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Abstract

After a cursory introduction of the basic ideas behind Born’s Recipro-
cal Relativity theory, the geometry of the cotangent bundle of spacetime is
studied via the introduction of nonlinear connections associated with cer-
tain nonholonomic modifications of Riemann—Cartan gravity within the
context of Finsler geometry. A novel gauge theory of gravity in the 8D
cotangent bundle T*M of spacetime is explicitly constructed and based
on the gauge group SO(6,2) X, R?® which acts on the tangent space to the
cotangent bundle Ty ,)T"M at each point (x,p). Several gravitational
actions involving curvature and torsion tensors and associated with the
geometry of curved phase spaces are presented. A brief discussion of the
vacuum field equations is provided in the conclusion.
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1 Born’s Reciprocal Relativity in Phase Space

Born’s reciprocal (“dual”) relativity [1] was proposed long ago based on the
idea that coordinates and momenta should be unified on the same footing, and
consequently, if there is a limiting speed (temporal derivative of the position
coordinates) in Nature there should be a maximal force as well, since force is the
temporal derivative of the momentum. A mazimal speed limit (speed of light)
must be accompanied with a maaximal proper force (which is also compatible
with a maximal and minimal length duality). The generalized velocity and
acceleration boosts (rotations) transformations of the 8D Phase space, where
X4 T,E, Pi;i =1,2,3 are all boosted (rotated) into each-other, were given by
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[2] based on the group U(1,3) and which is the Born version of the Lorentz
group SO(1,3).

The U(1,3) = SU(1,3) ® U(1) group transformations leave invariant the
symplectic 2-form Q = — dtAdpo+9;;dz* Adp’;i,j = 1,2, 3 and also the following
Born-Green line interval in the 8D phase-space (in natural units i = ¢ = 1)

(do)? = (dt)* — (dz)* — (dy)* — (dZ)QﬂLbl2 (dB)* — (dpz)* — (dpy)* — (dp:)?)
(1.1)

the rotations, velocity and force (acceleration) boosts leaving invariant the sym-

plectic 2-form and the line interval in the 8D phase-space are rather elaborate,

see [2] for details.

These transformations can be simplified drastically when the velocity and
force (acceleration) boosts are both parallel to the z-direction and leave the
transverse directions y, z,py,p, intact. There is now a subgroup U(1,1) =
SU(1,1) ® U(1) c U(1,3) which leaves invariant the following line interval

dE)? — (dP)*

()? = (@r)? ~ (ax)? 4 UEE PR

9 (dE/dT)? — (dP/dr)? 9 F?

(dr) (1 + 02 ) = (dr) (1 FZ ) (1.2)
where one has factored out the proper time infinitesimal (d7)? = d7? — dX? in
(2.2). The proper force interval (dE/dr)? — (dP/dr)? = —F? < 0 is "spacelike”
when the proper velocity interval (dT/dr)? — (dX/d7)? > 0 is timelike. The
analog of the Lorentz relativistic factor in eq-(2.2) involves the ratios of two
proper forces.

If (in natural units & = ¢ = 1) one sets the maximal proper-force to be given
by b = mpAmag, where mp = (1/Lp) is the Planck mass and Auee = (1/Ly),
then b = (1/Lp)? may also be interpreted as the maximal string tension. The
units of b would be of (mass)?. In the most general case there are four scales
of time, energy, momentum and length that can be constructed from the three
constants b, ¢, h as follows

[ h [hc [h b —
)\t = %, )\l = T, )‘p = ?, )\e = hdc (13)

The gravitational constant can be written as G = ag c¢*/b where ag is a di-
mensionless parameter to be determined experimentally. If ag = 1, then the
four scales (2.3) coincide with the Planck time, length, momentum and energy,
respectively.

The U(1, 1) group transformation laws of the phase-space coordinates X, T, P, E
which leave the interval (2.2) invariant are [2]

X &l

sinhé&

T' = T coshé + ( 2 72 ) ¢ (1.4a)
E' = Ecoshé + (& X + &,P) Sizhf (1.4b)



X/ — XCOSh,g + (é-'uT _ é-al,)ZE) Slzhf (140)
P' = P coshé + (if + & T) S’Zhg (1.4d)

&, is the velocity-boost rapidity parameter and the &, is the force (acceleration)
boost rapidity parameter of the primed-reference frame. These parameters are
defined respectively in terms of the velocity v = dX/dT and force f = dP/dT
(related to acceleration) as

Ea) . F
B Fmam

It is straightforwad to verify that the transformations (1.4) leave invariant
the phase space interval ¢?(dT)? — (dX )%+ ((dE)? —c*(dP)?)/b? but do not leave
separately invariant the spacetime proper time interval (dr)? = dT? — dX?,
nor the interval in energy-momentum space [(dE)? — ¢?(dP)?. Only the
combination

fv) = E; tanh(

tanh(=—
an(c c b

(1.5)

F2
(do)? = (dr)? ( 1 - — ) (1.6)
Fmam
is truly left invariant under force (acceleration) boosts (1.4). They also leave
invariant the symplectic 2-form (phase space areas) Q@ = — dT'A E+dX A dP.
One can verify also that the transformations eqs-(1.4) are invariant under
the discrete transformations

(T, X) — (B, P); (E,P)— (~T,~X), b— % (1.7)
we argued [16] that the latter transformation b — ¢ is a manifestation of the
large/small tension T-duality symmetry in string theory. In natural units of
h = ¢ = 1, the maximal proper force b has the same dimensions as a string
tension (energy per unit length) (mass)?. Novel physical consequences of Born’s
Reciprocal Relativity can be found in [5].

To understand the invariant meaning of the interval in phase space do, and
to show the consistency of eqs-(1.4,1.5,1.6), let us describe the following scenario.
A massive free particle does not experience any force, thus the momentum is
conserved so that % = 0 and the flat phase space interval is (do)? = (d7)%.
In an accelerated frame of reference the massive particle experiences a pseudo-
force which implies that ‘21; :7 # 0. Upon choosing an infinite rapidity parameter
&a = 00 in egs-(1.5), the value of the pseudo-force reaches its maximal proper
value F.; = b. Also, (d7')? = oo when the acceleration rapidity parameter
is 0o, as one can verify from egs-(1.4) by simple inspection. Since the interval
in flat phase space (do)? (1.6), in an inertial frame and accelerated frame of
reference, respectively, remains invariant under the transformations (1.4) one
has that (do)? = (dr)? = (d7')*(1— F?/F2,,) = 00 x 0 # 0. The latter product
cannot be zero, because if (d7)? were zero, in the inertial non-accelerated frame




of reference , this would mean that the massive free particle would have followed
a null geodesic, which it cannot do since only massless photons can.

We explored in [5] some novel consequences of Born’s reciprocal Relativity
theory in flat phase-space and generalized the theory to the curved spacetime
scenario. We provided, in particular, siz specific results resulting from Born’s
reciprocal Relativity and which are not present in Special Relativity. These are
: momentum-dependent time delay in the emission and detection of photons;
energy-dependent notion of locality; superluminal behavior; relative rotation of
photon trajectories due to the aberration of light; invariance of areas-cells in
phase-space and modified dispersion relations.

A discussion of Mach’s principle within the context of Born Reciprocal Grav-
ity in Phase Spaces was described in [16]. The Machian postulate states that the
rest mass of a particle is determined via the gravitational potential energy due
to the other masses in the universe. It is also consistent with equating the max-
imal proper force MPplanck (CQ/LPlanck) to MUniverse (02/RHubble) and TeﬂeCtng
a maximal/minimal acceleration duality. By invoking Born’s reciprocity be-
tween coordinates and momenta, a minimal Planck scale should correspond to
a minimum momentum, and consequently to an upper scale given by the Hubble
radius. Further details can be found in [16].

The purpose of this work is to analyze the curved phase-space scenario in
more detail and the geometry of the cotangent bundle of spacetime via the in-
troduction of nonlinear connections associated with certain nonholonomic mod-
ifications of Riemann—Cartan gravity within the context of Finsler geometry. In
the case of the cotangent space of a d-dim manifold 7% M, the metric compo-
nents can be equivalently rewritten in the block diagonal form [10] such that
the line element is given by

(ds)® = gij(2¥,pa) dz’d 27 + R (z*,p.) Opa Sps,

i k=1,2,...,d, abc=12 ...d (1.8)

if instead of using the standard coordinate basis frames one introduces the
following nonholonomic frames (non-coordinate basis)
0

5 = 6/62 = Oy + Nig 0° = 0y + Nig Op,; 0° = 0, = 5o (19)

One should note the key position of the indices that allows us to distinguish
between derivatives with respect to z* and those with respect to p,. The dual

basis of (6; = §/6x%;0% = 0/0p,) is
dx', 0p, = dp, — Nja da? (1.10)

where the Nj,(z,p)-coefficients define a nonlinear connection. When N;, =0
and h?® = g% /b?| the interval in eq-(1.8) reduces to the Born-Green interval
in eq-(1.1). In the very special case such that Njq(z,p) = F;?a(x)pk, the N-
connection becomes linear in the momentum with F?a(m) being the underlying
spacetime connection. The N-connection structures can be naturally defined



on (pseudo) Riemannian spacetimes and one can relate them with some non-
holonomic frame fields (vielbeins) satisfying the relations 6,05 —dda = W30,
with nontrivial nonholonomy coefficients WO'ZB given in terms of derivatives of
Niq 9], [10]. The indices «, 3, comprise both base and fiber coordinate indices.
An N-linear connection D on T*M can be uniquely represented in the

adapted basis in the following form [10], [9]
Ds,(8;) = HJ 6y D5, (0%) = — Hg; 0" (1.11a)

Dga(d;) = CF 6y, Daa(d®) = — CP* 0° (1.11b)

where Hikj(amp),H,‘}j(x,p),Cf“(@p),Cf%x,p) are the connection coefficients.
For any N-linear connection D with the above coefficients the torsion 2-forms
are

) 1 . . . )
Q= STy do’ Ada® + CI* da? A bp, (1.12a)

1 | | .
Qo = FRjna do’ Ada® + P2 dxd Adpy + 5530 5pp A Ope (1.12b)

and the curvature 2-forms are

1

) ) ) 1 .
2 = 3 Rkm da® Ndax™ + P da® Adp. + 55;“ 6pa Adpy,  (1.13)

1 1
Q) = SR da® A dx™ + PEE dz® A dp. + §sgcd ope Nopg  (1.14)
where one must recall that the dual basis of §; = §/ dxt, 9% = 0/dp, is given by
dz', 6p, = dp, — Njedx’?. The explicit expressions for the terms

% ia b be % i iab a ac acd
gk Cj ) Rjkav Paj? Sav jkmy + jk> Sj ’ Rbkmﬂ Pbk? Sb (1'15)

in eqs-(1.12-1.14) are given explicitly in terms of the coefficients of eq-(1.1) and
the nonlinear connection and nonholonomy coefficients as shown in [10], [9]. The
expressions are rather lengthy, for this reason we refer to [10], [9] for detailed
calculations.

The Hamilton geometry of the phase space of particles whose motion is
characterized by generalized dispersion relations was recently studied by [6].
In this framework, spacetime and momentum space are naturally curved and
intertwined, allowing for a simultaneous description of both spacetime curva-
ture and non-trivial momentum space geometry. The interplay between space-
time curvature and non-trivial momentum space effects was essential in the
notion of “relative locality” and in the deepening of the relativity principle [7].

In the cotangent space description one has covariance under a more restricted
set of coordinate transformations of the form [10]

) o ox?
" = "), p, = pj P (1.16)



such that there is an entanglement of spacetime and momentum variables in the
transformed momentum fiber coordinates. However, Quaplectic transformations
in flat phase space have a different form z"* = 2/*(27,p;) and p} = p}(27, p;).
Thus one cannot accommodate the Quaplectic transformations in eqs-(1.4) to
curved phase spaces (the cotangent bundle 7* M) in the manner described by eg-
(1.16). This problem is beyond the scope of this work. A plausible solution is to
complerify the spacetime cotangent bundle by introducing complex coordinates
z* =zt +ip,, /b, and whose complex conjugate momenta are 7, along with the
transformations 2'* = 2'#(2"), m), = FV%. This would lead to a mixing of z*
and p,, encoded in the transformations of the base coordinates z'* = 2/*(z").
To finalize this section, we remark that in this letter we are following another
approach than the one based on Hamilton geometry in investigating curved
phase spaces. In the next section, a novel gauge theory of gravity in the 8D
cotangent bundle T* M of four-dimensional spacetime is constructed and based
on the gauge group SO(6,2) x s R®. Several gravitational actions associated with
the geometry of curved phase spaces are presented. The geometry of the 8D
tangent bundle of 4D spacetime and the physics of a limiting value of the proper
acceleration in spacetime [4] has been studied by Brandt [3] . Generalized 8D
gravitational equations reduce to ordinary Einstein-Riemannian gravitational
equations in the in finite acceleration limit. We must emphasize that the results
described in the next section are quite different than those obtained earlier by

us in [14] and by [10], [9], [3], [6] among others.

2 (Gauge Theories of Gravity in the Cotangent
Bundle

In this section we will construct a novel gauge theory of gravity in the 8D cotan-
gent bundle T* M based on the gauge group given by the semidirect product
S0(6,2) x, R®. Let us begin with a Lie group G; its associated Lie algebra
is spanned by the generators £4,A = 1,2,..., dim G, and whose structure
constants are f{z. The Lie algebra commutator is [L4,Lp] = f{zLc. The
components of the gauge field strength in the 8D cotangent bundle T* M, and
corresponding to the Lie-algebra valued gauge fields A2 L4, AL 4, are

T o= 6AY — AN + [ AL A =

) a . 9 .
AP AT fhe (2.1)
Fa = Lap o Daa B oag (2.2)
ab — 8;0‘1 b ap(, a a b JBC :



Fia = 0AY — 0.A8 + AP AT fhe (2.3)

Fh = 0,AL — AL + AP AT fhc (2.4)
there is anti-symmetry in the indices .7-"{3 = 7]-"3 and the particular Lie-algebra-
valued two-form field strength is F/idz’ A §p® where da? A 6p® = — 5p® A da'.

We shall choose the gauge group to be the semidirect product SO(6,2) X
R® which is the extension of the 4D Poincare group SO(3,1) x, R* given by
the semidirect product of the Lorentz group with the translations. The flat
metric in the tangent space to the cotangent bundle T( )7 M, at the point
(x,p), is nap = diag (—, +,+,+,—,+,+,+). There are two timelike directions
corresponding to the temporal coordinate 2° and the energy p°.

The SO(6,2) Lie algebra generators £4p5 obey the commutation relations

[Lag, Lcpl = (MBcLap —nacLlep —nepLlac +napLlpo). (2.5)

The other commutators associated with the translation generators P4 are

[LaB, Pcl = (npc Pa — nac Pe);  [Pa, Pe] = 0 (2.6)
The metric G in the 8D cotangent bundle T*M is given by

Gun = Gun(z,p) =

< gij(x7p) + hab(xap) Nia(xap) le-)(l’,p) - Nia(xap) hab(xvp) > (2 7)
— N2(z,p) has(z,p) hav (2, p) '

The entries of Gy n have different units, one could introduce suitable factors of
b in order to have the same units for all the entries of G j;n if one wishes. For
simplicity we shall set b = 1. One could also have complex (Hermitian) metrics
of the form Gy n = Gy + iGNy With an antisymmetric piece G ny- We
refer to [11] for a study of gauge theories of Born Reciprocal Gravity based on
the Quaplectic group [2] given by the semidirect product of the (pseudo) unitary
group with the Weyl-Heisenberg group.
The frame E3; fields are introduced such that

Gun = Ejy ER nas (2.8)

where A, B =1,2,...,8 are the indices of the tangent space to the 8D cotangent
bundle Ty pyT* M, at each point (x,p). M,N = 1,2,...,8 are the indices of
the cotangent bundle T* M of the 4D spacetime manifold M.

The Lie-algebra valued gauge field is

Ay = 0P Lap + By Pa (2.9)

where Q47 (analog of the spin connection) is the field that gauges the SO(6,2)
symmetry. E{, gauges the (Abelian) local translations in T, (x,p) 1" M. Defining
the derivative operators as



0 0 0

o = (6, 8a) = (5= + Nipm—y = — 2.10
v = ( ) (3351 + "D’ B (2.10)
the Lie-algebra valued field strength is given by
Fun = éMAN — éNAM + [AM7 AN] (2.11)
The curvature two-form associated with the spin connection Q‘;\‘/[B = — Qf/‘
is
Ritv = Fal = ouQ8P — avaif + ¢ ofP (2.12)
and whose explicit components are
0 0 0 0
1] %] (81)1 + b 8]?17) J (8373 + Jb 8191;) [ +
AC CB
Qi &) (2.13)
RAB — fAB _ 9 QAB . i QAB + QAC QCB (2 14)
ab — Yab — op° b 8pb a la b] :
RAP = 708 = (2L N, Dyoim - D gan 4 040 qCB (215)
ia ia ot Y apb a apa @ [2 a) :
and FAP = —FAB A summation over the repeated indices is implied and
[MN] denotes the anti-symmetrization of indices with weight one.
The explicit components of the torsion two-form defined as
Tity = Fan = OuBN — ONEfy + Q4 Ef) (2.16)
are
0 0 0 0
g o= T = (55 T iba—)E}“ -Gt ijaij)Ef +
AC C
" By (2.17)
A A 9 a 9 La AC pC
Tar = Fap = g B0 7 g Ba T e By (2.18)
0 0 0
A _ A A A AC C
= Fi, = . Ny —) B — — FE; QY FE 2.19
7;a ia (8.’EZ + b apb) a 8}?0’ i T [2 a) ( )



The frame fields allow us to construct the curvature tensor on the cotangent
bundle T* M as follows

RY vp = RiBe ES Epp = Fii% E9 Egp (2.20)

where the explicit components Fija; are obtained in eqs- (2.13-2.15) . E4 is
the inverse frame field such that B4l EF = 65 and Eay EY = nap. The
contraction of indices yields the Ricci-like tensors.

Rup = 03 REne (2.21a)

A further contraction yields the generalized Ricci scalar
R = GMP Ryp (2.21b)

The Torsion tensors are

Tung = Firy Bag, Ty = Firn ES. Tar = 63 Tty (2.22)

A Lagrangian, linear in the curvature scalar and quadratic in torsion, can be
chosen to be

L= ¢ R + c2Tung TMNGQ c3 T ™, (2.23)

where ¢, ca, c3 are numerical coefficients. The action is

1

S = — / Y /| det Gyn | £ (2.24)
2;‘12 Qs

where x? is the analog of the gravitational coupling constant and the 8D measure

of integration involves

dY = da' Ada® Ada® Adat A Spy A Sps A Sps A Spa (2.25)

with ‘
0pa = dpg, — Ng; dz’ (2.26)

Other measures besides \/|detG | in eq-(2.24) can be used in tangent/cotangent
bundles. For example, see the discussion on the Busemann-Hausdorff and
Holmes-Thompson measure in [12]. For simplicity we shall retain the ordinary
measure in eq-(2.24).

The curvature (2.13-2.15) depends on the geometric quantities Gijs Naps Nia
that describe the metric (2.7) and Q4Z. The number of degrees of freedom
d(2d + 1) associated with g;;, hap, Niq is the same as the number of degrees of
freedom of a metric Gy in 2d dimensions. Furthermore, if the torsion (2.16)
is set to zero one can solve Q47 in terms of E4;. To sum up, in the absence of
torsion, the action (2.24) represents effectively a Poincare-like gauge theory of
gravity in 8 dimensions, written in a nonholonomic coordinate basis, and where
the gauge group is SO(6,2) x, RS.



Bars [13] has proposed a gauge symmetry in phase space. One of the con-
sequences of this gauge symmetry is a new formulation of physics in spacetime.
Instead of one time there must be two times, while phenomena described by
one-time physics in 3 + 1 dimensions appear as various shadows of the same
phenomena that occur in 4 4+ 2 dimensions with one extra space and one extra
time dimensions (more generally, d + 2). Problems of ghosts and causality are
resolved automatically by the Sp(2, R) gauge symmetry in phase space.

The ordinary 4D Einstein-Hilbert action can be written in terms of the
ab

vielbeins ef and spin connection w’ as
1 a b cd/, ab _a ijkl
S = Tong | GNGN R (WiT€l) avea € (2.27)

The natural extension of (2.27) to the 8D cotangent bundle T*M is

1 A A A A A A Az A
1 2 3 4 5 6 7Ag My Ms...Mg
s | B NER ANE MBS NER ABE ARG eaitsa €

(2.28)
One could also introduce Lanczos-Lovelock-like Lagrangians in D-dimensions,
written in terms of the generalized Kronecker deltas,

1
PAVL - nVn pv Loy Lnn
5a1611---anﬂn - E [0(1151 6(1262 e 50‘77.,371] (2-29)
as
|D/2] 1
= (n) (n) . SH1Vi...fHnVn By
L= Z an R, R T 9n 5a151~~-anﬁn H R,J/TVT (2'30)
n=0

where |D/2| is the integer part of D/2; a,, are coupling constants of dimensions
(length)?"=P. In the 8D cotangent bundle case T*M the range of indices is
o, =1,2,...,8 p,v,...,8 The first four indices correspond to the four-
dim spacetime, and the last four indices to the momentum space. Despite the
product of curvatures, the advantage of Lanczos-Lovelock Lagrangians is that
they lead to field equations containing only derivatives of the metric up to second
order, and in arbitrary number of dimensions.

The field equations associated with the above actions S are obtained via an
Euler variation with respect to the independent fields appearing in the descrip-
tion of the metric of the cotangent bundle G s displayed in eq-(2.7)

S 0 S 0 0S
592']' o 5hab o (5NZa
it is beyond the scope of this letter to find solutions to these very complicated set
of differential equations. One could also follow a different approach to gravity
in curved phase spaces described in section 1. By recurring to eqs-(1.11-1.15),
and writing the metric in block diagonal form which allows to factorize the
determinant of the metric as (detg;;)(dethqs), one could study the analog of the

=0 (2.31)
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Einstein vacuum field equations

1 1
Rij = 5(R+8) gi; =05 Sap = 5(R+S5) hay =0 (2.32)
and supplemented by the equations
R oS
e T oane = O (2.33)

where the spacetime and internal space scalar curvatures are, respectively,
R = & Riy g™ S = 67 S hae (2.34)

These type of equations were studied by Vacaru [9] and some solutions were
found in some special cases. We leave the study of the field equations described
by eqs-(2.31) for future work.
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