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Abstract

We derive in this article that the four dot product between two arbitrary velocities is less than the
square of the speed of light in vacuum and the product of two four momenta is less than the product of
the two masses involved and the square of the speed of light[in vacuuo].Based on these results we strive
to show a contradiction. Flat spacetime has been considered.

Introduction

The writing concerns itself with a derivation that the four dot product of two arbitrary velocities is less
than c?, ¢ being the speed of light in vacuum and that the four dot product of two arbitrary four
momenta is less than m;m,c?. Finally we arrive at acontradiction.We have considered flat space time in
the article.

A Mathematical Result
First we consider the following result:

For arbitrary real numbers a4, a,, b; and b,,

(ayby — azbz)2 = ((112 - azz)(blz - bzz) ey

Proof: (albl — azbz)z — (alz — azz)(blz — bzz)

= a,%b,* + a,%b,” — 2a,a,b1b, — (a12b,* + a,%b,* — a;%b,” — a,%h, %)

= a12b22 + azzblz - Zalazblbz
= (ale - azbl)z >0
Therefore(a, by — a;b,)? — (a,% — az?)(by” — b,*) 2 0

(a;b; — a2b2)2 = (a12 - azz)(b12 - bzz)
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Or,
Either (a1b1 - azbz) > Y. a12 - a22 ’blz - bzz or a1b1 - a2b2 < 4/ a12 - azz b12 — bzz

Dot Product of Two Four Velocities
Using the above result we will prove that the four velocity!*! dot product'?,
V1.1, >=c? (2)

Proof: First we consider the relations

12041, vgr — 9111051 = c2v1,2 — 15112V c2v15,2 — |5, |2

2)c?v1. V5 — By 11B,] < —c2v4,2 — |8112y/c2v12,:% — |9,

The above two relations have been written from (1) where we have considered the following,
a; = CVy¢, @z = |U1],by = cvye, , by = | Uy

[suffix 't denotes the time component]

But c?v1,? — 01 %05 ? = €%} ¢P0qp* — V1205 % = P

The first inequality gives us

c2v1p. Vo — U1 ||V,] = 2

Where v; = (le,vly,vlz); U, = (UZx,Uzy,UZZ) where v4; and v,; are the spatial components of
proper velocity and not of coordinate velocity

V1.Vp = €?vy4. Ve — |U1]17,]C0560

One should take cognizance of the fact that by Cauchy Schwarz inequality

(leUZx T ViyVsy + V1z”2z)2 < (lez + vy + Vlzz)(Vsz + vp,% + VZZZ)

(leUZx T ViyVpy + V1z1722)2 <1
(lez + 1% + Ulzz)(‘Usz + vpy% + vzzz) -



Vi1xV2x + vlyUZy + V1zV22

>-1< <1
\/lez +v1,% + vlzz\/vuz + V2% + V3,2
Therefore with some suitable 8 we may write
V1xV2x + vlvay + V1zV22 = Cos6

2 2 2 2 2 2
\/le +v1y + vy, \ijx +va + vy,

— 2 2 2 2 2 2
= VixVax + V1yVoy + V100, = \/le + V1% + vy, \/vz,c + Vay” + vy,% CosO

Therefore
R B -
= V1xVox + vlyv2y T ViV = |171||172| Cos6

We do have the above relation for some suitable 8[at any relativistic speed notwithstanding thefasct
that we are not considering coordinate speed components but that we have taken the spatial part of
proper acceleration[celertity]

If0 < CosO < 1,
c2v14. V2 — U1 1|0,]CosO > c?vyp. vy — [94]105] > 2
c?v1. Vo — |011|9,|CosO > c?

V.05 > ¢?

If =1 < Cosf < 0,
c2v14. V9 — |V11|8,1C080 > c?v14. V9 — |V1]|V,] > c?[since CosB is negative]
c?v1. Vo — |011|0,|CosO > c?
V.V, > c?
If Cosf =1,
201 Vg — [1]|0,] = 2

Therefore in general:
1.1, > c? (3)

Let us consider the second inequality

2)Cv1p. V9 — |97, < _\/szltz - |171|2\/C21712t2 — |U,]?



If v; = v, thisinequality reduces to v? < —c? which is not true. So we may dismiss the second
inequality

Alternative considerations:

If possible let
V.0, < C?

Or,
C2V1p. Uy — V1. Uy < C?
We transform to a frame of reference where ¥; = 0
We now have,
V1. V9 < €2
Now

dt, dt,

Vit =S VYuVae ==V

Therefore
C?v1e. Vot = V1Y
214, V9¢ < €% 2 Py y, < ¢?
Y1v2 <1
Buty; = 1sincev; =0
>y, <1
The above relation is an impossible relation since ycannot be less than unity.
Therefore,
V1.V, = 2
Dot Product of Two Four Moments
Next we pass on to the dot product of four momenta®®
P1.P2 = E1.Ey — ¢*P1.B, (4)

If possible let



P1.pz < mymyc*
where my and m, are the rest masses of the two particles.
We transform to a frame of reference where the velocity of the first particle, ¥; = 0:= p; =0
Therefore

E|.E; <mymyc*

= myy12myy,c? < mym,ct

= Y1y2 <1
But the product of the gammas cannot be less than unity
Therefore

p1.p2 < my*ct
Alternative considerations:
Let a; = Ey;a; = clp1l; by = Ey;by = clp,l
Considring (1) we have

(ElEZ - C2|ﬁ1||ﬁ2|)2 = (E12 — C2|51|)(E22 - C2|ﬁ2|) =m,*c*m,%c*
Therefore
(ElEZ - C2|231||232|) > mymyc* or (ElEZ - C2|ﬁ1||ﬁ2|) < —mymyc*
If p; = p, we have for the second inequality
E,2 — 2By 1% < —mymyc?

So we discard the second inequality

ELE; — C2|ﬁ1||ﬁz| = \/E12 - C2|ﬁ1|\/E22 - C2|ﬁz| =mym,c*
We have
ELE, — C2|ﬁ1||ﬁ2| > mymyc*

p1.p2 = E1E; — C2|ﬁ1||ﬁ2|C059



ELE; — C2|ﬁ1||ﬁ2|C059 = EE, — C2|ﬁ1||ﬁ2|
Therefore
p1.p2 = mymyc*
E\E, — C2ﬁ1-ﬁ2 > mymyc* (6)
Further Consequences
From (5) we have
2 2 _ 2 oS 4
mpy,€"myy,C C"MmimyY1Y2V1.-V2 = MyMm,;C

Y1v2(c? — 91.9,) = ¢?

2

R c
C2 - 7_])1.'172 =
Y1Y2
2
c
—7_])1 1_])2 > _C2 +
Y1Y2
Four dot product v;. v, is given by
2
_ 2 S ) S5 S 2 2 ¢
V1.V =€V Vg2 — V1.V = CY1.YV2 = V1. V2 Z2C7Y1.Y2 — C +W
172

1
V1.V, = 2 (ylyz -1 +—)
Y1V2

If 1_])1 = 1_])2 then Y1 =72
1
v.v =c? (yz -1 +]/_2) (7

But the correct resultis v. v = ¢?
Thus we have arrived at a contradiction.
Conclusion

As claimed we have that the four dot product between two arbitrary velocities is less than the square of
the speed of light in vacuum and the product of two four momenta is less than the product of the two
masses involved and the square of the speed of light[in vacuuo]
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