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We present a five-dimensional unified framework that consistently incorporates gravitation and
electromagnetism. Using an ADM-type (4+ 1) decomposition, we construct a rotating and charged
vacuum solution by extending the Kerr metric. Unlike the Kaluza–Klein scenario, our formalism
eliminates the dilaton field through projection, leading directly to the Lorentz force law in four
dimensions. A dimensional reduction of the five-dimensional Einstein–Hilbert action fixes the nor-
malization of the electromagnetic sector and establishes the timelike nature of the extra dimension.
Finally, by exploiting the underlying Killing symmetries, we derive the conserved mass, charge,
and angular momentum, showing consistency with Komar and Tolman definitions. This framework
provides a coherent unification of gravitational and electromagnetic dynamics while preserving the
geometric interpretation of conserved quantities.

I. INTRODUCTION

The unification of gravitation and electromagnetism
has been a longstanding goal of theoretical physics, dat-
ing back to the early attempts of Kaluza and Klein [1, 2].
While the Kaluza–Klein (KK) framework elegantly in-
troduces electromagnetism through an extra spatial di-
mension, it also leads to the appearance of an additional
scalar field (the dilaton) that lacks direct experimen-
tal support [3]. Moreover, the compactification proce-
dure complicates the analysis of conserved quantities in
higher-dimensional settings.

In this work, we propose an alternative approach based
on the Arnowitt–Deser–Misner (ADM) formalism [4],
where the five-dimensional metric is expressed in a (4+1)
decomposition. This formulation is particularly well-
suited for addressing the role of symmetries and their
associated conserved quantities. Within this setting, we
construct a rotating and charged vacuum solution that
extends the four-dimensional Kerr metric [5], and we
demonstrate how the Lorentz force law naturally arises
without introducing a dilaton field.

By analyzing the five-dimensional Einstein–Hilbert ac-
tion [6–8] and performing dimensional reduction, we de-
termine the physical normalization of the electromagnetic
sector and clarify the relationship between four- and five-
dimensional gravitational constants. Finally, through the
application of Noether’s theorem [9] and Komar inte-
grals [10, 11], we show how mass, charge, and angular mo-
mentum emerge as conserved quantities associated with
the timelike, axial, and extra-dimensional symmetries.
This unified framework thus provides both mathemati-
cal consistency and physical interpretability.

II. METRIC ANSATZ AND FORMALISM

Unlike the conventional Kaluza–Klein (KK) ansatz,
which introduces extra dimensions through compacti-
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fication [1–3], we employ the Arnowitt–Deser–Misner
(ADM) formalism [4, 12] to express the five-dimensional
metric in a (4+1) decomposition. This approach is more
suitable for analyzing conserved quantities in higher-
dimensional spacetimes [7, 11]. This representation, dis-
tinct from the KK ansatz, will serve as the foundation for
constructing rotating and charged five-dimensional solu-
tions. In particular, we allow both timelike and spacelike
possibilities for the extra dimension.

The five-dimensional line element in ADM form is
given by

ds2 = ±N2(dx5)2+gµν
(
dxµ+βµdx5

)(
dxν+βνdx5

)
, (1)

with µ, ν = (ct, r, θ, ϕ).

From Eq. (1), the metric components can be read off
as

(5)gab =

[
±N2 + βλβ

λ βν

βµ
(4)gµν

]
, (2)

where a, b = (ω, ct, r, θ, ϕ).

In order to evaluate Christoffel symbols and curvature
quantities, the inverse metric is also required. Its explicit
form is

(5)gab =

[
± 1

N2 ∓ βν

N2

∓ βµ

N2
(4)gµν ± βµβν

N2

]
. (3)

III. VACUUM SOLUTIONS IN FIVE
DIMENSIONS

We now proceed to construct vacuum solutions under
the symmetry assumptions ∂ωgab = 0 and ∂tgab = 0,
where ω denotes the fifth coordinate. Under these con-
ditions, we evaluate the relevant Christoffel symbols and
analyze the geodesic equation [7, 11].

The nonvanishing five-dimensional Christoffel symbols
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take the form

(5)Γ5
µν = ± 1

2N2

(
∇µβν +∇νβµ

)
, (4)

(5)Γ5
µ5 = 1

N ∂µN ± 1
N2 β

λ∇µβλ ∓ βλ

2N2

(
∇µβλ −∇λβµ

)
,

(5)

(5)Γ5
55 = ± βσ

2N2 ∂σ
(
±N2 + βλβλ

)
. (6)

At this stage we assume that dx5

ds remains constant
along the geodesic. This quantity is not yet identified
with a physical charge-to-mass ratio, but the assumption
allows us to simplify the connection coefficients consis-
tently.

The fifth component of the geodesic equation is

d

ds

(
dx5

ds

)
+ (5)Γ5

ab

dxa

ds

dxb

ds
= 0. (7)

Under the constancy assumption, (5)Γ5
ab can be set to

zero, which implies from Eq. (4) that

∇µβν +∇νβµ = 0, (8)

namely the Killing equation in four dimensions. Since
∂t

(4)gµν = 0, β is proportional to the timelike Killing
vector:

βµ = α (4)gtµ, (9)

with α a constant. In addition, Eq. (5) reduces to

(5)Γ5
µ5 = 1

N ∂µN, (10)

which requires N to be constant.
With these conditions, the remaining five-dimensional

Christoffel symbols become

(5)Γµ
λρ = (4)Γµ

λρ, (11)

(5)Γµ
λ5 = (4)gµνFλν , (12)

(5)Γµ
55 = − (4)gµν∂νϕ, (13)

with

Fµν = ∂µ

(
βν

2

)
− ∂ν

(
βµ

2

)
, ϕ = 1

2
(5)g55. (14)

From these expressions, the five-dimensional Ricci ten-
sor can be written as

(5)Rab =

[
−□ϕ+ FλρF

λρ ∇ρFνρ

∇ρFµρ
(4)Rµν

]
. (15)

Further manipulation shows that the condition for a vac-
uum solution reduces to

(4)Rµν = 0, (16)

so that the four-dimensional metric must itself be Ricci
flat.

Choosing the four-dimensional Kerr solution [5], the
full five-dimensional vacuum metric takes the form

(5)gab =

[
±N2 + α2 gKerr

tt α gKerr
tν

α gKerr
tµ gKerr

µν

]
, (17)

with indices µ, ν = (ct, r, θ, ϕ) and a, b = (ω, ct, r, θ, ϕ).
A direct computation confirms that the Ricci tensor van-
ishes identically for constant N and α.
Thus we obtain a rotating and charged five-

dimensional vacuum solution. At this stage the pa-
rameters N and α are purely mathematical constants
ensuring self-consistency. In the next chapter we will
determine their physical interpretation: α by match-
ing to the Lorentz force law, and N by comparing the
five-dimensional Einstein–Hilbert action with the four-
dimensional gravitational and electromagnetic sectors.

IV. LORENTZ FORCE AND CONSISTENCY

In this section we derive the Lorentz force within the
five-dimensional framework and verify the validity of the
assumption made in the previous section that dx5/ds
is a constant of motion. Unlike in the conventional
Kaluza–Klein theory [1–3], our formulation shows that
the scalar degree of freedom g55 (the dilaton) does not
appear once the geodesic equation is projected onto the
four-dimensional hypersurface. As a result, the effective
dynamics reduces directly to the Lorentz force law.
Time-translation symmetry and the fifth-dimensional

symmetry imply the conserved quantities

(5)u5 =
(
±N2 + α2 (4)gtt

)dx5

ds
+ α (4)gtµ

dxµ

ds
, (18)

(5)u0 = α (4)gtt
dx5

ds
+ (4)gtµ

dxµ

ds
. (19)

These relations show that dx5/ds is itself conserved.
The relation between the full five-dimensional deriva-

tive and its four-dimensional projection is

d

ds
=

dxa

ds
∂a, P

d

ds
=

dxµ

ds
∂µ, (20)

where the first acts in five dimensions, while the sec-
ond corresponds to the projected operator on the four-
dimensional hypersurface.
Applying this projection eliminates the scalar com-

ponent g55. Thus, unlike in the Kaluza–Klein frame-
work [3], no dilaton field arises. The projected geodesic
equation takes the form

d2xµ

ds2
+ (4)Γµ

λρ

dxλ

ds

dxρ

ds
=

dx5

ds
Fµ

ν
dxν

ds
, (21)

where we used (5)Γµ
λρ = (4)Γµ

λρ [7, 11].

Equation (21) has exactly the structure of the Lorentz
force law in four dimensions, with dx5/ds playing the role
of a constant coupling. Identifying

dx5

ds
=

q

m
, (22)
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the geodesic equation reproduces the standard Lorentz
force. Under this identification, Fµν is interpreted as
the electromagnetic field strength tensor, and the metric
component g5µ = α (4)gtµ fixes the value of the constant
α, in agreement with the result stated at the end of the
previous section.

Thus the key difference from the Kaluza–Klein the-
ory lies in the projection: in KK theory the dilaton in-
evitably appears [3], while in our approach the projection
onto the four-dimensional hypersurface eliminates it and
yields the Lorentz force in its physical form.

V. EINSTEIN–HILBERT ACTION IN FIVE
DIMENSIONS

In this section we analyze the five-dimensional
Einstein–Hilbert action in order to determine the explicit
value of N2. This also explains why N must be constant
not only from a mathematical point of view, as in the
previous section, but also from physical consistency. By
reducing the five-dimensional action to four dimensions,
we show that the relative normalization of the electro-
magnetic term fixes N2 directly.
The five-dimensional action is [6–8]

(5)SEH =
1

16π(5)G

∫
(5)R

√
|(5)g| d5x, (23)

where (5)R is the five-dimensional Ricci scalar, |(5)g| the
determinant of the metric, and G(5) the Newton constant
in five dimensions.

The Ricci scalar reads

(5)R = ± 1

N2

(
−□ϕ+ FλρF

λρ
)

∓ 2

N2
βµ∇ρFµρ

+
(
(4)gµν ± βµβν

N2

)
(4)Rµν .

(24)

With the identification βµ = 2Aµ and ∇ρF
µρ = µ0J

µ,
this reduces to

(5)R = (4)R± 1

N2
FλρF

λρ ∓ 2µ0

N2
JµA

µ ∓ 1

N2
□ϕ. (25)

Comparing with the four-dimensional action [1–3]

S =

∫
d4x

√
−g

(
c4

16πG
(4)R− 1

4µ0
FλρF

λρ + JµA
µ

)
,

(26)
we obtain

1

N2
=

κ

2µ0
, κ ≡ 8πG

c4
. (27)

The minus sign for the FµνF
µν term must be chosen,

implying that the fifth dimension is timelike.

Substituting back, the action becomes

c4

16πG
(5)R =

c4

16πG
(4)R− 1

4µ0
FλρF

λρ+ 1
2JµA

µ+
1

4µ0
□ϕ.

(28)
The prefactor 1/2 in front of JµA

µ does not change the
field equations, since Jµ already contains Aµ. Thus the
standard Maxwell equation

∇νF
µν = µ0J

µ (29)

is recovered.
Finally, because the metric determinant factorizes as√

|(5)g| = N
√
−(4)g,

with constant N , the four- and five-dimensional Newton
constants are related by

(4)G ∼
(5)G

N
.

Hence, although the metric effectively contains two time-
like directions, the gravitational constant remains fixed
rather than dynamical, in contrast with the situation in
two-time physics.

VI. CONSERVED CHARGES

Our five-dimensional metric corresponds to a rotating,
charged solution, and it admits three continuous symme-
tries: translation along the fifth dimension, time transla-
tion, and axial rotation about the ϕ-axis. According to
Noether’s theorem [9], each Killing symmetry is associ-
ated with a conserved charge:

∂ω −→ Q, ∂t −→ M, ∂ϕ −→ J. (30)

That is, the conserved quantities are the electric charge
Q, the total mass M , and the angular momentum J . We
now compute these charges explicitly.

Conserved currents and 3+1 foliation

The conserved quantity C is defined as

C =

∫
Σt

ρ dΣ. (31)

Here, Σt denotes a three-dimensional hypersurface at
fixed t. Introducing a current Jµ, the density can be
written using the unit normal vector nµ to the hypersur-
face as

ρ = Jµnµ, (32)

so that

C =

∫
Σt

Jµnµ dΣ, (33)
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where dΣ =
√
h d3x and h is the determinant of the in-

duced metric.
If the current is conserved,

∇µJ
µ = 0, (34)

then C is independent of t. For a Killing vector ζµ, the
current

Jµ = (4)Tµνζν , ∇(µζν) = 0, (35)

is conserved. By Einstein’s equation,

(4)Rµν − 1
2
(4)gµν

(4)R = κ (4)Tµν , (36)

this becomes

Jµ =
1

κ

(
(4)Rµν − 1

2
(4)gµν (4)R

)
ζν . (37)

Ricci tensor contracted with a Killing vector

Using the Ricci identity and the Killing equation [7,
11],

(∇λ∇µ −∇µ∇λ)ζ
λ = (4)Rνµζ

ν , ∇λζ
λ = 0, (38)

so that

(4)Rµνζ
ν = ∇λ∇µζ

λ, (4)Rµνζν = ∇λ∇µζλ. (39)

This shows explicitly why the Ricci tensor contracted
with a Killing vector can be written as a divergence term,
allowing volume integrals to be recast as surface integrals.

Observable mass

The conserved quantity is

Mtot =

∫
Σt

Tµνζνδ
0
µ

√
−(4)g d3x. (40)

Using Einstein’s equation this decomposes as

Mtot =
1

κ

∫
Σt

∇λ∇0ζλ
√

−(4)g d3x

− 1

2κ

∫
Σt

(4)Rζ0
√
−(4)g d3x

≡ Mgrav +Mcurv.

(41)

The first termMgrav is a divergence and hence convertible
into a surface integral, meaning that only Mgrav can be
computed from the exterior geometry, while the second
term Mcurv depends on the interior geometry and cannot
be obtained from exterior data.
For ζ = −2∂0, one finds

Mgrav =
1

κ

∫
−2R0

0

√
−(4)g d3x (42)

=

∫
(ρc2 + 3p)

√
−(4)g d3x (43)

= MTolman. (44)

Thus Mgrav coincides with both the Komar mass and
the Tolman mass [10, 13]. Although the explicit values
of ρ and p are not known, the volume integral can be
converted into a surface integral, which makes the eval-
uation possible solely from the exterior geometry. This
is directly analogous to electrostatics, where the electric
field at infinity depends only on the total enclosed charge,
irrespective of the details of the charge distribution.
In particular, Mgrav is the same mass parameter M

that appears in the exterior metric (e.g. via gtt = −(1−
2GM/c2r)), as will be demonstrated explicitly below.

Surface integral representation

To evaluate Mgrav explicitly, we choose the integration
region on Σt as the ball Br0 = {r ≤ r0}. After attach-
ing a formal dx0 (to invoke the divergence theorem) and
then dropping it, Gauss’s theorem reduces the divergence
piece to a surface integral over ∂Br0 :

Mgrav =
1

κ

∫
Σt

∇λ∇0ζλ
√
−(4)g d3x (45)

→ 1

κ

∫
[t,t+∆t]×Σt

∇λ∇0ζλ
√
−(4)g d4x (46)

→ 1

κ

∫
[t,t+∆t]×Sr

∇0ζr
√
−(4)g dθ dϕ dx0 (47)

→ 1

κ

∫
Sr

∇0ζr
√

−(4)g dθ dϕ. (48)

For intuition one can write

∇0ζr = ∇0
(

ζr

2

)
−∇r

(
ζ0

2

)
. (49)

Evaluation for different Killing vectors

By applying Gauss’s theorem, Mgrav reduces to a flux integral over the boundary Sr. Depending on the choice of
Killing vector, we obtain the corresponding conserved quantities:

For ζ = −c∂0 = −∂t (timelike Killing vector), the integral becomes

Ct =
rsc

2

∫ 2π

0

∫ π

0

(r2 − a2 cos2 θ)(r2 + a2)

(r2 + a2 cos2 θ)2
sin θ dθ dϕ = 4π

GM

c
. (50)
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For the extra-dimensional Killing vector ζ = ∂ω, we obtain

Cω = −αrs
2

∫ 2π

0

∫ π

0

(r2 − a2 cos2 θ)(r2 + a2)

(r2 + a2 cos2 θ)2
sin θ dθ dϕ = 4π

Q

4πϵ0c
. (51)

Finally, for the axial Killing vector ζ = ∂ϕ, one finds

Cϕ =
rsa

2

∫ 2π

0

∫ π

0

sin3 θ (−a2r2 sin2 θ − a4 cos2 θ + 3r4 + 2a2r2)

(a2 cos2 θ + r2)2
dθ dϕ = 4π

2GJ

c3
, J = Mac. (52)

Summary

We have checked the conserved quantities associated
with the spacetime symmetries:

ζ = −∂t ⇒ M, ζ = ∂ω ⇒ Q, ζ = ∂ϕ ⇒ J.

In particular, for ζ = −2∂0 one finds

Mgrav = Mc2, (53)

showing that the Komar mass [10], Tolman mass [13],
and the metric mass parameter coincide.

VII. CONCLUSION

We presented a five-dimensional framework that unifies
gravitation and electromagnetism through an ADM-type
decomposition rather than compactification. Starting
from symmetry assumptions, we constructed a rotating
and charged vacuum solution that generalizes the Kerr

metric while correctly reproducing the physical mass,
charge, and angular momentum.
A central outcome of our analysis is the elimination

of the dilaton degree of freedom. By projecting the
geodesic equation onto the four-dimensional hypersur-
face, the Lorentz force law emerges directly, providing
a physical identification of the extra-dimensional mo-
mentum with electric charge [1–3]. The reduction of
the Einstein–Hilbert action further fixes the relative nor-
malization between the gravitational and electromagnetic
sectors, and crucially, it requires that the extra dimen-
sion be identified as timelike. This feature distinguishes
our framework from conventional Kaluza–Klein models
and ensures the correct sign for the electromagnetic ac-
tion [7, 8].
Finally, the application of Noether’s theorem and

Komar-type surface integrals demonstrates the consis-
tency of conserved quantities across different defini-
tions, thereby reinforcing the geometric foundation of
charge, mass, and angular momentum [9, 10, 13]. Taken
together, these results establish a coherent and self-
consistent classical unified field theory that preserves the
geometric clarity of general relativity while incorporating
electromagnetism in a natural way.
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