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Abstract

It holds that every product of natural numbers can also be written as a sum. The inverse does not
hold when 1 is excluded from the product. For this reason, the investigation of natural numbers
should be done through their sum and not through their product. Such an investigation is
presented in the present article. We prove that primes play the same role for odd numbers as the
powers of 2 for even numbers, and vice versa. The following theorem is proven: “Every natural
number, except for 0 and 1, can be uniquely written as a linear combination of consecutive
powers of 2 with the coefficients of the linear combination being -1 or +1.” This theorem reveals
a set of symmetries in the internal order of natural numbers which cannot be derived when
studying natural numbers on the basis of the product. From such a symmetry a method for
identifying large prime numbers is derived.
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1 Introduction

It holds that every product of natural numbers can also be written as a sum. The inverse (i.e. each
sum of natural numbers can be written as a product) does not hold when 1 is excluded from the
product. This is due to prime numbers p which can be written as a product only in the form of

p =1- p. For this reason, the investigation of natural numbers should be done through their sum
and not through their product. Such an investigation is presented in the present article.

We prove that each natural number can be written as a sum of three or more consecutive
natural numbers except of the powers of 2 and the prime numbers. Each power of 2 and each
prime number cannot be written as a sum of three or more consecutive natural numbers. Primes
play the same role for odd numbers as the powers of 2 for even numbers, and vice versa.



We prove a theorem which is analogous to the fundamental theorem of arithmetic, when we
study the positive integers with respect to addition: <’Every natural number, with the exception
of 0 and 1, can be written in a unique way as a linear combination of consecutive powers of 2,
with the coefficients of the linear combination being -1 or +1.”” This theorem reveals a set of
symmetries in the internal order of natural numbers which cannot be derived when studying
natural numbers on the basis of the product. From such a symmetry a method for identifying
large prime numbers is derived.

2 The sequence u(k,n)

We consider the sequence of natural numbers

(k) =K+ (k+2) (k4 2) .t (k) = D)

keN'={1,23..} . (2.1)
neA={234,.}

For the sequence x(k,n) the following theorem holds:

Theorem 2.1. For the sequence x(k,n) the following hold:

1. u(k,n)eN".

2. No element of the sequence is a prime number.
3. No element of the sequence is a power of 2.

4. The range of the sequence is all natural numbers that are not primes and are not powers of 2.

Proof. 1. (k,n)e N as a sum of natural numbers.

2. ne A:{2,3,4,...} and therefore it holds that

n>2
n+1>3

Also we have that

2k +n>4

2k+n2§>1
2 2

Since k eN" and ne A={2,3,4,...}. Thus, the product



(n+1)(2k+n)

;= #(k.n)

is always a product of two natural numbers different than 1, thus the natural number z(k,n)
cannot be prime.

3. Let that the natural number /J(k, n) :W

is a power of 2. Then, it exists 1 e N

such as

(n+1)(2k+n) ot
2

(n+1)(2k+n)=2"", (2.2)

Equation (2.2) can hold if and only if there exist 4,4, € N such as

n+1=2% A2k +n=2%

and equivalently

n=2%-1
n=2%—2k}' 23)

We eliminate N from equations (2.3) and we obtain

2% —1=2% -2k

and equivalently

2k —1=2% 2%

which is impossible since the first part of the equation is an odd number and the second part is an

even number. Thus, the range of the sequence y(k, n) does not include the powers of 2.

4. We now prove that the range of the sequence y(k, n) includes all natural numbers that are not

primes and are not powers of 2. Let a random natural number N which is not a prime nor a
power of 2. Then, N can be written in the form

N =y

where at least one of the ¥,y is an odd number >3. Let ¥ be an odd number>3 . We will

prove that there are always exist k e Nandne A= {2,3,4,...} such as



N=y-y=u(kn)

We consider the following two pairs of k and N :

y<2y -1 y,weN

K=k =¥ F1=x (2.4)
2
n=n=y-1

22w+l y,weN

k:kzzw . (2.5)

n=n,=2y -1

For every y, e N it holds either the inequality y <2y —1 or the inequality y > 2y +1. Thus,
for each pair of naturals( %, ), where y is odd, at least one of the pairs (k;,n,), (k,,n,) of
equations (2.4), (2.5) is defined. We now prove that when the natural number Kk, of equation (2.4)
is k; =0 then the natural number K, of equation (2.5) is k, =1 and additionally it holds that

n,>2. For k, =0 from equations (2.4) we take
y=2y+1

and from equations (2.5) we have that

2y +1)+1-2y

k =
2 2

1
n,=2y -1
and because y > 2 we obtain

k,=1
n, =2y -1>3>2

We now prove that when k, =0 in equations (2.5), then in equations (2.4) it is k, =1 and

n, >2.For k, =0, from equations (2.5) we obtain

y=2y-1

and from equations (2.4) we get



2y +1-(2p -1)
- 2
n=y-1=2py-2>2

kl

We now prove that at least one of the k; and k, is positive. Let
k, <0k, <0.
Then from equations (2.4) and (2.5) we have that
2 +1— y<0A y+1-2y <0. (2.6)
Taking into account that » >1 is odd, thatis y =2p+1, p € N, we obtain from inequalities (2.6)

2y +1-(2p-1)<0A(2p+1)+1-2y <0
2 —2p<0n2p-2¢+2>0
w<pAy>p+l

which is absurd. Thus, at least one of k; and kK, is positive.
For equations (2.4) we take

(k)= (n, +1)(22kl +n,)
_x(2y

(1—1+Q(22W+;_*3+Z—1)
= =xy =N

2 2

For equations (2.5) we obtain

u(kon,) = (n, +1)(22k2 +n,)

(2W—1+n(21q4gﬁw’+2w—¥j 20y

2 2

xy =N
Thus, there are always exist ke N'and ne A= {2,3, 4,...}such as

N=yy= u(k, n) for every N which is not a prime number and is not a power of 2.o

Example 2.1. For the natural number N =40we have



N=40=5-8
X=3
v =8
and from equations (2.4) we get
_16+1-5

2
n=n=5-1=4

6

k=k

thus, we obtain

40 = 1u(6,4)

Example 2.2. For the natural number N =51,
N=51=3-17=17-3

there are two cases. First case:

N =51=3-17

x=3
v =17

and from equations (2.4) we obtain

K=k = 34+21—3 _

n=n=3-1=2

16

thus,

51=1(16,2)

Second case:
N=51=17-3
x =17

v =3

and from equations (2.5) we obtain
_17+1-6

2
n=n,=6-1=5

k=k, 6




thus,

51=u(6,5).

The second example expresses a general property of the sequence ,u(k, n). The more composite
an odd number that is not prime (or an even number that is not a power of 2) is, the more are the
#(k,n) combinations that generate it.

Example 2.3.

135=15-9=27-5=9.15=45.3=5.27=3-45

135=1(2,14) = 12(9,9) = 11(11,8) = £(20,5) = 12(25,4) = 11(44,2)
a. 135=9-15=1(2,14) = 11(11,8)

135=2+3+4+.....+15+16 =11+12+13.....+18+19.

b. 135=5-27 = 14(9,9) = u£(25,4)
135=9+10+11+.....4+17+18 =25+ 26+ 27 + 28+ 29.

c. 135=3-45= 11(20,5) = 1(44,2)

135=20+21+22+23+24+25=44+45+46.

In the transitive property of multiplication, when writing a composite odd number or an even
number that is not a power of 2 as a product of two natural numbers, we use the same natural
numbers y,i e N:

O=yy=y-x.
On the contrary, the natural number @ can be written in the form @ = ,u(k, n) using different

natural numbers ke N and ne A= {2,3, 4} , through equations (2.4), (2.5). This difference
between the product and the sum can also become evident in example 2.3:

135=3-45=45-3
135=44+45+46=20+21+22+23+24+25

From Theorem 2.1 the following corollary is derived:

Corollary 2.1. 1. Every natural number which is not a power of 2 and is not a prime can be
written as the sum of three or more consecutive natural numbers.

2. Every power of 2 and every prime number cannot be written as the sum of three or more
consecutive natural numbers.



Proof. Corollary 2.1 is a direct consequence of Theorem 2.1.o

3 The concept of rearrangement

In this paragraph, we present the concept of rearrangement of the composite odd numbers and
even numbers that are not power of 2. Moreover, we prove some of the consequences of the
rearrangement in the Diophantine analysis. The concept of rearrangement is given from the
following definition:

Definition 3.1. We say that the sequence x(k,n),keN',ne A= {2,3, 4,...} is rearranged if there

exist natural numbers k, e N",n, € A, (k,,n;) #(k,n) such as

p(kon)=p(k,n). (3.1)
From equation (2.1) written in the form of
p(k,n)=k+(k+1)+(k+2)+....+(k+n)

two different types of rearrangement are derived: The “compression”, during which N decreases
with a simultaneous increase of k. The «decompressiony, during which N increases with a
simultaneous decrease of k. The following theorem provides the criterion for the rearrangement

of the sequence u(k,n).

Theorem 3.1. 1. The sequence #(k;,n,),(k,n)e N xA can be compressed
,u(kl,nl):,u(lir(/),nl—a)) (3.2
if and only if there exist p,w e N, @ < n -2 which satisfies the equation

@’ —(2k +2n, +1+2¢)0+2(n,+1)p =0
p,weN . (3.3
w<n -2

2. The sequence u(k,,n,),(k,,n,)e N x A can be decompressed
ﬂ(kz’nz):ﬂ(kz_(P!nz"‘w) (3.4)

if and only if there exist p,w e N, < k, —1 which satisfies the equation



@ +(2k, +2n,+1-2¢p)0—-2(n, +1)p =0
p,weN . (3.5)
p<k,-1

3. The odd number IT =1 is prime if and only if the sequence

k,n)=I1-2'

#( )* 356)
lLkeN ,neA

cannot be rearranged.

4. The odd IT is prime if and only if the sequence

y(HT”,H—lj =IT1° (3.7)

cannot be rearranged.

Proof. 1, 2. We prove part 1 of the corollary and similarly number 2 can also be proven. From
equation (4.1) we conclude that the sequence y(kl, nl) can be compressed if and only if there

exist @, € N" such as
plk,n)=ulk +o.n-o),

In this equation the natural number n, —@ belongs to the set A= {2,3,4,...} and thus

n—-o>2< o<n—2.Next, from equations (2.1) we obtain
,u(kynl):,u(kl"'(”v n-o)

(n+1)(2k +n) (n-w+1])[2(k+@)+n-o]

2 2

and after the calculations we get equation (3.3).

3. The sequence (3.6) is derived from equations (2.4) or (2.5) for y =TI and w =2'. Thus, in the
product ¥y the only odd number is I1. If the sequence y(k, n) in equation (3.6) cannot be

rearranged then the odd number IT has no divisors. Thus, IT is prime. Obviously, the inverse
also holds.

4. First, we prove equations (3.7). From equation (2.1) we obtain:



—_— (H—1+1)(2HZ+1+H—1)
,u(—Jr,H—lj: =T1°.
2 2
In case that the odd number IT is prime in equations (2.4), (2.5) the natural numbers y,w are
Im+1

unique y =IT Ay =11, and from equation (2.5) we get k = T/\ n=TII-1. Thus, the sequence

,u(k, n) = y(HTH,H —1) cannot be rearranged. Conversely, if the sequence

y(HTH,H —1) =TI? =TI-I1 cannot be rearranged the odd number IT cannot be composite and

thus I1 is prime.o
We now prove the following corollary:

Corollary 3.1. 1. The odd number @,

@ =11 Z/J(HTH-,H—:LJ

IT=o0dd (3.8)
I=1

is decompressed and compressed if and only if the odd number IT is composite.

2. The even number «,

o, :Z'H:,u(Z' —HT_l,H—lJ

1 = odd (3.9)
3<11<2' -1
leN,|>2

cannot be decompressed, while it compresses if and only if the odd number IT is composite.

3. The even number ¢, ,

a, :2|H=IU(HT+1_2|’2|+1_1J

1 = odd (3.10)
IM1>2""+1

le N

10



cannot be compressed, while it decompresses if and only if the odd number IT is composite.

4. Every even number that is not a power of can be written either in the form of equation (3.9) or
in the form of equation (3.10).

Proof. 1. It is derived directly through number (4) of Theorem 3.1. A second proof can be
derived through equations (2.4), (2.5) since every composite odd IT can be written in the form of

M= yw, v, WweN, y,» odds.

2, 3. Let the even number «

a=2'TI

I1=odd . (3.11)
leN

From equation (2.4) we obtain

2.2 1T, 11

: 2 2 (3.12)

n=I1-1

and since K,ne N,k >1An>2we get

2.2' +1-11

e e S |
2

m-1>2

and equivalently
3<m<2"-1.

In the second of equations (3.12) the natural number n obtains the maximum possible value of
n=I1-1, and thus the natural number k takes the minimum possible value in the first of
equations (3.12). Thus, the even number

o, =,u(2' —HT_:L,H—lJ

cannot decompress. If the odd number IT is composite then it can be written in the form of
=yy,rweN, ywodds, y,w <I1, oy =2 yy . Therefore, the natural number o, =2' yy

decompresses since from equations (3.11) it can be written in the form of o, = y(k, n) with

n= y—1<I1-1. Similarly, the proof of 3 is derived from equations (2.5).

4. From the above proof process it follows that every even number that is not a power of 2 can
be written either in the form of equation (3.9) or in the form of equation (3.10).o

11



By substituting IT= P = prime in equations of Theorem 3.1 and of corollary 3.1 four sets of
equations are derived, each including infinite impossible diophantine equations.

Example 3.1. The odd number P =999961 is prime. Thus, combining (1) of Theorem 3.1 with
(1) of corollary 3.1 we conclude that there is no pair (, @) € N’ with » < 999958 which satisfies
the diophantine equation

o’ - (2999883 + 2go) ®+1999922¢ =0.

We now prove the following corollary:

Corollary 3.2. The square of every prime number can be uniquely written as the sum of
consecutive natural numbers.

Proof. ForIT= P = primein equation (3.5) we obtain
p? =,u(PT+1, P—1j : (3.13)

According with 4 of Theorem 3.1 the odd P?cannot be rearranged. Thus, the odd can be
uniquely written as the sum of consecutive natural numbers, as given from equation (3.13).o

Example 3.2. The odd P =17 is prime. From equation (3.13) for P =17 we obtain
289 = 11(9,16)

and from equation (2.1) we get
289=9+10+11+12+13+14+15+16+17+18+19+20+21+22+23+24+25

which is the only way in which the odd number 289 can be written as a sum of consecutive
natural numbers.

4 Natural numbers as linear combination of consecutive powers of 2

According to the fundamental theorem of arithmetic, every natural number can be uniquely
written as a product of powers of prime numbers. The previously presented study reveals a
correspondence between odd prime numbers and the powers of 2. Thus, the question arises
whether there exists a theorem for the powers of 2 corresponding to the fundamental theorem of
arithmetic. The answer is given by the following theorem:

Theorem 4.1. Every natural number, with the exception of 0 and 1, can be uniquely written as a
linear combination of consecutive powers of 2, with the coefficients of the linear combination
being -1 or +1.

Proof. Let the odd number IT as given from equation

12



v-1 .
O=M(v,f)=2""+2"+2"" 42"+ .. £20+2°=2""12"+ > B2

i=0
Bi=%1i=012,.....,v-1 : (4.1)
veN

From equation (4.1) for v =0 we obtain
M=2"+2°=2+1=3.

We now examine the case where v e N". The lowest value that the odd number IT of equation
(4.1) can obtain is

M, =M(v)=2"" 42"~ 202 21

I, =T(v)=2"+1. (4.2)

min

The largest value that the odd number IT of equation (4.1) can obtain is

O, =I(v)=2"+2"+2""+.....2'+1

., =T(v)=2"-1, (4.3)

Thus, for the odd numbers IT= H(v, yii ) of equation (4.1) the following inequality holds
I, =2""+1<I(v, ) <2 -1=11,,,. (4.4)

The number N (TI(v, 4 )) of odd numbers in the closed interval | 2 +1,2** ~1]is

_ 2v+2 _1 _ 2v+l 1
N(H(V’ﬂi))znmaxznmin +l=< )2( + )+1
N(I1(v,5))=2". (4.5)
The integers £,,i=0,1,2,........ ,v—L1in equation (4.1) can take only two values, S, =-1v S =+1,

thus equation (4.1) gives exactly 2 = N (II(v, 3 ))odd numbers. Therefore, for every v e N’
equation (4.1) gives all odd numbers in the interval [ 2" +1,2"* -1].
We now prove the theorem for the even numbers. Every even number « which is a power of

2 can be uniquely written in the form of @ =2",v e N" . We now consider the case where the

even number « is not a power of 2. In that case, according to corollary 3.1 the even number « is
written in the form of

13



a=2'TI,IT=0dd,IT#11eN". (4.6)

We now prove that the even number « can be uniquely written in the form of equation (4.6). If
we assume that the even number o can be written in the form of

a=2'TI=2"IT

L=1(1>1)

I=#IT (4.7

I eN"

I1,IT = odd

the we obtain

2m=2'"

2'm=n

which is impossible, since the first part of this equation is even and the second odd. Thus, it is

| =1"and we take that IT =TT from equation (4.7). Therefore, every even number « that is not a
power of 2 can be uniquely written in the form of equation (4.6). The odd number IT of equation
(4.6) can be uniquely written in the form of equation (4.1), thus from equation (4.6) it is derived

that every even number o that is not a power of 2 can be uniquely written in the form of
equation

a:a(l,v,ﬁ’i)=2'(2”1+2V+§ﬂi2ij

leN,veN (4.8)
L =11i=0,12,..... v-1

and equivalently

v-1
a{:a(ll‘/,ﬂi)=2|+v+1+2|+v+Zﬂi2|+i
i=0

leN,veN ) (4.9
L =11i=012,..... v—1

For 1 we take

1=2°
1=2"-2°

14



thus, it can be written in two ways in the form of equation (4.1). Both the odds of equation (4.1)
and the evens of the equation (4.8) are positive. Thus, 0 cannot be written either in the form of
equation (4.1) or in the form of equation (4.8).c

In order to write an odd number IT=1,3in the form of equation (4.1) we initially define the
v € N" from inequality (4.4). Then, we calculate the sum

2v+l + 2v )

If it holds that 2"** +2" <TT we add the 2", whereas if it holds that 2"** + 2" > IT then we
subtract it. By repeating the process exactly v times we write the odd number IT in the form of
equation (4.1). The number of v steps needed in order to write the odd number IT in the form of
equation (4.1) is extremely low compared to the magnitude of the odd number I1, as derived
from inequality (4.4).

Example 4.1. For the odd number TT =23 we obtain from inequality (4.4)

2" 41<23<2v? -1
2" 42 <24 <22
2V <12< 2"

thus v =3. Then, we have

2" 2" =24 4+ 2° = 24> 23 (thus 2° is subtracted)
2% +2°-22 =20 < 23 (thus 2'is added)
244232242 =22 <23 (thus2’ =1 is added)
2° 42822+ 2 +1=23.

Fermat numbers F, can be written directly in the form of equation (4.1), since they are of the
form I1

min

Fo=2" +1=I1,,(2°-1)=2" +2" " -2"? -2 ..-2'-1
seN

(4.10)

Mersenne numbers M | can be written directly in the form of equation (4.1), since they are of the

form I1

max ?

M, =2"—1=T1,(p—-2)=2""+2"2+2" " +.. ... +2'+1

. (4.11)
p = prime

15



In order to write an even number « that is not a power of 2 in the form of equation (4.1),
initially it is consecutively divided by 2 and it takes of the form of equation (4.6). Then, we write
the odd numberIT in the form of equation (4.1).

Example 4.2. By consecutively dividing the even number « =368 by 2 we obtain

a =368=2"-23. Then, we write the odd number IT=23in the form of equation (4.1),
23=2"+2°—-2°4+2"+1, and we get

368=2°(2'+2°-2° +2'+1)

368=2%+2"-2°+2°4+2*

This equation gives the unique way in which the even number « =368 can be written in the
form of equation (4.9).

From inequality (4.4) we obtain

2" 41<M1<2"% -1

2" < 2 HIKTI< 272 — 1< 2V
2v+1 < H < 2v+2

(v+1)log2 <logIl < (v+2)log2

from which we get

logI'T -l<v+1l< log Il
log2 log2
and finally
+1={'°gn} (4.12)
log 2
where logIT the integer part of logIT eR.
log 2 log 2

We now give the following definition:

Definition 4.1. We define as the conjugate of the odd

i=v-1

M=I(v,f)=2"+2"+ 3 52
B =%1i=012,. ,v—l_ (4.13)

velN

the odd IT1",

16



j=v-1

M= (v,y,)=2""+2"+ Y 7,2}
j=0

yi =i11 j =011! 2! -------- lv_l (4'14)

for which it holds
7. =—pVk=012,..... v=1. (4.15)

For conjugate odds, the following corollary holds:

Corollary 4.1. For the conjugate odds IT=TI(v, ) and IT =IT (v, ;) the following hold:

L (IT) =11. (4.16)
2. TI+IT =3-2"". (4.17)
3. I is divisible by 3if and only if IT" is divisible by 3.

Proof. 1. The 1 of the corollary is an immediate consequence of definition 4.1.

2. From equations (4.13), (4.14) and (4.15) we get
I+IT =(2V+1+2V)+(2”1+2V)
and, equivalently

IM+IT =3-2"".

3. If the odd IT is divisible by 3then it is written in the form IT=23x, x =odd and from equation

(4.17) we get 3x+IT" =3-2"" and equivalently IT"=3(2"** —x). Similarly we can prove the

inverse.o

5 The T symmetry and a method for defining large prime numbers

Definition 5.1. Define as “symmetry” every specific algorithm which determines the signs of

pBi=11i1=012,...... ,v—1inequation (4.1).

Next, we develop a specific symmetry, the symmetry 7.

If the natural number v, in the equation (4.1), is not a prime and is not a power of 2, the
equation (2.1) gives

17



v:y(k,n)zwjkm:k+(k+1)+(k+2)+ ........ +(k+n). (5.1)

keN',neA={234,.}

We define the odd number T, =IT(v = x(k,n)) =T, (k,n) as follows: In the right side of
equation (4.1), from left to right, we take k signs -1, and then (k+1) signs +1, (k+2) signs -1,

(k+3) signs +1 etc., according to the right side of equation (5.1). After making some calculations
we have

(n+2)(2k+n) 0 j EEiE!EEiE)+1_§i(k+0
=T, (k,n)=2 2 l+[Z(—1) x2 = —(—1)n

~ (5.2)
keN,neA
T, =T, (k,n)=3x 24" T, (k,n)
(n+l)(2k+n)+2 n i (n+l )(2k+n) i k-+i)
~T"(k,n)=2 2 [ 37(-1) x2 5+ (-1)"
(ki) 2,(-1) (=2 (5.3)

keN',neA

We write the equation (5.1) in the form
V:#(k,n):w:(k+n)+(k+n—1)+(k+n—2) ........ +k. (5.4)
keN',neA

We define the odd number T, =TT(v = (k,n)) =T, (k,n) by the same way as we defined

T, = H(v = u(k, n)) =T,(k,n) but the signs in equation (4.1) are now determined according to
the right side of equation (5.4), (k+n) signs -1, (k+n-1) signs +1, (k+n-2) signs -1, (k+n-3) signs
+1 etc. After making some calculations we have

(om0 U S
T,=T,(k,n)=2 2 + (1) x2 = —(-1)"
i0 (5.5)

keN',neA
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T, =T, (k,n)=3x 24" T, (k,n)

(n+1)(2k+n)+2

T =T, (kn)=2 2 "> (-1)x2 ° +(-1)"

keN,neA

Equations (5.2), (5.3), (5.5) and (5.6) define the symmetry T.

A method for the determination of large prime numbers emerges from the study we presented.
This method is completely different from previous methods [1-5]. For the symmetry T holds:

“There are pairs (k,n) e N"x Aof the form

(5.7)

for which one or more of T, (k,n), T, (k,n), T,(k,n), T, (k,n)are prime numbers.”
We will present two examples:

1. The number

T,(11,5)= 2% +2%0 2% 4 2% 2% 1 2" 2" +1 =4 835777 063183 149145 526271 is a prime.

The number

T, (11,5)= 2% -2 4+ 2% 2% 1. 2% 2 + 2! —1=0 669045 950065 986429 124609 is a prime.

2. The number
T (23, 4) =10 DI08 _ 979 4 2% _ 2% 4 21 1=85070601 871438 813228 787070 915221 389313

IS a prime.
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The number of digits of the primes calculated by the method is of order

(y(k,n)+1)log2:£%22k+n)+l}og2. (5.8)

The method may be further investigated for the form of the pairs (k,n) e N x A in equations
(5.2), (5.3), (5.5) and (5.6).
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