1m0n

3m  3nL2n 

2n  2mL3n 

3m2n  2m3n

3n  3mL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0n  0mL1n 

0m1n  1m0n

2n  2mL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1m  1nL3n 

3m1n  1m3n

3m  3nL1n 

1n  1mL3n 

3m1n  1m3n

0n  0mL2n 

2m  2nL0n 

0m2n  2m0n

3n  3mL0n 

0m  0nL3n 

0m3n  3m0n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

1m  1nL2n 

2n  2mL1n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

0m3n  3m0n

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1m1n  2m2n  3m3n  0m0n

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1m1n  2m2n  3m3n  0m0n
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1m  1n  1n  1mL0n 

0n  0m  0m  0nL1n 

0n1m  1n0m  0m1n  1m0n

3n  3m  3m  3nL2n 

2m  2n  2n  2mL3n 

3n2m  2n3m  3m2n  2m3n

3m  3n  3n  3mL2n 

2n  2m  2m  2nL3n 

3n2m  2n3m  3m2n  2m3n

1n  1m  1m  1nL0n 

0m  0n  0n  0mL1n 

0n1m  1n0m  0m1n  1m0n

2m  2n  2n  2mL0n 

0n  0m  0m  0nL2n 

0n2m  2n0m  0m2n  2m0n

3m  3n  3n  3mL1n 

1n  1m  1m  1nL3n 

3n1m  1n3m  3m1n  1m3n

3n  3m  3m  3nL1n 

1m  1n  1n  1mL3n 

3n1m  1n3m  3m1n  1m3n

0m  0n  0n  0mL2n 

2n  2m  2m  2nL0n 

0n2m  2n0m  0m2n  2m0n

3m  3n  3n  3mL0n 

0n  0m  0m  0nL3n 

0n3m  3n0m  0m3n  3m0n

2n  2m  2m  2nL1n 

1m  1n  1n  1mL2n 

1n2m  2n1m  1m2n  2m1n

1n  1m  1m  1nL2n 

2m  2n  2n  2mL1n 

1n2m  2n1m  1m2n  2m1n

3n  3m  3m  3nL0n 

0m  0n  0n  0mL3n 

0n3m  3n0m  0m3n  3m0n

L1nL1n  L1nL1n  L2nL2n  L2nL2n  L3nL3n  L3nL3n  L0nL0n  L0nL0n 

1m  1n  1n  1mL1n  2m  2n  2n  2mL2n 

3m  3n  3n  3mL3n  0m  0n  0n  0mL0n 

1n1m  1m1n  2n2m  2m2n  3n3m  3m3n  0n0m  0m0n

0

0

L1nL1n  L1nL1n  L2nL2n  L2nL2n  L3nL3n  L3

1n  1m  1m  1nL1n  2n  2m  2m  2

3n  3m  3m  3nL3n  0n  0m  0m  0

1n1m  1m1n  2n2m  2m2n  3n3nm  3m3

 DBnDAm  DBmDAn  c1 c2 c3 c4 (nm’s  mn’s) Lm  Ln

where:
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c1

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 

0n0m  3n3m  2n2m  1n1m

2m  2nL1n 

1m  1nL2n 

1n2m  2n1m

0m  0nL3n 

3m  3mL0n 

3n0m  0n3m

0m  0nL3n 

3m  3nL0n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

3n  3mL1n 

1n  1mL3n 

1n3m  3n1m

0m  0nL2n 

2n  2mL0n 

2n0m  0n2m

2m  2nL0n 

0m  0nL2n 

2n0m  0n2m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

1m  1n L0n 

 0n  0m
 L1n 

1n0m  0n1m
 

3m  3n L2n 

 2n  2m
 L3n 

2n3m
  3n2m

 

3n  3m
 L2n 

2m  2n L3n 

2n3m
  3n2m

 

1n  1m
 L0n 

0m  0n L1n 

1n0m  0n1m
 



L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

0

0

L0nL0n  L3nL3n  L2nL2n  L1nL1n 

0n  0mL0n  3n  3mL3n  2n  2mL2n  1n  1mL1n 

0m0n  3m3n  2m2n  1m1n

2n  2mL1n 

1n  1mL2n 

1m2n  2m1n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

0n  0mL3n 

3n  3mL0n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

3m  3nL1n 

1m  1nL3n 

1m3n  3m1n

0n  0mL2n 

2m  2nL0n 

2m0n  0m2n

2n  2mL0n 

0n  0mL2n 

2m0n  0m2n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

1n
  1m L0n 

 0m  0n
 L1n 

1m0n  0m1n
 

3n
  3m L2n 

 2m  2n
 L3n 

2m3n
  3m2n

 

3m  3n
 L2n 

2n
  2m L3n 

2m3n
  3m2n

 

1m  1n
 L0n 

0n
  0m L1n 

1m0n  0m1n
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L0nL0n  L0nL0n  L3nL3n  L3nL3n  L2nL2n  L2nL2n  L1nL1n  L1nL1n 

0m  0n  0n  0mL0n  3m  3n  3n  3mL3n 

2m  2n  2n  2mL2n  1m  1n  1n  1mL1n 

0n0m  0m0n  3n3m  3m3n  2n2m  2m2n  1n1m  1m1n

0

0

L0nL0n  L0nL0n  L3nL3n  L3nL3n  L2nL2n  L2nL

0m  0n  0n  0mL0n  3m  3n  3n  3

2m  2n  2n  2mL2n  1m  1n  1n  1

0n0m  0m0n  3n3m  3m3n  2n2m  2m2n

2m  2n  2n  2mL1n 

1m  1n  1n  1mL2n 

1n2m  2n1m  1m2n  2m1n

0m  0n  0n  0mL3n 

3m  3m  3n  3mL0n 

3n0m  0n3m  3m0n  0m3n

0m  0n  0n  0mL3n 

3m  3n  3n  3mL0n 

3n0m  0n3m  3m0n  0m3n

2m  2n  2n  2mL1n 

1n  1m  1m  1nL2n 

1n2m  2n1m  1m2n  2m1n

3n  3m  3m  3nL1n 

1n  1m  1m  1nL3n 

1n3m  3n1m  1m3n  3m1n

0m  0n  0n  0mL2n 

2n  2m  2m  2nL0n 

2n0m  0n2m  2m0n  0m2n

2m  2n  2n  2mL0n 

0m  0n  0n  0mL2n 

2n0m  0n2m  2m0n  0m2n

3m  3n  3n  3mL1n 

1n  1m  1m  1nL3n 

1n3m  3n1m  1m3n  3m1n

1m  1n  1n
  1m L0n 

 0n  0m
  0m  0n

 L1n 

1n0m  0n1m
   1m0n  0m1n

 

3m  3n  3n
  3m L2n 

 2n  2m
  2m  2n

 L3n 

2n3m
  3n2m

   2m3n
  3m2n

 

3n  3m
  3m  3n

 L2n 

2m  2n  2n
  2m L3n 

2n3m
  3n2m

   2m3n
  3m2n

 

1n  1m
   1m  1n

 L0n 

0m  0n  0n
  0m L1n 

1n0m  0n1m
   1m0n  0m1n
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c2

2n  2mL1n 

1n  1mL2n 

2n1m  1n2m

3n  3mL0n 

0n  0mL3n 

0n3m  3n0m

3m  3nL0n 

0m  0nL3n 

0n3m  3n0m

2m  2nL1n 

1m  1nL2n 

2n1m  1n2m

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1m  1nL1n  2n  2mL2n 

3n3m  0n0m  1n1m  2n2m

3n  3mL2n 

2n  2mL3n 

2n3m  3n2m

1m  1nL0n 

0m  0nL1n 

1n0m  0n1m

1n  1mL0n 

0n  0mL1n 

1n0m  0n1m

3m  3nL2n 

2m  2nL3n 

2n3m  3n2m

2m  2nL0n 

0n  0mL2n 

2n0m  0n2m

3n  3mL1n 

1m  1nL3n 

1n3m  3n1m

3m  3nL1n 

1n  1mL3n 

1n3m  3n1m

2n  2mL0n 

0m  0nL2n 

2n0m  0n2m



2m  2nL1n 

1m  1nL2n 

2m1n  1m2n

3m  3nL0n 

0m  0nL3n 

0m3n  3m0n

3n  3mL0n 

0n  0mL3n 

0m3n  3m0n

2n  2mL1n 

1n  1mL2n 

2m1n  1m2n

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3n  3mL3n  0m  0nL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

0

0

L3nL3n  L0nL0n  L1nL1n  L2nL2n 

3m  3nL3n  0n  0mL0n  1n  1mL1n  2m  2nL2n 

3m3n  0m0n  1m1n  2m2n

3m  3nL2n 

2m  2nL3n 

2m3n  3m2n

1n  1mL0n 

0n  0mL1n  

1m0n  0m1n

1m  1nL0n 

0m  0nL1n 

1m0n  0m1n

3n  3mL2n 

2n  2mL3n 

2m3n  3m2n

2n  2mL0n 

0m  0nL2n 

2m0n  0m2n

3m  3nL1n 

1n  1mL3n 

1m3n  3m1n

3n  3mL1n 

1m  1nL3n 

1m3n  3m1n

2m  2nL0n 

0n  0mL2n 

2m0n  0m2n
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2n  2m  2m  2nL1n 

1n  1m  1m  1nL2n 

2n1m  1n2m  2m1n  1m2n

3n  3m  3m  3nL0n 

0n  0m  0m  0nL3n 

0n3m  3n0m  0m3n  3m0n

3m  3n  3n  3mL0n 

0m  0n  0n  0mL3n 

0n3m  3n0m  0m3n  3m0n

2m  2n  2n  2mL1n 

1m  1n  1n  1mL2n 

2n1m  1n2m  2m1n  1m2n

L3nL3n  L3nL3n  L0nL0n  L0nL0n  L1nL1n  L1nL1n  L2nL2n  L2nL2n 

3m  3n  3n  3mL3n  0n  0m  0m  0nL0n 

1m  1n  1n  1mL1n  2n  2m  2m  2nL2n 

3n3m  3m3n  0n0m  0m0n  1n1m  1m1n  2n2m  2m2n

0

0

L3nL3n  L3nL3n  L0nL0n  L0nL0n  L1nL1n  L1nL1

3n  3m  3m  3nL3n  0m  0n  0n  0

1m  1n  1n  1mL1n  2n  2m  2m  

3n3m  3m3n  0n0m  0m0n  1n1m  1m1n

3n  3m  3m  3nL2n 

2n  2m  2m  2nL3n 

2n3m  3n2m  2m3n  3m2n

1m  1n  1n  1mL0n 

0m  0n  0n  0mL1n 

1n0m  0n1m  1m0n  0m1n

1n  1m  1m  1nL0n 

0n  0m  0m  0nL1n 

1n0m  0n1m  1m0n  0m1n

3m  3n  3n  3mL2n 

2m  2n  2n  2mL3n 

2n3m  3n2m  2m3n  3m2n

2m  2n  2n  2mL0n 

0n  0m  0m  0nL2n 

2n0m  0n2m  2m0n  0m2n

3n  3m  3m  3nL1n 

1m  1n  1n  1mL3n 

1n3m  3n1m  1m3n  3m1n

3m  3n  3n  3mL1n 

1n  1m  1m  1nL3n 

1n3m  3n1m  1m3n  3m1n

2n  2m  2m  2nL0n 

0m  0n  0n  0mL2n 

2n0m  0n2m  2m0n  0m2n
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c3

3n  3mL1n 

1n  1mL3n 

3n1m  1n3m

2m  2nL0n 

0m  0nL2n 

0n2m  2n0m

2n  2mL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1m  1nL3n 

3n1m  1n3m

3n  3mL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0n  0mL1n 

0n1m  1n0m

1m  1nL0n 

0m  0nL1n 

0n1m  1n0m

2m  3nL2n 

3m  2nL3n 

3n2m  2n3m

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2n2m  1n1m  0n0m  3n3m

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2n2m  1n1m  0n0m  3n3m

3m  3nL0n 

0n  0mL3n 

3n0m  0n3m

2m  2nL1n 

1n  1mL2n 

1n2m  2n1m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

3n0m  0n3m



3m  3nL1n 

1m  1nL3n 

3m1n  1m3n

2n  2mL0n 

0n  0mL2n 

0m2n  2m0n

2m  2nL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1n  1mL3n 

3m1n  1m3n

3m  3nL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0m  0nL1n 

0m1n  1m0n

1n  1mL0n 

0n  0mL1n 

0m1n  1m0n

2n  3mL2n 

3n  2mL3n 

3m2n  2m3n

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2n  2mL2n  1n  1mL1n  0m  0nL0n  3m  3nL3n 

2m2n  1m1n  0m0n  3m3n

0

0

L2nL2n  L1nL1n  L0nL0n  L3nL3n 

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 

2m2n  1m1n  0m0n  3m3n

3n  3mL0n 

0m  0nL3n 

3m0n  0m3n

2n  2mL1n 

1m  1nL2n 

1m2n  2m1n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

3m0n  0m3n
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3n  3m  3m  3nL1n 

1n  1m  1m  1nL3n 

3n1m  1m3n  3m1n  1m3n

2m  2n  2n  2mL0n 

0m  0n  0n  0mL2n 

0n2m  2n0m  0m2n  2m0n

2n  2m  2m  2nL0n 

0n  0m  0m  0nL2n 

0n2m  2n0m  0m2n  2m0n

3m  3n  3n  3mL1n 

1m  1n  1n  1mL3n 

3n1m  1n3m  3m1n  1m3n

3n  3m  3m  3nL2n 

2n  2m  2m  2nL3n 

3n2m  2n3m  3m2n  2m3n

1n  1m  1m  1nL0n 

0n  0m  0m  0nL1n 

0n1m  1n0m  0m1n  1m0n

1m  1n  1n  1mL0n 

0m  0n  0n  0mL1n 

0n1m  1n0m  0m1n  1m0n

2m  3n  2n  3mL2n 

3m  2n  3n  2mL3n 

3n2m  2n3m  3m2n  2m3n

L2nL2n  L2nL2n  L1nL1n  L1nL1n  L0nL0n  L0nL0n  L3nL3n  L3nL3n 

2m  2n  2n  2mL2n  1m  1n  1n  1mL1n 

0n  0m  0m  0nL0n  3n  3m  3m  3nL3n 

2n2m  2m2n  1n1m  1m1n  0n0m  0m0n  3n3m  3m3n

0

0

L2nL2n  L2nL2n  L1nL1n  L1nL1n  L0nL0n  L0nL0

2n  2m  2m  2nL2n  1n  1m  1m  

0m  0n  0n  0mL0n  3m  3n  3n  3

2n2m  2m2n  1n1m  1m1n  0n0m  0m0n

3m  3n  3n  3mL0n 

0n  0m  0m  0nL3n 

3n0m  0n3m  3m0n  0m3n

2m  2n  2n  2mL1n 

1n  1m  1m  1nL2n 

1n2m  2n1m  1m2n  2m1n

2n  2m  2m  2nL1n 

1m  1n  1n  1mL2n 

1n2m  2n1m  1m2n  2m1n

3n  3m  3m  3nL0n 

0m  0n  0n  0mL3n 

3n0m  0n3m  3m0n  0m3n
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c4

1m  1nL0n 

0n  0mL1n 

0n1m  1n0m

3n  3mL2n 

2m  2nL3n 

3n2m  2n3m

3m  3nL2n 

2n  2mL3n 

3n2m  2n3m

1n  1mL0n 

0m  0nL1n 

0n1m  1n0m

2m  2nL0n 

0n  0mL2n 

0n2m  2n0m

3m  3nL1n 

1n  1mL3n 

3n1m  1n3m

3n  3mL1n 

1m  1nL3n 

3n1m  1n3m

0m  0nL2n 

2n  2mL0n 

0n2m  2n0m

3m  3nL0n 

0n  0mL3n 

0n3m  3n0m

2n  2mL1n 

1m  1nL2n 

1n2m  2n1m

1n  1mL2n 

2m  2nL1n 

1n2m  2n1m

3n  3mL0n 

0m  0nL3n 

0n3m  3n0m

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1n1m  2n2m  3n3m  0n0m

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1n1m  2n2m  3n3nm  0n0m



1n  1mL0n 

0m  0nL1n 

0m1n  1m0n

3m  3nL2n 

2n  2mL3n 

3m2n  2m3n

3n  3mL2n 

2m  2nL3n 

3m2n  2m3n

1m  1nL0n 

0n  0mL1n 

0m1n  1m0n

2n  2mL0n 

0m  0nL2n 

0m2n  2m0n

3n  3mL1n 

1m  1nL3n 

3m1n  1m3n

3m  3nL1n 

1n  1mL3n 

3m1n  1m3n

0n  0mL2n 

2m  2nL0n 

0m2n  2m0n

3n  3mL0n 

0m  0nL3n 

0m3n  3m0n

2m  2nL1n 

1n  1mL2n 

1m2n  2m1n

1m  1nL2n 

2n  2mL1n 

1m2n  2m1n

3m  3nL0n 

0n  0mL3n 

0m3n  3m0n

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1n  1mL1n  2n  2mL2n  3n  3mL3n  0n  0mL0n 

1m1n  2m2n  3m3n  0m0n

0

0

L1nL1n  L2nL2n  L3nL3n  L0nL0n 

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 

1m1n  2m2n  3m3n  0m0n

68





1m  1n  1n  1mL0n 

0n  0m  0m  0nL1n 

0n1m  1n0m  0m1n  1m0n

3n  3m  3m  3nL2n 

2m  2n  2n  2mL3n 

3n2m  2n3m  3m2n  2m3n

3m  3n  3n  3mL2n 

2n  2m  2m  2nL3n 

3n2m  2n3m  3m2n  2m3n

1n  1m  1m  1nL0n 

0m  0n  0n  0mL1n 

0n1m  1n0m  0m1n  1m0n

2m  2n  2n  2mL0n 

0n  0m  0m  0nL2n 

0n2m  2n0m  0m2n  2m0n

3m  3n  3n  3mL1n 

1n  1m  1m  1nL3n 

3n1m  1n3m  3m1n  1m3n

3n  3m  3m  3nL1n 

1m  1n  1n  1mL3n 

3n1m  1n3m  3m1n  1m3n

0m  0n  0n  0mL2n 

2n  2m  2m  2nL0n 

0n2m  2n0m  0m2n  2m0n

3m  3n  3n  3mL0n 

0n  0m  0m  0nL3n 

0n3m  3n0m  0m3n  3m0n

2n  2m  2m  2nL1n 

1m  1n  1n  1mL2n 

1n2m  2n1m  1m2n  2m1n

1n  1m  1m  1nL2n 

2m  2n  2n  2mL1n 

1n2m  2n1m  1m2n  2m1n

3n  3m  3m  3nL0n 

0m  0n  0n  0mL3n 

0n3m  3n0m  0m3n  3m0n

L1nL1n  L1nL1n  L2nL2n  L2nL2n  L3nL3n  L3nL3n  L0nL0n  L0nL0n 

1m  1n  1n  1mL1n  2m  2n  2n  2mL2n 

3m  3n  3n  3mL3n  0m  0n  0n  0mL0n 

1n1m  1m1n  2n2m  2m2n  3n3m  3m3n  0n0m  0m0n

0

0

L1nL1n  L1nL1n  L2nL2n  L2nL2n  L3nL3n  L3nL3

1n  1m  1m  1nL1n  2n  2m  2m  

3n  3m  3m  3nL3n  0n  0m  0m  

1n1m  1m1n  2n2m  2m2n  3n3nm  3m3n



Corollary III.2:For linear/differential operators DBn & DAm :
where:

Ljm  Ljn are linear/differential & ij are constants:
then:

DBnDAm  DBmDAn  2 
0

3

LnLn 
0

3

nm

I2 02 02 02

02 I2 02 02

02 02 I2 02

02 02 02 I2

DBnDAm  DBmDAn  c1 c2 c3 c4

where:

c12

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 3

2m  2nL1n  1m  1nL2n 3  1n2m  2n1mI2 

0m  0nL3n  3m  3nL0n i2  3n0m  0n3m1

3n  3mL1n  1n  1mL3n 3  1n3m  3n1mI2 

0m  0nL2n  2n  2mL0n i2  2n0m  0n2m1

1m
  1n L0n  0n  0m

 L1n 3  1n0m
  0n1m

 I2 

3m
  3n L2n  2n  2m

 L3n i2  2n3m  3n2m
 1

c22

2n  2mL1n  1n  1mL2n 3  2n1m  1n2mI2 

3n  3mL0n  0n  0mL3n i2  0n3m  3n0m1

3m  3nL3n  0n  0mL0n  1m  1nL1n  2n  2mL2n 3

3n  3mL2n  2n  2mL3n 3  2n3m  3n2mI2 

1m  1nL0n  0m  0nL1n i2  1n0m  0n1m1

2m  2nL0n  0n  0mL2n 3  2n0m  0n2mI2 

3n  3mL1n  1m  1nL3n i2  1n3m  3n1m1
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c32

3n  3mL1n  1n  1mL3n 3  3n1m  1n3mI2 

2m  2nL0n  0m  0nL2n i2  0n2m  2n0m1

3n  3mL2n  2n  2mL3n 3  3n2m  2n3mI2 

1n  1mL0n  0n  0mL1n i2  0n1m  1n0m1

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 3

3m  3nL0n  0n  0mL3n 3  3n0m  0n3mI2 

2m  2nL1n  1n  1mL2n i2  1n2m  2n1m1

c42

1m  1nL0n  0n  0mL1n 3  0n1m  1n0mI2 

3n  3mL2n  2m  2nL3n i2  3n2m  2n3m1

2m  2nL0n  0n  0mL2n 3  0n2m  2n0mI2 

3m  3nL1n  1n  1mL3n i2  3n1m  1n3m1

3m  3nL0n  0n  0mL3n 3  0n3m  3n0mI2 

2n  2mL1n  1m  1nL2n i2  1n2m  2n1m1

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 1

DBnDAm  DBmDAn  2 
0

3

LnLn 
0

3

nm

I2 02 02 02

02 I2 02 02

02 02 I2 02

02 02 02 I2

DBnDAm  DBmDAn  c1 c2 c3 c4

where:

c12

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 
1 0

0 1

2m  2nL1n  1m  1nL2n 3  1n2m  2n1mI2 

0m  0nL3n  3m  3mL0n i2  3n0m  0n3m1

3n  3mL1n  1n  1mL3n 3  1n3m  3n1mI2 

0m  0nL2n  2n  2mL0n i2  2n0m  0n2m1

1m  1n  L0n  0n  0m
 L1n 3  1n0m  0n1m

 I2 

 3m  3n L2n  2n  2m
 L3n i2  2n3m

  3n2m
 1

2m  2nL0n  0n  0mL2n 3  0n2m  2n0mI2 

3m  3nL1n  1n  1mL3n i2  3n1m  1n3m1

c22

2n  2mL1n  1n  1mL2n 3  2n1m  1n2mI2 

3n  3mL0n  0n  0mL3n i2  0n3m  3n0m1

3m  3nL3n  0n  0mL0n  1m  1nL1n  2n  2mL2n 3

3n  3mL2n  2n  2mL3n 3  2n3m  3n2mI2 

1m  1nL0n  0m  0nL1n i2  1n0m  0n1m1

2m  2nL0n  0n  0mL2n 3  2n0m  0n2mI2 

3n  3mL1n  1m  1nL3n i2  1n3m  3n1m1

c32

3n  3mL1n  1n  1mL3n 3  3n1m  1m3nI2 

2m  2nL0n  0m  0nL2 i2  0n2m  2n0m1

3n  3mL2n  2n  2mL3n 3  3n2m  2n3mI2 

1n  1mL0n  0n  0mL1n i2  0n1m  1n0m1

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 3

3m  3nL0n  0n  0mL3n 3  3n0m  0n3mI2 

2m  2nL1n  1n  1mL2n i2  1n2m  2n1m1
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c42

1m  1nL0n  0n  0mL1n 3  0n1m  1n0mI2 

3n  3mL2n  2m  2nL3n i2  3n2m  2n3m1

2m  2nL0n  0n  0mL2n 3  0n2m  2n0mI2 

3m  3nL1n  1n  1mL3n i2  3n1m  1n3m1

3m  3nL0n  0n  0mL3n 3  0n3m  3n0mI2 

2n  2mL1n  1m  1nL2n i2  1n2m  2n1m1

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 3

Proof:

1 
0 1

1 0
, 2 

0 i

i 0
, 3 

1 0

0 1
, 0 

1 0

0 1
 I2



c12

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 
1 0

0 1

2m  2nL1n  1m  1nL2n  

1n2m  2n1m

0m  0nL3n  3m  3mL0n  

3n0m  0n3m

0m  0nL3n  3m  3nL0n  

3n0m  0n3m

2m  2nL1n  1n  1mL2n  

1n2m  2n1m

3n  3mL1n  1n  1mL3n  

1n3m  3n1m

0m  0nL2n  2n  2mL0n  

2n0m  0n2m

2m  2nL0n  0m  0nL2n  

2n0m  0n2m

3m  3nL1n  1n  1mL3n  

1n3m  3n1m

1m  1n  L0n  0n  0m
 L1n 

1n0m  0n1m
 

3m  3n L2n  2n  2m
 L3n 

2n3m
  3n2m

 

3n  3m
 L2n  2m  2n L3n 

2n3m
  3n2m

 

1n  1m
 L0n  0m  0n L1n 

1n0m  0n1m
 

 2

0m  0nL0n  3m  3nL3n  2m  2nL2n  1m  1nL1n 
1 0

0 1

2m  2nL1n  1m  1nL2n 3  1n2m  2n1mI2 

0m  0nL3n  3m  3mL0n i2  3n0m  0n3m1

3n  3mL1n  1n  1mL3n 3  1n3m  3n1mI2 

0m  0nL2n  2n  2mL0n i2  2n0m  0n2m1

1m  1n  L0n  0n  0m
 L1n 3  1n0m  0n1m

 I2 

 3m  3n L2n  2n  2m
 L3n i2  2n3m

  3n2m
 1

2m  2nL0n  0n  0mL2n 3  0n2m  2n0mI2 

3m  3nL1n  1n  1mL3n i2  3n1m  1n3m1
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c22

2n  2mL1n  1n  1mL2n  

2n1m  1n2m

3n  3mL0n  0n  0mL3n  

0n3m  3n0m

3m  3nL0n  0m  0nL3n  

0n3m  3n0m

2m  2nL1n  1m  1nL2n  

2n1m  1n2m  2m1n  1m2n

3m  3nL3n  0n  0mL0n  1m  1nL1n  2n  2mL2n 
1 0

0 1

3n  3mL2n  2n  2mL3n  

2n3m  3n2m

1m  1nL0n  0m  0nL1n  

1n0m  0n1m

1n  1mL0n  0n  0mL1n  

1n0m  0n1m

3m  3nL2n  2m  2nL3n  

2n3m  3n2m

2m  2nL0n  0n  0mL2n  

2n0m  0n2m

3n  3mL1n  1m  1nL3n  

1n3m  3n1m

3m  3nL1n  1n  1mL3n  

1n3m  3n1m

2n  2mL0n  0m  0nL2n  

2n0m  0n2m

 2

2n  2mL1n  1n  1mL2n 3  2n1m  1n2mI2 

3n  3mL0n  0n  0mL3n i2  0n3m  3n0m1

3m  3nL3n  0n  0mL0n  1m  1nL1n  2n  2mL2n 3

3n  3mL2n  2n  2mL3n 3  2n3m  3n2mI2 

1m  1nL0n  0m  0nL1n i2  1n0m  0n1m1

2m  2nL0n  0n  0mL2n 3  2n0m  0n2mI2 

3n  3mL1n  1m  1nL3n i2  1n3m  3n1m1

c32

3n  3mL1n  1n  1mL3n  

3n1m  1m3n

2m  2nL0n  0m  0nL2  

0n2m  2n0m

2n  2mL0n  0n  0mL2n  

0n2m  2n0m

3m  3nL1n  1m  1nL3n  

3n1m  1n3m

3n  3mL2n  2n  2mL3n  

3n2m  2n3m

1n  1mL0n  0n  0mL1n  

0n1m  1n0m

1m  1nL0n  0m  0nL1n  

0n1m  1n0m

2m  3nL2n  3m  2nL3n  

3n2m  2n3m

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 
1 0

0 1

3m  3nL0n  0n  0mL3n  

3n0m  0n3m

2m  2nL1n  1n  1mL2n  

1n2m  2n1m

2n  2mL1n  1m  1nL2n  

1n2m  2n1m

3n  3mL0n  0m  0nL3n  

3n0m  0n3m

 2

3n  3mL1n  1n  1mL3n 3  3n1m  1m3nI2 

2m  2nL0n  0m  0nL2 i2  0n2m  2n0m1

3n  3mL2n  2n  2mL3n 3  3n2m  2n3mI2 

1n  1mL0n  0n  0mL1n i2  0n1m  1n0m1

2m  2nL2n  1m  1nL1n  0n  0mL0n  3n  3mL3n 3

3m  3nL0n  0n  0mL3n 3  3n0m  0n3mI2 

2m  2nL1n  1n  1mL2n i2  1n2m  2n1m1
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c42

1m  1nL0n  0n  0mL1n  

0n1m  1n0m

3n  3mL2n  2m  2nL3n  

3n2m  2n3m

3m  3nL2n  2n  2mL3n  

3n2m  2n3m

1n  1mL0n  0m  0nL1n  

0n1m  1n0m

2m  2nL0n  0n  0mL2n  

0n2m  2n0m

3m  3nL1n  1n  1mL3n  

3n1m  1n3m

3n  3mL1n  1m  1nL3n  

3n1m  1n3m

0m  0nL2n  2n  2mL0n  

0n2m  2n0m

3m  3nL0n  0n  0mL3n  

0n3m  3n0m

2n  2mL1n  1m  1nL2n  

1n2m  2n1m

1n  1mL2n  2m  2nL1n  

1n2m  2n1m

3n  3mL0n  0m  0nL3n  

0n3m  3n0m

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 
1 0

0 1

 2

1m  1nL0n  0n  0mL1n 3  0n1m  1n0mI2 

3n  3mL2n  2m  2nL3n i2  3n2m  2n3m1

2m  2nL0n  0n  0mL2n 3  0n2m  2n0mI2 

3m  3nL1n  1n  1mL3n i2  3n1m  1n3m1

3m  3nL0n  0n  0mL3n 3  0n3m  3n0mI2 

2n  2mL1n  1m  1nL2n i2  1n2m  2n1m1

1m  1nL1n  2m  2nL2n  3m  3nL3n  0m  0nL0n 3



Corollary III.3:For linear/differential operators DBn & DAm :
where:

Ljm  Ljn are linear/differential & ij are constants:
then:

DBnDAm  DBmDAn  DBnDAm  DBmDAn  2 
0

3

LnLn 
0

3

nm I8

Proof:
Immediate from theorems and corollaries I-III



Corollary III.4:For linear/differential operators DBn & DAm :
where:

Ljm  Ljn are linear/differential & ij are constants:
then:

DBnDAn  DBnDAm  DBmDAn  DBmDAm  4 
0

3

LnLn 
0

3

nm I8

DBnDAn  DBnDAm  DBmDAn  DBmDAm  4 
0

3

LnLn 
0

3

nm I8

Proof:
Immediate from theorems and corollaries I-III


depicted as follows:
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Corollary III.5:For linear/differential operators DBn , DAn , DBm , DAm , DBp , DAp :
where:

Ljm  Ljn & Ljp  Ljm are linear/differential & ij are constants:
then:

DBnDAm  DBmDAn  2 
0

3

LmLm 
0

3

nm I8

DBpDAm  DBmDAp  2 
0

3

LmLm 
0

3

pm I8

Proof:

DBnDAm  DBmDAn  2 
0

3

LmLm 
0

3

nm I8

Is immediate from corollary III.2
and, substituting p for n :

DBpDAm  DBmDAp  2 
0

3

LmLm 
0

3

pm I8



Corollary III.6:For commutative-associative linear operators DBn , DAn , DBm , DAm , DBp , DAp :
where:

Ljm  Ljn & Ljp  Ljm are constants or differential operators & ij are constants:
then:

DAnc1DBnc1  DBnc1DAmc2  DAmc2DBmc2  DBmc2DApc3  DApc3DBpc3  DBpc3DAnc1  DApc3DBnc1 

 
0

3

Lnc1Lnc1  Lmc2Lmc2  Lpc3Lpc3 

 Lmc2Lmc2  Lpc3Lpc3  2Lnc1Lnc1 
 nc1nc1  mc2mc2  pc3pc3 
 nc1mc2  mc2pc3  2pc3nc1I8

 
0

3

3Lnc1Lnc1  2Lmc2Lmc2  2Lpc3Lpc3 

 nc1nc1  mc2   mc2pc3  mc2   pc3pc3  2nc1 I8
Proof:

DAnc1DBnc1  DBnc1DAmc2  DAmc2DBmc2  DBmc2DApc3  DApc3DBpc3  DBpc3DAnc1  DApc3DBnc1 
 DAnc1DBnc1  DAmc2DBmc2  DApc3DBpc3  DBnc1DAmc2  DBmc2DApc3  DBpc3DAnc1  DApc3DBnc1 

 
0

3

Lnc1Lnc1 
0

3

nc1nc1 I8  
0

3

Lmc2Lmc2 
0

3

mc2mc2 I8  
0

3

Lpc3Lpc3 
0

3

pc3pc3 I8 

 
0

3

Lmc2Lmc2 
0

3

nc1mc2 I8  
0

3

Lpc3Lpc3 
0

3

mc2pc3 I8  2 
0

3

Lnc1Lnc1 
0

3

pc3nc1 I8

 
0

3

Lnc1Lnc1  Lmc2Lmc2  Lpc3Lpc3 

 Lmc2Lmc2  Lpc3Lpc3  2Lnc1Lnc1 
 nc1nc1  mc2mc2  pc3pc3 
 nc1mc2  mc2pc3  2pc3nc1I8

 
0

3

3Lnc1Lnc1  2Lmc2Lmc2  2Lpc3Lpc3 

 nc1nc1  mc2   mc2pc3  mc2   pc3pc3  2nc1 I8


depicted as follows:

Now:
From corollaries III.3,4 & 6 and the empirical evidence indicate the actual Yukawa color force between quarks:

Just as the electromanetic force is given by:
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Fe  e
e1e2
r2

and the gravitational force is given by: (at least to first aproximation):
Fg  g

m1m2

r2

The color force between quarks may be given by:

Fq  q
q1  q2

r2
er

as follows:
Let: qc  c , where:

1 
0 1

1 0
2 

0 i

i 0
3 

1 0

0 1

qR  kR1 qG  kG2 qB  kB3 kR,kG,kB  

detj  1 det0  detI2  1

A 
a b

c d
 kA 

ka kb

kc kd

detA  ad  bc  detkA  kakd  kbkc  k2ad  bc  k2 detA



11 
0 1

1 0

0 1

1 0


1 0

0 1
 I2

12 
0 1

1 0

0 i

i 0


i 0

0 i
 i

1 0

0 1
 i3

13 
0 1

1 0

1 0

0 1


0 1

1 0
 i

0 i

i 0
 i2

21 
0 i

i 0

0 1

1 0


i 0

0 i
 i

1 0

0 1
 i3

22 
0 i

i 0

0 i

i 0


1 0

0 1
 I2

23 
0 i

i 0

1 0

0 1


0 i

i 0
 i

0 1

1 0
 i1

31 
1 0

0 1

0 1

1 0


0 1

1 0
 i

0 i

i 0
 i2

32 
1 0

0 1

0 i

i 0


0 i

i 0
 i

0 1

1 0
 i1

33 
1 0

0 1

1 0

0 1


1 0

0 1
 I2

and, define: qC1  qC2  detqC1qC2 


qR  qR  detqRqR  detkR1kR1  detkRkR11  kR2 detI2  kR2  0

qR  qG  detqRqG  detkR1kG2  detkRkG12 

 detkRkGi3   ikRkG2 det3  kRkG2  0

qR  qB  detqRqB  detkR1kB3  detkRkB13 

 detkRkBi2   ikRkB2 det2  kRkB2  0

qG  qR  detqGqR  detkG2kR1  detkGkR21 

 detkGkRi3   ikGkR2 det3  kGkR2  0

qG  qG  detqGqG  detkG2kG2  detkGkG22  detkG
2 I2  kG

2  0

qG  qB  detqGqB  detkG2kB3  detkGkB23 

 detkGkBi1   ikGkB2 det1  kGkB2  0

qB  qR  detqBqR  detkB3kR1  detkBkR31 

 detkBkRi2   ikBkR2 det2  kBkR2  0

qB  qG  detqBqG  detkB3kG2  detkBkG32 

 detkBkGi1   ikBkG2 det1  kBkG2  0

qB  qB  detqBqB  detkB3kB3  detkBkB33  kB2 detI2  kB2  0



qC1  qC2 
kC1
2  0 , C1  C2

kC1kC2 
2  0 , C1  C2

Thus, differing color quarks attract, alike color quarks repel.
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And, define: qC1  iqC1  qC1  qC1  qC1  qC1  detiqC1qC1   kC1
2  0

 quark/anti-quark attraction
vis.:

qR  qR  detqRqR  detkR1ikR1  detikRkR11  ikR2 detI2  kR2  0

qR  qG  detqRqG  detkR1ikG2  detikRkG12 

 detikRkGi3   i2kRkG
2 det3  kRkG2  kRkG2  0

In this way, meson & baryon color force attraction/repulsion is manifested
with a force field similar to that of the electric and gravitational.

(In fact, since:   R is in a same equivalence class as 
1 0

0 1
, is indistinguishable from it.)

Thus, the above forms may equivalenty written:

Fe  e1  e2 e

r2
, Fg  m1  m2

g

r2
, Fq  q1  q2 q

er

r2

( the potentials being solutions of     J : (using: Lj  j )
( the first two being of the d’Alembert, and the third being of the
( Klein-Gordon/ Helmholtzian operator, respectively.
( actually all the same, understanding that the first two have zero constant term;
( and that the space-time of the first and third are flat euclidean, the gravitational
( is curvature of Swarzschild/Eddington/Kerr-Newman/Kerr-Schild/Gibbons-Hawking
( metric and coordinates, as appropriate
 F  1  2

where:

,j,,,J  e,e j,e, 1
r2

,Je , g,mj,g, 1
r2

,Jg , q,qj,q, e
r

r2
,Jq

NOTE:
( Using the Klein-Gordon/ Helmholtzian with space-time coorinates with metric and
( curvature as appropriate or using the Covariant Helmholtzian rather than:

( G  R  1
2 g

R   8
c2

T , in effect separates the field from the space curvature -

( even with the same result.
( So, the field is expressed using fortuitive coordinates as is often done
( (such as using polar coordinates in analysis of a pendulum simple harmonic oscillator)
( Thus, notions on wormholes and such become fictional speculations.

But, now for the reason the Helmhotzian operator factorization was generalized to to Multiple Associative Commutative
Linear Operator Factor(s). (MACLOFs)

First, the above figures for meson factors may be chained as follows:

Note:
DA1DB1DA2DB2DA3DB3DA4DB4DAm1DBm1DAmDBm


DA1DB1  DB1DA2  DA2DB2  DB2DA3  DA3DB3  DB3DA4  DA4DB4   DBm1DAm  DAmDBm

Similarly:

likewise:
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So, note that the mesons may link end-to-end of infeterminate length, and that they may link sideto-side of infeterminate
width. Further, they may link above/below each other infeterminately, thus forming chains, rings, sheets, meshes, bricks and
blocks. Even though mesons have rather short lifespans, that is relative and increased by the already observed naturally
occuring high-speed time dilation effect. Meson speeds may be even faster and in higher density in high-energy plasmas in
regions such as star formation knots.

Next, the above figures for baryon factors may be linked as follows:

77



These graphic depictions of baryon chains and sheets may be sketched schematically, dropping the D :
in table form:

AG BR AR

BG AB BB

AG BB AB

BG AR BR

BG AB BB

AG BR AR

BG AR BR

AG BB AB

AR BG AG

BR AB BB

AR BB AB

BR AG BG

BR AB BB

AR BG AG

BR AG BG

AR BB AB

AB BG AG

BB AR BR

AB BR AR

BB AG BG

BB AR BR

AB BG AG

BB AG BG

AB BR AR

,

thus, the above chains may be stacked such as:

AG BR AR

BG AB BB

BB AG BG

AB BR AR

AR BB AB

BR AG BG

BG AB BB

AG BR AR

AB BR AR

BB AG BG

BR AG BG

AR BB AB

(and row pair permutations thereof)

and chained accordingly, to any width and to any depth.
Similarly, these stacks may extend side-to-side, as well.
Thus, baryons form into chains, rings, sheets, meshes, and clumped into bricks, blocks, etc.
(nucleon clumps are known as atomic nucleii)

Note that the baryons are made up of triple BC1AC2BC3/AC1BC2AC3 and mesons are made up of pair BC1AC2/AC1BC2

which indicates that BC/AC or BC/AC represent a quark, so a matrix pair must represent a BC or AC .
And, as noted prviously, a matrix pair may even represent mesons.

Thus, the idea of chaining Helmhotzian operator factorizations arose.
And so, envisioning chaining Helmhotzian operator factorizations leads to envisioning Multiple Associative Commutative

Linear Operator Factor(s) (MACLOFs); using the operator commutivity where the binding force may be generalized beyond the
Yukawa force, to effect chaining between objects of a general nature.
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Thus, just as the Yukawa force is the binder for the elementery particles using the Helmholtzian partial derivatives/constans
operators; the operators for other chainable objects include:

ionic bond Coulomb force:

FC  k q1q2

r2

q1,q2 : the ion charges
k: 8.98  109Nm2/C2

r: the distance between the ions

Van der Waals forces:

FVW   1
6

R1R2

R1  R2

A
r2

R1,R2 : spherical bodies radii
A: Hamaker constant
r: the distance between the surfaces

Using this MACLOF methodology, to chemical compound chaining - amino acid chains, proteins, nucleic acids -
RNA & DNA - and beyond - beyond chemistry as well - beyond even science ; opening a grand new vista in
understanding!
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