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Abstract

Electric charges may have mass in part or in full because they charged. Supplying
details is the electromagnetic mass problem. Here, the charge’s mass is associated with
intrinsic quantum mechanical quantities so that the classical problems with extended
charge distributions, for example, are irrelevant. An intrinsic vector potential is de-
fined, based on intrinsic linear momentum. The charge-electromagnetic field interaction
energy is gauge-dependent and the needed mass term is placed with the interaction en-
ergy in the intrinsic gauge. Traditional electromagnetism retains its gauge invariance.
The field equations make no new predictions since all dynamic dependence on intrin-
sic quantities can be gauged away. The field equations describe a massive, charged
4-spinor Dirac electron-like particle and an uncharged, massless neutrino-like particle,
formulas that have been a part of physics for nearly a century.

1 Introduction

Opposite charges attract; like charges repel. If the interaction is mediated by an electro-
magnetic field and if the electromagnetic field has energy, then carrying the electromagnetic
field should act as a drag on a charge’s motion, an inertia. The problem is called “elec-
tromagnetic mass” and it has only controversial solutions. [3,4, 9] Electromagnetic mass is
frequently presented as an unsolved problem in introductory textbooks. [1,2] Here we show
how a charge may have mass due to its being charged, but in a way that has nothing to do
the interaction being mediated by an electromagnetic field.
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Instead, we suggest that electromagnetic mass may be an intrinsic quantity like spin. Let
us, for a moment, consider angular momentum. Given enough grease and quality bearings, a
large flywheel rotating about a stationary axis can maintain a constant angular momentum.
To keep the flywheel intact, forces are needed. Failing flywheels can do impressive damage.

Now consider quantum effects. An electron can be in a motionless state and still have
angular momentum, its ‘intrinsic’ or ‘spin’ angular momentum. It is widely accepted that,
with spin, “a consistent mechanical model doesn’t exist”, see, for example, page 374 of [7].
The physical description of intrinsic electron spin does not have a place for the forces that
prevent rotating matter flying apart like a crumbling flywheel.

Intrinsic quantum quantities avoid the complications that accompany mechanical mod-
els. For example, with intrinsic electromagnetic mass, one would not need to introduce
non-electromagnetic forces to counter the repulsion of like-charges in order to hold an ex-
tended charge distribution model together. There simply would not be an extended charge
distribution model.

In this paper, we introduce an intrinsic matrix vector potential for a charged spin 1/2
field. Before defining an intrinsic vector potential, we first need an intrinsic momentum,
a matrix that generates translations just as spin matrices generate rotations. A matrix
representation (rep) of the Poincaré algebra is required. In Sec. 2, we describe the needed
algebra, a representation of spacetime rotations and translations for spin 1/2.

The intrinsic matrix momentum that generates translations is needed to define the in-
trinsic vector potential. The intrinsic matrix translations are taken to be independent of the
continuous translation rep that applies to functions. The matrix rep has its own matrix mo-
mentum generators and, we contend, its own displacements with its own intrinsic coordinate
system y. Assuming that intrinsic coordinates y are independent of spacetime coordinates x
avoids the mechanical model problem mentioned above.

Sec. 3 shows how to upgrade a “Lorentz” quantum field that already transforms under a
matrix representation of the Lorentz group of spacetime rotations to a “Poincaré” field that
transforms via Poincaré transformations so that it responds to matrix translations.

Sec. 4 begins with a Lorentz 8-spinor quantum field vy that, as is traditional, transforms
under spacetime rotations but not translations. Since mass is introduced with electromag-
netic interactions, we can, and do, assume that the free field 1)y is massless, so that 1)y is a
linear combination of massless annihilation and creation operators. The Lorentz field 1y is
then upgraded in Sec. 4, by the process in Sec. 3, to a Poincaré field ®, that transforms by
the matrix rep of Sec. 2, including matrix translations.

The current J of the field @, is like the current j of the traditional field vy except that
more complicated matrices a(y) in J replace the Dirac gamma matrices « in j. It happens
that the matrices a(y) obey an identity that looks like a Maxwell’s equation in intrinsic
coordinates y. This is an opportunity to identify the matrix a(y) as proportional to the
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intrinsic vector potential. The Maxwell-like equation also shows that one 4-spinor is charged
and the other 4-spinor is uncharged in the 8-spinor field.

The lagrangian L, developed in Sec. 5, modifies a traditional lagrangian L, by including
intrinsic quantities. The lagrangian Ly combines lagrangians for a free massless 8-spinor
o, a free continuous rep vector potential A(x), and an interaction term for A(z) with the
charged 4-spinor current as source.

Adding the intrinsic vector potential a(y) to A(z) produces the lagrangian in its final
form, final aside from choosing the intrinsic gauge. The intrinsic gauge removes the intrinsic
y-dependence and provides the mass term. The mass is arbitrary.

A traditional Maxwell equation is found for the continuous vector potential A(z). For
the 4-spinors, the field equations are the traditional Dirac equation for the charged, massive
4-spinor. The Dirac equation for the uncharged, massless 4-spinor is the same as the field
equation for a free massless Dirac field.

These are familiar field equations, one for a Dirac electron and the other for a massless
4-spinor neutrino, so there are no new consequences from the field equations. However, the
fact that one is massive and the other massless is a consequence of their electric charge
values. Concluding remarks are presented in Sec. 6.

2 The 8-spinor Rep of the Poincar’e group

This section details the matrix representation of the Poincaré group of spacetime rotations
and translations needed to transform the 8-spinor fields. There are angular momentum ma-
trices o that generate spacetime rotations and (linear) momentum matrices 7 that generate
translations. The generators are 8 x 8 matrices that obey the Poincaré algebra.

As functions of spacetime, fields also need the differential representation of the spacetime
symmetries with momentum proportional to the divergence. We call this rep the “continuous
rep”, while the other rep is the “matrix rep”.

Suppose the points, also called events, of 3 4+ 1 spacetime are labeled with Minkowski
coordinates z*, with u,v, ... € {1,2,3,4} and 2* = 2! the time component. Having u =
4 as the time index conflicts with the convention p = 0 for time when one calculates the
antisymmetric tensor: with time last, we have €1934 = +1, and, time first, €403 = —1. Let
the spacetime metric be the diagonal tensor 7, with diagonal 11, = 722 = 133 = +1 and 74
= —1. As shorthand, the metric combines with vectors and tensors to “raise” and “lower”
indices. For example, for vector v*, we write v, = 7,,v". Repeated indices are summed,
unless noted otherwise.

A Poincaré transformation applied to spacetime preserves scalar products, such as the
scalar product of one primed, one unprimed interval, dz/ 627, where the interval dz* is the
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difference of the coordinates of points 1 and 2. A translation adds the same amount b* to
each and, therefore, there is no change in the difference,

dat = (af + ") — (aff + 1) =af —af . (1)

Intervals, and hence their scalar products, are invariant. Translations are inhomogeneous,
additive transformations.
Any Poincaré transformation, written (A, b), can be considered to be a spacetime rotation
A followed by a translation along some displacement b. We have (A, b) = (1,0)(A, 0).
Applying first transformation A followed by B gives the product transformation

(Ap, bp)(Aa,ba) = (ApAa, Apba +bp) (2)

This is the rule for successive Poincaré transformations.
The 8 x 8 matrices in our rep of the Poincaré algebra are conveniently arranged into four
4 x 4 blocks,

(11 12)_(11 O)+(O 12>+(0 0)+(O O> (3)
21 22)  \ 0 0 0 0 21 0 0 22 '

Write M;; for a matrix that has nonzero components only in the ij block, 7,5 € {1,2}. It
follows that M;; My, = 6;;N;;, where matrix N, has nonzero components confined to the

block ¢l and ¢ is the Kronecker delta which is unity for equal indices j = k and vanishes
otherwise.
The 4 x 4 gamma matrices 75 of the Dirac formalism are taken to be the following

matrices 0 i
b —T
w=i(, o) ()

with Pauli matrices 7,

"= o) W) S ®

for p = 1,2,3,4, respectively. One can check the defining requirement of Dirac gamma
matrices, Vph +vHrp = 20 1. [5]

Let 7f; be an 8 x 8 matrix with 4}, in the ij-block and which vanishes elsewhere. Since
the v matrices satisfy the defining requirement of Dirac gammas, one has

Vi v+ Vi = 200" Ly, (6)
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where 1; has the 4 x 4 identity matrix in the il block with the other three 4 x 4 blocks null.
We reserve the notation v#* for the following 8 x 8 matrices

=+ (7)

which has 4 x 4 gamma matrices 74, in the two diagonal blocks 11 and 22.
Angular momentum matrices o*” generate spacetime rotations. For the 8-spinor rep,
choose the following 8 x 8 matrices

i

4

14 4 Z v 4
(7?1’711 - 711’751) T (752’722 - 722’752) . (8)

/I; v
ot =~ ("

—7"7")
Thus the 8-spinor rep of the group of spacetime rotations reduces to two 4-spinor reps, placed
diagonally in the 11- and 22-blocks.

The linear momentum matrices 7 are defined to be
™ =k . (9)

These four 8 x 8 matrices generate translations.
The angular and linear momentum matrices o** and 7 obey the Poincaré algebra,

i {Uul’7 UPA] = ot — g — A A g (10)

i[o", wf] =Pt — P and it 7w =0. (11)

Equivalent reps with matrix generators differing from o and 7* by similarity transforma-
tions also satisfy the Poincaré algebra.

The generators combined with real-valued parameters make a transformation that acts
on 8-spinors. Since angular momentum generators are antisymmetric, the associated param-
eters wy, might as well be antisymmetric, w,,, = —w,, since any symmetric part would not
contribute. Let A be the transformation of spacetime 4-vectors in the continuous rep and
D(A,0) be the 8 x 8 matrix transformation for 8-spinors.

For translations, the parameters are called displacements. For a displacement b*, space-
time coordinate transform as follows z# — x* + b*. Denote the associated 8 x 8 matrix
transformation by D(1,b).

Let the symbol D(A, b) stand for the 8 x 8 matrix transformation resulting from a rotation
followed by a translation. We consider only transformations that can be connected to the
identity by successive infinitesimal transformations. Building transformations infinitesimally
involves the matrix exponential and one finds that the 8 x 8 matrix transformation D(A,b)
is given by

D(A,b) = D(1,b)D(A, 0) = e~ nm glwna™ /2 (12)
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It represents the Poincaré transformation (A,b). Since o and 7# are 8 x 8 matrices, the
matrix D(A,b) is an 8 X 8 matrix.

By definition, (9), the nonzero components of the momentum matrices 7 are in the
21-block. This implies that the product of two momentum matrices vanishes and, therefore,
the translation matrix D(1,b) is linear in b*,

" =0 and D(1,b) = e ™™ =1 —ib, 7" . (13)
When the translation matrix D(1,b) is applied to an 8-spinor, ¢ = (:ﬁl ) , a combination of
2
the first 4-spinor’s components is added to the second 4-spinor. We have
i) = (o 0) () = (i ity )
D1, by = ( —ib - | . 14
GO0 =) = Ny 0) \i) = iy — ikt (14

The first 4-spinor v is the “donor” and the second 4-spinor ), is the “receiver”.

This additive behavior is consistent with the inhomogeneous nature of translations.
Clearly there are no eigenspinors nor any eigenvalues of intrinsic translations because there
is no 8-spinor ¢ with D(1, )1 proportional to 1. No translation eigenvalues for translations
means no contributions to linear momentum. Unlike spin, which does contribute to the total
angular momentum, intrinsic translations do not contribute to the observed linear momen-
tum of a quantum system. Intrinsic translations make their presence felt in other ways, as
will be seen in what follows.

3 Quantum fields with translations

In this article, we need fields that transform with the full Poincaré group of spacetime
symmetries, including matrix translation reps. Often, fields are defined without matrix
translations. The fields are said to be “translation scalars”, or, put another way, displace-
ments vanish for matrix translations. [6,8] Since the fields transform with matrix reps of the
Lorentz group, call them “Lorentz fields.” We need to take such a Lorentz field and make
from it a “Poincaré” field that transforms with a matrix rep of the Poincaré group, including
non-trivial reps of translations. This section shows how. While the resulting field is not as
general as allowing translations earlier in the derivation of quantum fields, the result suffices
for the purposes here.

A quantum field v is a sum of annihilation and creation operators. Under spacetime
symmetries, the operators transform by a unitary representation. The unitary rep must be
infinite dimensional since boosts are not compact. Infinite dimensional reps can be inconve-
nient for some purposes. Thus one constructs fields. [8] Fields are operators since they are
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sums of operators, yet they transform under spacetime rotations via nonunitary, most often
finite dimensional reps.

In this article, not only do fields transform differently than operators under spacetime
transformations, the fields can describe a massive particle while the operators are massless.

Given a Poincaré transformation (A, b), the operators transform by some infinite dimen-
sional unitary rep denoted U(A,b). One builds a Lorentz field ¢ as a linear combination of
these operators. The adjective “Lorentz” means that the field transforms only under the
Lorentz transformation A and not via translations. The Lorentz transformation matrix is
written D(A,0), the “0” enforcing the assumption that b# = 0 for the matrix transformations
of Lorentz fields.

Thus, we can begin by assuming that a Lorentz field ¢ can be found that satisfies the
requirement that the operators transform unitarily and field transforms non-unitarily as
follows,

U(A, b)Yy (z)U (A, b) = Dﬁl(A, 0)Yr(Ax +b) . (15)

Lorentz fields are standard quantum fields. See, for example, Ref. [8].
Yet one can define a field ®, based on 1, that responds to translation matrices. Consider
applying a matrix translation D(1,y) to 1 to obtain the quantity ®;(z,y),

(2, y) = Dis(1,y)va(z) (16)

where y is a 4-vector coordinate-like displacement that is independent of x. The coordinates
y are called “intrinsic coordinates”. Since 1(z) is a linear combination of annihilation and
creation operators, it follows that ® is such a sum as well, but with coefficients that differ
from those for ¢ by the matrix factor D(1,y). Therefore ® is a quantum field.

Now we need to show that ® obeys (15) except with D~!(A,b) on the right. Once shown,
this means that the unitary Poincaré transformation of the operators U(A,b) produces a
nonunitary matrix Poincaré transformation of the field ®.

To show that, first note that applying an arbitrary Poincaré transformation (A’;b’), to
spacetime gives the points x and y new coordinates, ' = A’z +0b’ and v/ = A'y+b’. Replacing
these for the z and y in (16) and dropping the primes, we find

®)(Az + b, Ay +b) = Dis(1, Ay + b)ys(Az +0) . (17)
Given that, one can form the expression

D' (A, b)®(Az + b, Ay + b) = D;;* (A, b) Dy, (1, Ay + b)ws(Az 4+ b) . (18)

i

We need to evaluate the product of the Poincaré transformations on the right.
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The rule for successive Poincaré transformations, (2), implies D(A™!, —A~'b) D(A,b) =
D(1,0) and, therefore, we have

DY(A,b) = DA™, A7) (19)
where we have begun to hide the matrix indices. This implies, again by (2), that
D™ YA, b)D(1,Ay +b) = D(A™', =A~'b)D(1, Ay + b) (20)

— D(A, A7 (Ay 4+ b) — A7) = DA y) = D(1,y)D(A,0)
Substituting the last expression into the right side of (18) yields

D' (A b)®(Ax + b, Ay +b) = D(1,y) D™ (A, 0)(Ax +b) . (21)
By the Lorentz field transformation (15), we can replace D™(A, 0)y(Az + b),
DY (A, b)®(Ax + b, Ay +b) = D(1,y)U (A, b)yp(z)U (A, b) . (22)

Finally, the matrix D(1,y) acts on ¢)(x) and commutes with U(A, b) which acts on operators.
By the definition of ® in (16) together with switching the left and right sides of (22), we find
that

U(A,b)®(z,y) U (A, b) = D' (A, b)®(Az + b, Ay +b) (23)

which was to be shown.

Thus ®(x,y) = D(1,y)y(z) is a field that transforms via the matrix Poincaré rep D(A, b),
which includes translations. The Poincaré field ®(z, y) is needed to make the intrinsic vector
potential.

4 Currents and the intrinsic E-M vector potential

In this section we consider the free 8-spinor field and find evidence that the first 4-spinor is
charged. Terms like “the first 4-spinor” are keyed to the matrix rep in Sec. 2.

Let ¢y be an 8-spinor Lorentz quantum field that is constructed from the annihilation
and creation operators for a massless spin 1/2 particle. This enforces the idea that mass is
associated with charge. The 8-spinor can host two 4-spinors, so 9 is a Lorentz free 8-spinor
quantum field that is the direct sum of two free massless 4-spinor fields.

Thus, by assumption, field 1 is a Lorentz quantum field. When spacetime undergoes
the Poincaré transformation (A,b), 1 transforms by the matrix D~!(A,0), see (12), as if
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b didn’t exist, b — 0. Then, by the work in the preceding section, the Poincaré field ®,
defined by

®o = D(1,y)vo(x) (24)

transforms with the matrix D~!(A,b) under the spacetime transformation (A,b). The field
®y, like 1y, is interaction free.
The 4-vector probability current density j#, for the Lorentz field 1), is defined to be

J* = Nsvo'ho (25)

where Ny is a normalization constant and 1, = wg'yt is the Dirac conjugate, the hermitian
transpose times the time component gamma matrix. Since, by (7), v* = 71 + 43, we have

, , Ny . - Ns . - Ns ,  Ns.
J" = Nghoy 1y = ﬁ?lem’Yflwm + ﬁz]%?ﬁoﬂlzgwm = ﬁj‘ﬁ + ijg ) (26)

where j!' = Nitboiy*bo; are the currents for the two 4-spinors in the 8-spinor field and the
Ns are normalization constants.
The current of the Poincaré field ® in (24) is denoted J*. We find

_ _ _ ot
JH = N®oy"®) = —Nsiho(x)7' DT (1, y)y'+" D(1, y)¢o(z) = Nt ;@DO ; (27)
where the minus sign appears because 7t2 = n' = —1 and where, for convenience, the
constant a is included now to be determined later and o*(y) is the matrix

o' (y) = —ay'DI(1,y)y'4*D(1,y) . (28)

Comparing (25) and (27), we see that the matrix o /a replaces v* in the current j* when
we go from a field ¢y that doesn’t transform with the matrix translation rep to the field ®,
that does translate via the matrix rep.

Aside from the scale constant a, the matrix o*(y) is the given function of y in (28). Note,
for reference later, that a#(y) is a fixed matrix and is not free to vary when it appears in a
lagrangian.

We can work with the expression for o*(y). By (13), since the momentum matrix m# =
k~4; in (6) is nonzero only in the 21-block, the translation D(1,y) is linear in y. With the
hermitian conjugate of 7 being 7T = kv5,,, one can show that the matrix a#/a can be
written as

o™(y) = a [v" — iky, (Voo + V75 + K2 — 262 0] (29)
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which is quadratic in y and where y* = y,y”.
Since a*(y) is quadratic in y, second order partial derivatives with respect to y are
constant. One finds an identity,

oMNasar — 0" 0o = 12ak*y, (30)

where the partial derivatives are with respect to the ys, meaning 8204” = Jat/0y’. (We are
saving unprimed partials for x.)

The current J*(z,y) = Ngipary/a has its y-dependence confined to a*(y). Since x
and y are independent, the z-dependent functions vy(x) and t(x) are constants when
differentiating with respect to y. Thus, immediately from (30), we have

- N,
N8 (aJ") — 9™'8! (aJ"™) = 12ak? Ngthoy! tho = 12ak2ﬁ8 g (31)
1
where we treat x and y as independent quantities, dz*/Jdy” = 0.
Compare (31) with one of Maxwell’s equations,

PONAL — DAL = p (32)

where O\ Al = 0AY/ 0> and Al is the vector potential due to a charged current density p*.
Clearly, the two equations (31) and (32) have the same form.
We are lead to define the quantity AY, related to a*,
qNy

A" = Ngihoatrhg = aJ" = 2kZN, Jr (33)

so that the right side of (31) is the current p* = ¢ji’ of a charge ¢. This has determined the

constant
qN,

T 19k2N,

(34)

which was introduced with J# in (27).

By (31) and (33), at first glance, it would seem that the quantity AY', satisfies Maxwell’s
equation (32). But wait, this is obviously false because the partials in (32) are with respect
to x, not y. And, unlike the matrix quantity o/(y), the vector potential A,(x) is a function
of the same coordinates x as the current density p* = ¢ji'(x).

However, that is all right because no intrinsic quantity can be a function of x. The intrinsic
quantity would then have “mechanical” properties, which is like proposing a rotating mass
with a density function of x as the source of the electron’s spin. No mechanical model
accounts for electron spin and no mechanical model should exist for the intrinsic vector
potential. Hence, spacetime coordinates x and intrinsic coordinates y should be independent.
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Based on these remarks, we identify A% = aJ* as the “intrinsic vector potential” and a*
as the “intrinsic vector potential matrix” or “matrix vector potential.” Thus (31) becomes
the Maxwell-like equation

8”'3;145 — MOl AF = qjf | (35)

so that the intrinsic vector potential A% satisfies Maxwell’s equation (32) aside from the issue
of coordinates = versus y.

The Maxwell-like equation (35) is our justification for characterizing the first 4-spinor as
charged and the second 4-spinor as uncharged. The reason for the difference originates with
the intrinsic momentum matrix 7#. By definition (9), the matrix 7 = k~4; is off-diagonal
with nonzero components in the 21-block. Thus the translation matrix D(1,y) has all of
its y-dependence in the 21-block and the hermitian conjugate DT(1,%y) has y-dependence
in the 12-block. Since the gamma matrices v* and v* are block-diagonal, the quadratic
y-dependence follows from DT(1,y) times D(1,y) which is effectively a 12-block times a 21-
block. But 12 times 21 yields a 11-block, and all the quadratic y-components in o* are in the
11-block as seen in (29). Applying two y-derivatives to o can, therefore, only yield nonzero
results in the 11-block, as in (30). Hence the second 4-spinor 15 is not charged while the
first 4-spinor v; is charged and that is due to the off-diagonal donor-receiver nature of the
momentum matrices.

Gauge invariance of the Maxwell-like equation (35) follows when the matrix vector po-
tential o undergoes a gauge transformation

at =t + 0oty (36)

where the gauge function x(y) is an 8 x 8 matrix whose components have symmetric second
partials, 9’0"y = 9*'0" .

One can find a gauge yo that makes the gauge-transformed intrinsic vector potential
divergence-free. We don’t do that. Instead we need a different gauge, a special gauge to
make a mass term.

5 (Gauge, mass term and field equations

The previous section dealt with free quantum fields. In this section a lagrangian is chosen
for interacting fields and field equations are found.

The initial lagrangian Lo combines the free-field lagrangians L,, and L, for electromag-
netism with the lagrangian L;,; for the electromagnetic interaction. One has

_ 1 .
Lo = Ly + La + Liny = Ypxy — 7D F = qAu I (37)
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where p) = i0, is the momentum, the partial derivative being with respect to spacetime
coordinates 2, F w18 the electromagnetic field of the vector potential A*, F},, = 0,A,—0,A,.
The quantity A* is the vector potential and the charge current is ¢ji. The functions in Lg
depend on z. There are no intrinsic quantities in L.

The interaction lagrangian, i.e. Ly = —gA,j}’, does not include j5 because we interpret
the Maxwell-like equation (35) as showing that ji’, not j4, carries electromagnetic current.

Now the initial lagrangian Ly is modified by including intrinsic quantities. Add the
intrinsic momentum 7# to the momentum p*; the replacement is p* — p* + w#. Also, the
intrinsic vector potential A; , 18 combined with the continuous rep vector potential A,. The
general matrix vector potential, i.e. &* = a* + 9"'y, is the fixed matrix vector potential a*
in (28) and (29) with arbitrary gauge x. The gauge x is a function of intrinsic coordinates y
and has yet to be determined.

Including the intrinsic quantities produces the lagrangian L,

. . / 1 v
L= [(i0s +m) 7" = (gAx+ g + 000 1| ¢ — T Fu (38)

The lagrangian L has both functions of spacetime coordinates x and functions of intrinsic
coordinates v.

The intrinsic gauge y is a function of the ys constrained only by having symmetric second
partial derivatives. We choose the special gauge to be

m 2 1

k k
1 A ) 1 1 2 A - A 39
X=—a [( - 4aq> YY"+ ZZ?J (Liz + 191) + 3 Y| + qy)ﬁ ’ (39)

where the constant a is given by (34). The gauge-transformed matrix vector potential is
then

at =t 4+ My = (40)
R Ly 1 A B KA 2ikut (1 1 —gk:22“ §kz2“ A 1#
i P A (2752 +9827%1) + 20ky" (Liz + 1) — Sk 0 + Sk i A
While a* is quite a mess, the gauge is chosen to produce a simplified lagrangian with a mass

term.
One finds that, with the gauge x in (39), the lagrangian L in (38) becomes

o | L
L(¢,00) = ¢ |(10x — qAx) i — m1n + i0x) ¥ — 1LY (41)

where the placeholder ¢ indicates the fields ¢, 1), A*. All these functions depend on spacetime
coordinates z.
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The special gauge y removed the functions of intrinsic coordinates y in a, from the
Lagrangian L. By (38), this means that the y-dependence of the expression a7y is in the
form 9{x77,. In one sense, o* and 77, are perpendicular, if by “perpendicular” one means
that their scalar product ayv], is effectively zero because the y-dependence can be gauged
away.

Also, we made the intrinsic momentum term 7# disappear. This is possible because 7
is the gradient 7 = o' (kyyyé\J and, therefore, can be absorbed by the gauge.

The field equations are the Euler-Lagrange equations,

oL A[ oL ]:0 | "

o9 | 0(0:9)

with suitable boundary conditions, i.e. the fields vanish properly at infinity.
The field equations for the continuous rep vector potential ¢ — A*(z) are Maxwell’s
equations for a current source ¢j!,

8A8AA” - 8“(9,\A’\ = q.]f . (43)

Thus, we have set up the lagrangian so that the source of the vector potential A*(z) is the
current ¢ji'. The assumption that ¢j} is the electromagnetic current is based on the identity
(30) which became the Maxwell-like equation (35).

Finally, varying L with ¢ — ¢(z) and ¢ — (z) gives Euler-Lagrange equations for the
8-spinor. The 8-spinor fields 1(z) and 9(z) obey field equations for the first 4-spinor ¢, and
a distinct set of field equations for the second 4-spinor ),.

For the first 4-spinor 1 we get Dirac equations for a charged, massive particle,

(i0x — qAx) YD1 = mypy  and (—ia,\l/_fl - qA,\l/_fl) vy =mihr (44)
For the second 4-spinor 15, one finds Dirac equations for a massless particle,
’7?)8)\102 =0 and 8A1527g =0 . (45)

The first 4-spinor 1, obeys the Dirac equation for a massive fermion with charge ¢ in an
electromagnetic field with vector potential A*. See, for example, Ref. [5], Chapter XX.9 for
a discussion. The second fermion 1/, has neither electromagnetic charge nor mass and obeys
free-particle field equations.
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6 Concluding remarks

The mass m of the 4-spinor 1, arises because it is charged. The current j{' is assumed to
be charged and not j5 because of a matrix identity, (30), which looks like one of Maxwell’s
equations with the first 4-spinor v; supplying the current density. That places 1, and not
19, in the interaction energy with the intrinsic vector potential where it can get mass from
the intrinsic gauge Y.

Electromagnetic field energy does not enter into the process. Intrinsic quantities offer
an alternative way of including a mass term that has nothing to do with any inertia caused
by carrying along an electromagnetic field as the charge moves. It might, therefore, be
more consistent to associate electromagnetism with one of the non-traditional theories that
discards the need for an electromagnetic field. Here, we have followed the conventional
treatment of electromagnetism by incorporating a vector potential A*.

The field equation (43) for the vector potential A* is gauge invariant. The special gauge
X in (39) that gives the mass term is an intrinsic 8 X 8 matrix function associated with the
intrinsic counterpart to A*. The continuous rep vector potential A* is not involved in the
origin of the mass term. Thus the vector potential A* can be gauge-transformed and the
consequences of gauge invariance continue here unchanged from conventional electromag-
netism.

The intrinsic gauge x, Eq. (39), removes all interactions between the first 4-spinor ¢
and the second 4-spinor 1),. These are the off-diagonal blocks in x, the terms proportional
to 119, 191, and 7 which is nonzero in the 21-block. In this way, the charged massive
electron-like particle does not interact with the massless chargeless neutrino-like particle.
This is an assumption. In general, an interaction between the two 4-spinors 1, and s
could be implemented by introducing suitable off-diagonal terms xi2 and y»2; with nonzero
components confined to the 12- and 21-blocks. Such speculation is well beyond the horizon
of the present paper. Our focus is to provide a mass for the otherwise massless charged
4-spinor ;. Interactions between the first and second 4-spinors originating with an intrinsic
gauge may be considered in some future work.

The field equations (44) and (45) for the fermion fields ¢, and v, are those of a charged
massive particle and a massless particle, respectively. These are long-studied equations and
so there is nothing new. We keep four components for the massless particle because, if it
represents a neutrino, nonzero neutrino mass is indicated by experimental results.

In summary, the consideration of new intrinsic quantities has allowed a mass to be as-
signed to the charged fermion without becoming entrapped by the quandaries of charge
distribution models.
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This notebook contains an 8x8 matrix representation of the Poincare group of spacetime transforma-
tions rotations, boosts and translations that preserve the scalar product of two 4-vectors.

The representation is set up to be applied to an 8-spinor wave function made of two 4-spinor Dirac
fermions.

The intrinsic vector potential is a quantity that obeys a Maxwell-like equation whose source is the first
4-spinor which is, therefore, charged.

The intrinsic gauge is chosen in part to give the first 4-spinor a mass. Thus the charged 4-spinor
acquires mass due to its being charge.

The calculations are discussed in my 2019 paper?® " Intrinsic vector potential and electromagnetic
mass’. Many equations from the article are verified in this notebook.

A ready-to-run version of this notebook should be available on the Wolfram User Notebook Archive,
current URL: https://notebookarchive.org/ (as of Nov. 21, 2019)

Symbols

The table has the symbol from the paper, its Mathematica notation, and its definition

N, uv - nuvI[p,v]] the spacetime metric, flat, a 4x4 diagonal matrix with diagonal =

{+1,+1,+1,-1}

0jj Gij[[i,j1] Identity matrix, one along the diagonal i = j and zero otherwise
ZeroMatrix[n] an nxn matrix of zeros

1 IdentityMatrix[n]  the unit nxn matrix

xH x[[l] the four Minkowski coordinates of a point (event)

oxH Oxply] the ut" component of a coordinate interval



b b[[u]]

y ylul]

x? XSQUARED(x]
wH? wlly,Vvl]
transformation)

Y wsl[i]]

Y wi[[i]]

1) w2([il]

7] w8barf[i]]
i T[]
yo! yDul[p]]
Vo® yD5
Mij
blocks ij=1,2.
yiit yuij[[p]]
1 oneij

YALL[Y]

Vi

oneALL
v yullpl]

o ouvi[p,vl]
Vi o]

k kc
(A\,b)

tion along b*.

D(A,0) DAO[w]
D(1,b) Dib[b]
DT(1,b) DibDagger[b]
conjugate

D(A,b)  DAb[w,b]
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4-vector displacement parameters for a translation
intrinsic Minkowski coordinates, independent of x
X2 =xyxH = xV+ x¥ +x% - x*; scalar product of x with itself

antisymmetric tensor of parameters for a spacetime rotation (Lorentz

8-spinor with componentindexi=1,2,...,8

the first 4-spinorin ,i=1,2,3,4 with ¢; = 0fori=5,6,7,8
the second 4-spinorin y,i=5,6,7,8 and = 0fori=1,2,3,4
the Dirac conjugate ' y*

the four Pauli 2x2 spin matrices with ¢ =1,2,3,4 and time is y=4.
the four Dirac 4x4 gamma matrices
the product yp° =iyp?yplyp?yp3, note that time yp* is first.

an 8x8 matrix with nonzero components only in the jj-block with 4x4

four 8x8 matrices with the 4x4 matrix ypin the ij block, wherei,j=1,2
an 8x8 matrix with the unit 4x4 matrix in the ij block, where i,j = 1,2

the four 8x8 matrices yj*arranged in a 2x2 matrix so that yALL[]([i,j]] is

the four 8x8 matrices 1;; arranged in a 2x2 matrix so that oneALL[[i,j]] is 1;
four 8x8 matrices with yp* in the 11 and 22 diagonal blocks

the pvt" angular momentum 8x8 matrix
the ™ linear momentum 8x8 matrix
scale factor for the 77¥ matrices

a Poincare transformation, the rotation A(w) followed by the transla-
the 8x8 matrix representing a pure spacetime rotation (no translation)
the 8x8 matrix representing a pure translation (no spacetime rotation)

hermitian conjugate of the translation D(1,b); transpose of the complex

the 8x8 matrix representing the transformation (A,b)
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aullull the 8x8 matrix intrinsic vector potential

ca a constant associated with the intrinsic vector potential a*

X intrinsic gauge, an 8x8 matrix function of intrinsic coordinates y
m mass

q charge

Definitions

(*metric, Kronecker delta, null matrixsx)

nuv
6ij

ZeroMatrix[n_] := ZeroMatrix[n]

= {{+1, 9, 0, 0}, {0, +1, 0, 0}, {0, 0, +1, 0}, {0, 0, 0, -1} };

= IdentityMatrix[50]; (* 50 = o *)

IdentityMatrix[n] - IdentityMatrix[n]

(xcoordinate 4-vectorsx)

X =
b =

{x1, x2, x3, x4}; (*Spacetimex)
{b1, b2, b3, b4}; (*displacementx)

y = {yl, y2, y3, y4}; (*xIntrinsicx)
XSQUARED [x_] :=Sum[nuv[[ul, pu2]] X[ [p1]] =« x[[u2]], {ul, 4}, {u2, 4}]
(*Use this for any coordinatesx)

(xrotation parameters, spinor wave functionsx)

w={{0, w12, wl3, wl4}, {-wl2, 0, w23, w24}, {-wl3, -w23, 0, w34}, {-wld, -w24, -w34, 0}};

Y8 = {¥81, Y82, Y83, Y84, Y85, Y86, Y87, §88};

Y1 = {y81, y82, y83, y84, 0, 0, 0, 0};

Y2 = {0, 0, 0, O, Y85, Y86, Y87, y88};

y8bar = {y8b1, y8b2, y8b3, y8b4, y8b5, y8b6, y8b7, y8b8};

(*2x2 Pauli spin matrices, 4x4 Dirac gamma matricesx)
= {{{0, 1}, {1, 0}}, {{0, -1}, {4, 0}}, {{1, @}, {0, -1}}, {{1, @}, {0, 1}} }s

¥Du

¥D5

4
= +i Table[ArrayFlatten[{{0, -tul[[u]11}, { D" (+nuviu, vI) tulvl, 0}}], {1, 4}];

i yDu[[4]1].¥Du[[1]].¥Dul[2]].¥Duu[[3]11];

| 3
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In[«]:=

In[«]:=

Inf- ]:=

Inf- ]:=

In[«]:=

In[«]:=

(*There are four 4x4 blocks in an 8x8 matrix. =)

(*These are 8x8 matrices with nonzero components in just one block. x)

yull = Table[ArrayFlatten[{{¥Du[[ux]] , ZeroMatrix[4]}, {@, ZeroMatrix[4]}}]1, {u, 4}]1;
yu22 = Table[ArrayFlatten[{{ZeroMatrix[4] , O}, {0, ¥Du[[u]11}}1, {u, 4}1;

yu2l = Table[ArrayFlatten[{{O, ZeroMatrix[4] }, {¥Du[[ull, ©}}1, {u, 4}1;

yul2 = Table[ArrayFlatten[{{O©, ¥yDu[[u]]}, {ZeroMatrix[4] , ©}}1, {u, 4}1;

onell = ArrayFlatten[{{IdentityMatrix[4], 0}, {0, ZeroMatrix[4]1}}];

one22 = ArrayFlatten[{{ZeroMatrix[4], @0}, {0, IdentityMatrix[4]1}}];

onel2 = ArrayFlatten[{{9, IdentityMatrix[4]}, {ZeroMatrix[4] , 0}}];

one2l = ArrayFlatten[{{9, ZeroMatrix[4]}, {IdentityMatrix[4], 0}}];

(*The four 8x8 matrices y;;# arranged in a 2x2 matrix so that yALL[u][[1,j]] = wij#.*)
YALL[p_] i= {{ypd1[[u]], wu12[[p]1]1}, {yu21[[ul], yu22[[u]]1}}

(*The four 8x8 matrices 1;5 arranged in a 2x2 matrix so that oneALL[[i,j]] = 1jj.%)
oneALL = {{onell, onel2}, {one2l, one22}};

(*8x8 gamma matricesx)
yu = Table [ypll[[u]] +wu22[[u]l], {u, 4}]1;

(xPoincare generatorsx)
(* Angular momentum matrices,
i.e. Lorentz generators for rotations and boosts ( together = spacetime rotations)*)

ouv = Table[_‘l—]l (YHIIRIT-wr[IvI] - we[Iv11.xul[p1]) s {us 4}, {v, 4}];

(*Momentum matrices, i.e. generators for translations.x)
nip = Table[ke ypu21[[u]], {u, 4}1;

(*Poincare Group transformationsx)
(*Lorentz group of spacetime rotationsx)
DAO[w ] :=
Simplify [MatrixExp [Sum[+i nuv[[ul, u2]] «nuv[[vl, v2]1 < w[[ul, v1]] < ouv[[u2, v21] /2,
{ul, 4}, {12, 4}, {v1, 4}, {v2, 4}]]) wE Reals]
(*Group of translations and hermitian conjugate (transpose plus complex conjugate)*)
Dib[b ] :=
Simplify[MatrixExp[Sum[-4i nuv[[pl, u2]]1 «b[[p1]] < 7u[[#2]], {ul, 4}, {u2, 4}]111;
D1bDagger[b_] := FullSimplify[Transpose[Conjugate |
(IdentityMatrix[8] - i Sum[nuv[[ul, u2]] «~b[[ul]] «7u[[u2]], {ul, 4}, {u2, 4}]1)]],
{kc, b1, b2, b3, b4} € Reals]
(»general spacetime transformation, spacetime rotation followed by a translationx)
DAb[w_, b_] := D1b[b].DA@[w] (» Eqn. 12, definition of D(A,b). x)

(*Intrinsic vector potential and intrinsic gaugex)
au = Table[FullSimplify[
-cayu[[4]].D1bDagger[y].yu[[4]]1.¥u[[r]1].D1b[y], {kc, y} € Reals], {u, 4}1;

x[y_1 :=-casum[ nuv[[2A1, A2]] ((1 - )Y[[M]] yul[[A2]] +

4caq

2 XSQUARED [y] . ke
kc? —————y[[A1]] ~yull[[A2]] +i — XSQUARED[y] (one2l + onel2) -
2

1
—— y[[A1]] < 7 [[A2]] ] {11, 4}, {22, 4} ]
qca
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Poincare algebra

Print["check Angular momentum commutators (Eqn. 10)"]
Print[" i[o*Y,0°°] = nYPo*°-n*°c¥°-n"°c*P+nt°c"" : ",
{0} == Union[Flatten[Table[i (ouv[[u, V]].ouv[[p, o]] -ouv[[p, ol].ouv[[u, vl]) -
(muv[[v, p]] xouv[[u, o]l -nuv[[u, p1] <ouv[[v, o]] -nuv[[v, o]] <ouv[[u, p1]+
nuv [, 11 <ouvllv, p11), {1, 4}, {v, 4}, {0, 4}, {0, 4}111]

check Angular momentum commutators (Eqn. 10)

i[o",0°] = nPo’°-n**c"°-n"°c"?+n"°c"? : True

Print["check that (linear) momentum generators form a vector (Eqn. 11)"]
Print[" i[o",n°] = n"Prt-n*Pr” ",
{0} == Union[Flatten[Table[1 (ouv[[u, v]].mu[[p]] -7u[[p]].ouv[[u, v1]) -
(uv v, P11 <7 [ [u]] - nuv[us P11 <7 [[v11), {us 8}, {v, 8}, {p, 4}111]

check that (linear) momentum generators form a vector (Eqn. 11)

i[o",n°] = nYPrH-nt°n” : True
Print[

"check translations form an Abelian group because the generators commute (Eqn. 11)"]
Print[" i[x*,7] =0 : ",

{0} == Union[Flatten[Table[d (su[[u]].7u[[v]] -7u[[v]T.7u[[]11), {1, 4}, {v, 4}]]]]

check translations form an Abelian group because the generators commute (Egn. 11)

i[7, Y] = @ : True

Translations are linear functions of displacements b¥

Print["(Eqn. 13) check the product of two momenta vanishes; 7Y =0 : ",
{0} == Union[Flatten[Table [mu[ [p]].7u[[v]], {us 4}, {v, 4}]]]]

v

(Egn. 13) check the product of two momenta vanishes; ¢y = @ ¢ True

Print|
"(Eqn. 13) check translations are linear in displacements b*; D(1,b) = 1 - ib,n*: "
{0} = Union[Flatten[Simplify[D1b[b] - (IdentityMatrix[8] -
i Sumnuv[[pl, 4211 «b[[u1]] « 7 [62]], {41, 4}, {42, 4}]), b € Reals]]]]

(Egn. 13) check translations are linear in displacements b”; D(1,b) = 1 - ib,7": True

Fields

| 5
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In[«]:=

Itis a long story. The essentials:

1. Quantum Field Theory discounts translations of fields. Fields transform via spacetime ROTATIONS,
but not translations. (Confusing fact: operators do transform by the full Poincare group including
translations. That is where waves, &?°*?, come from.)

2. Call afield that transforms just by spacetime rotations a Lorentz field . One can make a Poincare
field @ from y by multiplying by a translation:

D(x,y) = D(Ly)w(x),

where x are spacetime coordinates and y are “intrinsic coordinates” that can be, and are assumed to
be, independent of the x coordinates.

3. The probability current j* for the Lorentz field @ is given by j* = § ¥* 4 . For the Poincare field we
have J# = 2y 3.

4. One can show that the Poincare current can be written like the Lorentz current, i.e.

alt = yoaty,
except that a¥/a replaces y*. The constant “a” is placed there for convenience and determined in the
article?.

5. The four matrices are functions of intrinsic coordinates y, a”(y). They are called the Intrinsic Vector
Potential because they satisfy a Maxwell-like equation.

The intrinsic vector potential a“(y) is defined above. It satisfies a Maxwell-like equation:

Print["(Eqn. 29) check the expression for o" ;
al»l

— = +¥* - iKY, (¥12P¥22" + ¥22"¥21?) + KAy Pyt - 2KPYMy,vii” "
a
. . . aul[[u]] .
{0} == Unlon[Flatten[Table[Fu1151mp11fy[ _— (+7u[[u]] - n.chum[nuv[[pl, 0211
ca

yI[p1]] (wul2[[p2]].¥u22[[k]] + yu22[[x]].¥u21[[p2]1), (o1, 4}, (P2, 4}] +
kc? XSQUARED[y]  yul1[[u]] - 2ke?y[[u]] » Sum[nuv[[pl, p2]1] ~y[[p1]]

yull[[p2]], {01, 4}, {02, 4}]) ) {kc, b} € Reals], {u, 4}]]]]

(Egqn. 29) check the expression for o" ;

oM
. 2,2 2 .

— = =" - 1ky, (v2"v22" + v2"var”) + KTyTva” - 2KTyMy vl s True

a
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An equation that looks like one of Maxwell’s equations

In[]:=
Print["(Eqn. 30) check the Maxwell-like equation ; 08°'9,/a* - 9"'9,/a® = 12ak®yy;,* : ",
{0} = Union|
Flatten[Table[ (Sum[nuv[[p1, p2]] «Dlau[[u]], Y[[P1]1], y[[p2]111, {P1, 4}, {02, 4}] -
sum[nuv[[u, p2]1] «Dlap[[p1]1], Y[[P111, Y[[P2]111, {01, 4}, {P2, 4}]) -
(12 cake? yu11[[u]1), {1, 4}]]]]
Print["The appearence of yi:¥ means the current of the first
4-spinor y; carries charge."]

(Eqn. 3@) check the Maxwell-like equation ; 06°'6,/0" - 0"'9,/a° = 12ak*yy;;" : True

The appearence of yi;" means the current of the first 4-spinor iy, carries charge.

The intrinsic gauge Xx(y) must have symmetric second partials to preserve the Maxwell-like equation
above, but is otherwise arbitrary. For a certain Lagrangian, see the article?, the following gauge
removes all dependence on intrinsic coordinates y, removes the intrinsic momentum 7, and provides
a mass term.

In[#]:=
Print[" (Eqn. 39) The chosen intrinsic gauge ; x =
m k k? 1
—;af(1 - —)yar + 1=y (1l + 1) + —Yayut 1 + =yt 7,
4aq 2 3 q

{0} = Union[Flatten[x[y] - [-ca Sum[ nuv [ [A1, A2]] [(1 - L] y[[A1]] «yu[[A2]] +
4caq

2
i k—chQUARED[y] (one12 + one21) + kixSQUARED[y] Y[[AL1]] »yuldl[[A2]] -
2 3

1
— y[[A1]] « [ [A2]] ] (a1, 43, (22, 4}])]]]

gca

(Egn. 39) The chosen intrinsic gauge ; x =

m A ko, k? 2 2 1
-al(1 - )Yaxy® + 17y (L + 121) + —YYavn® ] + —ywr & True
4 aq 2 3 q
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In[«]:=
Print["(Eqn. 40) the gauge-transformed intrinsic vector

m
potential ; o + n*oxx = -a[-—— ¥* + ikya(¥12'v22" + ¥22"¥a1?)
4 aq

2 8 1 .
+ Zikyu(llz + 121) - _k2y2711u + _kauyA},ll)t] + = H ", {0} == Unlon[
3 3 q
Flatten[Table [Fullsimplify[( + au[[u]] + Sum[nuv[[u, A1] «DIxIyl, Y[IA111, {2, 4}1) -

Sl
-ca |-
4caq

(yu12[[p2]1.yu22[[u]] + yu22[[u]].yu21[[p2]1), (o1, 4}, {02, 4}] +

yul[u]] +1 keSum[nuv[[pl, p2]1] < y[[p1]]

21 kcy[[u]] (one12 + one21) _2 kc? xSQUARED[y] » yudl[[u]] +
3

8
3 ke?y[[u]] < Sum[nuv[[Al, A2]] «y[[AL]] « yull[[A2]1], {21, 4}, {A2, 4}1| +

1
—mu[[ull], {ca, ke, m, y} € Reals], {u, 4} ]]]]
q

(Egn. 48) the gauge-transformed intrinsic vector potential ; o + n*'9,’x = —a[—r Yoo+
aq

: A u u A = ey M 2 2,,2 U 8 2, ,u A 1 H
ikya (w12 ¥22" + v22"var") + 2iky" (11 + 121) - gk VARSEIE ;k Y'yoyu'l o+ —nf ot True
q

Inf[e]:=
Print[" (Eqn. 41, matrix part) Matrix terms in the
lagrangian combine to make a mass term for the charged 4-spinor y;."]
Pr‘int[" Y - gyt - 90xx yut = -m 1y Y,
{0} == Union[Flatten[FullSimplify[Sum[nuv[[x1, x2]]
(+ mu[[«1]].yul[[x2]] -qoau[[x1]] -7#11[[K2]]): {x1, 4}, {x2, 4} ] -

Sum[qD[x[yl, y[[x]11].vu11[[x]], {x, 4}] - (-monell), {ca, kc, m, y} € Reals]]]]

(Eqn. 41, matrix part) Matrix terms in the
lagrangian combine to make a mass term for the charged 4-spinor y;.

oyt - ooyt - 99 x v = -m 1y @ True
Checks of various other equations in the article!

;= (+*Dirac gammas must obey the followingx)
Print["check that wp*wp” + w'w* = 2 n*'1 : ",
{0} == Union[Flatten[Table[ (yDu[[u]].¥Du[[v]] +¥Du[[v]].¥Dul[u]]) -
2nuv[[u, v1] < IdentityMatrix[4], {u, 4}, {v, 4}111]

check that yp"¥p” + ¥ '¥o" = 2 n*Y1 : True
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In[«]:=

In[«]:=

Inf+]:=

In[#]:=

Inf+]:=
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(*Eqn. 6%)
Print["check Eqn. 6: yij*¥ia” + ¥ij"¥a* = 2 &k 1"l : ",
{0} == Union[Flatten[Table[Table[yALL[u] [[i, J1]1.¥ALL[v][[k, 1]] + yALL[v][[i, j]].
YALL[u] [[k, 111 - (2 IdentityMatrix[8] [[j, k1] «nuv[[u, v]1] < oneALL[[i, 1]11),
{i, 2}, (3, 2}, {k, 2}, {1, 2}], {u, 4}, (v, 4}]]]]

check Egn. 6: Yiju‘{klv + XijVYklp =2 6jk qulil . True

(*Eqn. 7%)
Print["check Eqn. 7: y* = yui¥ + ¥t 1 ",
{0} == Union[Flatten[Table [yu[[u]] - (yull[[u]] +wyu22[[u]1]1), {u, 4}]]]]

check Eqn. 7: " = yii¥ + ¥22" ¢ True

(*Eqn. 8%)
i i
Print["check Eqn. 8; o*” = _Z(Yn“‘a’nv - 711VX11”)_Z(Y22”722V - 22 y2") s ", {0} ==
i
Union[Flatten[Table[ouv [ [u, V11 - |~ — (ywdl[[u]11-3udl[[¥1] -yl [[V]].¥udL[[K]1D) -
i
" (¥u22[[K]]-w¥pu22[[v]] - yu22[[v]].¥u22[[k]]) |, {1, 4}, {v, 4}]]]]
i i
check Egn. 8; o = *Z(Ynuan - Y11VY11“)*Z(7(22“YZZV - Y22"v22") s True
(xEgqn. 9%*)

Print["check Eqn. 9: 7* = kyxn* @ ",
{0} == Union[Flatten[Table[ru[[u]] - (kcwyu2l[[u]]), {u, 4}]]]]

check Egqn. 9: 7% = kyp" : True
(*Egn. 12x)

Print["check Eqn. 12: D(A,b) = e ™ e’ TS
{0} == Union[Flatten[DaAb[w, b] - (Simplify[

| 9

MatrixExp[Sum[-i nuv[[ul, u2]] «b[[u1]] < 7u[[u2]], {ul, 4}, {42, 4}]11].Simplify|

MatrixExp[Sum[+i nuv[[ul, u2]] «nuv[[vl, v2]1] < w[[ul, vi]] < ouv[[u2, v2]1 /2,
{11, 4}, {42, 4}, {v1, 4}, {v2, 4}]], w € Reals]) ] |]
check Egqn. 12: D(A,b) = <e’“’~”“«e*i’wl“‘“c’”v : True

(*Eqn. 14%)
Print["check Eqn. 14; D(1,b)y8 = {{¥1},{¥> - ikb,yEy¥1}} = ",
{0} = Union[Flatten[Simplify[D1b[b].y8 -
(¥8 - i Sum[nuv[[ul, u2]] «b[[ul]] 7w [42]].948, {ul, 4}, {42, 4}]), b € Reals]]]]

check Egqn. 14; D(1,b)¥8 = {{¥1},{¥ - ikb,yp¥1}} : True
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Abstract

Electric charges may have mass in part or in full because they charged. Supplying details is the electro-
magnetic mass problem. Here, the charge’s mass is associated with intrinsic quantum mechanical
quantities so that the classical problems with extended charge distributions, for example, are irrele-
vant. An intrinsic vector potential is defined, based on intrinsic linear momentum. The charge-electro-
magnetic field interaction energy is gauge-dependent and the needed mass term is placed with the
interaction energy in the intrinsic gauge. Traditional electromagnetism retains its gauge invariance.
The field equations make no new predictions since all dynamic dependence on intrinsic quantities can
be gauged away. The field equations describe a massive, charged 4-spinor Dirac electron-like particle
and an uncharged, massless neutrino-like particle, formulas that have been a part of physics for nearly
a century.

ZMany equations appearing in the article are verified by the calculations in this notebook. The equa-
tions checked are equations numbered (6), (7), (8), (9), (10), (11), (12), (13), (14), (29), (30), (39), (40), and
(41).

3The article is expected to be uploaded to Arxiv or Vixra by the end of November 2019. It has been
submitted to The Foundations of Physics, and so it may appear there eventually.
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