A PROOF OF THE TWIN PRIME CONJECTURE
T. AGAMA

ABsTRACT. In this paper, we prove the twin prime conjecture showing that

X
Z 1> (1+ 0(1))—2C o

p=<x
p,p+2€P

where C := C(2) > 0 fixed and P is the set of all prime numbers. In particular, it implies
Z 1 =
p,p+2€P

when we take x — oo on both sides of the inequality. We start by developing a general
method for estimating correlations of the form

Z G(n)G(n + 1)

forafixed 1 </ < x and where G : N — R*.

1. INTRODUCTION

The twin prime conjecture—the assertion that there are infinitely many primes p for which
p + 2 is prime—is one of the oldest and most prominent problems in multiplicative number
theory. Historically the conjecture is usually attributed to De Polignac and is closely related
to the prime k-tuples heuristics formulated by Hardy and Littlewood; see the classical
treatments. Despite substantial partial progress-from the Brun demonstration that twin
primes have convergent reciprocal sum (Brun’s theorem) to dramatic modern advances
on bounded gaps between primes-a complete proof of infinitude has remained elusive.
The Viggo Brun introduction of sieve ideas in the early twentieth century established the
first quantitative control on twin-like phenomena [1], and twentieth-century developments
(Bombieri—Vinogradov, large-sieve techniques, etc.) provided powerful average results
[2,9].

In the last two decades a sequence of important results reshaped what was viewed
as attainable. The work of Goldston, Pintz and Yildirim (GPY) introduced a powerful
correlation/sieve framework for detecting small gaps between primes and established
conditional relations between correlations of the Von Mangoldt function A and small gaps
[4, 5]. Building on these ideas, breakthrough unconditional results on bounded gaps were
obtained by Yitang Zhang [6] and further refined and generalized by James Maynard and
the Polymath8 collaborative project [7, 8]. Those works established that infinitely many
prime pairs lie within a fixed finite separation, but they stop short of proving the classical
twin prime asymptotic.
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This paper introduces and develops a new, elementary geometric-combinatorial frame-
work for handling short-shift correlations of arithmetic functions, which we call the area
method. The central observation is that certain one-dimensional correlation sums can be
expressed exactly as suitable double sums via an identity derived from decomposing the
area of simple planar shapes (triangles, trapezia, rectangles and squares). This geometric
identity transforms the single-shift correlation

Z G(n)G(n + 1)

n<x
into a double-sum structure whose main diagonal and oft-diagonal contributions can be
estimated with classical summation-by-parts techniques and known prime distribution
estimates. The identity underpinning the method is stated precisely in Theorem 2.1 and
yields the decomposition recorded in Corollary 2.2.

The novelty of the approach is twofold. First, the area method gives an exact algebraic
decomposition that identifies how cumulative partial sums of an arithmetic function
control short-shift correlations; in particular, it produces the inequality of Theorem 2.3
which relates a fixed-shift correlation to a weighted double sum of partial sums. Second,
when the method is specialized to the Chebyshev/Von Mangoldt weights, the double sum
admits a clean asymptotic evaluation by summation by parts together with the known
first-order prime distribution };,., #(n) = (1 + o(1))x [9, 10]. The resulting lower bound
(Theorem 3.1) gives a positive lower density of prime pairs at gap 2, and hence implies
infinitude of twin primes.

It is important to place these claims relative to the body of earlier work. Sieve methods
(in the Brun—Selberg tradition) provide powerful upper bounds and restrictions, GPY-style
correlations establish conditional bridges between summed correlations and small gaps, and
the modern bounded-gap breakthroughs produced finite gap results by delicate combinations
of distribution estimates in arithmetic progressions and optimized test functions. The area
method departs from classical sieve/test-function optimization and instead leverages an
exact geometric decomposition to access a lower-bound mechanism for single fixed shifts.
Where GPY and subsequent approaches focus on building sieve weights to amplify prime
pairs, the area method rewrites correlations into double sums that are directly amenable to
partial summation and first-order prime number estimates; this structural difference is the
reason the present approach yields the lower bounds we state.

Fundamental idea (informal). Start from a nonnegative arithmetic function f (for
example ¢ or A). The area identity (Theorem 2.1) expresses sums of the form

DD fmfm+ )

n<x—1 j<x-n

as a single double-sum that groups contributions by cumulative partial sums of f. A
counting/majorization argument then shows that the total double-sum is bounded above
by a controlled multiplicative factor (denoted C(I) or D(l) below) times the fixed-shift
correlation »,., f(n)f(n + [). Inverting this inequality yields a lower bound for the
fixed-shift correlation in terms of averaged quadratic partial sums. For f = ¢ the averaged
quadratic partial sum can be evaluated asymptotically by summation by parts and the prime
number theorem in its classical form; this produces the explicit lower bound that leads to
Theorem 3.1.



Organization of the paper.

e In Section 2, we derive the central geometric identity (Theorem 2.1) and give
immediate corollaries including the decomposition used throughout the paper
(Corollary 2.2).

e In Section 3, we develop the general inequality that links fixed-shift correlations to
quadratic partial sums (Theorem 2.3); we discuss the dependence of the implicit
constant C(/) on the arithmetic properties of the underlying function.

e In Section 4, we apply the method to the Chebyshev/Von Mangoldt weights,
evaluate the arising double sums by summation by parts and standard prime-
counting estimates, and complete the proof of Theorem 3.1.

e In Section 5, we discuss extensions, limitations, and further directions: (i) general
shifts k, (ii) possible refinements using stronger distributional input (e.g. Bombieri—
Vinogradov type estimates), and (iii) connections and contrasts with sieve/GPY-
methods and the bounded-gap literature.

The rest of the paper follows the notation introduced above; standard references for
background and notation include [9, 10, 3].

Let G : N — C and consider correlated sums of the forms
Z G(n)G(x — n)
n<x
and
Z G(n)G(n + 1)
n<x

where 1 <[ < x. Itis generally not easy to control sums of these forms, and unfortunately
many of the open problems in number theory can be phrased in this manner. The twin
prime conjecture, conjectured by De Polignac, is one of the important open problems in
number theory and the whole of mathematics. It can be expressed in the form

Z Hn)d(n + 2)

where

logp if n=p, peP
d(n) := .
0 otherwise.

By exploiting summation by parts, we can recover an estimate for the sum

>
P<Xx
p+2, peP
where P denotes the set of all prime numbers. It is the case that obtaining a non-trivial
lower bound for this correlation solves the twin prime conjecture. There are a good number
of techniques in the literature for studying such sums, like the circle method of Hardy and
little-wood, the sieve method and many others.



In this paper, we introduce and develop the area method. This method can also be used
to control correlated sums of the form above. The novelty of this method is that it allows
us to write any of these correlated sums as a double sum, which is much easier to estimate
using existing tools such as the summation by part formula. As an application we obtain
the result:

Theorem 1.1. Let P denotes the set of all prime numbers. We have
1 X

#{p<x|p+2peP\{2}} 20 +0(1))213(2)1<>g—2x

where D(2) > 0 fixed.

In the sequel, for any f, g : N — R, we will write f(n) = o(1) to mean lim f(n)=0.
n—oo

Also f(n) < g(n) would mean there exist some constant ¢ > 0 such that f(n) < cg(n)
for all sufficiently large values of n. The following equivalence f(n) ~ g(n) if and only if

lim ) _ 1 is also a standard notation.

n—oo g(n)

2. THE AREA METHOD

In this section, we introduce and develop a fundamental method for solving problems
related to correlations of arithmetic functions. This method is fundamental in the sense that
it uses the properties of four main geometric shapes, namely the triangle, the trapezium, the
rectangle and the square. The basic identity we will derive is an outgrowth of exploiting
the areas of these shapes and putting them together in a unified manner.

Theorem 2.1. Let {r;}"!_, and {h;}"_, be any sequence of real numbers, and let r and h
Jj= Jj=
be any real numbers satisfying
n

Yri=r and zn]hj:h

J=1 Jj=1

and

42 = 30 )
j=1
then

n n J j—1 n—1 n—j
erhj:Zhj(Zri+Zr,~)—2 r; hj+k~
] 1

j=2 =2 Vi=1 i=1 =1 k=1

Proof. Consider a right angled triangle, say AABC in a plane, with height /4 and base r.
Next, let us partition the height of the triangle into n parts, not necessarily equal. Now, we
link those partitions along the height to the hypotenuse, with the aid of a parallel line. At
the point of contact of each line to the hypotenuse, we drop down a vertical line to the next
line connecting the last point of the previous partition, thereby forming another right-angled
triangle, say AA|BC; with base and height r; and & respectively. We remark that this
triangle is covered by the triangle AABC, with hypotenuse constituting a proportion of the
hypotenuse of triangle AABC. We continue this process until we obtain n right-angled



triangles AA;B;C;, each with base and height r; and h; for j = 1,2, ... n. This construction

satisfies
n

h:Zn:hj and r :er
=1 =1

and
n

()= 0+ )2,

j=1
Now, let us deform the original triangle AABC by removing the smaller triangles AA;B;C;
for j = 1,2,...n. Essentially, we are left with rectangles and squares piled on each other
with each end poking out a bit further than the one just above, and we observe that the total

area of this portrait is given by the relation

ﬂ] = i’]h2+(l’1 +I’2)h3 + ~'-(l’1 +rp+--- +rn—2)hn—1 +(I’1 + 1+ ~'-+I’n_1)]’ln
=ri(hy+hy+---hy)+r(hs+hg+---+hy)+ - +rp2(hy_y + hy) + ru_1hy

n—1 n—
2.1) = Z r; Z hjsk.
=1 k=1

On the other hand, we observe that the area of this portrait is the same as the difference of
the area of triangle AABC and the sum of the areas of triangles AA;B;C; for j = 1,2,...,n.
That is

1 1<
(2.2) A = Erh—izrjhj.
j=1

This completes the first part of the argument. For the second part, along the hypotenuse, let
us construct small pieces of triangle, each of base and height (r;, ;) (i = 1,2. .., n) so that
the trapezoid and the one triangle formed by partitioning becomes rectangles and squares.
We also observe that this construction satisfies the relation

(P + B2 =Y (7 + B2,
i=1

Now, we compute the area of the triangle in two different ways. By direct strategy, we have
that the area of the triangle, denoted A, is given by

(2.3) A = I/Z(anri)(zn:hi).

i=1 i=1
On the other hand, we compute the area of the triangle by computing the area of each
trapezium and the one remaining triangle and sum them together. That is

n n—1 n—1 n—2
24) A= hn/2(Zr,~ +Zr,~) +hn_1/2(Zr,~ +Zr,~) +o o+ 1/2r1 k.
i=1 i=1 i=1 i=1

By comparing equation (2.1) with equation (2.2), and comparing equation (2.3) with
equation (2.4) in the resulting equation the result follows immediately. m|



Corollary 2.2. Let f : N — C. We have the decomposition

DDty = > fm) D fm).

n<x—1 j<x-n 2<n<x m<n-—1

Proof. Let us take f(j) = rj = hj in Theorem 2.1, then we denote by G the partial sums

n
G=> ()
j=1
and we notice that

D212y = 3 FGR+ FG?
j=1 j=1
= > NG+ fGP
j=1
=V2 )" f().
j=1

Since
VGg>+6)=6V2=V2)" f(j)
j=1

our choice of sequence is valid and, therefore, the decomposition is valid for any arithmetic
function. o

Theorem 2.3. Let f : N — R*, a real-valued function. If

D Fm)fn+10) >0

n<x
then there exist some constant C := C(ly) > 0 fixed such that
1
Z fafn+lo) > ose ZZ fn) m;_l fm).

Proof. By Theorem 2.1, we obtain the identity by taking f(j) = r; = h;

DDty = > fm) D fm).

n<x—1 j<x-n 2<n<x m<n-—1



It follows that

DD < DL ) fmfn+))

et g et et
] = Z f(]n)f(n +1)+ Z F)f(n+2)
- Z )+ o)+ - Z F)f(n+ x)
< IMUo) Z st
+ [N (o) Z S f(n+ o)
e Z_f(n)f(n +1p) + -+ + [R(Lo)| Z o) f(n + lo)

= (|M<zo)| +INC)| +++ -+ 1

+oee |R(lo)|) Z f()f(n+1o)

n<x
< Cllo)x ) f(n)f(n+lo)
n<x
where
max{|M(lo)l, IN(o)l. . ... [R(lo)|} = C(lo).
By inverting this inequality, the result follows immediately. O

The nature of the implicit constant C(ly) could also depend on the structure of the
function we are given. The Von Mangoldt function A(-), contrary to many classes of
arithmetic functions, has a relatively small constant. This behaviour comes from the fact
that the Von Mangoldt function A(-) is defined on the prime powers. Thus, one would
expect most terms of sums of the form

D DL AmAG+ )

n<x-1j<x-n

to fall off when j is odd for any prime power n = p* such that j + p* # 25.

3. MAIN RESULT

We are now ready to prove the twin prime conjecture. We gather the tools that we have
developed so far to solve the problem.

Theorem 3.1. Let P denote the set of all prime numbers. We have

#{p<x|p+2peP\{2}} 2 (“O(D)%(Z)mgxzx

where D(2) > 0 fixed.



Proof. Consider the function ¢ : N — R™* defined as

90n) = logp if .n =pelP
0 otherwise

so that by virtue of Corollary 2.2, we obtain the lower bound
1
(3.1) DO +2) = — > 9 > Bm)
n<x XZ)ZSnSx m<n—1
for D := D(2) > 0 fixed. Now, using the weaker estimate found in the literature [3],

Zﬁ(n) = (1 +o(1))x

n<x

we obtain the following estimates by an appeal to summation by parts

Z 9n) Z S(m) = (1 + o(1)) Z Hn)n

2<n<x m<n-1 2<n<x
=(1+o())x ) 9(n)—(1+0(1))/( > ﬂ(n))dt
2<n<x ) 2<n<t

= (1+0(1)x* = (1 + o(1)) /(1 + o(1))edt
2

=(1+o(1)x*>=(1+ 0(1))%2 +0(1)
(3.2) =(1+ 0(1))%2.

By plugging (3.2) into (3.1), we obtain the estimate

PO +2) > —=(1+ o(1)
2,9 +2) 2 —(1+o(1)=

n<x
1
=(1 1)—=x.
(1+ 0(1) 35
On the other hand, we can write

D 0B +2)= > (logp)(log(p +2))

n<x p<x
p+2,peP

~ ) log’p

pP<x
p+2,peP

so that by an application of partial summation, we have

(3.3) Z log? p < log? x Z 1.

pP<x P<x
p+2,peP p+2,peP

By combining (3.2), (3.1) and (3.3), the lower bound follows as a consequence.

Corollary 3.2. There are infinitely many primes p € P\ {2} such that p +2 € P.



Proof. Using Theorem 3.1, we have the lower bound

#p<xlp+2peP\{2)} 20 *0(1))ﬁ2>10gx2x

where D(2) > 0 fixed. Taking the limits x — oo on both sides, we have

lim #{p<x|p+2,peP\{2}} =
thereby ending the proof. O

Remark 3.3. It is important to note that with the lower bound in Theorem 3.1, we have
solved the twin prime conjecture. This method does not solely address the twin prime
conjecture. It can be used to obtain lower bounds for a general class of correlated sums of
the form

Z G(n)G(n + k)

n<x

for a uniform 1 < k < x.

4. CONCLUSION

The method adopted in this paper to prove the twin prime conjecture is simple and very
elegant. In the spirit of solving the binary Goldbach conjecture, this method can also be
exploited to develop an estimate for general sums of the form

Z G(n)G(x —n)

n<x

which we do not pursue in this paper.
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