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Abstract

We derive in this article that the four dot product between two arbitrary velocities is less than the
square of the speed of light in vacuum and the product of two four momenta is less than the product of
the two masses involved and the square of the speed of light[in vacuuo].Based on these results we strive
to show a contradiction. Flat spacetime has been considered.

Introduction

The writing concerns itself with a derivation that the four dot product of two arbitrary velocities is less
than c?, ¢ being the speed of light in vacuum and that the four dot product of two arbitrary four
momenta is less than m;m,c?. Finally we arrive at acontradiction.We have considered flat space time in
the article.

A Mathematical Result
First we consider the following result:

For arbitrary real numbers a4, a,, b; and b,,

(ayby — azbz)2 = ((112 - azz)(blz - bzz) ey

Proof: (albl — azbz)z — (alz — azz)(blz — bzz)

= a,%b,* + a,%b,” — 2a,a,b1b, — (a12b,* + a,%b,* — a;%b,” — a,%h, %)

= a12b22 + azzblz - Zalazblbz
= (ale - azbl)z >0
Therefore(a, by — a;b,)? — (a,% — az?)(by” — b,*) 2 0

(a;b; — a2b2)2 = (a12 - azz)(b12 - bzz)
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Or,
Either (a1b1 - azbz) > Y. a12 - a22 ’blz - bzz or a1b1 - a2b2 < 4/ a12 - azz ’blz — bzz

Dot Product of Two Four Velocities
Using the above result we will prove that the four velocity!*! dot product'?,
V1.1, >=c? (2)

Proof: First we consider the relations

12041, vgr — 9111051 = c2v1,2 — 15112V c2v15,2 — |5, |2

2)c?v1. V5 — By 11B,] < —c2v4,2 — |8112y/c2v12,:% — |9,

The above two relations have been written from (1) where we have considered the following,
- -
a1 = Cvlt, a2 = |U1|,b1 = CUZtl'bZ = |U2|
[suffix 't’ denotes the time component]
2, 2 2. 2 _ 2. .2 2 2., 2 _ .2
But c“vy® — V14Vt ” = €% CV12t° — V1 V" = C
The first inequality gives us
2 > 113 2
C?V1. Vo — |01V 2 ¢
Now
Vi.Vy = C?Vqp. Vo — |U4||0,]|CosO
1:V2 = 1t- Va2t 11102
If0 < CosO < 1,
C?Vqp.Vopr — |U11|05|C0SO > c?vqp. Vop — | U4 ]||05] > ¢
1t- V2t 11102 1t V2t 111V2
2 N P 4 0 2
c“vy. Vo — V1 ||721Cos0 > ¢

V.V, > c?

If —1 < CosO < 0,
c?v14. V5 — |V11|9,1C080 > c?v14. V9 — |V1]|U,] > c?[since CosB is negative]

V4. V9 — |U11|0,|CosO > c?



V1.V, > 2
If Cosf =1,
V1. Ve — |91 ||9] = 2

Therefore in general:
V1.1, > c? (3)

Let us consider the second inequality

2)c?v1. V5 — 91 11B,] < = c2v4,2 — |9112y/c2v12,:% — |9, ]2

If v; = v, thisinequality reduces to v? < —c? which is not true. So we may dismiss the second
inequality

Alternative considerations:

If possible let
V1.7, < ¢?

Or,
V1. Vg — D1V, < €2
We transform to a frame of reference where v; = 0
We now have,
214,09 < €2
Now

dt, dt,

v1t=E=y1;v2t=;=YZ

Therefore
6. Vot = V1Y
V1.9 < €% = Py y, < ¢?
Y1v2 <1
Buty; = 1since¥; =0

>y, <1



The above relation is an impossible relation since ycannot be less than unity.
Therefore,

V1.V, = 2

Dot Product of Two Four Moments
Next we pass on to the dot product of four momenta’®
p1-P2 = E1.E1 — ¢*P1. B2 (4)
If possible let
P1.P2 < mymyc*

where m; and m, are the rest masses of the two particles.
We transform to a frame of reference where the velocity of the first particle, v; = 0:= p; =0
Therefore

E|.E; <mymyc*

= myy1°myy,c? < mym,ct
=12 <1
But the product of the gammas cannot be less than unity
Therefore
P1-p2 < myict
Alternative considerations:
Let a; = Ey;a, = c¢|pil; by = Ey;by = clp,l
Considring (1) we have
(E1E2 - C2|ﬁ1||732|)2 = (E12 - C2|ﬁ1|)(522 - C2|ﬁz|) =m,%c*m,?c*
Therefore
(E1E2 - C2|ﬁ1||732|) > mymyc* or (E1E2 - C2|ﬁ1||ﬁz|) < —mymyct

If p; = p, we have for the second inequality



2 -
E," — C2|P1|2 < —mymyc*

So we discard the second inequality

ELE;, — C2|151||132| = JE12 - C2|ﬁ1|\/E22 - C2|ﬁ2| =mym,c*

We have
EyEy — C21py|1Ba| = mymyc?
p1p2 = E1E; — C2|ﬁ1||ﬁ2|C059
E,E; — C2|5,115,1Cos6 > E1E, — C2|p, |15
Therefore

p1p2 2 mymyc*
E{E; — C2ﬁ1-ﬁ2 > mymyc* (6)
Further Consequences
From (5) we have
Myy1C°mMyy,c? — c?mymyy Yoty U 2 mympe?

Y1v2(c? — 01.9,) = ¢?

C*— V1.V = ——
Y1V2
- - 2 CZ
—V1.Vy =2 —C° +——
Y1V2
Four dot product v4. v, is given by
2
_ 2 S 2 5 2 2 ¢
V1.V = CVp1.Vpp — V1.V = C*Y1.Y2 — V1.V 2C7Y1.Y2 — C +W
172

1
V1.V, = 2 (yl)/z -1 +W)
172

If 1_])1 = 1_7)2 then Y1 =72

1
v.v =c? (yz _1+y_2) (7)

But the correct resultis v. v = ¢?



Thus we have arrived at a contradiction.
Conclusion

As claimed we have that the four dot product between two arbitrary velocities is less than the square of
the speed of light in vacuum and the product of two four momenta is less than the product of the two
masses involved and the square of the speed of light[in vacuuo]
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