Observations of structure of a possible unifica-
tion algebra

Robert G. Wallace

Abstract. A C-loop algebra, designated U is assembled as the product: M4 (C)®
T. When My4(C) is assigned to represent Cl; 3(R) ® C and the principle of

spatial equivalence is invoked, a sub-algebra designated W is found to have

features that suggest it could provide an underlying basis for the standard

model of fundamental particles. U is of the same order as Cly,10(R), but has a

“natural” partition into Cli 3(R) ® C® W, suggesting that its use in string/M

theories in the place of Clg,10(R) may generate a description of reality.

1. Introduction

This paper describes algebraic structures using labels for unit elements which high-
light features related to spatial equivalence, as set out in section 2.

Sections 3 to 6 document the algebraic structures. They have been investigated
by using the multiplication tables for unit elements combined with random coeffi-
cients to generate random products, which are then used to check the properties
of the algebras, testing for distributivity, associativity, flexibility, alternativity and
power associativity. The Loops package[l] for GAP4[2] has also been used.

In sections 3 to 6, observations and postulates are presented relating the algebraic
structures to physics. The author has limited understanding of subjects such as
torsion, manifolds and fiber bundles, so the postulates are speculative, but they
demonstrate the potential for the algebraic structures to provide a basis for the
unification of general relativity with quantum mechanics.

Sections 7 to 10 present details relating to the assembly of the algebraic structures
and their properties.
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2. Notation for algebras T, M, U, W and D

Labels for algebras and their unit elements are based on patterns related to spatial
equivalence when a sub-algebra is used to represent the space-time Clifford algebra.

Unit elements for Ml 2 M, (C') are represented by:

€0 €1 €2 €3 €4 €5 €6 €7 €8 €9 €10 | €11 | €12 | €13 | €14 | €15
S L M N 14 D E F WU | X | Y | iZ | iT | iP | iQ | iR

€16 | €17 | €18 | €19 | €20 | €21 | €22 | €23 | €24 | €25 | €26 | €27 | €28 | €29 | €30 | €31
S iL | ¢tM | «N | iV | «D | iE | iF U X Y Z T P Q R

Unit elements for the trigintaduonion algebra, T, are represented by:

€0 €1 €2 €3 €4 €5 €6 €7 €8 €9 | €10 | €11 | €12 | €13 | €14 | €15
o, | o, o, | 0k | X | A A | Ak | po | e My | e | Vo v, v, Uy

€16 | €17 | €18 | €19 | €20 | €21 | €22 | €23 | €24 | €25 | €26 | €27 | €28 | €29 | €30 | €31
Qp Q, ay QO Bo B. /7)_7 Br Yo Yo Vs Tk do d, 6{/ 0w

Cayley tables for these algebras are shown in sections 8.1 and 9.3. They have been
arranged so that, if the signs of products are ignored, they form the same latin
square. This is referred to as “alignment” of the algebras. Note that the subscripts
v 70 identify orientation with respect to i.X,4Y,¢Z for the alignment.

An algebra labeled U is generated as the tensor product T ® M. For U, all unit
elements of its sub-algebra, T, commute with all unit elements of its sub-algebra,
M. Unit elements of U are labeled using combinations of the labels assigned to T
and M, such as v,iR. The labls are listed in Section 10.

A further sub-algebra of U, labeled W, is identified which has a Cayley table,
shown in section 3.4.2, which is aligned with those of T and M. It is a “resonant”
subalgebra of U, where “resonance” is defined as meeting a requirement for spatial
equivalence for all sub-algebras when three unit elements of M are used to repre-
sent unit spatial vector elements for a Clifford algebra.

Unit elements for W are represented by:

€0 €1 €2 €3 €4 €5 €6 er €8 €9 €10 | €11 | €12 | €13 | €14 | €15
0S| oL |o,M|0o.N | NV | AND|NE|XNF | 168U | 1,0X | p0,7Y | 10 2 | 03T |0, 0P |1,iQ | v i R

€16 | €17 | €18 €19 €20 | €21 | €22 | €23 | €24 | €25 | €26 | €27 | €28 | €29 | €30 | €31
oS |a,iL|oyiM | iN | BiV | BiiD | By E | BuiF | voU | v X | 7)Y | v Z | 0,1 | 6, P |6,Q | xR

A label, D is used for algebras isomorphic to the algebra of real 4 x 4 diagonal
matrices.
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3. Algebraic structures

3.1. Structure of M = M,(C)
The structure of M is well known.

3.1.1. Embedded group and automorphism group. M contains an embedded group,
the Dirac matrix group, of order 64, generated by its 32 basis elements. The au-
tomorphism group for the Dirac matrix group, as determined using the Loops
package for GAP4, has 42 conjugacy classes, and its structure description is:

((C2xC2xC2xC2):A6): (C2xC2)

3.1.2. Sub-groups of order 32. The Dirac matrix group has 31 sub-groups of order
32, which can be sorted into 3 classes, as shown in table 10 in section 7.

3.1.3. Sub-groups of order 16. The Dirac matrix group has 155 sub-groups of order
16. There are five types of these sub-groups which differ in the signature of their
unit components or in their commutation properties. Once unit matrices for M
are assigned to represent complexified unit multivector elements for a space-time
Clifford algebra, further distinctions are found which identify sub-groups based on
their relationship to space-like and time-like vectors. These sub-groups have been
labeled as shown in table 2 in section 7.

3.1.4. Sub-groups of order 8. The Dirac matrix group has 155 sub-groups of order
8. There are 80 non-abelian sub-groups. There are 60 abelian sub-groups which
exclude the unit imaginary, and 15 abelian sub-groups which include the unit imag-
inary. Once unit matrices for M are assigned to represent complexified unit mul-
tivector elements for a space-time Clifford algebra, further distinctions are found
which identify sub-groups based on their relationship to space-like and time-like
vectors. These sub-groups are shown in tables 4-6 in section 7.

3.1.5. Graded algebras. M can be used to represent multivectors for graded polar
vector algebras such as the Clifford algebras Cly(C'), Cly 5(R), Cla 3(R), Cly 4(R).
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3.2. Structure of T

The structure of the trigintaduonion algebra, T, has been described by Cawagas et
al[3], but that description does not detail the differing ways in which lower order
subalgebras participate in sedenion-type subalgebras. These details are shown in
tables 3-9 in section 7.

3.2.1. Embedded loop and automorphism group. T contains an embedded loop 77,
of order 64 generated by its 32 basis elements. The automorphism group for 717,
as determined using the Loops package[l] for GAP4[2], has 42 conjugacy classes,
and its structure description is:

C2x C2x ((C2x C2x C2).PSL(3,2))

3.2.2. Sub-loops of order 32. T has 31 sedenion-type subloops of T of order 32,
falling into four isomorphism classes, which Cawagas et al. designated S, S¢, S f, St
as shown in table 10 in section 7.

3.2.3. Sub-loops of order 16. 7 has 155 octonion-type sub-loops of order 16,
falling into two isomorphism classes: octonion loops which Cawagas et al. desig-
nated O, and quasi-octonion loops which they designated Oy. These octonion-type
sub-loops of T, participate in sedenion-type subloops of T7, in a variety of ways,
as shown in table 3 in section 7.

3.2.4. Sub-loops of order 8. T}, has 155 quaternionic subloops of order 8, falling
into one isomorphism class which Cawagas et al. designated (Js. These quater-
nionic subloops of T, participate in sedenion-type subloops of T, in a variety of
ways, as shown in tables 4-6 in section 7.

3.2.5. Graded algebras. It is postulated that T can be used to represent graded
multivectors for axial vector algebras, which can be associated with graded multi-
vectors for polar vector algebras represented by Clifford algebras such as Cly(C),

Clos(R), Cla3(R), Cly 4(R).
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3.3. Structure of UMK T

3.3.1. Embedded loop and automorphism group. U contains an embedded loop
Ur of order 2048 generated by its 1024 basis elements. The automorphism group
for Uy, as determined using the Loops package for GAP4, is:
C2xC2x((((C2xC2xC2xC2):A6):(C2xC2))x((C2xC2xC2).PSL(3,2))).

3.3.2. Associative subalgebras of U. M is associative. T is di-associative, pairs of
its imaginary unit elements generate sub-algebras isomorphic to H. As noted by
Cawagas et al, there are 155 of these sub-algebras. So, for U, there are 155 asso-
ciative sub-algebras isomorphic to H @ M.

3.3.3. Aligned sub-algebras of U. The Cayley tables for M and T, as presented
in tables 12 and 13 in sections 8 and 9, have been arranged so that, if the signs
of products are ignored, they form the same latin square. Referring to this as
“alignment”, there are many possible ways of aligning unit elements of the two
algebras. For sub-algebras of M and T, paired combinations of unit elements from
this alignment generate “aligned” sub-algebras of U.

3.3.4. Resonant subalgebras of U. For the alignment of table 12 with 13, unit
elements of aligned sub-algebras are listed in tables 4-10 in section 7. It can be
seen that all M subgroups that are related by spatial rotation are aligned with T
subloops which have related patterns of participation in sedenion type subloops.
This property is designated as a “resonance”. A sub-algebra generated using paired
products for a resonant alignment, such as W, is designated a “resonant” sub-
algebra.

3.3.5. Partition of U. For U, all unit elements from W together with the unit imag-
inary element from M all commute with all unit elements from a subalgebra of M
isomorphic to Cl; 3(R). If U is used as a basis for a total space for a manifold with
fiber bundles, this suggests the choice of a Cly 3(R) base manifold. For a complex-
ified unit element of W such as u, X + u,7.X, the partial derivative with respect to
a coordinate, x, associated with the unit vector, would be a complex function of
the associated unit element, p,, of T. This suggests association of C®W with fiber
bundles, as covariant derivatives of solder forms for tangent vectors define torsion
on tangent frame bundles[4].
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3.4. Structure of W and C @ W

Each unit element of W is a product of a unit element of M with a unit element
of T. As all imaginary unit elements of T square to —1 and anti-commute, unit
elements of W other than the identity have opposite signature and opposite com-
mutation properties to the corresponding unit elements of M. This relates the Lie
bracket of products for W to the Jordan brace of products for Ml and vice-versa,
a form of supersymmetry.

3.4.1. Embedded loop and automorphism group. W contains an embedded loop
W, of order 64 generated by its 32 basis elements. The automorphism group for
W, as determined using the Loops package for GAP4, has 40 conjugacy classes,
and its structure description is:

(C2) x (C2) x (C2) x (54).

The automorphism group of its complexification has 80 conjugacy classes and its
structure description is:

(C2) x (C2) x (C2) x (C2) x (54).

3.4.2. Cayley table for W basis elements. The Cayley table for W basis elements
(excluding negative elements) is shown in table 1.

TABLE 1. Cayley table for W basis elements

[ 5 7 2| ||
5 [ ol o) A AR U A P | i@ [ it
Yol N e A Y [0 2] o T i P [ 1yiQ i B
L] 0,5 v B ¢ =602 1P| 1o T pi R 11,10
M[ro,N] ) E|-B.F D | =3,Y [+6,12] 3,1 Q| B 1oiT [ P[] a
v, M| 0L | +0,5 |6, F |+ Jot B Qi |
V5D =5, [+5.F | 4,5 0. S0 N Ji 5iX
v N[+, M| 7
5| oL U
7,5 P F[ A i i i iS| 2 Y [ Fnx
Qe iR| L |=o, 2 v R 5ol XD EAiE
—puiP| i B ,iQ| o e —5.D Be v, Y [P0 < [Fa M0 D[ AV AeiF[ A
+11iQ i T|+i P[0, M40, N| 40,5 | oL |- 5,E v v Z | +vaU |0 X [+ R =T [+ N —00iS| — i L[N B[ A F[ iV
i) N[ +0,] S [ +0.F| 5,5 > N[ ro,iM]—a, S[EAGF[ B[ A D[ AV,
Y |-5.i2 =z /] iF| 0,5

2 W 2 —uiP| i B0
viMra,iM[a, L : v o] el : N[0S 2| =4, 2 z — i Qi Rt | 1P
Vo N ayiM]—a, o ] 3 1,Q . N ETX HBE |5, T T T )

2 5,iU[+2,iX]

54X

3 Tl
Coi M aniN iV A [ = 0,iU [+ 0,iX [0, | 5,12 —iP| R
it N[ o AD| AV N F[ = iE| =, 52| =8,V [ P| 1ol | +11,iQ| —o,
Nt Fl+ AoV [ A D[ 0,1 |5, 31U [ =0, X |~ 1iQ| rnsi |
[0 D[ AoV X[ =00l [ i R —1,iQ)
VY, S s e A iU 8.iX

& o 43, , 3
1iQL iRl i 5 i Dot

—ail[+auiS|piR| i@ P 2] =6, [=6iX 5B +h, oV [ ouN
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3.4.3. Sub-algebras of W and C®@W. The Cayley tables of M, T and W have been
configured in a resonant alignment, their sub-algebras are also aligned, and are
configured for spatial equivalence when M is used to represent Cl; 3(R) ® C. The
sub-algebras of W are in one-to-one correspondence with sub-algebras of M and T.

The 155 sub-algebras of W with four unit elements, all of which are associative,
are listed in tables 4-6 in section 7. 80 of them relate to non-abelian sub-algebras
of M and 75 to abelian sub-algebras of M. The sub-algebras of W with eight unit
elements, none of which are associative, are listed in tables 7-9 in section 7.

Analysis of the 155 sub-algebras of W with 8 unit elements reveals that 15 of them
are isomorphic to the split octonions. The other 140 are not power associative.
Its 15 sub-algebras isomorphic to the split octonions generate, when complexi-
fied, 15 sub-algebras of C ® W isomorphic to C ® O. Kohl Furey has postulated
that minimal left ideals of a Clg(C) algebra extracted from C ® O correspond to
one family of fundamental particles[5][6], and refers to others who have advocated
the existence of a connection between non-associative algebras and particle the-
ory(7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25].
U = [C® W Cly 3(R)] has, as sub-algebras, the algebras on which all of these
approaches are based, suggesting that it has the potential to provide a basis for
the standard model of fundamental particles.

It is postulated that these 15 C® O sub-algebras, correspond to three spatial orien-
tations for five families of particles - three families of standard model fermions and
two families of dark matter particles. These 15 sub-algebras have, as sub-algebras,
all the sub-algebras generated by complexification of the 75 four element subalge-
bras of W related to abelian sub-algebras of M.

The other 80 sub-algebras of W with four unit elements, when complexified, gen-
erate sub-algebras isomorphic to C ® D, the algebra of 4 x 4 complex diagonal
matrices. These are commuting and associative. It is postulated that they are as-
sociated with vector bosons.

It is postulated that the sub-algebra of W with unit elements [0,5, 0,15, 2,5, @S],
a complex doublet, is associated with the Higgs mechanism[26].

3.4.4. Grading distinctions. For sub-algebras of C ® W with fewer than 32 unit
elements, there are distinctions between otherwise isomorphic sub-algebras arising
from the patterns of participation of quaternionic and octonion-type sub-loops of
T in Sp, S¢, Sg, S} sub-loops of T,. Once M is assigned to represent Cly 3(R)®C,
further distinctions arise between otherwise isomorphic sub-algebras of C @ W. It
is postulated that these distinctions generate the complexity of the standard model.
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3.4.5. Matrix representation of C @ W. The notation used to generate T features
dis-association operators, symbols that define the products of unit elements of T
using a modified form of the usual Moufang loop construction for octonions, as
setout in table 14 in section 9.2.

A general element of C® W can be represented using a complex 4 x 4 matrix with
entries with dis-association operators and using coefficients a_,b_i, c_,d_7 with
subscripts which are lower case versions of the associated unit element from M.

+as+bsi+cso,+dsia,
+ag+bgitcgd,+dgiv,
+aq+bgitcg\,+dqif,
Fa,+byitc v+ dyipy

—y—byi—Cy Ao —dyi 0
+ay+byitcyy,+dyip,
—a;—bji—cjo,—djic,
Ha,+britc 0, +drivy

— 0 —bpi—Cmo,—dyia,
—a;—byi—cido—dyiv,
+ap+bpitciNetdpify
Fag+britcey,Hdiipy,

Faetbeitce A tdeif,
=@y —byi—CuYo—dulllo
—ap—bpi—cpox—dyiay
Fag+byite,y, +dyip,

+ay+byitcyAo+dyif,
+ay+byitcyy,+dyip,
+a;+bjit+co,+djia,

+a,+britc 0 +drivy

+as+bsi+csoo+dsia,
—aq—bgi—cy0,—dgiv,
+aq+bgitcg\,+dqif,
—ay—byi—c s —dzifis

—Qe—bei—cc A, —dcif3,
=0y —bui—CcuYo—duiflo
+an+bpitcpos+dyiag,

+ap+byitc,d, +dpiv,

— Q=i —Cp 0y —dpic,
+ap+bitcidotdiiv,
+ag+bpitcpAetdypify
+ap+byitcyd, +dyiv,

Fap+bmitemo,tdpia,
+ai+biitcido+diiv,
+ay +bf1‘+[3fAh—,+dfiﬁK,
Fa,+byitcyy, +dgip,

—ae—bei—cey—deif3,
F @y +byi+cuyot+dyip,
—y—bpi—cnox—dpicg,

+ap+bpit-cyd, +dyiv,

+as+bsi+csoo+dsia,
Fag+byitcgd,+dgiv,
—ag—bgi—cg\,—dqif,
—az—byi—c.ye—dzif,

— @y —byi—Cy Ao —dyi B,
Fay+byitcyy,+dyip,
+a;+bii+co,+djia,

—az—byi—c.ye—dzif,

e tbeitced,+deif,
Fay+buitcuyotduipo
Fan+bpitc,o,t+dyiog

+ay+bpiteyd, +dyiv,

Fam+omitcmo,tdnia,
—ay—byi—cid,—dyiv,
Fart+bpitcplet+dpify
—ay —byi—cpy, —dyip,

+ay,+byitc,Ao+dyif,

+ay+byitc,y,+dyip,
—a;—bji—co,—djia,

—a,—bpi—cp0,—dpiv,

+as+bsi+cso0+dsia,
—aq—bqi—cq0,—dgiv,
—ag—bgi—cg\,—dqif,
—a,—bpi—c,0,—dyiv,

4. Numbers of physical dimensions

The quest for a theory of everything has generated models with various physi-
cal dimensionalities - five dimensions for the original Kaluza-Klein theory[27], ten
for string theories[28], eleven for M-theory[29]. For nature to be embedded in di-
mensionalities such as four, five, ten or eleven, whether real or complex, appears
arbitrary.

We observe three spatial dimensions and one temporal dimension, which sets a
minimum for the number of physical dimensions. The original Kaluza-Klein the-
ory added a further physical dimension and extended general relativity unifying
it with classical electromagnetism, suggesting the existence of five physical dimen-
sions.

The Big Bang comprises a transition from a singularity to a manifold expanding
through time. The singularity can be regarded as a one dimensional amplitude for
zero dimensionality. If that was an unstable configuration, so that a transition to
finite amplitudes for more than one dimension was favoured, this raises the ques-
tion - why a transition to three, four, five, ten or eleven dimensions?
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If physical n-space is regarded as composed of an assembly of distorted n-spherical
quanta, and if the degree of distortion required is related to the densest possible
packing ratio, those densest possible packing ratios vary with dimensionality (n).
Suppose that a singularity corresponds to stacking those quanta in an n-needle,
one “above” the other. That stack also has a packing ratio.

The packing ratios for assemblies of spheres for continua of different dimensional-
ities are:

The area of a 2 dimensional circle is 7R? = 3.142R2.

The volume of a 3 dimensional 3-ball is 47/3.R3 = 4.189R3.

The volume of a 4 dimensional 4-ball is 72/2.R* = 4.935R*.

The volume of a 5 dimensional 5-ball is 872 /15.R5 = 5.264R>.
The volume of a 6 dimensional 6-ball is 7°/6.R® = 5.168 RS.

The volume of a 7 dimensional 7-ball is 1673 /105.R” = 4.725R".
The volume of an 8 dimensional 8-ball is 7¢/24.R® = 4.059 RS.
The volume of a 9 dimensional 9-ball is 3274/945.R? = 3.299R°.
The volume of a 10 dimensional 10-ball is 7°/120.R® = 2.550R'°.

For an assembly of n-balls stacked into an n-needle of unit quantum radius, the
packing fractions are:

For a stack of 2 dimensional unit circles on edge: (mR?)/(2R x 2R) — 78.6%
For a 3-needle of unit 3-balls: (472/3.R?)/(7R? x 2R) — 66.6%

For a 4-needle of unit 4-balls: (72/2.R*)/(47%/3.R3 x 2R) — 58.9%

For a 5-needle of unit 5-balls: (872/15.R%)/((7?/2.R*) x 2R) — 53.3%

For a 6-needle of unit 6-balls: (73/6.R%)/(872/15.R® x 2R) — 49.1%

For a 7-needle of unit 7-balls: (1673 /105.R7)/(73/6.R%) x 2R) — 45.7%

For an 8-needle of unit 8-balls: (74/24.R8)/(167%/105.R") x 2R) — 45.9%
For a 9-needle of unit 9-balls: (3274/945.R%)/(7*/24.R®) x 2R) — 34.9%

For a 10-needle of unit 10-balls: (7°/120.R?)/(327%/945.R%) x 2R) — 38.6%

H(
H(
H(
(

For euclidean n-space the densest packing fractions, as listed by Cohn and Elkies[30],
are:

For 2 dimensional 2-balls (circles) of equal radius: 91%

For 3 dimensional 3-balls of equal radius: 74%

For 4 dimensional 4-balls of equal radius: in the range 61.7 to 64.8%
For 5 dimensional 5-balls of equal radius: in the range 46.5 to 52.5%
For 6 dimensional 6-balls of equal radius: in the range 37.3 to 41.8%
For 7 dimensional 7-balls of equal radius: in the range: 29.5 to 32.8%
For 8 dimensional 8-balls of equal radius: 25.4%

For 9 dimensional 9-balls of equal radius: in the range: 14.6 to 19.5%
For 10 dimensional 10-balls of equal radius: in the range: 10.0 to 14.9%
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For n-balls arranged in a n-disc, that is an euclidean n-space extended in n — 1
dimensions and limited to unit quantum diameter in the nth dimension, the dens-
est packing fractions are product of the densest packing fractions for the euclidean
(n—1) space and the packing fraction for the n-needle of the same dimensionality.
For instance, for three dimensions spheres would be packed into the disc in the
densest packing of parallel cylinders in a plane.

For euclidean space the densest packing fractions for n-discs are:
For 2 dimensional 2-balls (circles) of equal radius: 71%

For 3 dimensional 3-balls of equal radius: 49%

For 4 dimensional 4-balls of equal radius: in the range 36 to 38%
For 5 dimensional 5-balls of equal radius: in the range 25 to 28%
For 6 dimensional 6-balls of equal radius: in the range 18 to 21%
For 7 dimensional 7-balls of equal radius: in the range: 13 to 15%
For 8 dimensional 8-balls of equal radius: 11.7%

For 9 dimensional 9-balls of equal radius: in the range: 5 to 7%
For 10 dimensional 10-balls of equal radius: in the range: 4 to 6%

In dimensionalities lower than 5 an euclidean n-space has a higher densest possible
packing fraction than that of an n-needle and that of an n-disc. This suggests the
hypothesis that, for a four dimensional manifold, a singularity would be unstable,
tending to expand into a 4 sphere. If that expansion were to overshoot, becoming
disc like, there would be a tendency for it to contract again.

However, space is not necessarily euclidean. Packing fractions for hyperbolic space
are higher than for euclidean space, but are difficult to calculate. For 3 dimensions
and 4 dimensions, densest packing fractions have been calculated as:

For 3 dimensional 3-balls of equal radius: 85.3%

For 4 dimensional 4-balls of equal radius: 71.6%

Compared to euclidean n-space, these figures are 15% and 13% higher respectively.
Extrapolating to higher dimensions, for dimensionalities higher than 5, euclidean
n-space would still have a lower packing fraction than an n-needle. However, in
5 dimensions, it is possible that for hyperbolic 5-space there could be a denser
packing than for a 5-needle.

This analysis suggets that expansion of a singularity into four dimensions for eu-
clidean space or five dimensions for hyperbolic space could be favoured.
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5. Types of dimensions

The original Kaluza-Klein theory[27] accounted for electro-magnetism by intro-
ducing an additional dimension. This dimension is not observed, suggesting that
it would differ from the observed spatial dimensions. Time is observed, but also
differs from spatial dimensions. M is isomorphic to the Clifford algebra Clg 5(R)
and to Cly 3(R) @ C. Cly5(R) is generated using five polar vector unit elements
with negative signature. It is postulated that four dimensions corresponds to the
dimensions of space and imaginary time and the fifth dimension to the extra di-
mension for 5D Kaluza-Klein theory, and that conventional time is emergent. This
suggests the concept of reality as a 3-dimensional wavefront distorted into a fourth
dimension propagating in a fifth dimension.

String and M-theories[28][29] also postulate additional dimensions. U is of the same
order as Cly 19(R), but has a “natural” partition into Cl; 3(R) @ CQW, suggesting
that its use in string/M theories in the place of Clp 10(R) may generate a descrip-
tion of reality. However, as U may constitute a representation of a combination of
a manifold with 5 polar vectors and 5 axial vectors, this suggests that reality may
be embedded in five-dimensional space with torsion, rather than 10-dimensional
space. General relativity[31] is usually formulated using the assumption that affine
connection has a vanishing torsion tensor, but non-vanishing torsion has been pro-
posed for Einstein-Cartan-Sciama-Kibble and other theories. In an overview|[32],
Tejinder Singh comments:

“Thus on the one hand we have the torsion-dominated limit, which are the Dirac
equations, and on the other hand we have the gravity dominated limit, which are
the Einstein equations. In the former case, gravity is absent (Minkowski space-
time) and matter behaviour is quantum. In the latter case matter behaviour is
classical, and gravity dominates over torsion. Thus we may conclude that there
must be a more general underlying theory in which the torsion-free part and the
torsion part of the spin-connection are both present, and to which GTR and quan-
tum theory are both approximations.”

The number of degrees of freedom for torsion for a given dimensionality are limited.
For a manifold of dimension d = 5 with a maximally symmetric submanifold of
dimension n = 4, there are up to 1 4+4+6 = 11 allowed torsion components which
are in general functions of the fifth coordinate[33]. The Einstein field equations
(for four dimensions) have 10 degrees of freedom, four of which are unphysical.
This suggests a correlation between the 4 4+ 6 allowed torsion components and the
degrees of freedom for physical space-time with imaginary time substituted for
time to make the four dimensions symmetric.
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6. The Higgs mechanism

A grand unification algebra should provide a basis for the Higgs mechanism|[26].
The mexican hat potential is unusual. This section describes algebraic elements
that could account for that potential.

The Higgs mechanism acts on a complex doublet and involves scalar fields. For U
a scalar subalgebra can be assembled as the product:
[06S, 0015, a6S, @piS] ® [06S,0,T,0,V,0,U] ® [065, AoS, 1105, V6S]-

[06S,0,T,0,V,0,U] ® [055, AoS, 1105, ,5] is isomorphic to H® H and to My(R).
Its unit elements can be assigned unit matrices from table 1 as follows:

[06S] = [S], [06T, 0oV, 0,U] = [TVU], [AoS, 165, V6S] = [LM N]

AT, 0T, voT] = [PQR), [NV, 1oV, v,V] = [DEF), (AU, poU, v,U] = [ XY Z]

Subalgebras of M4(R) for which the scalar component is associated with a mexican
hat potential can be found by considering unitary abelian subgroups of My(R).
Unitary abelian subgroups of My(R) can be represented by diagonal 4 x 4 matrices.

[ et 0 0 0
0 e 0 0
0 0 €% 0

0 0 0 e

where 61 + 05 4+ 03 + 0, = 0, allowing it to be rewritten:

e 0 0 0
0 €® 0 0
0 0 €* 0
0 0 0 1

The product of two elements of this type with parameters a,b,c and a’,b’, ¢’ has
parameters a + a’,b+ b, c+ ¢’. A subgroup of the Heisenberg group H(5) shares
this property:

(1 a b c+ab

010 b
001 a
000 1

This matrix has determinant = 1, and the commuting products of the form:
[1 a4+d b+b c+c +(a+d)x(b+b)

0 1 0 b+t
0 0 1 a+a/
0 0 0 1

This matrix can be written in terms of unit elements of My(R) as:
[S]4+a/2[V+Y]+b/2[M + F]+ (c+ab)/A[E+U+ N + P].
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There are other combinations of unit elements of My(C) with similar properties.
To find these combinations, it is useful to arrange the matrices in an array with
anticommuting basis matrices and the identity in each row/column, forming a 6 x 6
array:

S VT XY Z
Vv S U P Q R
T U S D E F
X P D S N M
Y Q E N S L
Z R F M L S

Interchanging rows and matching columns preserves commutation/anticommuta-
tion relationships and group properties with respect to position in the array. For
example, rows and columns 1 and 2 can be interchanged to make the array:

S VU P Q R
Vv S T X Y Z
U T S D E F
P XD S N M
Q Y EN S L
R Z F M L S

Inspecting this array to assign unit matrices for an equivalent H5 subgroup group,
they would be:

[S]+a/2]lV+Q]+b/2[M + F]+ (c+ab)JA[E+ N + T + X]

This combination has the same properties. Interchanging rows and columns 1 and
2 has not changed the signatures of the matrices allocated to each position.

If a further interchange is made that does affect the signatures, e.g interchanging
rows and columns 1 and 4, to generate:

S Q U P V R
Q S E N Y L
U E S D T F
P ND S X M
VY EN S L
R L F M Z S

For the combination:

[S]+a/2[Y + Q] +b/2[M + F] + (c+ab) /4P + U + T + X]

The determinant is no longer 1. To make this combination generate a unitary ma-
trix, a factor has to be applied to [S]. That factor is /(£ 1 & 2(a/2)?), provided
that the factor is real and not imaginary.
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For the resulting matrix, there are four plus/minus permutations, for which the
possible matrices for [S] are:

[ /(1 +a?/2) 0 0 0
0 V(1 +a?/2) 0 0
0 0 V(1 +a?/2) 0
L 0 0 0 V(1 +a?/2)
Which always has real entries, and determinant = 1+ a2 + a*/4
[ V(—1-a%/2) 0 0 0
0 V(—1-a%/2) 0 0
0 0 V(=1-a?/2) 0
i 0 0 0 V(=1-a%/2)
Which never has real entries, and determinant = 1 + a2 + a*/4
[ /(1 —a?/2) 0 0 0
0 V(1 —a?/2) 0 0
0 0 V(1 —a?/2) 0
L 0 0 0 V(1 —a?/2)
Which has real entries for a?/2 < 1, and determinant = 1 — a? + a*/4
[ /(= 1+a?%/2) 0 0 0
0 V(=1+4d2/2) 0 0
0 0 V(—1+4a%/2) 0
L 0 0 0 V(=1+a%/2)

Which has real entries for a?/2 > 1, and determinant = 1 — a? + a*/4
The function fla) = 1 — a? + a*/4 has the form of a mexican hat potential.

For the assignment of unit elements of U to matrices:
[665] = [S], [60T,0,V,0,U] = [TVU], [AoS, 165, VoS] = [LM N
AT, o, v, T] = [PQR], [NV, oV, v,V] = [DEF], (AU, poU,v,U] = [XY Z]

The group represented by a plus/minus choice for:

V(£ 14+a%/2)[S] +a/2]Y + Q] +b/2[M + F]+ (c+ab)JA[P + U + T + X]

is isomorphic to that for the same plus/minus choice for:

V(£ 1£a%/2)[06S] + a/2[poU + poT] + b/2[110S + v,V]

+ (c+ ab) /A AoT + 0oU + 0,1 + AU

which can be rearranged into:

V(£1£a2/2)[0,8]+ (U +T) x [a/2p10+ (c+ab) /4o + (c+ab) /AN +b/2[110S + v, V]
for which [TVU] symmetry is broken.
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7. Subalgebra tables

Robert G. Wallace

TABLE 2. Classification of sub-algebras with 8 unit elements of

W = M, (C) with respect to unit elements of a Cl; 3 multivector
Type 1 subgroups having [+ - - - + 4+ + - | signature
Subtype Unit elements Subtype Unit elements Subtype Unit elements Subtype Unit elements
la SLMNDEFV la SLiMiNDiIEiFV la SiLMiNiDEiFV la SiLiMNiDiEFV
1b SLMNPQRT 1b SLiMiNPiQiRT 1b SiLMiNiPQiRT 1b SiLiMNiPiQRT
1lc SLMNXYZU lc SLiMiNXiYiZU 1lc SiLMiNiXYiZU 1lc SiLiMNiXiYZU
1d SVTUDPXL 1d SViTiUDiPiXL 1d SiVTiUiDPiXL 1d SiViTUiDiPXL
1d SVTUEQYM 1d SViTiUEIQiYM 1d SiVTiUIEQiYM 1d SiViTUIEiQYM
1d SVTUFRZN 1d SViTiUFiRiZN 1d SiVTiUiFRIiZN 1d SiViTUiFiRZN
le SLiEiFiURQiX le SLEFiUiRiQiX le SiLIEFURIQiX le SiLEiFUiRQiX
le SMiFiDiUPRiY le SMFDiUiPiRiY le SiMiFDUPiRiY le SiMFiDUiPRiY
le SNiDIEiUQPiZ le SNDEiUiQiPiZ le SiNiDEUQIiPiZ le SiNDIiEUiIQPiZ
1f SLiQiRiVZYiD 1f SLQRIiViZiYiD 1f SiLiQRVZiYiD 1f SiLQiRViZYiD
1f SMiRiPiVXZiE 1f SMRPiViXiZiE 1f SiMiRPVXIiZiE 1f SiMRiPViXZiE
1f SNiPiQiVYXiF 1f SNPQiViYiXiF 1f SiNiPQVYiXiF 1f SiNPiQViYXiF
1g SLiYiZiTFEiP 1g SLYZiTiFiEiP lg SiLiYZTFiEiP lg SiLYiZTiFEiP
g SMiZiXiTDFiQ g SMZXiTiDiFiQ g SIMiZXTDiFiQ g SIMZiXTiDFiQ
1g SNiXiYiTEDiR 1g SNXYiTiEiDiR 1g SiNiXYTEiDiR 1g SiNXiYTiEDiR
Type 2 subgroups having [+ - - - - - - +] signature
Subtype Unit elements Subtype Unit elements Subtype Unit elements
2a SLMNiDiEiFiV
2b SLMNiPiQiRiT
2c SLMNiXiYiZiU
2d SVTUiDiPiXiL
2d SVTUIEiIQiYiM
2d SVTUIFiRiZiN
2e SLIiEiFUiRiQX
Type 3 subgroups having [+ - + 4+ - + + +] signature
Subtype Unit elements Subtype Unit elements Subtype Unit elements
3a SLiMiNiDEFiV 3a SiLMiNDiIiEFiV 3a SiLiMNDEIiFiV
3b SLiMiNiPQRiT 3b SiLMiNPiQRiT 3b SiLiMNPQiRiT
3c SLiMiNiXYZiU 3c SiLMIiNXiYZiU 3c SiLIMNXYiZiU
3d SViTiUiDPXiL 3d SiVTiUDiPXiL 3d SiViTUDPiXiL
3d SViTiUIEQYiM 3d SiVTiUEiQYiM 3d SiViITUEQIiYiM
3d SViTiUiFRZiN 3d SiVTiUFiRZiN 3d SiViTUFRIiZiN
3e SLEFURQX 3e SiLiEFiUiRQX 3e SiLEiFiURIQX
3e SMFDUPRY 3e SiMiFDiUiPRY 3e SiMFiDiUPiRY
3e SNDEUQPZ 3e SiNiDEiUiQPZ 3e SiNDiIiEiUQiPZ
3f SLQRVZYD 3f SiLiQRiVIiZYD 3f SiLQiRiVZiYD
3f SMRPVXZE 3f SiMiRPiViXZE 3f SiMRIiPiVXiZE
3f SNPQVYXF 3f SiNiPQiViYXF 3f SiNPiQiVYiXF
3g SLYZTEFP 3g SiLYiZiTiEFP 3g SiLiYZiTEiFP
3g SMZXTFDQ 3g SiMZiXiTiFDQ 3g SiMIiZXiTFiDQ
3g SNXYTDER 3g SiNXiYiTiDER 3g SiNiXYiTDiER
Type 4 subgroups having [+ + + + - - - -] signature
Subtype Unit elements Subtype Unit elements Subtype Unit elements
4a SiVDiIiLViDLiS 4a SiVEIMViEMiS 4a SiVFiNViFNiS
4b SiTPiLTiPLiS 4b SITQIMTiQMiS 4b SiTRiNTiRNiS
4c SXiUiLiXULiS 4c SYiUiMiYUMIiS 4c SZiUiNiZUNiS
4d SXERiXiEiRiS 4d SYPFiYiPiFiS 4d SZDQiZiDiQiS
4d SXQFiXiQiFiS 4d SYDRIiYiDiRiS 4d SZPEiZiPiEiS
Type 5 subgroups having [+ - - - + + + -] signature
Subtype Unit elements Subtype Unit elements Subtype Unit elements
5a SLMNiLiMiNiS
5b SLiEiFiLEFiS 5b SMiFiDiMFDiS 5b SNiDiEiNDEiS
5¢c SLiQiRiLQRIiS 5¢c SMiRiPiMRPiS 5¢ SNiPiQiNPQiS
5d SLiYiZiLYZiS 5d SMiZiXiMZXiS 5d SNiXiYiNXYiS
5e SVTUiViTiUiS
5f SViPiXiVPXiS 5f SViQiYivVQYiS 5f SViRiZiVRZiS
5g STiXiDiTXDiS 5g STiYiEiTYEiS 5g STiZiFiTZFiS
5h SUiDiPiUDPiS 5h SUIEiQiUEQIS 5h SUiFiRiUFRiS
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TABLE 3. Classification of sub-algebras with 8 unit elements of
T with respect to participation in sedenion-type sub-algebras

Octonion/Quasi-Octonion unit elements, Type (0 or O and sedenion participation

Type a: O, sedenion participation: 1 X Sg, 1 x S%,1 x S7

0o 0L 0y 0k AL Ay Ak Ao 0% S ST STy

7o 71 85 8r No i vy A O 505 53

7o 7y Sx 8. Xo % Vx Xy 0% 505853

0o Tk 8u 6y Ao vy Y Ar O% SoSST,

00 0L Yy Vi 8o Ay Ak 8, 0% SoS§ 53y

06 05 Vi Ve S0 An Au §; 0% SoS§ ST

o Tk Ve Vg o A Xy 8k OF SoST ST,

Type b:

6, sedenion participation: 1 X Sp, 1 X S8

1 x 87

Go 0L Ty Tk Y Yy e Yo O 805557,

N S 5 B
00 Ao 60 Yo A 8. v, o, O S0Sg ST

5o Xo 80 Yo Ay 85 v, o5 O° S0ST53,

. ~ IE]
00 Ao 60 Yo Ax Ok Yr ox O° SoST; ST,

= 7
0o 00 Ay Ax Yo Sk 8y v OF 5057557,

0o 05 Ar AL Yo 8. 8i vy O SoS5,57,

G0 ok A Ay Yo 8y 80 v O SoSP, 57,

Type c: O, sedenion participation: 1 X Sp, 2 X

Skl

0o 0, 0y 0 8, 8y 5 8o OF SUS?5S76

Type d: O, sedenion participation: 1 X S%,2 x S

00 Bo 8o o Bu 6, pu, o, OF S§57,57,

G0 Bo 8o Ho By 65 11y 7, OF S§57553,

50 Bo 0 Ho Br Ok ik o O S§SY ST

0o 00 By Br o 6r 8; p O SESTSST,

0o 05 Br Bu to 6. 8k 1y o4 S§ 57553

G0 0r Bu By Ho 8 8. pr O 525757,

Type e: 0, sedenion participation: 1 x S%, 2 x S7
yp

o 0L Ty O by My B Ho O° STSTSST,

Type f: O, sedenion participation: 1 x 7,2 x

S

0o 0L 8y 65 Bo s iy B OF 57,5753,

3 E]
00 0y 8k 8. Bo b ui By OF STyST ST,

ok 80 8 Bo by i Br O SP,57:57,

%o

p ——h
00 00 by fk S0 B By 8. OF SPSTSS3y

=7 B
0o 0y i M S0 BL Br 6y of 51057556

To

. 5 5, 0F 5P 57,57
Ok Mo g S0 By Bu Ok 115155237

00 00 0y 0 Bu By Br Bo OF SFS7.5Y

Type g: O, sedenion participation: 2 x S%, 1 X

~

o Xo Vo po A Vi 0, 09 STSESTy

p o ga g
70 No Vo o Ay vy iy o5 07 STSES3,

00 Ao Vo Ho Ak Vi Hi 0 09 STSEST

o 0L Aj Ar o Ve vy p 09 STSS ST,

o 05 A AL Ho Vi Vi by 09 STSE ST,

o Tk Au Ay o Vy v s 09 STSTST,

Type h: O, sedenion participation: 2 X S%,1 x S7Y

00 Bo 8o to A vi Y. a, O S§S§ST,

To Xo Vo lo B 8. 7., O S§S¥STy

S

S
0 Bo 8o o Xy vy vy oy O S3SESS,

Sh
00 Ao Vo ho By 8; v, a; O SESFS],

h
70 Mo Vo o Br On n ax OF 55553

70 Bo 60 Ho A Vi Yk ax O" S§S§SY,

A h
Go 0, Ty A Y My Ve Bo O S§SEST,

— -
0o Oy Qy Qi Yy Ve Bo O S5 SEST,

~Ah
o oy Ok Y Vg B o O STSEST,

0o . By Ax Ho Vi 6y v, O 555857,

A h
0o @, Ay Br Bo Ok vy v, O S§8857,

~Ah
70 ay Br M ko Vi Sk 7, O" 555553,

0o ay Ax Bu o 8. v vy O S$SY ST,

Ah
7o @k A By o 8 vi vs OF 8§ 5§57,

00 ax Bu Ny Ho vy 8, v O S§'S§ ST,

Type i: 5, sedenion participation: 2 X Sﬂ,l X

SY

- E] B
To L Ty Qg Yy i Yo OF STHST3ST,

——— -
0o v 0ty Qe Ve iy ik Yo OF S5ST,ST;

—
To oy 0y Ok fie fiy Ve Yo O ST 51,57,

=i B B
06 Bo Vo Yo Bu v v o OF SEST,STy

= PP
0 Bo Vo Yo By vy vy 05 O SgST3S3,

——
00 Bo Vo Yo Br vk r on O S§57,57,

—
0o @y By Ak Yo 8k vy my O SV, 80,57,

o @L Ay Br Yo Vi 0y pu ot SfOSﬁS;Q

- =i B B
0o ay Ak Bu Yo Vi 8k py O° SflsiZS;S

. = B of
7o 0y Br A Yo 8. Vi iy OF 5§57,535

0o i Au By Yo vy 8, e OF SESP 57,

75 —3
o ar Bu Xy Yo 8y v pik OF 53305125;4

57 oB <P o 57 oBoB o 5i 5PSP g
To Xo S0 Yo Bu vt @, OF S50ST1575 | 00 Xo S0 o By vy 1y oy OF S5ST1530 | 00 Ao 60 Yo B v 1 o OF S§ ST ST

= B a7 S ~ ~ i oB B o
G0 00 By Br Yo Vi V3 v O 555553, | 00 05 Br B Yo vi vm vy OF SESTS35 | 00 ok B By Yo vy v v O SEST 53,

0o Bo Vo Yo A 6, pu o, OF SDSP ST

5 B
70 Bo Vo Yo Ay 85 py ay O° 5{23145;’0

0o Bo Vo Yo Ar Or pk ax O ST,55. 57

Type j:

O, sedenion participation: 1 x S%,1 x S?

13 le
,1 x 87

0o a0y o B Ay Br Ao OF SGSDST,

0o L ay o Bu By Ak Ao OF SEST ST,

0o 0v ay ar A By Br Ao OF SESTSTy

o ay 0y ap v, 8y v 80 OF S‘?Sﬁjsﬂs

— =
o 0Ly a8, Uy v 8o OF SSST ST

o

0o a, vy 8k Ao Ve By B OF S§

S 8
To @, 8; v Ao i vy B OF S5 STy

Co u ay O vy vy B S0 OF S§ST 5T
<

= -
00 0L vy Vi Bo Y vy Bu O S§SE ST

B g
511528
o

S B
To g Vi 8 No e tn By O 585L ST,

= B
0o oy 8k vy Ao iy e By OF SEST S

—
70 7y v Vi Bo v vn By O 555553,

7o o v vy Bo vy v B OF S§SEST,

5 Xo iy 1 Br OF SESGSY,

oo a8,

— =
g0 o v 6y Xo vy pe B O S§SY ST,

— 5
0o @y vy Bk 8o Br Ay v, OF S§SP ST

— >
0o 0L V) Yk Vo Br By v OF SgSEST

— 3
o 0L Hy Ik Vo Ak Ay v, OF S§ST,S3

A 3
G0 au 11y Vi S0 An By v, OF S5 ST ST

. 3
Oo Oy B e Vo A A vy OF S7SP,SY

- E
0o ay fik Ve 60 Ao Br vy OF 555557

Oo ay Yk e 8o B Ak vy OF S$SP ST

— 5
0o 0y Vi Vo Vo Bu Br vy O S§SE S5

0o ar i 1y S0 By A v OF S5SEST

— 3
o Ok M My Vo Ay Ay Vi OF SfSl4S;’7

—— 5
Co Ok Yo Vg Vo By B. vk OF S2SE ST,

To ar pu vy S0 Ny Bu v OF 5SS ST

— 5
0o 0L V) Vi Aotk iy A O S§ S5 STy

Go 0y vk Vi Ao i fix Ay OF S§STSTy

o Ok Vi Vg No fhy P Ak o7 s?sflsgo

0o 0u 0y O v vy vk vo OF S{SEST,

5 B
00 o 8) Ve Bo Yk iy X OF ST ST, 53

Go @ vy 8r Bo tr vy A OF S§ST ST,

0o ay O v Bo e i Ay OF S§ST,S7,

0. o oB o
0o ay vk 8 Bo i Yk Ay OF S§ ST, ST

B sy

0o an v 8y Bo ty Yo Ax OF S$S7,53

0o ar 00 vy Bo Yy e Ak oI Sgsﬁssgu

5J gagh
Co u Hy Vi Vo Ay Br 6, OF S§ST, ST

A Y B o7
To au Yy Bk Vo By Ak 8, OF 5;"54352{5

=7 aaaB
0o ay pk Yo Vo Ak By 85 OF S£ST,S7

— ¥
To Q3 i M Vo Br A 8y O SESP ST

Go i Ve Hy Vo B Ay 8 OF 5§ ST,57,

=3 B o
o Qn fu Yy Vo A By 8k OF SEST3S3;

Go L ay 0 8, 8y vi vo OF SEST ST,

A B
0o a, 0y ay 8, vy 8k vo OF S§ST3STg

= 5
00 0L ay ap vy 6y 6 v OF SEST, ST

0o L ay ok AL XNy B Bo OF S§ST ST,

0o 0v ay an Be Ay Ax Bo OF S5 ST, 57

— =
0o a0y ax A By Ar Bo OF 5$5,57%

Type k: 0, sedenion participation: 1 X Sp, 3 x S7

nk Y
00 Vi 80 Ay pi vi By ao OF S3,57553

k Y
00 vy 60 A py v Br ao OF 87357553,

k
To Ve 8y An e vy Br a0 OF 53,5353

k 2 Y
To Vi Mo @ f Yo T, o OF ST2S7ST,

k
00 Bo A Ao B 00 ao OF STgS7957%

k
0o Vo 8,y 8o v, 0, ap OF STSTST

k Y
o Vg Mo Qg Hy Yo Ty o OF ST.S7 ST

G0 Vo 8y ay 80 vy 0y ap OF 5755757,
J 3 16~20726

0 Bo Ay ay Ao By 0, ap OF 5755057,
g 18-20~29

k
Co Vi Mo Ok i Yo Tk o OF S77S7 ST,

k 0l
o Vo Ok r 8o Vi Or o OF ST(ST ST

0o Bo A 0k Ao Br 0k o OF 5758387

oF

To Yr A 0y b Bu vy o 53,5353

90 Yy Au 8w by Bu Vi a0 OF 5757,57,

To Ve Ay 8i b By Vi a0 OF 53,5757,
22

00 0y Br B oy An A ap OF 5787500

0o 80 tu Bu Vo Y A o OF 8787557,

00 80 1y By Vo Yy Ay o oF 5;05;55;7

To 0n Bu By ke AL Ay o OF S35, 57

0o 00 By Br o Ay Ax o OF S7gST, S0

G0 8o tr Br Vo Tk Ax o OF S3,87.8%,

0o 0L 0y Ok 0y oy g o OF STESTLST | 00 0y v ve oy 8k 6, a0 OF 574575530 | 00 Yo Bu vu 1o A 8u ap OF 87953,
To Yo By V) Ho Ay 8y a0 OF S3082,57, | 0o on vi vy an 8, 6, co OF S7552,530 | 0 Yo Br vk Ho An 0x ao OF S3,57,57,

k g 5
Go 04 Uy Ui au 6y 8i a0 OF 5757,57%

%0 Ao 30 Yo Bo Yo Bo a0 OF S7,57,57;

Co O He Mo @y Yk Y 0o OF S7,875579

0o Ao Vi iy Bo 8. v a0 OF 5795757,

Oo Or fin By QR Ve Yy o OF S7.STST

o Ao ¥y 1y Bo 85 vy o oF S;USQSS;/U

%0 Ao Vr ki Bo Or Tn a0 OF ST, 53,53,

k
To T Hy fe @ Yy Y @0 OF 87,870 S0
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TABLE 4. Unit elements for aligned M and T sub-algebras with
4 unit elements and complexified aligned C ® W sub-algebras

Unit_clements of 1 Unit _clements of T and sedenion-type loop participation Unit_clements of C® W
Sub-group Type Sub-loop Type 51, 57 57 57 Complexified aligned sub-loop Type

SLMN Non-abelian | oo 0, 0, o | Non-Abelian | Sq R S5 575576577515 | 908 0.L 0,M 0xN 04iS o,iL 0,iM 0,iN | Abelian
SLIMiN Non-abelian | oo 0, a; ax | Non-Abelian | — S5 Sg S5 ST, ST6S7757s 008 0, L ayiM aniN 00iS o,iL a;M axN | Abelian
SiLMiN | Non-abelian | 0o o, 0 a)x | Non-Abelian | — 555 SToSTs S1657757s 708 il oy M N 00iS a,L 0,iM axN | Abelian
SILIMN | Non-abelian | o, a, a, on | Non-Abelian | — 587 B 576577575 | 708 auil ayiM 0N 04iS a,L ayM o.iN | Abelian
SLEF Non-abelian | oo 0, Ay Aw Non-Abelian | Sq Sg Sty 7557653253 008 oL L ANy B A F 00iS 0, il X\jill ApiF Abelian
SLiEiF Non-abelian | oo 0, 8 Bx | Non-Abelian | — S¢Sy e 76522538 008 0,L B)iE BxiF 04iS o,iL B,E B F | Abelian
SiLiEF Non-abelian | o, a, 8; Ax | Non-Abelian - S§sg STy 513 76532538 008 a,iL ByiE Ao F 0,iS a,L B,E \iF Abelian
SILEIiF Non-abelian | o, a, A, 8 | Non-Abelian — S5 s ECA 708 il A E BriF 0,iS a, L Aji L F Abelian
SMFD Non-abelian | o 0 Ax A, | Non-Abelian | Sp kS 513 875576593539 | @08 0;M AyF A\,D 00iS 0,iM AiF A, iD | Abelian
SMiFiD | Non-abelian | o, o, fx B, | Non-Abelian | — 5755 SEsh, 576525529 008 0, M friF B,iD 04iS 0,iM B F 5,D | Abelian
SIMIFD Non-abelian | oo a; A« A, | Non-Abelian | — S5 EEA 008 ayiM BriF A\, D 04iS ay;M 8. F \,iD | Abelian
SiMFiD | Non-abelian | o oy Ax 8, | Non-Abelian | — 5§52 EEA 576525539 008 ayiM AgF B,iD 0,iS a,M \giF 8,D | Abelian
SNDE Non-abelian | o, 0 A, A, | Non-Abelian | Sq g EA 575576521530 | 905 oxN XD XE 04iS 0xiN A, iD X\;iE | Abelian
SNiDiE Non-abelian | o, ok 8. 8 Non-Abelian - SP’; s;’l 576534530 008 oxN B,iD B,iE 0,iS oxiN B,D B,E Abelian
SiNiDE Non-abelian | oo ax B A) | Non-Abelian | — SToST2 576534530 708 axiN BiiD \jE 00iS axN B.D \;iE | Abelian
SINDIiE | Non-abelian | o, ax A, 5, | Non-Abelian S5sT, 576524530 708 aniN X\, D B,iE 04iS axN X\iD B,E | Abelian
% Non-abelian | 0o o, v, v« | Non-Abelian | Sp S5 008 0L %)Y YuZ 00iS 0,iL %,iY veiZ Abelian
SLiYiZ Non-abelian | oo o, py ps | Non-Abelian | — S5 s7, 875517535538 | 008 o0 L pyiY peiZ 04iS il puyY pZ | Abelian
SIiLiYZ Non-abelian | oo a, p1; v | Non-Abelian - ST1STs $7,53:53s 008 il jyiY YxZ 00iS a L ;Y yniZ Abelian
SILYiZ Non-abelian | 0, a, v, ptx | Non-Abelian | — H;’“S"J 7 008 ail 7)Y priZ 00iS a L ,iY pxZ Abelian
SMZX | Nom-abelian | oo 0 7 7, | Non-Abelian | So 005 03M 7 Z X 00iS 0,iM 7xiZ 7, iX | Abelian
SMiZiX | Non-abelian | o, 0, s s, | Non-Abelian | — 008 0, M ppiZ piX 00iS 0,iM pZ p,X | Abelian
SiMizZX Non-abelian | oo o) e 7, | Non-Abelian | — 008 ayiM peiZ v X 06iS ayM peZ v,iX | Abelian
SiMZiX | Non-abelian | oo ) v« p. | Non-Abelian | — 008 ayiM v Z piX 00iS ayM yxiZ p X | Abelian
SNXY Non-abelian | 0, 0k 7, 7; | Non-Abelian | Sp $7:53:530 008 0, N ¥ X 7Y 05iS 0,iN 7,iX v,iY Abelian
SNiXiY Non-abelian | 0, 0x p, py; | Non-Abelian - 57530 068 0N piX pyiY 00iS 0iN p, X )Y Abelian
SiNiXY | Non-abelian | oo aw g, v; | Non-Abelian | — 005 agiN piX v,Y 00iS axN p,X 4,iY | Abelian
SiNXiY | Nom-abelian | o, ax 7, #; | Non-Abelian 005 agiN v, X p)i¥ 00iS axN ~,iX p,Y | Abelian
SLQR. Non-abelian | o, 7, 8, 55 | Non-Abelian | So 16532535 508 0,L 6,Q xR 00iS 0,iL 5,iQ §,iR | Abelian
SLiQiR Non-abelian | ¢, 0, vy v | Non-Abelian | — SEs? 75578532535 0S8 0 L v)iQ vriR 00iS 0uil v;Q v R Abelian
SiLiQR | Nom-abelian | o, a, v, 6, | Non-Abelian | — S7,55, S$7552,535 708 @il v)iQ 65 R 05iS a,L v,Q iR Abelian
SILQIR | Non-abelian | 0, o, 6, v | Non-Abelian | — STSTy § 00 il 5,Q vxiR 00iS o, L 5,iQ veR | Abelian
SMRP Non-abelian o Ty Sk 8 Non-Abelian | Sp STs 75533536 708 ;M 85 R 8, P 00iS 0yiM §iR 8,iP Abelian
SMiRiP | Non-abelian | 0, 0, vk v, | Non-Abelian | — SEsF, 575575523536 | 90S 0;M iR v,iP 00iS 0,iM vcR v, P | Abelian
SIMiRP | Non-abelian | 0, ay vs 6, | Non-Abelian | — ki 57552, 008 ayiM vgiR §,P 04iS a;M vxR 5,iP | Abelian
SiMRiP Non-abelian oo ay S vy Non-Abelian — 008 ayiM Sk R v iP 0,iS ay M SkiR v, P Abelian
SNPQ Non-abelian | o, o) 8, 5, | Non-Abelian | So 008 0xN 8,P 6,Q 04iS 0xiN 5,iP 5,iQ | Abelian
SNiPiQ Non-abelian | o, ox v, v; | Non-Abelian - 3,53, 708 0N v,iP 1,iQ 06iS 0xiN v, P 1,Q Abelian
SINiPQ Non-abelian | 0, ax v, 5, | Non-Abelian — 708 ariN v,iP §,Q 00iS anN v, P §,iQ Abelian
SiNPiQ | Non-abelian | o, ax 6, v, | Non-Abelian | — 708 aniN 6,P v,iQ 04iS axN 8,iP 1,Q | Abelian
SVTU Non-abelian | o Ao 60 7o | Non-Abelian | So - 508 AoV 80T YU 00iS AgiV 80iT ~oill | Abelian
SIVTiU | Non-abelian | o, 8o 6o fio | Non-Abelian 57555587 708 BoiV 65T poill 0418 BoV 60iT joU | Abelian
SViTiU Non-abelian | oo Ao vo o | Non-Abelian | — S5 SgSE - 575579530531 | @08 AoV voiT poil 04iS XoiV voT poU | Abelian
SiViTU Non-abelian | ¢, 8o Vo Yo | Non-Abelian - - Sg ngsf_xs’]4 79530531 068 BoiV voiT YoU 04iS BoV voT ~oill Abelian
SUDP Non-abelian | o4 70 A, 6, Non-Abelian | Sy — S5 8738 57,8 008 YoU A D 8, P 05iS voil A\ iD 8,iP Abelian
SiUIDP | Non-abelian | o, pio B, 5, | Non-Abelian | — | 5785 S5 55 - 57952552, 008 oiU B,iD 8,P 0,418 iU B,D 5,iP | Abelian
SiUDiP Non-abelian | o4 po A, v, Non-Abelian - S$5§SY - 57557959353, 065 poiU A, D v,iP 04iS poU A, iD v, P Abelian
SUIDIP | Non-abelian | o, 7o 8, v, | Non-Abelian | — - 558,515, 005 YoU 8,iD v,iP 00iS voiU B,D v, P | Abelian
SUEQ Non-abelian | o 7o A, 6, | Non-Abelian | So - 57,5757, 505 10U A\ E 6,Q 00iS v0iU XjiF 6,iQ | Abelian
SIUIEQ | Non-abelian Non-Abelian | — | 57555 5¢ - 708 110iU ByiE 6,Q 0018 iU B,E 6,iQ | Abelian
SiUEIQ | Non-abelian Non-Abelian 535557 008 poilU N B 1,iQ 04iS poU X\,iE v,Q | Abelian
SUIEIQ | Non-abelian Non-Abelian | — - BEGAA 708 40U ByiE 1,iQ 00iS 70iU B E 1,Q | Abelian
SUFR Non-abelian | 0o 7o Ax 65 | Non-Abelian | So - B 05 %oU AxF 6 R 00iS 70iU AgiF 6iR | Abelian
SiUiFR Non-abelian | o, fio Bx 0 | Non-Abelian | — | S{'S§'S5S? — 065 poill BriF 8, R 00iS jioU B F 8.iR | Abelian
SIUFIR | Non-abelian | o, fio Ax s | Non-Abelian | — 555258 - 532535 | 908 pioill A F viR 0018 U AniF v R | Abelian
SUIFiR Non-abelian | 0o 7o Bx ve | Non-Abelian — — S§ 555;,)514 068 YoU BriF iR 04iS v0iU BeF v R | Abelian
STXD Non-abelian | o, 6, v, A, | Non-Abelian | Sq 5§57 B 705 80T 7. X A, D 00iS 8,iT 7,iX X,iD | Abelian
SITIXD | Non-abelian | oo vo #, A, | Non-Abelian | — ST,ST, 008 VoiT piX A\ D 04iS voT p, X A, iD | Abelian
STiXiD | Non-abelian | oo 8o p1, 8. | Non-Abelian | — B 005 86T piiX BuiD 00iS 60iT X ,D | Abelian
SiTXiD | Nom-abelian | o, vo v, B, | Non-Abelian | — SEsT, 008 voiT 7, X $,iD 04iS voT v,iX 6,D | Abelian
STYE Non-abelian | o, 8, v; A, | Non-Abelian | Sq 008 8oT 7,Y M E 04iS 65iT ~,i¥ X\jiE | Abelian
SITiYE Non-abelian | oo vo py A; | Non-Abelian | — 75530525530 0S8 voiT pyi¥ \jE 00iS voT ;Y \jiEl Abelian
STiYiE Non-abelian | oo 8, py 8, | Non-Abelian | — 530525530 568 86T 11yiY ByiE 04iS 60iT )Y By E Abelian
SITYiE | Non-abelian | oo vo 7, A, | Non-Abelian | — 53052 005 voiT 7,Y BiE 00iS vT ~,iY Abelian
STZF Non-abelian | o4 8o v Ax | Non-Abelian | So 53,53 008 80T V7 A F 06iS 80iT ~iZ AgiF Abelian
SITiZF Non-abelian | o, vo ps Ax | Non-Abelian | — 575571535530 | 00S voiT pniZ AnF 00iS voT pxZ AgiF | Abelian
STIiZIF | Nom-abelian | oo 8, ptx Br | Non-Abelian | — 53,525539 008 80T pniZ BriF 00iS 8oiT pnZ BrF | Abelian
SiTZiF Non-abelian | o, vo v Bx | Non-Abelian - 31525539 068 voiT Yo Z BriF 00iS voT YuiZ B F Abelian
SVPX Non-abelian | o, Ao 8, 7, Non-Abelian | Sp 7952653, 768 AoV 8, P 7, X 0,iS AgiV 8,iP v, iX Abelian
SiVIiPX | Non-abelian | o, 8o v, 7, | Non-Abelian | — 008 BoiV v,iP 4, X 04iS oV v, P 4,iX | Abelian
SViPiX Non-abelian | o, Ao v, g, | Non-Abelian — 008 AoV v iP piiX 06iS AoiV v P p, X Abelian
SiVPiX | Non-abelian | o, 8, 8, #, | Non-Abelian | — 0S8 BoiV 8,P pu,iX 00iS foV 8,iP p,X | Abelian
svVQY Non-abelian | o, Ao 8, 7, | Non-Abelian | Sq 508 AoV 8,Q 7,Y 00iS NoiV 5,iQ 7,iY | Abelian
SiViQY Non-abelian o Bo V) vy Non-Abelian — S$30535537 008 BoiV 15iQ v;Y 06iS BoV 1,Q 7,iY Abelian
SViQiY | Non-abelian | oo Ao v pr; | Non-Abelian | — 75530595537 | @08 AoV 15iQ pyiY 04iS XoiV v,Q ;Y | Abelian
SiVQIY | Non-abelian | o, 8o 8, pi; | Non-Abelian | — 530525527 308 BoiV 5,Q 11yiY 04iS BoV 6,iQ pyY | Abelian
SVRZ Non-abelian | oo Ao 8 v | Non-Abelian | So 531535576 068 AoV SR vkZ 00iS NoiV 8,iR viiZ | Abelian
SiViRZ Non-abelian | 0o fo vx v | Non-Abelian | — S3,5755%6 708 BoiV vkiR v Z 00iS BoV viR vxiZ | Abelian
SViRiZ Non-abelian | o, A vy pyx | Non-Abelian - 875531575535 | 008 AoV vniR priZ 00iS AoiV vk R pZ | Abelian
SiVRiZ Non-abelian | o, 8o 8x s | Non-Abelian - 53,8355% 008 BoiV 6x R ppiZ 00iS BoV SkiR pnZ Abelian
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Unit_elements of M Unit_elements of T and sedenion-type loop participation Unit_elements of C @ W
Sub-group | Type Sub-loop Type Sp B s7 s7 Complexified aligned sub-loop Type
SVDL Abelian | 0o Ao A, o, | Nonm-Abelian | So sg El 575576576535 708 AoV A.D 0,L 04iS XoiV A,iD il Non-Abelian
SiViDL Abelian | 0o 8o 8. 0. | Non-Abelian | — Ssg SEsT, 76579535 08 BoiV BuiD o,L 04iS BoV B.D o,ilL Non-Abelian
SVIiDiL | Abelian | 0o Ao B, @, | Non-Abelian | — 555§ B 576570535 008 AoV BuiD a,iL 04iS AoiV B, D a,L | Non-Abelian
SiVDIL | Abelian | o 8o A, @, | Non-Abelian | — Sg s EACA 75579535 705 BoiV AD a,iL 00iS BoV AiD a,L | Non-Abelian
SVEM Abelian | 5 Ao Aj 0, | Non-Abelian | Sp Sg Sto 575576520536 | oS AoV X E 0;M 00iS XoiV AjiE 0,iM | Non-Abelian
SiViIEM | Abelian | oo 8, 6, 0, | Non-Abelian | — sysg S5 ST, 576530536 005 BoiV ByiE 0,M 04iS B,V B,E 0,iM | Non-Abelian
SViEiM | Abelian | 0, Ao B, @, | Non-Abelian | — 555§ 5557, 576530536 508 AoV B,iE ayiM 04iS NoiV §,E a,M | Non-Abelian
SiVEIM | Abelian | oo 8o A, a; | Non-Abelian | — 555% B 576530536 005 BoiV N\ E ayiM 0,i8 B,V AiE a,M | Non-Abelian
SVFN Abelian | 06 Ao Ax 0y | Non-Abelian | Sp S§ Sty 575576521537 | 90S AoV AxF 0xN 00iS AoiV AgiF oxiN | Non-Abelian
SiViIFN | Abelian | 0o 8o i 0 | Non-Abelian s75% B 576531537 005 BoiV BriF 0xN 04iS foV BxF 0,iN | Non-Abelian
SVIiFIN | Abelian | 04 Ao s an | Non-Abelian 5555 5550 576531537 | 905 AoV BriF aniN 00iS AiV fxF axN | Non-Abelian
SiVFiN | Abelian | 0, Ao A ax | Non-Abelian | — sg5¢ 57,575 576531537 | 905 BoiV AnF aniN 00iS oV AxiF axN | Non-Abelian
STPL Abelian oo 80 8, 0, Non-Abelian | Sg S¢sg S78875%: 068 8,1 8, P 0,L 0,iS 6,iT 6,iP o,iL Non-Abelian
SITIPL | Abelian | o4 vo v, o, | Non-Abelian | — 53 7557557052 008 voiT 1,iP 0,L 00iS voT v, P o,iL | Non-Abelian
STIiPIL | Abelian | o, 6o v, o, | Non-Abelian | — sg sy 575579538 0S8 80T v,iP il 00iS 6iT v, P a,L | Non-Abelian
SITPIL | Abelian | o0, v 8, o, | Non-Abelian | — 555§ 575579538 508 voiT 8,P 0,iL 00iS voT 6,iP oL | Non-Abelian
STQM Abelian 00 8o 85 0, Non-Abelian | Sg S7853053 008 85T 8;,Q o, M 04iS §iT 8,iQ o,iM Non-Abelian
SiTiQM Abelian o Vo vy 0y Non-Abelian - 87587553953 008 voiT v4iQ o3 M 04iS voT v,Q o)iM Non-Abelian
STiQIM Abelian T 8o vy Non-Abelian - 7559053 008 80T 15iQ ayiM 0,iS 04T v,Q ay;M Non-Abelian
SiTQIM Abelian T Vo 8, 0y Non-Abelian — 75590530 008 voiT §,Q ayiM 0,iS voT 6,iQ ay;M Non-Abelian
STRN Abelian | o4 8o 0x ox | Non-Abelian | So 75531530 008 30T 5 R 0x N 00iS 60iT 8,iR ori Non-Abelian
SiTiRN Abelian | 0o vo v 0n | Non-Abelian — 575575531530 008 VoiT ViR 0, N 04iS voT v R oyil Non-Abelian
STiRIN Abelian | oo 80 v ax | Non-Abelian | — S5 sty 75531530 708 0,T ViR apiN 00iS 60T vxR arxN | Non-Abelian
SITRIN | Abelian | 00 vo 3k ax | Non-Abelian | — 575513 575531530 008 voiT 65 R agiN 00iS voT 6xiR axN | Non-Abelian
SXUL Abelian | 0, 7, 70 o, | Non-Abelian | So SEsg sy, 008 7. X YU 0,L 00iS 7,iX 70iU o,iL | Non-Abelian
SiXiUL Abelian | o, p, po o, Non-Abelian | — - 008 piX poil o, L 05iS p, X poU o,iL Non-Abelian
SXiUiL | Abelian | 0o v, fio o, | Non-Abelian | — | S5 85 5¢ 57 = 532 08 7. X poil a,iL 00iS 7,iX poU a,L | Non-Abelian
SiXUIL | Abelian | oo p, 7o @, | Non-Abelian | — - 57051151550, N 008 puiX voU a,iL 00iS @, X v0iU a,L | Non-Abelian
SYUM | Abelian | o4 7, 70 0, | Non-Abelian | So - S5 ST0STs 5 0058 7,Y 70U 0,M 04iS 7,iY ~0iU 0,iM | Non-Abelian
SiYiUM Abelian | oo jiy pio o, | Non-Abelian | — B - Y 708 pyiY jioil 0, M 04iS pY poU a,iM | Non-Abelian
SYiUiM | Abclian | o, 7, o @; | Non-Abelian | — | 555555 57 = 008 7,Y poiU ayiM 00iS 7,iY poU a,M | Non-Abelian
SiYUIM | Abelian | 04 iy 7o @, | Non-Abelian | — - Ts7 sT,50, 008 1yi1Y YoU ayiM 00iS ;Y 7oil a;M | Non-Abelian
SZUN Abelian | 0o v 7o @ | Non-Abelian | Sq - s§sP 57, 008 A Z YoU 0xN 00iS 4xiZ v0iU 0xiN | Non-Abelian
SiZIUN Abelian | o, px pio or | Non-Abelian | — SySeSe — 068 wriZ poill oxN 04iS peZ poU oxiN | Non-Abelian
SZiUIN | Abelian | o0 7x po @ | Non-Abelian | — 5555888 - 08 A Z Hoil anilN 06iS niZ pioU axN | Non-Abelian
SiZUIN | Abelian | 0o pw 7o an | Non-Abelian | — - AT 008 pwiZ 4oU axiN 04iS pxZ 7oil axN | Non-Abelian
SXER Abelian | a4 v, A; 8p Non-Abelian | Sp 5g8% STa $7,536530 008 %X X\E 8 R 0418 7,iX X\)iE 6xiR Non-Abelian
SiXEiR | Abelian | o0, g, A; v | Non-Abelian | — ES 5705ty 87:553,53653 | oS miX M E vgiR 04iS 4, X XjiE v R | Non-Abelian
SXiEiR | Abelian | oo v, 8, vx | Non-Abelian | — s75g S5 sy 6530 005 7. X ByiE vpiR 00iS 7,iX f,E vgR | Non-Abelian
SiXiER | Abelian | o0, p, 8; 65 | Non-Abelian | — B 008 pyiX ByiE 6 R 00iS X B,E 6;iR | Non-Abelian
SXQF | Abelian | o4 7, 8, Ax | Non-Abelian | So s78g 005 1. X 5,Q A F 04iS v,iX 6,iQ AxiF | Non-Abelian
SIXiQF | Abelian | oo g, v; Ax | Non-Abelian | — sg 508 piX 1,iQ AnF 00iS p, X 1v,Q A\giF | Non-Abelian
SXiQIF | Abelian | oo v, vy Bx | Non-Abelian | — S5 8% 508 %X 1,iQ BriF 04iS v,iX v;Q BxF | Non-Abelian
SIXQIF Abelian | oo 41, 8, B | Non-Abelian | — S§sg 708 p1iX 6,Q BriF 00iS X 6,iQ BuF Non-Abelian
SYPF Abelian | o, v, 6, Ax | Non-Abelian | Sg B 008 %Y 8, P Ao F 00iS v,iY §,iP ApiF Non-Abelian
SiYiPF Abelian | oo iy v, Ax | Non-Abelian | — sg 008 pyi¥ VP A F 00iS 1Y v, P AgiF Non-Abelian
SYiPiF Abelian | oo v, v, B | Non-Abelian | — S5 S8 008 ;Y v iP BriF 04iS 7,iY v, P B F Non-Abelian
Abelian | oo py 6, Br Non-Abelian | — EhEE 008 1Y 8, P BriF 04iS p)Y §,iP frF Non-Abelian
Abelian | o, v, A, 6, | Non-Abelian | Sg S5 8% 708 7Y AD 8 R 00iS v,iY AiD 8niR Non-Abelian
Abelian | oo sy A, v | Non-Abelian | — 008 11yi¥ A D vyiR 00iS ;Y AiD v R Non-Abelian
SYiDiR Abelian | o, v, A, vx | Non-Abelian | — 0S8 ;Y BuiD vyiR 04iS 7,iY 8.D vxR Non-Abelian
SiYiDR Abelian | oo py B, 6 | Non-Abelian | — S7Sg 008 pyiY BiiD xR 00iS py)Y B.D iR Non-Abelian
SZDQ Abelian | 0o v« A 8, | Nonm-Abelian | Sp S§Sg 005 12 AD 6,Q 70iS vxiZ A\iD 6,iQ | Non-Abelian
SiZDiQ | Abelian | oo px A, v, | Non-Abelian | — Eg 005 priZ AD 1)iQ 00iS pxZ AiD 1,Q | Non-Abelian
SZiDiQ | Abelian | oo vx 8, ¥, | Non-Abelian | — 5552 005 72 BuiD v,iQ 0,iS xiZ B, D v,Q | Non-Abelian
SiziDQ | Abelian | oo px . 8, | Non-Abelian | — B 008 pniZ B.iD 5,Q 00iS pnZ B.D 6,iQ | Non-Abelian
SZPE Abelian | 0o v 6, A, | Non-Abelian | Sq 5552 53153653s 008 Y2 6,P N\E 04iS vxiZ 8,iP X\;iE | Non-Abelian
SiZiPE Abelian | o, py v, A) | Non-Abelian | — S¢ 575534526538 | oS uniZ viiP \E 04iS upZ v, P A\jiE | Non-Abelian
SZiPiE Abelian | 0o vk v f; | Non-Abelian | — 555§ 57,57653s 568 Vw2 v, iP BjiE 06iS v5iZ v, P B E Non-Abelian
SiZPiB Abelian | o, px 8, 3; | Non-Abelian | — S¢Sy 574575538 008 1xiZ 8, P ByiE 04iS pnZ §,iP BE Non-Abelian
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TABLE 6. Unit elements for aligned M and T sub-algebras with
4 unit elements and complexified aligned C ® W sub-algebras

Unit _elements of M Unit_elements of T and sedenion-type loop participation Unit_elements of C® W

Sub-group | Type Sub-loop Type sp | 52 [ s} 57 Complexified aligned sub-loop Type
SLiSiL Abelian | 0, 0, ap @, | Non-Abelian | — - — | 87657:575519532535 538 008 0, L apiS a,il 06iS 0,iL aoS a L Non-Abelian
SMiSiM Abelian | 0, o) g a; | Non-Abelian | — - — | S7657757853053353653 | 008 0;M aoiS ayiM 04iS 0,iM @oS a;M | Non-Abelian
SNiSiN Abelian | 0, 0, o o, | Non-Abelian - - - S76577578531 534537530 | 00S 0k N aoiS ariN 06iS 0xiN aoS axN | Non-Abelian
SVisiv Abelian | 0o Ao @0 Bo | Non-Abelian - - - S76570530531 595536537 768 AoV @0iS BoiV 06iS AoiV aoS BoV Non-Abelian
STiSiT Abelian | 0, 8o g Vo Non-Abelian - - - S75579530531 538539530 068 85T @piS voiT 04iS 30iT oS voT Non-Abelian
SUiSiU Abelian | 0o Yo @o po | Non-Abelian | — - — | 87:576530531532533534 965 YoU @oiS poil 00iS 7oil oS poU | Non-Abelian
SXiSiX Abelian To Vi Qo Hy Non-Abelian - - - 70522536537539530 068 7 X apiS piX 06iS v, iX aoS p,X Non-Abelian
SYiSiy Abelian | o, v, @0 py Non-Abelian - - - 35537538530 068 1, Y apiS pyiY 0,iS Y aoS p,Y Non-Abelian
SZiSiZ Abelian | 05 vk @0 pre | Non-Abelian - - - 35536538539 008 YhZ apiS priZ 00iS YeiZ oS prZ Non-Abelian
SPiSiP Abelian o6 8, ap Uy Non-Abelian 34536537538 068 8, P apiS v,iP 0,iS §,iP a,S v, P Non-Abelian
8QisiQ Abelian | o, 8, ap v; | Non-Abelian | — - — | $7553053253,535537 539 768 §,Q @piS 1,iQ 04iS §,iQ apS v,Q Non-Abelian
SRiSiR Abelian | 0, 8, ap v Non-Abelian - - - 78531532533 595536 530 068 85 R apiS vyiR 04iS 8,iR apS ve R Non-Abelian
SDiSiD Abelian | oo A, ao 8, | Non-Abelian | — - — | 576576533534535 530530 768 A D apiS fuiD 06iS A\iD oS B,D | Non-Abelian
SEiSiE Abelian | o, A; ag B, | Non-Abelian | — - — | $76520532534536535530 008 M E ayiS 00iS \jiE aoS 8, E Non-Abelian
SFiSiF Abelian | 0o A ao Bx | Non-Abelian | — - — | 57653153253353753539 | 008 AxF aois 00iS AgiF oS B F | Non-Abelian

TABLE 7. Unit elements for aligned M,

with 8 unit elements

T and W sub-algebras

Unit elements of M Unit elements of T and sedenion-type loop participation Unit elements of C @ W
Sub-group Type Sub-loop Type | Sp | S§ | s¢ s} Complexified aligned sub-loop Type
SiVDILVIDLIiS | D®C | 00 fo A a, Ao Bu 00 a0 of — | = | = | 575576535 | ©0S BoiV AD a,iL AoV B,iD o,L aoi | Split Octonion
SITPIiLTiPLiS | D® C o Vo 8, a, 86 Vi 0, g g - - — | 76576575 068 voiT 6, P a,iLl 6T v,iP o,L api Split Octonion
SXiUILIXULIS | D®C | 00 Vi to @0 by Yo 00v o [ — | = | = | 81957952, | 008 %X poiU ayil piX voU o,L api | Split Octonion
SXERIXIEiRiS | D® C To Yo Ay Ok pu By Vi o [0} — — — 53,5975 068 %X \E 65 R p,iX ByiE vgiR agi Split Octonion
SXQFiXiQiFis D®C To T Aw B vy Br o 0§ - - - 32536530 005 7 X 8,Q A F piX v5iQ BriF aei Split Octonion
SIVEIMVIEMIS | D®C | 0o fo Ay a5 Ao B; 05 a0 0§ — | = | = | 51552053 | @0S BoiV A\E ayiM AoV B,iE o, M agi | Split Octonion
SITQIMTIQMIS | DRC | 00 vo 8, a; 60 vy 0) o 0§ — | = | = | 81653053 | 005 voiT 8,Q ayiM 65T v,iQ o, M agi | Split Octonion
SYiUIMiYUMIS | D®C | 00 v Ho @) 1) Yo 05 0o [ — | = | = | 81952,52; | 905 WY oil ayiM pyiY voU o,M agi | Split Octonion
SYPFiYiPiFiS DRC To Yy 6 Ak Hy Vi Br o 0§ - - - 533595530 068 8, P A F pyiY v,iP BriF api Split Octonion
SYDRIiYiDiRiS DR C o Yy A Sk By Bu vk ao 0§ - - - 33537538 708 ;Y AD 8 R pyiY B,iD veiR aoi Split Octonion
SiVFINVIFNIiS | D®C | 0o 8o Ak ar Ao Bk 0k ao [} - - — | 875531535 | 008 BoiV AxF aniN AoV ByiF 0N aei | Split Octonion
SITRINTIiRNiS | D®C | 00 vo 0 ok 60 Uk 0k 00 [ — | = | = | S71652:52; | 00S voiT 6xR aniN 60T vxiR 0xN aoi | Split Octonion
SZiUINiZUNIS | D®C | 00 vx Ho ax kx Yo Ox @0 | OF — | = | = | 8195283, | 90S YkZ p10iU aniN pxiZ U 0N agi | Split Octonion
SZDQIZiDiQiS D®C To Ve Au Oy b Bu vy o 0§ - - - 534576538 008 YwZ AD 8,Q pniZ BuiD v,iQ ayi Split Octonion
SZPEIZiPiEiS D®C To Y S0 Ay ke Vi By o 0§ - - - 3453553 00S VwZ 8.P X\;E priZ v iP ByiE aoi Split Octonion
SLMNILiMiNiS | H® C 0o 0L 0y Or @y Gy Qg Qo 0§ - - - S1657757s | 008 0uL 0;M 0N @il ayiM axiN agi Distributive
SLIiEiFiLEFiS | H®C | 0o 0, B; Br o Aj Ak a0 o5 - - — | $7553,53 065 0. L ByiE BriF il N\yE Ao F aoi Distributive
SLIQIRILQRIS | HRC | 00 0, vy vx a, §; 6r ao [ — | = | = | S7657,5% 00S 0,L 1,iQ viR a il 6,Q 6xR aoi Distributive
SLIYiZILYZiS | H®C | 00 00 py ks a0 vy Ve o [0 — | = | = | S145355% | 00S 0L wyiY piZ a,il v,Y veZ aoi Distributive
SMIFiDIMFDIS | HQC | oo ) Bx B ay An AL o [ — | = | = | 87552383 | 90S ;M BuiF B,iD ayiM X\oF A\, D agi | Distributive
SMiRiPiMRPiS | H® C To 0y Uk vy 0y 8 8, Qo 0§ - - - 1653353 068 1 veiR v,iP ayiM §.R 8, P agi Distributive
SMiZiXiMZXiS | H® C o Oy Bk i O Ve Vi Qo g - - - S17536539 | 00S 03 M priZ piX ayiM vuZ v X aoi Distributive
SNiDiEiNDEIS 00 0k B By ax A Ay a0 [0 — | = | = | 87s5245%; | 00S oxN BuiD ByiE aniN \,D X\,E agi Distributive
SNiPiQINPQiS o Ok Vi vy g 8y 8 o [ — | = | = | 51653453 | oS oxN wiP v,iQ axiN 8§, P 6,Q aoi Distributive
SNiXiYiNXYiS | H® C o Ok Hu Hy @k Vi Vg Qo 0§ - - - 17537530 00S ox N piX pyi¥Y axiN v, X 7Y agi Distributive
SVTUIVITiUiS | H®C | 06 Ao 60 Yo Bo o Ho o 0§ — | = | = | 819520531 | 0SS AoV 80T voU BoiV voiT poil agi Distributive
SVIPiXiVPXiS | H®C | 00 Ao vi i fo 8. M o — | = | = | 87652553 | oS AoV wiP piX BeiV 6, P v X agi Distributive
STiXiDITXDiS | HRC | 00 80 t B Vo Y A o — | = | = | 571952552 | 00S 6T wiiX BuiD voiT 7 X XD i Distributive
SUIDiPiUDPiS | H® C To Yo B Vi fto Ay 8, 0o - - - 57657553, 068 YoU B,iD v iP poilU X\, D §, P agi Distributive
SViQiYivVQYiS | H® C To Ao vy 1y Bo 85 ¥ o - - - 305358530 008 AoV v5iQ pyiY BoiV §,Q v,Y aoi Distributive
STIYiEiTYEiS | H® C 90 80 1y By Vo Y3 Ay o - - — | $3,53553, 008 86T pyiY ByiE voiT )Y N E aoi Distributive
SUIEIQIUEQIS | H@C | 00 7o B ¥) to Ay 0, ao — | = | = | 83,52,50, | 905 WU ByiE v,iQ poill A\ E 6,Q i Distributive
SVIRIiZiVRZiS | H@C | 06 Ao Ve tin Bo Sk r o [ — | = | = | 83153553 | oS AoV vwiR uxiZ BoiV xR vxZ i Distributive
STiZiFiTZFiS H®C | 06 60 Br Br Vo T Ax Qo 0§ - - - 31535536 068 86T ppiZ BriF voil yoZ A F api Distributive
SUiFiRiUFRIiS H®C To Yo Br Vk Mo Ak Ok 0o 0§ - - - 31532535 068 YoU BriF vygiR poilU A F 6. R agi Distributive
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Unit elements of M Unit el ts of T and sed; type loop p ti Unit elements of C ® W

Sub-group Type Sub-loop Type | Sp s¢ s: sy Complexified aligned sub-loop. Type

SLMNDEFV HOC | 000005 0n A Ay Ax Ao 0§ So S¢ - ST 068 0, L 0;M 0N X\, D M\E A F Ao Distributive
SLIMINDIEIFV | H®C | 00 0, @) ax A By B Ao | Of - sg sE S7% 005 0L a)iM awiN A\,D B,iE BxiF Mo | Distributive
SILMINIDEIFV | H®C | 00 a, 0) ax B Ay Bx Ao | Of - sg ki S7% 008 il 0, M awiN B,iD M E BiF X, | Distributive
SILIMNIiDIiEFV | HQC | 0o o, a; 0x f Ao 66‘ - s sf] ST 008 il 0w N B,iD B,iE AxF X\, | Distributive
SLMNIDIEIFiV | H@C | 00 00 0y 0w Bi By B Bo o} - - sE 575575 | 00S 0uL 0;M 0N B,iD B,iE BwiF i | Distributive
SLIMIiNiDEFiV | HQC | 04 0, o) ar B Ay Ax o 6(( - s s7, ST 005 0, L a,iM ayiN B,iD \)E X\.F Boi | Distributive
SILMINDIEFiV | H®C | 00 ay 0 an A By Ax B0 | Of - s Ei ST 008 il oM aniN A\,D BiE A\ F Boi | Distributive
SILIMNDEIFiV | H@C | 00 a, a; ok A Ay B Bo | O - £ E ST 005 il ayiM oxN A, D X\,E BuiF Boi | Distributive

SLMNPQRT H® C Go 0L 0y Or 6, 8y 6k 6o [oF3 So — — 57557 008 0, L 0;M 0N 8, P 5,Q 6:R 6o Distributive
SLIMiNPiQIRT | K@ C | o0, 0, a; ax 6, v vk 8o of - sg s 576 008 0L ayiM aniN 8,P v,iQ vxiR 8, | Distributive
SILMiNiPQIRT | H@C | oo o 0, ax 0 8, vy 8o o} - sg S8 AN 005 il 0, M aniN v,iP §,Q vxiR 8, | Distributive
SILIMNIiPIQRT | H®C | 00 a, ay 0x v vy 6x 8o of - sg s¥ S%s oS il ayiM 0N v,iP 1,iQ 8.R 8, | Distributive
SLMNIPIQIRIT | HQC | 06 00 0) 0x v0 vy vk vo of - s¢ sg 576 005 0,L 0,M 0N v,iP 1)iQ viR voi | Distributive
SLIMINiIPQRIT | H@C | o0, 0, a, ax vi 8, 8x vo o} - sg S8, S7s 005 0L 0y)iM aniN v,iP 8,Q 8, R vei | Distributive
SILMiNPiQRIT | H®C | o0, a, 0; ax 8, vy 6 vo (75 - sg .s'fg 7 068 @il 0, M agiN §,P 1,iQ §xR voi | Distributive
SILIMNPQIRIT | H@C | 0o o oy o 6, 8; s vo of - kS sP, 576 005 il ayiM 0N 8,P 6,Q vxiR voi | Distributive

SLMNXYZU H®C o TL Ty Tk Vi Vg Yk Yo 6g So - sg sz oS oL oyM 0N v X 7Y 72 Yo Distributive
SLIMINXiYiZU | H®C | 0, 0, ay an Yo Hy fr Yo o) - - Sgsﬁ_, sY, 005 0, L ayiM aniN v, X p,iY pniZ v, | Distributive
SILMINIXYiZU | H@C | 00 o, 0 o te 7y b Yo o1 - - s% 58, 7y 005 @il 0, M aiN piX 7,Y pxiZ v, | Distributive
SILIMNIiXiYZU | HQC | oo oy ay op pe [e73 - - 5288, 57, 0S8 a,iL o 0N 1,iX pyiY yZ vo | Distributive
SLMNiXiYiZiU | H®C | 0, 0, 0 0k [t ) B Ho o} - S¢ - ST5877 | 00S 0uL oM 0N p,iX p1yiY peiZ poi | Distributive
SLiMiNiXYZiU | H®C | 0o 0y ay ax b ¥y Ir Ho ol — | sgsg — s, 068 0, L 0yiM aiN piX v,Y YxZ poi | Distributive
SILMiNXiYZ HRC | 00 oy 0y an Yu Hy e Mo ol — | sgsg - ST, 005 ayil 0;M aniN v, X p,i¥ vuZ poi | Distributive
SILIMNXYiZiU | H® C To @y @5 T Yo V) Mk Ho 6(} - S5 Sg - Sty 008 @il ayiM oxN v X 7Y priZ poi | Distributive

SVIUDPXL | H@C | 06 Ao 8o Yo A 60 70 00 0g | So - s Ty oS AoV 66T YU A,D 8, P 7, X o, Distributive
SVITIUDIPiXL | H®C | 00 Ao o fto A v pu o of — | spsg - AN 005 NoV voiT poill A, D v, iP p,iX o, | Distributive
SiVTiUiDPiXL | H® C o Bo o to Bu 8. 1 o4 ok S5 57557 068 BoiV 80T poill B,iD 8, P p,iX o, Distributive
SIVITUIDIPXL | E®C | 00 Bo Vo Yo B v 0 00 O} - - sgsb, 576 005 BoiV veiT 7oU B.iD 1iP v, X o, | Distributive
SVTUIDIPIiXiL | H® C | 00 Ao 80 Yo Bu v 11 e o - - ESN 505 AoV 80T voU B,iD v,iP pu,iX oyi | Distributive
SVITiUIDPXIL | H@C | 00 Ao Vo fo B 8. 7. a. ol - | sgsy - 57 008 AoV voiT poilU B,iD 8, P v, X a,i | Distributive
SIVTIUDIPXIL | H®C | 00 Bo 6o 1o Au Vi 1 of — | sgsg - 57 08 BoiV 80T 1ioill A\, D 1iP 7, X i | Distributive
SiVITUDPIXiL | H® C o Bo Vo Yo Au 8, p. of - - e STy 008 BoiV voiT voU A\, D 8, P p,iX a,i | Distributive
SVIUEQYM | H®C | 00 Ao 80 Yo Ay 85 7, 0y 0g | so - 530 005 AoV 60T 70U N E 6,Q 7Y o, Distributive
SVITIUEIQIYM | H@C | 00 Ao Vo to Ay vy 11y o, og — | spsg - 53 005 MoV 1oiT poiU A\, E 1,iQ p,iY o, | Distributive
SIVTIUVIEQiYM | H® C 0o Bo 6o o By 8y 1y o, ok - s — 87553, 068 BoiV 80T poill ,Q 1yiY oy Distributive
SIVITUIBIQYM | E®C | 00 Bo vo 7o By vy 7y 75 O - - sg sty 2N 005 BoiV voiT voU BiE v,iQ v,Y o, | Distributive
SVTUIEIQIYIM | HRC | 00 Ao 80 Yo By vy 1y oy [e73 - - 5587, 530 00S AoV 86T 7oU ByiE vyiQ pyiY a,i | Distributive
SVITIUIEQYiM | H® C o Xo Vo o By 85 vy 0y ol — | sgsg - 3 008 AoV voiT pgil B,iE §,Q v,Y a,i | Distributive
SIVTIUEIQYIM | H@C | 00 fo S0 1o Ay 15 75 0y o - 53 005 BoiV 80T poill X E 1,iQ %,Y a,i | Distributive
SIVITUEQIYiM | H@C | 0o Bo Vo Yo Ay 8; 1y oy o - AN 005 BoiV voiT 7oU \E 8,Q yiY a,i | Distributive

SVTUFRZN H®C | 00 Ao 80 Yo Ar Ok Yr Ok F)g So S 068 AoV 85T voU Ao F 6. R v Z 0y Distributive
SVITIUFIRIZN | H®C | 00 Ao Vo fto Ax Vs hw 0 | OF - 53, 05 AoV voiT pioiU AxF vyiR pxiZ on | Distributive
SiVTIiUIFRIZN | HQC | 00 Bo 0o o Bk 8i Hr Ok 6{; - s7583, 068 BoiV 85T poil BriF 6.R priZ o | Distributive
SiVITUIFiRZN | HQC | 00 Bo Vo Yo Br Uk Y Or o) - - sg “131 3, 008 BoiV voiT voU BriF vniR vxZ o, | Distributive
SVTUIFIRIZIN | H®C | 0o Ao 60 Yo Br ¥n ki ax | Of - - sgsty 53, 005 AoV 80T YoU BriF vyiR puiZ axi | Distributive
SVITIUIFRZIN | HQC | 06 Ao Vo Ho Br Sk i On ol - — s 068 AoV voiT poilU ByiF 8y R yZ i | Distributive
SiVTIiUFIiRZIN | H@C | 00 Bo S0 Ho Arx Vi Yr Ok ol - - Sy 068 BoiV 86T 11oilU AF viR v Z agi | Distributive
SiVITUFRIZIN | HRC | 06 Bo Yo Yo Ar Or fx Ox e} - - s%,55, S5, 685 BoiV VoiT voU A F 64 R ppiZ ani | Distributive
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TABLE 9. Unit elements for aligned M, T and W sub-algebras
with 8 unit elements

Unit elements of M Unit el of T and sedenion-type loop participati Unit elements of C @ W
Sub-group Type Sub-loop Type | S5y | S§ s7 s} Complexified aligned sub-loop Type
SLIEiFiURQIX | H®C | 0o 0, 8y Br o Sk 8y 1. ok - s - 57583, 008 0, L ByiE BriF poiU 6.R 6,Q p,i | Distributive
SLEFiUIRIQIX | H®C | 00 00 Ay Ax po v vy e | OF — | spsy - 53, 005 0,L \)E ApF poil viR v,iQ p, i | Distributive
SILIEFURIQIX | H®C | 00 av B) Ax Yo 8 vy | O} - - s s, 57 00S ayiL ByiE AuF 7oU 8, R v,iQ p i | Distributive
SILEIFUIRQIX | H®C | 06 ay Ay Bu Yo v 8, e | Of - - 58,58, 57 00S ayil \)E BriF 7oU vyeiR §,Q p i | Distributive
SLIiEIFUIRIQX | H@C | 00 00 B) Br Yo v vy v | Of - - £sf 708 0, L ByiE BriF voU vkiR v,iQ v, | Distributive
SLEFURQX H®C | 00 00 Ay Ax Yo 6k 85 W 53 So - S;‘z 008 0L A\jE A F 70U 8. R §,Q 7. Distributive
SILIEFIUIRQX | H®C | 00 ay B) A to v 8, v | Of | — | s§5¢ - 53, 00S il ByiE AxF poil viiR 8§,Q v, | Distributive
SILEiFiURIQX | H@C | 00 a¢ Ay Br 1o 6 vy v | OF | — | 5§58 - 57 00S ail \E BriF poilU 8R v,iQ v, | Distributive
SMIiFiDiUPRIY | H®C | 00 o) Br Bu pto 80 6 1y | OF | — sg - 575525 | 008 0, M BuiF BuiD il §,P 8. R juyi | Distributive
SMFDIUIPiRIY | H®C | 00 05 Ax v Ho Vi v fiy o — | s¢sy - S5 008 o AeF XD pioiU v, iP vgiR pyi | Distributive
SIMIFDUPIRIY | H®C | 00 oy Br A Yo 80 v py e} — - s5sP, 53, 008 ayiM BuiF A\, D voU 8, P vxiR pyi | Distributive
SIMFIiDUIPRIY | H®C | 00 ay Ax B 7o vi 8 11y | Of - - sP 5%, 2N 00S ayiM AgF B,iD ~oU v,iP 8 R pyi | Distributive
SMIiFiDUIPIRY | H®C | 00 0 B B Yo vu Vs vy | Of - - sgs, 52 05 0, M BriF B,iD voU v iP vgiR v, | Distributive
SMFDUPRY H®C | 00 05 Ax A Yo 80 8i 7y of So - sf‘, 068 o3 M A F A D voU 6, P R v, Distributive
SiMiFDiUIPRY | H®C | 0o a; Br Au po v 8k 7y 53 - S§sg - S;’3 00S ayiM BriF A\ D poiU v,iP §:R 7, Distributive
SIMFiDiUPIRY | H®C | 00 oy Ax Bu o 8o v v, | OF | — | Sgs¢ - 2N 00S ayiM AF B,iD poilU 8, P vgiR v, | Distributive
SNIDIEiUQPIZ | HQC | 0o ox B By to 8, 8 e | OF | — S8 - 57553, | 005 0xN B.iD B,iF poiU 6,Q 6, P pni | Distributive
SNDEIiUIQIPIZ | H®C | 00 0n A Ay tho vy Vi i | OF — | spsg - Ex 505 0N \.D A\ E 1ol 1,iQ v iP pi | Distributive
SINIDEUQIPIZ | H@C | 00 an B Ay Yo 8; v0 e | Of - - 55,57, 00S aniN B,iD \E 40U §;Q v,iP pui | Distributive
SINDIEUIQPIZ | H@C | 00 an A B Yo v 80 hin o - - S5 sy 005 aniN A D BiE voU v,iQ §,P i | Distributive
SNIDIEUIQIPZ | H®C | 00 0w Bu By Yo vy o v | Of - - 5882, 08 0N B,iD ByiE voU 1,iQ v,iP ~, | Distributive
SNDEUQPZ | H®C | 00 0x A Ay 70 8) 60 ve | OF | So - sP, 2N 005 0N XD X\ E 70U 5,Q 6. P i Distributive
SINIDEIUIQPZ | H@C | 00 an B A 1o ¥ 60 v | OF — | sgsg - Ex 005 aniN B,iD A\)E jioilU 1,iQ 8, P . | Distributive
SiNDi. QiPZ | H®C | 0o ax A By po 85 Vi i 6{{ - SgSg - S;’4 00S ariN A D ByiE poilU 6;Q viiP vy Distributive
SLIQIRIVZYIiD | H®C | 00 0, vy vk Bo e vy B | OF | — S EX S35 00S 0,L 1)iQ ViR BoiV vxZ ~,Y Bii | Distributive
SLQRIVIZiYiD | HQC | 0o 00 8, 6u Bo 1w 11y B | O - - s%, 575505 | 005 0.L 8,Q 6xR BoiV uxiZ pyiY Bii | Distributive
SILIQRVZIYID | HO®C | 00 oy v 6x Xo e 1y B | O | — sg sP 005 0yiL 1yiQ 8xR XoV v Z pyi¥ B,i | Distributive
SILQIRVIiZYiD | H®C | 00 o, §; vk Ao of - S ki A 008 il 6,Q veiR AoV pxiZ v,Y B,i | Distributive
SLIQIRVIZIYD | HO®C | 00 00 vy v Ao pix ity A | O | — ER S8 S35 005 0,L 1)iQ ViR AoV pwiZ pyi¥Y A, | Distributive
SLQRVZYD | H®C 05 | So sg - S5 505 0,L 8,Q 5k R XoV vk Z ;Y A, Distributive
SILIQRIVIZYD | H® C of | - sg i 57 005 il 1,iQ xR BoiV uwiZ v;Y A, | Distributive
SILQIRIVZiYD | H® C 6({ - s 5;34 s 008 @il §,Q vxiR BoiV yxZ pyiY A, | Distributive
SMiRiPIVXZIE | H®C | 00 o) vk 0 Bo 70 i By of - sg sg 2N 005 0)M viR v,iP BoiV v X yxZ Byi | Distributive
SMRPIVIiXiZiE | H&C | 00 0 8 8, Bo pu px B, | OF - - S 57553 | 90S 0,M 5,R 8, P BoiV p1,iX peiZ B,i | Distributive
SIMIRPVXIZiE | H®C | 00 ay ve 8, Ao v kn B, | OF | — sz S8 57 505 ayiM ViR 8, P AoV 7, X pwiZ B,i | Distributive
SIMRIPVIXZiE | H®C | 00 oy s v Ao pe e B, | OF | — sg i 3, 008 ayiM 5, R v,iP AoV pyiX veZ Byi | Distributive
SMiRiPVIXiZE | H® C | 00 o) Vs 0 Ao p fir Ay 6[{ - s¢ sfo Sy 008 0;M ViR v, iP AoV p,iX piZ A, | Distributive
SMRPVXZE | H®C | 0005068 Ao v Ay | OF | So sg - 2N 008 0, M §,.R 5, P AoV v X vZ A, Distributive
SIMIRPIVIXZE | H®C | 00 ay v 80 Bo e Ay | OF | — S E 2N 05 ayiM ViR 8, P BoiV 1 iX vxZ A, | Distributive
SIMRIPIVXIZE | H®C | 00 ay s v, Bo v ux A, | OF | — sg s%, 57 05 ayiM 6 R 1,iP BoiV v, X uxiZ A, | Distributive
SNiPiQIVYXIF | H®C | 06 0k v v Bo 75 Y Bk (N)l{ - Sg sf S30 068 0N v,iP 1;iQ BoiV 7, Y 7, X Bri | Distributive
SNPQIiViYiXiF | H® C | 06 0k 6. 85 Bo 1y pe Br (33 - - Sﬂ S75830 | 008 0xN 8.P 6,Q BoiV pyiY p,iX Bei | Distributive
SINIPQVYIXiF | HOC | 00 an v 8y Xo vy o Br | Of | — sg ki ST 005 aniN v iP §,Q AoV v,Y p,iX Bui | Distributive
SINPIQVIYXIF | H®C | 00 an 8 vy Ao uy v Be | OF | — sg X 5% 00S aniN 6, P 1,iQ AoV p,iY v, X Byi | Distributive
SNIPIQVIYIXF | H®C | 00 o vi vy Aoy e A | OF | — s§ i 5% 008 0N v iP 1)iQ NoV pyiY 1, iX A | Distributive
SNPQVYXF HRC | 00 0x 8,85 Ao 7y 0 An 0§ So sg - 3 508 0xN 6,P 5,Q AoV 7, Y 7 X Ax Distributive
SINIPQIVIYXF | H®C | 00 ax v 8, Bo 11y v Ax of - sg K 2N 005 aniN v,iP §,Q BoiV 1,i¥ v, X A. | Distributive
SINPIQIVYIXF | H®C | 00 ax 8, vy Bo vy e An | Of | — S B ST 00S aniN 6, P 1,iQ BoiV v,Y p,iX A. | Distributive
SLIYiZITFEIP | H®C | 00 00 1y fie vo Ax Ay v | OF - s¢ s7, 005 0L jyiY pniZ voiT AF X E v,i | Distributive
SLYZiTiFiEiP | HR®C | 00 00 7 r Vo Br By v (314 - s sg’* 008 0L 7)Y nZ voiT BriF ByiE v,i | Distributive
SILIYZTFIEP | HR®C | 00 oy p1y e 60 Ax B 0 of - sg 2 08 @il pyiY 2 50T Ao F ByiE v i | Distributive
SILYiZTiFEiP | HO®C | 00 o v it 80 Bx Ay v | OF | — sg S5 05 @il 7)Y peiZ 50T BuiF X\ E v,i | Distributive
SLIYiZTiFiEP | H®C | 0o 00 1ty s 8 o} - - S8 008 0L 11)iY pgiZ 80T BriF ByiE §, | Distributive

SLYZTEFP H®C | 00 0L v T 0§ So Ss - 00S oL %Y Y Z 86T X\;E Ao F &, Distributive
SILYiZITiEFP | H®C | 00 ay v, e of - S Ei 005 @il 7Y peiZ voiT Byill AcF §, | Distributive
SILIYZITEIFP | H®C | 00 ay iy e vo Ny Br 80 | OF | — sg E 05 @il pyiY veZ voiT X\ E BuiF 8, | Distributive
SMIZiXiTDFIQ | H®C | 00 0) px s vo A Ax vy | OF | — Eh i 005 03 M ppiZ piX voiT A, D AF v,i | Distributive
SMZXIiTiDiFiQ | H®C | 00 o) e 70 vo B Br vy | Of | — sg s8 00S 0, M 7 Z 4 X voiT B,iD BriF vyi | Distributive
SIMiZXTDIiFiQ | H®C | 0o oy e vu 80 A Br vy éf{ - sg s;j 065 )iM pniZ v, X 60T A\, D BriF vyi | Distributive
SIMZIXTIDFIQ | H®C | 00 o) e pe 80 B Ax vy | Of - S5 st 505 ayiM Y Z pyiX 80T B,iD ApF vyi | Distributive
SMIiZIXTiDIFQ | H®C | 00 0y px i 60 B B 6, | O}, - - BB 005 0)M pyiZ p,iX 8oT BuiD ByiF &, | Distributive

SMZXTFDQ | H®C | 00 0 v 7 60 Ax A 8y | Of | So sg - 005 )M i Z v X 86T AxF A,D 6, Distributive
SIMZIXiTiIFDQ | H® C | 00 ay vi po S8, | OF - sg Ei 708 ayiM YuZ 1,iX veiT BeiF A,D 8, | Distributive
SIMIZXIiTFiDQ | HR®C | 0o @) px Vo Yo Ar Bu 8, (l{ - se sz 068 )iM pniZ v, X voiT A F B,iD 8, | Distributive
SNIXiYiTEDIR | H®C | 00 0n pe fty o Ay A v | OF - ER S8, 05 0N piX pyiY voiT A\yE A, D vyi | Distributive
SNXYIiTiEiDIR | HOC | 0o o v vy vo By Ao ve | Of | — e ER 005 05N %X 7)Y voiT B,iE B,iD v,i | Distributive
SINIXYTEIDIR | H®C | 00 an m v, 80 Xy Buvw | Of | — i 505 aniN wiX 7,Y 86T \)E B,iD vyi | Distributive
SINXiYTiEDIR | H®C | 00 ar v 1y 80 By A v 6({ - sg 008 apiN v, X p,iY 80T ByiE A\, D vyi | Distributive
SNiXiYTIiEiDR | H® C | 00 0k po py 80 By Be 6k ‘é - - Sf] S75537 | 008 0uN piX pyiY 8oT ByiEl B,iD &, | Distributive

SNXYTDER | H®C | 00 0w v % 80 A Ay 8 | OF | So £ - 53, 005 0N X 7Y 66T A D \,E 8y Distributive
SINXiYiTiDER | H®C | 00 an v iy vo B Xy 8 | Of | — sg s%, 57 05 aniN v, X p,iY voiT B,iD X\)E 8, | Distributive
SINIXYITDIER | H®C | 00 ax 1 vy vo M B 6x | Of | — sg i S3, 005 apiN piX 7,Y voiT A, D B,iE &, | Distributive
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TABLE 10. Unit elements for aligned M, T and W sub-algebras
with 16 unit elements
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M sub-group

T sub-loop

W sub-loop

Ref. Unit elements Ref. Unit elements Unit elements
Eo SLMNUXY Z So 000,050k YoV Y9 VR 00S oL oyM oxN voU v, X 7Y v Z
VDEFTPQR AoA A AK066,0,6k AoV AD MNE A F 6T 6, P 6,Q 0x R
E1 SLMNiViDiEiF S1 000,030kB0B.ByBxr 00S o, L o;M o, N BoiV B,iD ByiE ByiF
WUiXi1YiZTPQR PoliPyprd06,8,0k potlU piX pyiY pgiZ 80T 6, P §,Q 6xR
Eo SLUXiViDiTiP Sa T60,Y0VBoBLVol, 0SS o0,L voU v, X BoiV B,iD voiT v, iP
iMiNiYiZEFQR Qo g Ay Ak 00k ayiM agiN pyiY priZ \yE A F §,Q xR
Es SMUYiViEiTiQ Sz 060T3Y0Y7B0BVoV, 008 0y M voU v, Y BoiV ByiE voil v,iQ
iLiNiXiZDFPR QO iy e N Ak 0y Ope a il ariN p,iX priZ \yD A\eF 6, P 6. R
Eyq SNUZiViFiTiR S4 060 kYo VYrBoBrVole 068 0k N YoU v Z BoiV BriF voiT viiR
iLiMiXiY DEPQ QLo g A A6, 8, il ayiM piX pyiY \,D \;E §,P §,Q
Es SLY ZiViDiQiR N 000,73V BoBLVyve 008 o, L 7)Y v Z BoiV B,iD vyiQ vixiR
iMiNiUiXEFTP Qoo Ag Ak o0, ay;iM agiN poiU p,iX X\yE A F §,T 6, P
Ee SMXZiViEiPiR Se 06037V BoByViVi 008 o0;M v, X YuZ BoiV B4iE v,iP viiR
iLiNiUiY DFTQ QL0 oty A Ak 600, il agiN poilU pyiY Ay D AgF 30T §,Q
Er SNXYiViFiPiQ S7 000k V3BoBrVLVy 00S 0k N v, X 7Y BoiV BriF v,iP v,iQ
1LiMiUiZDETR QoA A)000k il ayiM poiU pgiZ A\, D A\jE 6o,T 6 R
Eg SLMNiTiPiQiR Sg 060,0,0x VoV ViV 00S o,L ;M 04N voiT v,iP v,iQ vgiR
WUiX1YiZVDEF PotifgtrAoALAg Ak poilU piX pyiY priZ AoV A,D ANjE A F
Eg SLUXiEiFiQiR Sg 60, Y0 VB3 BrVyVi 068 0, L voU v, X ByiE BriF v,iQ vgiR
iMiNiYiZV DTP Q0 gk AN 600, ayiM agiN pyiY peiZ AoV A, D 60T 6, P
Eio0 SMUYiDiFiPiR S10 0603%0V3 B BrViVk 068 0;M voU ;Y BiD BriF v,iP vgiR
1LiNiXi1ZVETQ QLo s Ao A)600, il agiN piX piZ AoV A\E 6o,T §,Q
E11 SNUZiDiEiPiQ S11 000 kYoYBLByVLVy 008 0xN YoU vxZ BiD B4iE v,iP v,iQ
1LiMiXi{YVFTR Qo iy Ao Ak 00k il ayiM piX pyiY XoV A F 6,T 6xR
Eio SLY ZiEiFiTiP S12 00,7y Ve ByBrVov. 00S 0, L 7)Y YwZ B4iE BriF voiT v, iP
iMiNiUiXVDQR Qg o AoN 0,0k ay;iM agiN poilU p,iX AoV A D 6,Q 6xR
E13 SMXZiDiFiTiQ S13 0603V BuBrVoVy 068 oM v, X v Z BiD BriF veiT vyiQ
1LiNiUiYVEPR QL0 oy AoNy 8,0k il agiN poilU pyiY AoV A\yE §,P 0x R
E14 SNXYiDiEiTiR S14 000k VY3 BLByVoVk 00S 0k N v, X 7)Y B,iD B4iE voiT vgiR
1LiMiUiZVFPQ Qoo AoNkd,. 0, o il ayiM poiU priZ NoV A F 6, P 6,Q
E1s5 SLMNUXY Z S15 060,070 kYo YLV VK 00S oL o,M 0N voU v, X v,)Y v Z
iViDiEiFiTiPiQiR BoBLByBrVov, ViV BoiV BuiD B4iE BriF voiT v, iP viQ vyiR
E16 SLMNUXY Z Si16 060,030 kYo YV Vr 00S oL o;M oxN voU v, X 7Y v Z
i1SiLiMiNiUiXiYiZ Qo Qg fho Hy fog M aoiS o, il ayiM agiN peiU p,iX pyiY pgiZ
E17 SLMNiViDiEiF S17 000,030kB0B.ByBk 00S o, L o;M o, N BoiV B,iD ByiE BxiF
1SiLiMiNVDEF Qo0 aya Ao A A Ak apiS il ayiM agiN AoV A, D M\jE A\ F
Eig8 SLMNiTiPiQiR S18 000,050k Vol VyVk 00S o0,L 0yM 0N voiT v,iP v,iQ vgiR
iSiLiMiNTPQR Qo0 y08008,0,0, aoiS o, il ay;iM agiN 6,T 6, P 6,Q xR
Ei9 SLUXiViDiTiP S19 000 ,Y0YBoBLVol, c6S o,L voU v, X BoiV B,iD voiT v, iP
1S1LiUiXV DTP Qo0 o AoN 000, apiS a il potU pn,iX AoV N, D 6,T 6, P
Eao SMUYiViEiTiQ S20 0003%0YV3B0B3v0Vy 00S 0y M voU ~;Y BoiV ByiE voil vyiQ
1SiMiUIYVETQ Qoo AoN; 800, apiS ayiM poilU pyiY AoV Ay E 6,T 6,Q
Eoq SNUZiViFiTiR S21 060 kYoYrBoBrVoVe 068 0N YoU v Z BoiV BriF voiT viiR
iSiNiUiZVFTR QoQr ol AoArO00k apiS ariN poiU piZ AoV A F 6,T 6 R
Eoo SLY ZiViDiQiR So2 060,73V BoBLVyVi 068 0, L 7)Y v Z BoiV B.iD v,iQ vgiR
iSiLiYiZVDQR Qo0 g AoN 650k aoiS o il pyiY piZ AoV A D §,Q 6xR
Eos SMXZiViEiPiR Sas 060 3% Yk BoByViVe 008 oyM v, X Y Z BoiV ByiE v iP viiR
1SiMiXiZVEPR Qoo s AoNy8, 0k apiS ayiM p,iX priZ \oV X\jE 6, P 6 R
Eo4 SNXYiViFiPiQ Soyq 000 kVLVyBoBrVLVy 00S 0k N 7. X 7)Y BoiV BriF v,iP v,iQ
iSiNiXiYVFPQ Qo flyAoNkd, 0, p1S ariN p iX pyiY NoV AgF 6, P 6,Q
Eos SLUXiEiFiQiR Sos 60, Y0 YV ByBrVyVi 068 0, L voU v, X ByiE BriF v,iQ vgiR
iSiLiUiXEFQR Qo0 flob Ay Ak 650, aoiS a il poilU piX NjE AgF 6,Q 6 R
Eog SMUYiDiFiPiR Soe 060370V BLBRrV VK 00S oy M voU ;Y B,iD BriF v,iP vgiR
1SiMiUiY DFPR Qoo A A8, 0k apiS ayiM poiU pyiY A\yD Ay F 6, P 6xR
Eo7 SNUZiDiEiPiQ Sa7 000 kYoYBLByVLVy 008 0N YoU vxZ B,iD B4iE v,iP v,iQ
iSiNiUiZDEPQ Qo oA A)6,0, 1S agiN poilU priZ A\, D N\yE §,P 6,Q
Eog SLY ZiEiFiTiP Sog 000,73V ByBrVols 008 o0, L 7Y vy Z ByiE BriF voiT v,iP
1SiLiYiZEFTP Qo0 g Ay Ak 600, aoiS o il pyiY piZ NygE Ao F 6,1 6, P
Eag SMXZiDiFiTiQ Sog 0603 Y BuBrVoVy 008 o M v, X v Z BiD BriF veiT vyiQ
1SIMiXiZDFTQ Qoo s A Ak600, @oiS ayiM p,iX pgiZ A\ D A F 80T 6,Q
E3o SNXYiDiEiTiR S30 000k VVyBLByVoVk 00S 0w N v, X 7)Y B,iD ByiE voiT viiR
i1SiNiXi1YDETR Qo figAi X800k @piS agiN piX pyiY N\yD M\E 6o,T 6 R
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M,(C), and

~

8. Basis of the notation used for unit elements of M

its Cayley table

Capital roman letters are used to label real matrix unit elements of My(R), as

shown in table 11. These labels are combined with ¢ to represent imaginary coun-

terparts. Their Cayley table is shown in table 12.

TABLE 11. Notation used to label 4 x 4 unit matrices
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Note that some matrix labels have been changed from those used in a previous paper [34].
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TABLE 12. Labels and Cayley table for M = M4 (C)

Ref no 8 9 |10 |11 |12 |13 |14 | 15| 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24

Label iU | iX | Y | iZ | T | iP | iQ | iR | iS | iL |iM |iN | iV | iD | iE | iF | U

S +iU |[+iX|+iY | +iZ| +iT |+iP|+iQ| +iR| +iS | +iL |[+iM|+iN)| +iB|+iF| +U

L +iX iM]| —iF|+iE| +X

M -N|-§ +iL —iV|+iD| =Y

N +M| —L S +iD|+iV| -Z

v -D|+E —iF —iM|+iN| +T

D +V | +F +ill V| +iM| +P

E IR —iD -Q

F —E|-D +iV -R

il J|+iX|—iY +Z —iS

iX —ilU|-iZ -Y —iL

iy —iZ|+iU +X +iM|—iN|+iS|—iL| —iE|+iF|—iV|+iD|
iZ +iY | +iX =

iT —iP|—iQ “R

iP +iT| iR +Q

iQ +iR|+iT —P

iR —iQ[+iP T

iS +ilL |[+iM| N +iP|+iQ|+iR
il —iS|+iN| +M +iT | —iR|+iQ
iM —iN|—iS —L +iR|+iT |—iP
iN +iM| —iL +S +iQ|—iP|—iT
iV —iD|+iE +F +iT|—iP|+iQ|—iR|—iU | +iX|—iY | +iZ
iD +iV. = +iP|+iT | +iR|+iQ|+iX | +iU | +iZ | +iY
iB HiF +D iQ|—iR| +iT | +iP|+iY | +iZ| —iU|—iX|
i iE +T | +Z | -Y v iZ|+iY

u J|+X| =Y |-Z| -T|-P|+Q| +R| —iS|—iL|+iM|+iN|+iV|+iD| —iZ

X —U|-Z|+Y |+P|-T| -R|[+Q[—iL|+iS|+iN|-iM|—iD|+iV Z|+iY

Y —Z|+U [-X|-Q|+R[ =T [+P [+iM[-iN[+iS|—iL|—iE[+iF —iX

Z M| +iL | +iS|+iF | +iE +iU

T +iD|+iE|—iF|—iS |+iL +iR

P —iV|+iF | +iE|+iL|+iS —iQ

Q +iF | +iV | +iD|+iM|+iN +iP

R —iE|+iD| iV |—iN|+iM]| —iT

Ref no,|| 0 123456789 [10]11]12]13[14|15|16 |17 |18[19[20 |21 |22 |23[24|25|26|27|28]|29|30]|31
Label || 0, | 0, | 0y

To | B |ty | b | Vo [ Vi | vy | Wk [ o | o |y |aw | Bo | Bu| By | Be | Yo | % |7 | 9| 00| 6|0 | 0k
o | A4y | Vo | 0 |1y |0k [ o) o [0y [ [ 4-Bo | 8. 8, [+ B |70 | 7 |7 [ 76| 00| +0. |+, |40k
S| o |~ |15 | -V [H V6| 0| 1) o] -0 |- 3 5,
g || =0 | =t | V) | Vi [HVo| v |y [ ag]-a0
| -1y || 110
+Vo| +V |y [+

0| o [+vi| v,

% +0o|to.|+o,
o +0.]-00 [+0x

a, toy| -0k |-00
T +0oy|+0,|-0.
Ao | AN
A Ao
A X [+ Ac A
e Y EAEY
Po Htho| -t | -1ty
M Ry A
Hy Ay [Tk [t
I Hh| ~Hy [T

e

| v | vo [+
+v ]+, v [v,
-0, |+o | +o,[+ox
-0, |-00|-0k |+0,

-0, [to]-00 -0, -

+a,

-0k | -0, |+0.|-00 +8.

oyt

Vo +v,| v, [+, o [FA] A [

v, +u,| Vo |+ -\ -0y |t+a,
v, +v| Ve | Vo +A +B8x ~a, | -a,
Vi HV| 1y |- Ao -5 +a, |-,
a, +ao|-a, |-y “Yn |00 | -0, e +u, | +vn
a, Fa, | +Fa|-a, -y | +0.| 0o 4120 Vi |V
a, +a, [ ag |+, +7. |46, | +0x Il EAE2
[ +70|+0x| -6, <00 |0k | -0, |40u| =00 | =N |HX| A |[F X0 | - [+115 +v,| -V
Bo -, =0k |[+7o| +70 Fie| o [FANFN [HAG| 00 [ 00 | -0 [-0k | -Vo | -0 [+
B, |+, +6, | -7 [+H70] e |75 Ao [FALL A 00| 00 [+0k| -0, | -1 [+V0 ~f |1y
8, o [t ao[tan] -0, |40 +0,] 6, [, [+ A A [ [+ |+ 0y -0 | -00 [+0 | -y, |[Hu 10| -4t
By o] -a, [tad -0, [0, [+0,[+d.| 7 [ -1, Yo A [N [rod] o, -0, [-00 [ [, 11,11
Yo +0,| 46, |40k |+ o] - | -, |- |-Bo | B B | =to |F |+, [ 1]+ 00| v [ 1) [F 0| 00 | -0, A A
Y. | =00 | -0k | +0, |+ [Fao|[tan| -a, |+8.| -Bo 8, | -t | o [ pk| -ty | FV| Vo |-V |1y | +0u| 00 S [HA
% 5, |40, -0, |ty |-y [Fap|4a, |46, 48k =B |ty | b | o | |[F1y |V | Vo | -V |+0,| -0k Ao | A
ol G0 [0l 0| -0 |+ +Br| =By |4Bi| -Bo | |1y | e | o |+Vi| ¥y [HV0 | -Vo [+0x|+0, A Ao
8o |4 Bo| B0 | -8, | -Br [ avo| o |+ [ ta] -vo | v | vy [ -vi | g0 [+ 1 [H 11k + 20| - +o,+0x
4, [ B+ 8] Bi |48, -0 [Fao|-an [ +a,| v [+v6| v |41 | - [0 | gt [F 15[+ N[+ 20 -ox|+o,
9, Vo |HBy [ FBx|+80| -Bu | -y [Fau|tao] -au | vy [FVi|HVo| Vi | =ty [Fht| - | =t [N [HA] -0, | -0,
Oy o] Yo [HBe| -8y |8 +Bo| - | -0y |0 Favo| Vi | ) |10 | AVo |-t | -1y [Fh0] 1o [FA] -y +0,|-0,
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9. Basis of notation used for unit elements of T and its Cayley table

Conventional notation for unit elements of T would use the numbers 0 to 31, stand-
ing alone or subscripted as eg to e3;. In this paper a different form of notation is
used based on a modified Moufang loop construction for T.

9.1. Moufang Loop construction for octonions

For Moufang loop construction of octonions, based on quaternion pairs, a dis-
association operator, w, is assigned to the second pair, and a product rule which
generates octonions can be defined:

For quaternion pair (p,wp’)x quaternion pair (¢, wq’):

p-q = (pq)

pwq =w(p~'q)

wp'.q = w(qp')
wp'.wq' = —(¢'p""")

9.2. Modified Moufang Loop construction for trigintaduonions

The Moufang loop construction for octonions uses one dis-association operator. An
identity operator, o, and a set of seven dis-association operators, A, u, v, a, 3,7, 6,
can be applied to quaternions to define trigintaduonions, where products for two
quaternions: p and ¢, are constructed in accordance with table 14.

TABLE 14. Multiplication procedures for non-associative components

H oq \ Aq \ Hgq \ vq \ aq \ Bq \ 9 \ dq |
op || +opg +Agp +ugp | +vgp~t | +agp | +Bep~! | +yap~! | +dgp
A || +dpg | —oq7lp | +vpg | —pp~lq | 4Bpq | —ap~lq | —dpg | +vplq
pp || +upg™t | —vgp | —oq7'p | +Agp™! | +7pg +oqp | —ap~lq | —Bgp~!
vp +vpg | +ug e | —dpg~! | —op~lq | 40pgt | —yq 'p | +Bpgt | —aq7lp
ap || +opgt | —Bgp —yqp | =Sqp~! | —oq7lp | +xep~! | +pugp~! | +vap
Bp || +Bpq | +oq7'p | —bpg | +vp 'q | —Apg~! | —op~lq | —vpg | +up~'q
o || +vpa +éqp | +aqg lp | —Bap~' | —ppgt | 4vgp | —op~lq | —Agp~!
Sp || +0pat | —va~lp | +Bpa~! | +ap~tq | —vpq | —pgTlp | +dpg~t | —oq”lp

Unit trigintaduonions have been labeled using: o, A, u, v, a, 8,7y, 0, combined with
subscripts: o, 4, 5, . IJach label denotes a unit quaternion and a dis-association op-
erator defining a multiplication procedure. Their Cayley table is shown in table 13.
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If, instead of being applied to the quaternions, these dis-association operators and
multiplication procedures are applied to the reals, they generate the octonions. If
applied to complex numbers, they generate the sedenions. However, when applied
to the octonions, they do not generate the sexagintaquatronions. It is possible to
apply the dis-association operators to other algebras, such as Clifford algebras,
generating different loops. This was described for Cly 4(R) in a previous paper by
the author[35].

10. Unit elements of U

TABLE 15. Unit elements of U

0,5 0,18 0oL 0o M 0,N 0,iL 0,iM 0,iN 0,iV 0,V 0,U 0,iU 0,T 0,iT 04iD 0,iE 04iF 0,D 0,E 0,F 0,X 0,Y 0,2 0,iX 0,iY 04iZ 0,P 0,Q 0,R 0,iP 04iQ 0,iR
@08 @yiS oL aoM aoN agiL apiM ayiN @iV aoV aol agill aT apil agiD ayiB agiF a,D aoE aoF a,X a,Y apZ asiX aglY agiZ a,P a,Q agR ayiP a,iQ ayiR
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