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Abstract. The cosmological constant problem arises because the magnitude of
vacuum energy density predicted by quantum field theory is about 120 orders of
magnitude larger than the value implied by cosmological observations of accelerating
cosmic expansion. We pointed out that the fractal nature of the quantum space-time
with negative Hausdorff- Colombeau dimensions can resolve this tension. The canonical
Quantum Field Theory is widely believed to break down at some fundamental
high-energy cutoff A, and therefore the quantum fluctuations in the vacuum can be
treated classically seriously only up to this high-energy cutoff. In this paper we argue that
Quantum Field Theory in fractal space-time with negative Hausdorff-Colombeau
dimensions gives high-energy cutoff on natural way. In order to obtain disered physical
result we apply the canonical Pauli-Villars regularization up to A.It means that there exist
the ghost-driven acceleration of the univers hidden in cosmological constant.
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|.Introduction

|.1.The formulation of the cosmological constant problem.

The cosmological constant problem arises at the intersection between general
relativity and quantum field theory, and is regarded as a fundamental unsolved problem
in modern physics. Remind that a peculiar and truly quantum mechanical feature of the
guantum fields is that they exhibit zero-point fluctuations everywhere in space, even in
regions which are otherwise ‘empty’ (i.e.devoid of matter and radiation).This vacuum
energy density is believed to act as a contribution to the cosmological constant A
appearing in Einstein’s field equations from 1917,

gPTb (1.1.1)

Ruv — %guvR =

where R,, and Rrefer to the curvature of space-time, g,, is the metric, T,, the energy-
momentum tensor,
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where T, is the energy- momentum tensor of matter. Thus Ty, = Too + €4,
Tup = Tap + SapPa, Where

en = —Pp = c*AI87G. (1. 13)

Remind that under Lorentz transformations (sx,Pa) — £, (e4,Pa) —» P}, the quantities
ex and P, are changes by law
8’ _ 8A+ﬁ2PA PA+,328A
A 1-p2 1-p2
Thus for the quantities ¢, and P, Lorentz invariance holds by Eq(1.1.3) [1].

In modern cosmology it is assumed that the observable universe was initially
vacuumlike, i.e., the cosmological medium was non-singular and Lorentz invariant. In
the earlier, non-singular Friedmann cosmology the Friedmann universe comes into
being during the phase transition of an initial vacuumlike state to the state of ‘ordinary’
matter [2],[3].

The Friedmann equations start with the simplifying assumption that the universe is
spatially homogeneous and isotropic, i.e. the cosmological principle; empirically, this is
justified on scales larger than ~100 Mpc. The cosmological principle implies that the
metric of the universe must be of the form Robertson-Walker metric [2].

P - (1.1.4)



Robertson-Walker metric reads

d< — dt? — a2(t)[ T r2(do? + gnzedqﬂ)] (1.1.5)

k 2
For such a metric, the Ricci curvature scalar is R = —6k and it is said that space has the
curvature k. The scaling factor a(t) rescales this curvature for a given time t, producing a
curvature k(t) = k/a(t). The scaling factor a(t) is given by two independent Friedmann
equations for modeling a homogeneous, isotropic universe reads

GCea? ka-= ——(g +3p) (1.1.6)

22 _
a=3

and the equation of state

p = p(e), (L.1.7)
where p is pressure and ¢ is a density of the cosmological medium. For the case of the
vacuumlike cosmological medium equation of state reads [2],[3],[4]:

p=—c. (1.1.8)

By virtue of Friedman’s equations (1.1.6) in the universe filled with a vacuum-like
medium, the density of the medium is preserved, i.e. € = const, but the scale factor a(t)
grows exponentially. By virtue of continuity, it can be assumed that the admixture of a
substance does not change the nature of the growth of the latter, and the density of the
medium hardly changes. This growth, interpreted by analogy with the Friedmann models
as an expansion of the universe, but almost without changing the density of the medium!
- was named inflation. The idea of inflation is the basis of inflation scenarios [2].

Non-singular cosmology [2],[4] suggests that the initial state of the observable
universe was vacuum-like, but unstable with respect to the phase transition to the
ordinary non-Lorentz-invariant medium. This, for example, takes place if, by virtue of the
equations of state of the medium, a fluctuation decrease in its density d violates the
condition of vacuum-like degeneration, p = — or, which is the same, 3p+¢ = —2¢ < 0,
replacing it with

-26<3p+e<0. (1.1.9)

According to Friedman’s equations, it corresponds to an accelerated expansion of the
cosmological medium, accompanied by a drop in its density, which makes the process
irreversible [2]. The impulse for expansion in this scenario, the vacuum-like environment,
is not reported to itself (bloating), but to the emerging Friedmann environment.

In review [5], Weinberg indicates that the first published discussion of the contribution
of quantum fluctuations to the cosmological constant was a 1967 paper by Zel'dovich
[6].In his article [1] Zel'dovich emphasizes that zeropoint energies of particle physics
theories cannot be ignored when gravitation is taken into account, and since he explicitly
discusses the discrepancy between estimates of vacuum energy and observations, he is
clearly pointing to a cosmological constant problem. As well known zeropoint energy
density of scalar quantum field,etc.is divergent

&(m) = (22”;) " Jp?+ mec? p2dp = o, (1.1.10)

In order avoid difficultnes mentioned above in article [3] Zel'dovich has applied
Pauli-Villars regularization [7],[8] and obtain an finite result (his formulas (VIII.12-VIII.13)
p.228)



vae = —Puac = § j f(rtinude = £4., (1.1.11)

where

0

I f(u)du = I f(u)u?du = ff(u)ﬂ“du = 0. (1.1.12)
0 0 0

Remark 1.1.1.Unfortunately the Eq(1.1.11)-Eq(1.1.12) gives nothing in order to obtain
disered numerical values of the zero-point energy density «¢.

In his paper [3], Zel'dovich arrives at a zero-point energy (his formula (IX.1))

3
Evac = m(%) ~ 10Yg/em?, A ~ 10-cn?, (1.1.13)

where m (the ultra-violet cut-of ) is taken equal to the proton mass. Zel'dovich notes that
since this estimate exceeds observational bounds by 46 orders of magnitude it is clear
that "...such an estimate has nothing in common with reality".

In his paper [3], Zel'dovich wroted:" Recently A.D. Sakharov proposed a theory of
gravitation, or, more precisely, a justification GR equations based on consideration of
vacuum fluctuations.In this theory, the essential assumption is that there is some
elementary length L or the corresponding limiting momentum po = %/L. Shorter lengths
or for large impulses theory is not applicable. Sakharov gets the expression of
gravitational constant G through L or po (his formula (IX.6))

_ c%L? _ hc
G_T_E' (1.1.14)

This expression has been known since the days of Planck, but it was read "from right
to left": gravity determines the length L and the momentum po. According to Sakharov, L
and po are primary. Substitute (IX. 6) in the expression (IX. 4), we get

6 5 67

pA = g‘%h3 ,Evac = ?%53 . (1.1.15)
That is expressions that the first members (in the formulas (VII1.10), (VIII. 11)) which are
vanishes (with pp - ©).Thus, we can suggest the following interpretation of the
cosmological constant: there is a theory of elementary particles, which would give
(according to the mechanism that has not been revealed at the present time) identically
zero vacuum energy, if this theory were applicable infinitely, up to arbitrarily large
momentum; there is a momentum po, beyond which the theory is nont aplicable; along
with other implications, modifying the theory gives different from zero vacuum energy;
general considerations make it likely that the effect is portional pg?.Clarification of the
guestion of the existence and magnitude of the cosmological constant will also be of
fundamental importance for the theory of elementary particles".

In contrast with Zel'dovich paper [3] we assume that Poincaré group is deformed at
some fundamental high-energy cutoff A. [9],[10],[11] in accordance on the basis of the
following deformed Poisson brackets

XX} = At ()i = x't0), {p*,p*} = 0,
X pY) = -+ xinOpY

where u,v,= 0,1,2,3, n*¥ = (+1,-1,-1,-1) and is a parameter identified as the ratio

(1.1.16)



between the high-energy cutoff A. and the light speed. The corresponding to (1.1.16)
momentum transformation reads [11]

ol = 7(Po — UpPx) oL = ¥ (Px — upo/c?)
1+ (Cx)_l[(7/ —1)po — yupx] 1+ (Cx)_l[(7/ —1)po — yupx] (1.1.17)
pg/ _ Py . Pz

1+ (cx) ™ [(y = 1)po - yupy] Py (cx) ™ [(y = Dpo—yup ’
and coordinate transformation reads [11]
0 y(t — uxc?) o = y(X— ut)
C 1+ @) T -Dpo-rupd (11 18

1+ (cx) ™ [(y — 1)po — yupx]
/ y / Z

1+ (c0) " (y = 1)po - yupy] S (c0) 7 (y = 1)po - yups] ’

where y = /1 - U?/c? It is easy to check that the energy E = cx , identified as the
high-energy cutoff A., is an invariant as it is also the case for the fundamental length
[A, = hClE = hix.

Remark 1.1.2. Note that the transformation (1.1.17) defined in p-space and the
transformation (1.1.18) defined in x-space becomes Lorentz for small energies and
momenta and defines a large invariant energy 13%. The high-energy cutoff A, is
preserved by the modified action of the Lorentz group [9],[10].

This meant that the canonical concept of metric as quadratic invariant collapses at
high energies, being replaced by the non-quadratic invariant [9]:

2 12°PaPb
=1 kb 1.1.19
or by the non-quadratic invariant
2 nabpapb
= 1 Fakb 1.1.20
Ipl (1-14.Ppo) ( )

where I,. = A3t,a,b=0,1,2,3.
Remark 1.1.3.Note that:
(i) the invariant (1.1.16) is infinite for the new negative invariant energy scale of the
theory A, = -1}, and it's not quadratic for energies close or above and
(i) the invariant (1.1.17) is infinite for the new positive invariant energy scale of the
theory A, = I3L.

Remark 1.1.4.1t is also clear from Eq.(1.1.16) and Eq.(1.1.17) that the symmetry of
positive and negative values of the energy is broken.The two theories with the two
signs of |, obviously are physically distinct; and we know of no theoretical argument

which fixes

the sign of |

The massive particles have a positive invariant ||p[|? > 0 which can be identified with
the square of the mass ||p||? = m?,(c = 1).Thus in the case of the invariant (1.1.16) we

obtain

PP’ 2oy e (i) (1.1.21)
(1+14.po)? R .

From Eq.(1.1.18) we obtain



“lzl/\ 1 4|/2\ 2 2
Po = 4 =+ (p?+n?). 1.1.22
0 1-m?l%, 11— mI2 ‘/1—mzl%* ( ) ( )

In the case of the invariant (1.1.17) we obtain

2_n2
PP m2,pg e (—oo,I32). (1.1.23)
(1-14.po)
From Eq.(1.1.20) we obtain
m2l 1 m*lZ b
= - — — . m 1.1.24
=T e i O 220

The action for a scalar field ¢ must be invariant under the deformed Lorentz
transformations.The invariant action reads [10]

_ 1 [ g4 1(0a0)(000) |
_[d EC 2 m 2 (1.1.25)

Thus there is no linear field equation.

|.2. Zel'dovich approuch by using Pauli-Villars
regularization revisited.Ghosts as physical dark matter.

Remind that vacuum energy density for free scalar quantum field is

24 = 3 s [, AP = K[ pdp - ki, @.2)
where u = mpc. From EQ.(1.2.1) one obtains [1]
4dp
pw = K[ ~ KF(n), (1.2.2)
JP? + p?
For fermionic quantum field one obtains
e(u) = Ki(p),p(u) = —4KF(p). (1.2.3)
Thus free vacuum energy density ¢ and corresponding pressure p is
g =2 Cil(u),P =2 CiF(ui). (1.2.4)
Eq.(1.2.4) by using Pauli-Willars regularization [7],[8] in general case one obtains [3]
€= ff(u)l(u)du,P = If(u)F(u)du- (1.2.5)

Let us evaluate now the follwing quantities

1(1,P0) = fp Jo7+ i dp = Ip Jo7+u dp+jp Jo7+ i dp =

Pu
—Ip,/p +u?dp = Ip /1+g—§dp+ ps /1+” dp

(1.2.6)

and



Po
p*dp 1 p*dp 1 p*dp
Fup) = 5 | = = 3 | 2= + 4 [ 2=t -
3 2 2 3 3
0 p + 0
(1.2.7)

17 pldp 17 pidp
_ P N NE— + _ P S
3 .([ 2 2 3 !

where p, = ru,r > 1, u/p < Ur < 1.Note that

2

2
1+4 -1+ 1E _1E

p? p p

2 2 2_3/ ”_2_3L2_
p p+:u _p 1+p2 —p+2,llp

By inserting Eq.(1.2.8) into Egs.(1.2.6) one obtains
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(1.2.8)
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(1 Po) = Capt + 5P + 5 12P5 - 4In(p°)———+p550<u8> (1.2.9)

where Cyu? = I p2./p? + u? dp.Note that
0
2

-1
12
( 1+F> =1- p2

By inserting Eq.(1.2.10) into Eq.(1.2.7) one obtains

4 6
%‘1%%*"" (1.2.10)

N

3
T8

Fuupo) = Can + i = o+ Jutin( B2 ) + S wpoge). .2

By inserting Eq.(1.2.9) and Eq.(1.2.11) into Eqgs.(1.2.5) one obtalns
Heff Heft Heff

&= 1p6 [ todu+ 3 [ fGopedu+ (Co-Linpo) [ fuutdu+
0 0 0

Heff Hetf Hett
+% _f f()p*(Inp)du — (é) 3—12 _f f(u) podp + O( f f(u)ﬂ8>p05,
0 0 0

Heif Heff Heif

p= 1_12pg I f(u)du — 1—12p(2) J- f(u) u?du + (Cz + % Inp0> _[ f(u)ptdu —
0

0 0

Heff Hetf Hett
I f(p*(Inw)du + ( s’ ) 3 I f(u) podp + O(I f(u)ﬂ8>p05-

0 0

(1.2.12)

We choose now

Hetf Hetf Hetf

I f(u)du = I f(u)udu = f f(u)utdu = 0. (1.2.13)
0 0 0

By inserting Eq.(1.2.13) into Egs.(1.2.12) one obtains



Hetf

s(er) = % | fwut(nmdu + O(p?),
0

y (1.2.14)
puar) = —% | f(wut(np)du+ O(pF?).
0
Taking the limit p - o in EqQ.(1.2.14) gives
Heff
e(uer) = % f f(u)pt(Inp)dy,
0
o (1.2.15)
Pluar) =~ | T (npydy
0
Thus finally we obtain [3]
Heff 4
s(uar) = —Pluar) = + [ fptOnpdu = -S4 (1.2.16)

0
Remark 1.2.1. Remind that Pauli-Villars regularization consists of introducing a
fictitious mass term. For example, we would replace a propagator 1/<k2 -mj+ ie), by
the regulated propagator

N ai 1 N aQ;
A(K2) = i - — ) 1.2.17
=2, K2-m2+ic  K-mi+ie 2 K2 — m2 + ie ( )

where ap = 1 and m;,i = 1,2,...N can be thought of as the mass of a fictitious heavy
particle, whose contribution is subtracted from that of an ordinary particle. Assume that
m?/k? < 1,if we expand each term of this sum (1.2.16) as a power series in k? + ie we get

_N\N @ NG am? N 1
A(kz) o Zi=0 m + Zi=0 W + Zi=0 O(W) . (1 2. 18)

For a renormalizable theory the maximum supercriticial power of divergence of any
integral is quadratic, so that the O(1/k®) terms are ultraviolet finite. The finiteness of the
regulated integral is then guaranteed by requiring that

>r,a=0" am? =0. (1.2.19)

Remark 1.2.2.Note that in order to aply Pauli-Villars regularization to QFT with
Lagrangian £(¢o,y,0,¢,0,y) we would replace the Lagrangian £(¢,y,0,¢,0.v) by
Lagrangian £ (¢, v,0,¢,0.y ), where [7]:

P(X) = @(X) + 2 bn@n(X, 13), w(X) = w(X) + D Caln(X,x3), (1.2.20)
where commutator for ¢, and anticommutator for v, reads
[(pm(xyﬂﬁw)’(pn(xlyﬂ%)] = _iPnA(X - X,nu%)émn!
{l/'/m(x’x%])’l/*/n(x/’x%)} = _igngx_ Xl1x%)5mn'
From Eqgs.(1.2.20)-Egs.(1.2.21) one obtains

(1.2.21)



[0, 0(X)] =i >N  prb3AX— X, 1if),

(1.2.22)
[y, p(x)] = -2 enencaS(x— X, x3).

Assume now that
> pabZ =0, pab2ud = 0,31 ennCn = 0,3 entnCoxd = 0. (1.2.23)

From Egs.(1.2.23) it follows directly that QFT with Lagrangian £ (o, y,0,¢,0.y ) is finite
QFT with indefinite metric [4],see Remark 1.2.1.

Remark 1.2.3.Note that "bad ghosts" represent general meaning of the word "ghost"
in theoretical physics: states of negative norm [7] or fields with the wrong sign of the
kinetic term, such as Pauli-Villars ghosts ¢, whose existence allows the probabilities to
be negative thus violating unitarity. The quadratic lagrangian £3 for ¢ begins with a wrong
sign kinetic term [in (+ — — —) signature]

£2 = —%awaw F... (1.2.24)

Remark 1.2.4.Note that in order to obtain Eqgs.(1.2.14), the standard quantum fields
do

not need to couple directly to the ghost sector. In this paper the ghost sector is
considered

as physical mechanism which acts only on a function f(x) in Egs.(1.2.13).It means that

there exist the ghost-driven acceleration of the univers hidden in cosmological
constant A.

Remark 1.2.5.As pointed out in paper [12] even if the standard model fields have no

direct couplings to the ghost sector, they will indirectly interact with it through gravity,
and

the propagation of gravity through the ghost condensate gives rise to a fascinating

modification of gravity in the IR. However,no modifications of gravity can be seen

directly, and no cosmological experiment can distinguish the ghost-driven acceleration

from a cosmological constant.

Remark 1.2.6.In order to obtain disered physical result from Eqgs.(1.2.15),i.e.,

gvac = 0.7 x 1072 gent? = 2.8 x 1074'GeVW/h3c® (1.2.25)
we assume that
f(p) = fsm () +fgm (), (1.2.26)
where fsm (1) corresponds to standard matter and where fym (1) corresponds to a

physical
ghost matter.
Remark 1.2.7.We assume now that

Ow™M,n>1 u<
If(w)| = { (N> 1 p= pa (1.2.27)
0 B> Heit

From Eq.(1.2.27) and Egs.(1.2.15) it follows directly that

Hetf

f f(u)u*(Inp)du
0

IPCest) | = leCueit)| = % < O(ugr®Inugr). (1.2.28)




Remark 1.2.8.However serious problem arises from non-renormalizability of canonical
guantum gravity with Einstein-Hilbert action

__1 4y —
Sen = T [d*xaRrR (1.2.29)

For example taking A3 particles of energy a per unit volume gives the gravitational
self-energy density of order AS,i.e.,the density ¢, diverges as A®

e ~ GAS, (1.2.30)

where A is a high-energy cutoff [5].
In order to avoid these difficulties we apply instead Einstein-Hilbert action (1.2.29) the
gravitational action which include terms quadratic in the curvature tensor

3= —j d*x /=G (aRwR™ — BR? + 2c2R), (1.2.31)

Remark 1.2.8.Gravitational actions (1.2.31) which include terms quadratic in the

curvature tensor are renormalizable [13]. The requirement that the graviton propagator

behave like p= for large momenta makes it necessary to choose the indefinite-metric

vector space over the negative-energy states.These negative-norm states cannot be

excluded from the physical sector of the vector space without destroying the unitarity
of

the S matrix, however, for their unphysical behavior may be restricted to arbitrarily
large

energy scales A. by an appropriate limitation on the renormalized masses m; and mo.

Remark 1.2.9.We assum that moC > pes, MpC > pgs.

Remark 1.2.10.The canonical Quantum Field Theory is widely believed to break down
at

some fundamental high-energy cutoff A. and therefore the quantum fluctuations in the

vacuum can be treated classically seriously only up to this high-energy cutoff, see for

example [14]. In this paper we argue that Quantum Field Theory in fractal space-time
with

negative Hausdorff-Colombeau dimensions [15] gives high-energy cutoff on natural
way.

Il. Ghosts as physical dark matter.

II.1.Pauli-Villars ghosts as physical dark matter.

Before explaining the role of PV ghosts,etc. as physical dark matter remind the idea of
PV regularization as a conventional UV regularization.We consider, as an example, the
scalar field theory with the interaction A¢*. Lagrangian density of this theory reads

= Lowps o — mg
= 0P~ 5

This theory requires UV regularization (e.g. in (2+1) and (3+1) dimensions). Let us
show that it is sufficient to introduce N extra fields with large mass playing the role of the
regularization parameter. Lagrangian density can be rewritten as follows

02 + Lo, (2.1.1)



£ = Z (1)( 8(p8(0—7(p|)+/1:(p4

- N - N
Q=@o+P=2"0,0=2_ a0

(2.1.2)

Here the symbol ”::” means that in perturbation theory we drop Feynman diagrams with
loops containing only one vertex. The ¢¢ is usual field with mass mp and the

¢i,i =1,...,Nis the extra field with mass m;,i = 1,...,N.It can be shown that in
(3+1)-dimensional theory the introduction of one PV field is sufficient for the ultraviolet
regularization of perturbation theory in A. One can show that momentum space
Feynman diagrams in the original theory with Lagrangian density (2.1.1) diverge no
more than quadratically [16]-[18] (beside of vacuum diagrams) shown in Fig.2.1.1.

Fig.2.1.1.0ne-loop massive vacuum diagram.

If we consider now Feynman diagrams in the theory with Lagrangian density (2.1.2)
we see that propagators of fields o and ¢ sum up in corresponding diagrams so that we
obtain the following expression which plays the role of regularized propagator

N a N a
A(K2) — j _ 1 - —t 2.1.3
(k) ijo k2—m?+i0  k?-mj+i0 ijl k? —m?+i0 ( )
where k? = k3 — kZ + k3 + k3. Integral corresponding to vacuum diagram is
~ _ [_d*% 2y _ [ _d* N a
I = | —25AK?) = : 2.1.4
S (2r)* 4 I 2n)* ZJ=0 k? —m? +i0 ( )
To do this integral, since it is convergent, we can Wick rotate. Then we get
~ i (” N akd
Je=—> . 2.1.
e = oy [ dke D e (2.1.5)
To do this integral, since it is convergent, we can dealing with regularized integral
ajkd
) = 5t zj kE210k2+m2’ (2.1.6)

where ¢ < 0,A =< m,i.e. 3(g,A) =~ Je.We assume now that Pauli-Villars conditions given
by Eqgs.(1.2.18) holds.Let us consider now the quantity

~ A <~ _ aJkE
3y 2 Sy(eh) = 5 L[ kEZJ()kEH]mJ (2.1.7)

where n € (0,1],and therefore from Eq.(2.1.7) we obtain



- . A N . N A
Silo = gz | dke D ake = gr 207 o[ kedke = 0 (2.1.8)

87T2 &

since EQs.(1.2.18) holds.From Eq.(2.1.7) by differentiation we obtain

Ay, i [Pae " A
dn Sy 877,'2 J-g dkE Zj=0 (k%+nm12)2 ! (2 1. 9)

and therefore from Eq.(1.2.9) we obtain
iorA N aym?kg
= 1| dke Z _ A E -
n=0 877,'2 e =0 (k% + nm]z)Z o (2 n 10)
_ N M _
- a7 2 | kédke =0,

since EQgs.(1.2.18) holds.From Eq.(2.1.9) by differentiation we obtain

d_ZP B N . . | A N Lﬁk%
dn? S = ijo Rin) = 472 Ie dhe Zj:o (kg + nm12)3 ’

d ~

dn ~n

L P (2.1.11)
iaym; 3
Ri(n) = ——— —E
0 T |, (k2 + nmp)°
Note that
lajmy e Kk iaym! ajm?
Rj(n) = d = = . 2.1.12
i) Ar2 J.0 (k%+77mj2)3 4r? 417mj2 1672n ( )
Thus
d~ _ N ol B N aym?
dn > = ijo I o Ri(madn = ZH) 16,2 " (2.1.13)
and
-~ N a,-mjz
30 =D 162 (1IN =), (2.1.14)
Therefore
N aim?
S(e,A) = Syl = —ijo # =0, (2.1.15)

since EQs.(1.2.18) holds.Thus integral (2.1.4) corresponding to vacuum diagram by
using Pauli-Villars renormalization identically equal zero,i.e.

~ d*k 2 d*k N 4
R J3)=| —7AK?) = | /54 ————=0. (2.1.16
enpy(3) 21)* (k*) 2r)* ijo k? —m?+i0 ( )

Let us consider now how this method works in the case of the simplest scalar diagram
shown in Fig.2.1.2. The corresponding Feinman integral has the form



p p
p-k
Fig.2.1.2
<(n2) — 1 d4k 2 1.17
37 (2n)* I (k2 -mg+i0)[(p? - k%) -mg+i0] (2117
Regularized Feinman integral (2.1.17) reads
~ 2y _ 1 N ajd4k 2.1.18
\Sreg(p ) (271_)4 J-ngo (k2 _ mj2 + |0)[(p2 _ k2) _ mjz + |0] ' ( .1 )

where N = 1.To do this integral, since it is convergent, we can Wick rotate. Then we get

~ N i N a,-d“k
Sreg(p%) = (2n)* Izjzo (K2 +m2)[(p2—k2) + m?] (2-1.19)

The integral (2.1.19) can be written as

1
i N ayd*k
Sreg( 2) = ! dx : J =
o(P (2r)* -([ J.ZJ:O [k? + p2x(1 - X) + mjz]2

L (2.1.20)
. 13
87|12 Idszj'io 2 2aJ At 272"
0 [KE + p*X(1—Xx) + m¢]
To do this integral, since it is convergent, we can dealing with regularized integral
1
i AN ajkidke
Sreg(p?,6,A) = —— | dx _ 1"E . (2.1.21)
Let us consider now the quantity
1
i AN ajkidke
3,(p%e A) = == | dx _ 1"E . (2.1.22)
! 8r? '([ L ZJ:O [K2 + pX(L - x) + nm?]°

where n € (0,1],and therefore from Eq.(2.1.22) we obtain Jo(p?,¢,A) = 0,since
Egs.(1.2.18) holds.From Eq.(2.1.22) by differentiation we obtain



di n(P%e,A) =

1
A am?k2dke
e

+p?X(1 - X) + nm?]

(2.1.23)
~ 2z ZJ L AMER (P21, A ),
1 1
kidke 1 dx
Ri(p%,n,A,¢) ~ | dx E = = .
J { I [k%+—p2x(1—-x)4-nnf]3 4 { p2X(1 - X) + nmy
From Eq.(2.1.23) we obtain
i N
d—%Sﬂ(pz,e,A) = —ﬁ ZFO am?R;(p%,n,¢,A) =
_ N . (2.1.24)
| . X
1672 EELOa*i m2p2X(L—X) + 1
From Eq.(2.1.24) we obtain
1 1
N
Sres(P?) = ~a jzoajj f = 2x(1 g (2.1.25)
Note that
1
[t -
g m2p?x(1-Xx) +1n
[My2p2X(L - X) + n]IN[M2p?x(L - ) + [y — 1 = (2.1.26)

[M2p2x(1 - x) + 1] In[m?p?x(1 - X) + 1] —
—[m2p?x(1 - x)]In[m2p?x(1 - x)] —

Thus



11
Sreg(p?) = 167r2 Z aJJ;dX-([ my 2p? X(1 X)+n B

1
N=1
o X @ | ax{Imy2pPx(L - ) + 1 In[my2pA(L - x) + 1] -
0

—[mM2p?x(1 - x)]IN[M2p?x(1 - X) ]} + 16i7r2 Z:l

1
Z:l 4 Idx{[mj’zsz(l —X) + 1]In[m2p2x(1 - x) + 1] -
0

B 2
o (2.1.27)
—[m2p?x(1 - x)]In[m2p2x(1 - x)]} =
1
_ | —21~2 _ ) . _
o {dx{[mo pX(L— X) + 1] IN[mg2p?x(L = X) + 1]
~[mg2p?x(1 - x)] In[Mg?px(L - x) ]} +
1
i 2p2x(1 — ~212y(1 _ _
16,2 _([dx{[ml P?X(1 ) + 1] Infm?p?x(1 - x) + 1]
—[M2p2x(1 — x) ] IN[m;2p2x(1 — X)]}.
From Eq.(2.1.27) we obtain
Sreg(P?) =
] 1
_ | —2 12 _ ) . _
16,22 _([dx{[mo P?x(1 - x) + 1]Infmg?p?x(1 - X) + 1]
~[Mg®p™(L = )] In[mgp*X(L ~X)] + (2.1.28)
1
i 2p2x(1 — ~212y(1 _ _
16,2 _([dx{[ml P?X(1 - x) + 1] Infm?p?x(1 - X) + 1]
—[M2p2x(1 — x) ] IN[m;2p2x(1 — X)]}.
We assume now that m;?p? < 1 and from Eq.(2.1.28) finally we obtain
Sreg(P?) =
] 1
i [ dIMe2pPx(2 =) + L] InmeZpAx(L - ) + 1] - (2.1.29)
T
0

—[mg2p?x(1 — x)]IN[Mg?p2x(1 — x) ]} + O(M?p?).

Remark 2.1.1. The simple renormalizable models with finite mases
m;,i = 1,...,N.which we have considered in this section many years regarded only as
constructs for a study of the ultraviolet problem of QFT. The difficulties with unitarity
appear to preclude their direct acceptability as canonical physical theories in locally
Minkowski space-time. However, for their unphysical behavior may be restricted to



arbitrarily large energy scales A, mentioned above by an appropriate limitation on the
finite masses m;.

II.2.Renormalizability-of-Higher-Derivative-Quantum-Gravity

Gravitational actions which include terms quadratic in the curvature tensor are
renormalizable. The necessary Slavnov identities are derived from Becchi-Rouet-Stora
(BRS) transformations of the gravitational and Faddeev-Popov ghost fields. In general,
non-gauge-invariant divergences do arise, but they may be absorbed by nonlinear
renormalizations of the gravitational and ghost fields and of the BRS transformations
[13].The geneic expression of the action reads

I'sym = —J. d*x /=g (@R R" — BR? + 2« °R), (2.2.1)

where the curvature tensor and the Ricci is defined by R, = 6,I'f, and Ry = R},
correspondingly, k? = 327G.The convenient definition of the gravitational field variable in
terms of the contravariant metric density reads

Kh® = g#vm — nu"_ (2 22)

Analysis of the linearized radiation shows that there are eight dynamical degrees of
freedom in the field. Two of these excitations correspond to the familiar massless spin-2
graviton. Five more correspond to a massive spin-2 particle with mass m,. The eighth
corresponds to a massive scalar particle with mass mg. Although the linearized field
energy of the massless spin-2 and massive scalar excitations is positive definite, the
linearized energy of the massive spin-2 excitations is negative definite. This feature is
characteristic of higher-derivative models, and poses the major obstacle to their physical
interpretation.

In the quantum theory, there is an alternative problem which may be substituted for
the negative energy. It is possible to recast the theory so that the massive spin-2
eigenstates of the free-fieid Hamiltonian have positive-definite energy, but also negative
norm in the state vector space.

These negative-norm states cannot be excluded from the physical sector of the vector
space without destroying the unitarity of the S matrix. The requirement that the graviton
propagator behave like p~ for large momenta makes it necessary to choose the
indefinite-metric vector space over the negative-energy states.

The presence of massive quantum states of negative norm which cancel some of the
divergences due to the massless states is analogous to the Pauli-Villars regularization of
other field theories. For quantum gravity, however, the resulting improvement in the
ultraviolet behavior of the theory is sufficient only to make it renormalizable, but not
finite.

The gauge choice which we adopt in order to defining the quantum theory is the
canonical harmonic gauge: 0,h* = 0. Corresponding Green’s functions are then given
by a generating functional

2(Tw) = N[ T, dh JidcoidC.164F")

exp[i (l sym+ I d4XCrﬁLVD5VC“ +K I d4XT'uvh,uv> } (22.3)



Here F* = ﬁfwh“v,ﬁfw = 5[;% and the arrow indicates the direction in which the derivative
acts. N is an normalization constant. C° is the Faddeev-Popov ghost field, and C, is the
antighost field. Notice that both C° and C, are anticommuting quantities. D%" is the
operator which generates gauge transformations in h#’, given an arbitrary
spacetime-dependent vector £%(x) corresponding to x* = x* + k&* and where

D& EX(X) = OHEY + 0VEH — nHV 0yl + K (0aEFNY + 0y EVh®H — E99,hHY — §,ENHY ) (2.2.4)
In the functional integral (2.2.3), we have written the metric for the gravitational field as

[I1,., ]

without any local factors of g = det(g,,). Such factors do not contribute to the
Feynman rules because their effect is to introduce terms proportional to 64(0)jd4xln(—g)
into the effective action and §4(0) is set equal to zero in dimensional regularization.

In calculating the generating functional (2.2.3.) by using the loop expansion, one may
represent the § function which fixes the gauge as the limit of a Gaussian, discarding an
infinite normalization constant

54(F) ~lim exp[i (A1 [d*F.F7) ]. (2.2.5)
A-0

In this expression, the index r has been lowered using the flat-space metric tensor 7, .
For the remainder of this paper, we shall adopt the standard approach to the covariant
guantization of gravity, in which only Lorentz tensors occur, and all raising and lowering
of indices is done with respect to flat space. The graviton propagator may be calculated
from lsym+ %A‘ljd“xF,Ff in the usual fashion, letting A — 0 after inverting. The

expression %A‘l j d*xF.F* contains only two derivatives. Consequently, there are parts

of the graviton propagator which behave like p2 for large momenta. Specifically, the p=2
terms consist of everything but those parts of the propagator which are transverse in all
indices. These terms give rise to unpleasant infinities already at the one-loop order. For
example, the graviton self-energy diagram shown in Fig.2.2.1 has a divergent part with
the general structure (0*h)2. Such divergences do cancel when they are connected to
tree diagrams whose outermost lines are on the mass shell, as they must if the S matrix
is to be made finite without introducing counterterms for them. However, they greatly
complicate the renormalization of Green'’s functions.

Fig.2.2.1.The one-loop graviton self-energy diagram.

We may attempt to extricate ourselves from the situation described in the last
paragraph by picking a different weighting functional. Keeping in mind that we want no
part of the graviton propagator to fall off slower than p~ for large momenta, we now



choose the weighting functional [12]
wq(e") = exp[i(£A1[d*xe %) ], (2.2.6)

where €’ is any four-vector function.The corresponding gauge-fixing term in the effective
action is

—L2A [ d*xF,OO2F", (2.2.7)

The graviton propagator resulting from the gauge-fixing term (2.2.7) is derived in [12].
For most values of the parameters a and S in | sy it satisfies the requirement that all its
leading parts fall off like p= for large momenta. There are, however, specific choices of
these parameters which must be avoided. If @ = 0, the massive spin-2 excitations
disappear, and inspection of the graviton propagator shows that some terms then
behave like k2. Likewise, if 38 — a = 0, the massive scalar excitation disappears, and
there are again terms in the propagator which behave like p~2. However, even if we avoid
the special cases a« = 0 and 3 — a = 0, and if we use the propagator derived from
(2.2.7), we still do not obtain a clean renormalization of the Green’s functions. We now
turn to the implications of gauge invariance.Before we write down the BRS
transformations for gravity, let us first establish the commutation relation for gravitational
gauge transformations, which reveals the group structure of the theory. Take the gauge
transformation (2.2.4) of h#’, generated by £ and perform a second gauge
transformation, generated by n#, on the h* fields appearing there. Then antisymmetrize
in &# and n*.The result is

il o v a a
024Dy (&nP ~ n“eh) = kDY’ (0ud " - 0uE"0"), (2.2.8)
where the repeated indices denote both summation over the discrete values of the
indices and integration over the spacetime arguments of the functions or operators
indexed.
The BRS transformations for gravity appropriate for the gauge-fixing term (2.2.6) are
[12]

(a) SBRsh“V = KngCa(Sl, (b) OgrsC?® = —KzaﬁC“CﬁS/’L,

~ 2.2.9)
(C) 6BRSC‘[ = —KSA_lDZFT5ﬂ,, (

where 6 is an infinitesimal anticommuting constant parameter.The importance of these
transformations resides in the quantities which they leave invariant. Note that
5ers(05C°CP) =0 (2.2.10)
and
dsrs(D% C*) = 0. (2.2.11)

As a result of Eq. (2.2.11), the only part of the ghost action which varies under the
BRS transformations is the antighost C,. Accordingly, the transformation (2.2.9¢c) has
been chosen to make the variation of the ghost action just cancel the variation of the
gauge-fixing term. Therefore, the entire effective action is BRS invariant:

Sers(Isim— 1x2A"1F,0%F7 + C.F;,DE'CY) = 0. (2.2.12)
Equations (2.2.9), (2.2.10), and (2.2.12) now enable us to write the Slavnov identities in

an economical way. In order to carry out the renormalization program, we will need to
have Slavnov identities for the proper vertices.



A. Slavnov identities for Green'’s functions
First consider the Slavnov identities for Green'’s functions.

Z(Tuw, By B Kuv, Lo) = NI[HM thV][dcc][dCT]

(2.2.13)
Ce.Kyu Lo, B,C7) + B,C7 + Tep + kb |.

exp[if(h“V,C”,
Anticommuting sources have been included for the ghost and antighost fields, and the
effective action % has been enlarged by the inclusion of BRS invariant couplings of the
ghosts and gravitons to some external fields K,, (anticommuting) and L, (commuting),
% = lsim— SK2AYF,002F7 + C,F5,D4'C” + kK, DY’ + k2L,05C°CP, (2.2.14)
% is BRS invariant by virtue of Eq.(2.2.9), Eq.(2.2.10), and Eq.(2.2.12). We may use the
new couplings to write this invariance as
55 5% | 5% 8% ., 3s-irpep 0%
5K, Shi TSl 5ce TK AT%F, 5C. (2.2.15)

In this equation, and throughout this subsection, we use left variational derivatives with
respect to anticommuting quantities: 56f(C°) = §C*6f/6C*. Equation (2.2.15) may be
simplified by rewriting it in terms of a reduced effective action,

T =¥+ Lie?A R, O%F, (2.2.16)
Substitution of (2.2.16) into (2.2.15) gives
oYX _o% 0X 6L _ (2.2.17)

5K, oh* © 3L, oC?
where we have used the relation

—1_)1,' 52 _ 52 —
K F“V—SKW _SC, 0. (2.2.18)
Note that a measure
[HN dhev } [dCo [T, ] (2.2.19)

is BRS invariant since for infinitesimal transformations, the Jacobian is 1, because of the
trace relations

N 5%
@ K ()™ 0.0) 5ees5, =0 (2.2.20)

both of which follow from J.d“xaaC“ = 0. The parentheses surrounding the indices in

(2.2.20a) indicate that the summation is to be carried out only for u < v.

Remark 2.2.1.Note that the Slavnov identity for the generating functional of Green’s
functions is obtained by performing the BRS transformations (2.2.9) on the integration
variables in the generating functional (2.2.13). This transformation does not change the
value of the generating functional and therefore we obtain



NJ[TT,., v Jiecriiec.
(k2TuwDl ~ k?B,05C7CP + kAL GO ) x (2.2.21)
exp i (ﬁ +kTh® + B_Co + Cfﬁf) ]-o

Another identity which we shall need is the ghost equation of motion. To derive this
equation, we shift the antighost integration variable C; to C, + §C., again with no
resulting change in the value of the generating functional:

Nj[ dhﬂv} dC"][dC,]( oL, ﬁ’) exp[i(E+kTuh +B,C7+ Cep?) | (22.22)

We define now the generating functional of connected Green'’s functions as the
logarithm of the functional (2.2.13),

WTw, B, 8% K, Lol = =i INZ[Tyw, B, B7 K, Ls]. (2.2.23)

and make use of the couplings to the external fields K,, and L, to rewrite (2.2.22) in
terms of W

B 2A-1 B _OW _
KTy 5K ﬁo 5L + KA PRy 3Ty 0. (2.2.24)
Similarly, we get the ghost equation of motion'
—l T T _
Fiv SKW + Bt = (2.2.25)

B. Proper vertices

A Legendre transformation takes us from the generating functional of connected
Green’s functions (2.2.23) to the generating functional of proper vertices. First, we define
the expectation values of the gravitational, ghost, and antighost fields in the presence of
the sources T,,, 8, and 7 and the external fields K,w and L,

viyy — _ OW o

(@) W00 = 5 (0) €700 = 5ﬁ g © T = 520

We have chosen to denote the expectation values of the fields by the same symbols
which were used for the fields in the effective action (2.2.14).

The Legendre transformation can now be performed, giving us the generating
functional of proper vertices as a functional of the new variables (2.2.26) and the
external fields K,, and L,

TThw,C% Cr,Kus Lol = W[T, B, B5 Ky Lo ] — kTwh® = B_C —C.p7.  (2.2.27)

In this equation, the quantities T,,, B, and A7 are given implicitly in terms of
h+,C°,C;,K,, and L, by Eq. (2 2.26).The relations dual to (2.2.26) are

(2.2.26)

_of
h.uV(X) (b) ,B ( )_ 5Co( ) ( )ﬂ ( )— 6CT(X) (2228)

Since the external fields K,, and L, do not participate in the Legendre transformation
(2.2.26), for them we have the relations

(@) O = _OW _ ¢, of oW (2.2.29)

SKuw(X)  0Kuw(X)'’ oLs(X) N oLe(X)

(@) kT (X) = -




Finally, the Slavnov identity for the generating functional of proper vertices is obtained
by transcribing (2.2.24) using the relations (2.2.26), (2.2.28), and (2.2.29)

oT _of _ 6T 6T | ayare@ puw oL _
5K S + 5L, 5C° + KA R b 5C =0. (2.2.30)
We also have the ghost equation of motion,
k1pr, 0L oL _ g (2.2.31)

W SK,y | OCO

Since Eq. (2.2.30) has exactly the same form as (2.2.15), we follow the example set by
(2.2.16) and define a reduced generating functional of the proper vertices,

r =T+ 2iat(Rouhe )02 (R hee). (2.2.32)
Substituting this into (2.2.30) and (2.2.31), the Slavnov identity becomes
ol _or ol o0 _
5K Sh TSl 5CT 0. (2.2.33)
and the ghost equation of motion becomes
g 6F _ 6F —
kF, 3K " 3C. 0. (2.2.34)

Equations (2.2.33) and (2.2.34) are of exactly the same form as (5.5) and (5.6). This is
as it should be, since at the zero-loop order

ro -z, (2.2.35)

C. Structure of the divergences and renormalization

equation.

The Slavnov identity (2.2.33) is quadratic in the functional I'. This nonlinearity is
reflected in the fact that the renormalization of the effective action generally also
involves the renormalization of the BRS transformations which must leave the effective
action invariant.

The canonical approach uses the Slavnov identity for the generating functional of
proper vertices to derive a linear equation for the divergent parts of the proper vertices.
This equation is then solved to display the structure of the divergences. From this
structure, it can be seen how to renormalize the effective action so that it remains
invariant under a renormalized set of BRS transformations [13].

Suppose that we have successfully renormalized the reduced effective action up to
n— 1 loop order; that is, suppose we have constructed a quantum extension of £ which
satisfies Egs. (2.2.17) and (2.2.18) exactly, and which leads to finite proper vertices
when calculated up to order n— 1. We will denote this renormalized quantity by (™. In
general, it contains terms of many different orders in the loop expansion, including
orders greater than n— 1. The n— 1 loop part of the reduced generating functional of
proper vertices will be denoted by '™,

When we proceed to calculate '™, we find that it contains divergences. Some of
these come from n-loop Feynman integrals. Since all the subintegrals of an n-loop
Feynman integral contain less than w loops, they are finite by assumption. Therefore,
the divergences which arise from w-loop Feynman integrals come only from the overall
divergences of the integrals, so the corresponding parts of I'™ are local in structure. In



the dimensional regularization procedure, these divergences are of order e = (d—4)*,
where d is the dimensionality of spacetime in the Feynman integrals.

There may also be divergent parts of '™ which do not arise from loop integrals, and
which contain higher-order poles in the regulating parameter €. Such divergences comes
from n-loop order parts of (™Y which are necessary to ensure that (2.2.17) is satisfied.
Consequently, they too have a local structure. We may separate the divergent and finite
parts of I'™:

r® = 1)+ I 2.2.36)

If we insert this breakup into Eq. (5.20), and keep only the terms of the equation which
are of n-loop order, we get

0Ty or© | 61O 8Ty . oTgy 6T® , sT©® TGy _
5K, o oK, Shw T 3L, eCo T oL, eCT

Sy [m{:ﬁi’e STfinite . OTfimie O finite }
i=0 '

(2.2.37)

oK, oh® T TSL, oC?

Since each term on the right-hand side of (2.2.37) remains finite as € - 0, while each
term on the left-hand side contains a factor with at least a simple pole in e, each side of
the equation must vanish separately. Remembering the Eq.(2.2.35), we can write the
following equation, called the renormalization equation:

Rr{) =0, (2.2.38)
where

_ 0¥ _ 0 0X 0o ) oYX _ &
R = Sh oK, T 3C 3L, T 3K ohe t sl sCT (2.2.39)

Similarly by collecting the n-loop order divergences in the ghost equation of motion

(2.2.34) we get

> oor{ s

-1g~7 div. _ div. _

S 3K 5C. 0. (2.2.40)

In order to construct local solutions to Egs. (2.2.38) and (2.2.40) remind that the operator

R defined in (2.2.39) is nilpotent [13]:

N2 =0. (2.2.41)
Equation (2.2.41) gives us the local solutions to Eq.(2.2.38) of the form
g = 3(h) + RX(h,C7,Cr, K, Lo) ], (2.2.42)

where 3 is an arbitrary gauge-invariant local functional of h*V and its derivatives, and X is
an arbitrary local functional of h*",C,,C,,K,, and L° and their derivatives. In order to
satisfy the ghost equation of motion (2.2.40) we require that

Ty = T (h,C7 Ky = 1C:F Lo ). (2.2.43)

D. Ghost number and power counting

Structure of the effective action (2.2.14) shows that we may define the following
conserved quantity, called ghost number [13]:



Nghost[hw] = 0, Nghost[Ccr] = +1, Nghost[Cr] = _1,

(2.2.44)
Nghost[Kuv] = =1, Nghost[Lo] = —2.
From Eqgs.(2.2.44) follows that
Nghost[Z] = Nghost[I'] = 0. (2.2.45)
Since
Nghost[R] = +1, (2.2.46)
we require of the functional X(-) that
Nghost[X] = —1. (2.2.47)

In order to complete analysis of the structure of Ffﬂ\), we must supplement the symmetry
equations (2.2.42), (2.2.43), and (2.2.47) with the constraints on the divergences which
arise from power counting. Accordingly, we introduce the following notations:

ne = number of graviton vertices with two derivatives,

ne = number of antighost-graviton-ghost vertices,

nk = number of K-graviton-ghost vertices,

n. = number of L-ghost-ghost vertices,

I = number of internal-ghost propagators,

Ec=number of external ghosts,

Ez=number of external antighosts.

Since graviton propagators behave like p=, and ghost propagators like p=2, we are led
by standard power counting to the degree of divergence of an arbitrary diagram,

D:4—2nE+2IG—2nG—3nL—3nK—EC. (2248)

The last term in (2.2.48) arises because each external antighost line carries with it a
factor of external momentum. We can make use of the topological relation

2l —2ng = 2nL+nK—Ec—EC (2249)

(a) c(c

(b)
K -<- R ¢
C

(c)

Fig.2.2.2.The three types of divergent diagram
which involve external ghost lines. Arbitrarily

many gravitons may emerge from each of the

central regions,(a) Ghost action type,(b) K type,

(c) L type.

to write the degree of divergence as



D= 4—2nE—nL—2nK—Ec—2E(—;. (2250)

Together with conservation of ghost number,Eg. (2.2.50) enables us to catalog three
different types of divergent structures involving ghosts. These are illustrated in Fig.2.2.2.
Each of the three types has degree of divergence D = 1 — 2ng. Consequently, all the
divergences which involve ghosts have ng = 0.Since the degree of divergence is then
1,the associated divergent structures in Ffﬂ\), have an extra derivative appearing on one
of the fields. Diagrams whose external lines are all gravitons have degree of divergence
D = 4 - 2ng. Combining (2.2.50) with (2.2.47), (2.2.43), and (2.2.42), we can finally write
the most general expression for I'{{) which satisfies all the constraints of symmetries and
power counting:

T = 3(0) + R[ (K — c1CF5, )P () + LQe(h*)Cr ], (2.2.51)

where P#(h*f) and Q¢(h*#) are arbitrary Lorentz-covariant functions of the gravitational
field h#V, but not of its derivatives, at a single spacetime point. 3(h#") is a local
gauge-invariant functional of h#V containing terms with four, two, and zero
derivatives.Expanding (2.2.51), we obtain an array of possible divergent structures:

I po
) = 3w + Oleym (kKo — CeFpo ) ( 8Dg Ca)p,uv _

Shev Shev
(kKo ~ CeF 5 ) 222D C — (kK — T, ) D (QICE) — k2Lo05(QICT)CP  (2.2.52)
po ™ po (Sh'uv a uv (AN o € oUp T ‘e
2L, 0,CoQECT — kL, 29 crpirce 4 k2L, Qea,CrCh.

oh#v

The breakup between the gauge-invariant divergences S and the rest of (2.2.52) is
determined only up to a term of the form [13]

5l
4 v v sym
j dX(n + khi) 2 (2.2.53)

which can be generated by adding to P# a term proportional to n*" + kh*” = /gg*.The

profusion of divergences allowed by (2.2.52) appears to make the task of renormalizing
the effective action rather complicated. Although the many divergent structures do pose
a considerable nuisance for practical calculations, the situation is still reminiscent in
principle of the renormalization of Yang-Mills theories. There, the non-gauge-invariant
divergences may be eliminated by a number of field renormalizations. We shall find the
same to be true here, but because the gravitational field h#V carries no weight in the
power counting, there is nothing to prevent the field renormalizations from being
nonlinear, or from mixing the gravitational and ghost fields. The corresponding
renormalizations procedure considered in [13].

Remark 2.2.2.We assume now that:

(i) The local Poincaré group of momentum space is deformed at some fundamental

high-energy cutoff A, [9],[10].

(i) The canonical quadratic invariant ||p||? = n?paps collapses at high-energy cutoff A,

and being replaced by the non-quadratic invariant:

2 1n2°papo
= 1 rabb 2.2.1
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(iii) The canonical concept of Minkowski space-time collapses at a small distances



lA. = A3l to fractal space-time with Hausdorff-Colombeau negative dimension and

therefore the canonical Lebesgue measure d*x being replaced by the
Colombeau-Stieltjes

measure

(dn(x,€)), = (Ve(s(x))d*x) , (5.1.2)
where

(Va(s00)), = ((s001° 1 +) ™) |
S(X) = [XuXF,

(5.1.3)

see subsection 1V.2.

(iv) The canonical concept of local momentum space collapses at fundamental
high-energy cutoff A. to fractal momentum space with Hausdorff-Colombeau negative
dimension and therefore the canonical Lebesgue measure d3k,where k =(kg, ky,k;) being
replaced by the Hausdorff-Colombeau measure

ooy 2 Ak ADIAD)p dp
(kP T+e), PP 1+e),

see subsection I11.3-111.4. Note that the integral over measure d® Pk is given by formula
(3.3.16).

Remark 2.2.3.(1)The renormalizable models which we have considered in this section
many years regarded only as constructs for a study of the ultraviolet problem of
qguantum gravity. The difficulties with unitarity appear to preclude their direct acceptability
as canonical physical theories in locally Minkowski space-time. In canonical case they do
have only some promise as phenomenological models.

(1) However, for their unphysical behavior may be restricted to arbitrarily large energy
scales A. mentioned above by an appropriate limitation on the renormalized masses m;
and mp. Actually, it is only the massive spin-two excitations of the field which give the
trouble with unitarity and thus require a very large mass. The limit on the mass mg is
determined only by the observational constraints on the static field.

(5.1.4)

lll. Hausdorff-Colombeau measure and associated
negative Hausdorff-Colombeau dimension.

lll.1.Fractional Integration in negative dimensions.

Let uy* be a Hausdorff measure [19] and X < R" is measurable set. Let s(x) be a
function s : X - R such that is symmetric with respect to some centre xp € X,i.e. S(X) =
constant for all x satisfying d(x,xo) = r for arbitrary values of r. Then the integral in

respect to Hausdorff measure over n-dimensional metric space X is then given by [19]:
27Z'D*/2 ©

J‘X S(X)d‘UH+ = m o S(r)rD*‘ldl‘. (3 1. 1)

The integral in RHS of the Eq.(3.1.1) is known in the theory of the Weyl fractional
calculus where, the Weyl fractional integral WPf(x),is given by



WPf(x) = ﬁ | :(t — )P (t)dt. (3.1.2)

Remark 3.1.1. In order to extend the Weyl fractional integral (3.1.1) in negative
dimensions we apply the Colombeau generalized functions [20] and Colombeau
generalized numbers [21].

Recall that Colombeau algebras G(Q2) of the Colombeau generalized functions defined
as follows.Let Q be an open subset of R". Throughout this paper, for elements of the
space C*(Q)“Y of sequences of smooth functions indexed by ¢ e (0,1] we shall use the
canonical notations ({:(x)), and (us), so u, € C*(Q), ¢ € (0,1].

Definition 3.1.1.We set G(Q) = Eu(Q)/N(Q), where

Em(Q) = {(ue)‘g e C*(Q)OY |‘v’K cc Q,Va € N'3p € N with
SUPsek|U: ()| = O(eP) as & > OF,
MQ) = {(u,), € C*(Q) Y |VK cc Q,Va € N"Vg € N
SUpsek U (X)| = O(g?) as & - 0}.

(3.1.3)

Notice that G(Q) is a differential algebra.Equivalence classes of sequences (u,), will
be denoted by cl[(u.),].is a differential algebra containing D'(Q2) as a linear subspace
and C*(Q) as subalgebra.

Definition 3.1.1. Weyl fractional integral (W2 "f(x))) _in negative dimensions D~ < 0,

D-+0,-1,...,-n,...,n € Nis given by

WO f(x) = — ([1)_) ( [ :C(t ~x) D‘lf(t)dt)g

or (3.1.4)
(W i(x)) = r(é—) (j : 1 f(t)dt) ,

0 g+ (t—-x)P

where ¢ € (0,1] and j:|f(t)dt| < o0.Note that (WP f(x)), € G(R).Thus in order to obtain

apropriate extension of the Weyl fractional integral WP"f(x) on the negative dimensions

D_ < 0the notion of the Colombeau generalized functions is essentially importent.
Remark 3.1.2.Thus in negative dimensions from Eq.(3.1.1) we formally obtain

(o) - Ay (] ) 00, oo

&

where ¢ € (0,1]and D~ # 0,-2,...,-2n,...,n € N and where (uaéﬂg)8 is apropriate
generalized Colombeau outer measure.Namely Hausdorff-Colombeau outer measure.
Remark 3.1.3. Note that: if S(0) # 0 the quantity (I!?*'D’)‘g takes infinite large value in
sense of Colombeau generalized numbers ,i.e., (Ié'?*'D’)‘g == % , see Definition 3.3.2 and
Definition 3.3.3.
Remark 3.1.4.We apply throught this paper more general definition then (3.1.4):

([ swaue) = ripmns ([T Coiar) —a2ey, @1y

e L(D2)I(D12) \Jo e+rlPl
where ¢ € (0,1] and D* > 1, D™ # 0,-2,...,-2n,...,n € N and where (uiicy ) is
apropriate generalized Colombeau outer measure.Namely Hausdorff-Colombeau outer



measure. In subsection 3.3 we pointed out that there exist Colombeau generalized
measure (dupc; ) and therefore Eq.(3.1.4) gives apropriate extension of the

Eq.(3.1.1) on the negative Hausdorff-Colombeau dimensions.

I1l.2.Hausdorff measure and associated positive Hausdorff

dimension.

Recall that the classical Hausdorff measure [19],[22] originate in Caratheodory’s
construction, which is defined as follows: for each metric space X, each set F = {E;};_
of subsets E; of X, and each positive function {*(E), such that 0 < {*(E;j) < « whenever
Ei € F, a preliminary measure ¢}(E) can be constructed correspondingto 0 < 6 < +x,
and then a final measure u*(E), as follows: for every subset E c X, the preliminary
measure ¢;(E) is defined by

d5(E) = i.r;f {ZieN ¢*(E)E < [, Ei diamE) < 5}. (3.2.5)
Since ¢§,(E) > ¢5,(E) for 0 < 61 < 82 < +o, the limit
n(E) = (lsirgl ¢5(E) = sup ¢5(E) (3.2.6)

6>0
exists for all E < X.In this context, u*(E) can be called the result of Caratheodory’s
construction from {*(E) on F. ¢3(E) can be referred to as the size § approximating
positive measure. Let {*(E;,d") be for example

C*(Ei,d%) = ©(d")[diam(E;)]¥,0 < O(d*), (3.2.7)
for non-empty subsets E;,i € N of X. Where ©(d*) is some geometrical factor,depends
on the geometry of the sets E;, used for covering. When F is the set of all non-empty

subsets of X, the resulting measure u;,(E,d") is called the d*-dimensional Hausdorff
measure over X; in particular, when F is the set of all (closed or open) balls in X,

a(d*) £ Q(d*) = n%(z—d*)r(u %) (3.2.8)

Consider a measurable metric space (X, un(d)),X € R",d € (-o,+x).The elements of
X are denoted by x,y,z,..., and represented by n-tuples of real numbers
X = (X1,X2,...,%Xn)

The metric d(x,y) is a function d : X x X - R, is defined in n dimensions by

d(x,y) = 32, [85 (v = x)(y; = x)] "2 (3.2.9)
and the diameter of a subset E — X is defined by
diam(E) = sup{d(x,y)Ix,y € E}. (3.2.10)

Definition 3.2.1. The Hausdorff measure uf,(E,D*) of a subset E — X with the
associated Hausdorff positive dimension D* € R, is defined by canonical way

114 (E,D*) =lim [ inf {3._.¢*(Ei,DN)E < |, Ei, Vi(diam(E) < 6)} J
6-0 {Eitien

(3.2.11)

D*(E) = sup{d* € R.Jd* > O, (E,d*) = +o0}.

Definition 3.2.2. Remind that a function f : X - R defined in a measurable space



(X,Z,n),is called a simple function if there is a finite disjoint set of sets {E,,...,En} Of
measurable sets and a finite set {a1,,...,an} Of real numbers such that f(x) = a; if x € E;
and f(x) = 0if x ¢ E;.Thus f(x) = Zi”:laimi (xX),where yg (X) is the characteristic
function of E;. A simple function f on a measurable space (X,Z, u) is integrable if

u(Ei) < oo for every index i for which a; # 0. The Lebesgue-Stieltjes integral of f is
defined by

[fdu =" ain(E). (3.2.12)
A continuous function is a function for which lim,.y f(x) = f(y) whenever limy.,d(x,y) = O.
The Lebesgue-Stieltjes integral over continuous functions can be defined as the limit
of infinitesimal covering diameter: when {E;},_ is a disjoined covering and x; € E; by
definition (3.2.12) one obtains

[ f00dut; (D7) =

[im |:ZUE1X f(xi) inf Zj §+(Eij,D+(Eij)):|.

diam(E;)-0 {Ejj } with Uj EjjoE;

(3.2.13)

From now on, X is assumed metrically unbounded, i.e. for every x € Xand r > 0 there
exists a point y such that d(x,y) > r. The standard assumption that D* is uniquely
defined in all subsets E of X requires X to be regular (homogeneous, uniform) with
respect to the measure,i.e. uf(Br(x),D) = u;i;(B(y),D*) for all elements x,y € X and
(convex) balls B;(x) and B, (y) of the form B.o(X) = {Zd(X,2) < r;X,z € X}.In the limit
diam(E;) - 0, the infimum is satisfied by the requirement that the variation over all
coverings {Ej };., is replaced by one single covering E;, such that
Uj Eij - Ei  xi.Hence
jxf(x)dyﬁ(x,Dﬂ = lim ZUE:x f(x){*(Ei, D). (3.2.14)
diam(E; )»0 i

The range of integration X may be parametrised by polar coordinates with r = d(x,0)
and angle Q. {E:, o}y can be thought of as spherically symmetric covering around a
centre at the origin. In the limit, the function {*(E;o,D") defined by Eq.(3.2.7) is given by

duf,(x,D*) = lim  ¢*(Erq,D*) = dQP-1r0"-gr, (3.2.15)
diam(Er» )—~0

Let us assume now for simplification that f(x) = f(||x||) = f(r) and.lim f(r) = 0. The
r—o0

integral over a D*-dimensional metric space X is then given by

D+ - .
jxf(x)dup(x,m) = jxf(x)dD*x = 1“(127T—2D+ [ . frredr. (3.2.16)
+5)
The integral defined in (3.2.14) satisfies the following conditions.
(i) Linearity:

[ [2af1(x) + @2f200]dufy(x, D*) = & [ [f100dufy(x,D*) + &z [ f200duf;(x,D*).  (3.2.17)
(ii) Translational invariance:
[ fOCH X0)duy (. D*) = | fooduii(x,D*) (3.2.18)

since duj;(X— Xo,D") = duj;(x,D").
(iii) Scaling property:



| f@9dufi(x, D) = a® [  fooduty(x,D*) (3.2.19)
since duj;(x/a,D*) = a® duj;(x,D*).

(iv) The generalised 6P (x) function:
The generalised 6P (x) function for sets with non-integer Hausdorff dimension
exists and can be defined by formula

[ f08°" (X = X0)dufi(x, D*) = f(xo). (3.2.20)

111.3.Hausdorff-Colombeau measure and associated
negative Hausdorff-Colombeau dimensions.

During last 20 years the notion of negative dimension in geometry was many
developed, see [15],[23]-[27].

Remind that canonical difenitions of noninteger positive dimension alwais equipped
with an measure. Hausdorff—-Besicovich dimension equipped with Hausdorff measure
dui (%, D).

Let us consider example of a space of noninteger positive dimension equipped with
the Haar measure.On the closed interval 0 < x < 1 there is a scale 0 < o < 1 of Cantor
dust with the Haar measure equal to x° for any interval (0,x) similar to the entire given
set of the Cantor dust. The direct product of this scale by the Euclidean cube of
dimension k — 1 gives the entire scale k+ o, where k € Z and ¢ € (0,1) [24].

In this subsection we define generalized Hausdorff-Colombeau measure.In subsection
[11.4 we will prove that negative dimensions of fractal equipped with the
Hausdorff-Colombeau measure in natural way.

Let Q be an open subset of R", let X be metric space X < R" and let F be a set
F = {Ei}, Of subsets E; of X. Let {(E,x,X) be afunction{ : F xQ xQ - R.Let CE(Q2)
be a set of the all functions {(E,x) such that {(E,x) € C*(Q2) whenever
E e F.Throughout this paper, for elements of the space C2(Q)*! of sequences of
smooth functions indexed by ¢ € (0,1] we shall use the canonical notations (¢.(E, X)),
and ({:), so (. € CE(QY), € € (0,1].

Definition 3.3.1.We set Ge(Q) = Eu(F,Q)/IN(F,Q), where

Em(F,Q) = {(¢:), € CE(Q)®Y|VK cc Q,Va e N"Ip e N with
SUPEcFxek | (E, X)| = O(e™P) as ¢ — O},
NF,Q) = {(:), € CEQ)®Y|VK cc Q,Va € NVg € N
SUPeerxek (= (E,X)| = O(gY) as ¢ - O}.

(3.3.1)

Notice that Ge(Q) is a differential algebra.Equivalence classes of sequences ({;), will
be denoted by cl[({:),.] or simply [({:),].

Definition 3.3.2.We denote by R the ring of real,Colombeau generalized numbers.
Recall that by definition R = Eu(R)/N(R) [21], where



Em(R) = {(X;), € ROU|3a € R)(Teo € (0,1])Ve < go[[x:| < €]},

(3.3.2)
NMR) = {(x;), € ROU|(Va € R)(3go € (0,1])Ve < go[[x:| < £]}.

Notice that the ring R arises naturally as the ring of constants of the Colombeau
algebras G(Q2).Recall that there exists natural embedding 7 : R — R such that for all
reR,7=(r;), wherer, =rforall ¢ € (0,1]. We say that r is standard number and
abbreviate r € R for short. The ring R can be endowed with the structure of a partially
ordered ring: forr,s e R n € R,,n < 1we abbreviate r <g, Sor simply r <z sif and only if
there are representatives (r.), and (s;), withr, < s, for all ¢ € (0,n]. Colombeau

generalized numberr € R with representative (r.), we abbreviate cl[(r;),].

Definition 3.3.3. (i) Let o € R. we say that ¢ is infinite small Colombeau generalized
number and abbreviate § ~x 0 if there exists representative (5,), and some g e N such

that |6.| = O(e%) as ¢ » 0. (ii) Let A € R. We say that A is infinite large Colombeau
generalized number and abbreviate A = % if A ~¢ 0. (iii) Let R, be R U {0} We say

that @ e R., is infinite Colombeau generalized number and abbreviate ® = oo if there
exists representative (0,), where ®; = « for all ¢ € (0,1].Here we set Emu(R) =
EmR) U {(®;),}, MR.) = NR) and R., = EmRL)INRS).

Definition 3.3.4.The singular Hausdorff-Colombeau measure originate in Colombeau
generalization of canonical Caratheodory’s construction, which is defined as follows: for
each metric space X, each set F = {E;},_, of subsets E; of X, and each Colombeau
generalized function (¢ (E,x,X)),, such that: (i) 0 < ({(E,x, X)), , (i) ((:(E,XX)), =5 0,
whenever E € F, a preliminary Colombeau measure (¢s(E, X X,¢)), can be constructed
corresponding to 0 < § < +oo, and then a final Colombeau measure (u.(E, x,X)),, as
follows: for every subset E — X, the preliminary Colombeau measure (¢5(E, X, X €)), is
defined by

ds(E, X, X, &) = sup {ZieN C:(Ei, X X)|E c |, Ei,diam(E) < 5}. (3.3.3)
{Ei}ien
Since for all ¢ € (0,1] : ¢5,(E,x, X, &) > ¢5,(E,x, X, &) for 0 < 61 < §2 < 4o, the limit

(W(EX,%,€)), = (Iim ¢5(E,x,>“(,g)) - (inf ¢5(E,x,>“(,g)> (3.3.4)
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exists for all E < X.In this context, (u(E, x,X,¢)), can be called the result of
Caratheodory’s construction from ({.(E, x,X)), on F and (¢s(E, x,X,¢)), can be referred to
as the size § approximating Colombeau measure.

Definition 3.2.5. Let ({:(Ei,D*,D7,x,X)), be

(@1(D+)®2(D‘)[dian‘(Ei)]D+ ) T
({o(Ei,D*,D7,x%)), = [doR]P T+ & . |
0 ifx ¢ E

(3.3.5)

where ¢ € (0,1],01(D*),02(D~) > 0.In particular, when F is the set of all (closed or

open)
balls in X,



_p+_ Db~
@(D*) = —2° T _ (3.3.6)

F<1+ D )

-
2

and

OyD) = — 22T

D~ # -2,-4,-6,...,-2(n+1),...

Definition 3.2.6. The Hausdorff-Colombeau singular measure (ux(E,D*,D7,X,X,¢)),
of a subset E < X with the associated Hausdorff-Colombeau dimension
D*(D") € R,,D~ € R,, is defined by

(unc(E,D*,D7,x,%,8)) =
(Iim [ sup {3, (C(Ei,D*,D7,x,%) [E < |J, Ei, Vi(diam(Ei) < 5)}D . (3.3.8)
-0 | {Ei}imn .
D* = sup{D* > O|(urc(E,D*,D7,X,%,£)), = oo },

The Colombeau-Lebesgue-Stieltjes integral over continuous functions f : X - R can be
evaluated similarly as in subsection II1.3,(but using the limit in sense of Colombeau
generalized functions) of infinitesimal covering diameter when {E;},_, is a disjoined
covering and x; € E; :

(Ixf(x)dHHC(E,D*,D‘,X,X,g))g -

( lim |:ZUEFX f(xi) inf ngg(Ei,D+,D—,xi,>'<):|>.

diam(E;)~0 {Eij } with Uj EjjDE;

(3.3.9)

&

We assume now that X is metrically unbounded, i.e. for every x € X and r > 0 there
exists a point y such that d(x,y) > r. The standard assumption that D* and D~ is uniquely
defined in all subsets E of X requires X to be regular (homogeneous, uniform) with
respect to the measure,i.e. (uic(Br(X),D*,D7,x,%¢))_ = (uic(Br(¥),D*,D7,X,¥,¢)) ,
where d(x, %) = d(x,y) for all elements X,y,x,x' € X and convex balls B;(X) and B, (y) of
the form B;(X) = {4d(X,2) < r;X,z € X} and B((y) = {4d(V,2) < r;V,z € X}.In the limit
diam(E;) - 0, the infimum is satisfied by the requirement that the variation over all
coverings {Ej }._ is replaced by one single covering E;, such that

Uj Eij » Ei  xi. Therefore

ijeN

(Ixf(x)dMHC(E,fD*,f)‘,x,)‘(,e;))8 -

) (3.3.10)

(dial!fi(rEri])—*O 2 e x f)Ee(Ei, D", D7, %)

Assume that f(x) = f(r),r = ||r||. The range of integration X may be parametrised by
polar coordinates with r = d(x,0) and angle w.<{E;, » } can be thought of as spherically



symmetric covering around a centre at the origin. Thus

(J.Xf(f)d,uHc(E,If)*,lf)‘,x,i(,g))g =
i o (3.3.11)
( lim ZuEi=x f(ri)gs(Ei,DJr,D_,Xi,x))_

diam(E;)-0
Notice that the metric set X < R" can be tesselated into regular polyhedra; in
particular it is always possible to divide R" into parallelepipeds of the form
Iy, in = X = (X1,...,%Xn) € XX = (ij —1)AX + 7,0 < y; < AX,] = 1,...,n}.  (3.3.12)
For n = 2 the polyhedra IT;, j,is shown in figure 3.3.1.Since X is uniform

(dyHc(x,f)ﬁf)‘,x,)“(,g))g:(‘ lim (T, in,D+,D—,x,>~<)> =

&

Dt
: AXj )
lim " ! S
diam(ITi,.in) HJ=1< i —x|° 1 +e ) (3.3.13)

Fig.3.3.1. The polyhedra covering for n = 2.

Notice that the range of integration X may also be parametrised by polar coordinates
with

r = d(x,0) and angle Q. E, o can be thought of as spherically symmetric covering

around a centre at the origin (see figure 3.3.2 for the two-dimensional case). In the
limit,

the Colombeau generaliza function ({.(E:o,D*,D~,r,0)) is given by

(dunc(r,Q,D*,D,¢)) =
s dQO"-1rD' 1y (3.3.14)

. (Plee)

( lim ) gg(Er,Q’D+’D_1{r’Q}’O)>



E, o Ar

AQ

Fig.3.3.2.The spherical covering E; .

When f(x) is symmetric with respect to some centre X € X i.e. f(X) = constant for all x
satisfying d(x,X) = r for arbitrary values of r, then chainge of the variable

X—>Z=X-X (3.3.15)
can be performed to shift the centre of symmetry to the origin (since X is not a linear

space, (3.3.15) need not be a map of X onto itself and (3.3.15) is measure preseming).
The integral over metric space X is then given by formula

SRR B 402,012 © rP=1(r)
(fxf(x)dyHc(E,D D ,x,x,s))g - TODaDTD (jo — (3.3.16)

l1l.4.Main properties of the Hausdorff-Colombeau metric
measures with associated negative Hausdorff-Colombeau

dimensions.

Definition 3.4.1. An outer Colombeau metric measure on aset X < R"is a
Colombeau
generalized function [(¢.(E)).] € Gr(Q2) (see Definition 3.3.1) defined on all

subsets of X satisfies the following properties:.
(i) Null empty set:The empty set has zero Colombeau outer measure

[(4:(9)),] = 0. (3.4.1)
(i) Monotonicity: For any two subsets A and B of X
AcS B = [(¢:(A),] < [(¢:(B)),]. (3.4.2)

(iif) Countable subadditivity: For any sequence {A;} of subsets of X pairwise disjoint or
not

[@eura AN, ] <z [ (Z]10A)) ] (3.4.3)
(iv) Whenever d(A,B) = inf{dn(X,y)[x € Aiy € B} >0
[($:(AUB)),] = [($:(A)),] + [($:(B)), ], (3.4.4)

where dn(x,y) is the usual Euclidean metric:da(x,y) = /D (X —Vi)?.

Definition 3.4.2. We say that outer Colombeau metric measure (u.),,& € (0,1] isa
Colombeau measure on g-algebra of subests of X < R" if («.), satisfies the following



property:
(@A), 1= [ (Z)10:)) - (3.4.5)

Definition 3.4.3.1f U is any non-empty subset of n-dimensional Euclidean space, R",
the
diamater |U| of U is defined as
U] = sup{d(x,y)x,y € U} (3.4.6)
If F < R", and a collection {U;},_ satisfies the following conditions:
(i) Uil < o foralli € N, (ii) F < Uiev Ui, then we say the collection {U;},_is a J-cover of
F.
Definition 3.4.4.1f F < R" and s,q,0 > 0, we define Hausdorff-Colombeau content:
5 _ Ui [
(H5"(F,¢)), (lnf{zI AT }) (3.4.7)

where the infimum is taken over all 5-covers of F and where x; = (Xi1,...Xin) € U; for
all i e Nand |x]| is the usual Euclidean norm:|x| = /Zj”:lsz.
Note that for 0 < d1 < d2 < 1,¢ € (0,1] we have
S9(F,e) > H3(F,¢) (3.4.8)
since any ¢, cover of F is also a J, cover of F,i.e. H5!(F,¢) is increasing as &

decreases.

Definition 3.4.4.We define the (s,q)-dimensional Hausdorff-Colombeau (outer)
measure

as:
(H34(F,¢)), = (Ilm HS4(F, s)) (3.4.9)
0 &
Theorem 3.4.1.For any J-cover,{U;}of F, and forany ¢ € (0,1], t > s :
HY(F, &) < §™SHSA(F,¢). (3.4.10)
Proof. Consider any d-cover {U;},_of F.Then each |U;|"® < 5% since |Ui| < §, so:
Uil" = [Ui["S|Ui P < 8S|Ui J°. (3.4.11)

From (3.4.11) follows that
|Ui |t - 5t—S|Ui |S

Ixi|9+¢ = Ix%9+e¢ (3.4.12)
and summing (3.4.11) over all i € N we obtain
It
I YR (3.4.13)

=i [[*+ e Xl T+ e

Thus (3.4.10) follows by taking the infimum.

Theorem 3.4.2. (1) If (H>(F,¢)), <z g, and if t > s, then (H'(F,¢)), = Os.
(2) If 05 < (H%9(F,¢)),, and if t < s, then (H'9(F,¢)), = oox.

Proof.(1) The result follows from (3.4.10) after taking limits, since Ve € (0,1] b
definitions follows that H%9(F,¢) < oo,

(2) From (3.4.10) V¢ € (0,1],Vo > O follows that



#qu(p,g) < HYI(F, g). (3.4.14)

After taking limit § -~ 0, we obtain H'(F, &) = o, since lims.o(65!)™ = o« and

lims.o H34(F, &) = HS4(F,¢) > 0.

Definition 3.4.5.We define now the Hausdorff-Colombeau dimension dimyc(F,q) of a
set F (relative to g > 0) as

dimpc(F,q) =
sup{s = S(q)|(HS9(F,¢)), = oo } = inf{s = s(q)|(H%(F,¢)), = Oz }.

Remark 3.4.1.From theorem 3.4.2 follows that for any fixed q = q :

(H%9(F,¢)), = Oy or (H%4(F,¢)), = cox everywhere except at a unique value s, where
this

value may be finite. As a function of s,HSI(F, ¢) is decreasing function. Therefore, the

graph of H39(F, &) will have a unique value where it jumps from o to 0.

Remark 3.4.2.Note that the graph of (HS'q(F,g))‘E forafixedq=qis

(3.4.15)

O if s< dich(F,Q)
(H4(F,¢)), = Ox if s> dimuc(F,q) (3.4.16)

undetermined if s = dimuc(F,q)

Definition 3.4.6.We say that fractal # < R" has a negative dimension relative toq > 0
if dimpc(F,q) — g < 0.

V. Scalar quantum field theory in spacetime with
Hausdorff- Colombeau negative dimensions.

IVV.1.Equation of motion and Hamiltonian.

Scalar quantum field theory and quantum gravity in spacetime with noninteger positive
Hausdorff dimensions developed in papers [29]-[32].Quantum mechanics in negative
dimensions developed in papers [33],[34] Scalar quantum field theory and quantum
gravity in spacetime with Hausdorff-Colombeau negative dimensions originally
developed in paper [15].In this section only free scalar quantum field in spacetime with
negative dimensions briefly is considered.

A negative-dimensional spacetime structures is a desirable feature of
superrenormalizable spacetime models of quantum gravity, and the most simply way to
obtain it is to let the effective dimensionality of the multifractal universe to change at
different scales. A simple realization of this feature is via suitable extended fractional
calculus and the definition of a fractional action. Note that below we use canonical
isotropic scaling such that:

[x*]=-1L,u=0,1,..,Di-1 (4.1.1)

while replacing the standard measure with a nontrivial Colombeau-Stieltjies measure,
dPix - dPix = (dn(x.€)),,
[77] = Dt a0 € [11_00)'

(4.1.2)



Here Dy is the topological (positive integer) dimension of embedding spacetime and a is
a parameter.Any Colombeau integrals on net multifractals can be approximated by the
left-sided Colombeau-Riemann-Liouville complex milti-fractional integral of a function
L(t) :

. N m & [f—t)+ig]?®7
(Jynxo)2®) o ('“”);(ZHL r&m) ﬂt)dt)g’ wis)

C(1EO —[E-t) +ig]*
(n(t.€)), = ( Ta® + D) )

where ¢ € (0,1], tis fixed and the order z(t) is (related to) the complex
Hausdorff-Colombeau dimensions of the set. In particular if z € C,i = 1,2,...,mis a
complex parameters an integrals on net multifractals can be approximated by finite sum
of the left-sided Colombeau-Riemann-Liouville complex fractional integral of a function
L(t)

(f dn (X, 8)i(t)> oc (,{m.l)
2008, = 2 (F(z) [l +ie]* 11(0) (4.1.4)
o (A1) +ig]”
(n(t,e)), = Zi=l( ['(z+1) )8.

Note that a change of variables t - t -t trasforms Eq. (4.1.4) into the form

GZ dn(x,s)gﬁ(t)>8 - Zi’jl( [ dt %;ﬁ(f— t))g. (4.1.5)

The Colombeau-Riemann-Liouville multifractional integral (5.1.5) can be mapped onto
a Colombeau-Weyl multifractional integral in the formal limit t - +o0.We assume
otherwise,so that there exists limg.,., z(t) and limg, ., £ —t) = £[q(t),§(t)]. In particular if

z € Cis a complex parameter a change of variables t - t — t trasforms eq. (5.1.5) into
the form

- v 1zi-1
2008, = 20 (I Zdt%s@[q(t),q(t)o . (4.1.6)

This form will be the most convenient for defining a Colombeau-Stieltjes field theory
action.In D dimensions, we consider now the action

(S2), = (], dn062)LL0:00,8,0:0]) (4.1.7)
where L[, 0,¢] is the Lagrangian density of the scalar field (¢.(x)), and where
(A e)), = 0TS (fite)) e, (fyxe)) M-, (4.1.8)

is some Colombeau-Stieltjes measure. We denote with pair (M, (dn(x,€)),) the metric
spacetime M equipped with Colombeau-Stieltjes measure (dn(x,¢)),. The former can be
taken to be the canonical scalar field Lagrangian,

(L[@:(X),0,0:(X)]), = _%(ay(l)saﬂ(l)g)g - (M(9:)),, (4.1.9)



where V(¢) is a potential and contraction of Lorentz indices is done via the Minkowski
metric nu = (=, +,...+) ,.As for the Colombeau-Stieltjes measure, we make the

multifractal spacetime isotropic choice
(f(ﬂ,i),s)g — (f)p=1,....Di-Li=1..m (4.1.10)

Hence the scalar field action (4.1.7) reads

(), = (], an0&)L[0:00,0,0:(0)] )

(4.1.11)
(I thXVEJ(X)[ Ou@ 0" e +V(‘Pe)i|>81
where (v¢(X)), is a coordinate-dependent Lorentz scalar
1
Vej(X)), = : 4.1.12
( J( )) ( [SJ (X)]Dl(la_ll) te )8 ( )
We define now the Dirac distribution as Colombeau generalized function by equation
Z’Zl(j dn, (x,s)ai'ijf;’(x,g)L . (4.1.13)
In particular for for the case m= 1
(j dn(x,g)é({'a;)(x,s)L -1 (4.1.14)

Invariance of the action under the infinitesimal shift ¢(x) - @(X) + dp(x) gives the
equation of motion for a generic weight (vi,),,i = 1,...,m

(g(i ) B Zrlq(a\’?ﬁ\,’;’g ) + d()j(u ] a(gj)g) ) = 0. (4.1.15)

In particular for for the case m = 1 we obtain

oL\ _ (] OuVe d} oL _
(6%)5 ([ AT a(au%)l 0. (4.1.16)

From Eq.(4.1.11) and Eq.(4.1.15) we obtain

Uo.), +Z {([ ”V'E :|6“(pg)g} (d% V(q)g))g = 0. (4.1.17)

where [J = 0,,0*.In particular for for the case m = 1 we obtain

G+ ([ S5 Joro.) - (Gveen) -0 (4.1.18)

IVV.2.Propagator in configuration space with

negative-dimensions.
We define the canonical vacuum-to-vacuum amplitude by

Z3,2)), = ([ Do exp[i X, [dnio(L+0.9)]) (4.2.1)

where J is a source. Integration by parts in the exponent leads to the Lagrangian density
for a free field as




OV e ~
€0, = 3(o.(D 2 Sl 0r -2 o) - S50, (4.2.2)

where
m auVJ e 2.
=0+ 2 v, -m?j=1,...,m (4.2.3)
In particular for for the case m = 1 we obtain
3, =0+ a(;l’g on — e, (4.2.4)

The propagator is the Green function (G;(x)), solving the equation
(3:G:(x)), = (67 (%.8)),, (4.2.5)
where D~ = Di(a — 1) < 0.By virtue of Lorentz covariance, the Green function G.(x)

must depend only on the Lorentz interval s? = x,x* = x;x' — t?,where x° = t and
i =1,...,D¢— LIn particular, (v;), = (ve(s(X))), with the correct scaling property is

(Va(s00)), = ((s001P 1 +) ™) L1500 = o (4.2.6)
Note that
Di-1
Ou = (S+ o 0,1 = 02 + (5;8)8 Os. (4.2.7)

Hence the inhomogeneous equation (4.2.5) reads

(ag D1y mz)(Gg(x))s = (67 (%,€)),. (4.2.8)

(s+e),

We first consider the Euclidean propagator and denote with r = /x;x' +t? the
Wick-rotated Lorentz invariant. In the massless case, the solution of the homogeneous
equations forany a < 0is

(G:(r)), = Cr¥,p = 22l (4.2.9)

Let us now consider the massive case.The solution of the homogeneous equation
(3:G(r)), =0foranya < Ois
24Dt ]

(Ge(r)), = <%> i [ClK_w(mr)+Czl_w(mr)i|, (4.2.10)

where C4,C, are constants and K ;, and | ; are the modified Bessel functions. The
function 1,(z) is

B © (ﬂZ) v+2k
1, (2) = Zk:o RO ikiD" (4.2.11)

Formula (4.2.11) is valid providing v # -1,-2,-3,....

B © (ﬂz)—|v|+2k
@ = T KD (4.2.12)

Formula (4.2.12) is obtained by replacing vin (4.2.13) with a —v.
Kow(@ = -5z m@ - 1] (4.2.13)

29 n|v|7r
The modified Bessel functions | ,(z) and K_;,(2) have the following asymptotic forms
forz- 0:



1., 2 -l
K@) = 5T( |V|)<z> Am(@ = 7z |v|+1)< ) (4.2.14)
v#-1,-2,-3,....

Since for small m ~ 0 the solution must agree with the massless case (4.2.9), we can set
C, = 0.To find the solution of the inhomogeneous equation, one exploits the fact that the
mass term does not contribute near the origin. Expanding Eq. (4.2.10) at mr ~ 0 when
a < 0(Cz =0), we find
4+Dt laj | " t i 2+Dt 2+Dyelaj|
(Ge(r)), = Cr2— = (- 22 (r2) (4.2.15)
which must coincide with Eq.(5.3.17). This gives the coefficient C; and the propagator
reads
2+Dt,i <|aj]

2 K 2o (mr). (4.2.16)
2

G(r) =

ﬂl% F( DtIﬂI) (2r>
V.The solution cosmological constant problem

V.1.Einstein-Gliner-Zel'dovich vacuum with tiny Lorentz
invariance violation.

We assume now that:

(i) Poincaré group of momentum space is deformed at some fundamental high-energy
cutoff A, [9],[10].

(i) The canonical quadratic invariant ||p||? = n?paps collapses at high-energy cutoff A,
and being replaced by the non-quadratic invariant:

n2°Paps
Ipll? = @rlpo) (5.1.1)
(iii) The canonical concept of Minkowski space-time collapses at a small distances
lr, = A3! to fractal space-time with Hausdorff-Colombeau negative dimension and
therefore the canonical Lebesgue measure d*x being replaced by the
Colombeau-Stieltjes
measure

(dn(x,€)), = Va(sx))d*x) , (5.1.2)
where
(Va(s00)), = ((s001° 1 +) ™) |
S(X) = /XX,

(5.1.3)

see subsection 1V.2.

(iv) The canonical concept of momentum space collapses at fundamental high-energy
cutoff A, to fractal momentum space with Hausdorff-Colombeau negative dimension
and therefore the canonical Lebesgue measure d3k,where k =(k,ky,k,) being replaced
by the Hausdorff-Colombeau measure



ooy 2 MDAk ADNAD )P dp

— <|k||D7|+8>8 B (p|D*|_*_g)‘E ) (5 14)
where A(D*) = 202 and p = K| = /Kkx+ky + k.

'(D*/2)
Remark 5.1.1.Note that the integral over measure d®"P k is given by formula(3.3.16).
Thus vacuum energy density ¢(D*,D~, uet, ps«) for free quantum fields is

e(D*,D7, peit, Ps) = &(uerr) + €(peit, Px) + E(D*, D7, peit, Ps ). (5.1.5)
Here the quantity e(ue+) is given by formula

e(uett) = 2(27]r-h)3 J.Zéf duf(u) J. k% + 2 d3k =

Ikll< 1
) ) [ (5.1.6)
KIO duf(u) f JP? +u?p*dp = KIO Glﬂf(u)f,/lozﬂi2 p2dp
p<u 0
where K = (22’;1)3 ,C = 1. The quantity e(ues, P«) IS given by formula
T
u
&(uett, Ps) = 2(2;;,)3 joe” duf) [ K+ pPdk =
<[k |l<p«
» pellep (5.1.7)
K[ “duf) [ o7+ u?pPdp
0

p<lIk]|<p-
The quantity £(D*,D~, uet, P«) (since Eqg.(1.1.18) holds) is given by formula
£(D*,D7, et px) =

off 2 412 518
<[ o) | [ o+ =t J”'A* +<|k|2+u2>JdD*’Dk, 619

T It SN T I By e
where K' = 1 5.c=1
2(21h)
Remark 5.1.2. We assume now that p2l3, < 1,u%%, < 1and therefore from
Eq.(5.1.8)
we obtain

8(D+!D_1/Jeff1p*) =
Kia[“fwde [ ok [ [ e ek 619

[klI=p« K [I=px

From Eq.(5.1.9) and Eq.(5.1.4) we obtain



e(D*,D7, teft, Ps) =

K[ " foudn [ ke k! [ “dutGn) [k u?d ok

Ik l1=p- Ik l1=p-

(K’lAA(D+)A(D‘) I :ﬁ fdu(u)ﬂ2> fw (é’z—ii%

/ pD 1dp

p'D o),

(K1A8@)a@) [ Guuidn) [ p° " tdps

(5.1.10)

+K'A(D*)A(D") j duf(u) j

+KADOAD) [ ") [ o u?p° 0 2

Remark 5.1.2.We assume now that:
D-+D"+2< -6. (5.1.11)
Note that

u 0 - u © 2 .
i dut [ o uEoe o dp= [ auto [ 1+ £ pP0'dp=
0 oM
H *® -4+ +
[, fGodu [ 20 dps 4 [ fGoucdu [ p° 0 2dp—
0 oM

5 J, feoutdu [ p° 0 2dp+ O(p2 ) = (5112

pp o+t Heff pp " Heff 2
D LD 1 f f(u)du + 20 +D°) f f(u)udu

p*D +D*-1
8D +D* -

D _f f(u)pdu + O(p2+P"*).

Thus finally we obtain

e(D",D7, peit, Px) =
K pD +D*+1 pD +D*

o j“‘* F(u)du + ([K IAA(D*)A(D") + 0. 5]] f(,u)uzdy) - si13)

_ K'p?br Heft 4 D-+D*-4
8D +D -1 f f(u)u*du + O(px )-

Remark 5.1.3.Note that (see Egs.(1.2.12)):

T(peft, Ps) = e(uert) + E(Ueft, Px) =

Heff Heff Heff
Lps f f(u)du + L p?2 f f(u)udu + (Cl -4 |np*) f f(u)utdu +
4 4 8
0 0 0 (5.1.14)

et Heff et
-1 { f()ut(Inp)du — (p_12)3_12 { fGutdu + O(I f(”)“8>p*5'

0

From Eq.(5.1.5),Eq.(5.1.13) and Eq.(5.1.14) finally we obtain



e(D*,D7, peft, Ps+) = e(esr) + (e, Px) + E(D*, D7, test, Ps) =

Heff Heff Heff
%Di‘ f f(u)du + %DE f f(u)udu + (Cl - % |np*) f f(u)utdu +
0 0 0

Het Hest Hett (5.1.15)
& [ taomtinwda- (% )5 [ foudu 0< J f(u)u8> s
O o O
The pressure p(D*,D~, u«t, p«) for free scalar quantum field is
P(D*, D7, peit, P+ ) = P(uest) + P(iest, P ) + P(D, D7, prest, Ps). (5.1.16)
Here the quantity p(uet) is given by formula

pluar) = & [ aufw) |

2p4 2 dp.
Ipl<u VP™TH

(5.1.17)

The quantity p(uet, p«) is given by formula

Puar,pr) = I:Eﬁ dufw) [

Pt 4
- p_
isinl<p, VPP M

The quantity p(D*,D™, e, P« ) IS given by formula

_ orH 4
pD".D" ptar,p) = A5 [ " [ ) —=P=dp (5.1.19)
0

2 2
Ipli>p. VPTtH

(5.1.18)

1
2(2nh)3’
Remark 5.1.4.Note that (see Egs.(1.2.12)):

where K' = c=1

Puest, Px) = Puert) + P(ueft, P<) =

Heft Heft Heff

1—12pi‘ f f(u)du — 1—12|03 f f(u)udu + (Cz + % |np*) f f(u)utdu —
0

0 0

(5.1.20)

0 0

Heft Heff Heft
_% j f(u)u(Inp)du + (%) iz f f(u) Oy + O( f f(u)u8>p*5-
0

From Eq.(5.1.15),Eq.(5.1.19) and Eq.(5.1.20) similarly as above finally we get
pP(D*, D7, pet, Px) =

Heft Heft Heff

1—12pi‘ f f(u)du — 1—12|03 f f(u)udu + (Cz + % |np*) f f(u)utdu —
0 0 0

. B » (5.1.21)
_% j f(u)u(Inp)du + (%) 3—12 f f(u) Oy + O( f f(u)u8>p*5 +
0

0 0

+O(p?*+D++2 )

Remark 5.1.5.We assume now that:



Het Het Heft

J tandu = [ tGouPdu = [ fgoutdu = 0 (5.1.22)

0 0 0
From Eq.(5.1.15),Eq.(5.1.21) and Eq.(5.1.22) finally we get

¢ £ &(D*,D7, yerr, Ps) = ()t (Inp)du + O(p3?),

foe] (=
o'—;;f

(5.1.23)

f

p = (D+’ D_’“eff! p*) == f(ﬂ)“4(|nﬂ)d“ + O(p;z)

foe][=
o'—;;f

Remark 5.1.5. Note that the Eq.(5.1.23) can be obtained without fine-tuning

(5.1.22) which was ussumed in Zel'dovich paper [1].
In order to obtain Eq.(5.1.23) ander strictly weaker conditions we assume now that:

(i)
G| = ffsm () +fom ()| = pat, (5.1.24)

where n > 0is an parametr, fsm (1) corresponds to standard matter and where fgm (1)
corresponds to physical ghost matter,see Eq.(1.2.2).

(ii)
Hef Heff Heft
I = p¢ [ f(u)du = 012 = p2 [ fwp?du = 015 = Inp. [ fu‘du~0  (5.1.25)
0 0 0
(iii)
Heff
[li+l2+15| < j f)p*(np)du |. (5.1.26)
0
V.2. Zeropoint energy density corresponding to a
non-singular Gliner cosmology.
We assume now that
Heff Heff Heff
— 4 2
{ f(u)du = O, j f()utdy < 0, j f()u?dy > 0, 521

P« > et

From Eq.(5.1.15),Eq.(5.1.21) and (5.2.1) we obtain



e = e(D*,D7, uet, Ps) =

Heit

f f(u)udu

0

Heit

%pf f f(u)udu — (Cl— %lnp*)

0

Heft Heff Heft
+% j f(u)p*(np)du — (p—lz) 3—12 { f(u)pbdu + O( f f(u)u8>p*5 +

0 0

+

(5.2.2)

+O(p9*+D++2 )’
and

p = p(D+’D_’“eff!p*) =

Het

02 [ fwrdu - (Cz+ £1np.)

0

Heft Heff Heft
_% j f(u)u(Inp)du + (%) 3—12 j f(u) Oy + O( f f(u)u8>p*5 +
0

0 0

Het

f f(u)udu

0

(5.2.3)

+O(p9*+D++2)
correspondingly.From Eq.(5.2.2) and Eq.(5.2.3) we obtain
P+e=

u
_%pg ff f(u) u2dy — (302 + %Inp*)

0

Heit

f f(u)udu

0

Het Heft

_3 4 5 1\.3 6
3 j G (lnu)olw(pE ) 3 j f() Sl +
Heff

%pf f f(u)udu — (Cl— %lnp*)

0

Heit

f f(u)udu

0

+

(5.2.4)
Heif Heff

& [ twomtinwda- (3 ) [ fndu -

0 0

Heif

f f(u)udu

0

Heit

f f(u)udu

0

Heft

~ Inp. ~(3C2+Cy) — | fwrttnmdu+
0

Heff
5\ L 6
+( o? ) 16 '([ f(u)p’du < 0.

Therefore under conditions (5.2.1) the inequality
-26<3p+e<0 (5.2.5)
corresponding to Gliner non-singular cosmology [2],[4] is satisfied.

V.3. Zeropoint energy density in models with supermassive



physical ghost fields.

We assume now that:

() ghost fields corresponding to massive spin-2 particle with mass m, and to massive
scalar particle with mass my appears (see subsection 11.2) as real physical fields in
action ()

Remark 5.3.1.Note that their unphysical behavior may be restricted to arbitrarily

high-energy cutoff A by an appropriate limitation on the renormalized masses m; and
Mp.

Actually, it is only the massive spin-two excitations of the field which give the problem
with

unitarity and thus require a very large mass (see subsection 11.2).

(if) Poincaré group is deformed at some fundamental high-energy cutoff A.

As = A(Mg,Mp) < MC? < MyC2. (5.3.1)

The canonical quadratic invariant ||p||? = 72°paps collapses at high-energy cutoff A,
and

being replaced by the non-quadratic invariant:

2 _ _N°°PaPy
el = IR (5.3.2)

(iif) The canonical concept of Minkowski space-time collapses at a small distances to

fractal space-time with Hausdorff-Colombeau negative dimension and

therefore the canonical Lebesgue measure d*x being replaced by the
Colombeau-Stieltjes

measure
(dn(x,€)), = (Ve(s(x))d*x) , (5.3.3)
where
(ve(s00)), = ((s00P 1 +) ™) 150 = X, (5.3.4)
(iv) we assume that
f(w) = fsm(u) +fgm (u), (5.3.5)
where fsm (1) corresponds to standard matter and where fgm (1) corresponds to

physical
ghost matter.
Remark 5.3.2.We assume now that

O(u™),n>1 MeC < uggy < i < pgy < MC
[f(u)| = : : (5.3.6)
0 Hagr > 1> Hgs
Thus vacuum energy density g(D*, D‘,uéﬁyﬂéf) for free quantum fields is
e(D*, D7, g &) = &(uagr s, ) +E(D*.D7, g, ). (5.3.7)

Here the quantity e (uk;, u. ) is given by formula



2
eQuin ) = =2 [ duf) | KPP dk =
202nh)® i
= Ju

y (5.3.8)
= Kf#ff duf(w) [ JP7+u?p2dp,
eff
p< Jm

where K = —£L— ¢ = 1. The quantity £(D*,D~, uk, u% ) is given by formula
here K (22’;1)3 1. Th ity 2(D*, D", uky, %) is given by formul
T

£(D*,D7, ug i) =

4 u? u?lz .. 5.3.9
K’J.#eff duf(u) I s + L . + (|k|2 +p?) |dPPk, ( )
F 1- p?% 1 2|2 1- p?%
af K> /7 A uely, As

where K' = 1 7.c=1
2(2rh)

Remark 5.3.2. We assume now that p2l% < 1,and therefore from Eq.(5.3.9) we
obtain

¢(D*,D", ugr i) =

: 2
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From Eq.(5.3.10) and Eq.(5.1.4) we obtain
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Note that
(5.3.12)

By inserting the Eq.(5.3.12) into the Eq.(5.3.8) we get
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The pressure p(D*,D", uk, u%;) for free quantum fields is

p(D*.D", ugr, %) = PQudr & ) +P(D*, D7, gy i) (5.3.14)
Here the quantity p(u, 1%, ) is given by formula
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The quantity p(D*,D", uk;, %) is given by formula
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By inserting Eq.(5.3.17) into Eq.(5.3.15) we get
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VI.Discussion and conclusion

We will now briefly review the canonical assumptions that are made in the usual
formulation of the cosmological constant problem.

The canonical assumptions:

1.The physical dark matter.

Dark matter is a hypothetical form of matter that is thought to account for
approximately

85% of the matter in the universe, and about a quarter of its total energy density. The

majority of dark matter is thought to be non-baryonic in nature, possibly being
composed

of some as-yet undiscovered subatomic particles.Its presence is implied in a variety of

astrophysical observations, including gravitational effects that cannot be explained
unless

more matter is present than can be seen. For this reason, most experts think dark
matter

to be ubiquitous in the universe and to have had a strong influence on its structure and

evolution. The name dark matter refers to the fact that it does not appear to interact
with

observable electromagnetic radiation, such as light, and is thus invisible (or 'dark’) to
the

entire electromagnetic spectrum, making it extremely difficult to detect using usual

astronomical equipment.Because dark matter has not yet been observed directly, it
must

barely interact with ordinary baryonic matter and radiation. The primary candidate for
dark

matter is some new kind of elementary particle that has not yet been discovered, in



particular, weakly-interacting massive particles (WIMPSs), or gravitationally-interacting

massive particles (GIMPs).Many experiments to directly detect and study dark matter

particles are being actively undertaken, but none has yet succeeded.

2.The total effective cosmological constant A is on at least the order of magnitude of
the

vacuum energy density generated by zero-point fluctuations of the standard particle
fields.

3.Canonical QFT is an effective field theory description of a more fundamental

theory, which becomes significant at some high-energy scale A..

4.The vacuum energy-momentum tensor is Lorentz invariant.

5.The Moller-Rosenfeld approach [35],[36] to semiclassical gravity by using an
expectation

value for the energy-momentum tensor is sound.

6.The Einstein equations for the homogeneous Friedmann-Robertson-Walker metric

accurately describes the large-scale evolution of the Universe.

Remark 6.1.1.Note that obviously there is a strong inconsistency between
Assumptions

2 and 3: the vacuum state cannot be Lorentz invariant if modes are ignored above
some

high-energy cutoff A., because a mode that is high energy in one reference frame will
be

low energy in another appropriately boosted frame. In this paper Assumption 3 is not
used

and this contradiction is avoided.

Remark 6.1.2.Note that also, Assumptions 1, 3,4 and 5 is modifed, which we denote
as

Assumptions 4 and 5 respectively

Modified assumptions

1'.The physical dark matter.

2' The total effective cosmological constant A« is on at least the order |ue| ™ In|uest|
of

magnitude of therenormalized vacuum energy density generated by zero-point

fluctuations of standard particle fields and ghost particle fields,see subsection 1.2.

4'.The vacuum energy-momentum tensor is not Lorentz invariant.

VI1.1.The physical ghost matter and dark matter nature

In the contemporary quantum field theory, a ghost field, or gauge ghost is an
unphysical state in a gauge theory. Ghosts are necessary to keep gauge invariance in
theories where the local fields exceed a number of physical degrees of freedom.For
example in quantum electrodynamics, in order to maintain manifest Lorentz invariance,



one uses a four component vector potential A,(x), whereas the photon has only two
polarizations. Thus, one needs a suitable mechanism in order to get rid of the unphysical
degrees of freedom. Introducing fictitious fields, the ghosts, is one way of achieving this
goal. Faddeev-Popov ghosts are extraneous fields which are introduced to maintain the
consistency of the path integral formulation. Faddeev-Popov ghosts are sometimes
referred to as "good ghosts".

"Bad ghosts" represent another, more general meaning of the word "ghost" in
theoretical physics: states of negative norm,or fields with the wrong sign of the kinetic
term, such as Pauli-Villars ghosts, whose existence allows the probabilities to be
negative thus violating unitarity.

(VI.1) In contrary with standard Assumptionl in the case of the new approach
introduced

in this paper we assume that:

(VI.1.1.a) The ghosts fields and ghosts particles with masses at a scale less then an
fixed

scale mg; really exist in the universe and formed dark matter sector of the universe,in

particular:

(VI.1.1.b) these ghosts fields gives additive contribution to a full zero-point fluctuation
(i.e.

also to effective cosmological constant A« [5],see subsection 1.2).

(VI.1.1.c) Pauli-Villars renormalization of zero-point fluctuations (see subsection 1.2) is
no

longer considered as an intermediate mathematical construct but obviously has
rigorous

physical meaning supported by assumption (l.a-b).

(VI.1.2) The physical dark matter formed by ghosts particles;

(VI.1.3) The standard model fields do not to couple directly to the ghost sector in the

ultraviolet region of energy at a scale less then an fixed large energy scale A.,in

particular:

(VI.1.3.a) The "bad" ghosts fields with masses at a scale less then an fixed scale mgs,

where mgiC? < A.,cannot appear in any effective physycal lagrangian which contain
also

the standard particles fields.

In additional though not necessary we assume that:

(VI.1.4) The "bad" ghosts fields with masses at a scale m,,where m.c? > A.can
appear

in any effective physycal lagrangian which contain also the standard particles fields,in

particular:

(VI.1.4.a) Pauli-Villars finite renormalization with masses of ghosts fields at a scale m.
of

the S-matrix in QFT (see subsection 11.1-2) is no longer considered as an intermediate

mathematical construct but obviously has rigorous physical meaning supported by

assumption (1V).

(VI.1.4.b) If the "bad" ghosts fields coupled to matter directly, it gives rise to small and

controlable violetion of the unitarity condition.

Remark VI.1.3.We emphazize that in universe standard matter coupled with a



physical
ghost matter has the equation of state [3]:

Het

__ ~ L[ fopting)dy = Shvae 6.1.1
evac(pert) = —Plpert) = 5 | Tu(Inu)du = =57==, (6.1.1)
0
where
Ou™,n>1 p< ues
f(u)| = { (6.1.2)
0 M > et

and where uqr = mgiC (See subsection 1.2,Eq.(1.2.16)) and therefore gives rise to a de
Sitter phase of the universe even if bare cosmological constant A = 0.

V1.2.Different contributions to A

The total effective cosmological constant A« is on at least the order of magnitude of
the vacuum energy density generated by zero-point fluctuations of standard particle
fields.

Assumption 2 is well justified in the case of the traditional approach, because the
contribution from zero-point fluctuations is on the order of 1 in Planck units and no other
known contributions are as large thus, assuming no significant cancellation of terms
(e.g. fine tuning of the bare cosmological constant 1), the total A«; should be at least on
the order of the largest contribution [14].

(VI.2) In contrary with standard Assumptionl in the case of the new approach
introduced

in this paper we assume that:

(VI.2.1) For simplisity though not necessary bare cosmological constant 2 = 0.

(VI.2.2) The total effective cosmological constant A depend only on mass distribution

f(u) and constant u«; = mg;C but cannot depend on large energy scale ~ A.

Remark VI.2.1.Note that in subsection we pointed out that under Assumption VI.1 if
bare

cosmological constant A = 0 the total cosmological constant A4 is on at least the
order

|uess| T of magnitude of the renormalized vacuum energy density

generated by zero-point fluctuations of standard particle fields and ghost particle fields

-n+5

Hetf

svac(en) = g | Tu0ut(Inu)du + O(A2),

0 (6.2.1)

Hetf

Puac(uan) =~ | f0u(Inmdu + O(A:2).
0

VI.3. Effective field theory and Lorentz invariance violetion



To prevent the vacuum energy density from diverging,the traditional approach also
assumes that performing a high-energy cutoff is acceptable. This type of regularization
is a common step in renormalization procedures, which aim to eventually arrive at a
physical, cutoff-independent result. However,in the case of the vacuum energy density,
the result is inherently cutoff dependent, scaling quartically with the cutoff A..

Remark VI.3.1. By restricting to modes with particle energy a certain cutoff energy

ok < A.afinite, regularized result for the energy density can be obtained. The result is

proportional to A4.Any other fields will contribute similarly, so that if there are ny
bosonic

fields and ns fermionic fields, the density scales with (n, — 4n¢) A%. Typically, the cutoff
is

taken to be near = 1 in Planck units (i.e.the Planck energy), so the vacuum energy
gives a

contribution to the cosmological constant on the order of at least unity according to

EqQ. (6.2.4). Thus we see the extreme ne-tuning problem: the original cosmological

constant A must cancel this large vacuum energy density ¢yac ~ 110 a precision of 1 in

10%?° -put not completely- to result in the observed value A = 1072°[5].

Remark VI.3.2. As it pointed out in this paper that a highenergy theory, i.e. QFT in
fractal space-time with Hausdorff-Colombeau negative dimension would not display the
zero-point fluctuations that are characteristic of QFT, and hence that the divergence
caused by oscillations above the corresponding cutoff frequency is unphysical. In this
case, the cutoff A, is no longer an intermediate mathematical construct, but instead a
physical scale at which the smooth,continuous behavior of QFT breaks down.

Poincaré group of the momentum space is deformed at some fundamental
high-energy cutoff A, The canonical quadratic invariant ||p||? = n2°papp collapses at
high-energy cutoff A. and being replaced by the non-quadratic invariant:

2 __ 1°"Papo
Ipll* = IR (6.3.1)

Remark VI.3.3. In contrary with canonical approuch the total effective cosmological

constant A« depend only on mass distribution f(u) and constant ue = mgrC but cannot
depend on large energy scale ~ A..

V1.4. Semiclassical Moller-Rosenfeld gravity

Assumption 5 means that it is valid to replace the right-hand side of the Einstein
equation T,, with its expectation (T, ). It requires that either gravity is not in fact
guantum, and the Moller-Rosenfeld approach is a complete description of reality, or at
least a valid approximation in the weak field limit. The usual argument states that the
vacuum state |0) should be locally Lorentz invariant so that observers agree on the
vacuum state. This means that the expectation value of the energy-momentum tensor
on the vacuum, (0|'IA'W|O>,must be a scalar multiple of the metric tensor g,, which is the
only Lorentz invariant rank (0, 2) tensor. By using Moller-Rosenfeld approach the
Einstein field equations of general relativity, a term representing the curvature of
spacetime R,, is related to a term describing the energy-momentum of matter (O[T ,,|0),



as well as the cosmological constant A and metric tensor g,, reads:
Ruv — LRYG,w + AGuy = 87(0[T ., 0). (6.4.1)

The Too component is an energy density, we label (0|'IA',W|O> = €vac, SO that the vacuum
contribution to the right-hand side of Eq.(6.4.1) can be written as
87(0[T w|0) = 87&vacTur- (6.4.2)
Subtracting this from the right-hand side of Eq.(6.4.1) and grouping it with the
cosmological constant term replaces with an "effective” cosmological constant [5]:
Aeit = A + BméEyac. (6.4.3)
Note that in flat spacetime, where g,, = diag(-1,+1,+1,+1), Eq.(6.4.2) implies
Evac = —Pvac, Where pyac = (O[Tii[0) for any i = 1,2,3 is the pressure. Obviously this implies
that if the energy density is positive as is usually assumed, then the pressure must be
negative, a conclusion which extends to any metric g,, with a (-1,+1,+1,+1) signature.
Remark VI.4.1.In this paper we assume that the vacuum state |0) should be locally
invariant under modified Lorentz boost (1.1.18) but not locally Lorentz invariant.
Obviously this assumption violate the Eq.(6.4.2). However modified Lorentz boosts

(1.1.18) becomes Lorentz boosts for a sufficiently small energies and therefore in IR
region one obtain in a good aproximation

87(0[T . |0) ~ 87&vacG,n (6.4.4)
and
et ® A+ 8mévac. (6.4.5)
Thus Moller-Rosenfeld approach holds in a good approximation.

V1.5. Quantum gravity at energy scale A < A.Controlable
violetion of the unitarity condition.

Gravitational actions which include terms quadratic in the curvature tensor are
renormalizable. The necessary Slavnov identities are derived from Becchi-Rouet-Stora
(BRS) transformations of the gravitational and Faddeev-Popov ghost fields. In general,
non-gauge-invariant divergences do arise, but they may be absorbed by nonlinear
renormalizations of the gravitational and ghost fields and of the BRS transformations
[13].The geneic expression of the action reads

lym = — j d*x /=g (aRR™ — BR2 + 2c2R), (6.5.1)

where the curvature tensor and the Ricci is defined by R%,, = 6,I'%, and R, = Rfm
correspondingly, k? = 327G. The convenient definition of the gravitational field variable in
terms of the contravariant metric density reads

khe = g# /=g — ™. (6.5.2)

Analysis of the linearized radiation shows that there are eight dynamical degrees of
freedom in the field. Two of these excitations correspond to the familiar massless spin-2
graviton. Five more correspond to a massive spin-2 particle with mass my. The eighth
corresponds to a massive scalar particle with mass mg. Although the linearized field



energy of the massless spin-2 and massive scalar excitations is positive definite, the
linearized energy of the massive spin-2 excitations is negative definite. This feature is
characteristic of higher-derivative models, and poses the major obstacle to their physical
interpretation.

In the quantum theory, there is an alternative problem which may be substituted for
the negative energy. It is possible to recast the theory so that the massive spin-2
eigenstates of the free-fieid Hamiltonian have positive-definite energy, but also negative
norm in the state vector space.These negative-norm states cannot be excluded from the
physical sector of the vector space without destroying the unitarity of the S matrix. The
requirement that the graviton propagator behave like p= for large momenta makes it
necessary to choose the indefinite-metric vector space over the negative-energy
states.The presence of massive quantum states of negative norm which cancel some of
the divergences due to the massless states is analogous to the Pauli-Villars
regularization of other field theories. For quantum gravity, however, the resulting
improvement in the ultraviolet behavior of the theory is sufficient only to make it
renormalizable,but not finite.

Remark 6.5.1.(I)The renormalizable models which we have considered in this paper
many years mistakenly regarded only as constructs for a study of the ultraviolet problem
of quantum gravity. The difficulties with unitarity appear to preclude their direct
acceptability as canonical physical theories in locally Minkowski space-time. In canonical
case they do have only some promise as phenomenological models.

(I1) However, for their unphysical behavior may be restricted to arbitrarily large energy
scales A, mentioned above by an appropriate limitation on the renormalized masses m;
and mo. Actually, it is only the massive spin-two excitations of the field which give the
trouble with unitarity and thus require a very large mass. The limit on the mass mg is
determined only by the observational constraints on the static field.
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