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                                                                              Abstract 

We derive in this article that the four dot product between two arbitrary velocities is less than the 

square of the speed of light in vacuum and the product of two four momenta is less than the product of 

the two masses involved and the square of the speed of light[in vacuuo].Based on these results we strive 

to show a contradiction. Flat spacetime has been considered. 

                                                                             Introduction 

The writing concerns itself with a  derivation that the four dot product of two arbitrary velocities is less 

than 𝑐2, 𝑐 being the speed of light in vacuum and that the four dot product of two arbitrary four 

momenta is less than 𝑚1𝑚2𝑐2. Finally we arrive at acontradiction.We have considered flat space time in 

the article. 

  

                                                                     A Mathematical Result 

First we consider the following result: 

For arbitrary real numbers 𝑎1, 𝑎2, 𝑏1 and 𝑏2, 

(𝑎1𝑏1 − 𝑎2𝑏2)2 ≥ (𝑎1
2 − 𝑎2

2)(𝑏1
2 − 𝑏2

2)    (1) 

 

Proof:                      (𝑎1𝑏1 − 𝑎2𝑏2)2 − (𝑎1
2 − 𝑎2

2)(𝑏1
2 − 𝑏2

2) 

= 𝑎1
2𝑏1

2 + 𝑎2
2𝑏2

2 − 2𝑎1𝑎2𝑏1𝑏2 − (𝑎1
2𝑏1

2 + 𝑎2
2𝑏2

2 − 𝑎1
2𝑏2

2 − 𝑎2
2𝑏1

2)

= 𝑎1
2𝑏2

2 + 𝑎2
2𝑏1

2 − 2𝑎1𝑎2𝑏1𝑏2 

= (𝑎1𝑏2 − 𝑎2𝑏1)2 ≥ 0 

Therefore(𝑎1𝑏1 − 𝑎2𝑏2)2 − (𝑎1
2 − 𝑎2

2)(𝑏1
2 − 𝑏2

2) ≥ 0 

(𝑎1𝑏1 − 𝑎2𝑏2)2 ≥ (𝑎1
2 − 𝑎2

2)(𝑏1
2 − 𝑏2

2) 
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Or, 

Either (𝑎1𝑏1 − 𝑎2𝑏2) ≥ √𝑎1
2 − 𝑎2

2√𝑏1
2 − 𝑏2

2 or  𝑎1𝑏1 − 𝑎2𝑏2 ≤ −√𝑎1
2 − 𝑎2

2√𝑏1
2 − 𝑏2

2 

                                                          Dot Product of Two Four Velocities 

Using the above result we will prove that the four velocity[1] dot product[2], 

𝑣1. 𝑣2 >= 𝑐2  (2) 

Proof: First we consider the relations 

1)𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2| ≥ √𝑐2𝑣1𝑡
2 − |𝑣⃗1|2√𝑐2𝑣12𝑡

2 − |𝑣⃗2|2 

2)𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2| ≤ −√𝑐2𝑣1𝑡
2 − |𝑣⃗1|2√𝑐2𝑣12𝑡

2 − |𝑣⃗2|2 

 

The above two relations have been written from (1) where  we have considered the following, 

𝑎1 = 𝑐𝑣1𝑡, 𝑎2 = |𝑣⃗1|, 𝑏1 = 𝑐𝑣2𝑡 , , 𝑏2 = |𝑣⃗2| 

[suffix ’t’ denotes the time component] 

But 𝑐2𝑣1𝑡
2 − 𝑣1𝑡

2𝑣2𝑡
2 = 𝑐2; 𝑐2𝑣12𝑡

2 − 𝑣1𝑡
2𝑣2𝑡

2 = 𝑐2 

The first inequality gives us 

𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2| ≥ 𝑐2 

Now 

𝑣1. 𝑣2 = 𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2|𝐶𝑜𝑠𝜃 

If 0 < 𝐶𝑜𝑠𝜃 < 1,  

𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2|𝐶𝑜𝑠𝜃 > 𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2| > 𝑐2 

𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2|𝐶𝑜𝑠𝜃 > 𝑐2 

𝑣1. 𝑣2 > 𝑐2 

 

If −1 < 𝐶𝑜𝑠𝜃 < 0,  

𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2|𝐶𝑜𝑠𝜃 > 𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2| > 𝑐2[since 𝐶𝑜𝑠𝜃 is negative] 

𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2|𝐶𝑜𝑠𝜃 > 𝑐2 
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𝑣1. 𝑣2 > 𝑐2 

If 𝐶𝑜𝑠𝜃 = 1, 

𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2| ≥ 𝑐2 

Therefore in general: 

𝑣1. 𝑣2 > 𝑐2 (3) 

Let us consider the second inequality 

2)𝑐2𝑣1𝑡 . 𝑣2𝑡 − |𝑣⃗1||𝑣⃗2| ≤ −√𝑐2𝑣1𝑡
2 − |𝑣⃗1|2√𝑐2𝑣12𝑡

2 − |𝑣⃗2|2 

If  𝑣1 = 𝑣2 this inequality reduces to 𝑣2 ≤ −𝑐2 which is not true. So we may dismiss the second 

inequality 

 

 Alternative considerations: 

If possible let  

𝑣1. 𝑣2 < 𝑐2 

Or, 

                                                                        𝑐2𝑣1𝑡 . 𝑣2𝑡 − 𝑣⃗1. 𝑣⃗2 < 𝑐2 

We transform to a frame of reference where 𝑣⃗1 = 0 

We now have, 

𝑐2𝑣1𝑡 . 𝑣2𝑡 < 𝑐2 

Now 

                                                      𝑣1𝑡 =
𝑑𝑡1

𝑑𝜏
= 𝛾1; 𝑣2𝑡 =

𝑑𝑡2

𝑑𝜏
= 𝛾2 

Therefore 

𝑐2𝑣1𝑡 . 𝑣2𝑡 = 𝑐2𝛾1𝛾2 

𝑐2𝑣1𝑡 . 𝑣2𝑡 < 𝑐2 ⇒ 𝑐2𝛾1𝛾2 < 𝑐2 

𝛾1𝛾2 < 1 

But 𝛾1 = 1since 𝑣⃗1 = 0 

⇒ 𝛾2 < 1 
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The above relation is an impossible relation since 𝛾cannot be less than unity. 

Therefore, 

𝑣1. 𝑣2 ≥ 𝑐2 

                                                             Dot Product of Two Four Moments 

Next we pass on to the dot product of four momenta[3] 

𝑝1. 𝑝2 = 𝐸1. 𝐸1 − 𝑐2𝑝⃗1. 𝑝⃗2  (4) 

If possible let 

𝑝1. 𝑝2 < 𝑚1𝑚2𝑐4 

where 𝑚1 and 𝑚2 are the rest masses of the two particles. 

We transform to a frame of reference where the velocity of the first particle, 𝑣⃗1 = 0:⇒  𝑝⃗1 = 0 

Therefore 

𝐸1. 𝐸1 < 𝑚1𝑚2𝑐4 

 

⇒ 𝑚1𝛾1𝑐2𝑚2𝛾2𝑐2 < 𝑚1𝑚2𝑐4 

⇒ 𝛾1𝛾2 < 1 

But the product of the gammas cannot be less than unity 

Therefore 

𝑝1. 𝑝2 ≮ 𝑚1
2𝑐4  

Alternative considerations: 

Let 𝑎1 = 𝐸1;𝑎2 = 𝑐|𝑝⃗1|; 𝑏1 = 𝐸2;𝑏2 = 𝑐|𝑝⃗2| 

Considring (1) we have 

(𝐸1𝐸2 − 𝑐2|𝑝⃗1||𝑝⃗2|)
2

≥ (𝐸1
2 − 𝑐2|𝑝⃗1|)(𝐸2

2 − 𝑐2|𝑝⃗2|) = 𝑚1
2𝑐4𝑚2

2𝑐4 

Therefore 

(𝐸1𝐸2 − 𝑐2|𝑝⃗1||𝑝⃗2|) ≥ 𝑚1𝑚2𝑐4 or (𝐸1𝐸2 − 𝑐2|𝑝⃗1||𝑝⃗2|) ≤ −𝑚1𝑚2𝑐4 

If 𝑝1 = 𝑝2 we have for the second inequality 
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𝐸1
2 − 𝑐2|𝑝⃗1|2 ≤ −𝑚1𝑚2𝑐4 

So we discard the second inequality 

𝐸1𝐸2 − 𝑐2|𝑝⃗1||𝑝⃗2| ≥ √𝐸1
2 − 𝑐2|𝑝⃗1|√𝐸2

2 − 𝑐2|𝑝⃗2| = 𝑚1𝑚2𝑐4 

We have 

𝐸1𝐸2 − 𝑐2|𝑝⃗1||𝑝⃗2| ≥ 𝑚1𝑚2𝑐4 

𝑝1.𝑝2 = 𝐸1𝐸2 − 𝑐2|𝑝⃗1||𝑝⃗2|𝐶𝑜𝑠𝜃 

𝐸1𝐸2 − 𝑐2|𝑝⃗1||𝑝⃗2|𝐶𝑜𝑠𝜃 ≥ 𝐸1𝐸2 − 𝑐2|𝑝⃗1||𝑝⃗2| 

Therefore 

𝑝1.𝑝2 ≥ 𝑚1𝑚2𝑐4 

𝐸1𝐸2 − 𝑐2𝑝⃗1. 𝑝⃗2 ≥ 𝑚1𝑚2𝑐4 (6) 

                                                                       Further Consequences 

From (5) we have 

𝑚1𝛾1𝑐2𝑚2𝛾2𝑐2 − 𝑐2𝑚1𝑚1𝛾1𝛾2𝑣⃗1. 𝑣⃗2 ≥ 𝑚1𝑚2𝑐4 

𝛾1𝛾2(𝑐2 − 𝑣⃗1. 𝑣⃗2) ≥ 𝑐2 

𝑐2 − 𝑣⃗1. 𝑣⃗2 ≥
𝑐2

𝛾1𝛾2
 

−𝑣⃗1. 𝑣⃗2 ≥ −𝑐2 +
𝑐2

𝛾1𝛾2
 

Four dot product 𝑣1. 𝑣2 is given by 

𝑣1. 𝑣2 = 𝑐2𝑣𝑡1. 𝑣𝑡2 − 𝑣⃗1. 𝑣⃗2 = 𝑐2𝛾1 . 𝛾2 − 𝑣⃗1. 𝑣⃗2 ≥ 𝑐2𝛾1. 𝛾2 − 𝑐2 +
𝑐2

𝛾1𝛾2
 

𝑣1. 𝑣2 ≥ 𝑐2 (𝛾1𝛾2 − 1 +
1

𝛾1𝛾2
) 

If 𝑣⃗1 = 𝑣⃗2 then 𝛾1 = 𝛾2 

𝑣. 𝑣 = 𝑐2 (𝛾2 − 1 +
1

𝛾2
) (7) 

But the correct result is 𝑣. 𝑣 = 𝑐2 
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Thus we have arrived at a contradiction. 

                                                                                           Conclusion 

As claimed we have that the four dot product between two arbitrary velocities is less than the square of 

the speed of light in vacuum and the product of two four momenta is less than the product of the two 

masses involved and the square of the speed of light[in vacuuo] 
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