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Abstract

The development of covariant quantum gravity in flat spacetime demands, for
the sake of consistency, that any vacuum (or cosmological constant) terms that
are generated from loop contributions must vanish. This consistency condition
enables us, in the framework of the effective action with ultraviolet cutoff,
to relate the cutoff parameter to the gravitational coupling, order by order
in the perturbative scheme. We develop the formalism of covariant quantum
gravity that enables us to compute the vacuum contributions up to the second
loop order, dealing with the system describing the self-interactions of virtual
gravitons, together with scalar and vector fields. We show how the vanishing
of the resulting vacuum contributions gives a relation between the cutoff and
the gravitational coupling. In a fundamental theory unifying gravity and the
other interactions, this approach offers an ultimate solution to the problems of
quantum field divergences.

1 Introduction

It is an old speculative idealll Pl Bl that quantum gravity may hold the key for an
ultimate solution to the problem of the divergences that plague quantum field theory.
Old attempts to implement this idea had taken shapel® Pl 6] in a suggestive process
of summing an infinite number of divergent contributions of a certain type. However
such schemes are beset with difficulties and could not be applied in general. On the
other hand, the divergences of quantum gravity are well-known!™" " and all previous
treatments, working within the ordinary framework of covariant quantization, along the
conventional lines of non-Abelian gauge field quantization, have all demonstrated the
obvious fact that such divergences cannot be eliminated in the manner of renormalizable
theories.

In our effective action framework for quantum gravity?% P! we find that it is necessary
to introduce a fundamental gauge-invariant cutoff which can be related perturbatively to
the gravitational coupling. The condition for establishing such a relation is the require-
ment, which stems from the consistency of quantization in a flat spacetime background,
that the vacuum (or cosmological constant) contributions that are generated by the
quantum loop corrections should be put equal to zero in a perturbative manner. Our
purpose in this article is to present computations of the vacuum contributions up to the
second loop order. We shall deal with a system of self-interacting virtual gravitons that
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are also coupled to virtual scalar and vector fields. The extension to include fermionic
fields will be the subject of other articles.

In §2, we shall introduce the pertinent Lagrangian densities and shall derive the neces-
sary propagators and vertices that are needed in our computations. Whereas quantum
gravitational computations are notoriously complicated due to the unwieldy numbers
of indices and terms constituting the graviton vertices, we attempt to make some sim-
plification in our computations. In the first place, in our powerful effective action
framework, it is possible to construct a gauge-invariant effective action imposing a
gauge-covariant condition like V,¢,, = 0 on the virtual graviton (gauge-covariance
pertains to the effective metric), and a condition like VA, = 0 on vector fields, all
without the need for using the horrid ghost technique of conventional quantization. In
our derivation of the graviton vertices, this allows for dispensing with many terms. On
the other hand, a judicious use of the symmetries of the indices involved permits a
reduction of the number of terms that need be displayed for the public. In spite of
all that, computations remain laborious and would require the use of computer-aided
symbolic manipulations, something we are constantly extending?? for the purpose of
tackling such fundamental theoretical problems.

In §3 we use our derived Feynman rules for the computation of the quantum corrections
to the vacuum, up to the second loop order. This is the minimal result needed to
show how one can relate the cutoff length to the gravitational coupling constant in a
perturbative manner.

2 Lagrangians and the Feynman Rules

In the following subsections, we shall consider the Lagrangians for pure gravity, and
for the coupling of the gravitational field to bosonic scalar and vector matter. The
extension that includes fermionic Dirac fields will be treated in another article.

2.1 Pure Gravity

The Lagrangian density that describes the propagative and the self-interactive nature
of the gravitational field, via the metric field of general relativity g, , take the following
form:
%;augAaaugpﬁ - zllaugApaz/gaﬁ
V99" g g™’ (1)
+%a,ugu)\apgo¢,8 - %aug)\aapguﬁ

In the above, g is the inverse metric, and g is the positive determinant of g,,. The
above Lagrangian density follows from the Einstein term ,/gR, where R = g’ R,,,,, and
R, is the Ricci tensor

R, = @F;\)\ — (%\F,/)y - qurip + F:\bprlp/A (2)
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and using the metric connection

1
sz - 59/\p (0u9vp + OuGup — OpGyur) (3)

As we shall be computing vacuum contributions only, we shall split the metric field
such as g = N + ¢, where n,, is the Minkowskian metric of flat spacetime and
¢ is the virtual graviton field (being symmetric in its indices). All expansions will be
done to second order in ¢ since that would be enough for two-loop computations. The
inverse metric g* and the factor /g = exp(3tr In(n-+¢)) would have the corresponding
expansions:

g;w ~ Nuw — (b,ul/ + ¢uA¢w\

VIR L+ 300+ $0000 — £000np
Notice that after expanding about the flat metric 7,,, it will be convenient to put

all indices on the same level, with the understanding that summations (over repeated
indices) are done with the flat metric.

(4)

Expanding the foregoing Lagrangian density for the metric field g,,, to second order
in the virtual graviton field ¢,,, we shall obtain the bilinear terms which give us a
propagator, the cubic terms which give us the 3-leg vertex, and the quartic terms,
which give us the 4-leg vertex. Notice that we can multiply each ¢, by a (gravitational)
coupling constant x, and divide the whole Lagrangian by 2. However, we shall suppress
k in the followings, reinstating it in the end results of the loop computations.

2.1.1 Bilinear Terms and the Graviton Propagator

The bilinear terms in the virtual graviton field are:

1000 = (Buonn)? = 3058 Buns + 305620 o)
In our covariant development of the effective quantum gravitational action we impose
the condition V¢, = 0 on the virtual graviton field. The latter condition is covariant
with respect to the effective graviton field. Here, where we intend to compute the
vacuum contributions, this means d,¢,, = 0. We shall use the latter expression to
simplify the above bilinears, as well as all later expressions that give us the vertices.
Hence, we can drop the last two terms of the above bilinears. Then converting to

momentum space, we obtain

SO0 (—D) Kol ()

with the bilinear kernel

Ko aplPl = 0° (Muxtivp + Tuptor = 20umx0) (7)
The inverse of the above bilinear kernel would give us the following propagator for the
virtual graviton field:

1 2

Prvp [p] = E (77M/\77Vp + NupTor — g%ﬂm) (8)
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Notice that P and K are inverses of each other in the following sense:

1

§Kuu,aﬁ7)aﬁ,>\p = NuXNvp + NupTlvr (9)

2.1.2 Cubic Terms and the Graviton 3-Leg Vertex

Resulting from the foregoing expansions, the terms that are cubic in the virtual graviton
field are (after dropping three terms that involve 0,¢,, ):

~50uw0rbupOrbup + 505G 0rbpp = 3G ONGppOudrs + G OrGupDu P,
_%L¢uua,u¢)\pau¢)\p + %¢uu(au¢)\p)2 + i¢uuau¢)\/\au¢pp - %¢,uuau¢)\)\au¢pp (10)

+%¢uu6)\ ¢upap¢AV - %L(ﬁuuay gb)\papﬁb)\u

Converting to momentum space (with three momenta r, s, t), we obtain'
(=3P [8)0up[tlbup [l (t - ) + 30, (8]0 [t Ppp[u] (t - 1) )

— 50300 [0 [u] (trt) + By 8] [0, 1] (Ex11s)
—8s+t+ul ¢ — 10w lslor[tlore[ul(tuuwn) + §duulslorsltlons[ul(t - w) (11)
+ 5B 810 [ Do [u] (Butts) — §Bpls|OA[E]Spplul (£ - )

\ +%¢W[5]¢up[t]¢>\u[u] (t)\up) - %ﬁbuu[s](é/\p[t](b/\vw](tvup) J

In order to obtain the graviton 3-leg vertex, we must differentiate the above three times,
with respect to ¢us[p], dorlq], and ¢u,[r|, with (o, B, 0, T, k, w) being vectorial spacetime
indices, and (p, q,r) being momenta. We must use the rule:

gzlj\: E;]] = (n,u)\nup + n,upnuA) 54 [p - Q] (12)

Now to reduce the size (8-fold) of the resulting expression of the 3-leg vertex (after
renaming indices), we give it unsymmetrized with respect to (u,v), (X, p), and (a, B).
The following unsymmetrized expression can be used as it is in our loop computations
since it will be multiplied by tensor propagators having the required symmetries. Drop-
ping all terms that involve (p,, p, gx, ¢p, Ta, T5) since they correspond to the condition?
0,0 = 0, then using the implications of the momentum-conserving delta function

Integration over all momenta in the action terms are implicit, but are suppressed throughout.

2Notice, however, that this can be done only since we are computing vacuum vertices. For the
computation of effective vertices, the dropped terms must be replaced by effective field counterparts
using the covariant condition V,¢,,. Otherwise we should not drop any terms in the derivation of the
vertices whether vacuum or effective.
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5*(p + q + r), while suppressing the latter, we obtain

_4TATP77&;L175V - 4qMQV77a)\775p — 8GuT AN Bp

+4GuquMasMp — 40adunure + 20262 + ¢ - 7+ T2 NapNsu g
FATAT NN — 44aTANBpMur + 2(2‘]2 +3q-r+ 2""2)77a>\77ﬁp77;w
V;w,)\p,a,ﬁ [p, q, T’] = (13)
+4q0 s — 2(6° + ¢ - 7+ ) Naproluw + 4407 A0 p

+8¢aqunsatvp — 8(¢* + q - T+ ) Naunpativp

+8¢a A ulve — 44alsMrutlve + 2(4% + ¢ - 7 + 28 ) agliaumvp

The above gives the expression of the vacuum vertex with 3 legs corresponding to virtual
graviton having respective indices (uv, Ap, af3), and respective momenta (p, ¢, r), with
p replaced by —(gq + r) due to momentum conservation.

2.1.3 Quartic Terms and the 4-Leg Vertex

Also, resulting from the foregoing expansions, the terms that are quartic in the virtual
graviton field are (after dropping seven terms that involve 0,4, ):

(=107 0aPrpOabus + 107D OaOruOaBup + 75020 OaPrpOrPap

— 0P 0adrpOrbap + 1020800 OrPap — 02, (Ordap)’

+ 35 (03Gap)” + 3502,0P000rbop — 35 BunbrvOrGacdrdpp

5 O7PuOrDpupOs P — 5PrpD v OrPapOvPap — 5D PupOrbapOyPap
32O 0uPapOsPap + §OrPunOrbaaluPpp — 10N Pr0OuPaaOsPpp
— 102D 7D DpPac — 100 DuuONPrpOpPaa + 5PruPALTuPrpOpPan
— oDy OaOruBpPar — 5O\ PA0aBupOpPar + §OINByuvOaBpupOpPan
57 Pur0rPau0pPar + 100 PunOrbapDpPor — OruPrv0ubapOpPan
+ 10001 PapOpPar + 202020000 D0 0pPar — 1O P 0pPapOpPan

\ _igb)\p(b,uya)\(baaap(bw/ - %¢Au¢)\u8p¢aaap¢uu + }l(ﬁ)\)\(b,uuap(baaapgbuu

(14)
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Converting to momentum space (with four momenta ¢, u, v, w), we obtain

— 1Ot brun (] Orp [V)Brun [w] (v - w) + TON[t]Brur [u] P [V] D [w] (v - w)

+ 15 G [t By [W] 03 [V] b [w] (varwr) — 15 Spuultlbu [uldrp[v]dap[w] (vawy)
+500p[t1dpn (1] Guv [V]dap W] (Vawn) = 356w [t Bpuw (U] Gap V] b [w] (v - w)
+ 55O tlbuw [u] Gap V] dap[w] (v - w) + 35 G [t]0 0 [l daa V] Bpp ] (v - w)
— 53D [tldu [u] Paa [V]dpp [w] (v - w) + 5D [t] b (U] 0] P [w] (vr01)
= 5Oap[tbun (U] Gaps[V] G [W] (Vat0r) = §OA0 [E]Bpup ] Parp [V] dip [w] (v2101)
+50rult]oaw [l dap[v]Pap[w] (vuws) + § a1 SuululPaa v]dpplw] (vrwy)
=o' ttutvtw] [ —Fnultlons [ul@aalvldp[w](vuws) — 3Oxp[dun [uldpn [V]daalw](vrw,) | (15)
— 1A [t Suululdvolvldaalw](vaw,) + 3Eaultlors (U] duplv)Paa w] (vuw,)
~ Ot bruw [uloan V) Paw [w] (Varwy) — 5Oxutldw [uldup V)b W] (vVaw,)
+ 5O D (W] D[] G [w] (Vawp) + §Orp[110 0 [uU] pau 0] P [w] (vaw))
+ 3030 [ dun [t dap (0] Gan [w] (03w)) — Srult]drs [U)dap V] @an (W] (vuw))
+ 50 b [uldap[t)Pay [w] (Vuwp) + 5O [tlorw [u]Gan V] Pav[w] (v - w)

— 18t S [ulbau[v]Gar [w](v - w) = 361t Puy [U]paa V]dyw [w] (vrw))

_%¢Au[t]¢)\u[u]¢aa [U]¢uu[w](v : w) + %Q/))\)\[t]¢uu[u]¢aa[U](buu[w}(v : w)

In order to obtain the graviton 4-leg vertex, we must differentiate the above four times
with respect to ¢,,[p], with appropriate indices and momenta. After renaming the
indices, we can reduce the size of the resulting expression, 16-fold, by unsymmetrizing
with respect to (u, v), (A, p), (o, ), and (o, 7). The resulting expression can be used as
it is in our loop computations since it will be multiplied by tensor propagators having the
required symmetries. Also, dropping all terms that involve (p,, pu, qx, 4ps Ta, 785 So, S7)
since they correspond to the condition 0,¢,, = 0, then using the implications of the
momentum-conserving delta function 6*(p + g +r + s), while suppressing the latter, we
obtain the following expression for the 4-leg vertex V,, xp.ap.07 [P, ¢, 7, 5|, (We give it here
in 8 sections each containing 13 terms)

429509 +20: Mo —Ug e+ Mo M) oy M, M — 4 BAo My + T e + 205 Sy + 215 Sp) Nor T, Mp
+4( Qe My +31u M+ 2T S Moy NP Mp — 4@ T+ 1,8, + 21,8, + 28, 8,) oo Npr Mp
—4(29:9: +20: Fo + Qo Te + 20 1) Had Npp Muy + 4 (20 T+ 20000 + Ao SA) Naye Npp Hpy + 42N T
+ o SA+ 205 S)) Tap Npor My —
2(4ryr, +3r,8 +31 Sy +48)Sp) Nayor Nr Muy +4 (Ao O + O Fo + T F2) T, g 10 Ny —
424, +T5) 2 e+ S2) Mg MpMpy + 2@+ T+ S+21 T+ 37 S+288) o0 N,r Myp Npy +
84, (Ao + 1) Nayu NpATyv,p + 8 (s +315) Sy Hayr NN vy (1 6)
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8(Us U+ AT + 215 F) N N Thvio — 8 (Ao Ty + A T + 205 S)) Nayr Tp Mvip

+8@2 ey + Yo Sy —To Sp) Ma NP Mvp — 811 (Ao +¥e) oy Mpr Tvp + 4B NN,

+ TSy + TSy + 3818 Moy M Mvyp =4 (Ao Qe + e To + 206 To) Moy g M Thvyp

+4(49:9, +2ale+295Se+ 310 S) N Muvp—2(Q- 9+ 9 F+Qq-S+4r-r+7r-S+4S-8)Na o g M Tlvyp

+4(Qe Ty +30,Te — Qo Sy + T 8p) e, g7, Myvp — 8 (Ao Ao + AaFor + 2T Sa) 1B, MM, Thvp

+8(q-q+ T+ TT+S5:8) No,o Mp,p Mr Thp— 18 S¢ Sp g0 Mx T

+4(qQ-r+q-S+2r-r+3r-8+8-8) g, Mpo My vp (17)

8 (N To + g SA + o S1) e, Huyr T — 8 (2G5 + 3T5) Sa A My Tvyp

-8(q:r-q-s—s-8)n.s A p,r Nvp + 8(qan —28,8)) NBe Mu,r hv,p

+42g-r+q:-S+2r-r+4r-s+2s:8) o1 Mg Muc M —8(ApSe— 20 Sp—25¢58) Mo Mpr Thp
—4(Q-S+2r-r+2r-8+28:8) 758 Mo My Mrp+ 8 (20e I — M Fo + Ao S4 + o S2) Nayp M e

+8 (NI, + TSy + 28y Sp) oo NpuThvyr =4 (205 Ty =20, T+ 395 Sy + T 8y) Do) Np,0 Thyyr

-8(2q, M+ Nl +3GsSa+ 3158 HapuNpp Mve +8 (A Ty + TSy =TSy — 38y Sy) oo NP Tlvr

+ 8T, (N +S0) Moy Moo Tvr (1 8)

—8(BMAr, +T, Sy +TA Sy —SASu) oy Mg Mvye +4 (Ao —T0) (2T, +Sy) o, g 10 p Ty

+8(29uUsr+Ualo+Uor Sa+ oS NpuMpThr—44q-q+30-T+2q-S+T-T+T7-8+28:8) oo NGuTNp e
—8(daly + e S, —Se S N0 Myp My +4(A T =T-T—T:S) Nop N0 Mp e + 8N (Ao + o) Na,p My My
-8209,05 — 1o S) A Nup Thvie 424+ 4T+ QS+ 27D oo DB pup e

— 84, BN +2S)) 1,0 My Mvye +8 A Ao B0 Muyp vy + 8 (A g+ Ap S — Aa Sp) Mo My Mvyr
—4@-q+3Q-T+ 20D Mo Mo v

(19)
—4 (21T, + T, Sy + Sy Sp) o, f Mo e + 4B A A+ 211 S, + 29,8y +48450) 1,0 Mo e
-2(49-9+79-r+QqQ:S+4r-r+r:-8+8:8) 0,1 7g,0 Mp,o e — 42 e dg+ A Sa+ Sa Sp) Mp Mo Thyr
+2(29-qQ+3G- T+ S+2r-F+T$+8:8) o5 Mp Mpyo My,r + 8 B Uo +Tr) Sy Napy N Npyr

—16(r, 8, =1y Sy =S, 8.) oo N THp,r —8 (2T, T + Ug Sy + To- Sp) Na X My Tp,r

+4(2q,r +41\ e+ 30 Sy + 25 S)) Nau 16y Mp,r — 16 S4 Sy Mg, My Tp,r + 161, (M +S) 2 Mg Tpyr

=161, ("y + S0) Yo Np,o Mp,r —4 (B3 Ao Ty + Ty o + 0o Sy + 15 Sp) Ta, g My oo (20)
—80e (Ao +T) Mg My Mpr +4(29-9+Q-T+3Q-S+TS+5:5) oo N My Tpyr

+16 Qo+ 80) (i +8) Npo My Mpr —4 2T 1+ T, S, + 8, S)) No, g Mo Tp,r

~ 43T+ S +20:S, — 28,8 ) Ny Mo Np,r— 2B Q- q+qT+T7 Q- S+T-T+T-S+4S:8)fg,u Ny Mo Hp,r

—4(qQe +2T5) (211 +52) No,f My Np;r + 8(2 00 Qo + Ao Tor + o So + T Sa) WA W,y Npye
-8(q-9q+2q-r+2q-S+r-r+2r-8+2s-8) N NpA fMp,y lpr +8(aTa+ M Sa+ 9o Sa + 285 8)) N0 M,y Tpr

-8 q+q:r+q:S+TrT+r8) P Np,o Mppy Mp,r — 240 Ap+305Se +3UaSp+4S:Sp) Mo Muyr Mp,r
+2(29-Q+qr+39-S+r-r+r-$+2s:8)00,5M,0 My, p,r (21)

8(ryry +81Su) e, Blv,e Mpr + 16 (Aa Ty — Sa Sp) N Mv,o llp,r

+8(qQq+2q-Fr+TIr+rS+8:8) 7o uNpATtv,o Mo — 16 (Ae T+ T2 Sa +Sa SV N u o Tlp,r
+8(Q-q+2q-S+T-T+Tr-S+8:8) o2 11gu Tho Mo, +8Ap (Ao + Sa) My Tv,o Tlp,r
—4(9-9—9q-r+9-S) No,g T,u Mo Ty — 4 (M Tp + T2 Sp + 281 Sp) Na,p N Noryr

+4@2Nnr, +3n S, +3SAS) oo Npy Mo —4Tu T =TS+ 21,8, +28,8,) Yo r T15p Mo v
—4@M+SUS Nap Mp ot 4T+ 1,8, +8,8,) NagMp Nor

+4(9e—80) (T +28,) 11gy Mp ey (22)
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229-q+q-r+3q:S+r-r+r-s+2s:8)04,, 1My Mpllor + 22N T+, Sy + Ty Sp+ 283 Sp) No, g My Noryr
—4(9e+28.) M +2SVNBeNup or +2(29-4+3q- T+ Q=S +21T+T-S+8:8) o d Mo Tuy Noyr
+2(29,95+0sSa+ U Sp+2S.Sp) M My Noyr —2(-q+ T+ S+T-T+T-S +S:8) 7o, 8 Mp M,y Toryr

— 4 =SV, —Su) Nafhvp o —8(de Ty +Ua Sy — SaSp) MpA v o e

—4(9-9q+9-T—0-8) o,y DA v Hoyr + 8 (Qa M1 + T2 Se + o S2 +2 84 SO g hvp Nor
—-4(9-9+q-T+39-8S+2r-r+2r-s+4s-8) a2 Mgy Mvp o —4(Aadp+ A Sg+ 284 Sp) My Thvp Tor,r
+2(9-q+9-T+d-8+2r-r+3r-8+28-8)§o,50,u lvp o, (23)

The above 104 terms give the (unsymmetrized) expression of the vacuum vertex with
4 legs corresponding to virtual gravitons having respective indices (uv, Ap, a8, 07), and
respective momenta (p,q,r,s), with p replaced by —(¢ + r + s) due to momentum
conservation.

2.2 Coupling to a Scalar Field

We shall consider the coupling of the metric field to a virtual scalar field A. This is
given by the Lagrangian density

\/5% g"0, A0, A (24)

We do not include a mass term with the presumption that all masses are much smaller
than the cutoff mass, and that we shall consider the most important cutoff-dependent
vacuum contributions. Expanding the metric about flat spacetime, g, = M + ¢u,
where as before the ¢, represents the virtual graviton field, we only keep the terms
that are quartic or less in the virtual fields.

2.2.1 Bilinear Terms and the Scalar Propagator

From the scalar bilinears

(04 (25)
we obtain in momentum space
SAAl-pIKT) (26)
With the kernel K[p] = p%. The inverse of the latter gives the scalar propagator
1
Plp) = o (27)

2.2.2 Cubic Terms and the Graviton-Scalar 3-Leg Vertex

From the foregoing expansion of the Lagrangian density, we obtain the cubic terms

1 1
— §¢W8MA6VA + Z%(@A)? (28)
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N.S.B. Letters @ NSBL-QF-016

Converting to momentum space (with three momenta s, t,u), we obtain

= s 4] (oA () + {0, lATALIE ) (29)

In order to obtain the 3-leg vertex, we must differentiate with respect to ¢,,[p], then
with respect to A[g] and A[r]. Simplifying and renaming indices, the result defines the
3-leg vertex

Vi [pa q, T] = =2r,r, — (q : T)UW (30)
In the above we have suppressed but used the implications of the momentum-conserving

delta function §*[p 4+ ¢ + r]. We also dropped terms that involve p, and p, since they
correspond to the condition 9,¢,, = 0.

2.2.3 Quartic Terms and the Graviton-Scalar 4-Leg Vertex

Again, from the foregoing expansion of the Lagrangian density, we obtain the quartic
terms L . ,
_Egb,uu(a/\A) + 1_6¢MN¢VV(8)\A)

_igbz\ugbuua)\AauA + %gb)\,ugbul/a)\AayA

Converting to momentum space (with four momenta ¢, u, v, w), we obtain
— 16 Puv [t P [u] A[] Alw] (v - w) + 75 Pup[tldun [ul A[v] Alw] (v - w) ) )
32

— 0[]0 ulul Al] Alw] (vawy) + 36ru[t]6p [ul A[v] Aw] (vawy )

(31)

— 6t +u+ v+ w) (

In order to obtain the 4-leg vertex, we must differentiate with respect to ¢.s[p] and
bor[q], then with respect to A[r] and A[s|. Simplifying and renaming indices, the result
defines the 4-leg vertex

2 (ruSuming + TSN — 27 uSAMup — 28 X\SuMup)
Vuu,)\p [p7 q,T, S] = (33)
—|—(7" : 8) (%,\Uup - 77#1/77/\/))

In the above we have suppressed but used the implications of the momentum-conserving
delta function 6*[p + ¢ + r + s]. We also dropped terms that involve p, and p,, as well
as those involving ¢, and g,, since all correspond to the condition d,¢,, = 0. We also
reduced the size of the expression by unsymmetrizing with respect to (u,r) and with
respect to (A, p) (since eventually it will be multiplied by tensor propagators having
these symmetries).

2.3 Coupling to a Vector Field

We consider the coupling of gravity to a virtual vector field A,, with Lagrangian density
1 1%
- \/gzg“)‘g pFWF/\p Fu = 8MAV - avAu (34)

Consistent Cutoff in Quantum Gravity by N.S. Baaklini 9
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We shall expand the metric about flat spacetime, g,, = 7, + ¢, to second order in
the virtual graviton field ¢,,, and obtain the rules for the vector propagator, the 3-leg
graviton-vector vertex, and the 4-leg graviton-vector vertex.

2.3.1 Bilinear Terms and the Vector Propagator

The bilinear terms of the vector field are
1 1
— 5(auAy)2 + §8MAVE)VAH (35)

Our virtual vector field will be subjected to the condition 9,4, = 0, hence using
integration by parts, we can drop the last term of the above. Then converting to
momentum space, we obtain

1
5 APl A =PIy [p] (36)
with the kernel K, ,[p] = —p*n,,. The inverse of the latter gives the vector propagator:
1
Prulp) = = 5 (37)

2.3.2 Cubic Terms and the Graviton-Vector 3-Leg Vertex

From the foregoing expansion of the Lagrangian density, we obtain the cubic terms
%¢uuaAApaAAu - (b,ul/a)\A,uauA)\ + %l(b,u,ua)\AuauA)\

(38)
+%¢,uuauA/\auA)\ - %gb,uu(auA/\)2
Converting to momentum space (with three momenta s,t,u) we obtain
3G [SJ AL A [u] (t - 1) — G [s]AL[t] Axlu] (Baun)
—0's+t+ul | +oulsl A ANu](taw) + 5 [s|ANE Ax[u] (tuw) (39)

Ll Al Al )

In order to obtain the 3-leg vertex we differentiate the above expression, first with
respect to @ap[p], then with respect to A,[¢q] and A,[r]. Simplifying and renaming
indices, we obtain the 3-leg vertex

24,7 M 271N — QT AN — 27ATuTp
Viwelps 4,7 = (40)
+<q ' ’l“) (nuun)\p - 277Au77up)
In the above we have suppressed but used the implications of the momentum-conserving
delta function §*[p 4+ ¢ + r]. We also dropped terms that involve p, and p, since they
correspond to the condition 9,¢,, = 0. Likewise, we dropped terms involving ¢, and 7,
since they correspond to the condition 0,4, = 0. We also unsymmetrized with respect
to (u,v).
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2.3.3 Quartic Terms and the Graviton-Vector 4-Leg Vertex

Again, from the foregoing expansion of the Lagrangian density, we obtain the following
quartic terms:

(1500, (OAA)? = 750 (06Ap)? + 00 PuOrAudL A,

5 OADuuOrApOu Ay — 100D 0 ANV A, — 5000, AL0L A,

L B0, Ay D, Ay — 02,00 A0, Ax + 2 dunbinOr A0, A w
— 1 Or D ONALOp Ay — 1PN DuuOrApDp Ay + 0P 0uArD, Ay

+¢>\u¢/\uauApapAu - iqb)\)\gb;wauApapAu + %QSAVQSM}L@/JA)\@/)AV

(=3O 05 A0, A + 2000, A0, A,

Converting to momentum space (with four momenta ¢, u, v, w), we obtain §*[t+u-+v-+w]
multiplying the following terms:

~ 150w [l [u] Ap[] Ay [w] (v - W) + 50,u[t] S0 ] A [] Ay [w] (v - w)
—2ro [y (U] Au[v] Ag[w] (03w,) = Sdr[t]Bpulul Apv] A, [w] (vaw,)
10 [t By [u] AN [0] A [w]) (0,10,) + Saa [t U] Ap[0] A, [w] (v,10,,)
— 5010 [W] A, [V] Ap[w] (v,0,) + 50 by [u] Ap[v] Ar[w] (vrw))
— 15 Dl bvu [u] Ap[o] Ax[w] (vrw,) + oo (1] By [u] A, [0] Ay [] (vrw)) (42)
+ 1O (110 [u] A, [0] A [w] (03w,) = §Erp[1]0 [u] AN[] Ay ] (v,0)
—Oaalt]on (W] A [0] A [w) (v,0,) + § [y [u] A, [0] A, [w) (v,0,)
— 3O [0 W] AN[U] AL [w] (0 - w) + §Oau [ [u] Au[o] A [w] (v - w)

— 5Ot P [u] A V] Ay [w] (v - w)

In order to obtain the desired 4-leg vertex, we first differentiate the above expression
with respect to ¢as[p] and ¢,,[q], then with respect to A,[r| and A,[s]. Simplifying

Consistent Cutoff in Quantum Gravity by N.S. Baaklini 11
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and renaming indices, the result defines the following 4-leg vertex

2rSu (211ax180 = Naplrg) + 27285 (2apnsy — NapMuw)
—47,5\(MapMpy — NapMup) — 47281 (Mo sp — NapTvp)
+2765, (Mo Mrp = 2ManTlp) + 2785\ (NapTw — 2MapTvp)
Vil @758 = | F2rusa(Nauiing = 2npa1p) + 2r8a (e — 205um0p) | (43)
7850 (= Mpuw + MruTvp)

_277au776u77)\p - 277a)\n5p77/w + NaMpMuv

+(r-s)

"’477@,1177,6’)\771/;) + 477a>\77ﬁu77up = NapMpuTlvp

In the above we have suppressed but used the implications of the momentum-conserving
delta function §*[p + ¢ + r + s]. We also reduced the size of the expression by unsym-
metrizing with respect to (i, ) and with respect to (A, p) (Since eventually it will be
multiplied by tensor propagators having these symmetries).

3 Quantum Contributions to the Vacuum

In the preceeding section, we have derived the Feynman rules (propagators and vertices)
that are pertinent to the computation of the quantum loop corrections to the vacuum
coming from virtual scalar, vector, and tensor (graviton) fields. In the followings, we
shall compute the one-loop and the two-loop contributions using these rules.

3.1 One-Loop Contributions

3.1.1 Scalar 1-Loop

The one-loop contribution from a virtual massless scalar field is given by

i d*p ,
§/W1n(—p) (44)

Here p is the Minkowskian momentum of the virtual particle. Converting to Euclidean
loop momentum?, then replacing the logarithm by a cutoff-regularized counterpart

Tdr
1n(p2) — — —we_zp
x

(45)

a2

3The conversion from Minkowskian momenta to Euclidean counterparts will be done throughout using (d*p) — i(d*p)
and p? — —p2.
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where, a is a cutoff length parameter, we obtain

[ dz d*p  _,»
/?/(27_()46 p (46)

Integrating over momentum p, then integrating over x, we obtain

I 1 1
/ de (327?%3) ~ 64n2a? (47)

3.1.2 Vector 1-Loop

The one-loop contribution from a virtual massless vector field is given by

i d*p 2
§/W1n(—p ) N M (48)

Notice that one 7, comes from the bilinear kernel, and another is used for the vectorial
trace. Contracting the eta tensors, then again, converting to Euclidean loop momentum
and replacing the logarithm by a cutoff-regularized counterpart we obtain

Ood:v d*p 2
2 [ — [ ——e™™ 49
/ . / @m) )
a2

Integrating over p, then over x, we obtain

o0

1 1
/ do (F) = Tonta? (50)

a2
3.1.3 Tensor 1-Loop

The one-loop contribution from a virtual massless tensor field (graviton) is given by

7 dip 1

5 / W 111(—])2) é(nu)\nup + nu)\nup>(77,u)\77up + aNup — 277;w77)\p) (51)
It should be clear what tensorial factor comes from the bilinear kernel of the graviton
field, and what factor is used for the tensorial trace (together with an appropriate factor
of %) Contracting the eta tensors, then again, converting to Euclidean loop momentum
and replacing the logarithm by a cutoff-regularized counterpart we obtain

T dx d*p 2
_ - 2
6/ : /(%)ﬁ (52)
(l2
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Integrating over p, then over x, we obtain

r 3 3
/ de (87T x3) ~ 16722 (53)

a2

3.1.4 Summary of Bosonic One-Loop

For a system consisting of one tensor graviton, Ny scalars and NV, vectors (all massless
compared to cutoff), we obtain the one-loop result

1

3.2 Two-Loop Contributions

3.2.1 Scalar 2-Loop with 3-Leg Vertices

Here we compute the vacuum 2-loop contribution coming from this graph?

P+9q

This contribution is given by the expression

dip diq 1
// = q4 ¢ VP & =P = AV, =40 + d[PusslpIPlaPlp + ] (55)

In the above, V;w [p, q, 7] is the vertex with one graviton leg and two scalar legs (obtained
in §2.2.2), P.,[p| is the virtual graviton propagator (obtained in §2.1.1), and P[p] is
a scalar popagator (obtained in §2.2.1). Notice the implementation of momentum con-
servation at the vertices. Notice also that a factor of i comes from the symmetries if

the graph, and another 1 comes from the symmetrical indices (y,v) and (X, p). Sub-
stituting for the vertices and the graviton propagator, contracting the tensorial indices

and simplifying, we obtain

// d4p d4 { é (20" +9(p- ) +9(p- )d° +2¢* + p*(9(p - q) + 5¢°)) Plp]PlalPlp + q]} (56)

4Throughout this article, scalar propagators are depicted with red color, vector propagators with
green, and tensor propagators with blue.
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Now replacing the scalar propagators in the above by their cutoff-regularized counter-
parts (with three respective integration parameters x,y, z), according to

1 [e.e]
2 — —/ dz ™’ (57)
a2

we obtain for the foregoing expression (suppressing integration symbols and measures)
1 TrTz 2 zZ(p- z 2
_ 66( +2)p*+22(p-q)+(y+2)g {2p4 4 g(p . q)2 + 9(p . q)q2 4 2q4 +p2(9(p ) q) 4 5q2)2} (58)

Completing the square for ¢ in the argument of the exponential, then making appro-
priate shift in that loop momentum, simplifying, and symmetrizing in ¢, we obtain

1 suremii v (2% —yz + 22)pt — Sy + 2)?(29°

TES (59)

+4yz — )P + 2(y + 2)*¢*

Converting to Euclidean loop momenta p and ¢, then integrating over them, we obtain
F T (1227 4290y + 122 — 2z —
/dx/dy/dz x*+ 292y + 12y° — vz — yz (60)
153674 (zy + x2z + yz)*
a? a? a?
Evaluating the above integrals, we obtain

16384
—1l+1In ( 2187 )
307274ab

3.2.2 Scalar 2-Loop with a 4-Leg Vertex

Here we give the 2-loop contribution coming from this graph

This contribution is given by the expression®

/ / d4p d4 1 ViolPs =P 4 =4I P ro[pPld] (62)

5Recall that the overall sign is determined by a factor of i for each vertex, a factor of i for each
propagator, and an overall factor of —i.
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In the above, V,, [P, ¢, 7, s] is the vertex with two gravitons and two scalars (obtained
in §2.2.3), Pu.,[p] is the graviton propagator, and Plg| is the scalar propagator. Sub-
stituting for the vertex and the graviton propagator, then contracting the tensorial
indices, and simplifying, we obtain

o [ o il )

Replacing the scalar propagators in the above by their cutoff-regularized counterparts
(with respective two integration parameters z,y), according to

o
1
— = —/ dz ™’ (64)
p
a2
then converting to Euclidean loop momenta p and ¢, and integrating over them, we

obtain - .
13 13
do [ dyd—— 0 L2 65
/ v / y{ 15367r4a;2y3} 307274ab (65)
a? a?

3.2.3 Vector 2-loop with 3-Leg Vertices

Here we compute the vacuum 2-loop contribution coming from this graph

This contribution is given by the expression

d4p d4
16 // ;w A p[P, q, =D — qn)aﬁ o T[ D, —q,p + Q]Ppu,ozﬁ [p}tp)\,o[q}’PPJ[p + q] (66)

In the above Vw,,)\,p[p,q, k] is the vertex with one graviton leg and two vector legs
(obtained in§2.3.2), P, os[p] is the graviton propagator (obtained in §2.1.1), and P, ,[p]
is the vector propagator (obtained in §2.3.1). Replacing the vertices and the propagators
by their expressions, contracting the tensorial indices, and simplifying, we obtain

1 qie [ 2" +62(p-q)* +90(p - q)g®
12 // ) 3 d Plp|PldPlp+q  (67)

+36¢* + 60p?(p - q) + 31p?¢>
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Replacing the scalar propagators in the above by their cutoff-regularized counterparts
(with respective three integration parameters x,y, z), according to

1 r 2
o — —/ dz e™ (68)
a2

we obtain for the foregoing expression (suppressing integration symbols and measures)

1
_ ﬁe(r+z)P2+22(P'(I)+(y+z)q2 {21194 + 62(]9 . q)2 + 90(]9 . q)q2 + 36q4 + 60]72(1) q) + 31]? q } (69)

Completing the square for ¢ in the argument of the exponential, then making appro-
priate shift in that loop momentum, simplifying, and symmetrizing in ¢, we obtain
3y*(Ty* + 8yz + 132%)p* + S(y + 2)*(31y”

1 zytwztyz 2 2
_ o ure Pyt

12(y + 2)4 (70)

—28yz + 132%)p¢® + 36(y + 2)%q?

Converting to Euclidean loop momenta p and ¢, then integrating over them, we obtain

T T (36224 31lzy + 2192 + 1322 + 13
/dx/dy/dz{ x° + 3loy + 21y° + 1322 + yz} (71)

51274 (xy + vz + y2)4

Evaluating the above integrals, we obtain

19(—1 4 121n(2) — 61n(3))

61447*ab (72)
3.2.4 Vector 2-Loop with a 4-Leg Vertex
Here we give the 2-loop contribution coming from this graph
This contribution is given by the expression
d4p d4
/ / 4 Viwpas[P: =P, @, =0 Puw [Pl Pa sld] (73)

In the above, V,uxp.0,8[0: 4,7, s] is the vertex with two gravitons and two vectors (ob-
tained in §2.3.3), Pua,[p] is the graviton propagator, and P, gq] is the vector prop-
agator. Substituting for the vertex, for the graviton propagator, and for the vector
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propagator, then contracting the tensorial indices, and simplifying, we obtain

S5 s il (74

Replacing the scalar propagators in the above by their cutoff-regularized counterparts
(with respective two integration parameters z,y), according to

1 [e.e]
2 — —/ dz ™’ (75)
a2

then converting to Euclidean loop momenta p and ¢, and integrating over them, we

obtain
o o

31 31
/ du / dy {_5127T4x2y3} = 10247 (76)

a? a?

3.2.5 Tensor 2-loop with 3-Leg Vertices

Here we compute the vacuum 2-loop contribution coming from this graph

This contribution is given by the expression

d? d4
768 / / p MV )\p,aﬁ[p> q, _p_Q]VUT,muﬂgo[_pa —q,p+ Q]Pumaf [p]PAp,mw [Q]Pa,é’ﬂga[p""q] (77)

In the above Vu,,,,\p,ag [p,q, 7] is the vertex with three graviton legs(obtained in§2.1.2),
while P, 4s[p| is the graviton propagator (obtained in §2.1.1). Replacing the vertices
and the propagators by their expressions, contracting the tensorial indices, and simpli-
fying, we obtain

d4p d4 990p* + 1563(p - ¢)* + 3210(p - q)¢°
/5 PUPLIPl +d) (75)
+1517¢* + 2340p?(p - q) + 2220p*¢?

Replacing the scalar propagators in the above by their cutoff-regularized counterparts
(with respective three integration parameters x,y, z), according to

o0

1 2
o — —/ dz e™ (79)

a2
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we obtain for the foregoing expression (suppressing integration symbols and measures)

1 990p* + 1563(p - ¢)? + 3210(p - q)¢*
_ = leta)p?+22(pa)+(y+2)g? (80)

162 11517 + 2340p%(p - @) + 2220p%¢

Completing the square for ¢ in the argument of the exponential, then making appro-
priate shift in that loop momentum, simplifying, and symmetrizing in ¢, we obtain

taztyz 2
L1 R
162(y+2)%

(990y* + 1620y°z 4 2703y>2* + 1296yz> + 7402*)p? (81)
3 (y + 2)2(3481y2 + 542y + 312922)p2¢2 + 1517(y + )¢

Converting to Euclidean loop momenta p and ¢, then integrating over them, we obtain

[ [ (303422 4 3481xy + 198052 + 312922 + 2761y + 148022
dz [ dy [ dz (82)
1382474 (zy + xz + yz)*

Evaluating the above integrals, we obtain

—370 + 217021n(2) — 10851 In(3)

83
24883274ab (83)
3.2.6 Tensor 2-Loop with a 4-Leg Vertex
Here we give the 2-loop contribution coming from this graph

ap

q

aT

This contribution is given by the expression
d4p d4
128 / / ;w Ap,aB,0T [p —b,q, _Q]PMV,Ap[p]POcﬁ,UT [Q] (84)

In the above, V., zp.ap.0r D q, T, s] is the vertex with four gravitons(obtained in §2.1.3),
while P, 5,[p] is the graviton propagator. Substituting for the vertex and for the
propagator, then contracting the tensorial indices, and simplifying, we obtain

5/ [

Consistent Cutoff in Quantum Gravity by N.S. Baaklini 19

*)P[pIPld] (85)



N.S.B. Letters NSBL-QF-016

Replacing the scalar propagators in the above by their cutoff-regularized counterparts
(with respective two integration parameters z,y), according to

1 [e.e]
e — —/ dz ™’ (86)
a2

then converting to Euclidean loop momenta p and ¢, and integrating over them, we
obtain
5(61x + 132y) 965
d _ - 87
/ ’ / { 4608 Sys } T 92167448 (87)

3.2.7 Summary of Bosonic Two-Loop

For a system consisting of one tensor graviton, Ny scalars and IV, vectors (all massless
compared to cutoff), we obtain the folowing two-loop vacuum contribution:

2(—26425 + 21702 1n(2) — 10851 ln(3))
W +162(—14 + 11’1(16384/2187))Ns (88)
Ta
+81(—205 + 228 1H(2) — 114 111(3))NU

4 Discussion

Our computation for the quantum contribution to the vacuum, up to two loops, is given
by the approximate expression:

23303 + 972N, + 69661, )
(23303 + i )5 +} (89)

1
——— ¢ (12 + Ny +4N,) — —
64m2a* { (124N, + ) 388872 a?

Here Ny is the number of virtual scalars, NN, is the number of virtual vectors, k is the
(reinstated) gravitational coupling, and a is the cutoff length used to regularize the
effective propagators. As we have pointed out before, the consistency of gravidynamic
quantum field theory, developed around a flat spacetime background, requires the van-
ishing of the above series. Assuming that the latter equated to zero is invertible for
k, we can relate the gravitational coupling s to the cutoff parameter a. To the order
computed, we obtain

(90)

23303 + 972N, + 6966 N,

. \/ 3888(12 + N, + N,
a

Notice that for a pure gravity theory without scalars or vector, we have x/a ~ 4.5,
for an infinite number of scalars k/a ~ 27, and for an infinite number of vectors
k/a =~ 4.7. This means that whatever the number of matter fields, the gravitational
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coupling is greater but always within an order of magnitude from the value of the cutoff
length parameter. Conversely, the energy cutoff is greater but always within an order
of magnitude from the Planck mass.

The inclusion of fermionic matter in our computations is not likely to change the situa-
tion drastically. However, we shall present results for a theory including Dirac fermionic
particles, and possibly for supergravitational fields, in other articles.
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