ON THE NUMBER OF INTERSECTIONS OF TUBES
Johan Aspegren

ABSTRACT. In this article we will prove that if the number of d-tubes is N =

517" and if the d-tubes intersect on the unit cube, then the number of their
n/(n—1

M. This implies that the

. . . N/ (n—1)
number of (central) line intersections of order p is bounded by Cn#.

After making a dyadic decomposition and summing the orders together we
will find that the number of (central) line intersections of N lines is bounded
by C,N™/("=1) Given a finite number of lines we can always assume that
they intersect on the unit cube, so we have a essentially sharp bound for the
number of line intersections. An extremal case is the standard gris in R™.
Previously this has been studied for special kind of line intersections called
joints. Moreover, we will prove a generalized lemma of Cérdoba.

intersections of order p is bounded by C)

1. INTRODUCTION

In R™ a joint is formed by the intersection of n lines whose tangent vectors are
linearly independent. It‘s a fact that the number of joints formed by N lines are
bounded by C,, N*/("=1)_ This fact has quite an elementary proof [3]. In our paper
we control all line or tube intersections in all scales. Our bound for the total line
intersections is essentially sharp. An extremal example is a standard grid of N
lines. A line [; is defined as

li={yeR"Fa,z e R" and teR st y=a+at}
We define the J-tubes as § neighbourhoods of lines:
T, ={zeR"||lz—y|<9d, vyel}

The order of intersection is defined as the number of tubes (lines) intersecting.
We use Plf as the set of J-tube intersections of order ;1 and P, as the set of line
intersections of order P,. Moreover, P? and P mean the set of §-tube intersections
and the set of line line intersections, respectively. If © > 1 then

My,
P=JNTy
j=1i=1
We define
#(Py) = M,

and the total number of intersections is
#(P') = Mj.
n
In a same way we define #(P,) and #(P). Our main theorem is the following:
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Theorem 1.1. Let N = §'=". Given N §-tubes that intersect on the unit cube, it
holds for the number of order u > 1 intersections that

Nn/(n—1)
(1.1) #(P) < Cp———.

Corollary 1.2. Let N = §'~". Given N d-tubes that intersect on the unit cube,
it holds for the number intersections that

(1.2) #(P%) < C,N™/ (=1,

Corollary 1.3. Given N lines it holds for the number of intersections of order p
that

n/(n—1)
(13) 4(py <o, Y

Corollary 1.4. Given N lines it holds for the number of intersections that
(1.4) #(P) < C,N™/ (1),
Our other result is the following: a generalization of a lemma of Corbdda.

Lemma 1.5. [A generalization of a lemma of Corbdda] For tube intersections of
order 2% it holds that
2k:
| m T1| 5 5n—12—k/(n—1).
i=1

It‘s not hard to check that the above bound is essentially tight.
2. PREVIOUSLY KNOWN RESULTS
We will use the following bound for the pairwise intersections of J-tubes:

Lemma 2.1 (Corboda). For any pair of directions w;,w; € S"~1 and any pair of
points a,b € R™, we have

571
) (a)NTS (b)) S —.
T2 T 01 S (7
A proof can be found for example in [2].
For any (spherical) cap Q € S"~1|Q| 2 671§ > 0, define its -entropy Ns(Q)
as the maximum possible cardinality for an J-separated subset of €.
Lemma 2.2. In the notation just defined
2]

~
gn—1 :

N5(9)
Again, a proof can essentially be found in [2].

3. A PROOF OF THE GENERALIZATION OF THE LEMMA OF CORBODA

Let us define
N
Ege = {x € R"|2F <) 17, <2F1}
i=1
Let us suppose that 28 = 77,0 < 8 < n — 1, and let's suppose that tube T,
intersecting T, N By has it‘s direction outside of a cap of size ~ 6"~ 1=7 on the unit
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sphere. Then the angle between T}, and T, is greater than ~ 61=#/("=1)_ Thus by
lemma 2.1 the intersection
2k
(3.1) (Tl < TN T N Ege| < [Ty N T | S "7 1A/ 071 = grmtgm /(i)
i=1
Thus, we can suppose that the directions in the intersection Eyx N1, N1, belong
to a cap of size ~ 0" 18 If we § - separate the cap via lemma 2.2 we get that
the cap can contain at most ~ 2* tube-directions. Thus, for any tube T, in the
intersection there exists a tube T,/, such that the angle between T, and T, is
~ §1=8/(n=1) and the inequality (3.1) is valid. Thus we proved the lemma 1.5.

4. ON THE NUMBER OF INTERSECTIONS OF GIVEN ORDER

Define the following set

N
(4.1) Eyi={xeR"Y 11, =pu}.
i=1

So that

WEl = [ Iy, = /
(4.2) g [~1,1]"NE,k ; Z L1 NE,y

gTW1MMLM:W1QN

We define an intersection I, of order p > 1 as

So that

and

Bl = ZI jul

Now, let us scale ¢ to 2d. Define the scaled versions I;, and E, as I} and Ej,

respectively. It holds that I, N [—1,1]" contains a -ball. So that
(4.3) "[B(0,1)] < |17,]
We define M, as the number of intersection of order p of 25-tubes. Clearly
(4.4) #(PY) = M, < My =#(P))).
It follows from above (4.3), (4.4) and from (4.2) that
M/,

us" B0, || P?] < uZI R AR

Thus,

us"| Py < 6" Cy N,
which is equivalent to

N
é
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We assumed in our theorem 1.1 that

N = 517n
so that
(4.6) N-VA=m —
Thus, it follows from (4.5) and (4.6) that

N—l/(n—l)‘pp| < Cnﬁ,
1
which is equivalent to

Nn/(n—1)
|Pul < Cp—.

The above implies our main theorem 1.1.

If we have N lines that intersect on [—R, R]™ then we can scale R™ s.t the lines
intersect in [—1,1]". Then we choose §1~™ = N. Now, the number of central line
intersections is less than the number of tube intersections. So from 1.1 it follows
1.3.

In order to prove 1.2 we will take p dyadically. So that we have

N
(4.7) By :={z e R"2¥ < 15, < 28H1}
i=1
The set of intersections are now defined as
Mgy
Py=J (T,
j=1i=1

#(P5) = My, and
|Egr | = Z |]j2k|~
J
So we have
2567 B(0,1)[| P3| <28 |Tp| < 2| Ei| < 8" |CuN,
J

where I, and E, are scaled versions of I;or and Fae, respectively. Thus, like
before it follows that

N7/ (n—=1)

‘P 26’v| < CnT-

But if we sum above over k& we have
S S Nn/(nil) n/(n—1) = 1 n/(n—1)
|P|:Z‘P2k|SZC7LTSC’rLN ZQTZC"N .
k#0 k#0 k=1

This proves 1.3. And again if we have N lines that intersect on [—R, R|"™ then we
can scale R™ s.t the lines intersect in [—1,1]". Then we choose 6'~" = N and put
the lines as central lines of the tubes. So 1.4 follows from 1.3.
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