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Preface

This book belongs to a series of online books summarizing the recent state Topological Geometro-
dynamics (TGD) and its applications. TGD can be regarded as a unified theory of fundamental
interactions but is not the kind of unified theory as so called GUTs constructed by graduate stu-
dents at seventies and eighties using detailed recipes for how to reduce everything to group theory.
Nowadays this activity has been completely computerized and it probably takes only a few hours to
print out the predictions of this kind of unified theory as an article in the desired format. TGD is
something different and I am not ashamed to confess that I have devoted the last 32 years of my life
to this enterprise and am still unable to write The Rules.

I got the basic idea of Topological Geometrodynamics (TGD) during autumn 1978, perhaps it
was October. What I realized was that the representability of physical space-times as 4-dimensional
surfaces of some higher-dimensional space-time obtained by replacing the points of Minkowski space
with some very small compact internal space could resolve the conceptual difficulties of general rela-
tivity related to the definition of the notion of energy. This belief was too optimistic and only with
the advent of what I call zero energy ontology the understanding of the notion of Poincare invariance
has become satisfactory.

It soon became clear that the approach leads to a generalization of the notion of space-time with
particles being represented by space-time surfaces with finite size so that TGD could be also seen as
a generalization of the string model. Much later it became clear that this generalization is consistent
with conformal invariance only if space-time is 4-dimensional and the Minkowski space factor of
imbedding space is 4-dimensional.

It took some time to discover that also the geometrization of also gauge interactions and elementary
particle quantum numbers could be possible in this framework: it took two years to find the unique
internal space providing this geometrization involving also the realization that family replication
phenomenon for fermions has a natural topological explanation in TGD framework and that the
symmetries of the standard model symmetries are much more profound than pragmatic TOE builders
have believed them to be. If TGD is correct, main stream particle physics chose the wrong track leading
to the recent deep crisis when people decided that quarks and leptons belong to same multiplet of the
gauge group implying instability of proton.

There have been also longstanding problems.

e Gravitational energy is well-defined in cosmological models but is not conserved. Hence the
conservation of the inertial energy does not seem to be consistent with the Equivalence Princi-
ple. Furthermore, the imbeddings of Robertson-Walker cosmologies turned out to be vacuum
extremals with respect to the inertial energy. About 25 years was needed to realize that the sign
of the inertial energy can be also negative and in cosmological scales the density of inertial energy
vanishes: physically acceptable universes are creatable from vacuum. Eventually this led to the
notion of zero energy ontology which deviates dramatically from the standard ontology being
however consistent with the crossing symmetry of quantum field theories. In this framework the
quantum numbers are assigned with zero energy states located at the boundaries of so called
causal diamonds defined as intersections of future and past directed light-cones. The notion of
energy-momentum becomes length scale dependent since one has a scale hierarchy for causal
diamonds. This allows to understand the non-conservation of energy as apparent. Equivalence
Principle generalizes and has a formulation in terms of coset representations of Super-Virasoro
algebras providing also a justification for p-adic thermodynamics.

e From the beginning it was clear that the theory predicts the presence of long ranged classical
electro-weak and color gauge fields and that these fields necessarily accompany classical electro-
magnetic fields. It took about 26 years to gain the maturity to admit the obvious: these fields
are classical correlates for long range color and weak interactions assignable to dark matter.
The only possible conclusion is that TGD physics is a fractal consisting of an entire hierarchy
of fractal copies of standard model physics. Also the understanding of electro-weak massivation
and screening of weak charges has been a long standing problem, and 32 years was needed to
discover that what I call weak form of electric-magnetic duality gives a satisfactory solution of
the problem and provides also surprisingly powerful insights to the mathematical structure of
quantum TGD.
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I started the serious attempts to construct quantum TGD after my thesis around 1982. The
original optimistic hope was that path integral formalism or canonical quantization might be enough
to construct the quantum theory but the first discovery made already during first year of TGD was that
these formalisms might be useless due to the extreme non-linearity and enormous vacuum degeneracy
of the theory. This turned out to be the case.

e [t took some years to discover that the only working approach is based on the generalization
of Einstein’s program. Quantum physics involves the geometrization of the infinite-dimensional
"world of classical worlds” (WCW) identified as 3-dimensional surfaces. Still few years had
to pass before I understood that general coordinate invariance leads to a more or less unique
solution of the problem and implies that space-time surfaces are analogous to Bohr orbits. Still
a coupled of years and I discovered that quantum states of the Universe can be identified as
classical spinor fields in WCW. Only quantum jump remains the genuinely quantal aspect of
quantum physics.

e During these years TGD led to a rather profound generalization of the space-time concept.
Quite general properties of the theory led to the notion of many-sheeted space-time with sheets
representing physical subsystems of various sizes. At the beginning of 90s I became dimly
aware of the importance of p-adic number fields and soon ended up with the idea that p-adic
thermodynamics for a conformally invariant system allows to understand elementary particle
massivation with amazingly few input assumptions. The attempts to understand p-adicity from
basic principles led gradually to the vision about physics as a generalized number theory as
an approach complementary to the physics as an infinite-dimensional spinor geometry of WCW
approach. One of its elements was a generalization of the number concept obtained by fusing real
numbers and various p-adic numbers along common rationals. The number theoretical trinity
involves besides p-adic number fields also quaternions and octonions and the notion of infinite
prime.

e TGD inspired theory of consciousness entered the scheme after 1995 as I started to write a book
about consciousness. Gradually it became difficult to say where physics ends and consciousness
theory begins since consciousness theory could be seen as a generalization of quantum measure-
ment theory by identifying quantum jump as a moment of consciousness and by replacing the
observer with the notion of self identified as a system which is conscious as long as it can avoid
entanglement with environment. ”Everything is conscious and consciousness can be only lost”
summarizes the basic philosophy neatly. The idea about p-adic physics as physics of cognition
and intentionality emerged also rather naturally and implies perhaps the most dramatic gener-
alization of the space-time concept in which most points of p-adic space-time sheets are infinite
in real sense and the projection to the real imbedding space consists of discrete set of points.
One of the most fascinating outcomes was the observation that the entropy based on p-adic
norm can be negative. This observation led to the vision that life can be regarded as something
in the intersection of real and p-adic worlds. Negentropic entanglement has interpretation as
a correlate for various positively colored aspects of conscious experience and means also the
possibility of strongly correlated states stable under state function reduction and different from
the conventional bound states and perhaps playing key role in the energy metabolism of living
matter.

e One of the latest threads in the evolution of ideas is only slightly more than six years old.
Learning about the paper of Laurent Nottale about the possibility to identify planetary orbits
as Bohr orbits with a gigantic value of gravitational Planck constant made once again possible to
see the obvious. Dynamical quantized Planck constant is strongly suggested by quantum classical
correspondence and the fact that space-time sheets identifiable as quantum coherence regions can
have arbitrarily large sizes. During summer 2010 several new insights about the mathematical
structure and interpretation of TGD emerged. One of these insights was the realization that
the postulated hierarchy of Planck constants might follow from the basic structure of quantum
TGD. The point is that due to the extreme non-linearity of the classical action principle the
correspondence between canonical momentum densities and time derivatives of the imbedding
space coordinates is one-to-many and the natural description of the situation is in terms of local
singular covering spaces of the imbedding space. One could speak about effective value of Planck



constant coming as a multiple of its minimal value. The implications of the hierarchy of Planck
constants are extremely far reaching so that the significance of the reduction of this hierarchy to
the basic mathematical structure distinguishing between TGD and competing theories cannot
be under-estimated.

From the point of view of particle physics the ultimate goal is of course a practical construction
recipe for the S-matrix of the theory. I have myself regarded this dream as quite too ambitious taking
into account how far reaching re-structuring and generalization of the basic mathematical structure
of quantum physics is required. It has indeed turned out that the dream about explicit formula
is unrealistic before one has understood what happens in quantum jump. Symmetries and general
physical principles have turned out to be the proper guide line here. To give some impressions about
what is required some highlights are in order.

e With the emergence of zero energy ontology the notion of S-matrix was replaced with M-matrix
which can be interpreted as a complex square root of density matrix representable as a diagonal
and positive square root of density matrix and unitary S-matrix so that quantum theory in zero
energy ontology can be said to define a square root of thermodynamics at least formally.

e A decisive step was the strengthening of the General Coordinate Invariance to the requirement
that the formulations of the theory in terms of light-like 3-surfaces identified as 3-surfaces at
which the induced metric of space-time surfaces changes its signature and in terms of space-like
3-surfaces are equivalent. This means effective 2-dimensionality in the sense that partonic 2-
surfaces defined as intersections of these two kinds of surfaces plus 4-D tangent space data at
partonic 2-surfaces code for the physics. Quantum classical correspondence requires the coding
of the quantum numbers characterizing quantum states assigned to the partonic 2-surfaces to
the geometry of space-time surface. This is achieved by adding to the modified Dirac action a
measurement interaction term assigned with light-like 3-surfaces.

e The replacement of strings with light-like 3-surfaces equivalent to space-like 3-surfaces means
enormous generalization of the super conformal symmetries of string models. A further general-
ization of these symmetries to non-local Yangian symmetries generalizing the recently discovered
Yangian symmetry of N' = 4 supersymmetric Yang-Mills theories is highly suggestive. Here the
replacement of point like particles with partonic 2-surfaces means the replacement of conformal
symmetry of Minkowski space with infinite-dimensional super-conformal algebras. Yangian sym-
metry provides also a further refinement to the notion of conserved quantum numbers allowing
to define them for bound states using non-local energy conserved currents.

e A further attractive idea is that quantum TGD reduces to almost topological quantum field
theory. This is possible if the Kéhler action for the preferred extremals defining WCW Kéhler
function reduces to a 3-D boundary term. This takes place if the conserved currents are so called
Beltrami fields with the defining property that the coordinates associated with flow lines extend
to single global coordinate variable. This ansatz together with the weak form of electric-magnetic
duality reduces the Kahler action to Chern-Simons term with the condition that the 3-surfaces
are extremals of Chern-Simons action subject to the constraint force defined by the weak form
of electric magnetic duality. It is the latter constraint which prevents the trivialization of the
theory to a topological quantum field theory. Also the identification of the Kéahler function of
WCW as Dirac determinant finds support as well as the description of the scattering amplitudes
in terms of braids with interpretation in terms of finite measurement resolution coded to the
basic structure of the solutions of field equations.

e In standard QFT Feynman diagrams provide the description of scattering amplitudes. The
beauty of Feynman diagrams is that they realize unitarity automatically via the so called
Cutkosky rules. In contrast to Feynman’s original beliefs, Feynman diagrams and virtual parti-
cles are taken only as a convenient mathematical tool in quantum field theories. QFT approach
is however plagued by UV and IR divergences and one must keep mind open for the possibility
that a genuine progress might mean opening of the black box of the virtual particle.

In TGD framework this generalization of Feynman diagrams indeed emerges unavoidably. Light-
like 3-surfaces replace the lines of Feynman diagrams and vertices are replaced by 2-D partonic
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2-surfaces. Zero energy ontology and the interpretation of parton orbits as light-like ”wormbhole
throats” suggests that virtual particle do not differ from on mass shell particles only in that
the four- and three- momenta of wormhole throats fail to be parallel. The two throats of the
wormhole defining virtual particle would contact carry on mass shell quantum numbers but
for virtual particles the four-momenta need not be parallel and can also have opposite signs of
energy. Modified Dirac equation suggests a number theoretical quantization of the masses of the
virtual particles. The kinematic constraints on the virtual momenta are extremely restrictive
and reduce the dimension of the sub-space of virtual momenta and if massless particles are
not allowed (IR cutoff provided by zero energy ontology naturally), the number of Feynman
diagrams contributing to a particular kind of scattering amplitude is finite and manifestly UV
and IR finite and satisfies unitarity constraint in terms of Cutkosky rules. What is remarkable
that fermionic propagatos are massless propagators but for on mass shell four-momenta. This
gives a connection with the twistor approach and inspires the generalization of the Yangian
symmetry to infinite-dimensional super-conformal algebras.

What I have said above is strongly biased view about the recent situation in quantum TGD and
I have left all about applications to the introductions of the books whose purpose is to provide a
bird’s eye of view about TGD as it is now. This vision is single man’s view and doomed to contain
unrealistic elements as I know from experience. My dream is that young critical readers could take
this vision seriously enough to try to demonstrate that some of its basic premises are wrong or to
develop an alternative based on these or better premises. I must be however honest and tell that 32
years of TGD is a really vast bundle of thoughts and quite a challenge for anyone who is not able to
cheat himself by taking the attitude of a blind believer or a light-hearted debunker trusting on the
power of easy rhetoric tricks.

Matti Pitkanen

Hanko,
September 15, 2010
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Chapter 1

Introduction

1.1 Basic Ideas of TGD

The basic physical picture behind TGD was formed as a fusion of two rather disparate approaches:
namely TGD is as a Poincare invariant theory of gravitation and TGD as a generalization of the
old-fashioned string model.

1.1.1 Background

T(opological) G(eometro)D(ynamics) is one of the many attempts to find a unified description of basic
interactions. The development of the basic ideas of TGD to a relatively stable form took time of about
half decade [K1]. The great challenge is to construct a mathematical theory around these physically
very attractive ideas and I have devoted the last twenty-three years for the realization of this dream
and this has resulted in seven online books about TGD and eight online books about TGD inspired
theory of consciousness and of quantum biology.

Quantum T (opological) G(eometro)D(ynamics) as a classical spinor geometry for infinite-dimensional
configuration space, p-adic numbers and quantum TGD, and TGD inspired theory of consciousness
and of quantum biology have been for last decade of the second millenium the basic three strongly
interacting threads in the tapestry of quantum TGD.

For few years ago the discussions with Tony Smith initiated a fourth thread which deserves the
name "T'GD as a generalized number theory’. The basic observation was that classical number fields
might allow a deeper formulation of quantum TGD. The work with Riemann hypothesis made time
ripe for realization that the notion of infinite primes could provide, not only a reformulation, but a
deep generalization of quantum TGD. This led to a thorough and extremely fruitful revision of the
basic views about what the final form and physical content of quantum TGD might be. Together with
the vision about the fusion of p-adic and real physics to a larger coherent structure these sub-threads
fused to the ”physics as generalized number theory” th

A further thread emerged from the realization that by quantum classical correspondence TGD
predicts an infinite hierarchy of macroscopic quantum systems with increasing sizes, that it is not at
all clear whether standard quantum mechanics can accommodate this hierarchy, and that a dynam-
ical quantized Planck constant might be necessary and certainly possible in TGD framework. The
identification of hierarchy of Planck constants whose values TGD ”predicts” in terms of dark matter
hierarchy would be natural. This also led to a solution of a long standing puzzle: what is the proper
interpretation of the predicted fractal hierarchy of long ranged classical electro-weak and color gauge
fields. Quantum classical correspondences allows only single answer: there is infinite hierarchy of p-
adically scaled up variants of standard model physics and for each of them also dark hierarchy. Thus
TGD Universe would be fractal in very abstract and deep sense.

Every updating of the books makes me frustrated as I see how badly the structure of the repre-
sentation reflects my bird’s eye of view as it is at the moment of updating. At this time I realized
that the chronology based identification of the threads is quite natural but not logical and it is much
more logical to see p-adic physics, the ideas related to classical number fields, and infinite primes
as sub-threads of a thread which might be called ”physics as a generalized number theory”. In the
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following I adopt this view. This reduces the number of threads to four! I am not even sure about
the number of threads! Be patient!

TGD forces the generalization of physics to a quantum theory of consciousness, and represent
TGD as a generalized number theory vision leads naturally to the emergence of p-adic physics as
physics of cognitive representations. The seven online books [K80, K60l [K48|, [K45], K61l K70l K68]
about TGD and eight online books about TGD inspired theory of consciousness and of quantum
biology [K74l K12} K53, K10, K29l K36} K40, [K67] are warmly recommended to the interested reader.

1.1.2 TGD as a Poincare invariant theory of gravitation

The first approach was born as an attempt to construct a Poincare invariant theory of gravitation.
Space-time, rather than being an abstract manifold endowed with a pseudo-Riemannian structure, is
regarded as a surface in the 8-dimensional space H = M3 CP,, where M* denotes Minkowski space and
CP, = SU(3)/U(2) is the complex projective space of two complex dimensions [A13] [A5] [A10] [A4].

The identification of the space-time as a submanifold [A3] [AT2] of M* x CP; leads to an ex-
act Poincare invariance and solves the conceptual difficulties related to the definition of the energy-
momentum in General Relativity.

It soon however turned out that submanifold geometry, being considerably richer in structure
than the abstract manifold geometry, leads to a geometrization of all basic interactions. First, the
geometrization of the elementary particle quantum numbers is achieved. The geometry of C' P, explains
electro-weak and color quantum numbers. The different H-chiralities of H-spinors correspond to the
conserved baryon and lepton numbers. Secondly, the geometrization of the field concept results. The
projections of the C'Py spinor connection, Killing vector fields of C'P, and of H-metric to four-surface
define classical electro-weak, color gauge fields and metric in X*.

1.1.3 TGD as a generalization of the hadronic string model

The second approach was based on the generalization of the mesonic string model describing mesons
as strings with quarks attached to the ends of the string. In the 3-dimensional generalization 3-
surfaces correspond to free particles and the boundaries of the 3- surface correspond to partons in
the sense that the quantum numbers of the elementary particles reside on the boundaries. Various
boundary topologies (number of handles) correspond to various fermion families so that one obtains
an explanation for the known elementary particle quantum numbers. This approach leads also to a
natural topological description of the particle reactions as topology changes: for instance, two-particle
decay corresponds to a decay of a 3-surface to two disjoint 3-surfaces.

This decay vertex does not however correspond to a direct generalization of trouser vertex of
string models. Indeed, the important difference between TGD and string models is that the analogs
of string world sheet diagrams do not describe particle decays but the propagation of particles via
different routes. Particle reactions are described by generalized Feynman diagrams for which 3-D
light-like surface describing particle propagating join along their ends at vertices. As 4-manifolds the
space-time surfaces are therefore singular like Feynman diagrams as 1-manifolds.

1.1.4 Fusion of the two approaches via a generalization of the space-time
concept

The problem is that the two approaches to TGD seem to be mutually exclusive since the orbit of a
particle like 3-surface defines 4-dimensional surface, which differs drastically from the topologically
trivial macroscopic space-time of General Relativity. The unification of these approaches forces a
considerable generalization of the conventional space-time concept. First, the topologically trivial 3-
space of General Relativity is replaced with a ”topological condensate” containing matter as particle
like 3-surfaces "glued” to the topologically trivial background 3-space by connected sum operation.
Secondly, the assumption about connectedness of the 3-space is given up. Besides the ”topological
condensate” there could be ”vapor phase” that is a ”"gas” of particle like 3-surfaces (counterpart of
the ”baby universies” of GRT) and the nonconservation of energy in GRT corresponds to the transfer
of energy between the topological condensate and vapor phase.

What one obtains is what I have christened as many-sheeted space-time. One particular aspect
is topological field quantization meaning that various classical fields assignable to a physical system
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correspond to space-time sheets representing the classical fields to that particular system. One can
speak of the field body of a particular physical system. Field body consists of topological light rays,
and electric and magnetic flux quanta. In Maxwell’s theory system does not possess this kind of
field identity. The notion of magnetic body is one of the key players in TGD inspired theory of
consciousness and quantum biology.

This picture became more detailed with the advent of zero energy ontology (ZEQO). The basic notion
of ZEO is causal diamond (CD) identified as the Cartesian product of C'P, and of the intersection
of future and past directed light-cones and having scale coming as an integer multiple of C P, size is
fundamental. C'Ds form a fractal hierarchy and zero energy states decompose to products of positive
and negative energy parts assignable to the opposite boundaries of C'D defining the ends of the space-
time surface. The counterpart of zero energy state in positive energy ontology is in terms of initial
and final states of a physical event, say particle reaction.

General Coordinate Invariance allows to identify the basic dynamical objects as space-like 3-
surfaces at the ends of space-time surface at boundaries of C'D: this means that space-time sur-
face is analogous to Bohr orbit. An alternative identification is as light-like 3-surfaces at which the
signature of the induced metric changes from Minkowskian to Euclidian and interpreted as lines of
generalized Feynman diagrams. Also the Euclidian 4-D regions would have similar interpretation. The
requirement that the two interpretations are equivalent, leads to a strong form of General Coordinate
Invariance. The outcome is effective 2-dimensionality stating that the partonic 2-surfaces identified
as intersections of the space-like ends of space-time surface and light-like wormhole throats are the
fundamental objects. That only effective 2-dimensionality is in question is due to the effects caused by
the failure of strict determinism of Kahler action. In finite length scale resolution these effects can be
neglected below UV cutoff and above IR cutoff. One can also speak about strong form of holography.

There is a further generalization of the space-time concept inspired by p-adic physics forcing a
generalization of the number concept through the fusion of real numbers and various p-adic number
fields. Also the hierarchy of Planck constants forces a generalization of the notion of space-time.

A very concise manner to express how TGD differs from Special and General Relativities could
be following. Relativity Principle (Poincare Invariance), General Coordinate Invariance, and Equiva-
lence Principle remain true. What is new is the notion of sub-manifold geometry: this allows to realize
Poincare Invariance and geometrize gravitation simultaneously. This notion also allows a geometriza-
tion of known fundamental interactions and is an essential element of all applications of TGD ranging
from Planck length to cosmological scales. Sub-manifold geometry is also crucial in the applications
of TGD to biology and consciousness theory.

The worst objection against TGD is the observation that all classical gauge fields are expressible in
terms of four imbedding space coordinates only- essentially C' P, coordinates. The linear superposition
of classical gauge fields taking place independently for all gauge fields is lost. This would be a
catastrophe without many-sheeted space-time. Instead of gauge fields, only the effects such as gauge
forces are superposed. Particle topologically condenses to several space-time sheets simultaneously
and experiences the sum of gauge forces. This transforms the weakness to extreme economy: in a
typical unified theory the number of primary field variables is countered in hundreds if not thousands,
now it is just four.

1.2 The threads in the development of quantum TGD

The development of TGD has involved several strongly interacting threads: physics as infinite-
dimensional geometry; TGD as a generalized number theory, the hierarchy of Planck constants inter-
preted in terms of dark matter hierarchy, and TGD inspired theory of consciousness. In the following
these threads are briefly described.

1.2.1 Quantum TGD as spinor geometry of World of Classical Worlds

A turning point in the attempts to formulate a mathematical theory was reached after seven years
from the birth of TGD. The great insight was "Do not quantize”. The basic ingredients to the new
approach have served as the basic philosophy for the attempt to construct Quantum TGD since then
and have been the following ones:
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1. Quantum theory for extended particles is free(!), classical(!) field theory for a generalized
Schrédinger amplitude in the configuration space C'H consisting of all possible 3-surfaces in
H. 7All possible” means that surfaces with arbitrary many disjoint components and with
arbitrary internal topology and also singular surfaces topologically intermediate between two
different manifold topologies are included. Particle reactions are identified as topology changes
[A8,[A14, [A15]. For instance, the decay of a 3-surface to two 3-surfaces corresponds to the decay
A — B+ C. Classically this corresponds to a path of configuration space leading from 1-particle
sector to 2-particle sector. At quantum level this corresponds to the dispersion of the gener-
alized Schrédinger amplitude localized to 1-particle sector to two-particle sector. All coupling
constants should result as predictions of the theory since no nonlinearities are introduced.

2. During years this naive and very rough vision has of course developed a lot and is not anymore
quite equivalent with the original insight. In particular, the space-time correlates of Feynman
graphs have emerged from theory as Euclidian space-time regions and the strong form of General
Coordinate Invariance has led to a rather detailed and in many respects un-expected visions.
This picture forces to give up the idea about smooth space-time surfaces and replace space-
time surface with a generalization of Feynman diagram in which vertices represent the failure of
manifold property. I have also startd introduced the word "world of classical worlds” (WCW)
instead of rather formal ”configuration space”. I hope that ”WCW?” does not induce despair in
the reader having tendency to think about the technicalities involved!

3. WCW is endowed with metric and spinor structure so that one can define various metric related
differential operators, say Dirac operator, appearing in the field equations of the theory. The
most ambitious dream is that zero energy states correspond to a complete solution basis for the
Dirac operator of WCW so that this classical free field theory would dictate M-matrices which
form orthonormal rows of what I call U-matrix. Given M-matrix in turn would decompose to a
product of a hermitian density matrix and unitary S-matrix.

M-matrix would define time-like entanglement coefficients between positive and negative energy
parts of zero energy states (all net quantum numbers vanish for them) and can be regarded as a
hermitian quare root of density matrix multiplied by a unitary S-matrix. Quantum theory would
be in well-defined sense a square root of thermodynamics. The orthogonality and hermiticity
of the complex square roots of density matrices commuting with S-matrix means that they
span infinite-dimensional Lie algebra acting as symmetries of the S-matrix. Therefore quantum
TGD would reduce to group theory in well-defined sense: its own symmetries would define the
symmetries of the theory. In fact the Lie algebra of Hermitian M-matrices extends to Kac-
Moody type algebra obtained by multiplying hermitian square roots of density matrices with
powers of the S-matrix. Also the analog of Yangian algebra involving only non-negative powers
of S-matrix is possible.

4. By quantum classical correspondence the construction of WCW spinor structure reduces to the
second quantization of the induced spinor fields at space-time surface. The basic action is so
called modified Dirac action in which gamma matrices are replaced with the modified gamma
matrices defined as contractions of the canonical momentum currents with the imbedding space
gamma matrices. In this manner one achieves super-conformal symmetry and conservation of
fermionic currents among other things and consistent Dirac equation. This modified gamma
matrices define as anticommutators effective metric, which might provide geometrization for
some basic observables of condensed matter physics. The conjecture is that Dirac determinant
for the modified Dirac action gives the exponent of Kahler action for a preferred extremal
as vacuum functional so that one might talk about bosonic emergence in accordance with the
prediction that the gauge bosons and graviton are expressible in terms of bound states of fermion
and antifermion.

The evolution of these basic ideas has been rather slow but has gradually led to a rather beautiful
vision. One of the key problems has been the definition of Kéhler function. Kahler function is Kahler
action for a preferred extremal assignable to a given 3-surface but what this preferred extremal is?
The obvious first guess was as absolute minimum of Kéhler action but could not be proven to be right
or wrong. One big step in the progress was boosted by the idea that TGD should reduce to almost
topological QFT in which braids wold replace 3-surfaces in finite measurement resolution, which could
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be inherent property of the theory itself and imply discretization at partonic 2-surfaces with discrete
points carrying fermion number.

1. TGD as almost topological QFT vision suggests that Kahler action for preferred extremals
reduces to Chern-Simons term assigned with space-like 3-surfaces at the ends of space-time
(recall the notion of causal diamond (CD)) and with the light-like 3-surfaces at which the
signature of the induced metric changes from Minkowskian to Euclidian. Minkowskian and
Euclidian regions would give at wormhole throats the same contribution apart from coefficients
and in Minkowskian regions the /g4 factor would be imaginary so that one would obtain sum of
real term identifiable as K&hler function and imaginary term identifiable as the ordinary action
giving rise to interference effects and stationary phase approximation central in both classical
and quantum field theory. Imaginary contribution - the presence of which I realized only after
33 years of TGD - could also havetopological interpretation as a Morse function. On physical
side the emergence of Euclidian space-time regions is something completely new and leads to a
dramatic modification of the ideas about black hole interior.

2. The manner to achieve the reduction to Chern-Simons terms is simple. The vanishing of Coulom-
bic contribution to Kéhler action is required and is true for all known extremals if one makes a
general ansatz about the form of classical conserved currents. The so called weak form of electric-
magnetic duality defines a boundary condition reducing the resulting 3-D terms to Chern-Simons
terms. In this manner almost topological QFT results. But only ”almost” since the Lagrange
multiplier term forcing electric-magnetic duality implies that Chern-Simons action for preferred
extremals depends on metric.

3. A further quite recent hypothesis inspired by effective 2-dimensionality is that Chern-Simons
terms reduce to a sum of two 2-dimensional terms. An imaginary term proportional to the total
area of Minkowskian string world sheets and a real tem proportional to the total area of partonic
2-surfaces or equivalently strings world sheets in Euclidian space-time regions. Also the equality
of the total areas of strings world sheets and partonic 2-surfaces is highly suggestive and would
realize a duality between these two kinds of objects. String world sheets indeed emerge naturally
for the proposed ansatz defining preferred extremals. Therefore Kéhler action would have very
stringy character apart from effects due to the failure of the strict determinism meaning that
radiative corrections break the effective 2-dimensionality.

1.2.2 TGD as a generalized number theory

Quantum T(opological)D(ynamics) as a classical spinor geometry for infinite-dimensional configu-
ration space, p-adic numbers and quantum TGD, and TGD inspired theory of consciousness, have
been for last ten years the basic three strongly interacting threads in the tapestry of quantum TGD.
The fourth thread deserves the name "TGD as a generalized number theory’. It involves three sep-
arate threads: the fusion of real and various p-adic physics to a single coherent whole by requiring
number theoretic universality discussed already, the formulation of quantum TGD in terms of hyper-
counterparts of classical number fields identified as sub-spaces of complexified classical number fields
with Minkowskian signature of the metric defined by the complexified inner product, and the notion
of infinite prime.

p-Adic TGD and fusion of real and p-adic physics to single coherent whole

The p-adic thread emerged for roughly ten years ago as a dim hunch that p-adic numbers might be
important for TGD. Experimentation with p-adic numbers led to the notion of canonical identification
mapping reals to p-adics and vice versa. The breakthrough came with the successful p-adic mass
calculations using p-adic thermodynamics for Super-Virasoro representations with the super-Kac-
Moody algebra associated with a Lie-group containing standard model gauge group. Although the
details of the calculations have varied from year to year, it was clear that p-adic physics reduces not
only the ratio of proton and Planck mass, the great mystery number of physics, but all elementary
particle mass scales, to number theory if one assumes that primes near prime powers of two are in a
physically favored position. Why this is the case, became one of the key puzzless and led to a number
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of arguments with a common gist: evolution is present already at the elementary particle level and
the primes allowed by the p-adic length scale hypothesis are the fittest ones.

It became very soon clear that p-adic topology is not something emerging in Planck length scale
as often believed, but that there is an infinite hierarchy of p-adic physics characterized by p-adic
length scales varying to even cosmological length scales. The idea about the connection of p-adics
with cognition motivated already the first attempts to understand the role of the p-adics and inspired
"Universe as Computer’ vision but time was not ripe to develop this idea to anything concrete (p-adic
numbers are however in a central role in TGD inspired theory of consciousness). It became however
obvious that the p-adic length scale hierarchy somehow corresponds to a hierarchy of intelligences and
that p-adic prime serves as a kind of intelligence quotient. Ironically, the almost obvious idea about
p-adic regions as cognitive regions of space-time providing cognitive representations for real regions
had to wait for almost a decade for the access into my consciousness.

There were many interpretational and technical questions crying for a definite answer.

1. What is the relationship of p-adic non-determinism to the classical non-determinism of the
basic field equations of TGD? Are the p-adic space-time region genuinely p-adic or does p-adic
topology only serve as an effective topology? If p-adic physics is direct image of real physics,
how the mapping relating them is constructed so that it respects various symmetries? Is the
basic physics p-adic or real (also real TGD seems to be free of divergences) or both? If it is both,
how should one glue the physics in different number field together to get The Physics? Should
one perform p-adicization also at the level of the configuration space of 3-surfaces? Certainly
the p-adicization at the level of super-conformal representation is necessary for the p-adic mass
calculations.

2. Perhaps the most basic and most irritating technical problem was how to precisely define p-adic
definite integral which is a crucial element of any variational principle based formulation of the
field equations. Here the frustration was not due to the lack of solution but due to the too large
number of solutions to the problem, a clear symptom for the sad fact that clever inventions
rather than real discoveries might be in question. Quite recently I however learned that the
problem of making sense about p-adic integration has been for decades central problem in the
frontier of mathematics and a lot of profound work has been done along same intuitive lines
as | have proceeded in TGD framework. The basic idea is certainly the notion of algebraic
continuation from the world of rationals belonging to the intersection of real world and various
p-adic worlds.

Despite these frustrating uncertainties, the number of the applications of the poorly defined p-adic
physics growed steadily and the applications turned out to be relatively stable so that it was clear
that the solution to these problems must exist. It became only gradually clear that the solution of
the problems might require going down to a deeper level than that represented by reals and p-adics.

The key challenge is to fuse various p-adic physics and real physics to single larger structures.
This has inspired a proposal for a generalization of the notion of number field by fusing real numbers
and various p-adic number fields and their extensions along rationals and possible common algebraic
numbers. This leads to a generalization of the notions of imbedding space and space-time concept and
one can speak about real and p-adic space-time sheets. The quantum dynamics should be such that
it allows quantum transitions transforming space-time sheets belonging to different number fields to
each other. The space-time sheets in the intersection of real and p-adic worlds are of special interest
and the hypothesis is that living matter resides in this intersection. This leads to surprisingly detailed
predictions and far reaching conjectures. For instance, the number theoretic generalization of entropy
concept allows negentropic entanglement central for the applications to living matter.

The basic principle is number theoretic universality stating roughly that the physics in various
number fields can be obtained as completion of rational number based physics to various number
fields. Rational number based physics would in turn describe physics in finite measurement resolution
and cognitive resolution. The notion of finite measurement resolution has become one of the basic
principles of quantum TGD and leads to the notions of braids as representatives of 3-surfaces and
inclusions of hyper-finite factors as a representation for finite measurement resolution.
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The role of classical number fields

The vision about the physical role of the classical number fields relies on the notion of number theoretic
compactifiction stating that space-time surfaces can be regarded as surfaces of either M8 or M* x CP;.
As surfaces of M? identifiable as space of hyper-octonions they are hyper-quaternionic or co-hyper-
quaternionic- and thus maximally associative or co-associative. This means that their tangent space
is either hyper-quaternionic plane of M?® or an orthogonal complement of such a plane. These surface
can be mapped in natural manner to surfaces in M* x C'P, [K72] provided one can assign to each point
of tangent space a hyper-complex plane M?(x) C M*. One can also speak about M8 — H duality.

This vision has very strong predictive power. It predicts that the extremals of Kéahler action
correspond to either hyper-quaternionic or co-hyper-quaternionic surfaces such that one can assign
to tangent space at each point of space-time surface a hyper-complex plane M?(z) C M*. As a
consequence, the M* projection of space-time surface at each point contains M?(z) and its orthogonal
complement. These distributions are integrable implying that space-time surface allows dual slicings
defined by string world sheets Y2 and partonic 2-surfaces X2. The existence of this kind of slicing
was earlier deduced from the study of extremals of Kéhler action and christened as Hamilton-Jacobi
structure. The physical interpretation of M?(x) is as the space of non-physical polarizations and the
plane of local 4-momentum.

One can fairly say, that number theoretical compactification is responsible for most of the under-
standing of quantum TGD that has emerged during last years. This includes the realization of Equiv-
alence Principle at space-time level, dual formulations of TGD as Minkowskian and Euclidian string
model type theories, the precise identification of preferred extremals of K&hler action as extremals
for which second variation vanishes (at least for deformations representing dynamical symmetries)
and thus providing space-time correlate for quantum criticality, the notion of number theoretic braid
implied by the basic dynamics of Kahler action and crucial for precise construction of quantum TGD
as almost-topological QFT, the construction of configuration space metric and spinor structure in
terms of second quantized induced spinor fields with modified Dirac action defined by Kéahler action
realizing automatically the notion of finite measurement resolution and a connection with inclusions
of hyper-finite factors of type II; about which Clifford algebra of configuration space represents an
example.

The two most important number theoretic conjectures relate to the preferred extremals of Kahler
action. The general idea is that classical dynamics for the preferred extremals of Kahler action should
reduce to number theory: space-time surfaces should be either associative or co-associative in some
sense.

1. The first meaning for associativity (co-associativity) would be that tangent (normal) spaces of
space-time surfaces are quaternionic in some sense and thus associative. This can be formu-
lated in terms of octonionic representation of the imbedding space gamma matrices possible in
dimension D = 8 and states that induced gamma matrices generate quaternionic sub-algebra at
each space-time point. It seems that induced rather than modified gamma matrices must be in
question.

2. Second meaning for associative (co-associativity) would be following. In the case of complex
numbers the vanishing of the real part of real-analytic function defines a 1-D curve. In oct-
nionic case one can decompose octonion to sum of quaternion and quaternion multiplied by an
octonionic imaginary unit. Quaternionicity could mean that space-time surfaces correspond to
the vanishing of the imaginary part of the octonion real-analytic function. Co-quaternionicity
would be defined in an obvious manner. Octonionic real analytic functions form a function field
closed also with respect to the composition of functions. Space-time surfaces would form the
analog of function field with the composition of functions with all operations realized as algebraic
operations for space-time surfaces. Co-associaty could be perhaps seen as an additional feature
making the algebra in question also co-algebra.

3. The third conjecture is that these conjectures are equivalent.

Infinite primes

The discovery of the hierarchy of infinite primes and their correspondence with a hierarchy defined by a
repeatedly second quantized arithmetic quantum field theory gave a further boost for the speculations
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about TGD as a generalized number theory. The work with Riemann hypothesis led to further ideas.

After the realization that infinite primes can be mapped to polynomials representable as surfaces
geometrically, it was clear how TGD might be formulated as a generalized number theory with infinite
primes forming the bridge between classical and quantum such that real numbers, p-adic numbers, and
various generalizations of p-adics emerge dynamically from algebraic physics as various completions of
the algebraic extensions of rational (hyper-)quaternions and (hyper-)octonions. Complete algebraic,
topological and dimensional democracy would characterize the theory.

What is especially satisfying is that p-adic and real regions of the space-time surface could emerge
automatically as solutions of the field equations. In the space-time regions where the solutions of
field equations give rise to in-admissible complex values of the imbedding space coordinates, p-adic
solution can exist for some values of the p-adic prime. The characteristic non-determinism of the p-
adic differential equations suggests strongly that p-adic regions correspond to 'mind stuff’, the regions
of space-time where cognitive representations reside. This interpretation implies that p-adic physics
is physics of cognition. Since Nature is probably an extremely brilliant simulator of Nature, the
natural idea is to study the p-adic physics of the cognitive representations to derive information about
the real physics. This view encouraged by TGD inspired theory of consciousness clarifies difficult
interpretational issues and provides a clear interpretation for the predictions of p-adic physics.

1.2.3 Hierarchy of Planck constants and dark matter hierarchy

By quantum classical correspondence space-time sheets can be identified as quantum coherence regions.
Hence the fact that they have all possible size scales more or less unavoidably implies that Planck
constant must be quantized and have arbitrarily large values. If one accepts this then also the idea
about dark matter as a macroscopic quantum phase characterized by an arbitrarily large value of
Planck constant emerges naturally as does also the interpretation for the long ranged classical electro-
weak and color fields predicted by TGD. Rather seldom the evolution of ideas follows simple linear
logic, and this was the case also now. In any case, this vision represents the fifth, relatively new thread
in the evolution of TGD and the ideas involved are still evolving.

Dark matter as large h phase

D. Da Rocha and Laurent Nottale [E23] have proposed that Schrodinger equation with Planck constant
GmM

h replaced with what might be called gravitational Planck constant hy, = =t (A = ¢ = 1). v is
a velocity parameter having the value vy = 144.7 +.7 km/s giving vo/c = 4.6 x 10~%. This is rather
near to the peak orbital velocity of stars in galactic halos. Also subharmonics and harmonics of vg
seem to appear. The support for the hypothesis coming from empirical data is impressive.

Nottale and Da Rocha believe that their Schrodinger equation results from a fractal hydrodynamics.
Many-sheeted space-time however suggests astrophysical systems are not only quantum systems at
larger space-time sheets but correspond to a gigantic value of gravitational Planck constant. The
gravitational (ordinary) Schrodinger equation would provide a solution of the black hole collapse (IR
catastrophe) problem encountered at the classical level. The resolution of the problem inspired by
TGD inspired theory of living matter is that it is the dark matter at larger space-time sheets which
is quantum coherent in the required time scale [K65] .

TGD predicts correctly the value of the parameter vy assuming that cosmic strings and their decay
remnants are responsible for the dark matter. The harmonics of vy can be understood as corresponding
to perturbations replacing cosmic strings with their n-branched coverings so that tension becomes
n2-fold: much like the replacement of a closed orbit with an orbit closing only after n turns. 1/n-
sub-harmonic would result when a magnetic flux tube split into n disjoint magnetic flux tubes. Also
a model for the formation of planetary system as a condensation of ordinary matter around quantum
coherent dark matter emerges [K65] .

The values of Planck constants postulated by Nottale are gigantic and it is natural to assign them
to the space-time sheets mediating gravitational interaction and identifiable as magnetic flux tubes
(quanta). The magnetic energy of these flux quanta would correspond to dark energy and magnetic
tension would give rise to negative ”pressure” forcing accelerate cosmological expansion. This leads
to a rather detailed vision about the evolution of stars and galaxies identified as bubbles of ordinary
and dark matter inside magnetic flux tubes identifiable as dark energy.
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Hierarchy of Planck constants from the anomalies of neuroscience biology

The quantal effects of ELF em fields on vertebrate brain have been known since seventies. ELF em
fields at frequencies identifiable as cyclotron frequencies in magnetic field whose intensity is about 2/5
times that of Earth for biologically important ions have physiological effects and affect also behavior.
What is intriguing that the effects are found only in vertebrates (to my best knowledge). The energies
for the photons of ELF em fields are extremely low - about 10710 times lower than thermal energy
at physiological temperatures- so that quantal effects are impossible in the framework of standard
quantum theory. The values of Planck constant would be in these situations large but not gigantic.

This inspired the hypothesis that these photons correspond to so large value of Planck constant
that the energy of photons is above the thermal energy. The proposed interpretation was as dark
photons and the general hypothesis was that dark matter corresponds to ordinary matter with non-
standard value of Planck constant. If only particles with the same value of Planck constant can appear
in the same vertex of Feynman diagram, the phases with different value of Planck constant are dark
relative to each other. The phase transitions changing Planck constant can however make possible
interactions between phases with different Planck constant but these interactions do not manifest
themselves in particle physics. Also the interactions mediated by classical fields should be possible.
Dark matter would not be so dark as we have used to believe.

Also the anomalies of biology support the view that dark matter might be a key player in living
matter.

Does the hierarchy of Planck constants reduce to the vacuum degeneracy of Kahler
action?

This starting point led gradually to the recent picture in which the hierarchy of Planck constants
is postulated to come as integer multiples of the standard value of Planck constant. Given integer
multiple i = nhy of the ordinary Planck constant A is assigned with a multiple singular covering
of the imbedding space [K25]. One ends up to an identification of dark matter as phases with non-
standard value of Planck constant having geometric interpretation in terms of these coverings providing
generalized imbedding space with a book like structure with pages labelled by Planck constants or
integers characterizing Planck constant. The phase transitions changing the value of Planck constant
would correspond to leakage between different sectors of the extended imbedding space. The question
is whether these coverings must be postulated separately or whether they are only a convenient
auxiliary tool.

The simplest option is that the hierarchy of coverings of imbedding space is only effective. Many-
sheeted coverings of the imbedding space indeed emerge naturally in TGD framework. The huge
vacuum degeneracy of Kahler action implies that the relationship between gradients of the imbedding
space coordinates and canonical momentum currents is many-to-one: this was the very fact forcing to
give up all the standard quantization recipes and leading to the idea about physics as geometry of the
”world of classical worlds”. If one allows space-time surfaces for which all sheets corresponding to the
same values of the canonical momentum currents are present, one obtains effectively many-sheeted
covering of the imbedding space and the contributions from sheets to the Kahler action are identical.
If all sheets are treated effectively as one and the same sheet, the value of Planck constant is an integer
multiple of the ordinary one. A natural boundary condition would be that at the ends of space-time
at future and past boundaries of causal diamond containing the space-time surface, various branches
co-incide. This would raise the ends of space-time surface in special physical role.

Dark matter as a source of long ranged weak and color fields

Long ranged classical electro-weak and color gauge fields are unavoidable in TGD framework. The
smallness of the parity breaking effects in hadronic, nuclear, and atomic length scales does not however
seem to allow long ranged electro-weak gauge fields. The problem disappears if long range classical
electro-weak gauge fields are identified as space-time correlates for massless gauge fields created by
dark matter. Also scaled up variants of ordinary electro-weak particle spectra are possible. The
identification explains chiral selection in living matter and unbroken U(2),, invariance and free color
in bio length scales become characteristics of living matter and of bio-chemistry and bio-nuclear
physics. A possible solution of the matter antimatter asymmetry is based on the identification of also
antimatter as dark matter.
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1.2.4 TGD as a generalization of physics to a theory consciousness

General coordinate invariance forces the identification of quantum jump as quantum jump between
entire deterministic quantum histories rather than time=constant snapshots of single history. The
new view about quantum jump forces a generalization of quantum measurement theory such that
observer becomes part of the physical system. Thus a general theory of consciousness is unavoidable
outcome. This theory is developed in detail in the books [K74] [K12| [K53, K10, [K29] [K36, [K40, [K67]

Quantum jump as a moment of consciousness

The identification of quantum jump between deterministic quantum histories (configuration space
spinor fields) as a moment of consciousness defines microscopic theory of consciousness. Quantum
jump involves the steps

\I/l—>U\I/Z—>\IJf s

where U is informational ”time development” operator, which is unitary like the S-matrix charac-
terizing the unitary time evolution of quantum mechanics. U is however only formally analogous to
Schrodinger time evolution of infinite duration although there is no real time evolution involved. It is
not however clear whether one should regard U-matrix and S-matrix as two different things or not: U-
matrix is a completely universal object characterizing the dynamics of evolution by self-organization
whereas S-matrix is a highly context dependent concept in wave mechanics and in quantum field
theories where it at least formally represents unitary time translation operator at the limit of an in-
finitely long interaction time. The S-matrix understood in the spirit of superstring models is however
something very different and could correspond to U-matrix.

The requirement that quantum jump corresponds to a measurement in the sense of quantum field
theories implies that each quantum jump involves localization in zero modes which parameterize also
the possible choices of the quantization axes. Thus the selection of the quantization axes performed
by the Cartesian outsider becomes now a part of quantum theory. Together these requirements imply
that the final states of quantum jump correspond to quantum superpositions of space-time surfaces
which are macroscopically equivalent. Hence the world of conscious experience looks classical. At
least formally quantum jump can be interpreted also as a quantum computation in which matrix U
represents unitary quantum computation which is however not identifiable as unitary translation in
time direction and cannot be ’engineered’.

Can one say anything about the unitary process? Zero energy states correspond in positive energy
ontology to physical events and break time reversal invariance. This because either the positive
or negative energy part of the state is prepared whereas the second end of C'D corresponds to a
superposition of (negative/positive energy) states with varying particle numbers and single particle
quantum numbers just as in ordinary particle physics experiment. State function reduction must
change the roles of the ends of CDs. Therefore U-matrix should correspond to the unitary matrix
relating zero energy state basis prepared at different ends of C'D and state function reduction would
be equivalent with state preparation.

The basic objection is that the arrow of geometric time alternates at imbedding space level but
we know that arrow of time is universal. What one can say about the arrow of time at space-time
level? Quantum classical correspondence requires that quantum mechanical irreversibility corresponds
to irreversibility at space-time level. If the observer is analogous to an inhabitant of Flatland gaining
information only about space-time surface, he or she is not able to discover that the arrow of time
alternates at the level of imbedding space. The inhabitant of a folded bath towel is not able to
observer the folding of the towel! Only by observing systems for which the imbedding space arrow of
time is opposite, observer can discover the alternation. Living systems indeed behave as if they would
contain space-time sheets with opposite arrow of geometric time (self-organization). Phase conjugate
light beam is second example of this.

The notion of self

The concept of self is absolutely essential for the understanding of the macroscopic and macro-temporal
aspects of consciousness. Self corresponds to a subsystem able to remain un-entangled under the
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sequential informational 'time evolutions’ U. Exactly vanishing entanglement is practically impossible
in ordinary quantum mechanics and it might be that 'vanishing entanglement’ in the condition for
self-property should be replaced with ’subcritical entanglement’. On the other hand, if space-time
decomposes into p-adic and real regions, and if entanglement between regions representing physics in
different number fields vanishes, space-time indeed decomposes into selves in a natural manner.

It is assumed that the experiences of the self after the last 'wake-up’ sum up to single average
experience. This means that subjective memory is identifiable as conscious, immediate short term
memory. Selves form an infinite hierarchy with the entire Universe at the top. Self can be also
interpreted as mental images: our mental images are selves having mental images and also we represent
mental images of a higher level self. A natural hypothesis is that self S experiences the experiences
of its subselves as kind of abstracted experience: the experiences of subselves S; are not experienced
as such but represent kind of averages (S;;) of sub-subselves S;;. Entanglement between selves, most
naturally realized by the formation of join along boundaries bonds between cognitive or material space-
time sheets, provides a possible a mechanism for the fusion of selves to larger selves (for instance, the
fusion of the mental images representing separate right and left visual fields to single visual field) and
forms wholes from parts at the level of mental images.

An attractive possibility suggested by zero energy ontology is that the notions of self and quantum
jump reduce to each other and that a fractal hierarchy of quantum jumps within quantum jumps
is enough. C'Ds would serve as imbedding space correlates of selves and quantum jumps would be
followed by cascades of state function reductions beginning from given C'D and proceeding downwards
to the smaller scales (smaller C'Ds). State function reduction cascades could also take place in parallel
branches of the quantum state. One ends up with concrete ideas about how the arrow of geometric
time is induced from that of subjective time defined by the experiences induced by the sequences
of quantum jumps for sub-selves of self. One ends also ends up with concrete ideas about how the
localization of the contents of sensory experience and cognition to the upper boundaries of C'D could
take place.

Relationship to quantum measurement theory

The third basic element relates TGD inspired theory of consciousness to quantum measurement theory.
The assumption that localization occurs in zero modes in each quantum jump implies that the world
of conscious experience looks classical. It also implies the state function reduction of the standard
quantum measurement theory as the following arguments demonstrate (it took incredibly long time
to realize this almost obvious fact!).

1. The standard quantum measurement theory a la von Neumann involves the interaction of brain
with the measurement apparatus. If this interaction corresponds to entanglement between mi-
croscopic degrees of freedom m with the macroscopic effectively classical degrees of freedom M
characterizing the reading of the measurement apparatus coded to brain state, then the reduc-
tion of this entanglement in quantum jump reproduces standard quantum measurement theory
provide the unitary time evolution operator U acts as flow in zero mode degrees of freedom and
correlates completely some orthonormal basis of configuration space spinor fields in non-zero
modes with the values of the zero modes. The flow property guarantees that the localization is
consistent with unitarity: it also means 1-1 mapping of quantum state basis to classical variables
(say, spin direction of the electron to its orbit in the external magnetic field).

2. Since zero modes represent classical information about the geometry of space-time surface
(shape, size, classical Kéhler field,...), they have interpretation as effectively classical degrees
of freedom and are the TGD counterpart of the degrees of freedom M representing the reading
of the measurement apparatus. The entanglement between quantum fluctuating non-zero modes
and zero modes is the TGD counterpart for the m — M entanglement. Therefore the localization
in zero modes is equivalent with a quantum jump leading to a final state where the measurement
apparatus gives a definite reading.

This simple prediction is of utmost theoretical importance since the black box of the quantum
measurement theory is reduced to a fundamental quantum theory. This reduction is implied by the
replacement of the notion of a point like particle with particle as a 3-surface. Also the infinite-
dimensionality of the zero mode sector of the configuration space of 3-surfaces is absolutely essential.
Therefore the reduction is a triumph for quantum TGD and favors TGD against string models.
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Standard quantum measurement theory involves also the notion of state preparation which reduces
to the notion of self measurement. Each localization in zero modes is followed by a cascade of self
measurements leading to a product state. This process is obviously equivalent with the state prepa-
ration process. Self measurement is governed by the so called Negentropy Maximization Principle
(NMP) stating that the information content of conscious experience is maximized. In the self mea-
surement the density matrix of some subsystem of a given self localized in zero modes (after ordinary
quantum measurement) is measured. The self measurement takes place for that subsystem of self for
which the reduction of the entanglement entropy is maximal in the measurement. In p-adic context
NMP can be regarded as the variational principle defining the dynamics of cognition. In real context
self measurement could be seen as a repair mechanism allowing the system to fight against quantum
thermalization by reducing the entanglement for the subsystem for which it is largest (fill the largest
hole first in a leaking boat).

Selves self-organize

The fourth basic element is quantum theory of self-organization based on the identification of quantum
jump as the basic step of self-organization [K62] . Quantum entanglement gives rise to the generation
of long range order and the emergence of longer p-adic length scales corresponds to the emergence of
larger and larger coherent dynamical units and generation of a slaving hierarchy. Energy (and quantum
entanglement) feed implying entropy feed is a necessary prerequisite for quantum self-organization.
Zero modes represent fundamental order parameters and localization in zero modes implies that the
sequence of quantum jumps can be regarded as hopping in the zero modes so that Haken’s classical
theory of self organization applies almost as such. Spin glass analogy is a further important element:
self-organization of self leads to some characteristic pattern selected by dissipation as some valley of
the ”energy” landscape.

Dissipation can be regarded as the ultimate Darwinian selector of both memes and genes. The
mathematically ugly irreversible dissipative dynamics obtained by adding phenomenological dissipa-
tion terms to the reversible fundamental dynamical equations derivable from an action principle can be
understood as a phenomenological description replacing in a well defined sense the series of reversible
quantum histories with its envelope.

Classical non-determinism of Kahler action

The fifth basic element are the concepts of association sequence and cognitive space-time sheet. The
huge vacuum degeneracy of the Kéhler action suggests strongly that the absolute minimum space-time
is not always unique. For instance, a sequence of bifurcations can occur so that a given space-time
branch can be fixed only by selecting a finite number of 3-surfaces with time like(!) separations on the
orbit of 3-surface. Quantum classical correspondence suggest an alternative formulation. Space-time
surface decomposes into maximal deterministic regions and their temporal sequences have interpre-
tation a space-time correlate for a sequence of quantum states defined by the initial (or final) states
of quantum jumps. This is consistent with the fact that the variational principle selects preferred
extremals of Kahler action as generalized Bohr orbits.

In the case that non-determinism is located to a finite time interval and is microscopic, this sequence
of 3-surfaces has interpretation as a simulation of a classical history, a geometric correlate for contents
of consciousness. When non-determinism has long lasting and macroscopic effect one can identify it as
volitional non-determinism associated with our choices. Association sequences relate closely with the
cognitive space-time sheets defined as space-time sheets having finite time duration and psychological
time can be identified as a temporal center of mass coordinate of the cognitive space-time sheet. The
gradual drift of the cognitive space-time sheets to the direction of future force by the geometry of the
future light cone explains the arrow of psychological time.

p-Adic physics as physics of cognition and intentionality

The sixth basic element adds a physical theory of cognition to this vision. TGD space-time decomposes
into regions obeying real and p-adic topologies labelled by primes p = 2, 3,5, .... p-Adic regions obey
the same field equations as the real regions but are characterized by p-adic non-determinism since
the functions having vanishing p-adic derivative are pseudo constants which are piecewise constant
functions. Pseudo constants depend on a finite number of positive pinary digits of arguments just like
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numerical predictions of any theory always involve decimal cutoff. This means that p-adic space-time
regions are obtained by gluing together regions for which integration constants are genuine constants.
The natural interpretation of the p-adic regions is as cognitive representations of real physics. The
freedom of imagination is due to the p-adic non-determinism. p-Adic regions perform mimicry and
make possible for the Universe to form cognitive representations about itself. p-Adic physics space-
time sheets serve also as correlates for intentional action.

A more more precise formulation of this vision requires a generalization of the number concept
obtained by fusing reals and p-adic number fields along common rationals (in the case of algebraic
extensions among common algebraic numbers). This picture is discussed in [K71] . The application
this notion at the level of the imbedding space implies that imbedding space has a book like structure
with various variants of the imbedding space glued together along common rationals (algebraics). The
implication is that genuinely p-adic numbers (non-rationals) are strictly infinite as real numbers so
that most points of p-adic space-time sheets are at real infinity, outside the cosmos, and that the
projection to the real imbedding space is discrete set of rationals (algebraics). Hence cognition and
intentionality are almost completely outside the real cosmos and touch it at a discrete set of points
only.

This view implies also that purely local p-adic physics codes for the p-adic fractality characterizing
long range real physics and provides an explanation for p-adic length scale hypothesis stating that
the primes p ~ 2¥, k integer are especially interesting. It also explains the long range correlations
and short term chaos characterizing intentional behavior and explains why the physical realizations
of cognition are always discrete (say in the case of numerical computations). Furthermore, a concrete
quantum model for how intentions are transformed to actions emerges.

The discrete real projections of p-adic space-time sheets serve also space-time correlate for a logical
thought. It is very natural to assign to p-adic pinary digits a p-valued logic but as such this kind
of logic does not have any reasonable identification. p-Adic length scale hypothesis suggest that the
p = 2F —n pinary digits represent a Boolean logic B* with k elementary statements (the points of the
k-element set in the set theoretic realization) with n taboos which are constrained to be identically
true.

p-Adic and dark matter hierarchies and hierarchy of moments of consciousness

Dark matter hierarchy assigned to a spectrum of Planck constant having arbitrarily large values brings
additional elements to the TGD inspired theory of consciousness.

1. Macroscopic quantum coherence can be understood since a particle with a given mass can in
principle appear as arbitrarily large scaled up copies (Compton length scales as f). The phase
transition to this kind of phase implies that space-time sheets of particles overlap and this makes
possible macroscopic quantum coherence.

2. The space-time sheets with large Planck constant can be in thermal equilibrium with ordinary
ones without the loss of quantum coherence. For instance, the cyclotron energy scale associated
with EEG turns out to be above thermal energy at room temperature for the level of dark matter
hierarchy corresponding to magnetic flux quanta of the Earth’s magnetic field with the size scale
of Earth and a successful quantitative model for EEG results [K22] .

Dark matter hierarchy leads to detailed quantitative view about quantum biology with several
testable predictions [K22] . The general prediction is that Universe is a kind of inverted Mandel-
brot fractal for which each bird’s eye of view reveals new structures in long length and time scales
representing scaled down copies of standard physics and their dark variants. These structures would
correspond to higher levels in self hierarchy. This prediction is consistent with the belief that 75 per
cent of matter in the universe is dark.

1. Living matter and dark matter

Living matter as ordinary matter quantum controlled by the dark matter hierarchy has turned out
to be a particularly successful idea. The hypothesis has led to models for EEG predicting correctly the
band structure and even individual resonance bands and also generalizing the notion of EEG [K22]
. Also a generalization of the notion of genetic code emerges resolving the paradoxes related to the
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standard dogma [K38|,[K22] . A particularly fascinating implication is the possibility to identify great
leaps in evolution as phase transitions in which new higher level of dark matter emerges [K22] .

It seems safe to conclude that the dark matter hierarchy with levels labelled by the values of
Planck constants explains the macroscopic and macro-temporal quantum coherence naturally. That
this explanation is consistent with the explanation based on spin glass degeneracy is suggested by
following observations. First, the argument supporting spin glass degeneracy as an explanation of
the macro-temporal quantum coherence does not involve the value of /i at all. Secondly, the failure
of the perturbation theory assumed to lead to the increase of Planck constant and formation of
macroscopic quantum phases could be precisely due to the emergence of a large number of new degrees
of freedom due to spin glass degeneracy. Thirdly, the phase transition increasing Planck constant has
concrete topological interpretation in terms of many-sheeted space-time consistent with the spin glass
degeneracy.

2. Dark matter hierarchy and the notion of self

The vision about dark matter hierarchy leads to a more refined view about self hierarchy and
hierarchy of moments of consciousness [K21) [K22] . The larger the value of Planck constant, the
longer the subjectively experienced duration and the average geometric duration T'(k) o< i of the
quantum jump.

Quantum jumps form also a hierarchy with respect to p-adic and dark hierarchies and the geometric
durations of quantum jumps scale like i. Dark matter hierarchy suggests also a slight modification of
the notion of self. Each self involves a hierarchy of dark matter levels, and one is led to ask whether
the highest level in this hierarchy corresponds to single quantum jump rather than a sequence of
quantum jumps. The averaging of conscious experience over quantum jumps would occur only for
sub-selves at lower levels of dark matter hierarchy and these mental images would be ordered, and
single moment of consciousness would be experienced as a history of events. The quantum parallel
dissipation at the lower levels would give rise to the experience of flow of time. For instance, hadron
as a macro-temporal quantum system in the characteristic time scale of hadron is a dissipating system
at quark and gluon level corresponding to shorter p-adic time scales. One can ask whether even entire
life cycle could be regarded as a single quantum jump at the highest level so that consciousness would
not be completely lost even during deep sleep. This would allow to understand why we seem to know
directly that this biological body of mine existed yesterday.

The fact that we can remember phone numbers with 5 to 9 digits supports the view that self corre-
sponds at the highest dark matter level to single moment of consciousness. Self would experience the
average over the sequence of moments of consciousness associated with each sub-self but there would
be no averaging over the separate mental images of this kind, be their parallel or serial. These mental
images correspond to sub-selves having shorter wake-up periods than self and would be experienced as
being time ordered. Hence the digits in the phone number are experienced as separate mental images
and ordered with respect to experienced time.

8. The time span of long term memories as signature for the level of dark matter hierarchy

The basic question is what time scale can one assign to the geometric duration of quantum jump
measured naturally as the size scale of the space-time region about which quantum jump gives con-
scious information. This scale is naturally the size scale in which the non-determinism of quantum
jump is localized. During years I have made several guesses about this time scales but zero energy
ontology and the vision about fractal hierarchy of quantum jumps within quantum jumps leads to a
unique identification.

Causal diamond as an imbedding space correlate of self defines the time scale 7 for the space-
time region about which the consciousness experience is about. The temporal distances between the
tips of C'D as come as integer multiples of C' P, length scales and for prime multiples correspond to
what I have christened as secondary p-adic time scales. A reasonable guess is that secondary p-adic
time scales are selected during evolution and the primes near powers of two are especially favored.
For electron, which corresponds to Mersenne prime Mjo; = 2127 — 1 this scale corresponds to .1
seconds defining the fundamental time scale of living matter via 10 Hz biorhythm (alpha rhythm).
The unexpected prediction is that all elementary particles correspond to time scales possibly relevant
to living matter.

Dark matter hierarchy brings additional finesse. For the higher levels of dark matter hierarchy 7
is scaled up by %i/fy. One could understand evolutionary leaps as the emergence of higher levels at
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the level of individual organism making possible intentionality and memory in the time scale defined
T.

Higher levels of dark matter hierarchy provide a neat quantitative view about self hierarchy and
its evolution. Various levels of dark matter hierarchy would naturally correspond to higher levels in
the hierarchy of consciousness and the typical duration of life cycle would give an idea about the level
in question. The level would determine also the time span of long term memories as discussed in [K22]
. The emergence of these levels must have meant evolutionary leap since long term memory is also
accompanied by ability to anticipate future in the same time scale. This picture would suggest that
the basic difference between us and our cousins is not at the level of genome as it is usually understood
but at the level of the hierarchy of magnetic bodies [K38| [K22]. In fact, higher levels of dark matter
hierarchy motivate the introduction of the notions of super-genome and hyper-genome. The genomes
of entire organ can join to form super-genome expressing genes coherently. Hyper-genomes would
result from the fusion of genomes of different organisms and collective levels of consciousness would
express themselves via hyper-genome and make possible social rules and moral.

1.3 Bird’s eye of view about the topics of the book

The topics of this book are general mathematical ideas, many of them inspired by TGD inspired
theory of consciousness.

The topics of this book are general mathematical ideas behind TGD inspired theory of conscious-
ness and quantum TGD itself, many of them inspired by TGD inspired theory of consciousness.

1. p-Adic physics and consciousness

Physics as a generalized number theory vision received a strong boost from TGD inspired theory of
consciousness. There are good reasons for considering p-adic physics as a good candidate for physics of
cognition and intention and this leads to a concrete quantum model for how intentions are transformed
to actions in quantum jumps transforming p-adic space-time sheets to real ones [K71] . The logical
aspects of cognition would naturally be represented by the discrete projections of p-adic space-time
sheets to real imbedding space as space-time correlates.

Most points of p-adic space-time sheets are at infinity in real sense so that cognition literally views
the real cosmos from outside. The projection to real imbedding space is discrete and this could reflect
that fact that the part of our cognition which is representable at the level of real physics is bound to
be always discrete and actually finite (consider only numerical computations).

2. Von Neumann algebras and consciousness

The von Neumann algebras known as hyper-finite factors of type II; appear naturally in TGD
framework: as a matter fact configuration space spinors associated with single point of configuration
space ("world of classical worlds”) decomposes to a direct integral of these algebras. This alone leads
to amazingly strong physical predictions and implies deep connections with conformal field theories,
knot-, braid- and quantum groups, and topological quantum computation.

The braids formed by magnetic flux tubes seem to be ideal for the realization of topological
quantum computations by coding quantum computations to the braidings of the flux tubes. Living
system is populated of molecular structures which form braids so that in TGD Universe bio-systems
are basic candidates for topological quantum computers. The possibility to communicate with the
geometric past using negative energy bosons suggests that the constraints posed by the non-polynomial
computation time on ordinary quantum computations might be circumvented by using time loops, and
living matter might utilize this mechanism routinely. The vision about DNA as topological quantum
computer is a concrete proposal about how this might be achieved.

3. Dark matter hierarchy and consciousness

The most recent piece in the big picture is the vision about dark matter as a hierarchy of phases of
matter having no local interactions (vertices of Feynman graphs) with other levels. The level of dark
matter hierarchy is characterized partially by the value of Planck constant labeling the pages of the
book like structure formed by singular covering spaces of the imbedding space M* x C' P, glued together
along a four-dimensional back. Particles at different pages are dark relative to each other since purely
local interactions defined in terms of the vertices of Feynman diagram involve only particles at the
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same page. The phase transitions changing the value of Planck constants having interpretation as
tunneling between different pages of the book like structure would induce the phase transitions of gel
phases abundant in living matter.

4. Infinite primes and consciousness

The notion of infinite prime was the first mathematical invention inspired by TGD inspired theory
of consciousness. The construction of infinite primes is very much analogous to a repeated second
quantization of a super-symmetric arithmetic quantum field theory (with analogs of bound states
included). One can also interpret space-time surfaces as representations of infinite primes, integers,
and rationals analogous to representations of polynomials as surfaces of their zeros.

Infinite primes form an infinite hierarchy and the realization of this hierarchy at the level of physics
would mean that the hierarchy of consciousness is also infinite and that we represent only single level
in this hierarchy looking infinitesimal from the point of view of higher levels. The notion of infinite
rational predicts also an infinite number of real units with infinitely rich number theoretical anatomy
so that single space-time point becomes a Platonia able to represent every quantum state of the entire
Universe in its structure. This means kind of Brahman=Atman identity at the level of mathematics.

5. Categories and consciousness

One can consider the possibility that category theory reflects the basic structures of conscious
thought. Although my understanding of category theory is rather meager, I cannot avoid the temp-
tation to discuss the possible applications of category theory to TGD and TGD inspired theory of
consciousness. The comparison of the generalized inherent logics associated with categories to the
Boolean logic naturally associated with the configuration space spinor fields is also of interest. Cat-
egory theoretical ideas find a more concrete application in quantum TGD proper in characterization
of Feynman diagrams.

6. Organization of the book

The contents of the book are organized as follows.

1. The first three chapters of the book are devoted to hyper-finite factors of type II; and to the
physical vision about dark matter provided by the hierarchy of Planck constants realized in
terms of generalization of the imbedding space concept.

2. Second part is devoted to the idea that a process analogous to topological quantum computation
take place at fundamental level in TGD Universe and for the model for how DNA and cell
membrane could act as topological quantum computer. The braiding of magnetic flux tubes
connecting nucleotides and lipids of the cell membrane is the key element of the model and the
model leads to a plethora of ideas about catalyst action and bio-control.

3. The third part of the book contains a chapter about infinite primes and category theoretical
ideas. Both are written for more than decade ago and the vision about the role of categories
has been updated since then.

The seven online books about TGD [K80, (K60, K61l [K70), K48l [K45, [K68|] and eight online books
about TGD inspired theory of consciousness and quantum biology [K74, [K12] [K53] K10, [K29] K36,
K40, [K67] are warmly recommended for the reader willing to get overall view about what is involved.

1.4 The contents of the book

1.4.1 PARTI: NEW PHYSICS AND MATHEMATICS INVOLVED WITH
TGD

Was von Neumann Right After All?

The work with TGD inspired model for quantum computation led to the realization that von Neumann
algebras, in particular hyper-finite factors, could provide the mathematics needed to develop a more
explicit view about the construction of M-matrix generalizing the notion of S-matrix in zero energy
ontology. In this chapter I will discuss various aspects of hyper-finite factors and their possible
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physical interpretation in TGD framework. The original discussion has transformed during years
from free speculation reflecting in many aspects my ignorance about the mathematics involved to a
more realistic view about the role of these algebras in quantum TGD.

1. Hyper-finite factors in quantum TGD

The following argument suggests that von Neumann algebras known as hyper-finite factors (HFFs)
of type III; appearing in relativistic quantum field theories provide also the proper mathematical
framework for quantum TGD.

1.

The Clifford algebra of the infinite-dimensional Hilbert space is a von Neumann algebra known
as HFF of type II;. There also the Clifford algebra at a given point (light-like 3-surface) of world
of classical worlds (WCW) is therefore HFF of type II;. If the fermionic Fock algebra defined
by the fermionic oscillator operators assignable to the induced spinor fields (this is actually not
obvious!) is infinite-dimensional it defines a representation for HFF of type II;. Super-conformal
symmetry suggests that the extension of the Clifford algebra defining the fermionic part of a
super-conformal algebra by adding bosonic super-generators representing symmetries of WCW
respects the HFF property. It could however occur that HFF of type Il results.

WCW is a union of sub-WCWs associated with causal diamonds (CD) defined as intersections
of future and past directed light-cones. One can allow also unions of C'Ds and the proposal is
that C'Ds within C'Ds are possible. Whether C'Ds can intersect is not clear.

The assumption that the M* proper distance a between the tips of C'D is quantized in powers
of 2 reproduces p-adic length scale hypothesis but one must also consider the possibility that
a can have all possible values. Since SO(3) is the isotropy group of C'D, the C'Ds associated
with a given value of a and with fixed lower tip are parameterized by the Lobatchevski space
L(a) = SO(3,1)/S0(3). Therefore the C'Ds with a free position of lower tip are parameterized
by M* x L(a). A possible interpretation is in terms of quantum cosmology with a identified as
cosmic time [?] Since Lorentz boosts define a non-compact group, the generalization of so called
crossed product construction strongly suggests that the local Clifford algebra of WCW is HFF
of type III;. If one allows all values of a, one ends up with M* x Mi as the space of moduli for
WCW.

An interesting special aspect of 8-dimensional Clifford algebra with Minkowski signature is that it
allows an octonionic representation of gamma matrices obtained as tensor products of unit matrix
1 and 7-D gamma matrices 7 and Pauli sigma matrices by replacing 1 and 5 by octonions.
This inspires the idea that it might be possible to end up with quantum TGD from purely
number theoretical arguments. This seems to be the case. One can start from a local octonionic
Clifford algebra in M8. Associativity condition is satisfied if one restricts the octonionic algebra
to a subalgebra associated with any hyper-quaternionic and thus 4-D sub-manifold of M?®. This
means that the modified gamma matrices associated with the Kéahler action span a complex
quaternionic sub-space at each point of the sub-manifold. This associative sub-algebra can be
mapped a matrix algebra. Together with M® — H duality [?]his leads automatically to quantum
TGD and therefore also to the notion of WCW and its Clifford algebra which is however only
mappable to an associative algebra and thus to HFF of type II;.

4. Hyper-finite factors and M-matrix

HFFs of type III; provide a general vision about M-matrix.

1.

The factors of type III allow unique modular automorphism A# (fixed apart from unitary inner
automorphism). This raises the question whether the modular automorphism could be used to
define the M-matrix of quantum TGD. This is not the case as is obvious already from the fact
that unitary time evolution is not a sensible concept in zero energy ontology.

Concerning the identification of M-matrix the notion of state as it is used in theory of factors is a
more appropriate starting point than the notion modular automorphism but as a generalization
of thermodynamical state is certainly not enough for the purposes of quantum TGD and quantum
field theories (algebraic quantum field theorists might disagree!). Zero energy ontology requires
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that the notion of thermodynamical state should be replaced with its ”complex square root”
abstracting the idea about M-matrix as a product of positive square root of a diagonal density
matrix and a unitary S-matrix. This generalization of thermodynamical state -if it exists- would
provide a firm mathematical basis for the notion of M-matrix and for the fuzzy notion of path
integral.

3. The existence of the modular automorphisms relies on Tomita-Takesaki theorem, which assumes
that the Hilbert space in which HFF acts allows cyclic and separable vector serving as ground
state for both HFF and its commutant. The translation to the language of physicists states that
the vacuum is a tensor product of two vacua annihilated by annihilation oscillator type algebra
elements of HFF and creation operator type algebra elements of its commutant isomorphic to it.
Note however that these algebras commute so that the two algebras are not hermitian conjugates
of each other. This kind of situation is exactly what emerges in zero energy ontology: the two
vacua can be assigned with the positive and negative energy parts of the zero energy states
entangled by M-matrix.

4. There exists infinite number of thermodynamical states related by modular automorphisms.
This must be true also for their possibly existing ”complex square roots”. Physically they
would correspond to different measurement interactions giving rise to Kahler functions of WCW
differing only by a real part of holomorphic function of complex coordinates of WCW and
arbitrary function of zero mode coordinates and giving rise to the same Kéahler metric of WCW.

The concrete construction of M-matrix utilizing the idea of bosonic emergence (bosons as fermion
anti-fermion pairs at opposite throats of wormhole contact) meaning that bosonic propagators reduce
to fermionic loops identifiable as wormhole contacts leads to generalized Feynman rules for M-matrix
in which modified Dirac action containing measurement interaction term defines stringy propagators.
This M-matrix should be consistent with the above proposal.

5. Connes tensor product as a realization of finite measurement resolution

The inclusions N' C M of factors allow an attractive mathematical description of finite mea-
surement resolution in terms of Connes tensor product but do not fix M-matrix as was the original
optimistic belief.

1. In zero energy ontology N would create states experimentally indistinguishable from the origi-
nal one. Therefore N takes the role of complex numbers in non-commutative quantum theory.
The space M /N would correspond to the operators creating physical states modulo measure-
ment resolution and has typically fractal dimension given as the index of the inclusion. The
corresponding spinor spaces have an identification as quantum spaces with non-commutative
N-valued coordinates.

2. This leads to an elegant description of finite measurement resolution. Suppose that a universal
M-matrix describing the situation for an ideal measurement resolution exists as the idea about
square root of state encourages to think. Finite measurement resolution forces to replace the
probabilities defined by the M-matrix with their AV ”averaged” counterparts. The ”averaging”
would be in terms of the complex square root of AV/-state and a direct analog of functionally or
path integral over the degrees of freedom below measurement resolution defined by (say) length
scale cutoff.

3. One can construct also directly M-matrices satisfying the measurement resolution constraint.
The condition that A acts like complex numbers on M-matrix elements as far as N/-”averaged”
probabilities are considered is satisfied if M-matrix is a tensor product of M-matrix in M(N
interpreted as finite-dimensional space with a projection operator to A/. The condition that
N averaging in terms of a complex square root of A state produces this kind of M-matrix
poses a very strong constraint on M-matrix if it is assumed to be universal (apart from variants
corresponding to different measurement interactions).

6. Quantum spinors and fuzzy quantum mechanics

The notion of quantum spinor leads to a quantum mechanical description of fuzzy probabilities. For
quantum spinors state function reduction cannot be performed unless quantum deformation parameter
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equals to ¢ = 1. The reason is that the components of quantum spinor do not commute: it is however
possible to measure the commuting operators representing moduli squared of the components giving
the probabilities associated with ’true’ and ’false’. The universal eigenvalue spectrum for probabilities
does not in general contain (1,0) so that quantum gbits are inherently fuzzy. State function reduction
would occur only after a transition to q=1 phase and decoherence is not a problem as long as it does
not induce this transition.

Does TGD Predict Spectrum of Planck Constants?

The quantization of Planck constant has been the basic them of TGD since 2005. The basic idea
was stimulated by the finding of Nottale that planetary orbits could be seen as Bohr orbits with
enormous value of Planck constant given by fig, = GM;Ms/vg, where the velocity parameter vy has
the approximate value vg ~ 27!! for the inner planets. This inspired the ideas that quantization is
due to a condensation of ordinary matter around dark matter concentrated near Bohr orbits and that
dark matter is in macroscopic quantum phase in astrophysical scales. The second crucial empirical
input were the anomalies associated with living matter. The recent version of the chapter represents
the evolution of ideas about quantization of Planck constants from a perspective given by seven years’s
work with the idea. A very concise summary about the situation is as follows.

Basic physical ideas

The basic phenomenological rules are simple and there is no need to modify them.

1. The phases with non-standard values of effective Planck constant are identified as dark matter.
The motivation comes from the natural assumption that only the particles with the same value
of effective Planck can appear in the same vertex. One can illustrate the situation in terms
of the book metaphor. Imbedding spaces with different values of Planck constant form a book
like structure and matter can be transferred between different pages only through the back of
the book where the pages are glued together. One important implication is that light exotic
charged particles lighter than weak bosons are possible if they have non-standard value of Planck
constant. The standard argument excluding them is based on decay widths of weak bosons and
has led to a neglect of large number of particle physics anomalies.

2. Large effective or real value of Planck constant scales up Compton length - or at least de Broglie
wave length - and its geometric correlate at space-time level identified as size scale of the space-
time sheet assignable to the particle. This could correspond to the Kéhler magnetic flux tube
for the particle forming consisting of two flux tubes at parallel space-time sheets and short flux
tubes at ends with length of order C' P, size.

This rule has far reaching implications in quantum biology and neuroscience since macroscopic
quantum phases become possible as the basic criterion stating that macroscopic quantum phase
becomes possible if the density of particles is so high that particles as Compton length sized
objects overlap. Dark matter therefore forms macroscopic quantum phases. One implication is
the explanation of mysterious looking quantal effects of ELF radiation in EEG frequency range
on vertebrate brain: E = hf implies that the energies for the ordinary value of Planck constant
are much below the thermal threshold but large value of Planck constant changes the situation.
Also the phase transitions modifying the value of Planck constant and changing the lengths of
flux tubes (by quantum classical correspondence) are crucial as also reconnections of the flux
tubes.

The hierarchy of Planck constants suggests also a new interpretation for FQHE (fractional
quantum Hall effect) in terms of anyonic phases with non-standard value of effective Planck
constant realized in terms of the effective multi-sheeted covering of imbedding space: multi-
sheeted space-time is to be distinguished from many-sheeted space-time.

In astrophysics and cosmology the implications are even more dramatic. It was who first intro-
duced the notion of gravitational Planck constant as fig, = GMm/vg, vo < 1 has interpretation
as velocity light parameter in units ¢ = 1. This would be true for GMm /vy > 1. The interpre-
tation of iy, in TGD framework is as an effective Planck constant associated with space-time
sheets mediating gravitational interaction between masses M and m. The huge value of A,
means that the integer Ay, /ho interpreted as the number of sheets of covering is gigantic and
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that Universe possesses gravitational quantum coherence in super-astronomical scales for masses
which are large. This changes the view about gravitons and suggests that gravitational radiation
is emitted as dark gravitons which decay to pulses of ordinary gravitons replacing continuous
flow of gravitational radiation.

3. Why Nature would like to have large effective value of Planck constant? A possible answer
relies on the observation that in perturbation theory the expansion takes in powers of gauge
couplings strengths o = g2 /4rh. If the effective value of i replaces its real value as one might
expect to happen for multi-sheeted particles behaving like single particle, « is scaled down and
perturbative expansion converges for the new particles. One could say that Mother Nature
loves theoreticians and comes in rescue in their attempts to calculate. In quantum gravitation
the problem is especially acute since the dimensionless parameter GMm/h has gigantic value.
Replacing A with A, = GMm/vg the coupling strength becomes vy < 1.

Space-time correlates for the hierarchy of Planck constants

The hierarchy of Planck constants was introduced to TGD originally as an additional postulate
and formulated as the existence of a hierarchy of imbedding spaces defined as Cartesian products of
singular coverings of M* and C'P, with numbers of sheets given by integers n, and n, and h = nho.
n = NgNp.

With the advent of zero energy ontology, it became clear that the notion of singular covering space
of the imbedding space could be only a convenient auxiliary notion. Singular means that the sheets
fuse together at the boundary of multi-sheeted region. The effective covering space emerges naturally
from the vacuum degeneracy of Kahler action meaning that all deformations of canonically imbedded
M* in M* x C P, have vanishing action up to fourth order in small perturbation. This is clear from the
fact that the induced Kéhler form is quadratic in the gradients of C' P, coordinates and Kéhler action
is essentially Maxwell action for the induced Kéahler form. The vacuum degeneracy implies that the
correspondence between canonical momentum currents OLx /3(0,h*) defining the modified gamma
matrices and gradients d,h* is not one-to-one. Same canonical momentum current corresponds to
several values of gradients of imbedding space coordinates. At the partonic 2-surfaces at the light-like
boundaries of C'D carrying the elementary particle quantum numbers this implies that the two normal
derivatives of h¥ are many-valued functions of canonical momentum currents in normal directions.

Multi-furcation is in question and multi-furcations are indeed generic in highly non-linear systems
and Ké&hler action is an extreme example about non-linear system. What multi-furcation means in
quantum theory? The branches of multi-furcation are obviously analogous to single particle states.
In quantum theory second quantization means that one constructs not only single particle states but
also the many particle states formed from them. At space-time level single particle states would
correspond to N branches b; of multi-furcation carrying fermion number. Two-particle states would
correspond to 2-fold covering consisting of 2 branches b; and b; of multi-furcation. IN—particle state
would correspond to N-sheeted covering with all branches present and carrying elementary particle
quantum numbers. The branches co-incide at the partonic 2-surface but since their normal space
data are different they correspond to different tensor product factors of state space. Also now the
factorization N = ngn, occurs but now n, and n;, would relate to branching in the direction of
space-like 3-surface and light-like 3-surface rather than M* and C'P, as in the original hypothesis.

Multi-furcations relate closely to the quantum criticality of Kéhler action. Feigenbaum bifurcations
represent a toy example of a system which via successive bifurcations approaches chaos. Now more
general multi-furcations in which each branch of given multi-furcation can multi-furcate further, are
possible unless on poses any additional conditions. This allows to identify additional aspect of the
geometric arrow of time. Either the positive or negative energy part of the zero energy state is
”prepared” meaning that single n-sub-furcations of N-furcation is selected. The most general state of
this kind involves superposition of various n-sub-furcations.

1.4.2 PART II: QUANTUM COMPUTATION IN TGD UNIVERSE

Topological Quantum Computation in TGD Universe

Topological quantum computation (TQC) is one of the most promising approaches to quantum com-
putation. The coding of logical qubits to the entanglement of topological quantum numbers promises
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to solve the de-coherence problem whereas the S-matrices of topological field theories (modular func-
tors) providing unitary representations for braids provide a realization of quantum computer programs
with gates represented as simple braiding operations. Because of their effective 2-dimensionality anyon
systems are the best candidates for realizing the representations of braid groups.

TGD allows several new insights related to quantum computation. TGD predicts new information
measures as number theoretical negative valued entanglement entropies defined for systems having
extended rational entanglement and characterizes bound state entanglement as bound state entan-
glement. Negentropy Maximization Principle and p-adic length scale hierarchy of space-time sheets
encourage to believe that Universe itself might do its best to resolve the de-coherence problem. The
new view about quantum jump suggests strongly the notion of quantum parallel dissipation so that
thermalization in shorter length scales would guarantee coherence in longer length scales. The possibil-
ity of negative energies and communications to geometric future in turn might trivialize the problems
caused by long computation times: computation could be iterated again and again by turning the
computer on in the geometric past and TGD inspired theory of consciousness predicts that something
like this occurs routinely in living matter.

The absolute minimization of Kahler action is the basic variational principle of classical TGD and
predicts extremely complex but non-chaotic magnetic flux tube structures, which can get knotted and
linked. The dimension of C'P;, projection for these structures is D = 3. These structures are the corner
stone of TGD inspired theory of living matter and provide the braid structures needed by TQC.

Anyons are the key actors of TQC and TGD leads to detailed model of anyons as systems consisting
of track of a periodically moving charged particle realized as a flux tube containing the particle inside
it. This track would be a space-time correlate for the outcome of dissipative processes producing the
asymptotic self-organization pattern. These tracks in general carry vacuum Kéhler charge which is
topologized when the C' P, projection of space-time sheet is D = 3. This explains charge fractionization
predicted to occur also for other charged particles. When a system approaches chaos periodic orbits
become slightly aperiodic and the correlate is flux tube which rotates N times before closing. This
gives rise to Zy valued topological quantum number crucial for TQC using anyons (N = 4 holds
true in this case). Non-Abelian anyons are needed by TQC, and the existence of long range classical
electro-weak fields predicted by TGD is an essential prerequisite of non-Abelianity.

Negative energies and zero energy states are of crucial importance of TQC in TGD. The possibility
of phase conjugation for fermions would resolve the puzzle of matter-antimatter asymmetry in an
elegant manner. Anti-fermions would be present but have negative energies. Quite generally, it is
possible to interpret scattering as a creation of pair of positive and negative energy states, the latter
representing the final state. One can characterize precisely the deviations of this Eastern world view
with respect to the Western world view assuming an objective reality with a positive definite energy
and understand why the Western illusion apparently works. In the case of TQC the initial resp. final
state of braided anyon system would correspond to positive resp. negative energy state.

The light-like boundaries of magnetic flux tubes are ideal for TQC. The point is that 3-dimensional
light-like quantum states can be interpreted as representations for the time evolution of a two-
dimensional system and thus represented self-reflective states being ”about something”. The light-
likeness (no geometric time flow) is a space-time correlate for the ceasing of subjective time flow during
macro-temporal quantum coherence. The S-matrices of TQC can be coded to these light-like states
such that each elementary braid operation corresponds to positive energy anyons near the boundary
of the magnetic flux tube A and negative energy anyons with opposite topological charges residing
near the boundary of flux tube B and connected by braided threads representing the quantum gate.
Light-like boundaries also force Chern-Simons action as the only possible general coordinate invariant
action since the vanishing of the metric determinant does not allow any other candidate. Chern-Simons
action indeed defines the modular functor for braid coding for a TQC program.

The comparison of the concrete model for TQC in terms of magnetic flux tubes with the structure
of DNA gives tantalizing hints that DNA double strand is a topological quantum computer. Strand
resp. conjugate strand would carry positive resp. negative energy anyon systems. The knotting and
linking of DNA double strand would code for 2-gates realized as a unique maximally entangling Yang-
Baxter matrix R for 2-state system. The pairs A-T, T-A, C-G, G-C in active state would code for
the four braid operations of 3-braid group in 1-qubit Temperley Lieb representation associated with
quantum group SL(2),. On basis of this picture one can identify N-O hydrogen bonds between DNA
strands as structural correlates of 3-braids responsible for the nontrivial 1-gates whereas N-N hydrogen
bonds would be correlates for the return gates acting as identity gates. Depending on whether the



22 Chapter 1. Introduction

nucleotide is active or not it codes for nontrivial 1-gate or for identity gate so that DNA strand can
program itself or be programmed dynamically.

DNA as Topological Quantum Computer

The chapter represents a vision about how DNA might act as a topological quantum computer (tqc).
Tqc means that the braidings of braid strands define tqc programs and M-matrix (generalization of
S-matrix in zero energy ontology) defining the entanglement between states assignable to the end
points of strands define the tqc usually coded as unitary time evolution for Schrodinger equation.

Before a representation of the model of tqc general vision about what happens in quantum jump,
which at least in formal sense can be regarded as quantum computation, is represented. Included
is also a section about modification of thermodynamics required by the possibility of negentropic
entanglement. The modification corresponds simply to the replacement S — S — N for the entropy
in standard thermodynamics. The implications of this replacement are however highly non-trivial.
The generalization of the second law allows to understand the thermodynamical aspect of topological
quantum computation. One can understand why living matter is so effective entropy producer as
compared to inanimate matter and also the characteristic decomposition of living systems to highly
negentropic and entropic parts as a consequence of generalized second law. ADP-ATP process of
metabolism provides a concrete application for the generalized thermodynamics and allows to see this
process as a transfer of negentropic entanglement. Also DNA double strand for which sugar-phosphate
backbone consists of XMPs, X= A,T,C,G containing negentropy carrying phosphate bonds can be
seen as analogous to conscious brain with DNA strands representing right and left hemispheres.

One can end up to the model of topological quantum computation in the following manner.

1. Darwinian selection for which the standard theory of self-organization provides a model, should
apply also to tqc programs. Tqc programs should correspond to asymptotic self-organization
patterns selected by dissipation in the presence of metabolic energy feed. The spatial and
temporal pattern of the metabolic energy feed characterizes the tqc program - or equivalently -
sub-program call.

2. Since braiding characterizes the tqc program, the self-organization pattern should correspond
to a hydrodynamical flow or a pattern of magnetic field inducing the braiding. Braid strands
must correspond to magnetic flux tubes of the magnetic body of DNA. If each nucleotide is
transversal magnetic dipole it gives rise to transversal flux tubes, which can also connect to
the genome of another cell. As a matter fact, the flux tubes would correspond to what I call
wormhole magnetic fields having pairs of space-time sheets carrying opposite magnetic fluxes.

3. The output of tqc sub-program is probability distribution for the outcomes of state function
reduction so that the sub-program must be repeated very many times. It is represented as
four-dimensional patterns for various rates (chemical rates, nerve pulse patterns, EEG power
distributions,...) having also identification as temporal densities of zero energy states in various
scales. By the fractality of TGD Universe there is a hierarchy of tqcs corresponding to p-adic and
dark matter hierarchies. Programs (space-time sheets defining coherence regions) call programs
in shorter scale. If the self-organizing system has a periodic behavior each tqc module defines a
large number of almost copies of itself asymptotically. Generalized EEG could naturally define
this periodic pattern and each period of EEG would correspond to an initiation and halting of
tqc. This brings in mind the periodically occurring sol-gel phase transition inside cell near the
cell membrane. There is also a connection with hologram idea: EEG rhythm corresponds to
reference wave and nerve pulse patters to the wave carrying the information and interfering with
the reference wave.

4. Fluid flow must induce the braiding which requires that the ends of braid strands must be
anchored to the fluid flow. Recalling that lipid mono-layers of the cell membrane are liquid
crystals and lipids of interior mono-layer have hydrophilic ends pointing towards cell interior,
it is easy to guess that DNA nucleotides are connected to lipids by magnetic flux tubes and
hydrophilic lipid ends are stuck to the flow.

5. The topology of the braid traversing cell membrane cannot be affected by the hydrodynamical
flow. Hence braid strands must be split during tqc. This also induces the desired magnetic
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isolation from the environment. Halting of tqc reconnects them and make possible the commu-
nication of the outcome of tqc.

There are several problems related to the details of the realization.

1. How nucleotides A,T,C,G are coded to the strand color and what this color corresponds to
physically? There are two options which could be characterized as fermionic and bosonic.

i) Magnetic flux tubes having quark and anti-quark at their ends with u,d and u.., d. coding for
A.G and T,C. CP conjugation would correspond to conjugation for DNA nucleotides.

ii) Wormhole magnetic flux tubes having wormhole contact and its CP conjugate at its ends
with wormhole contact carrying quark and anti-quark at its throats. The latter are predicted
to appear in all length scales in TGD Universe.

2. How to split the braid strands in a controlled manner? High T, super conductivity provides
a possible mechanism: braid strand can be split only if the supra current flowing through it
vanishes. A suitable voltage pulse induces the supra-current and its negative cancels it. The
conformation of the lipid controls whether it it can follow the flow or not.

3. How magnetic flux tubes can be cut without breaking the conservation of the magnetic flux?
The notion of wormhole magnetic field could save the situation now: after the splitting the
flux returns back along the second space-time sheet of wormhole magnetic field. An alternative
solution is based on reconnection of flux tubes. Since only flux tubes of same color can reconnect
this process can induce transfer of color: ”color inheritance”: when applied at the level of amino-
acids this leads to a successful model of protein folding. Reconnection makes possible breaking
of flux tube connection for both the ordinary magnetic flux tubes and wormhole magnetic flux
tubes.

4. How magnetic flux tubes are realized? The interpretation of flux tubes as correlates of directed
attention at molecular level leads to concrete picture. Hydrogen bonds are by their asymmetry
natural correlates for a directed attention at molecular level. Also flux tubes between acceptors of
hydrogen bonds must be allowed and acceptors can be seen as the subjects of directed attention
and donors as objects. Examples of acceptors are aromatic rings of nucleotides, O = atoms
of phosphates, etc.. A connection with metabolism is obtained if it is assumed that various
phosphates XM P, XDP, XTP, X = A,T,G,C act as fundamental acceptors and plugs in the
connection lines. The basic metabolic process AT P — ADP + P; allows an interpretation as a
reconnection splitting flux tube connection, and the basic function of phosphorylating enzymes
would be to build flux tube connections as also of breathing and photosynthesis.

The rest of the article represents a more concrete vision about how DNA might act as a topological
quantum computer (tqc). The topics discussed are following.

1. How the basic gates are realized concretely. Gates can be identified as basic braid operations
so that the question reduces to how braidings of magnetic flux tubes represent gates and what
kind of particles represent the quantum states. The identification of the particles is in terms of
quarks: TGD indeed predicts a hierarchy of scaled variants of hadron physics.

2. How the braiding is realized concretely? What do braid strands identified as magnetic flux tubes
look like? How the braiding operation is induced? The tentative answer is that color magnetic
flux tubes connecting DNA nucleotides to the lipids of nuclear and cell membrane define braid
strands and that braiding operations are induced by hydrodynamic flow around membrane
generating 2-D flow of liquid crystal defined by the lipids. Also nerve pulse propagation can
induced this kind of 2-D flow.

3. How magnetic flux tubes are realized? The interpretation of flux tubes as correlates of directed
attention at molecular level leads to concrete picture. Hydrogen bonds are by their asymmetry
natural correlates for a directed attention at molecular level. Also flux tubes between acceptors of
hydrogen bonds must be allowed and acceptors can be seen as the subjects of directed attention
and donors as objects. Examples of acceptors are aromatic rings of nucleotides, O = atoms
of phosphates, etc.. A connection with metabolism is obtained if it is assumed that various
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phosphates XM P, XDP, XTP, X = A,T,G,C act as fundamental acceptors and plugs in the
connection lines. The basic metabolic process AT P — ADP + P; allows an interpretation as a
reconnection splitting flux tube connection, and the basic function of phosphorylating enzymes
would be to build flux tube connections as also of breathing and photosynthesis.

The model is certainly very speculative and heavily relies on the new physics predicted by TGD.
The model makes however strong predictions and is therefore testable.

1. The model makes several testable predictions about DNA itself. In particular, matter-antimatter
asymmetry and slightly broken isospin symmetry have counterparts at DNA level induced from
the breaking of these symmetries for quarks and antiquarks associated with the flux tubes.
DNA cell membrane system is not the only possible system that could perform tqc like activities
and store memories in braidings: flux tubes could connect biomolecules and the braiding could
provide an almost definition for what it is to be living. Even water memory might reduce to
braidings.

2. The model leads also to an improved understanding of other roles of the magnetic flux tubes con-
taining dark matter. Phase transitions changing the value of Planck constant for the magnetic
flux tubes could be key element of bio-catalysis and electromagnetic long distance communica-
tions in living matter. For instance, one ends up to what might be called code for protein folding
and bio-catalysis. There is also a fascinating connection with Peter Gariaev’s work suggesting
that the phase transitions changing Planck constant have been observed and wormhole magnetic
flux tubes containing dark matter have been photographed in his experiments.

3. In the proposed vision genes define the hardware and tqc programs the software responsible
for what becomes cultural evolution at the higher levels of evolutionary hierarchy. This vision
explains also the mystery of introns. The quite recent findings challenging genetic determin-
ism expressed using the term ”genetic dark matter” provide support for an existence of new
information carrying level at the level of genome identifiable in terms of tqc programs.

1.4.3 PART III: CATEGORIES, NUMBER THEORY AND CONSCIOUS-
NESS

PART III: Category Theory, Quantum TGD, and TGD Inspired Theory of Consciousness

Category theory has been proposed as a new approach to the deep problems of modern physics, in
particular quantization of General Relativity. Category theory might provide the desired systematic
approach to fuse together the bundles of general ideas related to the construction of quantum TGD
proper. Category theory might also have natural applications in the general theory of consciousness
and the theory of cognitive representations.

a) The ontology of quantum TGD and TGD inspired theory of consciousness based on the trinity of
geometric, objective and subjective existences could be expressed elegantly using the language of the
category theory. Quantum classical correspondence might allow a mathematical formulation in terms
of structure respecting functors mapping the categories associated with the three kinds of existences
to each other. Basic results are following.

i) Self hierarchy has indeed functorial map to the hierarchy of space-time sheets and also configu-
ration space spinor fields reflect it. Thus the self referentiality of conscious experience has a functorial
formulation (it is possible to be conscious about what one was conscious).

ii) The inherent logic for category defined by Heyting algebra must be modified in TGD context.
Set theoretic inclusion is replaced with the topological condensation. The resulting logic is two-valued
but since same space-time sheet can simultaneously condense at two disjoint space-time sheets the
classical counterpart of quantum superposition has a space-time correlate so that also quantum jump
should have space-time correlate in many-sheeted space-time.

iii) The category of light cones with inclusion as an arrow defining time ordering appears naturally
in the construction of the configuration space geometry and realizes the cosmologies within cosmologies
scenario. In particular, the notion of the arrow of psychological time finds a nice formulation unifying
earlier two different explanations.

iv) The category of light cones with inclusion as an arrow defining time ordering appears naturally
in the construction of the configuration space geometry and realizes the cosmologies within cosmologies
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scenario. In particular, the notion of the arrow of psychological time finds a nice formulation unifying
earlier two different explanations.

b) Cognition is categorizing and category theory suggests itself as a tool for understanding cognition
and self hierarchies and the abstraction processes involved with conscious experience.

c¢) Categories possess inherent generalized logic based on set theoretic inclusion which in TGD
framework is naturally replaced with topological condensation: the outcome is quantum variants for
the notions of sieve, topos, and logic. This suggests the possibility of geometrizing the logic of both
geometric, objective and subjective existences and perhaps understand why ordinary consciousness
experiences the world through Boolean logic and Zen consciousness experiences universe through
three-valued logic. Also the right-wrong logic of moral rules and beautiful-ugly logic of aesthetics
seem to be too naive and might be replaced with a more general quantum logic.

Infinite Primes and Consciousness

Infinite primes are besides p-adicization and the representation of space-time surface as a hyper-
quaternionic sub-manifold of hyper-octonionic space, basic pillars of the vision about TGD as a gen-
eralized number theory and will be discussed in the third part of the multi-chapter devoted to the
attempt to articulate this vision as clearly as possible.

1. Why infinite primes are unavoidable

Suppose that 3-surfaces could be characterized by p-adic primes characterizing their effective p-adic
topology. p-Adic unitarity implies that each quantum jump involves unitarity evolution U followed
by a quantum jump. Simple arguments show that the p-adic prime characterizing the 3-surface
representing the entire universe increases in a statistical sense. This leads to a peculiar paradox: if
the number of quantum jumps already occurred is infinite, this prime is most naturally infinite. On the
other hand, if one assumes that only finite number of quantum jumps have occurred, one encounters
the problem of understanding why the initial quantum history was what it was. Furthermore, since
the size of the 3-surface representing the entire Universe is infinite, p-adic length scale hypothesis
suggest also that the p-adic prime associated with the entire universe is infinite.

These arguments motivate the attempt to construct a theory of infinite primes and to extend
quantum TGD so that also infinite primes are possible. Rather surprisingly, one can construct what
might be called generating infinite primes by repeating a procedure analogous to a quantization of a
super symmetric quantum field theory. At given level of hierarchy one can identify the decomposition
of space-time surface to p-adic regions with the corresponding decomposition of the infinite prime to
primes at a lower level of infinity: at the basic level are finite primes for which one cannot find any
formula.

2. Two views about the role of infinite primes and physics in TGD Universe

Two different views about how infinite primes, integers, and rationals might be relevant in TGD
Universe have emerged.

a) The first view is based on the idea that infinite primes characterize quantum states of the entire
Universe. 8-D hyper-octonions make this correspondence very concrete since 8-D hyper-octonions have
interpretation as 8-momenta. By quantum-classical correspondence also the decomposition of space-
time surfaces to p-adic space-time sheets should be coded by infinite hyper-octonionic primes. Infinite
primes could even have a representation as hyper-quaternionic 4-surfaces of 8-D hyper-octonionic
imbedding space.

b) The second view is based on the idea that infinitely structured space-time points define space-
time correlates of mathematical cognition. The mathematical analog of Brahman=Atman identity
would however suggest that both views deserve to be taken seriously.

3. Infinite primes and infinite hierarchy of second quantizations

The discovery of infinite primes suggested strongly the possibility to reduce physics to number
theory. The construction of infinite primes can be regarded as a repeated second quantization of a
super-symmetric arithmetic quantum field theory. Later it became clear that the process generalizes
so that it applies in the case of quaternionic and octonionic primes and their hyper counterparts.
This hierarchy of second quantizations means an enormous generalization of physics to what might
be regarded a physical counterpart for a hierarchy of abstractions about abstractions about.... The
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ordinary second quantized quantum physics corresponds only to the lowest level infinite primes. This
hierarchy can be identified with the corresponding hierarchy of space-time sheets of the many-sheeted
space-time.

One can even try to understand the quantum numbers of physical particles in terms of infinite
primes. In particular, the hyper-quaternionic primes correspond four-momenta and mass squared
is prime valued for them. The properties of 8-D hyper-octonionic primes motivate the attempt to
identify the quantum numbers associated with C' P, degrees of freedom in terms of these primes. The
representations of color group SU(3) are indeed labelled by two integers and the states inside given
representation by color hyper-charge and iso-spin.

4. Infinite primes as a bridge between quantum and classical

An important stimulus came from the observation stimulated by algebraic number theory. Infi-
nite primes can be mapped to polynomial primes and this observation allows to identify completely
generally the spectrum of infinite primes whereas hitherto it was possible to construct explicitly only
what might be called generating infinite primes.

This in turn led to the idea that it might be possible represent infinite primes (integers) geomet-
rically as surfaces defined by the polynomials associated with infinite primes (integers).

Obviously, infinite primes would serve as a bridge between Fock-space descriptions and geometric
descriptions of physics: quantum and classical. Geometric objects could be seen as concrete repre-
sentations of infinite numbers providing amplification of infinitesimals to macroscopic deformations of
space-time surface. We see the infinitesimals as concrete geometric shapes!

5. Various equivalent characterizations of space-times as surfaces

One can imagine several number-theoretic characterizations of the space-time surface.

a) The approach based on octonions and quaternions suggests that space-time surfaces might
correspond to associative or hyper-quaternionic surfaces of hyper-octonionic imbedding space.

b) Space-time surfaces could be seen as absolute minima of the Kéahler action. The challenge is to
prove that this characterization is equivalent with the number theoretical dynamics,

6. The representation of infinite hyper-octonionic primes as 4-surfaces

The difficulties caused by the Euclidian metric signature of the number theoretical norm forced to
give up the idea that space-time surfaces could be regarded as quaternionic sub-manifolds of octonionic
space, and to introduce complexified octonions and quaternions resulting by extending quaternionic
and octonionic algebra by adding imaginary units multiplied with v/—1. This spoils the number field
property but the notion of prime is not lost. The sub-space of hyper-quaternions resp. -octonions is
obtained from the algebra of ordinary quaternions and octonions by multiplying the imaginary part
with v/—1. The transition is the number theoretical counterpart for the transition from Riemannian
to pseudo-Riemannin geometry performed already in Special Relativity.

The notions of hyper-quaternionic and octonionic manifold make sense but it is implausible that
H = M* x CP, could be endowed with a hyper-octonionic manifold structure. Indeed, space-time
surfaces can be assumed to be hyper-quaternionic or co-hyper-quaternionic 4-surfaces of 8-dimensional
Minkowski space M?® identifiable as the hyper-octonionic space HO. Since the hyper-quaternionic sub-
spaces of HO with a locally fixed complex structure (preferred imaginary unit contained by tangent
space at each point of HO) are labelled by CPs, each (co)-hyper-quaternionic four-surface of HO
defines a 4-surface of M* x CP,. One can say that the number-theoretic analog of spontaneous
compactification occurs.

Any hyper-octonion analytic function OH — OH defines a function g : OH — SU(3) acting as the
group of octonion automorphisms leaving a preferred imaginary unit invariant, and g in turn defines
a foliation of OH and H = M* x C'P, by space-time surfaces. The selection can be local which means
that G appears as a local gauge group.

Since the notion of prime makes sense for the complexified octonions, it makes sense also for
the hyper-octonions. It is possible to assign to infinite prime of this kind a hyper-octonion analytic
polynomial P : OH — OH and hence also a foliation of OH and H = M* x CP, by 4-surfaces.
Therefore space-time surface can be seen as a geometric counterpart of a Fock state. The assignment
is not unique but determined only up to an element of the local octonionic automorphism group Go
acting in HO and fixing the local choices of the preferred imaginary unit of the hyper-octonionic
tangent plane. In fact, a map HO — S° characterizes the choice since SO(6) acts effectively as a
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local gauge group.

The construction generalizes to all levels of the hierarchy of infinite primes and produces also repre-
sentations for integers and rationals associated with hyper-octonionic numbers as space-time surfaces.
A close relationship with algebraic geometry results and the polynomials define a natural hierarchical
structure in the space of 3-surfaces. By the effective 2-dimensionality naturally associated with infinite
primes represented by real polynomials 4-surfaces are determined by data given at partonic 2-surfaces
defined by the intersections of 3-D and 7-D light-like causal determinants. In particular, the notions
of genus and degree serve as classifiers of the algebraic geometry of the 4-surfaces. The great dream
is to prove that this construction yields the solutions to the absolute minimization of Kahler action.

7. Generalization of ordinary number fields: infinite primes and cognition

The introduction of infinite primes, integers, and rationals leads also to a generalization of real
numbers since an infinite algebra of real units defined by finite ratios of infinite rationals multiplied by
ordinary rationals which are their inverses becomes possible. These units are not units in the p-adic
sense and have a finite p-adic norm which can be differ from one. This construction generalizes also to
the case of hyper- quaternions and -octonions although non-commutativity and in case of octonions
also non-associativity pose technical problems. Obviously this approach differs from the standard
introduction of infinitesimals in the sense that sum is replaced by multiplication meaning that the set
of real units becomes infinitely degenerate.

Infinite primes form an infinite hierarchy so that the points of space-time and imbedding space can
be seen as infinitely structured and able to represent all imaginable algebraic structures. Certainly
counter-intuitively, single space-time point is even capable of representing the quantum state of the
entire physical Universe in its structure. For instance, in the real sense surfaces in the space of units
correspond to the same real number 1, and single point, which is structure-less in the real sense could
represent arbitrarily high-dimensional spaces as unions of real units. For real physics this structure
is completely invisible and is relevant only for the physics of cognition. One can say that Universe
is an algebraic hologram, and there is an obvious connection both with Brahman=Atman identity of
Eastern philosophies and Leibniz’s notion of monad.
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Chapter 2

Was von Neumann Right After All?

2.1 Introduction

The work with TGD inspired model [K81] for topological quantum computation [?] led to the realiza-
tion that von Neumann algebras [?, 7, 7, ?] , in particular so called hyper-finite factors of type I [?]
, seem to provide the mathematics needed to develop a more explicit view about the construction of
S-matrix. In this chapter I will discuss various aspects of type II; factors and their physical interpre-
tation in TGD framework. The lecture notes of R. Longo [?] give a concise and readable summary
about the basic definitions and results related to von Neumann algebras and I have used this material
freely in this chapter. The original discussion has transformed during years from free speculation re-
flecting in many aspects my ignorance about the mathematics involved to a more realistic view about
the role of these algebras in quantum TGD.

2.1.1 Philosophical ideas behind von Neumann algebras

The goal of von Neumann was to generalize the algebra of quantum mechanical observables. The basic
ideas behind the von Neumann algebra are dictated by physics. The algebra elements allow Hermitian
conjugation * and observables correspond to Hermitian operators. Any measurable function f(A) of
operator A belongs to the algebra and one can say that non-commutative measure theory is in question.

The predictions of quantum theory are expressible in terms of traces of observables. Density
matrix defining expectations of observables in ensemble is the basic example. The highly non-trivial
requirement of von Neumann was that identical a priori probabilities for a detection of states of infinite
state system must make sense. Since quantum mechanical expectation values are expressible in terms
of operator traces, this requires that unit operator has unit trace: tr(Id) = 1.

In the finite-dimensional case it is easy to build observables out of minimal projections to 1-
dimensional eigen spaces of observables. For infinite-dimensional case the probably of projection to
1-dimensional sub-space vanishes if each state is equally probable. The notion of observable must thus
be modified by excluding 1-dimensional minimal projections, and allow only projections for which the
trace would be infinite using the straightforward generalization of the matrix algebra trace as the
dimension of the projection.

The non-trivial implication of the fact that traces of projections are never larger than one is
that the eigen spaces of the density matrix must be infinite-dimensional for non-vanishing projection
probabilities. Quantum measurements can lead with a finite probability only to mixed states with a
density matrix which is projection operator to infinite-dimensional subspace. The simple von Neumann
algebras for which unit operator has unit trace are known as factors of type I1; [?] .

The definitions of adopted by von Neumann allow however more general algebras. Type I, algebras
correspond to finite-dimensional matrix algebras with finite traces whereas I, associated with a
separable infinite-dimensional Hilbert space does not allow bounded traces. For algebras of type I11
non-trivial traces are always infinite and the notion of trace becomes useless being replaced by the
notion of state which is generalization of the notion of thermodynamical state. The fascinating feature
of this notion of state is that it defines a unique modular automorphism of the factor defined apart
from unitary inner automorphism and the question is whether this notion or its generalization might
be relevant for the construction of M-matrix in TGD.

43



44 Chapter 2. Was von Neumann Right After All?

2.1.2 Von Neumann, Dirac, and Feynman

The association of algebras of type I with the standard quantum mechanics allowed to unify matrix
mechanism with wave mechanics. Note however that the assumption about continuous momentum
state basis is in conflict with separability but the particle-in-box idealization allows to circumvent this
problem (the notion of space-time sheet brings the box in physics as something completely real).

Because of the finiteness of traces von Neumann regarded the factors of type II; as fundamental
and factors of type III as pathological. The highly pragmatic and successful approach of Dirac [?]
based on the notion of delta function, plus the emergence of s [?] , the possibility to formulate the
notion of delta function rigorously in terms of distributions [?, ?] , and the emergence of path integral
approach [?] meant that von Neumann approach was forgotten by particle physicists.

Algebras of type II; have emerged only much later in conformal and topological quantum field
theories [?, ?] allowing to deduce invariants of knots, links and 3-manifolds. Also algebraic structures
known as bi-algebras, Hopf algebras, and ribbon algebras [?] relate closely to type II; factors. In
topological quantum computation [?] based on braid groups [?] modular S-matrices they play an
especially important role.

In algebraic quantum field theory [?] defined in Minkowski space the algebras of observables as-
sociated with bounded space-time regions correspond quite generally to the type III; hyper-finite
factor [?, 7] .

2.1.3 Hyper-finite factors in quantum TGD

The following argument suggests that von Neumann algebras known as hyper-finite factors (HFFs)
of type III; appearing in relativistic quantum field theories provide also the proper mathematical
framework for quantum TGD.

1. The Clifford algebra of the infinite-dimensional Hilbert space is a von Neumann algebra known
as HFF of type II;. There also the Clifford algebra at a given point (light-like 3-surface) of world
of classical worlds (WCW) is therefore HFF of type II;. If the fermionic Fock algebra defined
by the fermionic oscillator operators assignable to the induced spinor fields (this is actually not
obvious!) is infinite-dimensional it defines a representation for HFF of type IT;. Super-conformal
symmetry suggests that the extension of the Clifford algebra defining the fermionic part of a
super-conformal algebra by adding bosonic super-generators representing symmetries of WCW
respects the HFF property. It could however occur that HFF of type 1., results.

2. WCW is a union of sub-WCWs associated with causal diamonds (C'D) defined as intersections
of future and past directed light-cones. One can allow also unions of C'Ds and the proposal is
that C'Ds within C'Ds are possible. Whether C'Ds can intersect is not clear.

3. The assumption that the M* proper distance a between the tips of CD is quantized in powers
of 2 reproduces p-adic length scale hypothesis but one must also consider the possibility that
a can have all possible values. Since SO(3) is the isotropy group of C'D, the CDs associated
with a given value of a and with fixed lower tip are parameterized by the Lobatchevski space
L(a) = 50(3,1)/50(3). Therefore the C'Ds with a free position of lower tip are parameterized
by M* x L(a). A possible interpretation is in terms of quantum cosmology with a identified as
cosmic time [K66] . Since Lorentz boosts define a non-compact group, the generalization of so
called crossed product construction strongly suggests that the local Clifford algebra of WCW
is HFF of type III;. If one allows all values of a, one ends up with M?* x Mi as the space of
moduli for WCW.

4. An interesting special aspect of 8-dimensional Clifford algebra with Minkowski signature is
that it allows an octonionic representation of gamma matrices obtained as tensor products of
unit matrix 1 and 7-D gamma matrices v, and Pauli sigma matrices by replacing 1 and
by octonions. This inspires the idea that it might be possible to end up with quantum TGD
from purely number theoretical arguments. This seems to be the case. One can start from
a local octonionic Clifford algebra in M®. Associativity condition is satisfied if one restricts
the octonionic algebra to a subalgebra associated with any hyper-quaternionic and thus 4-D
sub-manifold of M8. This means that the modified gamma matrices associated with the Kihler
action span a complex quaternionic sub-space at each point of the sub-manifold. This associative
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sub-algebra can be mapped a matrix algebra. Together with M® — H duality [K15] ?] this leads
automatically to quantum TGD and therefore also to the notion of WCW and its Clifford algebra
which is however only mappable to an associative algebra and thus to HFF of type II;.

2.1.4 Hyper-finite factors and M-matrix

HFFs of type I1I; provide a general vision about M-matrix.

1. The factors of type III allow unique modular automorphism A% (fixed apart from unitary inner
automorphism). This raises the question whether the modular automorphism could be used to
define the M-matrix of quantum TGD. This is not the case as is obvious already from the fact
that unitary time evolution is not a sensible concept in zero energy ontology.

2. Concerning the identification of M-matrix the notion of state as it is used in theory of factors is a
more appropriate starting point than the notion modular automorphism but as a generalization
of thermodynamical state is certainly not enough for the purposes of quantum TGD and quantum
field theories (algebraic quantum field theorists might disagree!). Zero energy ontology requires
that the notion of thermodynamical state should be replaced with its ”complex square root”
abstracting the idea about M-matrix as a product of positive square root of a diagonal density
matrix and a unitary S-matrix. This generalization of thermodynamical state -if it exists- would
provide a firm mathematical basis for the notion of M-matrix and for the fuzzy notion of path
integral.

3. The existence of the modular automorphisms relies on Tomita-Takesaki theorem, which assumes
that the Hilbert space in which HFF acts allows cyclic and separable vector serving as ground
state for both HFF and its commutant. The translation to the language of physicists states that
the vacuum is a tensor product of two vacua annihilated by annihilation oscillator type algebra
elements of HFF and creation operator type algebra elements of its commutant isomorphic to it.
Note however that these algebras commute so that the two algebras are not hermitian conjugates
of each other. This kind of situation is exactly what emerges in zero energy ontology: the two
vacua can be assigned with the positive and negative energy parts of the zero energy states
entangled by M-matrix.

4. There exists infinite number of thermodynamical states related by modular automorphisms.
This must be true also for their possibly existing ”complex square roots”. Physically they
would correspond to different measurement interactions giving rise to Kahler functions of WCW
differing only by a real part of holomorphic function of complex coordinates of WCW and
arbitrary function of zero mode coordinates and giving rise to the same Kéahler metric of WCW.

The concrete construction of M-matrix utilizing the idea of bosonic emergence (bosons as fermion
anti-fermion pairs at opposite throats of wormhole contact) meaning that bosonic propagators reduce
to fermionic loops identifiable as wormhole contacts leads to generalized Feynman rules for M-matrix
in which modified Dirac action containing measurement interaction term defines stringy propagators.
This M-matrix should be consistent with the above proposal.

2.1.5 Connes tensor product as a realization of finite measurement reso-
lution

The inclusions N' C M of factors allow an attractive mathematical description of finite measurement
resolution in terms of Connes tensor product but do not fix M-matrix as was the original optimistic
belief.

1. In zero energy ontology N would create states experimentally indistinguishable from the origi-
nal one. Therefore N takes the role of complex numbers in non-commutative quantum theory.
The space M /N would correspond to the operators creating physical states modulo measure-
ment resolution and has typically fractal dimension given as the index of the inclusion. The
corresponding spinor spaces have an identification as quantum spaces with non-commutative
N-valued coordinates.
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2. This leads to an elegant description of finite measurement resolution. Suppose that a universal
M-matrix describing the situation for an ideal measurement resolution exists as the idea about
square root of state encourages to think. Finite measurement resolution forces to replace the
probabilities defined by the M-matrix with their AV ”averaged” counterparts. The ”averaging”
would be in terms of the complex square root of N-state and a direct analog of functionally or
path integral over the degrees of freedom below measurement resolution defined by (say) length
scale cutoff.

3. One can construct also directly M-matrices satisfying the measurement resolution constraint.
The condition that A acts like complex numbers on M-matrix elements as far as N/-”averaged”
probabilities are considered is satisfied if M-matrix is a tensor product of M-matrix in M(N
interpreted as finite-dimensional space with a projection operator to N'. The condition that
N averaging in terms of a complex square root of A state produces this kind of M-matrix
poses a very strong constraint on M-matrix if it is assumed to be universal (apart from variants
corresponding to different measurement interactions).

2.1.6 Quantum spinors and fuzzy quantum mechanics

The notion of quantum spinor leads to a quantum mechanical description of fuzzy probabilities. For
quantum spinors state function reduction cannot be performed unless quantum deformation parameter
equals to ¢ = 1. The reason is that the components of quantum spinor do not commute: it is however
possible to measure the commuting operators representing moduli squared of the components giving
the probabilities associated with ’true’ and ’false’. The universal eigenvalue spectrum for probabilities
does not in general contain (1,0) so that quantum gbits are inherently fuzzy. State function reduction
would occur only after a transition to q=1 phase and decoherence is not a problem as long as it does
not induce this transition.

This chapter represents a summary about the development of the ideas with last sections repre-
senting the recent latest about thereaalization and role of HFFs in TGD. I have saved the reader from
those speculations that have turned out to reflect my own ignorance or are inconsistent with what I
regarded established parts of quantum TGD.

2.2 Von Neumann algebras

In this section basic facts about von Neumann algebras are summarized using as a background material
the concise summary given in the lecture notes of Longo [?] .

2.2.1 Basic definitions

A formal definition of von Neumann algebra [?, 7, 7] is as a *-subalgebra of the set of bounded operators
B(H) on a Hilbert space H closed under weak operator topology, stable under the conjugation J =*:
x — x*, and containing identity operator Id. This definition allows also von Neumann algebras for
which the trace of the unit operator is not finite.

Identity operator is the only operator commuting with a simple von Neumann algebra. A gen-
eral von Neumann algebra allows a decomposition as a direct integral of simple algebras, which von
Neumann called factors. Classification of von Neumann algebras reduces to that for factors.

B(H) has involution * and is thus a *-algebra. B(H) has order order structure A > 0 : (Az,z) > 0.
This is equivalent to A = BB* so that order structure is determined by algebraic structure. B(#) has
metric structure in the sense that norm defined as supremum of ||Az||, ||z|| < 1 defines the notion of
continuity. ||A]|> =inf{\ > 0: AA* < X[} so that algebraic structure determines metric structure.

There are also other topologies for B(#) besides norm topology.

1. A; — A strongly if ||Ax — A;z|| — 0 for all z. This topology defines the topology of C* algebra.
B(H) is a Banach algebra that is ||AB]| < ||A|| x ||B|| (inner product is not necessary) and also
C* algebra that is ||AA*|| = || A]|%.

2. A; —» A weakly if (A;x,y) — (Azx,y) for all pairs (z,y) (inner product is necessary). This
topology defines the topology of von Neumann algebra as a sub-algebra of B(H).
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Denote by M’ the commutant of M which is also algebra. Von Neumann’s bicommutant theorem
says that M equals to its own bi-commutant. Depending on whether the identity operator has a finite
trace or not, one distinguishes between algebras of type I1; and type I1,. II; factor allow trace with
properties tr(Id) = 1, tr(zy) = tr(yx), and tr(z*x) > 0, for all z # 0. Let L%(M) be the Hilbert
space obtained by completing M respect to the inner product defined (z|y) = tr(z*y) defines inner
product in M interpreted as Hilbert space. The normalized trace induces a trace in M’, natural trace
Tra, which is however not necessarily normalized. JxJ defines an element of M’: if H = L?*(M),
the natural trace is given by Ty (JaxJ) = tra(z) for all © € M and bounded.

2.2.2 Basic classification of von Neumann algebras

Consider first some definitions. First of all, Hermitian operators with positive trace expressible as
products xz* are of special interest since their sums with positive coefficients are also positive.

In quantum mechanics Hermitian operators can be expressed in terms of projectors to the eigen
states. There is a natural partial order in the set of isomorphism classes of projectors by inclusion:
E < F if the image of H by E is contained to the image of H by a suitable isomorph of F'. Projectors
are said to be metrically equivalent if there exist a partial isometry which maps the images H by them
to each other. In the finite-dimensional case metric equivalence means that isomorphism classes are
identical £ = F'.

The algebras possessing a minimal projection Ej satisfying Ey < F for any F are called type I
algebras. Bounded operators of n-dimensional Hilbert space define algebras I,, whereas the bounded
operators of infinite-dimensional separable Hilbert space define the algebra I,. I, and I, correspond
to the operator algebras of quantum mechanics. The states of harmonic oscillator correspond to a
factor of type I.

The projection F' is said to be finite if F' < F and F' = F implies F' = E. Hence metric equivalence
means identity. Simple von Neumann algebras possessing finite projections but no minimal projections
so that any projection F can be further decomposed as F = F 4+ G, are called factors of type II.

Hyper-finiteness means that any finite set of elements can be approximated arbitrary well with
the elements of a finite-dimensional sub-algebra. The hyper-finite 11, algebra can be regarded as a
tensor product of hyper-finite I1; and I, algebras. Hyper-finite I1; algebra can be regarded as a
Clifford algebra of an infinite-dimensional separable Hilbert space sub-algebra of 1.

Hyper-finite I1; algebra can be constructed using Clifford algebras C'(2n) of 2n-dimensional spaces
and identifying the element x of 2" x 2" dimensional C(n) as the element diag(z,x)/2 of 21 x 2n+1.
dimensional C'(n+1). The union of algebras C(n) is formed and completed in the weak operator topol-
ogy to give a hyper-finite I1; factor. This algebra defines the Clifford algebra of infinite-dimensional
separable Hilbert space and is thus a sub-algebra of I, so that hyper-finite I1; algebra is more regular
than ..

von Neumann algebras possessing no finite projections (all traces are infinite or zero) are called
algebras of type III. It was later shown by [?] [?] that these algebras are labeled by a parameter
varying in the range [0, 1], and referred to as algebras of type III,. I1I; category contains a unique
hyper-finite algebra. It has been found that the algebras of observables associated with bounded
regions of 4-dimensional Minkowski space in quantum field theories correspond to hyper-finite factors
of type II1; [?] . Also statistical systems at finite temperature correspond to factors of type I1I and
temperature parameterizes one-parameter set of automorphisms of this algebra [?] . Zero temperature
limit correspond to I, factor and infinite temperature limit to I1; factor.

2.2.3 Non-commutative measure theory and non-commutative topologies
and geometries

von Neumann algebras and C* algebras give rise to non-commutative generalizations of ordinary
measure theory (integration), topology, and geometry. It must be emphasized that these structures
are completely natural aspects of quantum theory. In particular, for the hyper-finite type I1; factors
quantum groups and Kac Moody algebras [?] emerge quite naturally without any need for ad hoc
modifications such as making space-time coordinates non-commutative. The effective 2-dimensionality
of quantum TGD (partonic or stringy 2-surfaces code for states) means that these structures appear
completely naturally in TGD framework.
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Non-commutative measure theory

von Neumann algebras define what might be a non-commutative generalization of measure theory and
probability theory [?] .

1. Consider first the commutative case. Measure theory is something more general than topology
since the existence of measure (integral) does not necessitate topology. Any measurable function
f in the space L*(X, p) in measure space (X, u) defines a bounded operator M/ in the space
B(L?(X,p)) of bounded operators in the space L?(X,pu) of square integrable functions with
action of My defined as Mg = fg.

2. Integral over M is very much like trace of an operator f; , = f(2)d(z,y). Thus trace is a natural
non-commutative generalization of integral (measure) to the non-commutative case and defined
for von Neumann algebras. In particular, generalization of probability measure results if the
case tr(Id) =1 and algebras of type I, and II; are thus very natural from the point of view of
non-commutative probability theory.

The trace can be expressed in terms of a cyclic vector Q or vacuum/ground state in physicist’s
terminology. €2 is said to be cyclic if the completion MQ = H and separating if 22 vanishes only for
x = 0. Qis cyclic for M if and only if it is separating for M’. The expression for the trace given by

Tr(ab) = (WQ) (2.2.1)

is symmetric and allows to defined also inner product as (a,b) = Tr(a*b) in M. If Q has unit norm
(©2,9Q) = 1, unit operator has unit norm and the algebra is of type II;. Fermionic oscillator operator
algebra with discrete index labeling the oscillators defines 113 factor. Group algebra is second example
of II; factor.

The notion of probability measure can be abstracted using the notion of state. State w on a C*
algebra with unit is a positive linear functional on U, w(1l) = 1. By so called KMS construction [?]
any state w in C* algebra U can be expressed as w(x) = (7(z)Q, Q) for some cyclic vector  and 7 is
a homomorphism U — B(H).

Non-commutative topology and geometry

C* algebras generalize in a well-defined sense ordinary topology to non-commutative topology.

1. In the Abelian case Gelfand Naimark theorem [?] states that there exists a contravariant functor
F from the category of unital abelian C* algebras and category of compact topological spaces.
The inverse of this functor assigns to space X the continuous functions f on X with norm
defined by the maximum of f. The functor assigns to these functions having interpretation as
eigen states of mutually commuting observables defined by the function algebra. These eigen
states are delta functions localized at single point of X. The points of X label the eigenfunctions
and thus define the spectrum and obviously span X. The connection with topology comes from
the fact that continuous map Y — X corresponds to homomorphism C(X) — C(Y).

2. In non-commutative topology the function algebra C'(X) is replaced with a general C* algebra.
Spectrum is identified as labels of simultaneous eigen states of the Cartan algebra of C* and
defines what can be observed about non-commutative space X.

3. Non-commutative geometry can be very roughly said to correspond to *-subalgebras of C* alge-
bras plus additional structure such as symmetries. The non-commutative geometry of Connes [?]
is a basic example here.

2.2.4 Modular automorphisms

von Neumann algebras allow a canonical unitary evolution associated with any state w fixed by the
selection of the vacuum state © [?] . This unitary evolution is an automorphism fixed apart form
unitary automorphisms A — UAU™* related with the choice of €.



2.2. Von Neumann algebras 49

Let w be a normal faithful state: w(xz*z) > 0 for any x. One can map M to L?(M) defined as
a completion of M by x — x€). The conjugation * in M has image at Hilbert space level as a map
So s Q — 2*Q. The closure of Sy is an anti-linear operator and has polar decomposition S = JAY/2,
A = S§5*. A is positive self-adjoint operator and J anti-unitary involution. The following conditions
are satisfied

AitMA—it = M ,
JMJ = M . (2.2.2)

A is obviously analogous to the time evolution induced by positive definite Hamiltonian and induces
also the evolution of the expectation w as m — A¥7 AT,

2.2.5 Joint modular structure and sectors

Let N C M be an inclusion. The unitary operator v = JyJys defines a canonical endomorphisms
M — N in the sense that it depends only up to inner automorphism on N, 7 defines a sector of M.
The sectors of M are defined as Sect(M) = End(M)/Inn(M) and form a semi-ring with respected
to direct sum and composition by the usual operator product. It allows also conjugation.

L?(M) is a normal bi-module in the sense that it allows commuting left and right multiplications.
For a,b € M and x € L?(M) these multiplications are defined as axb = aJb*Jz and it is easy to
verify the commutativity using the factor Jy*J € M’. [?] [?] has shown that all normal bi-modules
arise in this way up to unitary equivalence so that representation concepts make sense. It is possible
to assign to any endomorphism p index Ind(p) = M : p(M). This means that the sectors are in
1-1 correspondence with inclusions. For instance, in the case of hyper-finite 11; they are labeled by
Jones index. Furthermore, the objects with non-integral dimension /[ M : p(M)] can be identified as
quantum groups, loop groups, infinite-dimensional Lie algebras, etc...

2.2.6 Basic facts about hyper-finite factors of type III

Hyper-finite factors of type Iy, 1, and I11y, 11y, 1115, A € (0,1), allow by definition hierarchy of
finite approximations and are unique as von Neumann algebras. Also hyper-finite factors of type Il
and type II1 could be relevant for the formulation of TGD. HFFs of type I, and I1I could appear
at the level operator algebra but that at the level of quantum states one would obtain HFFs of type
I1I;. These extended factors inspire highly non-trivial conjectures about quantum TGD. The book of
Connes [?] provides a detailed view about von Neumann algebras in general.

Basic definitions and facts

A highly non-trivial result is that HFF's of type I1,, are expressible as tensor products I 1, = 111 ® 1,
where Iy is hyper-finite [?] .

1. The existence of one-parameter family of outer automorphisms

The unique feature of factors of type 111 is the existence of one-parameter unitary group of outer
automorphisms. The automorphism group originates in the following manner.

1. Introduce the notion of linear functional in the algebra as a map w : M — C. w is said to be
hermitian it respects conjugation in M; positive if it is consistent with the notion of positivity
for elements of M in which case it is called weight; state if it is positive and normalized meaning
that w(1) = 1, faithful if w(A) > 0 for all positive A; a trace if w(AB) = w(BA), a vector state if
w(A) is ?vacuum expectation” wq(A) = (Q,w(A)Q) for a non-degenerate representation (H, )
of M and some vector Q € H with ||Q| = 1.

2. The existence of trace is essential for hyper-finite factors of type I1;. Trace does not exist for
factors of type 111 and is replaced with the weaker notion of state. State defines inner product
via the formula (z,y) = ¢(y*z) and * is isometry of the inner product. *-operator has property
known as pre-closedness implying polar decomposition S = JAY?2 of its closure. A is positive
definite unbounded operator and J is isometry which restores the symmetry between M and its
commutant M’ in the Hilbert space H, where M acts via left multiplication: M’ = JMJ.
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3. The basic result of Tomita-Takesaki theory is that A defines a one-parameter group afb(x) =
A%z A~ of automorphisms of M since one has A¥ MA~% = M. This unitary evolution is an
automorphism fixed apart from unitary automorphism A — UAU* related with the choice of
¢. For factors of type I and II this automorphism reduces to inner automorphism so that the
group of outer automorphisms is trivial as is also the outer automorphism associated with w.
For factors of type I11 the group of these automorphisms divided by inner automorphisms gives
a one-parameter group of Out(M) of outer automorphisms, which does not depend at all on the
choice of the state ¢.

More precisely, let w be a normal faithful state: w(z*z) > 0 for any x. One can map M to L?(M)
defined as a completion of M by z — x€). The conjugation * in M has image at Hilbert space level
as a map Sp : 282 — x*Q. The closure of Sy is an anti-linear operator and has polar decomposition
S =JAY2 A = 88*. A is positive self-adjoint operator and .J anti-unitary involution. The following
conditions are satisfied

AitMA—it — M ,
JMJ = M . (2.2.3)

A is obviously analogous to the time evolution induced by positive definite Hamiltonian and induces
also the evolution of the expectation w as m — A%7rA~%. What makes this result thought provoking
is that it might mean a universal quantum dynamics apart from inner automorphisms and thus a
realization of general coordinate invariance and gauge invariance at the level of Hilbert space.

2. Classification of HFFs of type 111

Connes achieved an almost complete classification of hyper-finite factors of type I1I completed
later by others. He demonstrated that they are labeled by single parameter 0 < A < 1] and that factors
of type IIIy, 0 < A < 1 are unique. Haagerup showed the uniqueness for A = 1. The idea was that
the the group has an invariant, the kernel T'(M) of the map from time like R to Out(M), consisting
of those values of the parameter ¢ for which ag reduces to an inner automorphism and to unity as
outer automorphism. Connes also discovered also an invariant, which he called spectrum S(M) of M
identified as the intersection of spectra of A,\{0}, which is closed multiplicative subgroup of R*.

Connes showed that there are three cases according to whether S(M) is

1. RT, type II1;
2. {\",n € Z}, type III,.
3. {1}, type III,.

The value range of A is this by convention. For the reversal of the automorphism it would be
that associated with 1/A.

Connes constructed also an explicit representation of the factors 0 < A < 1 as crossed product Il
factor N and group Z represented as powers of automorphism of Il factor inducing the scaling of
trace by A. The classification of HFF's of type 111 reduced thus to the classification of automorphisms
of N'® B(H. In this sense the theory of HFFs of type I1] was reduced to that for HFFs of type Il
or even I1;. The representation of Connes might be also physically interesting.

Probabilistic view about factors of type III

Second very concise representation of HFFs relies on thermodynamical thinking and realizes factors
as infinite tensor product of finite-dimensional matrix algebras acting on state spaces of finite state
systems with a varying and finite dimension n such that one assigns to each factor a density matrix
characterized by its eigen values. Intuitively one can think the finite matrix factors as associated
with n-state system characterized by its energies with density matrix p defining a thermodynamics.
The logarithm of the p defines the single particle quantum Hamiltonian as H = log(p) and A = p =
exp(H) defines the automorphism o, for each finite tensor factor as exp(iHt). Obviously free field
representation is in question.

Depending on the asymptotic behavior of the eigenvalue spectrum one obtains different factors [?]
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1. Factor of type I corresponds to ordinary thermodynamics for which the density matrix as a
function of matrix factor approaches sufficiently fast that for a system for which only ground
state has non-vanishing Boltzmann weight.

2. Factor of type Il results if the density matrix approaches to identity matrix sufficiently fast.
This means that the states are completely degenerate which for ordinary thermodynamics results
only at the limit of infinite temperature. Spin glass could be a counterpart for this kind of
situation.

3. Factor of type III results if one of the eigenvalues is above some lower bound for all tensor
factors in such a manner that neither factor of type I or II; results but thermodynamics for
systems having infinite number of degrees of freedom could yield this kind of situation.

This construction demonstrates how varied representations factors can have, a fact which might
look frustrating for a novice in the field. In particular, the infinite tensor power of M (2, C') with state
defined as an infinite tensor power of M (2,C) state assigning to the matrix A the complex number
(AYV2A1, +A7Y2 ¢(A) = Agg) /(A2 4+ A71/2) defines HFF IT1, [?], [?] . Formally the same algebra
which for A = 1 gives ordinary trace and HFF of type Ily, gives I1I factor only by replacing trace
with state. This simple model was discovered by Powers in 1967.

It is indeed the notion of state or thermodynamics is what distinguishes between factors. This
looks somewhat weird unless one realizes that the Hilbert space inner product is defined by the
”thermodynamical” state ¢ and thus probability distribution for operators and for their thermal
expectation values. Inner product in turn defines the notion of norm and thus of continuity and it
is this notion which differs dramatically for A = 1 and A < 1 so that the completions of the algebra
differ dramatically.

In particular, there is no sign about I, tensor factor or crossed product with Z represented as
automorphisms inducing the scaling of trace by A. By taking tensor product of I, factor represented
as tensor power with induces running from —oo to 0 and I7; HFF with indices running from 1 to oo
one can make explicit the representation of the automorphism of I1,, factor inducing scaling of trace
by A and transforming matrix factors possessing trace given by square root of index M : N to those
with trace 2.

2.3 Braid group, von Neumann algebras, quantum TGD, and
formation of bound states

The article of Vaughan Jones in [?] discusses the relation between knot theory, statistical physics,
and von Neumann algebras. The intriguing results represented stimulate concrete ideas about how
to understand the formation of bound states quantitatively using the notion of join along boundaries
bond. All mathematical results represented in the following discussion can be found in [?] and in the
references cited therein so that I will not bother to refer repeatedly to this article in the sequel.

2.3.1 Factors of von Neumann algebras

Von Neumann algebras M are algebras of bounded linear operators acting in Hilbert space. These
algebras contain identity, are closed with respect to Hermitian conjugation, and are topologically
complete. Finite-dimensional von Neuman algebras decompose into a direct sum of algebras M,,,
which act essentially as matrix algebras in Hilbert spaces H,.,,, which are tensor products C" @ H.,.
Here H,, is an m-dimensional Hilbert space in which M,, acts trivially. m is called the multiplicity of
M,.

A factor of von Neumann algebra is a von Neumann algebra whose center is just the scalar multiples
of identity. The algebra of bounded operators in an infinite-dimensional Hilbert space is certainly a
factor. This algebra decomposes into ”atoms” represented by one-dimensional projection operators.
This kind of von Neumann algebras are called type I factors.

The so called type II; factors and type III factors came as a surprise even for Murray and von
Neumann. II; factors are infinite-dimensional and analogs of the matrix algebra factors M,,. They
allow a trace making possible to define an inner product in the algebra. The trace defines a generalized
dimension for any subspace as the trace of the corresponding projection operator. This dimension is
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however continuous and in the range [0,1]: the finite-dimensional analog would be the dimension of
the sub-space divided by the dimension of #,, and having values (0,1/n,2/n,...,1). II; factors are
isomorphic and there exists a minimal ”hyper-finite” II; factor is contained by every other II; factor.

Just as in the finite-dimensional case, one can to assign a multiplicity to the Hilbert spaces where
IT; factors act on. This multiplicity, call it dimps(H) is analogous to the dimension of the Hilbert
space tensor factor H,,, in which II; factor acts trivially. This multiplicity can have all positive real
values. Quite generally, von Neumann factors of type I and II; are in many respects analogous to the
coeflicient field of a vector space.

2.3.2 Sub-factors

Sub-factors N C M, where N and M are of type II; and have same identity, can be also defined. The
observation that M is analogous to an algebraic extension of N motivates the introduction of index
|M : N|, which is essentially the dimension of M with respect to N. This dimension is an analog for
the complex dimension of C' P, equal to 2 or for the algebraic dimension of the extension of p-adic
numbers.

The following highly non-trivial results about the dimensions of the tensor factors hold true.

1. If N € M are II; factors and |M : N| < 4, there is an integer n > 3 such |M : N| = r =
4cos®(m/n), n > 3.
2. For each number r = 4cos?(w/n) and for all r > 4 there is a sub-factor R, C R with |R: R,.| = r.

One can say that M effectively decomposes to a tensor product of N with a space, whose
dimension is quantized to a certain algebraic number r. The values of r corresponding to
n=3,4,5,6... are r = 1,2, 1+ & ~ 2.61, 3, ... and approach to the limiting value r = 4. For
r > 4 the dimension becomes continuous.

An even more intriguing result is that by starting from N C M with a projection ey: M — N
one can extend M to a larger II; algebra (M, eyn) such that one has

{M,en): M| = |M:N|,
tr(zey) = |M:N| Mr(z) , €M . (2.3.1)
One can continue this process and the outcome is a tower of II; factors M; C M,;;1 defined by

My = N, My = M, M;11 = (M;,epn,_,). Furthermore, the projection operators ey, = e; define a
Temperley-Lieb representation of the braid algebra via the formulas

2

€ = €,
eieir1e; = Te , T=1/|[M:N|
€;e; = €€ , ‘Z —j‘ Z 2 . (2.3.2)

Temperley Lieb algebra will be discussed in more detail later. Obviously the addition of a tensor
factor of dimension r is analogous with the addition of a strand to a braid.

The hyper-finite algebra R is generated by the set of braid generators {ej,eg,.....} in the braid
representation corresponding to r. Sub-factor R; is obtained simply by dropping the lowest generator
e1, Rs by dropping e; and e, etc..

2.3.3 1II, factors and the spinor structure of infinite-dimensional configu-
ration space of 3-surfaces

The following observations serve as very suggestive guidelines for how one could interpret the above
described results in TGD framework.

1. The discrete spectrum of dimensions 1,2,1 4+ ®,3,.. below r < 4 brings in mind the discrete
energy spectrum for bound states whereas the for r > 4 the spectrum of dimensions is analogous
to a continuum of unbound states. The fact that r is an algebraic number for r < 4 conforms
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with the vision that bound state entanglement corresponds to entanglement probabilities in an
extension of rationals defining a finite-dimensional extension of p-adic numbers for every prime
D.

2. The discrete values of r correspond precisely to the angles ¢ allowed by the unitarity of Temperley-
Lieb representations of the braid algebra with d = —/r. For r > 4 Temperley-Lieb representa-
tion is not unitary since cos?(m/n) becomes formally larger than one (n would become imaginary
and continuous). This could mean that » > 4, which in the generic case is a transcendental
number, represents unbound entanglement, which in TGD Universe is not stable against state
preparation and state function reduction processes.

3. The formula tr(xey) = |M : N|~'tr(z) is completely analogous to the formula characterizing
the normalization of the link invariant induced by the second Markov move in which a new
strand is added to a braid such that it braids only with the leftmost strand and therefore does
not change the knot resulting as a link closure. Hence the addition of a single strand seems to
correspond to an introduction of an r-dimensional sub-factor to II; factor.

In TGD framework the generation of bound state has the formation of (possibly braided join along
boundaries bonds as a space-time correlate and this encourages a rather concrete interpretation of
these findings. Also the I; factors themselves have a nice interpretation in terms of the configuration
space spinor structure.

1. The interpretation of I, factors in terms of Clifford algebra of configuration space

The Clifford algebra of an infinite-dimensional Hilbert space defines a II; factor. The counterparts
for e; would naturally correspond to the analogs of projection operators (1+0;)/2 and thus to operators
of form (1 + X;;)/2, defined by a subset of sigma matrices. The first guess is that the index pairs are
(1,7) = (1,2),(2,3),(3,4), ..... The dimension of the Clifford algebra is 2V for N-dimensional space
so that AN = 1 would correspond to r = 2 in the classical case and to one qubit. The problem with
this interpretation is r > 2 has no physical interpretation: the formation of bound states is expected
to reduce the value of r from its classical value rather than increase it.

One can however consider also the sequence (i,7) = (1,1 + k), (1 + k, 1+ 2k), (1 + 2k, 1 + 3k), ...
For k = 2 the reduction of r from » = 4 would be due to the loss of degrees of freedom due to the
formation of a bound state and (r = 4, AN = 2) would correspond to the classical limit resulting at
the limit of weak binding. The effective elimination of the projection operators from the braid algebra
would reflect this loss of degrees of freedom. This interpretation could at least be an appropriate
starting point in TGD framework.

In TGD Universe physical states correspond to configuration space spinor fields, whose gamma
matrix algebra is constructed in terms of second quantized free induced spinor fields defined at space-
time sheets. The original motivation was the idea that the quantum states of the Universe correspond
to the modes of purely classical free spinor fields in the infinite-dimensional configuration space of
3-surfaces (the world of classical worlds) possessing general coordinate invariant (in 4-dimensional
sense!) Kaihler geometry. Quantum information-theoretical motivation could have come from the
requirement that these fields must be able to code information about the properties of the point (3-
surface, and corresponding space-time sheet). Scalar fields would treat the 3-surfaces as points and
are thus not enough. Induced spinor fields allow however an infinite number of modes: according to
the naive Fourier analyst’s intuition these modes are in one-one correspondence with the points of
the 3-surface. Second quantization gives much more. Also non-local information about the induced
geometry and topology must be coded, and here quantum entanglement for states generated by the
fermionic oscillator operators coding information about the geometry of 3-surface provides enormous
information storage capacity.

In algebraic geometry also the algebra of the imbedding space of algebraic variety divided by the
ideal formed by functions vanishing on the surface codes information about the surface: for instance,
the maximal ideals of this algebra code for the points of the surface (functions of imbedding space
vanishing at a particular point). The function algebra of the imbedding space indeed plays a key role
in the construction of the configuration space-geometry besides second quantized fermions.

The Clifford algebra generated by the configuration space gamma matrices at a given point (3-
surface) of the configuration space of 3-surfaces could be regarded as a II;-factor associated with the
local tangent space endowed with Hilbert space structure (configuration space Kéhler metric). The
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counterparts for e; would naturally correspond to the analogs of projection operators (1 4 0;)/2 and
thus operators of form (G5 % 1+ ¥45) formed as linear combinations of components of the Kahler
metric and of the sigma matrices defined by gamma matrices and contracted with the generators of the
isometries of the configuration space. The addition of single complex degree of freedom corresponds
to AN = 2 and r = 4 and the classical limit and would correspond to the addition of single braid.
(r <4,AN < 2) would be due to the binding effects.

r = 1 corresponds to AN = 0. The first interpretation is in terms of strong binding so that the
addition of particle does not increase the number of degrees of freedom. In TGD framework r» = 1
might also correspond to the addition of zero modes which do not contribute to the configuration
space metric and spinor structure but have a deep physical significance. (r = 2,AN = 1) would
correspond to strong binding reducing the spinor and space-time degrees of freedom by a factor of
half. » = ®2 (n = 5) resp. » = 3 (n = 6) corresponds to AN, ~ 1.3885 resp. AN, = 1.585. Using
the terminology of quantum field theories, one might say that in the infinite-dimensional context a
given complex bound state degree of freedom possesses anomalous real dimension r < 2. r > 4 would
correspond to a unbound entanglement and increasingly classical behavior.

2.3.4 About possible space-time correlates for the hierarchy of II; sub-
factors

By quantum classical correspondence the infinite-dimensional physics at the configuration space level
should have definite space-time correlates. In particular, the dimension r should have some fractal
dimension as a space-time correlate.

1. Quantum classical correspondence

Join along boundaries bonds serve as correlates for bound state formation. The presence of join
along boundaries bonds would lead to a generation of bound states just by reducing the degrees of
freedom to those of connected 3-surface. The bonds would constrain the two 3-surfaces to single
space-like section of imbedding space.

This picture would allow to understand the difficulties related to Bethe-Salpeter equations for
bound states based on the assumption that particles are points moving in M*. The restriction of
particles to time=constant section leads to a successful theory which is however non-relativistic. The
basic binding energy would relate to the entanglement of the states associated with the bonded 3-
surfaces. Since the classical energy associated with the bonds is positive, the binding energy tends to
be reduced as r increases.

By spin glass degeneracy join along boundaries bonds have an infinite number of degrees of freedom
in the ordinary sense. Since the system is infinite-dimensional and quantum critical, one expects that
the number r of degrees freedom associated with a single join along boundaries bond is universal.
Since join along boundaries bonds correspond to the strands of a braid and are correlates for the
bound state formation, the natural guess is that r = 4cos®(w/n), n = 3,4,5,... holds true. r < 4
should characterize both binding energy and the dimension of the effective tensor factor introduced
by a new join along boundaries bond.

The assignment of 2 ”bare” and AN < 2 renormalized real dimensions to single join along bound-
aries bond is consistent with the effective two-dimensionality of anyon systems and with the very
notion of the braid group. The picture conforms also with the fact that the degrees of freedom in
question are associated with metrically 2-dimensional light-like boundaries (of say magnetic flux tubes)
acting as causal determinants. Also vibrational degrees of freedom described by Kac-Moody algebra
are present and the effective 2-dimensionality means that these degrees of freedom are not excited and
only topological degrees of freedom coded by the position of the puncture remain.

(r > 4,AN > 2), if possible at all, would mean that the tensor factor associated with the join
along boundaries bond is effectively more than 4-dimensional due to the excitation of the vibrational
Kac-Moody degrees of freedom. The finite value of r» would mean that most of theme are eliminated
also now but that their number is so large that bound state entanglement is not possible anymore.

The introduction of non-integer dimension could be seen as an effective description of an infinite-
dimensional system as a finite-dimensional system in the spirit of renormalization group philosophy.
The non-unitarity of » > 4 Temperley-Lieb representations could mean that they correspond to
unbound entanglement unstable against state function reduction and preparation processes. Since
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this kind of entanglement does not survive in quantum jump it is not representable in terms of braid
groups.

2. Does r define a fractal dimension of C Py projection of partonic 2-surface?

On basis of the quantum classical correspondence one expects that r should define some fractal
dimension at the space-time level. Since r varies in the range 1,..,4 and corresponds to the fractal
dimension of 2-D Clifford algebra the corresponding spinors would have dimension d = /7. There are
two options.

1. D =r/2 is suggested on basis of the construction of quantum version of M.

2. D =logy(r) is natural on basis of the dimension d = 2DP/2 of spinors in D-dimensional space.

r can be assigned with C' P, degrees of freedom in the model for the quantization of Planck constant
based on the explicit identification of Josephson inclusions in terms of finite subgroups of SU(2) C
SU(3). Hence D should relate to the C'P, projection of the partonic 2-surface and one could have
D = D(X?), the latter being the average dimension of the C'P, projection of the partonic 2-surface
for the preferred extremals of K&hler action.

Since a strongly interacting non-perturbative phase should be in question, the dimension for the
CP, projection of the space-time surface must be at least D(X*) = 2 to guarantee that non-vacuum
extremals are in question. This is true for D(X?) = r/2 > 1. The logarithmic formula D(X?) =
loga(r) > 0 gives D(X?) = 0 for n = 3 meaning that partonic 2-surfaces are vacua: space-time surface
can still be a non-vacuum extremal.

As n increases, the number of C'P, points covering a given M* point and related by the finite
subgroup of G C SU(2) C SU(3) defining the inclusion increases so that the fractal dimension of
the C'P, projection is expected to increase also. D(X?) = 2 would correspond to the space-time
surfaces for which partons have topological magnetic charge forcing them to have a 2-dimensional
C P, projection. There are reasons to believe that the projection must be homologically non-trivial
geodesic sphere of CPs.

2.3.5 Could binding energy spectra reflect the hierarchy of effective tensor
factor dimensions?

If one takes completely seriously the idea that join along boundaries bonds are a correlate of binding
then the spectrum of binding energies might reveal the hierarchy of the fractal dimensions r(n).
Hydrogen atom and harmonic oscillator have become symbols for bound state systems. Hence it
is of interest to find whether the binding energy spectrum of these systems might be expressed in
terms of the ”binding dimension” xz(n) = 4 — r(n) characterizing the deviation of dimension from
that at the limit of a vanishing binding energy. The binding energies of hydrogen atom are in a
good approximation given by E(n)/E(1) = 1/n? whereas in the case of harmonic oscillator one has
E(n)/Ey = 2n+1. The constraint n > 3 implies that the principal quantum number must correspond
n — 2 in the case of hydrogen atom and to n — 3 in the case of harmonic oscillator.

Before continuing one must face an obvious objection. By previous arguments different values of
r correspond to different values of ii. The value of i cannot however differ for the states of hydrogen
atom. This is certainly true. The objection however leaves open the possibility that the states of the
light-like boundaries of join along boundaries bonds correspond to reflective level and represent some
aspects of the physics of, say, hydrogen atom.

In the general case the energy spectrum satisfies the condition

= ; (2.3.3)

where f is some function. The simplest assumption is that the spectrum of binding energies Eg(n) =
E(n) — E(o0) is a linear function of r(n) — 4:

= P T DL (2.3.4)
n
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In the linear approximation the ratio E(n+1)/E(n) approaches (n/n+1)? as in the case of hydrogen
atom but for small values the linear approximation fails badly. An exact correspondence results for
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Also the ionized states with r > 4 would correspond to bound states in the sense that two particle
would be constrained to move in the same space-like section of space-time surface and should be
distinguished from genuinely free states when particles correspond to disjoint space-time sheets.

For the harmonic oscillator one express F(n) — E(0) instead of F(n) — F(c0) as a function of
x =4 — r and one would have

n =

E(n
E((O)) =2n+1,

1

T arcsin(\ / 1—r(71+3)/4) B

In this case ionized states would not be possible due to the infinite depth of the harmonic oscillator
potential well.

n =

2.3.6 Four-color problem, II;, factors, and anyons

The so called four-color problem can be phrased as a question whether it is possible to color the
regions of a plane map using only four colors in such a manner that no adjacent regions have the
same color (for an enjoyable discussion of the problem see [?] ). One might call this kind of coloring
complete. There is no loss of generality in assuming that the map can be represented as a graph
with regions represented as triangle shaped faces of the graph. For the dual graph the coloring of
faces becomes coloring of vertices and the question becomes whether the coloring is possible in such a
manner that no vertices at the ends of the same edge have same color. The problem can be generalized
by replacing planar maps with maps defined on any two-dimensional surface with or without boundary
and arbitrary topology. The four-color problem has been solved with an extensive use of computer [?]
but it would be nice to understand why the complete coloring with four colors is indeed possible.

There is a mysterious looking connection between four-color problem and the dimensions r(n) =
4cos®(m/n), which are in fact known as Beraha numbers in honor of the discoverer of this connection [?]
. Consider a more general problem of coloring two-dimensional map using m colors. One can construct
a polynomial P(m), so called chromatic polynomial, which tells the number of colorings satisfying the
condition that no neighboring vertices have the same color. The vanishing of the chromatic polynomial
for an integer value of m tells that the complete coloring using m colors is not possible.

P(m) has also other than integer valued real roots. The strange discovery due to Beraha is that
the numbers B(n) appear as approximate roots of the chromatic polynomial in many situations. For
instance, the four non-integral real roots of the chromatic polynomial of the truncated icosahedron
are very close to B(5), B(7), B(8) and B(9). These findings led Beraha to formulate the following
conjecture. Let P; be a sequence of chromatic polynomials for a graph for which the number of
vertices approaches infinity. If r; is a root of the polynomial approaching a well-defined value at the
limit 4 — oo, then the limiting value of (i) is Beraha number.

A physicist’s proof for Beraha’s conjecture based on quantum groups and conformal theory has
been proposed [?] . It is interesting to look for the a possible physical interpretation of 4-color problem
and Beraha’s conjecture in TGD framework.

1. In TGD framework B(n) corresponds to a renormalized dimension for a 2-spin system consisting
of two qubits, which corresponds to 4 different colors. For B(n) = 4 two spin 1/2 fermions
obeying Fermi statistics are in question. Since the system is 2-dimensional, the general case
corresponds to two anyons with fractional spin B(n)/4 giving rise to B(n) < 4 colors and
obeying fractional statistics instead of Fermi statistics. One can replace coloring problem with
the problem whether an ideal antiferro-magnetic lattice using anyons with fractional spin B(n)/4
is possible energetically. In other words, does this system form a quantum mechanical bound
state even at the limit when the lengths of the edges approach to zero.
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2. The failure of coloring means that there are at least two neighboring vertices in the lattice with
the property that the spins at the ends of the same edge are in the same direction. Lattice
defect would be in question. At the limit of an infinitesimally short edge length the failure
of coloring is certainly not an energetically favored option for fermionic spins (m = 4) but is
allowed by anyonic statistics for m = B(n) < 4. Thus one has reasons to expect that when
anyonic spin is B(n)/4 the formation of a purely 2-anyon bound states becomes possible and
they form at the limit of an infinitesimal edge length a kind of topological macroscopic quantum
phase with a non-vanishing binding energy. That B(n) are roots of the chromatic polynomial
at the continuum limit would have a clear physical interpretation.

3. Only B(n) < 4 defines a sub-factor of von Neumann algebra allowing unitary Temperley-Lieb
representations. This is consistent with the fact that for m = 4 complete coloring must exists.
The physical argument is that otherwise a macroscopic quantum phase with non-vanishing
binding energy could result at the continuum limit and the upper bound for r from unitarity
would be larger than 4. For m = 4 the completely anti-ferromagnetic state would represent the
ground state and the absence of anyon-pair condensate would mean a vanishing binding energy.

2.4 Inclusions of [I; and 1], factors

Inclusions A/ C M of von Neumann algebras have physical interpretation as a mathematical descrip-
tion for sub-system-system relation. For type I algebras the inclusions are trivial and tensor product
description applies as such. For factors of II; and III the inclusions are highly non-trivial. The
inclusion of type II; factors were understood by Vaughan Jones [?] and those of factors of type ITT
by Alain Connes [?] .

Sub-factor A/ of M is defined as a closed *-stable C-subalgebra of M. Let A be a sub-factor
of type II; factor M. Jones index M : N for the inclusion N' C M can be defined as M : N =
dimy(L*(M)) = Try:(idr2( ). One can say that the dimension of completion of M as A module
is in question.

2.4.1 Basic findings about inclusions

What makes the inclusions non-trivial is that the position of A/ in M matters. This position is
characterized in case of hyper-finite II; factors by index M : N' which can be said to the dimension
of M as N module and also as the inverse of the dimension defined by the trace of the projector
from M to N. It is important to notice that M : N does not characterize either M or M, only the
imbedding.

The basic facts proved by Jones are following [?] .

1. For pairs N' C M with a finite principal graph the values of M : N are given by

a) M : N =4cos*(w/h) , h>3
(2.4.1)
b) M:N >4 .

the numbers at right hand side are known as Beraha numbers [?] . The comments below give a
rough idea about what finiteness of principal graph means.

2. As explained in [?] , for M : N' < 4 one can assign to the inclusion Dynkin graph of ADE
type Lie-algebra g with h equal to the Coxeter number h of the Lie algebra given in terms of
its dimension and dimension r of Cartan algebra r as h = (dimg(g) — r)/r. The Lie algebras
of SU(n), E7 and Ds, .1 are however not allowed. For M : AN/ = 4 one can assign to the
inclusion an extended Dynkin graph of type ADE characterizing Kac Moody algebra. Extended
ADE diagrams characterize also the subgroups of SU(2) and the interpretation proposed in [?]
is following. The ADE diagrams are associated with the n = oo case having M : N' > 4. There
are diagrams corresponding to infinite subgroups: SU(2) itself, circle group U(1), and infinite
dihedral groups (generated by a rotation by a non-rational angle and reflection. The diagrams
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corresponding to finite subgroups are extension of A,, for cyclic groups, of D,, dihedral groups,
and of E,, with n=6,7,8 for tedrahedron, cube, dodecahedron. For M : N’ < 4 ordinary Dynkin
graphs of Ds,, and Eg, E are allowed.

The interpretation of [?] is that the subfactors correspond to inclusions NV C M defined in the
following manner.

1. Let G be a finite subgroup of SU(2). Denote by R the infinite-dimensional Clifford algebras
resulting from infinite-dimensional tensor power of M5(C) and by Ry its subalgebra obtained
by restricting Ms(C) element of the first factor to be unit matrix. Let G act by automorphisms
in each tensor factor. G leaves Ry invariant. Denote by RS and R® the sub-algebras which
remain element wise invariant under the action of G. The resulting Jones inclusions R§ C R®
are consistent with the ADE correspondence.

2. The argument suggests the existence of quantum versions of subgroups of SU(2) for which rep-
resentations are truncations of those for ordinary subgroups. The results have been generalized
to other Lie groups.

3. Also SL(2,C) acts as automorphisms of M>(C'). An interesting question is what happens if one
allows G to be any discrete subgroups of SL(2,C). Could this give inclusions with M : A/ > 47.
The strong analogy of the spectrum of indices with spectrum of energies with hydrogen atom
would encourage this interpretation: the subgroup SL(2,C) not reducing to those of SU(2) would
correspond to the possibility for the particle to move with respect to each other with constant
velocity.

2.4.2 The fundamental construction and Temperley-Lieb algebras

It was shown by Jones [?] that for a given Jones inclusion with 5 = M : N' < oo there exists a tower
of finite 11, factors My, for k =0,1,2,.... such that

1. Mg=N, My =M,

2. Mgy1 = Endp,_, My is the von Neumann algebra of operators on L?(M},) generated by My
and an orthogonal projection ey : L2(My) — L*(My_1) for k > 1, where My, is regarded as a
subalgebra of M1 under right multiplication.

It can be shown that My is a finite factor. The sequence of projections on My, = Ug>0 M}, satisfies
the relations

2 __ =
e =€ , €, € ,

e; = Pejeje; for li—jl=1, (2.4.2)
eiej =eje; for [i—j|>2 .

The construction of hyper-finite I1; factor using Clifford algebra C'(2) represented by 2 x 2 matrices
allows to understand the theorem in 8 = 4 case in a straightforward manner. In particular, the second
formula involving 3 follows from the identification of x at (k — 1) level with (1/8)diag(z, ) at k"
level.

By replacing 2 x 2 matrices with /8 x /B matrices one can understand heuristically what is
involved in the more general case. My, is Mj,_1 module with dimension v/ and M is the space of
VB x +/B matrices Mj_; valued entries acting in My,. The transition from M, to Mj,_; linear maps
of M}, happens in the transition to the next level. z at (k— 1) level is identified as (z/3) x Id /5.5
at the next level. The projection ej picks up the projection of the matrix with Mj_; valued entries
in the direction of the Id s, /3.

The union of algebras Agj generated by 1,eq, ..., e, defines Temperley-Lieb algebra Ag [?] . This
algebra is naturally associated with braids. Addition of one strand to a braid adds one generator to
this algebra and the representations of the Temperley Lieb algebra provide link, knot, and 3-manifold
invariants [?] . There is also a connection with systems of statistical physics and with Yang-Baxter
algebras [?] .

A further interesting fact about the inclusion hierarchy is that the elements in M; belonging to the
commutator N’ of A/ form finite-dimensional spaces. Presumably the dimension approaches infinity
for n — oo.
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2.4.3 Connection with Dynkin diagrams

The possibility to assign Dynkin diagrams (8 < 4) and extended Dynkin diagrams (8 = 4 to Jones
inclusions can be understood heuristically by considering a characterization of so called bipartite
graphs [?] , [?] by the norm of the adjacency matrix of the graph.

Bipartite graphs I' is a finite, connected graph with multiple edges and black and white vertices
such that any edge connects white and black vertex and starts from a white one. Denote by w(T")
(b(T")) the number of white (black) vertices. Define the adjacency matrix A = A(T") of size b(T") x w(T")
by

_f m(e) if there exists e such that de=b—w |,
Wow = { 0 otherwise . (2.4.3)
Here m(e) is the multiplicity of the edge e.
Define norm ||T'|| as
X1 = max{|[X]]; [lz]] <1} ,
_ _10 A(T)
el = 1A= gy o || - (2.4.4)

Note that the matrix appearing in the formula is (m +n) x (m +n) symmetric square matrix so that
the norm is the eigenvalue with largest absolute value.

Suppose that I" is a connected finite graph with multiple edges (sequences of edges are regarded
as edges). Then

1. If ||T|| < 2 and if T has a multiple edge, ||T'|| = 2 and T' = A;, the extended Dynkin diagram for
SU(2) Kac Moody algebra.

2. ||| < 2 if and only I' is one of the Dynkin diagrams of A,D,E. In this case ||I'|| = 2cos(n/h),
where h is the Coxeter number of T'.

3. ||T'|| = 2 if and only if T is one of the extended Dynkin diagrams A, D, E.

This result suggests that one can indeed assign to the Jones inclusions Dynkin diagrams. To really
understand how the inclusions can be characterized in terms bipartite diagrams would require a deeper
understanding of von Neumann algebras. The following argument only demonstrates that bipartite
graphs naturally describe inclusions of algebras.

1. Consider a bipartite graph. Assign to each white vertex linear space W (w) and to each edge of
a linear space W (b, w). Assign to a given black vertex the vector space ®se—p—w W (b, w) @ W (w)
where (b, w) corresponds to an edge ending to b.

2. Define N as the direct sum of algebras End(W (w)) associated with white vertices and M as
direct sum of algebras @gse—p— End(W (b, w)) ® End(W (w)) associated with black vertices.

3. There is homomorphism N — M defined by imbedding direct sum of white endomorphisms x
to direct sum of tensor products x with the identity endomorphisms associated with the edges
starting from z.

It is possible to show that Jones inclusions correspond to the Dynkin diagrams of A,,, Do, and Fg, Eg
and extended Dynkin diagrams of ADE type. In particular, the dual of the bi-partite graph associated
with M,,_1 C M,, obtained by exchanging the roles of white and black vertices describes the inclusion
M, C My so that two subsequent Jones inclusions might define something fundamental (the
corresponding space-time dimension is 2 X logs(M : N') < 4.
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2.4.4 Indices for the inclusions of type /11, factors

Type I1I; factors appear in relativistic quantum field theory defined in 4-dimensional Minkowski
space [?] . An overall summary of basic results discovered in algebraic quantum field theory is
described in the lectures of Longo [?] . In this case the inclusions for algebras of observables are
induced by the inclusions for bounded regions of M* in axiomatic quantum field theory. Tomita’s
theory of modular Hilbert algebras [?] , [?] forms the mathematical corner stone of the theory.

The basic notion is Haag-Kastler net [?] consisting of bounded regions of M*. Double cone serves
as a representative example. The von Neumann algebra A4(O) is generated by observables localized
in bounded region O. The net satisfies the conditions implied by local causality:

1. Isotony: O; C O9 implies A(O7) C A(O2).
2. Locality: O; C O} implies A(O;1) C A(O32)’ with O’ defined as {z : (z,y) <0 for all y € O}.
3. Haag duality A(O") = A(O).

Besides this Poincare covariance, positive energy condition, and the existence of vacuum state
is assumed.

DHR (Doplicher-Haag-Roberts) [?] theory allows to deduce the values of Jones index and they
are squares of integers in dimensions D > 2 so that the situation is rather trivial. The 2-dimensional
case is distinguished from higher dimensional situations in that braid group replaces permutation
group since the paths representing the flows permuting identical particles can be linked in X2 x T
and anyonic statistics [D24] [D22] becomes possible. In the case of 2-D Minkowski space M? Jones
inclusions with M : A/ < 4 plus a set of discrete values of M : A in the range (4,6) are possible.
In [?] some values are given (M : N = 5,5.5049...,5.236....,5.828...).

At least intersections of future and past light cones seem to appear naturally in TGD framework
such that the boundaries of future/past directed light cones serve as seats for incoming/outgoing
states defined as intersections of space-time surface with these light cones. I1I; sectors cannot thus
be excluded as factors in TGD framework. On the other hand, the construction of S-matrix at
space-time level is reduced to I1; case by effective 2-dimensionality.

2.5 TGD and hyper-finite factors of type II;: ideas and ques-
tions

By effective 2-dimensionality of the construction of quantum states the hyper-finite factors of type
11, fit naturally to TGD framework. In particular, infinite dimensional spinors define a canonical
representations of this kind of factor. The basic question is whether only hyper-finite factors of type
11, appear in TGD framework. Affirmative answer would allow to interpret physical M-matrix as
time like entanglement coefficients.

2.5.1 What kind of hyper-finite factors one can imagine in TGD?

The working hypothesis has been that only hyper-finite factors of type II; appear in TGD. The basic
motivation has been that they allow a new view about M-matrix as an operator representable as
time-like entanglement coefficients of zero energy states so that physical states would represent laws
of physics in their structure. They allow also the introduction of the notion of measurement resolution
directly to the definition of reaction probabilities by using Jones inclusion and the replacement of state
space with a finite-dimensional state space defined by quantum spinors. This hypothesis is of course
just an attractive working hypothesis and deserves to be challenged.

Configuration space spinors

For configuration space spinors the HFF II; property is very natural because of the properties of
infinite-dimensional Clifford algebra and the inner product defined by the configuration space geom-
etry does not allow other factors than this. A good guess is that the values of conformal weights
label the factors appearing in the tensor power defining configuration space spinors. Because of
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the non-degeneracy and super-symplectic symmetries the density matrix representing metric must
be essentially unit matrix for each conformal weight which would be the defining characteristic of
hyper-finite factor of type I1;.

Bosonic degrees of freedom

The bosonic part of the super-symplectic algebra consists of Hamiltonians of C'H in one-one corre-
spondence with those of IM% x CP;. Also the Kac-Moody algebra acting leaving the light-likeness of
the partonic 3-surfaces intact contributes to the bosonic degrees of freedom. The commutator of these
algebras annihilates physical states and there are also Virasoro conditions associated with ordinary
conformal symmetries of partonic 2-surface [?] . The labels of Hamiltonians of configuration space
and spin indices contribute to bosonic degrees of freedom.

Hyper-finite factors of type 117 result naturally if the system is an infinite tensor product finite-
dimensional matrix algebra associated with finite dimensional systems [?] . Unfortunately, neither
Virasoro, symplectic nor Kac-Moody algebras do have decomposition into this kind of infinite tensor
product. If bosonic degrees for super-symplectic and super-Kac Moody algebra indeed give I, factor
one has HFF if type I1,. This looks the most natural option but threatens to spoil the beautiful idea
about M-matrix as time-like entanglement coeflicients between positive and negative energy parts of
zero energy state.

The resolution of the problem is surprisingly simple and trivial after one has discovered it. The
requirement that state is normalizable forces to project M-matrix to a finite-dimensional sub-space
in bosonic degrees of freedom so that the reduction I, — I, occurs and one has the reduction
1l — I} x I,, = I to the desired HFF.

One can consider also the possibility of taking the limit n — co. One could indeed say that since
I, factor can be mapped to an infinite tensor power of M (2,C) characterized by a state which is
not trace, it is possible to map this representation to HFF by replacing state with trace [?] . The
question is whether the forcing the bosonic foot to fermionic shoe is physically natural. One could
also regard the II; type notion of probability as fundamental and also argue that it is required by
full super-symmetry realized also at the level of many-particle states rather than mere single particle
states.

How the bosonic cutoff is realized?

Normalizability of state requires that projection to a finite-dimensional bosonic sub-space is carried out
for the bosonic part of the M-matrix. This requires a cutoff in quantum numbers of super-conformal
algebras. The cutoff for the values of conformal weight could be formulated by replacing integers with
Z,, or with some finite field G(p,1). The cutoff for the labels associated with Hamiltonians defined as
an upper bound for the dimension of the representation looks also natural.

Number theoretical braids which are discrete and finite structures would define space-time correlate
for this cutoff. p-Adic length scale p ~ 2¥ hypothesis could be interpreted as stating the fact that only
powers of p up to p* are significant in p-adic thermodynamics which would correspond to finite field
G(k,1) if k is prime. This has no consequences for p-adic mass calculations since already the first two
terms give practically exact results for the large primes associated with elementary particles [K45] .

Finite number of strands for the theoretical braids would serve as a correlate for the reduction of
the representation of Galois group S, of rationals to an infinite produce of diagonal copies of finite-
dimensional Galois group so that same braid would repeat itself like a unit cell of lattice i condensed
matter [?] .

HFF of type III for field operators and HFF of type II; for states?

One could also argue that the Hamiltonians with fixed conformal weight are included in fermionic I1;
factor and bosonic factor I, factor, and that the inclusion of conformal weights leads to a factor of
type III. Conformal weight could relate to the integer appearing in the crossed product representation
I1T = Z X ¢ 11 of HFF of type II1 [?] .

The value of conformal weight is non-negative for physical states which suggests that Z reduces to
semigroup N so that a factor of type I 11 would reduce to a factor of type Il since trace would become
finite. If unitary process corresponds to an automorphism for 1., factor, the action of automorphisms
affecting scaling must be uni-directional. Also thermodynamical irreversibility suggests the same. The
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assumption that state function reduction for positive energy part of state implies unitary process for
negative energy state and vice versa would only mean that the shifts for positive and negative energy
parts of state are opposite so that Z — N reduction would still hold true.

HFF of type II; for the maxima of Kahler function?

Probabilistic interpretation allows to gain heuristic insights about whether and how hyper-finite factors
of type type II; might be associated with configuration space degrees of freedom. They can appear
both in quantum fluctuating degrees of freedom associated with a given maximum of Kéhler function
and in the discrete space of maxima of Kéhler function.

Spin glass degeneracy is the basic prediction of classical TGD and means that instead of a single
maximum of Kéahler function analogous to single free energy minimum of a thermodynamical system
there is a fractal spin glass energy landscape with valleys inside valleys. The discretization of the
configuration space in terms of the maxima of Kahler function crucial for the p-adicization problem,
leads to the analog of spin glass energy landscape and hyper-finite factor of type II; might be the
appropriate description of the situation.

The presence of the tensor product structure is a powerful additional constraint and something
analogous to this should emerge in configuration space degrees of freedom. Fractality of the many-
sheeted space-time is a natural candidate here since the decomposition of the original geometric
structure to parts and replacing them with the scaled down variant of original structure is the geometric
analog of forming a tensor power of the original structure.

2.5.2 Direct sum of HFFs of type //; as a minimal option

HFF I1I; property for the Clifford algebra of the configuration space means a definite distinction
from the ordinary Clifford algebra defined by the fermionic oscillator operators since the trace of the
unit matrix of the Clifford algebra is normalized to one. This does not affect the anti-commutation
relations at the basic level and delta functions can appear in them at space-time level. At the level of
momentum space I, property requires discrete basis and anti-commutators involve only Kronecker
deltas. This conforms with the fact that HFF of type II; can be identified as the Clifford algebra
associated with a separable Hilbert space.

11, factor or direct sum of HFFs of type I1;?

The expectation is that super-symplectic algebra is a direct sum over HFFs of type II; labeled by
the radial conformal weight. In the same manner the algebra defined by fermionic anti-commutation
relations at partonic 2-surface would decompose to a direct sum of algebras labeled by the conformal
weight associated with the light-like coordinate of X 13 Super-conformal symmetry suggests that also
the configuration space degrees of freedom correspond to a direct sum of HFFs of type 1.

One can of course ask why not 11, = I, x II; structures so that one would have single factor
rather than a direct sum of factors.

1. The physical motivation is that the direct sum property allow to decompose M-matrix to direct
summands associated with various sectors with weights whose moduli squared have an interpre-
tation in terms of the density matrix. This is also consistent with p-adic thermodynamics where
conformal weights take the place of energy eigen values.

2. I, property would predict automorphisms scaling the trace by an arbitrary positive real num-
ber A € R;. These automorphisms would require the scaling of the trace of the projectors
of Clifford algebra having values in the range [0,1] and it is difficult to imagine how these
automorphisms could be realized geometrically.

How HFF property reflects itself in the construction of geometry of WCW?

The interesting question is what HFF property and finite measurement resolution realizing itself as

the use of projection operators means concretely at the level of the configuration space geometry.
Super-Hamiltonians define the Clifford algebra of the configuration space. Super-conformal sym-

metry suggests that the unavoidable restriction to projection operators instead of complex rays is
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realized also configuration space degrees of freedom. Of course, infinite precision in the determination
of the shape of 3-surface would be physically a completely unrealistic idea.

In the fermionic situation the anti-commutators for the gamma matrices associated with configura-
tion space individual Hamiltonians in 3-D sense are replaced with anti-commutators where Hamiltoni-
ans are replaced with projectors to subspaces of the space spanned by Hamiltonians. This projection
is realized by restricting the anti-commutator to partonic 2-surfaces so that the anti-commutator
depends only the restriction of the Hamiltonian to those surfaces.

What is interesting that the measurement resolution has a concrete particle physical meaning since
the parton content of the system characterizes the projection. The larger the number of partons, the
better the resolution about configuration space degrees of freedom is. The degeneracy of configuration
space metric would be interpreted in terms of finite measurement resolution inherent to HFFs of type
11, which is not due to Jones inclusions but due to the fact that one can project only to infinite-D
subspaces rather than complex rays.

Effective 2-dimensionality in the sense that configuration space Hamiltonians reduce to functionals
of the partonic 2-surfaces of X} rather than functionals of X} could be interpreted in this manner.
For a wide class of Hamiltonians actually effective 1-dimensionality holds true in accordance with
conformal invariance.

The generalization of configuration space Hamiltonians and super-Hamiltonians by allowing in-
tegrals over the 2-D boundaries of the patches of Xl?’ would be natural and is suggested by the
requirement of discretized 3-dimensionality at the level of configuration space.

By quantum classical correspondence the inclusions of HFF's related to the measurement resolution
should also have a geometric description. Measurement resolution corresponds to braids in given time
scale and as already explained there is a hierarchy of braids in time scales coming as negative powers
of two corresponding to the addition of zero energy components to positive/negative energy state.
Note however that particle reactions understood as decays and fusions of braid strands could also lead
to a notion of measurement resolution.

2.5.3 Bott periodicity, its generalization, and dimension D = 8 as an in-
herent property of the hyper-finite //; factor

Hyper-finite I1; factor can be constructed as infinite-dimensional tensor power of the Clifford algebra
M5(C) = C(2) in dimension D = 2. More precisely, one forms the union of the Clifford algebras
C(2n) = C(2)®" of 2n-dimensional spaces by identifying the element & € C(2n) as block diagonal
elements diag(z, ) of C(2(n+1)). The union of these algebras is completed in weak operator topology
and can be regarded as a Clifford algebra of real infinite-dimensional separable Hilbert space and thus
as sub-algebra of I,. Also generalizations obtained by replacing complex numbers by quaternions
and octions are possible.

1. The dimension 8 is an inherent property of the hyper-finite II; factor since Bott periodicity
theorem states C(n + 8) = C,,(16). In other words, the Clifford algebra C'(n + 8) is equivalent
with the algebra of 16 x 16 matrices with entries in C(n). Or articulating it still differently:
C(n + 8) can be regarded as 16 x 16 dimensional module with C'(n) valued coefficients. Hence
the elements in the union defining the canonical representation of hyper-finite I1; factor are
16™ x 16™ matrices having C(0), C(2), C(4) or C(6) valued valued elements.

2. The idea about a local variant of the infinite-dimensional Clifford algebra defined by power series
of space-time coordinate with Taylor coefficients which are Clifford algebra elements fixes the
interpretation. The representation as a linear combination of the generators of Clifford algebra
of the finite-dimensional space allows quantum generalization only in the case of Minkowski
spaces. However, if Clifford algebra generators are representable as gamma matrices, the powers
of coordinate can be absorbed to the Clifford algebra and the local algebra is lost. Only if the
generators are represented as quantum versions of octonions allowing no matrix representation
because of their non-associativity, the local algebra makes sense. From this it is easy to deduce
both quantum and classical TGD.
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2.5.4 The interpretation of Jones inclusions in TGD framework

By the basic self-referential property of von Neumann algebras one can consider several interpreta-
tions of Jones inclusions consistent with sub-system-system relationship, and it is better to start by
considering the options that one can imagine.

How Jones inclusions relate to the new view about sub-system?

Jones inclusion characterizes the imbedding of sub-system A to Mand M as a finite-dimensional
N-module is the counterpart for the tensor product in finite-dimensional context. The possibility
to express M as N module M /N states fractality and can be regarded as a kind of self-referential
”Brahman=Atman identity” at the level of infinite-dimensional systems.

Also the mysterious looking almost identity CH? = C'H for the configuration space of 3-surfaces
would fit nicely with the identity M & M = M. M ® M C M in configuration space Clifford algebra
degrees of freedom is also implied and the construction of M as a union of tensor powers of C(2)
suggests that M ® M allows M : N’ = 4 inclusion to M. This paradoxical result conforms with the
strange self-referential property of factors of I1;.

The notion of many-sheeted space-time forces a considerable generalization of the notion of sub-
system and simple tensor product description is not enough. Topological picture based on the length
scale resolution suggests even the possibility of entanglement between sub-systems of un-entangled
sub-systems. The possibility that hyper-finite I1;-factors describe the physics of TGD also in bosonic
degrees of freedom is suggested by configuration space super-symmetry. On the other hand, bosonic
degrees could naturally correspond to I, factor so that hyper-finite I/, would be the net result.

The most general view is that Jones inclusion describes all kinds of sub-system-system inclusions.
The possibility to assign conformal field theory to the inclusion gives hopes of rather detailed view
about dynamics of inclusion.

1. The topological condensation of space-time sheet to a larger space-time sheet mediated by worm-
hole contacts could be regarded as Jones inclusion. N would correspond to the condensing
space-time sheet, M to the system consisting of both space-time sheets, and vV M : N” would
characterize the number of quantum spinorial degrees of freedom associated with the interac-
tion between space-time sheets. Note that by general results M : N characterizes the fractal
dimension of quantum group (M : N < 4) or Kac-Moody algebra (M : N =4) [?] .

2. The branchings of space-time sheets (space-time surface is thus homologically like branching
like of Feynman diagram) correspond naturally to n-particle vertices in TGD framework. What
is nice is that vertices are nice 2-dimensional surfaces rather than surfaces having typically
pinch singularities. Jones inclusion would naturally appear as inclusion of operator spaces N;
(essentially Fock spaces for fermionic oscillator operators) creating states at various lines as
sub-spaces N; C M of operators creating states in common von Neumann factor M. This would
allow to construct vertices and vertices in natural manner using quantum groups or Kac-Moody
algebras.

The fundamental ' C M C M ®x M inclusion suggests a concrete representation based on the
identification N; = M, where M is the universal Clifford algebra associated with incoming line
and N is defined by the condition that M /N is the quantum variant of Clifford algebra of H. N-
particle vertices could be defined as traces of Connes products of the operators creating incoming
and outgoing states. It will be found that this leads to a master formula for S-matrix if the
generalization of the old-fashioned string model duality implying that all generalized Feynman
diagrams reduce to diagrams involving only single vertex is accepted.

3. If 4-surfaces can branch as the construction of vertices requires, it is difficult to argue that 3-
surfaces and partonic/stringy 2-surfaces could not do the same. As a matter fact, the master
formula for S-matrix to be discussed later explains the branching of 4-surfaces as an apparent
affect. Despite this one can consider the possibility that this kind of joins are possible so that a
new kind of mechanism of topological condensation would become possible. 3-space-sheets and
partonic 2-surfaces whose p-adic fractality is characterized by different p-adic primes could be
connected by ”joins” representing branchings of 2-surfaces. The structures formed by soap film
foam provide a very concrete illustration about what would happen. In the TGD based model
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of hadrons [K46] it has been assumed that join along boundaries bonds (JABs) connect quark
space-time space-time sheets to the hadronic space-time sheet. The problem is that, at least for
identical primes, the formation of join along boundaries bond fuses two systems to single bound
state. If JABs are replaced joins, this objection is circumvented.

4. The space-time correlate for the formation of bound states is the formation of JABs. Standard
intuition tells that the number of degrees of freedom associated with the bound state is smaller
than the number of degrees of freedom associated with the pair of free systems. Hence the
inclusion of the bound state to the tensor product could be regarded as Jones inclusion. On
the other hand, one could argue that the JABs carry additional vibrational degrees of freedom
so that the idea about reduction of degrees of freedom might be wrong: free system could
be regarded as sub-system of bound state by Jones inclusion. The self-referential holographic
properties of von Neumann algebras allow both interpretations: any system can be regarded as
sub-system of any system in accordance with the bootstrap idea.

5. Maximal deterministic regions inside given space-time sheet bounded by light-like causal deter-
minants define also sub-systems in a natural manner and also their inclusions would naturally
correspond to Jones inclusions.

6. The TGD inspired model for topological quantum computation involves the magnetic flux tubes
defined by join along boundaries bonds connecting space-time sheets having light-like boundaries.
These tubes condensed to background 3-space can become linked and knotted and code for
quantum computations in this manner. In this case the addition of new strand to the system
corresponds to Jones inclusion in the hierarchy associated with inclusion N' C M. The anyon
states associated with strands would be represented by a finite tensor product of quantum spinors
assignable to M /N and representing quantum counterpart of H-spinors.

One can regard M : N degrees of freedom correspond to quantum group or Kac-Moody degrees of
freedom. Quantum group degrees of freedom relate closely to the conformal and topological degrees
of freedom as the connection of II; factors with topological quantum field theories and braid matrices
suggests itself. For the canonical inclusion this factorization would correspond to factorization of
quantum H-spinor from configuration space spinor.

A more detailed study of canonical inclusions to be carried out later demonstrates what this
factorization corresponds at the space-time level to a formation of space-time sheets which can be
regarded as multiple coverings of M* and C' P, with invariance group G' = G, x G}, C SL(2,C)x SU(2),
SU(2) C SU(3). The unexpected outcome is that Planck constants assignable to M* and C' P, degrees
of freedom depend on the canonical inclusions. The existence of macroscopic quantum phases with
arbitrarily large Planck constants is predicted.

It would seem possible to assign the M : A/ degrees quantum spinorial degrees of freedom to the
interface between subsystems represented by N and M. The interface could correspond to the worm-
hole contacts, joins, JABs, or light-like causal determinants serving as boundary between maximal
deterministic regions, etc... In terms of the bipartite diagrams representing the inclusions, joins (say)
would correspond to the edges connecting white vertices representing sub-system (the entire system
without the joins) to black vertices (entire system).

About the interpretation of M : N degrees of freedom

The Clifford algebra N associated with a system formed by two space-time sheet can be regarded as
1 < M : N < 4-dimensional module having N as its coefficients. It is possible to imagine several
interpretations the degrees of freedom labeled by S.

1. The B = M : N degrees of freedom could relate to the interaction of the space-time sheets.
Beraha numbers appear in the construction of S-matrices of topological quantum field theories
and an interpretation in terms of braids is possible. This would suggest that the interaction
between space-time sheets can be described in terms of conformal quantum field theory and the
S-matrices associated with braids describe this interaction. Jones inclusions would characterize
the effective number of active conformal degrees of freedom. At n = 3 limit these degrees of
freedom disappear completely since the conformal field theory defined by the Chern-Simons
action describing this interaction would become trivial (¢ = 0 as will be found).
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2. The interpretation in terms of imbedding space Clifford algebra would suggest that S-dimensional
Clifford algebra of /B-dimensional spinor space is in question. For 8 = 4 the algebra would
be the Clifford algebra of 2-dimensional space. M /AN would have interpretation as complex
quantum spinors with components satisfying z12o = 2221 and its conjugate and having fractal
complex dimension /3. This would conform with the effective 2-dimensionality of TGD. For
B < 4 the fractal dimension of partonic quantum spinors defining the basic conformal fields would
be reduced and become d = 1 for n = 3: the interpretation is in terms of strong correlations
caused by the non-commutativity of the components of quantum spinor. For number theo-
retical generalizations of infinite-dimensional Clifford algebras CI(C') obtained by replacing C
with Abelian complexification of quaternions or octonions one would obtain higher-dimensional
spinors.

2.5.5 Configuration space, space-time, and imbedding space and hyper-
finite type II; factors

The preceding considerations have by-passed the question about the relationship of the configuration
space tangent space to its Clifford algebra. Also the relationship between space-time and imbedding
space and their quantum variants could be better. In particular, one should understand how effective
2-dimensionality can be consistent with the 4-dimensionality of space-time.

Super-conformal symmetry and configuration space Poisson algebra as hyper-finite type
11, factor

It would be highly desirable to achieve also a description of the configuration space degrees of freedom
using von Neumann algebras. Super-conformal symmetry relating fermionic degrees of freedom and
configuration space degrees of freedom suggests that this might be the case. Super-symplectic algebra
has as its generators configuration space Hamiltonians and their super-counterparts identifiable as
CH gamma matrices. Super-symmetry requires that the Clifford algebra of C'H and the Hamiltonian
vector fields of CH with symplectic central extension both define hyper-finite I1; factors. By super-
symmetry Poisson bracket corresponds to an anti-commutator for gamma matrices. The ordinary
quantized version of Poisson bracket is obtained as {P;,Q;} — [P;,Q,] = J;;Id. Finite trace version
results by assuming that Id corresponds to the projector CH Clifford algebra having unit norm. The
presence of zero modes means direct integral over these factors.

Configuration space gamma matrices anti-commuting to identity operator with unit norm corre-
sponds to the tangent space T(CH) of CH. Thus it would be not be surprising if T(CH) could be
imbedded in the sigma matrix algebra as a sub-space of operators defined by the gamma matrices
generating this algebra. At least for 8 = 4 construction of hyper-finite I1; factor this definitely makes
sense.

The dimension of the configuration space defined as the trace of the projection operator to the
sub-space spanned by gamma matrices is obviously zero. Thus configuration space has in this sense
the dimensionality of single space-time point. This sounds perhaps absurd but the generalization of
the number concept implied by infinite primes indeed leads to the view that single space-time point is
infinitely structured in the number theoretical sense although in the real sense all states of the point
are equivalen. The reason is that there is infinitely many numbers expressible as ratios of infinite
integers having unit real norm in the real sense but having different p-adic norms.

How to understand the dimensions of space-time and imbedding space?

One should be able to understand the dimensions of 3-space, space-time and imbedding space in a
convincing matter in the proposed framework. There is also the question whether space-time and
imbedding space emerge uniquely from the mathematics of von Neumann algebras alone.

1. The dimensions of space-time and imbedding space

Two sub-sequent inclusions dual to each other define a special kind of inclusion giving rise to
a quantum counterpart of D = 4 naturally. This would mean that space-time is something which
emerges at the level of cognitive states.
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The special role of classical division algebras in the construction of quantum TGD [K72] , D = 8
Bott periodicity generalized to quantum context, plus self-referential property of type II; factors
might explain why 8-dimensional imbedding space is the only possibility.

State space has naturally quantum dimension D < 8 as the following simple argument shows. The
space of quantum states has quark and lepton sectors which both are super-symmetric implying D < 4
for each. Since these sectors correspond to different Hamiltonian algebras (triality one for quarks and
triality zero for leptonic sector), the state space has quantum dimension D < 8.

2. How the lacking two space-time dimensions emerge?

3-surface is the basic dynamical unit in TGD framework. This seems to be in conflict with the
effective 2-dimensionality [K72] meaning that partonic 2-surface code for quantum states, and with
the fact that hyper-finite I factors have intrinsic quantum dimension 2.

A possible resolution of the problem is that the foliation of 3-surface by partonic two-surfaces
defines a one-dimensional direct integral of isomorphic hyper-finite type II; factors, and the zero
mode labeling the 2-surfaces in the foliation serves as the third spatial coordinate. For a given 3-
surface the contribution to the configuration space metric can come only from 2-D partonic surfaces
defined as intersections of 3-D light-like CDs with X{ [?] . Hence the direct integral should somehow
relate to the classical non-determinism of Kéahler action.

1. The one-parameter family of intersections of light-like CD with X7 inside X*N X could indeed
be basically due to the classical non-determinism of K&hler action. The contribution to the
metric from the normal light-like direction to X® = X* N X7 can cause the vanishing of the
metric determinant /gy of the space-time metric at X 2 ¢ X? under some conditions on X 2. This
would mean that the space-time surface X*(X?) is not uniquely determined by the minimization
principle defining the value of the Kahler action, and the complete dynamical specification of
X3 requires the specification of partonic 2-surfaces X? with V92 =0.

2. The known solutions of field equations [K9] define a double foliation of the space-time surface
defined by Hamilton-Jacobi coordinates consisting of complex transversal coordinate and two
light-like coordinates for M* (rather than space-time surface). Number theoretical considera-
tions inspire the hypothesis that this foliation exists always [K72] . Hence a natural hypothesis
is that the allowed partonic 2-surfaces correspond to the 2-surfaces in the restriction of the
double foliation of the space-time surface by partonic 2-surfaces to X3, and are thus locally
parameterized by single parameter defining the third spatial coordinate.

3. There is however also a second light-like coordinate involved and one might ask whether both
light-like coordinates appear in the direct sum decomposition of I1; factors defining T(CH). The
presence of two kinds of light-like CDs would provide the lacking two space-time coordinates and
quantum dimension D = 4 would emerge at the limit of full non-determinism. Note that the
duality of space-like partonic and light-like stringy 2-surfaces conforms with this interpretation
since it corresponds to a selection of partonic/stringy 2-surface inside given 3-D CD whereas the
dual pairs correspond to different CDs.

4. That the quantum dimension would be 2D, = 8 < 4 above C'P, length scale conforms with
the fact that non-determinism is only partial and time direction is dynamically frozen to a
high degree. For vacuum extremals there is strong non-determinism but in this case there is
no real dynamics. For C' P, type extremals, which are not vacuum extremals as far action and
small perturbations are considered, and which correspond to 5 = 4 there is a complete non-
determinism in time direction since the M* projection of the extremal is a light-like random
curve and there is full 4-D dynamics. Light-likeness gives rise to conformal symmetry consistent
with the emergence of Kac Moody algebra [K9] .

3. Time and cognition

In a completely deterministic physics time dimension is strictly speaking redundant since the
information about physical states is coded by the initial values at 3-dimensional slice of space-time.
Hence the notion of time should emerge at the level of cognitive representations possible by to the
non-determinism of the classical dynamics of TGD.
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Since Jones inclusion means the emergence of cognitive representation, the space-time view about
physics should correspond to cognitive representations provided by Feynman diagram states with zero
energy with entanglement defined by a two-sided projection of the lowest level S-matrix. These states
would represent the ”laws of quantum physics” cognitively. Also space-time surface serves as a classical
correlate for the evolution by quantum jumps with maximal deterministic regions serving as correlates
of quantum states. Thus the classical non-determinism making possible cognitive representations
would bring in time. The fact that quantum dimension of space-time is smaller than D = 4 would
reflect the fact that the loss of determinism is not complete.

4. Do space-time and imbedding space emerge from the theory of von Neumann algebras and
number theory?

The considerations above force to ask whether the notions of space-time and imbedding space
emerge from von Neumann algebras as predictions rather than input. The fact that it seems possible
to formulate the S-matrix and its generalization in terms of inherent properties of infinite-dimensional
Clifford algebras suggest that this might be the case.

Inner automorphisms as universal gauge symmetries?

The continuous outer automorphisms A% of HFFs of type III are not completely unique and one
can worry about the interpretation of the inner automorphisms. A possible resolution of the worries
is that inner automorphisms act as universal gauge symmetries containing various super-conformal
symmetries as a special case. For hyper-finite factors of type II; in the representation as an infinite
tensor power of Msy(C) this would mean that the transformations non-trivial in a finite number
of tensor factors only act as analogs of local gauge symmetries. In the representation as a group
algebra of S, all unitary transformations acting on a finite number of braid strands act as gauge
transformations whereas the infinite powers P x P X ..., P € S, would act as counterparts of global
gauge transformations. In particular, the Galois group of the closure of rationals would act as local
gauge transformations but diagonally represented finite Galois groups would act like global gauge
transformations and periodicity would make possible to have finite braids as space-time correlates
without a loss of information.

Do unitary isomorphisms between tensor powers of II; define vertices?

What would be left would be the construction of unitary isomorphisms between the tensor products
of the HFF's of type I} ® I,, = II; at the partonic 2-surfaces defining the vertices. This would be the
only new element added to the construction of braiding M-matrices.

As a matter fact, this element is actually not completely new since it generalizes the fusion rules of
conformal field theories, about which standard example is the fusion rule ¢; = ¢, ’ kgquﬁk for primary
fields. These fusion rules would tell how a state of incoming HFF decomposes to the states of tensor
product of two outgoing HFFs.

These rules indeed have interpretation in terms of Connes tensor products M® s ... M for which
the sub-factor A takes the role of complex numbers [?] so that one has M becomes A bimodule and
” quantum quantum states” have A as coefficients instead of complex numbers. In TGD framework this
has interpretation as quantum measurement resolution characterized by A (the group G characterizing
leaving the elements of A/ invariant defines the measured quantum numbers).

2.5.6 Quaternions, octonions, and hyper-finite type /[, factors

Quaternions and octonions as well as their hyper counterparts obtained by multiplying imaginary
units by commuting v/—1 and forming a sub-space of complexified division algebra, are in in a central
role in the number theoretical vision about quantum TGD [K72] . Therefore the question arises
whether complexified quaternions and perhaps even octonions could be somehow inherent properties
of von Neumann algebras. One can also wonder whether the quantum counterparts of quaternions and
octonions could emerge naturally from von Neumann algebras. The following considerations allow to
get grasp of the problem.
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Quantum quaternions and quantum octonions

Quantum quaternions have been constructed as deformation of quaternions [?] . The key observation
that the Glebsch Gordan coefficients for the tensor product 3®3 = 5® ®3@ 1 of spin 1 representation
of SU(2) with itself gives the anti-commutative part of quaternionic product as spin 1 part in the
decomposition whereas the commutative part giving spin 0 representation is identifiable as the scalar
product of the imaginary parts. By combining spin 0 and spin 1 representations, quaternionic product
can be expressed in terms of Glebsh-Gordan coefficients. By replacing GGC:s by their quantum group
versions for group sl(2),, one obtains quantum quaternions.

There are two different proposals for the construction of quantum octonions [?, 7] . Also now the
idea is to express quaternionic and octonionic multiplication in terms of Glebsch-Gordan coefficients
and replace them with their quantum versions.

1. The first proposal [?] relies on the observation that for the tensor product of j = 3 representations
of SU(2) the Glebsch-Gordan coefficients for 7@ 7 = 7in 7@ 7=9® 7@ 5d 3® 1 defines a
product, which is equivalent with the antisymmetric part of the product of octonionic imaginary
units. As a matter fact, the antisymmetry defines 7-dimensional Malcev algebra defined by the
anticommutator of octonion units and satisfying b definition the identity

[z, 9, 2], 2] = [,y [2,2]) o [y, 2] = [ [y, 2]+ [y [22]) + [z, (2 0]] (2:5.1)

7-element Malcev algebra defining derivations of octonionic algebra is the only complex Malcev
algebra not reducing to a Lie algebra. The j = 0 part of the product corresponds also now to
scalar product for imaginary units. Octonions are constructed as sums of j = 0 and j = 3 parts
and quantum Glebsch-Gordan coefficients define the octonionic product.

2. In the second proposal [?] the quantum group associated with SO(8) is used. This representation
does not allow unit but produces a quantum version of octonionic triality assigning to three
octonions a real number.

Quaternionic or octonionic quantum mechanics?

There have been numerous attempts to introduce quaternions and octonions to quantum theory.
Quaternionic or octonionic quantum mechanics, which means the replacement of the complex numbers
as coefficient field of Hilbert space with quaternions or octonions, is the most obvious approach (for
example and references to the literature see for instance [?] .

In both cases non-commutativity poses serious interpretational problems. In the octonionic case
the non-associativity causes even more serious obstacles [?, 7] , [?] .

1. Assuming that an orthonormalized state basis with respect to an octonion valued inner product
has been found, the multiplication of any basis with octonion spoils the orthonormality. The
proposal to circumvent this difficulty discussed in [?] , [?] eliminates non-associativity by as-
suming that octonions multiply states one by one (rather than multiplying each other before
multiplying the state). Effectively this means that octonions are replaced with 8 x 8-matrices.

2. The definition of the tensor product leads also to difficulties since associativity is lost (recall
that Yang-Baxter equation codes for associativity in case of braid statistics [?] ).

3. The notion of hermitian conjugation is problematic and forces a selection of a preferred imaginary
unit, which does not look nice. Note however that the local selection of a preferred imaginary
unit is in a key role in the proposed construction of space-time surfaces as hyper-quaternionic
or co-hyper-quaternionic surfaces and allows to interpret space-time surfaces either as surfaces
in 8-D Minkowski space M?® of hyper-octonions or in M* x C'P,. This selection turns out to
have quite different interpretation in the proposed framework.
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Hyper-finite factor //; has a natural Hyper-Kéhler structure

In the case of hyper-finite factors of type Il; quaternions a more natural approach is based on the
generalization of the Hyper-Kahler structure rather than quaternionic quantum mechanics. The reason
is that also configuration space tangent space should and is expected to have this structure [?] . The
Hilbert space remains a complex Hilbert space but the quaternionic units are represented as operators
in Hilbert space. The selection of the preferred unit is necessary and natural. The identity operator
representing quaternionic real unit has trace equal to one, is expected to give rise to the series of
quantum quaternion algebras in terms of inclusions N/ C M having interpretation as N-modules.

The representation of the quaternion units is rather explicit in the structure of hyper-finite I1; fac-
tor. The M : N'= 8 = 4 hierarchical construction can be regarded as Connes tensor product of infinite
number of 4-D Clifford algebras of Euclidian plane with Euclidian signature of metric (diag(—1, —1)).
This algebra is nothing but the quaternionic algebra in the representation of quaternionic imaginary
units by Pauli spin matrices multiplied by 1.

The imaginary unit of the underlying complex Hilbert space must be chosen and there is whole
sphere S? of choices and in every point of configuration space the choice can be made differently. The
space-time correlate for this local choice of preferred hyper-octonionic unit [K72] . At the level of
configuration space geometry the quaternion structure of the tangent space means the existence of
Hyper-Kahler structure guaranteing that configuration space has a vanishing Einstein tensor. It it
would not vanish, curvature scalar would be infinite by symmetric space property (as in case of loop
spaces) and induce a divergence in the functional integral over 3-surfaces from the expansion of /g [?]

The quaternionic units for the II; factor, are simply limiting case for the direct sums of 2 x 2
units normalized to one. Generalizing from S = 4 to § < 4, the natural expectation is that the
representation of the algebra as 8 = M : AN-dimensional A/-module gives rise to quantum quaternions
with quaternion units defined as infinite sums of v/ x /3 matrices.

At Hilbert space level one has an infinite Connes tensor product of 2-component spinor spaces
on which quaternionic matrices have a natural action. The tensor product of Clifford algebras gives
the algebra of 2 x 2 quaternionic matrices acting on 2-component quaternionic spinors (complex 4-
component spinors). Thus double inclusion could correspond to (hyper-)quaternionic structure at
space-time level. Note however that the correspondence is not complete since hyper-quaternions
appear at space-time level and quaternions at Hilbert space level.

Von Neumann algebras and octonions

The octonionic generalization of the Hyper-Kahler manifold does not make sense as such since octo-
nionic units are not representable as linear operators. The allowance of anti-linear operators inherently
present in von Neumann algebras could however save the situation. Indeed, the Cayley-Dickson con-
struction for the division algebras (for a nice explanation see [?] ), which allows to extend any *
algebra, and thus also any von Neumann algebra, by adding an imaginary unit it and identified as *,
comes in rescue.

The basic idea of the Cayley-Dickson construction is following. The * operator, call it J, repre-
senting a conjugation defines an anti-linear operator in the original algebra A. One can extend A by
adding this operator as a new element to the algebra. The conditions satisfied by J are

a(Jb) = J(a*b) , (aD)b=(ab*)J , (Ja)(bJ1) = (ab)* . (2.5.2)

In the associative case the conditions are equivalent to the first condition.

It is intuitively clear that this addition extends the hyper-Kéhler structure to an octonionic struc-
ture at the level of the operator algebra. The quantum version of the octonionic algebra is fixed by
the quantum quaternion algebra uniquely and is consistent with the Cayley-Dickson construction. It
is not clear whether the construction is equivalent with either of the earlier proposals [?, ?] . It would
however seem that the proposal is simpler.

Physical interpretation of quantum octonion structure

Without further restrictions the extension by J would mean that vertices contain operators, which
are superpositions of linear and anti-linear operators. This would give superpositions of states and
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their time-reversals and mean that state could be a superposition of states with opposite values of say
fermion numbers. The problem disappears if either the linear operators A or anti-linear operators JA
can be used to construct physical states from vacuum. The fact, that space-time surfaces are either
hyper-quaternionic or co-hyper-quaternionic, is a space-time correlate for this restriction.

The HQ—coHQ duality discussed in [K72] states that the descriptions based on hyper-quaternionic
and co-hyper-quaternionic surfaces are dual to each other. The duality can have two meanings.

1. The vacuum is invariant under .J so that one can use either complexified quaternionic operators
A or their co-counterparts of form JA to create physical states from vacuum.

2. The vacuum is not invariant under J. This could relate to the breaking of CP and T invari-
ance known to occur in meson-antimeson systems. In TGD framework two kinds of vacua are
predicted corresponding intuitively to vacua in which either the product of all positive or neg-
ative energy fermionic oscillator operators defines the vacuum state, and these two vacua could
correspond to a vacuum and its J conjugate, and thus to positive and negative energy states.
In this case the two state spaces would not be equivalent although the physics associated with
them would be equivalent.

The considerations of [K72] related to the detailed dynamics of HQ — coHQ duality demonstrate
that the variational principles defining the dynamics of hyper-quaternionic and co-hyper-quaternionic
space-time surfaces are antagonistic and correspond to world as seen by a conscientous book-keeper on
one hand and an imaginative artist on the other hand. H(Q case is conservative: differences measured
by the magnitude of Kéhler action tend to be minimized, the dynamics is highly predictive, and
minimizes the classical energy of the initial state. coHQ case is radical: differences are maximized
(this is what the construction of sensory representations would require). The interpretation proposed
in [K72] was that the two space-time dynamics are just different predictions for what would happen
(has happened) if no quantum jumps would occur (had occurred). A stronger assumption is that
these two views are associated with systems related by time reversal symmetry.

What comes in mind first is that this antagonism follows from the assumption that these dynamics
are actually time-reversals of each other with respect to M* time (the rapid elimination of differences
in the first dynamics would correspond to their rapid enhancement in the second dynamics). This is
not the case so that 7" and C'P symmetries are predicted to be broken in accordance with the C P
breaking in meson-antimeson systems [K43] and cosmological matter-antimatter asymmetry [K66] .

2.5.7 Does the hierarchy of infinite primes relate to the hierarchy of /I,
factors?

The hierarchy of Feynman diagrams accompanying the hierarchy defined by Jones inclusions Mg C
My C ... gives a concrete representation for the hierarchy of cognitive dynamics providing a repre-
sentation for the material world at the lowest level of the hierarchy. This hierarchy seems to relate
directly to the hierarchy of space-time sheets.

Also the construction of infinite primes [?] leads to an infinite hierarchy. Infinite primes at the
lowest level correspond to polynomials of single variable x7 with rational coefficients, next level to
polynomials x; for which coefficients are rational functions of variable s, etc... so that a natural
ordering of the variables is involved.

If the variables x; are hyper-octonions (subs-space of complexified octonions for which elements
are of form x + v/—1y, where x is real number and y imaginary octonion and v/—1 is commuting
imaginary unit, this hierarchy of states could provide a realistic representation of physical states as
far as quantum numbers related to imbedding space degrees of freedom are considered in M?® picture
dual to M* x CP, picture [K72] . Infinite primes are mapped to space-time surfaces in a manner
analogous to the mapping of polynomials to the loci of their zeros so that infinite primes, integers,
and rationals become concrete geometrical objects.

Infinite primes are also obtained by a repeated second quantization of a super-symmetric arithmetic
quantum field theory. Infinite rational numbers correspond in this description to pairs of positive
energy and negative energy states of opposite energies having interpretation as pairs of initial and
final states so that higher level states indeed represent transitions between the states. For these
reasons this hierarchy has been interpreted as a correlate for a cognitive hierarchy coding information
about quantum dynamics at lower levels. This hierarchy has also been assigned with the hierarchy of
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space-time sheets. Just as the hierarchy of generalized Feynman diagrams provides self representations
of the lowest matter level and is coded by it, finite primes code the hierarchy of infinite primes.

Infinite primes, integers, and rationals have finite p-adic norms equal to 1, and one can wonder
whether a Hilbert space like structure with dimension given by an infinite prime or integer makes
sense, and whether it has anything to do with the Hilbert space for which dimension is infinite in the
sense of the limiting value for a dimension of sub-space. The Hilbert spaces with dimension equal to
infinite prime would define primes for the tensor product of these spaces. The dimension of this kind
of space defined as any p-adic norm would be equal to one.

One cannot exclude the possibility that infinite primes could express the infinite dimensions of
hyper-finite I11; factors, which cannot be excluded and correspond to that part of quantum TGD
which relates to the imbedding space rather than space-time surface. Indeed, infinite primes code
naturally for the quantum numbers associated with the imbedding space. Secondly, the appearance
of 7-D light-like causal determinants Xj[ = Mi x C'P, forming nested structures in the construction
of S-matrix brings in mind similar nested structures of algebraic quantum field theory [?] . If this is
were the case, the hierarchy of Beraha numbers possibly associated with the phase resolution could
correspond to hyper-finite factors of type I1;, and the decomposition of space-time surface to regions
labeled by p-adic primes and characterized by infinite primes could correspond to hyper-finite factors
of type 111 and represent imbedding space degrees of freedom.

The state space would in this picture correspond to the tensor products of hyper-finite factors of
type II; and I11; (of course, also factors I,, and I, are also possible). I1I; factors could be assigned
to the sub-configuration spaces defined by 3-surfaces in regions of M* expressible in terms of unions
and intersections of X[ = M4{ x C'P,. By conservation of four-momentum, bounded regions of this
kind are possible only for the states of zero net energy appearing at the higher levels of hierarchy.
These sub-configuration spaces would be characterized by the positions of the tips of light cones
M} C M* involved. This indeed brings in continuous spectrum of four-momenta forcing to introduce
non-separable Hilbert spaces for momentum eigen states and necessitating I11; factors. Infinities
would be avoided since the dynamics proper would occur at the level of space-time surfaces and
involve only Il factors.

2.6 Could HFFs of type III have application in TGD frame-
work?

One can imagine several manners for how HFFs of type 111 could emerge in TGD although the
proposed view about M-matrix in zero energy ontology suggests that HFFs of type I1I; should be
only an auxiliary tool at best. Same is suggested with interpretational problems associated with
them. Both TGD inspired quantum measurement theory, the idea about a variant of HFF of type
I1; analogous to a local gauge algebra, and some other arguments, suggest that HFFs of type I11
could be seen as a useful idealization allowing to make non-trivial conjectures both about quantum
TGD and about HFFs of type III. Quantum fields would correspond to HFF's of type 111 and I
whereas physical states (M-matrix) would correspond to HFF of type IT;. I have summarized first
the problems of I11; factors so that reader can decide whether the further reading is worth of it.

2.6.1 Problems associated with the physical interpretation of [/, factors

Algebraic quantum field theory approach [?, ?] has led to a considerable understanding of relativistic
quantum field theories in terms of hyper-finite I11; factors. There are however several reasons to
suspect that the resulting picture is in conflict with physical intuition. Also the infinities of non-
trivial relativistic QFTs suggest that something goes wrong.

Are the infinities of quantum field theories due the wrong type of von Neumann algebra?

The infinities of quantum field theories involve basically infinite traces and it is now known that the
algebras of observables for relativistic quantum field theories for bounded regions of Minkowski space
correspond to hyper-finite I11; algebras, for which non-trivial traces are always infinite. This might
be the basic cause of the divergence problems of relativistic quantum field theory.
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On basis of this observations there is some temptation to think that the finite traces of hyper-finite
11 algebras might provide a resolution to the problems but not necessarily in QFT context. One
can play with the thought that the subtraction of infinities might be actually a process in which 171y
algebra is transformed to 11; algebra. A more plausible idea suggested by dimensional regularization
is that the elimination of infinities actually gives rise to II; inclusion at the limit M : N — 4.
It is indeed known that the dimensional regularization procedure of quantum field theories can be
formulated in terms of bi-algebras assignable to Feynman diagrams and [?] and the emergence of
bi-algebras suggests that a connection with I1; factors and critical role of dimension D = 4 might
exist.

Continuum of inequivalent representations of commutation relations

There is also a second difficulty related to type III algebras. There is a continuum of inequivalent
representations for canonical commutation relations [?] . In thermodynamics this is blessing since
temperature parameterizes these representations. In quantum field theory context situation is however
different and this problem has been usually put under the rug.

Entanglement and von Neumann algebras

In quantum field theories where 4-D regions of space-time are assigned to observables. In this case
hyper-finite type II11; von Neumann factors appear. Also now inclusions make sense and has been
studiedin fact, the parameters characterizing Jones inclusions appear also now and this due to the
very general properties of the inclusions.

The algebras of type I11; have rather counter-intuitive properties from the point of view of entan-
glement. For instance, product states between systems having space-like separation are not possible
at all so that one can speak of intrinsic entanglement [?] . What looks worse is that the decomposition
of entangled state to product states is highly non-unique.

Mimicking the steps of von Neumann one could ask what the notion of observables could mean
in TGD framework. Effective 2-dimensionality states that quantum states can be constructed using
the data given at partonic or stringy 2-surfaces. This data includes also information about normal
derivatives so that 3-dimensionality actually lurks in. In any case this would mean that observables are
assignable to 2-D surfaces. This would suggest that hyper-finite I[; factors appear in quantum TGD
at least as the contribution of single space-time surface to S-matrix is considered. The contributions
for configuration space degrees of freedom meaning functional (not path-) integral over 3-surfaces
could of course change the situation.

Also in case of Il factors, entanglement shows completely new features which need not however
be in conflict with TGD inspired view about entanglement. The eigen values of density matrices
are infinitely degenerate and quantum measurement can remove this degeneracy only partially. TGD
inspired theory of consciousness has led to the identification of rational (more generally algebraic en-
tanglement) as bound state entanglement stable in state function reduction. When an infinite number
of states are entangled, the entanglement would correspond to rational (algebraic number) valued
traces for the projections to the eigen states of the density matrix. The symplectic transformations
of CP, are almost U(1) gauge symmetries broken only by classical gravitation. They imply a gigan-
tic spin glass degeneracy which could be behind the infinite degeneracies of eigen states of density
matrices in case of I1; factors.

2.6.2 Quantum measurement theory and HFF's of type III

The attempt to interpret the HFFs of type I1] in terms of quantum measurement theory based on
Jones inclusions leads to highly non-trivial conjectures about these factors.

Could the scalings of trace relate to quantum measurements?

What should be understood is the physical meaning of the automorphism inducing the scaling of
trace. In the representation based of factors based on infinite tensor powers the action of g should
transform single n x n matrix factor with density matrix Id/n to a density matrix e;; of a pure state.

Obviously the number of degrees of freedom is affected and this can be interpreted in terms of ap-
pearance or disappearance of correlations. Quantization and emergence of non-commutativity indeed
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implies the emergence of correlations and effective reduction of degrees of freedom. In particular, the
fundamental quantum Clifford algebra has reduced dimension M : N' = r < 4 instead of r = 4 since
the replacement of complex valued matrix elements with A valued ones implies non-commutativity
and correlations.

The transformation would be induced by the shift of finite-dimensional state to right or left so
that the number of matrix factors overlapping with I, part increases or is reduced. Could it have
interpretation in terms of quantum measurement for a quantum Clifford factor? Could quantum
measurement for M /N degrees of freedom reducing the state in these degrees of freedom to a pure
state be interpreted as a transformation of single finite-dimensional matrix factor to a type I factor
inducing the scaling of the trace and could the scalings associated with automorphisms of HFFs of
type II1 also be interpreted in terms of quantum measurement?

This interpretation does not as such say anything about HFF factors of type III since only a
decomposition of II; factor to Ié“ factor and II; factor with a reduced trace of projector to the
latter. However, one can ask whether the scaling of trace for HFFs of type 111 could correspond to
a situation in which infinite number of finite-dimensional factors have been quantum measured. This
would correspond to the inclusion N' C My, = U, M,, where N' C M C ...M,,... defines the canonical
inclusion sequence. Physicist can of course ask whether the presence of infinite number of I5-, or more
generally, I,,-factors is at all relevant to quantum measurement and it has already become clear that
situation at the level of M-matrix reduces to I,,.

Could the theory of HHF's of type II] relate to the theory of Jones inclusions?

The idea about a connection of HFFs of type I and quantum measurement theory seems to be
consistent with the basic facts about inclusions and HFF's of type I11;.

1. Quantum measurement would scale the trace by a factor 2¥/v/ M : N since the trace would
become a product for the trace of the projector to the newly born M(2,C)®* factor and the
trace for the projection to N given by 1/v/ M : . The continuous range of values M : N' > 4
gives good hopes that all values of \ are realized. The prediction would be that 28/ M : N > 1
holds always true.

2. The values M : N € {r, = 4cos?(m/n)} for which the single M(2,C) factor emerges in state
function reduction would define preferred values of the inverse of A = /M : /4 parameterizing
factors II1. These preferred values vary in the range [1/2,1].

3. A =1 at the end of continuum would correspond to HFF I1I; and to Jones inclusions defined
by infinite cyclic subgroups dense in U(1) C SU(2) and this group combined with reflection.
These groups correspond to the Dynkin diagrams A,, and D.,. Also the classical values of
M : N = n? characterizing the dimension of the quantum Clifford M : A/ are possible. In this
case the scaling of trace would be trivial since the factor n to the trace would be compensated
by the factor 1/n due to the disappearance of M /N factor I11; factor.

4. Inclusions with M : N/ = oo are also possible and they would correspond to A = 0 so that also
111, factor would also have a natural identification in this framework. These factors correspond
to ergodic systems and one might perhaps argue that quantum measurement in this case would
give infinite amount of information.

5. This picture makes sense also physically. p-Adic thermodynamics for the representations of
super-conformal algebra could be formulated in terms of factors of type I and in excellent
approximation using factors I,,. The generation of arbitrary number of type II; factors in
quantum measurement allow this possibility.

The end points of spectrum of preferred values of A are physically special

The fact that the end points of the spectrum of preferred values of \ are physically special, supports
the hopes that this picture might have something to do with reality.

1. The Jones inclusion with ¢ = exp(im/n), n = 3 (with principal diagram reducing to a Dynkin
diagram of group SU(3)) corresponds to A = 1/2; which corresponds to HFF I1]; differing in
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essential manner from factors I71, A < 1. On the other hand, SU(3) corresponds to color group
which appears as an isometry group and important subgroup of automorphisms of octonions thus
differs physically from the ADE gauge groups predicted to be realized dynamically by the TGD
based view about McKay correspondence [?] .

2. For r = 4 SU(2) inclusion parameterized by extended ADE diagrams M (2,C)®? would be
created in the state function reduction and also this would give A = 1/2 and scaling by a factor
of 2. Hence the end points of the range of discrete spectrum would correspond to the same
scaling factor and same HFF of type III. SU(2) could be interpreted either as electro-weak
gauge group, group of rotations of th geodesic sphere of M4, or a subgroup of SU(3). In TGD
interpretation for McKay correspondence a phase transition replacing gauge symmetry with
Kac-Moody symmetry.

3. The scalings of trace by factor 2 seem to be preferred physically which should be contrasted with
the fact that primes near prime powers of 2 and with the fact that quantum phases ¢ = exp(in/n)
with n equal to Fermat integer proportional to power of 2 and product of the Fermat primes
(the known ones are 5, 17, 257, and 26 + 1) are in a special role in TGD Universe.

2.6.3 What could one say about //; automorphism associated with the 77,
automorphism defining factor of type III?

An interesting question relates to the interpretation of the automorphisms of 71, factor inducing the
scaling of trace.

1. If the automorphism for Jones inclusion involves the generator of cyclic automorphism sub-group
Z,, of 11 factor then it would seem that for other values of A this group cannot be cyclic. SU(2)
has discrete subgroups generated by arbitrary phase ¢ and these are dense in U(1) C SU(2)
sub-group. If the interpretation in terms of Jones inclusion makes sense then the identification

A = VM : N/2F makes sense.

2. If HFF of type II; is realized as group algebra of infinite symmetric group [?] , the outer
automorphism induced by the diagonally imbedded finite Galois groups can induce only integer
values of n and Z,, would correspond to cyclic subgroups. This interpretation conforms with
the fact that the automorphisms in the completion of inner automorphisms of HFF of type I}
induce trivial scalings. Therefore only automorphisms which do not belong to this completion
can define HFF's of type III.

2.6.4 What could be the physical interpretation of two kinds of invariants
associated with HFF's type 1117

TGD predicts two kinds of counterparts for S-matrix: M-matrix and U-matrix. Both are expected
to be more or less universal.
There are also two kinds of invariants and automorphisms associated with HFFs of type III.

1. The first invariant corresponds to the scaling A €]0,1[ of the trace associated with the auto-
morphism of factor of I1,. Also the end points of the interval make sense. The inverse of this
scaling accompanies the inverse of this automorphism.

2. Second invariant corresponds to the time scales t = Ty for which the outer automorphism oy
reduces to inner automorphism. It turns out that Ty and A are related by the formula A7 = 1,
which gives the allowed values of Ty as Ty = n2m/log(A) [?] . This formula can be understood
intuitively by realizing that A corresponds to the eigenvalue of the density matrix A = e in

the simplest possible realization of the state ¢.

The presence of two automorphisms and invariants brings in mind U matrix characterizing the
unitary process occurring in quantum jump and M-matrix characterizing time like entanglement.
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1. If one accepts the vision based on quantum measurement theory then A corresponds to the
scaling of the trace resulting when quantum Clifford algebra M /N reduces to a tensor power of
M (2, C) factor in the state function reduction. The proposed interpretation for U process would
be as the inverse of state function reduction transforming this factor back to M/A. Thus U
process and state function reduction would correspond naturally to the scaling and its inverse.
This picture might apply not only in single particle case but also for zero energy states which
can be seen as states associated the a tensor power of HFFs of type I1; associated with partons.

2. The implication is that U process can occur only in the direction in which trace is reduced. This
would suggest that the full 111, factor is not a physical notion and that one must restrict the
group Z in the crossed product Z x.. Il to the group N of non-negative integers. In this kind
of situation the trace is well defined since the traces for the terms in the crossed product comes
as powers A\~" so that the net result is finite. This would mean a reduction to Il factor.

3. Since time t is a natural parameter in elementary particle physics experiment, one could argue
that oy could define naturally M-matrix. Time parameter would most naturally correspond to
a parameter of scaling affecting all M$ coordinates rather than linear time. This conforms also
with the fundamental role of conformal transformations and scalings in TGD framework.

The identification of the full M-matrix in terms of ¢ does not seem to make sense generally. It
would however make sense for incoming and outgoing number theoretic braids so that ¢ could define
universal braiding M-matrices. Inner automorphisms would bring in the dependence on experimental
situation. The reduction of the braiding matrix to an inner automorphism for critical values of ¢ which
could be interpreted in terms of scaling by power of p. This trivialization would be a counterpart
for the elimination of propagator legs from M-matrix element. Vertex itself could be interpreted as
unitary isomorphism between tensor product of incoming and outgoing HFFs of type I1; would code
all what is relevant about the particle reaction.

2.6.5 Does the time parameter ¢ represent time translation or scaling?

The connection T,, = n27/log(\) would give a relationship between the scaling of trace and value of
time parameter for which the outer automorphism represented by o reduces to inner automorphism.
It must be emphasized that the time parameter ¢ appearing in ¢ need not have anything to do with
time translation. The alternative interpretation is in terms of M scaling (implying also time scaling)
but one cannot exclude even preferred Lorentz boosts in the direction of quantization axis of angular
momentum.

Could the time parameter correspond to scaling?

The central role of conformal invariance in quantum TGD suggests that ¢ parameterizes scaling rather
than translation. In this case scalings would correspond to powers of (K\)™. The numerical factor K
which cannot be excluded a priori, seems to reduce to K = 1.

1. The scalings by powers of p have a simple realization in terms of the representation of HFF of
type Il as infinite tensor power of M (p,C') with suitably chosen densities matrices in factors
to get product of I, and Il factor. These matrix algebras have the remarkable property of
defining prime tensor power factors of finite matrix algebras. Thus p-adic fractality would reflect
directly basic properties of matrix algebras as suggested already earlier. That scalings by powers
of p would correspond to automorphism reducing to inner automorphisms would conform with
p-adic fractality.

2. Also scalings by powers [v/M : N'//2F]" would be physically preferred if one takes previous ar-
guments about Jones inclusions seriously and if also in this case scalings are involved. For
q = exp(im/n), n = 5 the minimal value of n allowing universal topological quantum computa-
tion would correspond to a scaling by Golden Mean and these fractal scalings indeed play a key
role in living matter. In particular, Golden Mean makes it visible in the geometry of DNA.
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Could the time parameter correspond to time translation?

One can consider also the interpretation of oy as time translation. TGD predicts a hierarchy of Planck
constants parameterized by rational numbers such that integer multiples are favored. In particular,
integers defining ruler and compass polygons are predicted to be in a very special role physically.
Since the geometric time span associated with zero energy state should scale as Planck constant one
expects that preferred values of time ¢ associated with o are quantized as rational multiples of some
fundamental time scales, say the basic time scale defined by C' P, length or p-adic time scales.

1. For A\ = 1/p, p prime, the time scale would be T,, = nTy, Th1 = Ty = 2w /log(p) which is not
what p-adic length scale hypothesis would suggest.

2. For Jones inclusions one would have T,/Ty, = n2r/log(2?*/M : N). In the limit when A
becomes very small (the number k of reduced M (2, C) factors is large one obtains T,, = (n/k)t1,
Ty, = Tyw/log(2). Approximate rational multiples of the basic length scale would be obtained as
also predicted by the general quantization of Planck constant.

p-Adic thermodynamics from first principles

Quantum field theory at non-zero temperature can be formulated in the functional integral formalism
by replacing the time parameter associated with the unitary time evolution operator U(t) with a
complexified time containing as imaginary part the inverse of the temperature: ¢t — ¢t 4+ ih/T. In the
framework of standard quantum field theory this is a mere computational trick but the time parameter
associated with the automorphisms o; of HFF of type II] is a temperature like parameter from the
beginning, and its complexification would naturally lead to the analog of thermal QFT.

Thus thermal equilibrium state would be a genuine quantum state rather than fictive but use-
ful auxiliary notion. Thermal equilibrium is defined separately for each incoming parton braid and
perhaps even braid (partons can have arbitrarily large size). At elementary particle level p-adic ther-
modynamics could be in question so that particle massivation would have first principle description.
p-Adic thermodynamics is under relatively mild conditions equivalent with its real counterpart ob-
tained by the replacement of pl° interpreted as a p-adic number with p~L° interpreted as a real
number.

2.6.6 Could HFFs of type II] be associated with the dynamics in M}
degrees of freedom?

HFFs of type III could be also assigned with the poorly understood dynamics in M% degrees of
freedom which should have a lot of to do with four-dimensional quantum field theory. Hyper-finite
factors of type III; might emerge when one extends II; to a local algebra by multiplying it with
hyper-octonions replaced as analog of matrix factor and considers hyper-quaternionic subalgebra.
The resulting algebra would be the analog of local gauge algebra and the elements of algebra would be
analogous to conformal fields with complex argument replaced with hyper-octonionic, -quaternionic,
or -complex one. Since quantum field theory in M* gives rise to hyper-finite I1I; factors one might
guess that the hyper-quaternionic restriction indeed gives these factors.

The expansion of the local HFF II, element as O(m) = Y. m"0O,,, where M* coordinate m is
interpreted as hyper-quaternion, could have interpretation as expansion in which O,, belongs to N'g"
in the crossed product N X {g™,n € Z}. The analogy with conformal fields suggests that the power
g™ inducing A" fold scaling of trace increases the conformal weight by n.

One can ask whether the scaling of trace by powers of A defines an inclusion hierarchy of sub-
algebras of conformal sub-algebras as suggested by previous arguments. One such hierarchy would be
the hierarchy of sub-algebras containing only the generators O,,, with conformal weight m > n, n € Z.

It has been suggested that the automorphism A could correspond to scaling inside light-cone.
This interpretation would fit nicely with Lorentz invariance and TGD in general. The factors I11y
with A generating semi-subgroups of integers (in particular powers of primes) could be of special
physical importance in TGD framework. The values of ¢ for which automorphism reduces to inner
automorphism should be of special physical importance in TGD framework. These automorphisms
correspond to scalings identifiable in terms of powers of p-adic prime p so that p-adic fractality would
find an explanation at the fundamental level.
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If the above mentioned expansion in powers of m™ of M} coordinate makes sense then the action
of o' representing a scaling by p™ would leave the elements O invariant or induce a mere inner
automorphism. Conformal weight n corresponds naturally to n-ary p-adic length scale by uncertainty
principle in p-adic mass calculations.

The basic question is the physical interpretation of the automorphism inducing the scaling of
trace by A and its detailed action in HFF. This scaling could relate to a scaling in M* and to the
appearance in the trace of an integral over M* or subspace of it defining the trace. Fractal structures
suggests itself strongly here. At the level of construction of physical states one always selects some
minimum non-positive conformal weight defining the tachyonic ground state and physical states have
non-negative conformal weights. The interpretation would be as a reduction to HHF of type I, or
even I1;.

2.6.7 Could the continuation of braidings to homotopies involve A" auto-
morphisms

The representation of braidings as special case of homotopies might lead from discrete automorphisms
for HFFs type I1; to continuous outer automorphisms for HFF's of type I11;. The question is whether
the periodic automorphism of I1; represented as a discrete sub-group of U(1) would be continued to
U(1) in the transition.

The automorphism of I1,, HFF associated with a given value of the scaling factor A is unique. If
Jones inclusions defined by the preferred values of A as A = VM : /2% (see the previous consider-
ations), then this automorphism could involve a periodic automorphism of I'I; factor defined by the
generator of cyclic subgroup Z,, for M : N < 4 besides additional shift transforming I1; factor to I,
factor and inducing the scaling.

2.6.8 HFFs of type II] as super-structures providing additional unique-
ness?

If the braiding M-matrices are as such highly unique. One could however consider the possibility
that they are induced from the automorphisms o; for the HFFs of type III restricted to HFFs of
type Il,. If a reduction to inner automorphism in HFF of type II] implies same with respect to
HFF of type Il and even Iy, they could be trivial for special values of time scaling ¢ assignable
to the partons and identifiable as a power of prime p characterizing the parton. This would allow to
eliminate incoming and outgoing legs. This elimination would be the counterpart of the division of
propagator legs in quantum field theories. Particle masses would however play no role in this process
now although the power of padic prime would fix the mass scale of the particle.

2.7 The almost latest vision about the role of HFFs in TGD

It is clear that at least the hyper-finite factors of type II; assignable to WCW spinors must have a
profound role in TGD. Whether also HFFS of type III; appearing also in relativistic quantum field
theories emerge when WCW spinors are replaced with spinor fields is not completely clear. I have
proposed several ideas about the role of hyper-finite factors in TGD framework. In particular, Connes
tensor product is an excellent candidate for defining the notion of measurement resolution.

In the following this topic is discussed from the perspective made possible by zero energy ontology
and the recent advances in the understanding of M-matrix using the notion of bosonic emergence.
The conclusion is that the notion of state as it appears in the theory of factors is not enough for
the purposes of quantum TGD. The reason is that state in this sense is essentially the counterpart
of thermodynamical state. The construction of M-matrix might be understood in the framework of
factors if one replaces state with its ”complex square root” natural if quantum theory is regarded
as a ”complex square root” of thermodynamics. It is also found that the idea that Connes tensor
product could fix M-matrix is too optimistic but an elegant formulation in terms of partial trace
for the notion of M-matrix modulo measurement resolution exists and Connes tensor product allows
interpretation as entanglement between sub-spaces consisting of states not distinguishable in the
measurement resolution used. The partial trace also gives rise to non-pure states naturally.
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2.7.1 Basic facts about factors

In this section basic facts about factors are discussed. My hope that the discussion is more mature
than or at least complementary to the summary that I could afford when I started the work with
factors for more than half decade ago. I of course admit that this just a humble attempt of a physicist
to express physical vision in terms of only superficially understood mathematical notions.

Basic notions

First some standard notations. Let B(?) denote the algebra of linear operators of Hilbert space H
bounded in the norm topology with norm defined by the supremum of for the length of the image
of a point of unit sphere H. This algebra has a lot of common with complex numbers in that the
counterparts of complex conjugation, order structure and metric structure determined by the algebraic
structure exist. This means the existence involution -that is *- algebra property. The order structure
determined by algebraic structure means following: A > 0 defined as the condition (A&, &) > 0 is
equivalent with A = B*B. The algebra has also metric structure ||AB|| < ||A]|||B] (Banach algebra
property) determined by the algebraic structure. The algebra is also C* algebra: ||A*A|| = ||A[|?
meaning that the norm is algebraically like that for complex numbers.

A von Neumann algebra M [?] is defined as a weakly closed non-degenerate *-subalgebra of
B(H) and has therefore all the above mentioned properties. From the point of view of physicist it is
important that a sub-algebra is in question.

In order to define factors one must introduce additional structure.

1. Let M be subalgebra of B(#H) and denote by M’ its commutant defined as the sub-algebra of
B(#H) commuting with it and allowing to express B(H) as B(H) = MV M’.

2. A factor is defined as a von Neumann algebra satisfying M” = M M is called factor. The
equality of double commutant with the original algebra is thus the defining condition so that
also the commutant is a factor. An equivalent definition for factor is as the condition that
the intersection of the algebra and its commutant reduces to a complex line spanned by a unit
operator. The condition that the only operator commuting with all operators of the factor is
unit operator corresponds to irreducibility in representation theory.

3. Some further basic definitions are needed. €2 € H is cyclic if the closure of M is H and
separating if the only element of M annihilating € is zero. Q is cyclic for M if and only if
it is separating for its commutant. In so called standard representation €2 is both cyclic and
separating.

4. For hyperfinite factors an inclusion hierarchy of finite-dimensional algebras whose union is dense
in the factor exists. This roughly means that one can approximate the algebra in arbitrary
accuracy with a finite-dimensional sub-algebra.

The definition of the factor might look somewhat artificial unless one is aware of the underlying
physical motivations. The motivating question is what the decomposition of a physical system to
non-interacting sub-systems could mean. The decomposition of B(H) to V product realizes this
decomposition.

1. Tensor product H = H; ® Hs is the decomposition according to the standard quantum measure-
ment theory and means the decomposition of operators in B(#) to tensor products of mutually
commuting operators in M = B(H;) and M’ = B(Hz2). The information about M can be coded
in terms of projection operators. In this case projection operators projecting to a complex ray of
Hilbert space exist and arbitrary compact operator can be expressed as a sum of these projectors.
For factors of type I minimal projectors exist. Factors of type I,, correspond to sub-algebras of
B(H) associated with infinite-dimensional Hilbert space and I, to B(H) itself. These factors
appear in the standard quantum measurement theory where state function reduction can lead
to a ray of Hilbert space.

2. For factors of type II no minimal projectors exists whereas finite projectors exist. For factors of
type II; all projectors have trace not larger than one and the trace varies in the range (0, 1]. In
this case cyclic vectors € exist. State function reduction can lead only to an infinite-dimensional
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subspace characterized by a projector with trace smaller than 1 but larger than zero. The
natural interpretation would be in terms of finite measurement resolution. The tensor product
of I1; factor and I is Il factor for which the trace for a projector can have arbitrarily large
values. II; factor has a unique finite tracial state and the set of traces of projections spans unit
interval. There is uncountable number of factors of type II but hyper-finite factors of type II;
are the exceptional ones and physically most interesting.

. Factors of type III correspond to an extreme situation. In this case the projection operators E
spanning the factor have either infinite or vanishing trace and there exists an isometry mapping
EH to ‘H meaning that the projection operator spans almost all of H. All projectors are also
related to each other by isometry. Factors of type III are smallest if the factors are regarded
as sub-algebras of a fixed B(H) where H corresponds to isomorphism class of Hilbert spaces.
Situation changes when one speaks about concrete representations. Also now hyper-finite factors
are exceptional.

Von Neumann algebras define a non-commutative measure theory. Commutative von Neumann
algebras indeed reduce to L°°(X) for some measure space (X, 1) and vice versa.

Weights, states and traces

The

1

2

3

4

5

notions of weight, state, and trace are standard notions in the theory of von Neumann algebras.

. A weight of von Neumann algebra is a linear map from the set of positive elements (those of
form a*a) to non-negative reals.

. A positive linear functional is weight with w(1) finite.
. A state is a weight with w(1) = 1.
. A trace is a weight with w(aa*) = w(a*a) for all a.

. A tracial state is a weight with w(1) = 1.

A factor has a trace such that the trace of a non-zero projector is non-zero and the trace of

proj

ection is infinite only if the projection is infinite. The trace is unique up to a rescaling. For

factors that are separable or finite, two projections are equivalent if and only if they have the same
trace. Factors of type I, the values of trace are equal to multiples of 1/n. For a factor of type I, the
value of trace are 0,1,2,.... For factors of type II; the values span the range [0, 1] and for factors of
type Il n the range [0,00). For factors of type III the values of the trace are 0, and occ.

Tomita-Takesaki theory

Tomita-Takesaki theory is a vital part of the theory of factors. First some definitions.

1

. Let w(z) be a faithful state of von Neumann algebra so that one has w(zz*) > 0 for z > 0.
Assume by Riesz lemma the representation of w as a vacuum expectation value: w = (-Q, ),
where (2 is cyclic and separating state.

. Let

L*M)=M , L*M)=H , L'M)=M,, (2.7.1)

where M, is the pre-dual of M defined by linear functionals in M. One has M * = M.

The conjugation  — z* is isometric in M and defines a map M — L?(M) via z — Q. The
map Sp; z2 — z*Q is however non-isometric.
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4. Denote by S the closure of the anti-linear operator Sy and by S = JA/? its polar decomposition
analogous that for complex number and generalizing polar decomposition of linear operators by
replacing (almost) unitary operator with anti-unitary J. Therefore A = S*§ > 0 is positive
self-adjoint and J an anti-unitary involution. The non-triviality of A reflects the fact that the
state is not trace so that hermitian conjugation represented by .S in the state space brings in
additional factor A/,

5. What z can be is puzzling to physicists. The restriction fermionic Fock space and thus to
creation operators would imply that A would act non-trivially only vacuum state so that A > 0
condition would not hold true. The resolution of puzzle is the allowance of tensor product of
Fock spaces for which vacua are conjugates: only this gives cyclic and separating state. This is
natural in zero energy ontology.

The basic results of Tomita-Takesaki theory are following.

1. The basic result can be summarized through the following formulas

APMA ™ =M ,JMIT =M .

2. The latter formula implies that M and M’ are isomorphic algebras. The first formula implies
that a one parameter group of modular automorphisms characterizes partially the factor. The
physical meaning of modular automorphisms is discussed in [?, ?] A is Hermitian and positive
definite so that the eigenvalues of log(A) are real but can be negative. A% is however not unitary
for factors of type II and III. Physically the non-unitarity must relate to the fact that the flow
is contracting so that hermiticity as a local condition is not enough to guarantee unitarity.

3. w — 0¥ = AdA"™ defines a canonical evolution -modular automorphism- associated with w
and depending on it. The A:s associated with different w:s are related by a unitary inner
automorphism so that their equivalence classes define an invariant of the factor.

Tomita-Takesaki theory gives rise to a non-commutative measure theory which is highly non-trivial.
In particular the spectrum of A can be used to classify the factors of type II and III.

Modular automorphisms

Modular automorphisms of factors are central for their classification.

1. One can divide the automorphisms to inner and outer ones. Inner automorphisms correspond
to unitary operators obtained by exponentiating Hermitian Hamiltonian belonging to the factor
and connected to identity by a flow. Outer automorphisms do not allow a representation as a
unitary transformations although log(A) is formally a Hermitian operator.

2. The fundamental group of the type I1; factor defined as fundamental group group of correspond-
ing I1,, factor characterizes partially a factor of type II;. This group consists real numbers A
such that there is an automorphism scaling the trace by A. Fundamental group typically contains
all reals but it can be also discrete and even trivial.

3. Factors of type III allow a one-parameter group of modular automorphisms, which can be used
to achieve a partial classification of these factors. These automorphisms define a flow in the
center of the factor known as flow of weights. The set of parameter values A for which w is
mapped to itself and the center of the factor defined by the identity operator (projector to the
factor as a sub-algebra of B(H)) is mapped to itself in the modular automorphism defines the
Connes spectrum of the factor. For factors of type 11, this set consists of powers of A < 1. For
factors of type I1Ij this set contains only identity automorphism so that there is no periodicity.
For factors of type III; Connes spectrum contains all real numbers so that the automorphisms
do not affect the identity operator of the factor at all.
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The modules over a factor correspond to separable Hilbert spaces that the factor acts on. These
modules can be characterized by M-dimension. The idea is roughly that complex rays are replaced
by the sub-spaces defined by the action of M as basic units. M-dimension is not integer valued in
general. The so called standard module has a cyclic separating vector and each factor has a standard
representation possessing antilinear involution J such that M’ = JMJ holds true (note that J
changes the order of the operators in conjugation). The inclusions of factors define modules having
interpretation in terms of a finite measurement resolution defined by M.

Crossed product as a manner to construct factors of type III

By using so called crossed product [?] for a group G acting in algebra A one can obtain new von
Neumann algebras. One ends up with crossed product by a two-step generalization by starting from
the semidirect product G < H for groups defined as (g1, h1)(g2,h2) = (g1h1(92), hih2) (note that
Poincare group has interpretation as a semidirect product M* < SO(3,1) of Lorentz and translation
groups). At the first step one replaces the group H with its group algebra. At the second step the
the group algebra is replaced with a more general algebra. What is formed is the semidirect product
A < G which is sum of algebras Ag. The product is given by (a1, g1)(az,g2) = (a191(a2), g1g2). This
construction works for both locally compact groups and quantum groups. A not too highly educated
guess is that the construction in the case of quantum groups gives the factor M as a crossed product
of the included factor A" and quantum group defined by the factor space M/N.

The construction allows to express factors of type III as crossed products of factors of type Il
and the 1-parameter group G of modular automorphisms assignable to any vector which is cyclic for
both factor and its commutant. The ergodic flow ) scales the trace of projector in Il factor by
A > 0. The dual flow defined by G restricted to the center of I, factor does not depend on the
choice of cyclic vector.

The Connes spectrum - a closed subgroup of positive reals - is obtained as the exponent of the
kernel of the dual flow defined as set of values of flow parameter A for which the flow in the center is
trivial. Kernel equals to {0} for 1], contains numbers of form log(A)Z for factors of type III, and
contains all real numbers for factors of type III; meaning that the flow does not affect the center.

2.7.2 Inclusions and Connes tensor product

Inclusions N' C M of von Neumann algebras have physical interpretation as a mathematical descrip-
tion for sub-system-system relation. For type I algebras the inclusions are trivial and tensor product
description applies as such. For factors of II; and III the inclusions are highly non-trivial. The
inclusion of type I factors were understood by Vaughan Jones [?] and those of factors of type ITT
by Alain Connes [?] .

Formally sub-factor AV of M is defined as a closed *-stable C-subalgebra of M. Let A be a
sub-factor of type II; factor M. Jones index M : N for the inclusion N' C M can be defined as
M : N = dimy(L*(M)) = Try:(idg2(a)). One can say that the dimension of completion of M as
N module is in question.

Basic findings about inclusions

What makes the inclusions non-trivial is that the position of NV in M matters. This position is
characterized in case of hyper-finite II; factors by index M : N which can be said to the dimension
of M as N module and also as the inverse of the dimension defined by the trace of the projector
from M to N. It is important to notice that M : A does not characterize either M or M, only the
imbedding.

The basic facts proved by Jones are following [?] .

1. For pairs N/ C M with a finite principal graph the values of M : A/ are given by

a) M : N =4cos*(w/h) , h>3
(2.7.2)
b) M:N >4 .
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the numbers at right hand side are known as Beraha numbers [?] . The comments below give a
rough idea about what finiteness of principal graph means.

2. As explained in [?] , for M : N' < 4 one can assign to the inclusion Dynkin graph of ADE
type Lie-algebra g with h equal to the Coxeter number h of the Lie algebra given in terms of
its dimension and dimension r of Cartan algebra r as h = (dimg(g) — r)/r. The Lie algebras
of SU(n), E7 and Ds,.; are however not allowed. For M : A/ = 4 one can assign to the
inclusion an extended Dynkin graph of type ADE characterizing Kac Moody algebra. Extended
ADE diagrams characterize also the subgroups of SU(2) and the interpretation proposed in [?]
is following. The ADE diagrams are associated with the n = oo case having M : N' > 4. There
are diagrams corresponding to infinite subgroups: SU(2) itself, circle group U(1), and infinite
dihedral groups (generated by a rotation by a non-rational angle and reflection. The diagrams
corresponding to finite subgroups are extension of A,, for cyclic groups, of D,, dihedral groups,
and of E,, with n=6,7,8 for tedrahedron, cube, dodecahedron. For M : N’ < 4 ordinary Dynkin
graphs of Ds,, and Eg, E5 are allowed.

Connes tensor product

The inclusions The basic idea of Connes tensor product is that a sub-space generated sub-factor N
takes the role of the complex ray of Hilbert space. The physical interpretation is in terms of finite
measurement resolution: it is not possible to distinguish between states obtained by applying elements
of NV.

Intuitively it is clear that it should be possible to decompose M to a tensor product of factor space

M/N and N:

One could regard the factor space M /N as a non-commutative space in which each point corresponds
to a particular representative in the equivalence class of points defined by N. The connections between
quantum groups and Jones inclusions suggest that this space closely relates to quantum groups. An
alternative interpretation is as an ordinary linear space obtained by mapping N rays to ordinary
complex rays. These spaces appear in the representations of quantum groups. Similar procedure
makes sense also for the Hilbert spaces in which M acts.

Connes tensor product can be defined in the space M ® M as entanglement which effectively
reduces to entanglement between A sub-spaces. This is achieved if A" multiplication from right is
equivalent with A" multiplication from left so that N acts like complex numbers on states. One can
imagine variants of the Connes tensor product and in TGD framework one particular variant appears
naturally as will be found.

In the finite-dimensional case Connes tensor product of Hilbert spaces has a rather simple repre-
sentation. If the matrix algebra N of n X n matrices acts on V from right, V' can be regarded as a
space formed by m x n matrices for some value of m. If N acts from left on W, W can be regarded
as space of n X r matrices.

1. In the first representation the Connes tensor product of spaces V and W consists of m xr matrices
and Connes tensor product is represented as the product VW of matrices as (VW),,,.e™". In
this representation the information about N disappears completely as the interpretation in terms
of measurement resolution suggests. The sum over intermediate states defined by NV brings in
mind path integral.

2. An alternative and more physical representation is as a state
> VinWire™™ @ e
n

in the tensor product V @ W.
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3. One can also consider two spaces V and W in which N acts from right and define Connes tensor
product for AT®@x B or its tensor product counterpart. This case corresponds to the modification
of the Connes tensor product of positive and negative energy states. Since Hermitian conjugation
is involved, matrix product does not define the Connes tensor product now. For m = r case
entanglement coefficients should define a unitary matrix commuting with the action of the
Hermitian matrices of N and interpretation would be in terms of symmetry. HFF property
would encourage to think that this representation has an analog in the case of HFFs of type I1;.

4. Also type I,, factors are possible and for them Connes tensor product makes sense if one can
assign the inclusion of finite-D matrix algebras to a measurement resolution.

2.7.3 Factors in quantum field theory and thermodynamics

Factors arise in thermodynamics and in quantum field theories [?, 7, ?] . There are good arguments
showing that in HFFS of III; appear are relativistic quantum field theories. In non-relativistic QFT's
the factors of type I appear so that the non-compactness of Lorentz group is essential. Factors of type
III; and I11, appear also in relativistic thermodynamics.

The geometric picture about factors is based on open subsets of Minkowski space. The basic
intuitive view is that for two subsets of M*, which cannot be connected by a classical signal moving
with at most light velocity, the von Neumann algebras commute with each other so that V product
should make sense.

Some basic mathematical results of algebraic quantum field theory [?] deserve to be listed since
they are suggestive also from the point of view of TGD.

1. Let O be a bounded region of R* and define the region of M* as a union Ujg|<e(O + x) where
(O +x) is the translate of O and |z| denotes Minkowski norm. Then every projection E € M(O)
can be written as WW* with W € M(O,) and W*W = 1. Note that the union is not a bounded
set of M*. This almost establishes the type III property.

2. Both the complement of light-cone and double light-cone define HFF of type III;. Lorentz boosts
induce modular automorphisms.

3. The so called split property suggested by the description of two systems of this kind as a tensor
product in relativistic QFTs is believed to hold true. This means that the HFFs of type III;
associated with causally disjoint regions are sub-factors of factor of type I,. This means

My CBH) %1, MsC1®B(Hs) .

An infinite hierarchy of inclusions of HFFS of type I1l;s is induced by set theoretic inclusions.

2.7.4 TGD and factors

The following vision about TGD and factors relies heavily on zero energy ontology, TGD inspired
quantum measurement theory, basic vision about quantum TGD, and bosonic emergence.

The problems

Concerning the role of factors in TGD framework there are several problems of both conceptual and
technical character.

1. Conceptual problems

It is safest to start from the conceptual problems and take a role of skeptic.

1. Under what conditions the assumptions of Tomita-Takesaki formula stating the existence of
modular automorphism and isomorphy of the factor and its commutant hold true? What is the

physical interpretation of the formula M’ = JMJ relating factor and its commutant in TGD
framework?
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Is the identification M = A® sensible is quantum TGD and zero energy ontology, where M-
matrix is ”"complex square root” of exponent of Hamiltonian defining thermodynamical state
and the notion of unitary time evolution is given up? The notion of state w leading to A
is essentially thermodynamical and one can wonder whether one should take also a ”complex
square root” of w to get M-matrix giving rise to a genuine quantum theory.

TGD based quantum measurement theory involves both quantum fluctuating degrees of freedom
assignable to light-like 3-surfaces and zero modes identifiable as classical degrees of freedom
assignable to interior of the space-time sheet. Zero modes have also fermionic counterparts.
State preparation should generate entanglement between the quantal and classical states. What
this means at the level of von Neumann algebras?

What is the TGD counterpart for causal disjointness. At space-time level different space-time
sheets could correspond to such regions whereas at imbedding space level causally disjoint C'Ds
would represent such regions.

2. Technical problems

There are also more technical questions.

1.

What is the von Neumann algebra needed in TGD framework? Does one have a a direct integral
over factors (at least a direct integral over zero modes labeling factors)? Which factors appear
in it? Can one construct the factor as a crossed product of some group G with a direct physical
interpretation and of naturally appearing factor A? Is A a HFF of type I1,7 assignable to a
fixed C'D? What is the natural Hilbert space H in which A acts?

. What are the geometric transformations inducing modular automorphisms of 17, inducing the

scaling down of the trace? Is the action of G induced by the boosts in Lorentz group. Could
also translations and scalings induce the action? What is the factor associated with the union
of Poincare transforms of CD? log(A) is Hermitian algebraically: what does the non-unitarity
of exp(log(A)it) mean physically?

Could Q2 correspond to a vacuum which in conformal degrees of freedom depends on the choice
of the sphere S? defining the radial coordinate playing the role of complex variable in the case
of the radial conformal algebra. Does *-operation in M correspond to Hermitian conjugation
for fermionic oscillator operators and change of sign of super conformal weights?

The exponent of the modified Dirac action gives rise to the exponent of Kahler function as Dirac
determinant and fermionic inner product defined by fermionic Feynman rules. It is implausible that
this exponent could as such correspond to w or A% having conceptual roots in thermodynamics rather
than QFT. If one assumes that the exponent of the modified Dirac action defines a ”complex square
root” of w the situation changes. This raises technical questions relating to the notion of square root

of w.

1.

Does the square root of w in the have a polar decomposition to a product of positive definite
matrix (square root of the density matrix) and unitary matrix and does w!/? correspond to
the modulus in the decomposition? Does the square root of A have similar decomposition
with modulus equal equal to A'/2 in standard picture so that modular automorphism, which is
inherent property of von Neumann algebra, would not be affected?

A® or rather its generalization is defined modulo a unitary operator defined by some Hamiltonian
and is therefore highly non-unique as such. This non-uniqueness applies also to |A|. Could this
non-uniqueness correspond to the thermodynamical degrees of freedom?

Zero energy ontology and factors

The first question concerns the identification of the Hilbert space associated with the factors in zero
energy ontology. As the positive or negative energy part of the zero energy state space or as the entire
space of zero energy states? The latter option would look more natural physically and is forced by
the condition that the vacuum state is cyclic and separating.
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1.

It

The commutant of HFF given as M’ = JMJ, where J is involution transforming fermionic
oscillator operators and bosonic vector fields to their Hermitian conjugates. Also conformal
weights would change sign in the map which conforms with the view that the light-like boundaries
of CD are analogous to upper and lower hemispheres of S? in conformal field theory. The
presence of J representing essentially Hermitian conjugation would suggest that positive and
zero energy parts of zero energy states are related by this formula so that state space decomposes
to a tensor product of positive and negative energy states and M-matrix can be regarded as a
map between these two sub-spaces.

. The fact that HFF of type II; has the algebra of fermionic oscillator operators as a canonical

representation makes the situation puzzling for a novice. The assumption that the vacuum
is cyclic and separating means that neither creation nor annihilation operators can annihilate
it. Therefore Fermionic Fock space cannot appear as the Hilbert space in the Tomita-Takesaki
theorem. The paradox is circumvented if the action of * transforms creation operators acting on
the positive energy part of the state to annihilation operators acting on negative energy part of
the state. If J permutes the two Fock vacuums in their tensor product, the action of S indeed
maps permutes the tensor factors associated with M and M.

is far from obvious whether the identification M = A® makes sense in zero energy ontology.

. In zero energy ontology M-matrix defines time-like entanglement coefficients between positive

and negative energy parts of the state. M-matrix is essentially ”complex square root” of the
density matrix and quantum theory similar square root of thermodynamics. The notion of state
as it appears in the theory of HFFS is however essentially thermodynamical. Therefore it is good
to ask whether the ”complex square root of state” could make sense in the theory of factors.

. Quantum field theory suggests an obvious proposal concerning the meaning of the square root:

one replaces exponent of Hamiltonian with imaginary exponential of action at 7' — 0 limit. In
quantum TGD the exponent of modified Dirac action giving exponent of Kéhler function as
real exponent could be the manner to take this complex square root. Modified Dirac action can
therefore be regarded as a ”square root” of Kéhler action.

The identification M = A relies on the idea of unitary time evolution which is given up in zero
energy ontology based on C'Ds? Is the reduction of the quantum dynamics to a flow a realistic
idea? As will be found this automorphism could correspond to a time translation or scaling
for either upper or lower light-cone defining CD and can ask whether A% corresponds to the
exponent of scaling operator Lg defining single particle propagator as one integrates over t. Its
complex square root would correspond to fermionic propagator.

In this framework JA® would map the positive energy and negative energy sectors to each
other. If the positive and negative energy state spaces can identified by isometry then M = JA®
identification can be considered but seems unrealistic. S = JA'/2? maps positive and negative
energy states to each other: could S or its generalization appear in M-matrix as a part which
gives thermodynamics? The exponent of the modified Dirac action does not seem to provide
thermodynamical aspect and p-adic thermodynamics suggests strongly the presence exponent
of exp(—Lo/T,) with T, chose in such manner that consistency with p-adic thermodynamics
is obtained. Could the generalization of JA™? with A replaced with its ”square root” give
rise to padic thermodynamics and also ordinary thermodynamics at the level of density matrix?
The minimal option would be that power of A" which imaginary value of ¢ is responsible for
thermodynamical degrees of freedom whereas everything else is dictated by the unitary S-matrix
appearing as phase of the ”square root” of w.

Zero modes and factors

The presence of zero modes justifies quantum measurement theory in TGD framework and the rela-
tionship between zero modes and HFFS involves further conceptual problems.

1.

The presence of zero modes means that one has a direct integral over HFF's labeled by zero modes
which by definition do not contribute to the configuration space line element. The realization
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of quantum criticality in terms of modified Dirac action [K15] suggests that also fermionic zero
mode degrees of freedom are present and correspond to conserved charges assignable to the
critical deformations of the pace-time sheets. Induced Kahler form characterizes the values
of zero modes for a given space-time sheet and the symplectic group of light-cone boundary
characterizes the quantum fluctuating degrees of freedom. The entanglement between zero modes
and quantum fluctuating degrees of freedom is essential for quantum measurement theory. One
should understand this entanglement.

2. Physical intuition suggests that classical observables should correspond to longer length scale
than quantal ones. Hence it would seem that the interior degrees of freedom outside C'D should
correspond to classical degrees of freedom correlating with quantum fluctuating degrees of free-
dom of C'D.

3. Quantum criticality means that modified Dirac action allows an infinite number of conserved
charges which correspond to deformations leaving metric invariant and therefore act on zero
modes. Does this super-conformal algebra commute with the super-conformal algebra associated
with quantum fluctuating degrees of freedom? Could the restriction of elements of quantum
fluctuating currents to 3-D light-like 3-surfaces actually imply this commutativity. Quantum
holography would suggest a duality between these algebras. Quantum measurement theory
suggests even 1-1 correspondence between the elements of the two super-conformal algebras.
The entanglement between classical and quantum degrees of freedom would mean that prepared
quantum states are created by operators for which the operators in the two algebras are entangled
in diagonal manner.

4. The notion of finite measurement resolution has become key element of quantum TGD and
one should understand how finite measurement resolution is realized in terms of inclusions of
hyper-finite factors for which sub-factor defines the resolution in the sense that its action creates
states not distinguishable from each other in the resolution used. The notion of finite measure-
ment resolution suggests that one should speak about entanglement between sub-factors and
corresponding sub-spaces rather than between states. Connes tensor product would code for the
idea that the action of sub-factors is analogous to that of complex numbers and tracing over
sub-factor realizes this idea.

5. Just for fun one can ask whether the duality between zero modes and quantum fluctuating
degrees of freedom representing quantum holography could correspond to M’ = JMJ? This
interpretation must be consistent with the interpretation forced by zero energy ontology. If this
crazy guess is correct (very probably not!), both positive and negative energy states would be
observed in quantum measurement but in totally different manner. Since this identity would
simplify enormously the structure of the theory, it deserves therefore to be shown wrong.

Crossed product construction in TGD framework

The identification of the von Neumann algebra by crossed product construction is the basic challenge.
Consider first the question how HFFs of type I, could emerge, how modular automorphisms act on
them, and how one can could understand the non-unitary character of the A% in an apparent conflict
with the hermiticity and positivity of A.

1. If the number of spinor modes is infinite, the Clifford algebra at a given point of WCW(CD)
(light-like 3-surfaces with ends at the boundaries of C'D) defines HFF of type II; or possibly a
direct integral of them. For a given C'D having compact isotropy group SO(3) leaving the rest
frame defined by the tips of C'D invariant the factor defined by Clifford algebra valued fields in
WCW(CD) is most naturally HFF of type I1o,. The Hilbert space in which this Clifford algebra
acts, consists of spinor fields in WCW(CD). Also the symplectic transformations of light-cone
boundary leaving light-like 3-surfaces inside C'D can be included to G. In fact all conformal
algebras leaving C'D invariant could be included in C'D.

2. The downwards scalings of the radial coordinate r,; of the light-cone boundary applied to
the basis of WCW (CD) spinor fields could induce modular automorphism. These scalings
reduce the size of the portion of light-cone in which the WCW spinor fields are non-vanishing
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and effectively scale down the size of CD. exp(iLg) as algebraic operator acts as a phase
multiplication on eigen states of conformal weight and therefore as apparently unitary operator.
The geometric flow however contracts the C'D so that the interpretation of exp(itLg) as a
unitary modular automorphism is not possible. The scaling down of C'D reduces the value of
the trace if it involves integral over the boundary of C'D. A similar reduction is implied by
the downward shift of the upper boundary of C'D so that also time translations would induce
modular automorphism. These shifts seem to be necessary to define rest energies of positive and
negative energy parts of the zero energy state.

. The non-triviality of the modular automorphisms of Il factor reflects different choices of w.

The degeneracy of w could be due to the non-uniqueness of conformal vacuum which is part of the
definition of w. The radial Virasoro algebra of light-cone boundary is generated by L,, = L* ,
n # 0 and Ly = L{ and negative and positive frequencies are in asymmetric position. The
conformal gauge is fixed by the choice of SO(3) subgroup of Lorentz group defining the slicing
of light-cone boundary by spheres and the tips of CD fix SO(3) uniquely. One can however
consider also alternative choices of SO(3) and each corresponds to a slicing of the light-cone
boundary by spheres but in general the sphere defining the intersection of the two light-cone
does not belong to the slicing. Hence the action of Lorentz transformation inducing different
choice of SO(3) can lead out from the preferred state space so that its representation must be
non-unitary unless Virasoro generators annihilate the physical states. The non-vanishing of the
conformal central charge ¢ and vacuum weight h seems to be necessary and indeed can take
place for super-symplectic algebra and Super Kac-Moody algebra since only the differences of
the algebra elements are assumed to annihilate physical states.

The essential assumption in the above argument is that the number of modes DgW¥ = 0 for the

induced spinor field is infinite. This assumption is highly non-trivial and need not hold true always
as the detailed considerations of [?] demonstrate.

1. The Dirac determinant defining the vacuum functional is identified as the product of generalized

eigenvalues of the 3-D dimensional reduction D 3 of Dg to light-like 3-surfaces Y;*. A physical
analogy for the modified Dirac equation is fermion in a magnetic field.

. When the dimension D of the CP, projection of the space-time sheet satisfies D > 2, the

counterpart of the Schrédinger amplitude - call it R- can depend on single C' P, coordinate only.
For D = 2 (cosmic strings would be the basic example) R can depend on 2 C' P, coordinates. In
this case infinite number of modes are possible and are analogous to 2-D spherical harmonics in
the cross section of the string like object. At least in the interior of cosmic strings this option
seems to be realized so that in this case the Clifford algebra would be infinite-dimensional.

. What is essential is that for string like objects the slicings by light-like 3-surfaces associated with

the wormhole throats at the opposite ends of string like object can correspond to the same slicing.
Hence the situation is expected to be the same for all string like objects irrespective of the value
of D. The coordinate on which R depends could be analogous to cylindrical angle coordinate and
one would have infinite number of rotational modes. For infinite-dimensional case zeta function
regularization must be used in the definition of Dirac determinant and under rather general
conditions on spectrum reduces to the analytic continuation used to define Riemann Zeta.

. For D > 2 and for objects which are not string like objects situation is different. The slicings by

light-like 3-surfaces associated with different wormhole throats must be defined on finite-sized
basins separated by boundaries at which the spinor modes associated with particular throat
must vanish. The modes are therefore restricted to a finite region of space-time sheet with a
boundary. If R is analogous to a radial mode in constant magnetic field, there is a natural
cutoff in oscillator modes which are analogous harmonic oscillator wave functions and Dirac
determinant is automatically finite. Thus for D > 2 or at least for D = 4- a phase analogous
to QFT in M* - the number of modes would be finite meaning that the Clifford algebra is
finite-dimensional and one obtains only factor of type I,,.

Modular automorphism of HFFs type III; can be induced by several geometric transformations

for HFFs of type III; obtained using the crossed product construction from Il factor by extending
CD to a union of its Lorentz transforms.
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1. The crossed product would correspond to an extension of II,, by allowing a union of some
geometric transforms of C'D. If one assumes that only CDs for which the distance between
tips is quantized in powers of 2, then scalings of either upper or lower boundary of C'D cannot
correspond to these transformations. Same applies to time translations acting on either boundary
but not to ordinary translations. As found, the modular automorphisms reducing the size of
CD could act in HFF of type I1.

2. The geometric counterparts of the modular transformations would most naturally correspond to
any non-compact one parameter sub-group of Lorentz group as also QFT suggests. The Lorentz
boosts would replace the radial coordinate rp; of the light-cone boundary associated with the
radial Virasoro algebra with a new one so that the slicing of light-cone boundary with spheres
would be affected and one could speak of a new conformal gauge. The temporal distance between
tips of C'D in the rest frame would not be affected. The effect would seem to be however unitary
because the transformation does not only modify the states but also transforms C'D.

3. Since Lorentz boosts affect the isotropy group SO(3) of CD and thus also the conformal gauge
defining the radial coordinate of the light-cone boundary, they affect also the definition of the
conformal vacuum so that also w is affected so that the interpretation as a modular automorphism
makes sense. The simplistic intuition of the novice suggests that if one allows wave functions in
the space of Lorentz transforms of C'D, unitarity of A" is possible. Note that the hierarchy of
Planck constants assigns to CD preferred M? and thus direction of quantization axes of angular
momentum and boosts in this direction would be in preferred role.

4. One can also consider the HFF of type III, if the radial scalings by negative powers of 2
correspond to the automorphism group of I/, factor as the vision about allowed C Ds suggests.
A = 1/2 would naturally hold true for the factor obtained by allowing only the radial scalings.
Lorentz boosts would expand the factor to HFF of type III;. Why scalings by powers of 2 would
give rise to periodicity should be understood.

The identification of M-matrix as modular automorphism A%, where t is complex number having as
its real part the temporal distance between tips of C'D quantized as 2" and temperature as imaginary
part, looks at first highly attractive, since it would mean that M-matrix indeed exists mathematically.
The proposed interpretations of modular automorphisms do not support the idea that they could define
the S-matrix of the theory. In any case, the identification as modular automorphism would not lead
to a magic universal formula since arbitrary unitary transformation is involved.

2.7.5 Can one identify M-matrix from physical arguments?

Consider next the identification of M-matrix from physical arguments.

Basic physical picture

The following physical picture could help in the attempt to guess what the complex square root of w
is and also whether this idea makes sense at all. Consider first quantum TGD proper.

1. The exponent of Kéahler function identified as Kéahler action for preferred extremals defines the
bosonic vacuum functional appearing in the functional integral over WCW(C'D). The exponent
of Kahler function depends on the real part of ¢ identified as Minkowski distance between the
tips of CD. This dependence is not consistent with the dependence of A% on ¢ and the natural
interpretation is that the vacuum functional can be included in the definition of the inner product
for spinors fields of WCW . More formally, the exponent of Kahler function defines w in bosonic
degrees of freedom.

2. One can assign to the modified Dirac action Dirac determinant identified tentatively as the
exponent of Kéhler function. This determinant is defined as the product of the generalized
eigenvalues of a 3-dimensional modified Dirac operator assignable to light-like 3-surfaces. The
definition relies on quantum holography involving the slicing of space-time surface both by
light-like 3-surfaces and by string world sheets. Hence also Kéhler coupling strength follows as
a prediction so that the theory involves therefore no free coupling parameters. Kéahler function
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is defined only apart from an additive term which is sum of holomorphic and anti-holomorphic
functions of the configuration space and this would naturally correspond to the effect of the
modular automorphism. I have proposed that the choices of a particular light-like 3-surface
in the slicing of X* by light-like 3-surfaces at which vacuum functional is defined as Dirac
determinant can differ by this kind of term having therefore interpretation also as a modular
automorphism for a factor of type Il.

3. Quantum criticality -implied by the condition that the modified Dirac action gives rise to con-
served currents assignable to the deformations of the space-time surface - means the vanishing of
the second variation of Kéahler action for these deformations. Preferred extremals correspond to
these 4-surfaces and M8 — M* x C' P, duality allows to identify them also as hyper-quaternionic
space-time surfaces.

4. Second quantized spinor fields are the only quantum fields appearing at the space-time level.
This justifies to the notion of bosonic emergence [?] , which means that gauge bosons and
possible counterpart of Higgs particle are identified as bound states of fermion and antifermion
at opposite light-like throats of wormhole contact. This suggests that the M-matrix should allow
a formulation solely in terms of the modified Dirac action.

HFFs and the definition of Dirac determinant

The definition of the Dirac determinant -call it det(D)- discussed in [K15] involves two assumptions.
First, finite measurement resolution is assumed to correspond to a replacement of light-like 3-surfaces
with braids whose strands carry fermion number. Secondly, the quantum holography justifies the
assumption about dimensional reduction to a determinant assignable to 3-D Dirac operator.

1. The finiteness of the trace for HFF of type II; indeed encourages the question whether one
could define det(D) as the exponent of the trace of the logarithm of 3-D Dirac operator D3 even
without the assumption of finite measurement resolution. The trace would be induced from the
trace of the tensor product of hyper-finite factor of type II; and factor of type I.

2. One might wonder whether holography could allow to define det(D) also in terms of the 4-D
modified Dirac operator. The basic problem is of course that only the spinor fields satisfying
D4,V = 0 are allowed and eigenvalue equation in standard sense breaks baryon and lepton
number conservation. The critical deformation representing zero modes might however allow
to circumvent this difficulty. The modified Dirac equation D¥ = 0 holding true for the 4-
surfaces obtained as critical deformations can be written in the form DyW¥ = Dgd¥ = —0DV,
where the subscript ¢ refers to the non-deformed surface and one has §¥ = O¥, which involves
propagator defined by Dy. Maybe one could define det(D) as the determinant of the operator
—4D by identifying it as the exponent of the trace of the operator log(—3d D). This would require
a division by the deformation parameter Jt at both sides of the modified Dirac equation and
means only the elimination of an infinite proportionality factor from the determinant.

Bosonic emergence and QFT limit of TGD

The QFT limit of TGD gives further valuable hints about the formulation of quantum TGD proper.
In QFT limit Dirac action coupled to gauge potentials (and possibly the TGD counterpart of Higgs)
defines the theory and bosonic propagators and vertices involving bosons as external particles emerge
as radiative corrections [?] . There are no free coupling constants in the theory.

1. The construction involves at the first step the coupling of spinor fields ¥ to fermionic sources &
leading to an expression of the effective action as a functional of gauge potentials and £ containing
the counterpart of YM action in the purely bosonic sector plus interaction terms representing
N-boson vertices. Bosonic dynamics is therefore generated purely radiatively in accordance with
the emergence idea. At the next step the coupling to external YM currents leads to Feynman
rules in the standard manner.

2. The inverse of the bosonic propagator and N-boson vertices correspond to fermionic loops and
coupling constants are predicted completely in terms of them provided one can define the loop
integrals uniquely.
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3. Fermionic loops do not make sense without cutoff in both mass squared and hyperbolic angle
defining the maximum Lorentz boost which can be applied to a virtual fermion in the rest
system of the virtual gauge boson. Zero energy ontology realized in terms of a hierarchy of
C Ds provides a physical justification for the hierarchy of hyperbolic cutoffs. p-Adic length scale
hypothesis (the sizes of C'Ds come in powers of 2) allows to decompose momentum space to
shells corresponding to mass squared intervals [n,n + 1) using C' P, mass squared as a unit.
The hyperbolic cutoff can depend on p-adic mass scale and can differ for time-like and space-like
momenta: the relationship between these cutoffs is fixed from the condition that gauge bosons do
not generate mass radiatively. One can find a simple ansatz for the hyperbolic cutoff consistent
with the coupling constant evolution in standard model. The vanishing of all on-mass-shell
N > 2-boson vertices defined by the fermionic loops states their irreducibility to lower vertices
and serves as a candidate for the condition fixing the hyperbolic cutoff as a function of the p-adic
mass scale.

A proposal for M-matrix

This picture can be taken as a template as one tries to to imagine how the construction of M-matrix
could proceed in quantum TGD proper.

1. Modified Dirac action should replace the ordinary Dirac action and define the theory. The linear
couplings of spinors to fermionic external currents are needed. Also bosons represented as bound
states of fermion and antifermion to the analogs of gauge currents are needed to construct the
M-matrix and would correspond to an addition of quantum part to induced spinor connection.
One can consider also the addition of quantum parts to the induced metric and induced gamma
matrices.

2. The couplings of the induced spinor fields to external sources would be given as contractions
of the fermionic sources with conformal super-currents. Conformal currents would couple to
bosonic external currents analogous to external YM currents and M-matrix would result via
the usual procedure leading to generalized Feynman diagrams for which sub-C Ds would contain
vertices.

One cannot however argue that everything would be crystal clear.

1. There are two kinds of super-conformal algebras corresponding to quantum fluctuating degrees
of freedom and zero modes. The super-conformal algebra associated with the zero modes fol-
lows from quantum criticality guaranteing the conservation of these currents. These currents
are defined in the interior of the space-time surface. By quantum holography the quantum fluc-
tuating super-conformal algebra is assigned with light-like 3-surfaces. Both these algebras form
a hierarchy of inclusions identifiable as counterparts for inclusions of HFFs. Which of the two
super-conformal algebras one should use? Does quantum holography - interpreted as possibility
of 1-1 entanglement between the two kinds of conformal currents for prepared states- mean that
one can use either of them to construct M-matrix? How the dimensional reduction could be
understood in terms of this duality?

2. The bosonic conserved currents in the interior of X* implied by quantum criticality involve a
purely local pairing of the induced spinor field and its conjugate. The problem is that gauge
bosons as wormhole throats appearing in the dimensionally reduced description correspond to a
non-local (in C'P, scale) pairing of spinor field and its conjugate at opposite wormhole throats.
Should one accept as a fact that dimensionally reduced quantum fluctuating counterparts for
the purely local zero mode currents are bi-local?

3. Only few days after posing these questions a plausible answer to them came through a resolution
of several problems related to the formulation of quantum TGD (see the section ”"Handful of
problems with a common resolution” of [?] ). One important outcome of the formulation allowing
to understand how stringy fermionic propagators emerge from the theory was that gravitational
coupling vanishes for purely local composites of fermion and antifermion represented by Kac-
Moody algebra and super-conformal algebra associated with critical deformations. Hence the
only sensible identification of bosons seems to be as wormhole throats.
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4. The construction of the bosonic propagators in terms of fermionic loops [?] as functionals integral

over Grassmann variables generalizes. Fermionic loops correspond geometrically to wormhole
contacts having fermion and anti-fermion at their opposite light-like throats. This implies a
cutoff for momentum squared and hyperbolic angle of the virtual fermion in the rest system of
boson crucial for the absence of loop divergences. Hence bosonic propagation is emergent as is
also fermionic propagation which can be seen as induced by the measurement interaction for
momentum. This justifies the cutoffs due to the finite measurement resolution.

. It is essential that one first functionally integrates over the fermionic degrees of freedom and

over the small deformations of light-like 3-surfaces and only after that constructs diagrams
from tree diagrams with bosonic and fermionic lines by using generalized Cutkosky rules. Here
the generalization of twistors to 8-D context allowing to regard massive particles as massless
particles in 8-D framework is expected to be a crucial technical tool possibly allowing to achieve
summations over large classes of generalized Feynman diagrams. Also the hierarchy of C'Ds is
expected to be crucial in the construction.

The key idea is the addition of measurement interaction term to the modified Dirac action coupling
to the conserved currents defined by quantum critical deformations for which the second variation of
Kahler action vanishes. There remains a considerable freedom in choosing the precise form of the
measurement interaction but there is a long list of arguments supporting the identification of the
measurement interaction as the one defined by 3-D Chern-Simons term assignable with wormhole
throats so that the dynamics in the interior of space-time sheet is not affected. This means that 3-D
light-like wormhole throats carry induced spinor field which can be regarded as independent degrees
of freedom having the spinor fields at partonic 2-surfaces as sources and acting as 3-D sources for the
4-D induced spinor field. The most general measurement interaction would involve the corresponding
coupling also for Kahler action but is not physically motivated. Here are the arguments in favor of
Chern-Simons Dirac action and corresponding measurement interaction.

1.

A correlation between 4-D geometry of space-time sheet and quantum numbers is achieved
by the identification of exponent of Kéhler function as Dirac determinant making possible the
entanglement of classical degrees of freedom in the interior of space-time sheet with quantum
numbers.

. Cartan algebra plays a key role not only at quantum level but also at the level of space-time

geometry since quantum critical conserved currents vanish for Cartan algebra of isometries
and the measurement interaction terms giving rise to conserved currents are possible only for
Cartan algebras. Furthermore, modified Dirac equation makes sense only for eigen states of
Cartan algebra generators. The hierarchy of Planck constants realized in terms of the book like
structure of the generalized imbedding space assigns to each CD (causal diamond) preferred
Cartan algebra: in case of Poincare algebra there are two of them corresponding to linear and
cylindrical M* coordinates.

Quantum holography and dimensional reduction hierarchy in which partonic 2-surface defined
fermionic sources for 3-D fermionic fields at light-like 3-surfaces Y¥;? in turn defining fermionic
sources for 4-D spinors find an elegant realization. Effective 2-dimensionality is achieved if the
replacement of light-like wormhole throat X 13 with light-like 3-surface Y13 ”parallel” with it in the
definition of Dirac determinant corresponds to the U(1) gauge transformation K — K + f + f
for Kahler function of WCW so that WCW Kahler metric is not affected. Here f is holomorphic
function of WCW (”world of classical worlds”) complex coordinates and arbitrary function of
zero mode coordinates.

An elegant description of the interaction between super-conformal representations realized at
partonic 2-surfaces and dynamics of space-time surfaces is achieved since the values of Cartan
charges are feeded to the 3-D Dirac equation which also receives mass term at the same time.
Almost topological QFT at wormhole throats results at the limit when four-momenta vanish:
this is in accordance with the original vision about TGD as almost topological QFT.

. A detailed view about the physical role of quantum criticality results. Quantum criticality

fixes the values of Kéhler coupling strength as the analog of critical temperature. Quantum
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criticality implies that second variation of K&hler action vanishes for critical deformations and
the existence of conserved current except in the case of Cartan algebra of isometries. Quantum
criticality allows to fix the values of couplings appearing in the measurement interaction by
using the condition K — K + f + f. p-Adic coupling constant evolution can be understood also
and corresponds to scale hierarchy for the sizes of causal diamonds (C'Ds). To achieve internal
consistency the quantum critical deformations for Kahler action must be also quantum critical
for Chern-Simons action which implies that the deformations are orthogonal to Kahler magnetic
field at each light-like 3-surface in the slicing of space-time sheet by light-like 3-surfaces.

6. CP breaking, irreversibility and the space-time description of dissipation are closely related. Also
the interpretation of preferred extremals of Kahler action in regions where [Do—_s, Do—g.int] = 0
as asymptotic self organization patterns makes sense. Here Do_g denotes the 3-D modified
Dirac operator associated with Chern-Simons action and D¢_g int to the corresponding mea-
surement interaction term expressible as superposition of couplings to various observables to
critical conserved currents.

7. A radically new view about matter antimatter asymmetry based on zero energy ontology emerges
and one could understand the experimental absence of antimatter as being due to the fact
antimatter corresponds to negative energy states. The identification of bosons as wormhole
contacts is the only possible option in this framework.

8. Almost stringy propagators and a consistency with the identification of wormhole throats as
lines of generalized Feynman diagrams is achieved. The notion of bosonic emergence leads to a
long sought general master formula for the M-matrix elements. The counterpart for fermionic
loop defining bosonic inverse propagator at QFT limit is wormhole contact with fermion and
cutoffs in mass squared and hyperbolic angle for loop momenta of fermion and antifermion in
the rest system of emitting boson have precise geometric counterpart.

On basis of above considerations it seems that the idea about ”complex square root” of w might
make sense in quantum TGD and that different measurement interactions correspond to various
choices of w. Also the modular automorphism would make sense and because of its non-uniqueness A
could bring in the flexibility needed one wants thermodynamics. Stringy picture forces to ask whether
A could in some situation be proportional exp(Lg), where Ly represents as the infinitesimal scaling
generator of either super-symplectic algebra or super Kac-Moody algebra (the choice does not matter
since the differences of the generators annihilate physical states in coset construction). This would
allow to reproduce real thermodynamics consistent with p-adic thermodynamics.

In string models exp(iLg7) is identified as the time evolution operator at single particle level whose
integral over 7 defines the propagator. The quantization for the sizes of C'Ds does not however allow
integration over ¢ in this sense. Could the integration over projectors with traces differing by scalings
parameterized by ¢ correspond to this integral? Or should one give up this idea since modified Dirac
operator defines a propagator in any case?

2.7.6 Finite measurement resolution and HFF's

The finite resolution of quantum measurement leads in TGD framework naturally to the notion of
quantum M-matrix for which elements have values in sub-factor N of HFF rather than being complex
numbers. M-matrix in the factor space M/N is obtained by tracing over A/. The condition that A/
acts like complex numbers in the tracing implies that M-matrix elements are proportional to maximal
projectors to A so that M-matrix is effectively a matrix in M /AN and situation becomes finite-
dimensional. It is still possible to satisfy generalized unitarity conditions but in general case tracing
gives a weighted sum of unitary M-matrices defining what can be regarded as a square root of density
matrix.

About the notion of observable in zero energy ontology

Some clarifications concerning the notion of observable in zero energy ontology are in order.

1. As in standard quantum theory observables correspond to hermitian operators acting on either
positive or negative energy part of the state. One can indeed define hermitian conjugation for
positive and negative energy parts of the states in standard manner.



94 Chapter 2. Was von Neumann Right After All?

2. Also the conjugation A — JAJ is analogous to hermitian conjugation. It exchanges the positive
and negative energy parts of the states also maps the light-like 3-surfaces at the upper boundary
of C'D to the lower boundary and vice versa. The map is induced by time reflection in the rest
frame of C'D with respect to the origin at the center of C'D and has a well defined action on
light-like 3-surfaces and space-time surfaces. This operation cannot correspond to the sought for
hermitian conjugation since JAJ and A commute. The formulation of quantum TGD in terms
of the modified Dirac action requires the addition of CP and T breaking fermionic counterpart
of instanton term to the modified Dirac action. An interesting question is what this term means
from the point of view of the conjugation.

3. Zero energy ontology gives Cartan sub-algebra of the Lie algebra of symmetries a special status.
Only Cartan algebra acting on either positive or negative states respects the zero energy property
but this is enough to define quantum numbers of the state. In absence of symmetry breaking
positive and negative energy parts of the state combine to form a state in a singlet representation
of group. Since only the net quantum numbers must vanish zero energy ontology allows a
symmetry breaking respecting a chosen Cartan algebra.

4. In order to speak about four-momenta for positive and negative energy parts of the states one
must be able to define how the translations act on C'Ds. The most natural action is a shift of
the upper (lower) tip of CD. In the scale of entire C'D this transformation induced Lorentz
boost fixing the other tip. The value of mass squared is identified as proportional to the average
of conformal weight in p-adic thermodynamics for the scaling generator Lg for either super-
symplectic or Super Kac-Moody algebra.

Inclusion of HFFS as characterizer of finite measurement resolution at the level of S-
matrix

The inclusion N/ C M of factors characterizes naturally finite measurement resolution. This means
following things.

1. Complex rays of state space resulting usually in an ideal state function reduction are replaced
by N-rays since N defines the measurement resolution and takes the role of complex numbers in
ordinary quantum theory so that non-commutative quantum theory results. Non-commutativity
corresponds to a finite measurement resolution rather than something exotic occurring in Planck
length scales. The quantum Clifford algebra M /N creates physical states modulo resolution.
The fact that A takes the role of gauge algebra suggests that it might be necessary to fix a
gauge by assigning to each element of M /N a unique element of M. Quantum Clifford algebra
with fractal dimension 8 = M : A creates physical states having interpretation as quantum
spinors of fractal dimension d = v/f3. Hence direct connection with quantum groups emerges.

2. The notions of unitarity, hermiticity, and eigenvalue generalize. The elements of unitary and
hermitian matrices and A-valued. Eigenvalues are Hermitian elements of N and thus correspond
entire spectra of Hermitian operators. The mutual non-commutativity of eigenvalues guarantees
that it is possible to speak about state function reduction for quantum spinors. In the simplest
case of a 2-component quantum spinor this means that second component of quantum spinor
vanishes in the sense that second component of spinor annihilates physical state and second
acts as element of A/ on it. The non-commutativity of spinor components implies correlations
between then and thus fractal dimension is smaller than 2.

3. The intuition about ordinary tensor products suggests that one can decompose Tr in M as

Trim(X) = Traugnw X Trar(X) . (2.7.4)

Suppose one has fixed gauge by selecting basis |r;) for M/N. In this case one expects that
operator in M defines an operator in M /N by a projection to the preferred elements of M.

(ri|Xrz) = (n[Tra(X)|r2) - (2.7.5)
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4. Scattering probabilities in the resolution defined by N are obtained in the following manner.
The scattering probability between states |r1) and |rs) is obtained by summing over the final
states obtained by the action of A/ from |ry) and taking the analog of spin average over the
states created in the similar from |ry). A average requires a division by Tr(Py) = 1/ M : N
defining fractal dimension of A/. This gives

pri —rs) = M:N x (r|Tra(SPyxSt)|ra) . (2.7.6)

This formula is consistent with probability conservation since one has

Y pri =) = M:NxTry(SST) = M:N xTr(Py)=1 . (2.7.7)

r2

5. Unitarity at the level of M /N can be achieved if the unit operator Id for M can be decomposed
into an analog of tensor product for the unit operators of M /N and AN/ and M decomposes to a
tensor product of unitary M-matrices in M /N and N. For HFFs of type II projection operators
of N with varying traces are present and one expects a weighted sum of unitary M-matrices to
result from the tracing having interpretation in terms of square root of thermodynamics.

6. This argument assumes that N is HFF of type II; with finite trace. For HFFs of type III;
this assumption must be given up. This might be possible if one compensates the trace over A/
by dividing with the trace of the infinite trace of the projection operator to N'. This probably
requires a limiting procedure which indeed makes sense for HFF's.

Quantum M-matrix

The description of finite measurement resolution in terms of inclusion N' C M seems to boil down
to a simple rule. Replace ordinary quantum mechanics in complex number field C' with that in N.
This means that the notions of unitarity, hermiticity, Hilbert space ray, etc.. are replaced with their
N counterparts.

The full M-matrix in M should be reducible to a finite-dimensional quantum M-matrix in the
state space generated by quantum Clifford algebra M /A which can be regarded as a finite-dimensional
matrix algebra with non-commuting N -valued matrix elements. This suggests that full M-matrix can
be expressed as M-matrix with A-valued elements satisfying A/-unitarity conditions.

Physical intuition also suggests that the transition probabilities defined by quantum S-matrix
must be commuting hermitian A-valued operators inside every row and column. The traces of these
operators give N -averaged transition probabilities. The eigenvalue spectrum of these Hermitian ma-
trices gives more detailed information about details below experimental resolution. N -hermicity and
commutativity pose powerful additional restrictions on the M-matrix.

Quantum M-matrix defines A/-valued entanglement coefficients between quantum states with N-
valued coefficients. How this affects the situation? The non-commutativity of quantum spinors has
a natural interpretation in terms of fuzzy state function reduction meaning that quantum spinor
corresponds effectively to a statistical ensemble which cannot correspond to pure state. Does this
mean that predictions for transition probabilities must be averaged over the ensemble defined by
”quantum quantum states”?

Quantum fluctuations and inclusions

Inclusions N C M of factors provide also a first principle description of quantum fluctuations since
quantum fluctuations are by definition quantum dynamics below the measurement resolution. This
gives hopes for articulating precisely what the important phrase ”long range quantum fluctuations
around quantum criticality” really means mathematically.
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1.

Phase transitions involve a change of symmetry. One might hope that the change of the symme-
try group G, X Gy could universally code this aspect of phase transitions. This need not always
mean a change of Planck constant but it means always a leakage between sectors of imbedding
space. At quantum criticality 3-surfaces would have regions belonging to at least two sectors of
H.

. The long range of quantum fluctuations would naturally relate to a partial or total leakage of

the 3-surface to a sector of imbedding space with larger Planck constant meaning zooming up
of various quantal lengths.

For M-matrix in M /N regarded as cal N module quantum criticality would mean a special kind
of eigen state for the transition probability operator defined by the M-matrix. The properties
of the number theoretic braids contributing to the M-matrix should characterize this state. The
strands of the critical braids would correspond to fixed points for G, x G} or its subgroup.

M-matrix in finite measurement resolution

The following arguments relying on the proposed identification of the space of zero energy states give
a precise formulation for M-matrix in finite measurement resolution and the Connes tensor product
involved. The original expectation that Connes tensor product could lead to a unique M-matrix is
wrong. The replacement of w with its complex square root could lead to a unique hierarchy of M-
matrices with finite measurement resolution and allow completely finite theory despite the fact that
projectors have infinite trace for HFF's of type III;.

1.

In zero energy ontology the counterpart of Hermitian conjugation for operator is replaced with
M — JMJ permuting the factors. Therefore N € N acting to positive (negative) energy part
of state corresponds to N — N’ = JNJ acting on negative (positive) energy part of the state.

. The allowed elements of N much be such that zero energy state remains zero energy state. The

superposition of zero energy states involved can however change. Hence one must have that the
counterparts of complex numbers are of form N = JN1J V Ny, where N; and N, have same
quantum numbers. A superposition of terms of this kind with varying quantum numbers for
positive energy part of the state is possible.

The condition that Ny; and Na; act like complex numbers in AN -trace means that the effect of
JN1;JV No; and JNo;JiV Ny; to the trace are identical and correspond to a multiplication by a
constant. If A is HFF of type II; this follows from the decomposition M = M/N @ N and from
Tr(AB) = Tr(BA) assuming that M is of form M = Mu/nr x Py. Contrary to the original
hopes that Connes tensor product could fix the M-matrix there are no conditions on Mu/ar
which would give rise to a finite-dimensional M-matrix for Jones inclusions. One can replaced
the projector Py with a more general state if one takes this into account in * operation.

In the case of HFF's of type I11; the trace is infinite so that the replacement of T'r with a state
wp in the sense of factors looks more natural. This means that the counterpart of * operation
exchanging N; and Nj represented as SAQ = A*Q involves A via S = JAY2. The exchange of
N; and N, gives altogether A. In this case the KMS condition war(AB) = wayAA) guarantees
the effective complex number property [?] .

. Quantum TGD more or less requires the replacement of w with its ” complex square root” so that

also a unitary matrix U multiplying A is expected to appear in the formula for S and guarantee
the symmetry. One could speak of a square root of KMS condition [?] in this case. The QFT
counterpart would be a cutoff involving path integral over the degrees of freedom below the
measurement resolution. In TGD framework it would mean a cutoff in the functional integral
over WCW and for the modes of the second quantized induced spinor fields and also cutoff in
sizes of causal diamonds. Discretization in terms of braids replacing light-like 3-surfaces should
be the counterpart for the cutoff.

If one has M-matrix in M expressible as a sum of M-matrices of form Muy/n x My with
coefficients which correspond to the square roots of probabilities defining density matrix the
tracing operation gives rise to square root of density matrix in M.
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Is universal M-matrix possible?

The realization of the finite measurement resolution could apply only to transition probabilities in
which A-trace or its generalization in terms of state wy is needed. One might however dream of
something more.

1. Maybe there exists a universal M-matrix in the sense that the same M-matrix gives the M-
matrices in finite measurement resolution for all inclusions N' C M. This would mean that one
can write

M = Muyyn @ My (2.7.8)

for any physically reasonable choice of N'. This would formally express the idea that M is as
near as possible to M-matrix of free theory. Also fractality suggests itself in the sense that My,
is essentially the same as M in the same sense as N is same as M. It might be that the trivial
solution M =1 is the only possible solution to the condition.

2. Mg/ would be obtained by the analog of Trr or wy operation involving the ”complex square
root” of the state w in case of HFF's of type III;. The QFT counterpart would be path integration
over the degrees of freedom below cutoff to get effective action.

3. Universality probably requires assumptions about the thermodynamical part of the universal
M-matrix. A possible alternative form of the condition is that it holds true only for canonical
choice of ”complex square root” of w or for the S-matrix part of M:

S = Sun® Sy (2.7.9)

for any physically reasonable choice N.

4. In TGD framework the condition would say that the M-matrix defined by the modified Dirac
action gives M-matrices in finite measurement resolution via the counterpart of integration over
the degrees of freedom below the measurement resolution.

An objection against the universality is that if the M-matrix is ”complex square root of state”
cannot be unique and there are infinitely many choices related by a unitary transformation induced
by the flows representing modular automorphism giving rise to new choices. This would actually
be a well-come result and make possible quantum measurement theory. In the section ”Handful of
problems with a common resolution” of [K17] it was found that one must add to the modified Dirac
action a measurement interaction term characterizing the measured observables. This implies stringy
propagation as well as space-time correlates for quantum numbers characterizing the partonic states.
These different modified Dirac actions would give rise to different Kahler functions. The corresponding
Kaéahler metrics would not however differ if the real parts of the Kéhler functions associated with the
two choices differ by a term f(Z) + f(Z), where Z denotes complex coordinates of WCW, the Kéhler
metric remains the same. The function f can depend also on zero modes. If this is the case then one
can allow in given CD superpositions of WCW spinor fields for which the measurement interactions
are different.

Connes tensor product and space-like entanglement

Ordinary linear Connes tensor product makes sense also in positive/negative energy sector and also
now it makes sense to speak about measurement resolution. Hence one can ask whether Connes
tensor product should be posed as a constraint on space-like entanglement. The interpretation could
be in terms of the formation of bound states. The reducibility of HFFs and inclusions means that
the tensor product is not uniquely fixed and ordinary entanglement could correspond to this kind of
entanglement.

Also the counterpart of p-adic coupling constant evolution would makes sense. The interpretation
of Connes tensor product would be as the variance of the states with respect to some subgroup of U(n)
associated with the measurement resolution: the analog of color confinement would be in question.
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2-vector spaces and entanglement modulo measurement resolution

John Baez and collaborators [?] are playing with very formal looking formal structures obtained by
replacing vectors with vector spaces. Direct sum and tensor product serve as the basic arithmetic
operations for the vector spaces and one can define category of n-tuples of vectors spaces with mor-
phisms defined by linear maps between vectors spaces of the tuple. n-tuples allow also element-wise
product and sum. They obtain results which make them happy. For instance, the category of linear
representations of a given group forms 2-vector spaces since direct sums and tensor products of repre-
sentations as well as n-tuples make sense. The 2-vector space however looks more or less trivial from
the point of physics.

The situation could become more interesting in quantum measurement theory with finite mea-
surement resolution described in terms of inclusions of hyper-finite factors of type II;. The reason is
that Connes tensor product replaces ordinary tensor product and brings in interactions via irreducible
entanglement as a representation of finite measurement resolution. The category in question could
give Connes tensor products of quantum state spaces and describing interactions. For instance, one
could multiply M-matrices via Connes tensor product to obtain category of M-matrices having also
the structure of 2-operator algebra.

1. The included algebra represents measurement resolution and this means that the infinite-D sub-
Hilbert spaces obtained by the action of this algebra replace the rays. Sub-factor takes the role of
complex numbers in generalized QM so that one obtains non-commutative quantum mechanics.
For instance, quantum entanglement for two systems of this kind would not be between rays but
between infinite-D subspaces corresponding to sub-factors. One could build a generalization of
QM by replacing rays with sub-spaces and it would seem that quantum group concept does more
or less this: the states in representations of quantum groups could be seen as infinite-dimensional
Hilbert spaces.

2. One could speak about both operator algebras and corresponding state spaces modulo finite
measurement resolution as quantum operator algebras and quantum state spaces with fractal
dimension defined as factor space like entities obtained from HFF by dividing with the action of
included HFF. Possible values of the fractal dimension are fixed completely for Jones inclusions.
Maybe these quantum state spaces could define the notions of quantum 2-Hilbert space and
2-operator algebra via direct sum and tensor production operations. Fractal dimensions would
make the situation interesting both mathematically and physically.

Suppose one takes the fractal factor spaces as the basic structures and keeps the information about
inclusion.

1. Direct sums for quantum vectors spaces would be just ordinary direct sums with HFF containing
included algebras replaced with direct sum of included HFFs.

2. The tensor products for quantum state spaces and quantum operator algebras are not anymore
trivial. The condition that measurement algebras act effectively like complex numbers would
require Connes tensor product involving irreducible entanglement between elements belonging
to the two HFFs. This would have direct physical relevance since this entanglement cannot be
reduced in state function reduction. The category would defined interactions in terms of Connes
tensor product and finite measurement resolution.

3. The sequences of super-conformal symmetry breakings identifiable in terms of inclusions of
super-conformal algebras and corresponding HFF's could have a natural description using the
2-Hilbert spaces and quantum 2-operator algebras.

2.7.7 Questions about quantum measurement theory in zero energy ontol-
ogy

In the following some questions about quantum measurement theory are posed. First however a result
about the relationship between U-matrix and M-matrix not known when the questions were made
will be represented. The background allowing a deeper understanding of this result can be found
from [K42] discussing Negentropy Maximization Principle, which is the basic dynamical principle of
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TGD inspired theory of consciousness and states that the information content of conscious experience
is maximal.

The relationship between U-matrix and M-matrix

Before proceeding it is a good idea to clarify the relationship between the notions of U-matrix and M-
matrix. If state function reduction associated with time-like entanglement leads always to a product of
positive and negative energy states (so that there is no counterpart of bound state entanglement and
negentropic entanglement possible for zero energy states: these notions are discussed below) U-matrix
and can be regarded as a collection of M-matrices

Um+n,,r+,s, = M(m+7n7)r+,s, (2710)
labeled by the pairs (my,n_) labelling zero energy states assumed to reduced to pairs of positive

and negative energy states. M-matrix element is the counterpart of S-matrix element .S, ; in positive
energy ontology. Unitarity conditions for U-matrix read as

(UUT)nl+n_,r+s_ = Z M(m+7n—)k+,l_ﬁ(r+75—)k+,l_ = 5m+r+,n_s_ )
kgl

(UTU)m+n_,r+s_ == Z M(k—Hl—)m+,n_M(k+7l—)r+,s_ = 5m+r+,n_s_
kgl

(2.7.11)

The conditions state that the zero energy states associated with different labels are orthogonal as zero
energy states and also that the zero energy states defined by the dual M-matrix

MY my,n )i, = MEL)m, (2.7.12)

-perhaps identifiable as phase conjugate states- define an orthonormal basis of zero energy states.
When time-like binding and negentropic entanglement are allowed also zero energy states with
a label not implying a decomposition to a product state are involved with the unitarity condition
but this does not affect the situation dramatically. As a matter fact, the situation is mathematically
the same as for ordinary S-matrix in the presence of bound states. Here time-like bound states
are analogous to space-like bound states and by definition are unable to decay to product states (free
states). Negentropic entanglement makes sense only for entanglement probabilities, which are rationals
or belong to their algebraic extensions. This is possible in what might be called the intersection of
real and p-adic worlds (partonic surfaces in question have representation making sense for both real
and p-adic numbers). Number theoretic entropy is obtained by replacing in the Shannon entropy the
logarithms of probabilities with the logarithms of their p-adic norms. They satisfy the same defining
conditions as ordinary Shannon entropy but can be also negative. One can always find prime p for
which the entropy is maximally negative. The interpretation of negentropic entanglement is in terms
of formations of rule or association. Schrédinger cat knows that it is better to not open the bottle:
open bottle-dead cat, closed bottle-living cat and negentropic entanglement measures this information.

Fractal hierarchy of state function reductions

In accordance with fractality, the conditions for the Connes tensor product at a given time scale imply
the conditions at shorter time scales. On the other hand, in shorter time scales the inclusion would be
deeper and would give rise to a larger reducibility of the representation of ' in M. Formally, as N
approaches to a trivial algebra, one would have a square root of density matrix and trivial S-matrix
in accordance with the idea about asymptotic freedom.
M-matrix would give rise to a matrix of probabilities via the expression P(Py — P_) = Tr[P, MTP_M],

where Py and P_ are projectors to positive and negative energy energy N -rays. The projectors give
rise to the averaging over the initial and final states inside N ray. The reduction could continue step
by step to shorter length scales so that one would obtain a sequence of inclusions. If the U-process of
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the next quantum jump can return the M-matrix associated with M or some larger HFF, U process
would be kind of reversal for state function reduction.

Analytic thinking proceeding from vision to details; human life cycle proceeding from dreams and
wild actions to the age when most decisions relate to the routine daily activities; the progress of science
from macroscopic to microscopic scales; even biological decay processes: all these have an intriguing
resemblance to the fractal state function reduction process proceeding to to shorter and shorter time
scales. Since this means increasing thermality of M-matrix, U process as a reversal of state function
reduction might break the second law of thermodynamics.

The conservative option would be that only the transformation of intentions to action by U process
giving rise to new zero energy states can bring in something new and is responsible for evolution. The
non-conservative option is that the biological death is the U-process of the next quantum jump leading
to a new life cycle. Breathing would become a universal metaphor for what happens in quantum
Universe. The 4-D body would be lived again and again.

How quantum classical correspondence is realized at parton level?

Quantum classical correspondence must assign to a given quantum state the most probable space-
time sheet depending on its quantum numbers. The space-time sheet X*(X?3) defined by the Kihler
function depends however only on the partonic 3-surface X3, and one must be able to assign to a
given quantum state the most probable X? - call it X2 - depending on its quantum numbers.

X4(X3 ..) should carry the gauge fields created by classical gauge charges associated with the
Cartan algebra of the gauge group (color isospin and hypercharge and electromagnetic and Z° charge)
as well as classical gravitational fields created by the partons. This picture is very similar to that
of quantum field theories relying on path integral except that the path integral is restricted to 3-
surfaces X2 with exponent of Kahler function bringing in genuine convergence and that 4-D dynamics
is deterministic apart from the delicacies due to the 4-D spin glass type vacuum degeneracy of Kéahler
action.

Stationary phase approximation selects X3, if the quantum state contains a phase factor depend-
ing not only on X? but also on the quantum numbers of the state. A good guess is that the needed
phase factor corresponds to either Chern-Simons type action or an action describing the interaction
of the induced gauge field with the charges associated with the braid strand. This action would be
defined for the induced gauge fields. YM action seems to be excluded since it is singular for light-
like 3-surfaces associated with the light-like wormhole throats (not only +/det(gs) but also \/det(g4)
vanishes).

The challenge is to show that this is enough to guarantee that X*(X3 ) carries correct gauge
charges. Kind of electric-magnetic duality should relate the normal components F,; of the gauge
fields in X*(X32,,) to the gauge fields F;; induced at X3. An alternative interpretation is in terms
of quantum gravitational holography. The difference between Chern-Simons action characterizing
quantum state and the fundamental Chern-Simons type factor associated with the Kahler form would
be that the latter emerges as the phase of the Dirac determinant.

One is forced to introduce gauge couplings and also electro-weak symmetry breaking via the phase
factor. This is in apparent conflict with the idea that all couplings are predictable. The essential
uniqueness of M-matrix in the case of HFFs of type II; (at least) however means that their values
as a function of measurement resolution time scale are fixed by internal consistency. Also quantum
criticality leads to the same conclusion. Obviously a kind of bootstrap approach suggests itself.

2.7.8 How p-adic coupling constant evolution and p-adic length scale hy-
pothesis emerge from quantum TGD proper?

What p-adic coupling constant evolution really means has remained for a long time more or less open.
The progress made in the understanding of the S-matrix of theory has however changed the situation
dramatically.

M-matrix and coupling constant evolution

The final breakthrough in the understanding of p-adic coupling constant evolution came through the
understanding of S-matrix, or actually M-matrix defining entanglement coefficients between positive
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and negative energy parts of zero energy states in zero energy ontology [K17] . M-matrix has interpre-
tation as a ” complex square root” of density matrix and thus provides a unification of thermodynamics
and quantum theory. S-matrix is analogous to the phase of Schrédinger amplitude multiplying positive
and real square root of density matrix analogous to modulus of Schrédinger amplitude.

The notion of finite measurement resolution realized in terms of inclusions of von Neumann al-
gebras allows to demonstrate that the irreducible components of M-matrix are unique and possesses
huge symmetries in the sense that the hermitian elements of included factor N' C M defining the
measurement resolution act as symmetries of M-matrix, which suggests a connection with integrable
quantum field theories.

It is also possible to understand coupling constant evolution as a discretized evolution associated
with time scales T;,, which come as octaves of a fundamental time scale: T,, = 2"T,. Number theoretic
universality requires that renormalized coupling constants are rational or at most algebraic numbers
and this is achieved by this discretization since the logarithms of discretized mass scale appearing in
the expressions of renormalized coupling constants reduce to the form log(2") = nlog(2) and with
a proper choice of the coefficient of logarithm log(2) dependence disappears so that rational number
results. Recall that also the weaker condition T}, = pTy, p prime, would assign secondary p-adic time
scales to the size scale hierarchy of C'Ds: p ~ 2™ would result as an outcome of some kind of "natural
selection” for this option. The highly satisfactory feature would be that p-adic time scales would
reflect directly the geometry of imbedding space and configuration space.

p-Adic coupling constant evolution

An attractive conjecture is that the coupling constant evolution associated with C'Ds in powers of 2
implying time scale hierarchy T,, = 2™Tj induces p-adic coupling constant evolution and explain why
p-adic length scales correspond to L, o /pR, p ~ 28 R CP, length scale? This looks attractive
but there seems to be a problem. p-Adic length scales come as powers of /2 rather than 2 and the
strongly favored values of k are primes and thus odd so that n = k/2 would be half odd integer. This
problem can be solved.

1. The observation that the distance traveled by a Brownian particle during time ¢ satisfies r? = Dt
suggests a solution to the problem. p-Adic thermodynamics applies because the partonic 3-
surfaces X? are as 2-D dynamical systems random apart from light-likeness of their orbit. For
C P, type vacuum extremals the situation reduces to that for a one-dimensional random light-like
curve in M*. The orbits of Brownian particle would now correspond to light-like geodesics v at
X3. The projection of 73 to a time=constant section X2 C X3 would define the 2-D path o of
the Brownian particle. The M* distance r between the end points of o would be given 2 = Dt.
The favored values of ¢t would correspond to T,, = 2T (the full light-like geodesic). p-Adic
length scales would result as L2(k) = DT (k) = D2*Ty for D = R?/Tp. Since only CP; scale is
available as a fundamental scale, one would have Ty = R and D = R and L?(k) = T'(k)R.

2. p-Adic primes near powers of 2 would be in preferred position. p-Adic time scale would not relate
to the p-adic length scale via T, = L,/c as assumed implicitly earlier but via T}, = Lg /Ry =
/DLy, which corresponds to secondary p-adic length scale. For instance, in the case of electron
with p = Mj57 one would have T127 = .1 second which defines a fundamental biological rhythm.
Neutrinos with mass around .1 eV would correspond to L(169) ~ 5 um (size of a small cell) and
T(169) ~ 1. x 10* years. A deep connection between elementary particle physics and biology
becomes highly suggestive.

3. In the proposed picture the p-adic prime p ~ 2* would characterize the thermodynamics of the
random motion of light-like geodesics of X3 so that p-adic prime p would indeed be an inherent
property of X3. For the weaker condition would be T}, = pTp, p prime, p ~ 2" could be seen as
an outcome of some kind of "natural selection”. In this case, p would a property of C'D and all
light-like 3-surfaces inside it and also that corresponding sector of configuration space.

4. The fundamental role of 2-adicity suggests that the fundamental coupling constant evolution
and p-adic mass calculations could be formulated also in terms of 2-adic thermodynamics. With
a suitable definition of the canonical identification used to map 2-adic mass squared values to
real numbers this is possible, and the differences between 2-adic and p-adic thermodynamics
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are extremely small for large values of for p ~ 2F. 2-adic temperature must be chosen to be
Ty = 1/k whereas p-adic temperature is 7, = 1 for fermions. If the canonical identification is
defined as

D bp2m = Y 2 > ba2"

n>0 m>1 (k—1)ym<n<km

it maps all 2-adic integers n < 2* to themselves and the predictions are essentially same as for
p-adic thermodynamics. For large values of p ~ 2¥ 2-adic real thermodynamics with T = 1/k
gives essentially the same results as the 2-adic one in the lowest order so that the interpretation
in terms of effective 2-adic/p-adic topology is possible.

2.7.9 Planar algebras and generalized Feynman diagrams

Planar algebras [?] are a very general notion due to Vaughan Jones and a special class of them is
known to characterize inclusion sequences of hyper-finite factors of type II; [?] . In the following an
argument is developed that planar algebras might have interpretation in terms of planar projections
of generalized Feynman diagrams (these structures are metrically 2-D by presence of one light-like
direction so that 2-D representation is especially natural). In [?] the role of planar algebras and their
generalizations is also discussed.

Planar algebra very briefly

First a brief definition of planar algebra.

1. One starts from planar k-tangles obtained by putting disks inside a big disk. Inner disks are
empty. Big disk contains 2k braid strands starting from its boundary and returning back or
ending to the boundaries of small empty disks in the interior containing also even number of
incoming lines. It is possible to have also loops. Disk boundaries and braid strands connecting
them are different objects. A black-white coloring of the disjoint regions of k-tangle is assumed
and there are two possible options (photo and its negative). Equivalence of planar tangles under
diffeomorphisms is assumed.

2. One can define a product of k-tangles by identifying k-tangle along its outer boundary with
some inner disk of another k-tangle. Obviously the product is not unique when the number of
inner disks is larger than one. In the product one deletes the inner disk boundary but if one
interprets this disk as a vertex-parton, it would be better to keep the boundary.

3. One assigns to the planar k-tangle a vector space Vi and a linear map from the tensor product of
spaces Vj, associated with the inner disks such that this map is consistent with the decomposition
k-tangles. Under certain additional conditions the resulting algebra gives rise to an algebra
characterizing multi-step inclusion of HFF's of type I1;.

4. Tt is possible to bring in additional structure and in TGD framework it seems necessary to assign
to each line of tangle an arrow telling whether it corresponds to a strand of a braid associated
with positive or negative energy parton. One can also wonder whether disks could be replaced
with closed 2-D surfaces characterized by genus if braids are defined on partonic surfaces of
genus g. In this case there is no topological distinction between big disk and small disks. One
can also ask why not allow the strands to get linked (as suggested by the interpretation as planar
projections of generalized Feynman diagrams) in which case one would not have a planar tangle
anymore.

General arguments favoring the assignment of a planar algebra to a generalized Feynman
diagram

There are some general arguments in favor of the assignment of planar algebra to generalized Feynman
diagrams.



2.7. The almost latest vision about the role of HFFs in TGD 103

. Planar diagrams describe sequences of inclusions of HFF:s and assign to them a multi-parameter

algebra corresponding indices of inclusions. They describe also Connes tensor powers in the
simplest situation corresponding to Jones inclusion sequence. Suppose that also general Connes
tensor product has a description in terms of planar diagrams. This might be trivial.

. Generalized vertices identified geometrically as partonic 2-surfaces indeed contain Connes tensor

products. The smallest sub-factor N would play the role of complex numbers meaning that due
to a finite measurement resolution one can speak only about N-rays of state space and the
situation becomes effectively finite-dimensional but non-commutative.

The product of planar diagrams could be seen as a projection of 3-D Feynman diagram to plane
or to one of the partonic vertices. It would contain a set of 2-D partonic 2-surfaces. Some of
them would correspond vertices and the rest to partonic 2-surfaces at future and past directed
light-cones corresponding to the incoming and outgoing particles.

. The question is how to distinguish between vertex-partons and incoming and outgoing partons.

If one does not delete the disk boundary of inner disk in the product, the fact that lines arrive
at it from both sides could distinguish it as a vertex-parton whereas outgoing partons would
correspond to empty disks. The direction of the arrows associated with the lines of planar
diagram would allow to distinguish between positive and negative energy partons (note however
line returning back).

One could worry about preferred role of the big disk identifiable as incoming or outgoing parton
but this role is only apparent since by compactifying to say 52 the big disk exterior becomes an
interior of a small disk.

A more detailed view

The basic fact about planar algebras is that in the product of planar diagrams one glues two disks
with identical boundary data together. One should understand the counterpart of this in more detail.

1.

The boundaries of disks would correspond to 1-D closed space-like stringy curves at partonic
2-surfaces along which fermionic anti-commutators vanish.

. The lines connecting the boundaries of disks to each other would correspond to the strands of

number theoretic braids and thus to braidy time evolutions. The intersection points of lines
with disk boundaries would correspond to the intersection points of strands of number theoretic
braids meeting at the generalized vertex.

[Number theoretic braid belongs to an algebraic intersection of a real parton 3-surface and its
p-adic counterpart obeying same algebraic equations: of course, in time direction algebraicity
allows only a sequence of snapshots about braid evolution].

Planar diagrams contain lines, which begin and return to the same disk boundary. Also ”vacuum
bubbles” are possible. Braid strands would disappear or appear in pairwise manner since they
correspond to zeros of a polynomial and can transform from complex to real and vice versa
under rather stringent algebraic conditions.

Planar diagrams contain also lines connecting any pair of disk boundaries. Stringy decay of
partonic 2-surfaces with some strands of braid taken by the first and some strands by the
second parton might bring in the lines connecting boundaries of any given pair of disks (if really
possible!).

There is also something to worry about. The number of lines associated with disks is even in the
case of k-tangles. In TGD framework incoming and outgoing tangles could have odd number of
strands whereas partonic vertices would contain even number of k-tangles from fermion number
conservation. One can wonder whether the replacement of boson lines with fermion lines could
imply naturally the notion of half-k-tangle or whether one could assign half-k-tangles to the
spinors of the configuration space ("world of classical worlds”) whereas corresponding Clifford
algebra defining HFF of type II; would correspond to k-tangles.
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2.7.10 Miscellaneous

The following considerations are somewhat out-of-date: hence the title "Miscellaneous’.

Connes tensor product and fusion rules

One should demonstrate that Connes tensor product indeed produces an M-matrix with physically
acceptable properties.

The reduction of the construction of vertices to that for n-point functions of a conformal field
theory suggest that Connes tensor product is essentially equivalent with the fusion rules for conformal
fields defined by the Clifford algebra elements of CH(CD) (4-surfaces associated with 3-surfaces at
the boundary of causal diamond C'D in M%), extended to local fields in M* with gamma matrices
acting on configuration space spinors assignable to the partonic boundary components.

Jones speculates that the fusion rules of conformal field theories can be understood in terms of
Connes tensor product [?] and refers to the work of Wassermann about the fusion of loop group
representations as a demonstration of the possibility to formula the fusion rules in terms of Connes
tensor product [?] .

Fusion rules are indeed something more intricate that the naive product of free fields expanded
using oscillator operators. By its very definition Connes tensor product means a dramatic reduction
of degrees of freedom and this indeed happens also in conformal field theories.

1. For non-vanishing n-point functions the tensor product of representations of Kac Moody group
associated with the conformal fields must give singlet representation.

2. The ordinary tensor product of Kac Moody representations characterized by given value of
central extension parameter k is not possible since k would be additive.

3. A much stronger restriction comes from the fact that the allowed representations must define
integrable representations of Kac-Moody group [?] . For instance, in case of SU(2); Kac Moody
algebra only spins j < k/2 are allowed. In this case the quantum phase corresponds to n = k+2.
SU(2) is indeed very natural in TGD framework since it corresponds to both electro-weak
SU(2)r, and isotropy group of particle at rest.

Fusion rules for localized Clifford algebra elements representing operators creating physical states
would replace naive tensor product with something more intricate. The naivest approach would start
from M* local variants of gamma matrices since gamma matrices generate the Clifford algebra C1
associated with CH(CD). This is certainly too naive an approach. The next step would be the
localization of more general products of Clifford algebra elements elements of Kac Moody algebras
creating physical states and defining free on mass shell quantum fields. In standard quantum field
theory the next step would be the introduction of purely local interaction vertices leading to divergence
difficulties. In the recent case one transfers the partonic states assignable to the light-cone boundaries
M (m;) x CPy to the common partonic 2-surfaces X3 along X%!i so that the products of field
operators at the same space-time point do not appear and one avoids infinities.

The remaining problem would be the construction an explicit realization of Connes tensor product.
The formal definition states that left and right A actions in the Connes tensor product M & M
are identical so that the elements nmi ® mo and m; ® mon are identified. This implies a reduction
of degrees of freedom so that free tensor product is not in question. One might hope that at least in
the simplest choices for N characterizing the limitations of quantum measurement this reduction is
equivalent with the reduction of degrees of freedom caused by the integrability constraints for Kac-
Moody representations and dropping away of higher spins from the ordinary tensor product for the
representations of quantum groups. If fusion rules are equivalent with Connes tensor product, each
type of quantum measurement would be characterized by its own conformal field theory.

In practice it seems safest to utilize as much as possible the physical intuition provided by quantum
field theories. In [K17] a rather precise vision about generalized Feynman diagrams is developed and
the challenge is to relate this vision to Connes tensor product.

Connection with topological quantum field theories defined by Chern-Simons action

There is also connection with topological quantum field theories (TQFTs) defined by Chern- Simons
action [?] .
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1. The light-like 3-surfaces Xl3 defining propagators can contain unitary matrix characterizing
the braiding of the lines connecting fermions at the ends of the propagator line. Therefore
the modular S-matrix representing the braiding would become part of propagator line. Also
incoming particle lines can contain similar S-matrices but they should not be visible in the M-
matrix. Also entanglement between different partonic boundary components of a given incoming
3-surface by a modular S-matrix is possible.

2. Besides C'P, type extremals MEs with light-like momenta can appear as brehmstrahlung like
exchanges always accompanied by exchanges of C'P, type extremals making possible momentum
conservation. Also light-like boundaries of magnetic flux tubes having macroscopic size could
carry light-like momenta and represent similar brehmstrahlung like exchanges. In this case the
modular S-matrix could make possible topological quantum computations in ¢ # 1 phase [K8&1] .
Notice the somewhat counter intuitive implication that magnetic flux tubes of macroscopic size
would represent change in quantum jump rather than quantum state. These quantum jumps
can have an arbitrary long geometric duration in macroscopic quantum phases with large Planck
constant [K22] .

There is also a connection with topological QFT defined by Chern-Simons action allowing to assign
topological invariants to the 3-manifolds [?] . If the light-like CDs X i, are boundary components,
the 3-surfaces associated with particles are glued together somewhat like they are glued in the process
allowing to construct 3-manifold by gluing them together along boundaries. All 3-manifold topologies
can be constructed by using only torus like boundary components.

This would suggest a connection with 241-dimensional topological quantum field theory defined
by Chern-Simons action allowing to define invariants for knots, links, and braids and 3-manifolds using
surgery along links in terms of Wilson lines. In these theories one consider gluing of two 3-manifolds,
say three-spheres S® along a link to obtain a topologically non-trivial 3-manifold. The replacement of
link with Wilson lines in S3#52 = 53 reduces the calculation of link invariants defined in this manner
to Chern-Simons theory in S3.

In the recent situation more general structures are possible since arbitrary number of 3-manifolds
are glued together along link so that a singular 3-manifolds with a book like structure are possible.
The allowance of CDs which are not boundaries, typically 3-D light-like throats of wormhole contacts
at which induced metric transforms from Minkowskian to Euclidian, brings in additional richness of
structure. If the scaling factor of C'P, metric can be arbitrary large as the quantization of Planck
constant predicts, this kind of structure could be macroscopic and could be also linked and knotted. In
fact, topological condensation could be seen as a process in which two 4-manifolds are glued together
by drilling light-like CDs and connected by a piece of C'P, type extremal.

2.8 Fresh view about hyper-finite factors in TGD framework

In the following I will discuss the basic ideas about the role of hyper-finite factors in TGD with the
background given by a work of more than half decade. First I summarize the input ideas which I
combine with the TGD inspired intuitive wisdom about HFFs of type I]; and their inclusions allowing
to represent finite measurement resolution and leading to notion of quantum spaces with algebraic
number valued dimension defined by the index of the inclusion.

Also an argument suggesting that the inclusions define ”"skewed” inclusions of lattices to larger
lattices giving rise to quasicrystals is proposed. The core of the argument is that the included HFF
of type II; algebra is a projection of the including algebra to a subspace with dimension D < 1. The
projection operator defines the analog of a projection of a bigger lattice to the included lattice. Also
the fact that the dimension of the tensor product is product of dimensions of factors just like the
number of elements in finite group is product of numbers of elements of coset space and subgroup,
supports this interpretation.

One also ends up with a detailed identification of the hyper-finite factors in orbital degrees of
freedom in terms of symplectic group associated with §M${ x C'P, and the group algebras of their
discrete subgroups define what could be called ”orbital degrees of freedom” for WCW spinor fields.
By very general argument this group algebra is HFF of type I, maybe even I1;.
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2.8.1 Crystals, quasicrystals, non-commutativity and inclusions of hyper-
finite factors of type I1;

I list first the basic ideas about non-commutative geometries and give simple argument suggesting
that inclusions of HFF's correspond to ”skewed” inclusions of lattices as quasicrystals.

1. |Quasicrystals (say Penrose tilings) [?] can be regarded as subsets of real crystals and one can
speak about ”skewed” inclusion of real lattice to larger lattice as quasicrystal. What this means
that included lattice is obtained by projecting the larger lattice to some lower-dimensional
subspace of lattice.

2. The argument of Connes concerning definition of non-commutative geometry can be found in
the book of Michel Lapidus at page 200. Quantum space is identified as a space of equivalence
classes. One assigns to pairs of elements inside equivalence class matrix elements having the
element pair as indices (one assumes numerable equivalence class). One considers irreduble
representations of the algebra defined by the matrices and identifies the equivalent irreducible
representations. If I have understood correctly, the equivalence classes of irreps define a discrete
point set representing the equivalence class and it can often happen that there is just single
point as one might expect. This I do not quite understand since it requires that all irreps are
equivalent.

3. It seems that in the case of linear spaces - von Neumann algebras and accompanying Hilbert
spaces - one obtains a connection with the inclusions of HFF's and corresponding quantum factor
spaces that should exist as analogs of quantum plane. One replaces matrices with elements
labelled by element pairs with linear operators in HFF of type II;. Index pairs correspond to
pairs in linear basis for the HFF or corresponding Hilbert space.

4. Discrete infinite enumerable basis for these operators as a linear space generates a lattice in
summation. Inclusion N C M defines inclusion of the lattice/crystal for N to the corresponding
lattice of M. Physical intuition suggests that if this inclusion is ”skewed” one obtains quasicrys-
tal. The fact the index of the inclusion is algebraic number suggests that the coset space M/N
is indeed analogous to quasicrystal.

More precisely, the index of inclusion is defined for hyper-finite factors of type II; using the
fact that quantum trace of unit matrix equals to unity Tr(Id(M)) = 1, and from the tensor
product composition M = (M/N) x N given Tr(Id(M)) = 1 = Ind(M/N)Tr(P(M — N)),
where P(M — N is projection operator from M to N. Clearly, Ind(M/N)=1/Tr(P(M — N))
defines index as a dimension of quantum space M/N.

For Jones inclusions characterized by quantum phases ¢ = exp(i27/n), n = 3,4, ... the values of
index are given by Ind(M/N) = 4cos?(m/n), n = 3,4, .... There is also another range inclusions
Ind(M/N) > 4: note that Tr(P(M — N)) defining the dimension of N as included sub-space
is never larger than one for HFF's of type I1;. The projection operator P(M — N) is obviously
the counterpart of the projector projecting lattice to some lower-dimensional sub-space of the
lattice.

5. Jones inclusions are between linear spaces but there is a strong analogy with non-linear coset
spaces since for the tensor product the dimension is product of dimensions and for discrete
coset spaces G/H one has also the product formula n(G) = n(H) x n(G/H) for the numbers
of elements. Noticing that space of quantum amplitudes in discrete space has dimension equal
to the number of elements of the space, one could say that Jones inclusion represents quantized
variant for classical inclusion raised from the level of discrete space to the level of space of
quantum states with the number of elements of set replaced by dimension. In fact, group algebras
of infinite and enumerable groups defined HFF's of type II under rather general conditions (see
below).

Could one generalize Jones inclusions so that they would apply to non-linear coset spaces analogs
of the linear spaces involved 7 For instance, could one think of infinite-dimensional groups G
and H for which Lie-algebras defining their tangent spaces can be regarded as HFFs of type
II;? The dimension of the tangent space is dimension of the non-linear manifold: could this
mean that the non-linear infinite-dimensional inclusions reduce to tangent space level and thus
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to the inclusions for Lie-algebras regarded hyper-finite factors of type I1; or more generally, type
11?7 This would would rise to quantum spaces which have finite but algebraic valued quantum
dimension and in TGD framework take into account the finite measurement resolution.

6. To concretize this analogy one can check what is the number of points map from 5-D space
containing aperiodic lattice as a projection to a 2-D irrational plane containing only origin as
common point with the 5-D lattice. It is easy to get convinced that the projection is 1-to-1 so
that the number of points projected to a given point is 1. By the analogy with Jones inclusions
this would mean that the included space has same von Neumann dimension 1 - just like the
including one. In this case quantum phase equals ¢ = exp(i2w/n), n = 3 - the lowest possible
value of n. Could one imagine the analogs of n > 3 inclusions for which the number of points
projected to a given point would be larger than 1?7 In 1-D case the rational lines y = (k/l)x
define 1-D rational analogs of quasi crystals. The points (z,y) = (m,n), m mod | = 0 are
projected to the same point. The number of points is now infinite and the ratio of points of
2-D lattice and 1-D crystal like structure equals to [ and serves as the analog for the quantum
dimension d, = 4cos?(m/n).

To sum up, this this is just physicist’s intuition: it could be wrong or something totally trivial
from the point of view of mathematician. The main message is that the inclusions of HFFs might
define also inclusions of lattices as quasicrystals.

2.8.2 HFFs and their inclusions in TGD framework

In TGD framework the inclusions of HFFs have interpretation in terms of finite measurement resolu-
tion. If the inclusions define quasicrystals then finite measurement resolution would lead to quasicrys-
tals.

1. The automorphic action of N in M D N and in associated Hilbert space Hj; where N acts
generates physical operators and accompanying stas (operator rays and rays) not distinguishable
from the original one. States in finite measurement resolution correspond to N-rays rather than
complex rays. It might be natural to restrict to unitary elements of N.

This leads to the need to construct the counterpart of coset space M /N and corresponding linear
space Hyr/Hy. Physical intuition tells that the indices of inclusions defining the ”dimension”
of M/N are algebraic numbers given by Jones index formula.

2. Here the above argument would assign to the inclusions also inclusions of lattices as quasicrystals.

Degrees of freedom for WCW spinor field

Consider first the identification of various kinds of degrees of freedom in TGD Universe.

1. Very roughly, WCW (”world of classical worlds”) spinor is a state generated by fermionic creation
operators from vacuum at given 3-surface. WCW spinor field assigns this kind of spinor to each
3-surface. WCW spinor fields decompose to tensor product of spin part (Fock state) and orbital
part ("wave” in WCW) just as ordinary spinor fields.

2. The conjecture motivated by super-symmetry has been that both WCW spinors and their orbital
parts (analogs of scalar field) define HFF's of type I']; in quantum fluctuating degrees of freedom.

3. Besides these there are zero modes, which by definition do not contribute to WCW Kahler
metric.

(a) If the zero zero modes are symplectic invariants, they appear only in conformal factor of
WCW metric. Symplectically invariant zero modes represent purely classical degrees of
freedom - direction of a pointer of measurement apparatus in quantum measurement -
and in given experimental arrangement they entangle with quantum fluctuating degrees
of freedom in one-one manner so that state function reduction assigns to the outcome of
state function reduction position of pointer. I forget symplectically invariant zero modes
and other analogous variables in the following and concentrate to the degrees of freedom
contributing WCW line-element.
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(b) There are also zero modes which are not symplectic invariants and are analogous to degrees
of freedom generated by the generators of Kac-Moody algebra having vanishing conformal
weight. They represent ”center of mass degrees of freedom” and this part of symmetric
algebra creates the representations representing the ground states of Kac-Moody represen-
tations. Restriction to these degrees of freedom gives QFT limit in string theory. In the
following I will speak about ”cm degrees of freedom”.

The general vision about symplectic degrees of freedom (the analog of ”orbital degrees of freedom”
for ordinary spinor field) is following.

1. WCW (assignable to given CD) is a union over the sub-WCWs labeled by zero modes and each
sub-WCW representing quantum fluctuating degrees of freedom and ”cm degrees of freedom” is
infinite-D symmetric space. If symplectic group assignable to 5M_‘f_ x CP, acts as as isometries
of WCW then ”orbital degrees of freedom” are parametrized by the symplectic group or its coset
space (note that light-cone boundary is 3-D but radial dimension is light-like so that symplectic
- or rather contact structure - exists).

Let S? be 7y = constant sphere at light-cone boundary (r,s is the radial light-like coordinate
fixed apart from Lorentz transformation). The full symplectic group would act as isometries of
WCW but does not - nor cannot do so - act as symmetries of Kéhler action except in the huge
vacuum sector of the theory correspond to vacuum extremals.

2. WCW Hamiltonians can be deduced as ”fluxes” of the Hamiltonians of §Mfﬁ x C'P, taken over
partonic 2-surfaces. These Hamiltoanins expressed as products of Hamiltonians of S$? and CP,
multiplied by powers 7},. Note that r;; plays the role of the complex coordinate z for Kac-
Moody algebras and the group G defining KM is replaced with symplectic group of $? x CP,.
Hamiltonians can be assumed to have well-defined spin (SO(3)) and color (SU(3)) quantum
numbers.

3. The generators with vanishing radial conformal weight (n = 0) correspond to the symplectic
group of S2 x CP,. They are not symplectic invariants but are zero modes. They would
correspond to ”"cm degrees of freedom” characterizing the ground states of representations of
the full symplectic group.

Discretization at the level of WCW

The general vision about finite measurement resolution implies discretization at the level of WCW.

1. Finite measurement resolution at the level of WCW means discretization. Therefore the sym-
plectic groups of (5Mi x CPy resp. S? x C'Py are replaced by an enumerable discrete subgroup.
WCW is discretized in both quantum fluctuating degrees of freedom and ” center of mass” degrees
of freedom.

2. The elements of the group algebras of these discrete groups define the ”orbitals parts” of WCW
spinor fields in discretization. I will later develop an argument stating that they are HFFs of
type II - maybe even II;. Note that also function spaces associated with the coset spaces of
these discrete subgroups could be considered.

3. Discretization applies also in the spin degrees of freedom. Since fermionic Fock basis generates
quantum counterpart of Boolean algebra the interpretation in terms of the physical correlates
of Boolean cognition is motivated (fermion number 1/0 and various spins in decomposition to a
tensor product of lower-dimensional spinors represent bits). Note that in ZEO fermion number
conservation does not pose problems and zero states actually define what might be regarded as
quantum counterparts of Boolean rules A — B.

4. Note that 3-surfaces correspond by the strong form of GCI/holography to collections of partonic
2-surfaces and string world sheets of space-time surface intersecting at discrete set of points
carrying fermionic quantum numbers. WCW spinors are constructed from second quantized
induced spinor fields and fermionic Fock algebra generates HFF of type I1;.
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Does WCW spinor field decompose to a tensor product of two HFF's of type 11?7

The group algebras associated with infinite discrete subgroups of the symplectic group define the
discretized analogs of waves in WCW having quantum fluctuating part and cm part. The proposal
is that these group algebras are HFFs of type II;. The spinorial degrees of freedom correspond to
fermionic Fock space and this is known to be HFF. Therefore WCW spinor fields would defined tensor
product of HFF's of type II,. The interpretation would be in terms of supersymmetry at the level
of WCW. Super-conformal symmetry is indeed the basic symmetry of TGD so that this result is a
physical "must”. The argument goes as follows.

1. In non-zero modes WCW is symplectic group of (5Mjl_ x C' Py (call this group just Sympl) reduces
to the analog of Kac-Moody group associated with S? x C' Py, where S? is r3; = constant sphere
of light-cone boundary and z is replaced with radial coordinate. The Hamiltonians, which do
not depend on rj; would correspond to zero modes and one could not assign metric to them
although symplectic structure is possible. In ”cm degrees of freedom” one has symplectic group
associated with S? x CPs.

2. Finite measurement resolution, which seems to be coded already in the structure of the pre-
ferred extremals and of the solutions of the modified Dirac equation, suggests strongly that this
symplectic group is replaced by its discrete subgroup or symmetric coset space. What this group
is, depends on measurement resolution defined by the cutoffs inherent to the solutions. These
subgroups and coset spaces would define the analogs of Platonic solids in WCW!

3. Why the discrete infinite subgroups of Sympl would lead naturally to HFF's of type II? There
is a very general result stating that group algebra of an enumerable discrete group, which has
infinite conjugacy classes, and is amenable so that its regular representation in group algebra
decomposes to all unitary irreducibles is HFF of type II. See for examples about HFFs of type
IT listed in [Wikipedia article| [?].

4. Suppose that the group algebras associated the discrete subgroups Sympl are indeed HFFs of
type I1 or even type I1;. Their inclusions would define finite measurement resolution the orbital
degrees of freedom for WCW spinor fields. Included algebra would create rays of state space
not distinguishable experimentally. The inclusion would be characterized by the inclusion of the
lattice defined by the generators of included algebra by linearity. One would have inclusion of
this lattice to a lattice associated with a larger discrete group. Inclusions of lattices are however
known to give rise to quasicrystals (Penrose tilings are basic example), which define basic non-
commutative structures. This is indeed what one expects since the dimension of the coset space
defined by inclusion is algebraic number rather than integer.

5. Also in fermionic degrees of freedom finite measurement resolution would be realized in terms of
inclusions of HFFs- now certainly of type II;. Therefore one could obtain hierarchies of lattices
included as quasicrystals.

What about zero modes which are symplectic invariants and define classical variables? They are
certainly discretized too. One might hope that one-one correlation between zero modes (classical
variables) and quantum fluctuating degrees of freedom suggested by quantum measurement theory
allows to effectively eliminate them. Besides zero modes there are also modular degrees of freedom
associated with partonic 2-surfaces defining together with their 4-D tangent space data basis objects
by strong form of holography. Also these degrees of freedom are automatically discretized. But could
one consider finite measurement resolution also in these degrees of freedom. If the symplectic group of
52 x CPy defines zero modes then one could apply similar argument also in these degrees of freedom
to discrete subgroups of S? x CP,.

2.8.3 Little Appendix: Comparison of WCW spinor fields with ordinary
second quantized spinor fields

In TGD one identifies states of Hilbert space as WCW spinor fields. The analogy with ordinary spinor
field helps to understand what they are. I try to explain by comparison with QFT.
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Ordinary second quantized spinor fields

Consider first ordinary fermionic QFT in fixed space-time. Ordinary spinor is attached to an space-
time point and there is 2°/2 dimensional space of spin degrees of freedom. Spinor field attaches spinor
to every point of space-time in a continuous/smooth manner. Spinor fields satisfying Dirac equation
define in Euclidian metric a Hilbert space with a unitary inner product. In Minkowskian case this
does not work and one must introduce second quantization and Fock space to get a unitary inner
product. This brings in what is essentially a basic realization of HFF of type I as allowed operators
acting in this Fock space. It is operator algebra rather than state space which is HFF of type I1; but
they are of course closely related.

Classical WCW spinor fields as quantum states

What happens TGD where one has quantum superpositions of 4-surface/3-surfaces by GCI/partonic
2-surfaces with 4-D tangent space data by strong form of GCI.

1. First guess: space-time point is replaced with 3-surface. Point like particle becomes 3-surface
representing particle. WCW spinors are fermionic Fock states at this surface. WCW spinor
fields are Fock state as a functional of 3-surface. Inner product decomposes to Fock space inner
product plus functional integral over 3-surfaces (no path integral!). One could speak of quantum
multiverse. Not single space-time but quantum superposition of them. This quantum multiverse
character is something new as compared to QFT.

2. Second guess: forced by ZEO, by geometrization of Feynman diagrams, etc.

(a) 3-surfaces are actually not connected 3-surfaces. They are collections of components at both
ends of CD and connected to single connected structure by 4-surface. Components of 3-
surface are like incoming and outgoing particles in connected Feynman diagrams. Lines are
identified as regions of Euclidian signature or equivalently as the 3-D light-like boundaries
between Minkowskian and Euclidian signature of the induced metric.

(b) Spinors(!!) are defined now by the fermionic Fock space of second quantized induced spinor
fields at these 3-surfaced and by holography at 4-surface. This fermionic Fock space is
assigned to all multicomponent 3-surfaces defined in this manner and WCW spinor fields
are defined as in the first guess. This brings integration over WCW to the inner product.

3. Third, even more improved guess: motivated by the solution ansatz for preferred extremals and
for modified Dirac equation|[?] giving a connection with string models.

The general solution ansatz restricts all spinor components but right-handed neutrino to string
world sheets and partonic 2-surfaces: this means effective 2-dimensionality. String world sheets
and partonic 2-surfaces intersect at the common ends of light-like and space-like braids at ends of
CD and at along wormhole throat orbits so that effectively discretization occurs. This fermionic
Fock space replaces the Fock space of ordinary second quantization.

2.9 Jones inclusions and cognitive consciousness

Configuration space spinors have a natural interpretation in terms of a quantum version of Boolean
algebra. Beliefs of various kinds are the basic element of cognition and obviously involve a represen-
tation of the external world or part of it as states of the system defining the believer. Jones inclusions
mediating unitary mappings between the spaces of configuration spaces spinors of two systems are
excellent candidates for these maps, and it is interesting to find what one kind of model for beliefs
this picture leads to.

The resulting quantum model for beliefs provides a cognitive interpretation for quantum groups
and predicts a universal spectrum for the probabilities that a given belief is true. This spectrum
depends only on the integer n characterizing the quantum phase ¢ = exp(i27/n) characterizing the
Jones inclusion. For n # oo the logic is inherently fuzzy so that absolute knowledge is impossible. ¢ = 1
gives ordinary quantum logic with gbits having precise truth values after state function reduction.
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2.9.1 Does one have a hierarchy of U- and M-matrices?

U-matrix describes scattering of zero energy states and since zero energy states can be illustrated in
terms of Feynman diagrams one can say that scattering of Feynman diagrams is in question. The
initial and final states of the scattering are superpositions of Feynman diagrams characterizing the
corresponding M-matrices which contain also the positive square root of density matrix as a factor.

The hypothesis that U-matrix is the tensor product of S-matrix part of M-matrix and its Hermitian
conjugate would make U-matrix an object deducible by physical measurements. One cannot of course
exclude that something totally new emerges. For instance, the description of quantum jumps creating
zero energy state from vacuum might require that U-matrix does not reduce in this manner. One can
assign to the U-matrix a square like structure with S-matrix and its Hermitian conjugate assigned
with the opposite sides of a square.

One can imagine of constructing higher level physical states as composites of zero energy states
by replacing the S-matrix with M-matrix in the square like structure. These states would provide a
physical representation of U-matrix. One could define U-matrix for these states in a similar manner.
This kind of hierarchy could be continued indefinitely and the hierarchy of higher level U and M-
matrices would be labeled by a hierarchy of n-cubes, n = 1,2,... TGD inspired theory of consciousness
suggests that this hierarchy can be interpreted as a hierarchy of abstractions represented in terms of
physical states. This hierarchy brings strongly in mind also the hierarchies of n-algebras and n-groups
and this forces to consider the possibility that something genuinely new emerges at each step of the
hierarchy. A connection with the hierarchies of infinite primes [?] and Jones inclusions are suggestive.

2.9.2 Feynman diagrams as higher level particles and their scattering as
dynamics of self consciousness

The hierarchy of inclusions of hyper-finite factors of II; as counterpart for many-sheeted space-time
lead inevitably to the idea that this hierarchy corresponds to a hierarchy of generalized Feynman
diagrams for which Feynman diagrams at a given level become particles at the next level. Accepting
this idea, one is led to ask what kind of quantum states these Feynman diagrams correspond, how one
could describe interactions of these higher level particles, what is the interpretation for these higher
level states, and whether they can be detected.

Jones inclusions as analogs of space-time surfaces

The idea about space-time as a 4-surface replicates itself at the level of operator algebra and state
space in the sense that Jones inclusion can be seen as a representation of the operator algebra N
as infinite-dimensional linear sub-space (surface) of the operator algebra M. This encourages to
think that generalized Feynman diagrams could correspond to image surfaces in Iy factor having
identification as kind of quantum space-time surfaces.

Suppose that the modular S-matrices are representable as the inner automorphisms A(/\/l};25 as-
signed to the external lines of Feynman diagrams. This would mean that A/ C M) moves inside
cal M, along a geodesic line determined by the inner automorphism. At the vertex the factors cal My,
to fuse along N to form a Connes tensor product. Hence the copies of " move inside M}, like incoming
3-surfaces in H and fuse together at the vertex. Since all M}, are isomorphic to a universal factor M,
many-sheeted space-time would have a kind of quantum image inside I1; factor consisting of pieces
which are d = M : N/ /2-dimensional quantum spaces according to the identification of the quantum
space as subspace of quantum group to be discussed later. In the case of partonic Clifford algebras
the dimension would be indeed d < 2.

The hierarchy of Jones inclusions defines a hierarchy of S-matrices

It is possible to assign to a given Jones inclusion N/ C M an entire hierarchy of Jones inclusions
My C My C Ms..., Mg =N, My =M. A possible interpretation for these inclusions would be as a
sequence of topological condensations.

This sequence also defines a hierarchy of Feynman diagrams inside Feynman diagrams. The factor
M containing the Feynman diagram having as its lines the unitary orbits of A" under A, becomes a
parton in M; and its unitary orbits under A4, define lines of Feynman diagrams in M;. The concrete
representation for M-matrix or projection of it to some subspace as entanglement coefficients of partons
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at the ends of a braid assignable to the space-like 3-surface representing a vertex of a higher level
Feynman diagram. In this manner quantum dynamics would be coded and simulated by quantum
states.

The outcome can be said to be a hierarchy of Feynman diagrams within Feynman diagrams, a
fractal structure for which many particle scattering events at a given level become particles at the next
level. The particles at the next level represent dynamics at the lower level: they have the property
of "being about” representing perhaps the most crucial element of conscious experience. Since net
conserved quantum numbers can vanish for a system in TGD Universe, this kind of hierarchy indeed
allows a realization as zero energy states. Crossing symmetry can be understood in terms of this
picture and has been applied to construct a model for M-matrix at high energy limit [K17] .

One might perhaps say that quantum space-time corresponds to a double inclusion and that further
inclusions bring in N-parameter families of space-time surfaces.

Higher level Feynman diagrams

The lines of Feynman diagram in M, 1 are geodesic lines representing orbits of M,, and this kind
of lines meet at vertex and scatter. The evolution along lines is determined by Ay, ,,. These lines
contain within themselves M,, Feynman diagrams with similar structure and the hierarchy continues
down to the lowest level at which ordinary elementary particles are encountered.

For instance, the generalized Feynman diagrams at the second level are ribbon diagrams obtained
by thickening the ordinary diagrams in the new time direction. The interpretation as ribbon diagrams
crucial for topological quantum computation and suggested to be realizable in terms of zero energy
states in [K81] is natural. At each level a new time parameter is introduced so that the dimension of
the diagram can be arbitrarily high. The dynamics is not that of ordinary surfaces but the dynamics
induced by the Ay, .

Quantum states defined by higher level Feynman diagrams

The intuitive picture is that higher level quantum states corresponds to the self reflective aspect of
existence and must provide representations for the quantum dynamics of lower levels in their own
structure. This dynamics is characterized by M-matrix whose elements have representation in terms
of Feynman diagrams.

1. These states correspond to zero energy states in which initial states have ”positive energies” and
final states have "negative energies”. The net conserved quantum numbers of initial and final
state partons compensate each other. Gravitational energies, and more generally gravitational
quantum numbers defined as absolute values of the net quantum numbers of initial and final
states do not vanish. One can say that thoughts have gravitational mass but no inertial mass.

2. States in sub-spaces of positive and negative energy states are entangled with entanglement
coefficients given by M-matrix at the level below.

To make this more concrete, consider first the simplest non-trivial case. In this case the particles
can be characterized as ordinary Feynman diagrams, or more precisely as scattering events so that
the state is characterized by S = P;,SP,y:, where S is S-matrix and P;, resp. P,y is the projection
to a subspace of initial resp. final states. An entangled state with the projection of S-matrix giving
the entanglement coefficients is in question.

The larger the domains of projectors P, and Foy, the higher the representative capacity of the
state. The norm of the non-normalized state S is Tr(SST) < 1 for I factors, and at the limit S = S
the norm equals to 1. Hence, by II; property, the state always entangles mﬁnlte number of states,
and can in principle code the entire S-matrix to entanglement coefficients.

The states in which positive and negative energy states are entangled by a projection of S-matrix
might define only a particular instance of states for which conserved quantum numbers vanish. The
model for the interaction of Feynman diagrams discussed below applies also to these more general
states.
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The interaction of M,, Feynman diagrams at the second level of hierarchy

What constraints can one pose to the higher level reactions? How Feynman diagrams interact?
Consider first the scattering at the second level of hierarchy (M), the first level M being assigned
to the interactions of the ordinary matter.

1.

Conservation laws pose constraints on the scattering at level M;. The Feynman diagrams can
transform to new Feynman diagrams only in such a manner that the net quantum numbers are
conserved separately for the initial positive energy states and final negative energy states of the
diagram. The simplest assumption is that positive energy matter and negative energy matter
know nothing about each other and effectively live in separate worlds. The scattering matrix
form Feynman diagram like states would thus be simply the tensor product S ® ST, where S is
the S-matrix characterizing the lowest level interactions and identifiable as unitary factor of M-
matrix for zero energy states. Reductionism would be realized in the sense that, apart from the
new elements brought in by Ay, defining single particle free dynamics, the lowest level would
determine in principle everything occurring at the higher level providing representations about
representations about... for what occurs at the basic level. The lowest level would represent the
physical world and higher levels the theory about it.

The description of hadronic reactions in terms of partons serves as a guide line when one tries
to understand higher level Feynman diagrams. The fusion of hadronic space-time sheets corre-
sponds to the vertices M. In the vertex the analog of parton plasma is formed by a process
known as parton fragmentation. This means that the partonic Feynman diagrams belonging to
disjoint copies of My find themselves inside the same copy of M. The standard description
would apply to the scattering of the initial resp. final state partons.

After the scattering of partons hadronization takes place. The analog of hadronization in the
recent case is the organization of the initial and final state partons to groups I; and F; such that
the net conserved quantum numbers are same for I; and F;. These conditions can be satisfied
if the interactions in the plasma phase occur only between particles belonging to the clusters
labeled by the index i. Otherwise only single particle states in M; would be produced in the
reactions in the generic case. The cluster decomposition of S-matrix to a direct sum of terms
corresponding to partitions of the initial state particles to clusters which do not interact with
each other obviously corresponds to the "hadronization”. Therefore no new dynamics need to
be introduced.

. One cannot avoid the question whether the parton picture about hadrons indeed corresponds to

a higher level physics of this kind. This would require that hadronic space-time sheets carry the
net quantum numbers of hadrons. The net quantum numbers associated with the initial state
partons would be naturally identical with the net quantum numbers of hadron. Partons and
they negative energy conjugates would provide in this picture a representation of hadron about
hadron. This kind of interpretation of partons would make understandable why they cannot be
observed directly. A possible objection is that the net gravitational mass of hadron would be
three times the gravitational mass deduced from the inertial mass of hadron if partons feed their
gravitational fluxes to the space-time sheet carrying Earth’s gravitational field.

This picture could also relate to the suggested duality between string and parton pictures [K72]

In parton picture hadron is formed from partons represented by space-like 2-surfaces X?
connected by join along boundaries bonds. In string picture partonic 2-surfaces are replaced with
string orbits. If one puts positive and negative energy particles at the ends of string diagram
one indeed obtains a higher level representation of hadron. If these pictures are dual then also
in parton picture positive and negative energies should compensate each other. Interestingly,
light-like 3-D causal determinants identified as orbits of partons could be interpreted as orbits
of light like string word sheets with ”time” coordinate varying in space-like direction.

Scattering of Feynman diagrams at the higher levels of hierarchy

This picture generalizes to the description of higher level Feynman diagrams.
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1. Assume that higher level vertices have recursive structure allowing to reduce the Feynman
diagrams to ordinary Feynman diagrams by a procedure consisting of finite steps.

2. The lines of diagrams are classified as incoming or outgoing lines according to whether the time
orientation of the line is positive or negative. The time orientation is associated with the time
parameter ¢,, characterizing the automorphism Ajf,’{\. The incoming and outgoing net quantum
numbers compensate each other. These quantum numbers are basically the quantum numbers
of the state at the lowest level of the hierarchy.

3. In the vertices the M,, 1 particles fuse and M,, particles form the analog of quark gluon plasma.
The initial and final state particles of M,, Feynman diagram scatter independently and the S-
matrix S, describing the process is tensor product S, ® Si. By the clustering property of
S-matrix, this scattering occurs only for groups formed by partons formed by the incoming
and outgoing particles M,, particles and each outgoing M,, 1 line contains and irreducible M,,
diagram. By continuing the recursion one finally ends down with ordinary Feynman diagrams.

2.9.3 Logic, beliefs, and spinor fields in the world of classical worlds

Beliefs can be characterized as Boolean value maps f;(p) telling whether i believes in proposition p
or not. Additional structure is brought in by introducing the map X;(p) telling whether p is true or
not in the environment of i. The task is to find quantum counterpart for this model.

Configuration space spinors as logic statements

In TGD framework the infinite-dimensional configuration space (CH) spinor fields defined in CH, the
"world of classical worlds”, describe quantum states of the Universe [K15] . CH spinor field can be
regarded as a state in infinite-dimensional Fock space and are labeled by a collection of various two
valued indices like spin and weak isospin. The interpretation is as a collection of truth values of
logic statements one for each fermionic oscillator operator in the state. For instance, spin up and
down would correspond to two possible truth values of a proposition characterized by other quantum
numbers of the mode.

The hierarchy of space-time sheet could define a physical correlate for the hierarchy of higher
order logics (statements about statements about...). The space-time sheet containing N fermions
topologically condensed at a larger space-time sheet behaves as a fermion or boson depending on
whether N is odd or even. This hierarchy has also a number theoretic counterpart: the construction
of infinite primes [?] corresponds to a repeated second quantization of a super-symmetric quantum
field theory.

Quantal description of beliefs

The question is whether TGD inspired theory of consciousness allows a fundamental description of
beliefs.

1. Beliefs define a model about some subsystem of universe constructed by the believer. This model
can be understood as some kind of representation of real word in the state space representing
the beliefs.

2. One can wonder what is the difference between real and p-adic variants of CH spinor fields and
whether they could represent reality and beliefs about reality. CH spinors (as opposed to spinor
fields) are constructible in terms of fermionic oscillator operators and seem to be universal in the
sense that one cannot speak about p-adic and real CH spinors as different objects. Real/ p-adic
spinor fields however have real/p-adic space-time sheets as arguments. This would suggest that
there is no fundamental difference between the logic statements represented by p-adic and real
CH spinors.

These observations suggest a more concrete view about how beliefs emerge physically.

The idea that p-adic CH spinor fields could serve as representations of beliefs and real CH spinor
fields as representations of reality looks very nice but the fact that the outcomes of p-adic-to-real
phase transition and its reversal are highly non-predictable does not support it as such.



2.9. Jones inclusions and cognitive consciousness 115

Quantum statistical determinism could however come into rescue. Belief could be represented as
an ensemble of p-adic mental images resulting in transitions of real mental images representing reality
to p-adic states. p-Adic ensemble average would represent the belief.

It is not at all clear whether real-to-padic transitions can occur at high enough rate since p-
adic-to-real transition are expected to be highly irreversible. The real initial states much have nearly
vanishing quantum numbers emitted in the transition to p-adic state to guarantee conservation laws (p-
adic conservation laws hold true only piecewise since conserved quantities are pseudo constants). The
system defined by an ensemble of real Boolean mental images representing reality would automatically
generate a p-adic variant representing a belief about reality.

p-Adic CH spinors can also represent the cognitive aspects of intention whereas p-adic space-time
sheets would represent its geometric aspects reflected in sensory experience.p-Adic space-time sheet
could also serve only as a space-time correlate for the fundamental representation of intention in terms
of p-adic CH spinor field. This view is consistent with the proposed identification of beliefs since the
transitions associated with intentions resp. beliefs would be p-adic-to-real resp. real-to-padic.

2.9.4 Jones inclusions for hyperfinite factors of type I/; as a model for
symbolic and cognitive representations

Consider next a more detailed model for how cognitive representations and beliefs are realized at
quantum level. This model generalizes trivially to symbolic representations.

The Clifford algebra of gamma matrices associated with CH spinor fields corresponds to a von
Neumann algebra known as hyper-finite factor of type II;. The mathematics of these algebras is
extremely beautiful and reproduces basic mathematical structures of modern physics (conformal field
theories, quantum groups, knot and braid groups,....) from the mere assumption that the world of
classical worlds possesses infinite-dimensional Kahler geometry and allows spinor structure.

The almost defining feature is that the infinite-dimensional unit matrix of the Clifford algebra in
question has by definition unit trace. Type I factors allow also what are known as Jones inclusions
of Clifford algebras N' C M. What is special to II; factors is that the induced unitary mappings
between spinor spaces are genuine inclusions rather than 1-1 maps.

The S-matrix associated with the real-to-p-adic quantum transition inducing belief from reality
would naturally define Jones inclusion of CH Clifford algebra A associated with the real space-time
sheet to the Clifford algebra M associated with the p-adic space-time sheet. The moduli squared of
S-matrix elements would define probabilities for pairs or real and belief states.

In Jones inclusion N' C M the factor A is included in factor M such that M can be expressed
as N-module over quantum space M /N which has fractal dimension given by Jones index M : N =
4cos®(m/n) < 4, n = 3,4, .... varying in the range [1,4]. The interpretation is as the fractal dimension
corresponding to a dimension of Clifford algebra acting in d = v M : N-dimensional spinor space: d
varies in the range [1,2]. The interpretation in terms of a quantal variant of logic is natural.

Probabilistic beliefs

For M : N =4 (n = o) the dimension of spinor space is d = 2 and one can speak about ordinary
2-component spinors with A-valued coefficients representing generalizations of qubits. Hence the
inclusion of a given N -spinor as M-spinor can be regarded as a belief on the proposition and for the
decomposition to a spinor in N-module M /A involves for each index a choice M /A spinor component
selecting super-position of up and down spins. Hence one has a superposition of truth values in general
and one can speak only about probabilistic beliefs. It is not clear whether one can choose the basis
in such a manner that M /N spinor corresponds always to truth value 1. Since CH spinor field is in
question and even if this choice might be possible for a single 3-surface, it need not be possible for
deformations of it so that at quantum level one can only speak about probabilistic beliefs.

Fractal probabilistic beliefs

For d < 2 the spinor space associated with M /N can be regarded as quantum plane having complex

quantum dimension d with two non-commuting complex coordinates z! and 2?2 satisfying z'2% = gz22!

and z'22 = gz2z1. These relations are consistent with hermiticity of the real and imaginary parts of
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2! and 22 which define ordinary quantum planes. Hermiticity also implies that one can identify the
complex conjugates of z* as Hermitian conjugates.

The further commutation relations [2!,22] = [22,21] = 0 and [2!, 21] = [22, 22] = r give a closed
algebra satisfying Jacobi identities. One could argue that r > 0 should be a function r(n) of the
quantum phase ¢ = exp(i27/n) vanishing at the limit n — oo to guarantee that the algebra becomes
commutative at this limit and truth values can be chosen to be non-fuzzy. r = sin(w/n) would be the
simplest choice. As will be found, the choice of r(n) does not however affect at all the spectrum for
the probabilities of the truth values. n = oo case corresponding to non-fuzzy quantum logic is also
possible and must be treated separately: it corresponds to Kac Moody algebra instead of quantum
groups.

The non-commutativity of complex spinor components means that z' and z? are not independent
coordinates: this explains the reduction of the number of the effective number of truth values to d < 2.
The maximal reduction occurs to d = 1 for n = 3 so that there is effectively only single truth value
and one could perhaps speak about taboo or dogma or complete disappearance of the notions of truth
and false (this brings in mind reports about meditative states: in fact n = 3 corresponds to a phase
in which Planck constant becomes infinite so that the system is maximally quantal).

As non-commuting operators the components of d-spinor are not simultaneously measurable for
d < 2. Tt is however possible to measure simultaneously the operators describing the probabilities 2! 21
and 2222 for truth values since these operators commute. An inherently fuzzy Boolean logic would be
in question with the additional feature that the spinorial counterparts of statement and its negation
cannot be regarded as independent observables although the corresponding probabilities satisfy the
defining conditions for commuting observables.

If one can speak of a measurement of probabilities for d < 2, it differs from the ordinary quantum
measurement in the sense that it cannot involve a state function reduction to a pure qubit meaning
irreducible quantal fuzziness. One could speak of fuzzy gbits or fgbits (or quantum gbits) instead of
gbits. This picture would provide the long sought interpretation for quantum groups.

The previous picture applies to all representations M; C Ms, where M; and My denote either
real or p-adic Clifford algebras for some prime p. For instance, real-real Jones inclusion could be
interpreted as symbolic representations assignable to a unitary mapping of the states of a subsystem
M of the external world to the state space Ms of another real subsystem. p; — ps unitary inclusions
would in turn map cognitive representations to cognitive representations. There is a strong temptation
to assume that these Jones inclusions define unitary maps realizing universe as a universal quantum
computer mimicking itself at all levels utilizing cognitive and symbolic representations. Subsystem-
system inclusion would naturally define one example of Jones inclusion.

The spectrum of probabilities of truth values is universal

It is actually possible to calculate the spectrum of the probabilities of truth values with rather mild
additional assumptions.

1. Since the Hermitian operators X; = (z'214212')/2 and Xy = (2222+2222)/2 commute, physical
states can be chosen to be eigen states of these operators and it is possible to assign to the truth
values probabilities given by p; = X;/R? and py = Xo/R?, R?> = X; + Xo.

2. By introducing the analog of the harmonic oscillator vacuum as a state |0) satisfying 2'|0) =
22|0) = 0, one obtains eigen states of X; and X, as states |ny,no) = 21 22 |0), ny > 0,ng >
0. The eigenvalues of X; and X, are given by a modified harmonic oscillator spectrum as
(1/2 4+ n1¢™)r and (1/2+ nag™ )r. The reality of eigenvalues (hermiticity) is guaranteed if one
has n; = Nin and n; = Non and implies that the spectrum of eigen states gets increasingly
thinner for n — oo. This must somehow reflect the fractal dimension. The fact that large values
of oscillator quantum numbers n; and ny correspond to the classical limit suggests that modulo
condition guarantees approximate classicality of the logic for n — oco.

3. The probabilities p; and py for the truth values given by (p1,p2) = (1/2+ Nin,1/2+ Non)/[1+
(N1 + N2)n| are rational and allow an interpretation as both real and p-adic numbers. All states
are are inherently fuzzy and only at the limits N7y > Ny and Ny > Nj non-fuzzy states result.
As noticed, n = oo must be treated separately and corresponds to an ordinary non-fuzzy gbit
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logic. At n — oo limit one has (p1,p2) = (N1, N2)/(N1, N2): at this limit Ny = 0 or Ny =0
states are non-fuzzy.

How to define variants of belief quantum mechanically?

Probabilities of true and false for Jones inclusion characterize the plausibility of the belief and one
can ask whether this description is enough to characterize states such as knowledge, misbelief, doubt,
delusion, and ignorance. The truth value of S;(p) is determined by the measurement of probability
assignable to Jones inclusion on the p-adic side. The truth value of X;(p) is determined by a similar
measurement on the real side. § and A\ appear completely symmetrically and one can consider all
kinds of triplets M; C My C M3 assuming that there exist unitary S-matrix like maps mediating a
sequence M C My C M3 of Jones inclusions. Interestingly, the hierarchies of Jones inclusions are a
key concept in the theory of hyper-finite factors of type I1; and pair of inclusions plays a fundamental
role.

Let us restrict the consideration to the situation when M;j corresponds to a real subsystem of
the external world, M its real representation by a real subsystem, and M3 to p-adic cognitive
representation of M3. Assume that both real and p-adic sides involve a preferred state basis for qubits
representing truth and false.

Assume first that both M; € My and My C M3 correspond to d = 2 case for which ordinary
quantum measurement or truth value is possible giving outcome true or false. Assume further that
the truth values have been measured in both Ms and Ms.

1. Knowledge corresponds to the proposition 5;(p) A A;(p).

2. Misbelief to the proposition 8;(p)A # Ai(p).
Knowledge and misbelief would involve both the measurement of real and p-adic probabilities .

3. Assume next that one has d < 2 form My C Mjs. Doubt can be regarded neither belief or
disbelief: 5;(p)A # B;(# p): belief is inherently fuzzy although proposition can be non-fuzzy.

Assume next that truth values in My C My inclusion corresponds to d < 2 so that the basic
propositions are inherently fuzzy.

4. Delusion is a belief which cannot be justified: 5;(p) A Ai(p)A # A(# p)). This case is possible
if d = 2 holds true for My C Mj3. Note that also misbelief that cannot be shown wrong is
possible.

In this case truth values cannot be quantum measured for M; C My but can be measured for
My C M3. Hence the states are products of pure M3y states with fuzzy M, states.

5. Ignorance corresponds to the proposition 5;(p)A # Bi(# p) A Mi(p)A # A(# p)). Both real
representational states and belief states are inherently fuzzy.

Quite generally, only for di = do = 2 ideal knowledge and ideal misbelief are possible. Fuzzy beliefs
and logics approach to ordinary one at the limit n — oo, which according to the proposal of [K65]
corresponds to the ordinary value of Planck constant. For other cases these notions are only approxi-
mate and quantal approach allows to characterize the goodness of the approximation. A new kind of
inherent quantum uncertainty of knowledge is in question and one could speak about a Uncertainty
Principle for cognition and symbolic representations. Also the unification of symbolic and various
kinds of cognitive representations deserves to be mentioned.

2.9.5 Intentional comparison of beliefs by topological quantum computa-
tion?

Intentional comparison would mean that for a given initial state also the final state of the quantum
jump is fixed. This requires the ability to engineer S-matrix so that it leads from a given state to
sing