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Abstract

The application of the fourth steps to verify a theory is necessary to get a consistent theory.
Those steps are as the following:

1%t step: the respect of the principle of least action: this principle is general and for every
physical system its action should be minimum.

2" step: the respect of the principle of locality: this principle signifies that a physical
phenomenon which happen in a region of space & time affect directly only its nearest
environment.

3"dstep: the respect of the principle of relativity: the equation of motion should be invariant
in inertial referential.

4thstep: the respect of gauge invariance: when there is a symmetry, there is something
which is conserved. A symmetry is a change in the system parameters which doesn’t affect
the equation of motion.

By applying those steps for a Newton more generalized equation of motion which is the
second derivative by time of the product of the inertia and the position of a system, we had
concluded that:

1-The field of gravitation and the electromagnetic field can be unified in one field and
treated as it is in microscopic scale or great scale;

2-Vacuum had a density non equal to zero and a current equal to zero;

3-The notion of Dark energy & Dark matter are attributed to the action of vacuum in
different scales;

4-It is very easy to get the second law of Newton (gravitation law) and the law of Coulomb
for electrostatics.

5-There is an electric charge which is an universal constant;
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6-The vacuum had a mechanical impedance which is an universal constant;

7-The second pair of Maxwell equations remains inhomogeneous and it call infinitely for
new theories to determine new universal constants, to do new experiences & to rise new
technologies. Science will never have an end.

The same conclusions can be obtained by doing meshing of space-time as combining the
gravitational constant, the speed of light and the Planck constant to get an absolute system
of unities called Planck system. Since we had doing this meshing, extension in space-time
signify that there is energy: vacuum in its conventional definition doesn’t exist. Vacuum
becomes like a fluid with a density not equal to zero and a current of this fluid equal to zero.
This fluid is like a “foam”’ of space-time which act on the motion of corpuscles and waves.
For corpuscles the action of vacuum is in the first order a friction force due to the viscosity of
the fluid and its action on waves is absorption so there is dispersion of waves. For the duality
of wave-corpuscle correspond another duality of the space-time which viscosity-dispersion
duality. Planck constant translate a third duality which is unity-multiplicity duality. Unity
signify that a corpuscle is considered like one subject moving with a certain speed and at the
same time this subject is a multitude of plane waves which are reinforced in a limit region of
space-time and destruct each either away. The group speed of the packet of waves is equal
to the speed of the corpuscle with some conditions of that the incertitude of the position of
the corpuscle multiplied by the incertitude of its momentum is superior or equal to a certain
constant not equal to zero, and the incertitude of the energy of the corpuscle multiplied by
the incertitude of time to measure it, is superior or equal to the same constant not equal to
zero: this is which we call the principle of incertitude.

Introducing the notion of universal friction, we can associate to a corpuscle an inertial time
and an inertial length. Considering the Hamilton equations of motion, we deduce that a
corpuscle is like that it is under a friction force along its time component and had a speed
equal to light speed along the same time component. We consider that the corpuscle is
moving in fourth dimensions which are the three dimensions of space and the dimension of
time. Working in a fourth dimensions with a pseudo algebra of space-time which is
Minkowski algebra we conclude that the motion of a massive corpuscle can’t be in a straight
line: the action of vacuum curve the motion of the corpuscle. Only light can move in a
straight line. This result can be deduced also from the Restraint Relativity by applying the
principle of least action: the minimum of the action is not in the motion in a straight line but
in a curved line, we can’t deny the action of vacuum.

By determining the motion of a charged corpuscle in an electromagnetic fieldwe haddo
similitude with the motion of non-charged corpuscle by doing equivalence between the
position of the corpuscle and the vector-potential of an electromagnetic field introducing
conversions factors. The result is that we can apply the principle of least action on a non-
charged corpuscle moving in a viscous medium: the action of the corpuscle is determined by
going back with equations of the determining action of a charged corpuscle. The equation of
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motion of a non-charged corpuscle by using forces and accelerations is valid only locally.
Many conclusions had been obtained from this equivalence between the position of
corpuscle and the vector-potential:

1-We deduce the second law of gravitation of Newton;
2-We deduce the law of Coulomb for electrostatic interaction

3-We explain what does it mean Dark energy and Dark matter: it is only a problem of scale
invariance gauge.

4-We define new system of unities which is the transition between microscopic scale and
great scale: there is many unities defined as Maxwell-thing (Maxwell charge, Maxwell mass,
Maxwell force...etc.).

5-We show that those considerations can be obtained by putting the Newton equation of
motion in a more generalized form where the inertia of the corpuscle is a function of time:
this equation is equal the twice derivative by time of the inertia multiplied by the position
of the corpuscle.

6-The same conclusions can be obtained referring to quantum mechanics (Klein-Gordon
equation or the harmonic oscillator)

After a certain mathematical definitions of algebra tensors, we had determined the
transformations of the electromagnetic field between inertial referential and also the same
thing for the vector-potentials.

Considering the invariants of the electromagnetic field we had determine the second pair of
Maxwell equations with sources as a triumph of the mathematics.

With some considerations in thermodynamics and cosmology we had fix an interval for the
mechanical impedance of vacuum. We had also show that vacuum can had an infinite levels
of energy and also we can found negative masses in nature.

Note that also for Planck constant we can determine an interval for it before doing any
experiment.

As the conversion coefficients between potentials and positions can be a product of two
coefficients the second pair of Maxwell equations remains inhomogeneous and this call for
new theories to determine new universals constants which appeal for new experiments to
do and new technologies to rise: science will never have an end and the humanity will enter
for the first time to the City of Science.

Of course which had been done can be generalized for a Riemann space-time and the reader
is invited to do this labor.



Résumé

L'application des quatre étapes pour vérifier une théorie est nécessaire pour obtenir une
théorie cohérente. Ces étapes sont les suivantes :

lére étape : le respect du principe de moindre action : ce principe est général et signifie
gue pour tout systeme physique son action est minimale.

2éme étape : le respect du principe de localité : ce principe signifie qu'un phénomeéne
physique qui se produit dans une région de I'espace et du temps n'affecte directement que
son environnement le plus proche.

3éme étape : le respect du principe de relativité : I'équation du mouvement doit étre
invariante entre référentiels inertiels.

4éeme étape : le respect de l'invariance de jauge : quand il y a symétrie, il y a quelque chose
qui se conserve. Une symétrie est une modification des parametres du systeme qui n’affecte
pas I'équation du mouvement.

En appliquant ces étapes pour une équation de mouvement plus généralisée que celle de
Newtonet qui s’annonce comme suit : I'ensemble de toutes les forces extérieures agissantes
sur un corps est égal a la dérivée seconde par rapport au temps du produit de l'inertie et de
la position du corps, nous avions conclu que :

1-Le champ de gravitation et le champ électromagnétique peuvent étre unifiés en un seul
champ et traités tels quels a I'échelle microscopique ou a grande échelle ;

2-Le vide avait une densité non égale a zéro et un courant égal a zéro ;

3-La notion d'énergie noire et de matiére noire est attribuée a I'action du vide a différentes
échelles ;

4-Il est tres facile d'obtenir la deuxiéme loi de Newton (loi de gravitation) et la loi de
Coulomb pour I'électrostatique en appliquant la jauge de Newton ou la jauge de Coulomb
pour le champ unifié

5-1l y a une charge électrique qui est une constante universelle ;
6-Le vide avait une impédance mécanique qui est une constante universelle ;

7-La deuxieme paire d'équations de Maxwell reste inhomogene et appelle a l'infini de
nouvelles théories pour déterminer de nouvelles constantes universelles, faire de nouvelles
expériences et faire émerger de nouvelles technologies. La science n'aura jamais de fin.



Les mémes conclusions peuvent étre obtenues en faisant le maillage de I'espace-temps en
combinant la constante gravitationnelle, la vitesse de la lumiére et la constante de Planck
pour obtenir un systéme absolu d'unités appelé systéme de Planck. Depuis que nous avons
fait ce maillage, I'extension dans lI'espace-temps signifie qu'il y a de I’énergie : le vide dans sa
définition conventionnelle n'existe pas. Le vide devient comme un fluide avec une densité
différente de zéro et un courant de ce fluide égal a zéro. Ce fluide est comme une « mousse
» d’espace-temps qui agit sur le mouvement des corpuscules et des ondes. Pour les
corpuscules, I'action du vide est dans un premier ordre une force de frottement due a la
viscosité du fluide et son action sur les ondes est une absorption donc il y a dispersion des
ondes. Pour la dualité onde-corpuscule correspond une autre dualité de I'espace-temps qui
est la dualité viscosité-dispersion. La constante de Planck traduit une troisieme dualité qui
est la dualité unité-multiplicité. L'unité signifie qu'un corpuscule est considéré comme un
seul objet se déplacant a une certaine vitesse et en méme temps cet objet estaussi une
multitude d'ondes planes qui se renforcent dans une région limitée de I'espace-temps et se
détruisent mutuellement ailleurs. La vitesse de groupe du paquet d'ondes est égale a la
vitesse du corpuscule a conditions que l'incertitude de la position du corpuscule multipliée
par l'incertitude de son impulsion est supérieure ou égale a une certaine constante non
égale a zéro, et l'incertitude de I'énergie du corpuscule multipliée par l'incertitude du temps
pour le mesurer, est supérieure ou égale a la méme constante non égale a zéro : c'est ce que
nous appelons le principe d'incertitude.

En introduisant la notion de friction universelle, nous pouvons associer a un corpuscule un
temps d'inertie et une longueur d'inertie. En considérant les équations de mouvement de
Hamilton, nous en déduisons qu'un corpuscule est comme s'il était soumis a une force de
frottement le long de sa composante temporelle et avait une vitesse égale a la vitesse de la
lumiére le long de la méme composante temporelle. Nous considérons que le corpuscule se
déplace dans un espace-temps a quatre dimensions qui sont les trois dimensions de I'espace
et la dimension du temps. En travaillant dans une quatrieme dimension avec une pseudo
algébre de I'espace-temps qui est I'algebre de Minkowski on a conclu que le mouvement
d'un corpuscule massif ne pourra pas étre suivant une lignedroite : I'action du vide courbe le
mouvement du corpuscule. Seule la lumiére peut se déplacer en ligne droite. Ce résultat
pourra étre aussi déduit de la Relativité Restreinte en appliquant le principe de moindre
action : le minimum de I’action n’est pas dans le mouvement en ligne droite mais en ligne
courbe, on ne peut pas nier 'action du vide.

En déterminant le mouvement d'un corpuscule chargé dans un champ électromagnétique,
nous avons fait une similitude avec le mouvement d'un corpuscule non chargé en faisant
I'équivalence entre la position du corpuscule et le potentiel vectoriel d'un champ
électromagnétique introduisant des facteurs de conversion. Le résultat est que I'on peut
appliquer le principe de moindre action sur un corpuscule non chargé se déplacant dans un
milieu visqueux : I'action du corpuscule est déterminée en remontant avec les équations de
I'action déterminant celui d'un corpuscule chargé. L'équation du mouvement d'un



corpuscule non chargé en utilisant des forces et des accélérations n'est valide que
localement. De nombreuses conclusions avaient été tirées de cette équivalence entre la
position du corpuscule et le potentiel vecteur :

1-On en déduit la deuxiéme loi de gravitation de Newton ;
2-On en déduit la loi de Coulomb pour l'interaction électrostatique

3-Nous expliquons la signification de I’Energie noire et Matiére noire: il ne s'agit que d'un
probléme de jauge d'invariance d'échelle.

4-Nous définissons un nouveau systéme d'unités qui est la transition entre |'échelle
microscopique et la grande échelle: il existe de nombreuses unités définies comme la chose
de Maxwell (charge de Maxwell, masse de Maxwell, force de Maxwell... etc.).

5-Nous montrons que ces considérations peuvent étre obtenues en mettant I'équation de
Newton du mouvement sous une forme plus généralisée ou l'inertie du corpuscule est
fonction du temps : cette équation est que I'ensemble des forces inconnues agissantes sur le
corpuscule est égale a la dérivée seconde par rapport au temps de l'inertie multipliée par la
position de celui-ci.

6-Les mémes conclusions peuvent étre obtenues en se référant a la mécanique quantique
(équation de Klein-Gordon qui est une équation d’onde dans un milieu dispersif ou bien
I'oscillateur harmonique)

Apres une certaine définition mathématique des tenseurs d'algebre nous avions déterminé
les transformations du champ électromagnétique entre référentiels inertiels et la méme
chose pour les vecteurs-potentiels.

Compte tenu des invariants du champ électromagnétique, nous avions déterminé la
deuxieme paire d'équations de Maxwell avec des sources comme une triomphe des
mathématiques.

Avec quelques considérations en thermodynamique et cosmologie, nous avions fixé un
intervalle pour l'impédance mécanique du vide. Nous avons également montré que le vide
peut avoir des niveaux d'énergie infinis et nous pouvons également trouver des masses
négatives dans la nature.

Notez que pour la constante de Planck, nous pouvons également lui fixer un intervalle avant
méme de faire I’'expérience de Planck pour le corps noir.

Comme les coefficients de conversion entre potentiels et positions peuvent étre un produit
de deux coefficients, la deuxiéme paire d'équations de Maxwell reste inhomogeéne et ceci
fait appel a des nouvelles théories pour déterminer des nouvelles constantes universelles qui
font appel a des nouvelles expériences et a I'émergence de nouvelles technologies : la
science ne finira jamais et I'humanité entrera pour la premiére fois dans la Cité des Sciences.
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Bien entendu, ce qui a été fait peut-étre généralisé pour un espace-temps de Riemann et le
lecteur est invité a faire ce travail.
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1)Introduction:

From 1899 , Planck had established an absolute system of unities as follows[1]:

Mp =E= 2.18 10~8%kg (1) ,

Lp = /’i—f =16 10°%m  (2),

Tp = /i—f =539 107%s  (3).

The Planck system signify that extension in space-temps is equivalent to energy. So the
equation of motion of a corpuscle should be written in a full space-time which act on the
corpuscle by a friction force in the opposite direction of the its speed. The equation of motion

of such a corpuscle is:

L=f-av @

Where : p: the moment of the corpuscle;
f: all unknown forces which act on the corpuscle;

—a. v : an universal friction force due to the energy of the space-time;



a : friction coefficient of the space-time;

The friction coefficient "a’ of the space-time is declared as a new universal constant.Space-

time is vacuum and vacuum is space-time.

Of course equation (4) is not invariant by transformations of space and time but we will see
how to change our view in exchanging energy. Let’s take it as the first idea which comes to us

as thinking in classical manner.

The MKS system (or cgs system) is a meshing of space-time where the unities of measure are
as follows:

M =1kg :the unit of mass;
L=1m : the unit of length;

T=1s : the unit of time.

But here there is any relation ship between those unities. When Michelson try to measure the
speed of light in 1891 in order to detect any motion of the ‘’aether’’ he was surprised that the
speed of light is constant in any direction: the speed of light "¢ was declared an universal
constant and it is independent from the choice of the referential of motion and from any
corpuscle. With the constant "’G"’ the gravitational constant we can establish another relation
ship between mass and length for example and with Planck constant “#"’ we can resolve a
system of three equations with three parameters and so Planck get the solutions (1), (2) & (3):
there is a general equivalence between mass, length and time. Space-time can’t be “’inert”’
and should act on corpuscles. Space-time can’t be only a theatre of interactions between

corpuscles but it participates and interact with them.

The Planck meshing of space-time should conduct to the minimum energy in the minimum
volume of the space-time. If we calculate it i.e. we have a mass M, in a volume L3 we get an
enormous value and anything can’t move in this media: we conclude that Planck meshing of
space-time is not the good choice, another system should replace it and so one of the constants

which form the Planck system is a derived constant.

It is evident that we have particles which have a mass less than Planck mass (for example
electrons). The constant which should be removed is the gravitational constant: gravitation

strength is neglected in the subatomic particles.
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We propose to do the meshing of the space-time with three constants ""A", ""c¢""&"'a". The

result is:

M:%.\/m 5) .

T=%.\/§ (7)

We can expect that in the MKS system the constant "“a’’ should have a very low value: if we

neglect it in the equation (4) we get the classical dynamic law.
2)Determination of the constant "a’’:

The most evident experience to have an idea about the value of the constant ""a”’ is to
determine the density of energy of vacuum in the Universe by observations and to identify it
to the theoretical vacuum energy [2]. There is also others experiences which allow us to
determine this constant such as the photo-electric experience and the black body radiation
experience [3]. We will try in the following to determine this constant referring to recent

cosmology observations.
2-1)Wave-corpuscle duality:
2-1-1)Lorentz transformations:

Let’s have a corpuscle of a mass m in motion in an inertial referential R(0, x, y, z, t). Let’s
have another inertial referential R'(0’, x',y’,z',t") in motion with a speed V along the axis
(0, x) and that origins are coincident in the beginning of motion . Axis (0, x)&(0’', x") are

co-linear.

The Lorentz transformations of space and time between the two referential are [4]:

’ x-V.t
X =

(8)

-z
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9) or c.t' = (9-bis)

For monochromatic plane waves the transformations of wave-vector and frequency are the

same of space and time:

, k—wV/c? , c.k—%.a) _
k = (10) or c.k =T (10-bis)
1-— /1—6—2
; _ w—kV
w' = — (11)
1-=

Where:k & k' are respectively the wave-vector in the referential R& R’;
w & w' are respectively the frequency in the referential R & R'.
2-2-2)The principle of relativity:

The principle of relativity is that the equations of nature are invariant by Lorentz
transformations i.e there is invariance of the action of the corpuscle and also there is

invariance of phase for plane waves.
Every theory takes its validity by respecting the following steps:

1%t step—The respect of the principle of least action i.e. that every physical phenomenon is
described by a principle of action. The principle of conservation of energy and conservation
of momentum comes from the least action principle. We should search an action that the
equations of motion which comes from its minimisation describe the phenomenon in the

laboratory and Nature. The action of a corpuscle is:

Scorpuscle = fL(X’X)'dt (12)
Where L(X, X) its Lagrange function.

2"d step-The respect of the principle of locality i.e. the phenomenon that happen in a region
of space and time affect directly only their nearest environment. If we act on a system in the

position (X,t) in space-time, the only direct effect is on the nearest infinitely close
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neighbourhood. How to guaranty that a theory respect the principle of locality?: it is done by
the principle of least action.

Let’s take the action of a corpuscle as:

Scorpuscle = fL(X' X' t)- dat  (13)

To guaranty the locality the Lagrange function in equation (13) should depend only of the
spatial coordinates of the system i.e. for a corpuscle it should depend only from its position
X(t) and its first derivative X (t). The neighbouring points does not intervene only via its
time derivative i.e. at the limit when At — zero by [X(t + At) — X(t)]/At.

In other terms in a referential, the effect is detected at a distance x only after a time t and that

% has a finite value v(x, t) which is less or equal to the speed of information c.

3" step-The respect of the principle of relativity i.e. the equations of motion should be
invariants by Lorentz transformations. The equations of motion should be invariants in

inertials referentials i.e. the same equations in different referentials.

4™ step-The respect of the gauge invariance i.e. a change on the system which does not
affect the action or the equations of motion: it is called a symmetry. Let’s take an example in

the classical fundamental law of dynamics:

d?x

This equation remain the same if we translate the origin of coordinates of a fix value or we
rotate the axles of coordinates of a fixed angles. Which is conserved in classical dynamics is
the total energy of the corpuscle: When there is a symmetry there is something which is

conserved.
2-2-2-1)The principle of least action:
2-2-2-1-1)The equations of Euler-Lagrange:

A corpuscle which have the generalised coordinates {q;, i = 1,2,3} follow a trajectory

developed in time and which have the equation [5]:
q=gq;(t), i=123 (15)
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Here referring to the referential R we have (q; = x,q, = y,q3 = z) .

The components of generalised speed are defined as:

. dq; .
=" i=123 (1)
The action S associated to the corpuscle is defined as:

S = [L(qi qi, t)-dt (17)

Where L is a function of g;, ¢, and possible of t.

The quantity S is extreme for the real trajectory of the corpuscle. We have:
dsS =10 (18)

If we put that the g; are independents from each else and that the variation of the function

L(q;, g;, t)is happened at constant time we get the Euler-Lagrange equations as follows:
d (0L oL

w(55) 35 =0 (19)

The solutions of equations (19) define the trajectory of the corpuscle.

The quantity L is linked to the energy of the corpuscle an it is called almost the kinetic
potential. It is the difference of kinetic energy and the potential energy of the corpuscle in the
case that the forces which act on the corpuscle are derived from a potential i.e. they are

conservatives forces.

In case that those forces are non conservatives the Euler-Lagrange are [5]:

d (0L oL

- (a—q.l) mrrin Q; (20)

Where Q; :generalized forces.

The importance of Lagrange equations is that instead we treat with vectors quantity such as
forces and accelerations in the classical dynamics, we have scalar quantities where appear

only positions and speeds .

2-2-2-1-2) The Hamilton equations:
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We define the generalised moments as:

oL
Pi =50 (21)

We define the Hamilton function as:

H=2q.p—L (22)

From that the q;&p; are independents and that L(q;, g;,t) is independent from time we get
the equations of Hamilton as the following:

. 0H

q. = a_Pz (23)
. 0H

Pi =5 (24)
0H oL

= "% (25)

The Hamiltonian of a corpuscle is the total energy of the corpuscle i.e. the sum of its Kinetic
energy and its potential energy. The advantage of the equations of Hamilton is that they are
equations of the first order but Lagrange equations are of the second order. Also with the
equations of Hamilton we deal only with positions and moments, the notion of inertia doesn’t

appear explicitly.
2-2-2-2)Equation of motion:

Let’s suppose that the corpuscle is in rest in the referential R’. The action S’ of the corpuscle

in this referential is as:
dS' =L'.dt' (26)

Where L' is a constant that we search. In principle this constant is the kinetic potential of the
corpuscle in the referential R'. It is different from the conception of the classical mechanics
which consider the mass is “’inert’” and has no function only to resist to the variation to the

speed of the corpuscle.

The principle of relativity requires that:

15



ds'=dS (27)

S0 we get:

L.dt=1L".dt" (28)

The position of the corpuscle in the referential R is x = V.t and so from equation (9) we get:

V2
c?

dt' =dt. [1— (29)

Replace (29) in (28) we get :
2
L=L.[1-= (30)

For weak speeds we should found the expression of the kinetic energy in the classical

mechanics. So when V « ¢ we get from equation (30):

(31)

LaL -3 5
It is evident from equation (31) that:
L' = —m.c? (32)

And so from (30) and (31) we have :

L=-mc2 [1-2 (33)

c2

We generalise the equation (33) for every speed of the corpuscle :

L=-m.c% [1-= (34)

And that from (34) the moment of the corpuscle is:

JL m.v
= 5 = — (35)
1=z

We define the inertia of the corpuscle as the ratio of its moment to its speed:
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= (36)

p
E_v_ 1v2
Nl

The energy of the corpuscle is equal to its Hamiltonian in (22) i.e.:

m.c?

E=H=pv-L= == ¢.c” (37)

1=z

If this corpuscle is in motion in the referential R it signify that it is under a friction force due
to vacuum which is the extension of the space-time. Remainder that space-time according to
Planck system of unities is like a “’foam’” of energy. The same idea of continuous media for
vacuum (or space-time) is presented by Lev Landau &E.Lifchitz in their theory of fields [6]:
to determine the position of a corpuscle we should have a referential filled with an infinite
number of bodies everywhere in space and it behave like a “’medium’’. Every body had its
own clock which it function in an arbitrary manner. This system of bodies is the referential of
the theory of the gravitation i.e. the theory of general relativity as presented by Landau &
E.Lifchitz. If we choose an arbitrary referential in the theory of general relativity than the
laws of Nature should be available in any system of coordinates: we will conclude a similar
conclusion in our actual development. So we summarise that we can predict that there is a
gravitational interaction field due to our corpuscle and the strength of this field can determine

the coupling constant "'G"'. Yes constant "’G"’ is an universal constant and is also predictable.

The action of the “’foam’’ on the corpuscle is a friction force which act in the opposite
direction of motion. This force is a serial coefficients of the exponents of the speed of the

corpuscle. We take only the first exponent i.e. the friction force is as:
f=—-av (38)

This friction is of course independent from the choice of the corpuscle i.e. it is universal. The

coefficient of friction ""a’’ is declared as a new universal constant.

We associate to the corpuscle an inertial time as:

f=art (39)
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Its inertial time in rest is as :
m=a.t, (40)
Idem for inertial length as :
l=c.T (41)
And inertial length in rest as :

lO == C.TO - % (42)

We have always this relation ship for inertial time :

T == (43)

’ 2
v
1—0—2

It is very easy to verify that equation (43) is invariant by Lorentz transformations i.e. we have

in referential R’ the inertial time of the corpuscle is:

T = =2 (44)

’ vr2
1—0—2

Where :

v =2 (45)

o dtrs
Proof:

We can consider that the speed of the corpuscle is constant between the instant ¢t and t + dt in
the referential R which corresponds to the instants t" and t" + dt’ in the referential * . From

equation (9) we get:
_1-vV/c?

dt' = —VZ
-z

If we indicate by 7’ the inertial time of the corpuscle in the referential R" and by 7 its inertial

dt (46)

time in the referential R than from (46) we deduce that:
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o = 1-v.V/c?

v2
_C_Z

.T (47)

1

Replace (43) the expression of  in (47) than we have:

T
7' = ——=——= (48)
2
L@V
(1-22.c2

Let’s determinate the speed v’ of the corpuscle. From (8) and (9) we have:

vV =—= vV (49)

T == (50)

And that’s CQFD.

The constancy of the speed "¢’ implies the constancy of the energy and momentum in

inertial referential as the following:

E? —p?.c? =m?.c* (51)

And also the constancy of the pseudo-module [7] :
ds? = c%.dt? — dx? —dy? —dz? (52)
The moment can be written as the following:

p=¢v==.v (53)

It is evident that a corpuscle with a speed ¢ has a moment % according to (53).

The Hamiltonian is as:

H=a.rt.c? (54)
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If we add another dimension to the referential R which is the inertial position "'c.7" of the

corpuscle , the speed of the corpuscle along this dimension is from (23):

OH c
d(a.t.c) o

(55)

Where "a.t.c" is the moment of the corpuscle along its inertial dimension.

The friction force along this dimension is from (24) as:

—0H
e~ ¢ (56)

"o
Cc

It is like that the corpuscle had a speed of along its inertial dimension and there is always

a friction force equal to "’ — a. ¢"" which act on along this dimension.

It is evident that the equation of motion of the corpuscle in the three dimensional space is as

(thinking in classical manner) :
dp d .
P f—av (57) or - p+aX)=f (57-bis)

Where f : all unknown forces which act on the corpuscle ;

—a. v : an universal friction force which act always in the opposite side of the direction of

motion due to vacuum which the same the space-time.
X: the position of the corpuscle.

But equation (57) is non relativist invariance we can’t take it and we will see how to replace it

to get the Kkinetic energy of the corpuscle as in classical mechanics.

Let’s remark that when we write the position Xof the corpuscle in fourth space dimensions as:
X=(ct,x,v,z) (58)

The speed of the corpuscle in fourth dimensions is :

V=(c.5,%7,2) (59)

"
Cc

This speed should coincide to along the inertial dimension when the energy of the

corpuscle is varying. So we have:
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d
d—z =1 (60) :when the energy of the corpuscle is varying;

dt =0 (61) : when the energy of the corpuscle is constant (i.e. its three

dimensional speed is constant in module) .

So the speed in fourth dimensions is :
V=(c.%,y,2) = (c,v) (62)

The moment in fourth dimensions is :

(63)

1 v ; ;
P=a.1.V=(art.c,p) =m.c. =, - =m.c.u' =p'
1-% cf1-%
(o} (o}

Where u! is the quadri-dimensional speed in the forth dimensions space-time (ct, x, y, z).

, i
i _ adx

ut=— (64)
With x° =c.t,x! =x,x2=y,x3 =2z (65)
ds = c.dt. |1 —:—z (66):deduced
from (52).
And:
i i E
pt=m.c.u' = (;,p) (67)

The square of the vector x! is the following pseudo-module:
(x%)? = (xH? = (x*)? — (x*)? (68)

This square doesn’t change for every fixed rotations of the fourth coordinates system where
the Lorentz transformations are a particular case (We follow the same analysis done by Lev
Landau & E.Lifchitz in their book “theory of fields™ ).
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In general we call a quadri-vector A‘ the fourth quantities A°, A%, A%, A*> when in fourth
transformations of coordinates system they are transformed as the x*. In Lorentz

transformations we have:

A =" | AV="— | A¥ =42, A¥ =43  (89)

Here V is the three dimensional speed of R' (O',c.t',x',y',z") .
The square of every quadri-vector is the pseudo-scalar as defined in (52).

In order to simplify writing equations, we introduce another kind of quadri-vector as the

following:

Ay =A% A, =-AY, A,=-A%  A;=-A3 (70)
The square of the quadric-vector is now as the following:

AlA; = A%Ay + A*A; + A%A, + A3A, (71)

The quantities A® are called the contra-variant corposants and the quantities A; are called the

covariant corposants of the quadri-vector.

The scalar product of two quadric-vectors is as the following:
A'B; = A°By + A'B, + A?B, + A3B; = A;B! (72)
The product A!B; is an invariant scalar for every fixed rotations of coordinates system.

So for a corpuscle its four speed is :

b
=
I
I
<
I
o
=
I .
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us = —ud = —=—  (73)

2
v
C. 1_6_2

We remark that:

ds? = dx;dx"
So we get that:
utu; =1 , p'p; = m?.c?

The fourth acceleration of the corpuscle is defined as:

i dut _ d?xt
w'=—=
ds ds?

Deriving (75) we get:
uwt = utw; = 0
We define the quadri- force vector as :

dp; du;

gi ds T ds

Its elements verify the identity:

giut =0
We have:
. dpt dul Fuv F
| A —_ i
gt=—=m.c.—=( , )
ds ds 2 v2 v2
2. |1-= c. [1-=
C C
With:

_@_i m.v
_dt_dt( R vZ)

c2

force

Lets develop the expression of g; :
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(74)

(75)

(76)

(77)

(78)

(79) :deduced from (77)

(80)

(81) :the ordinary three-dimensional



1 dE . .c2 dE
go=9°= = with E=2= & Fv==
2 v2 dt , v2 dt
ce. 1_6_2 1_0_2
_ 1 _ -1 d m.x
gl - _g - ‘IJ2 'a( 2)
J1-5 1-5
¢ c2 c?
_ 2 -1 d my
gZ - _g - 2 'a( 2)
v %
C. 1—0—2 1—0—2
g3 - _g - Z'E( 2) (82)
v %
C 1—0—2 1—0—2
Replace (73) & (82) in (82) we get:
i 1 dE X d m.x y d my
O=giu‘=—2.———2.— - A —
c2(1-%) At c2(1-%) at -2 cz(1-5) at -2

z d m.z
T 2\ " 4.
Cz.(l—v—z) dat 1_£

c 2

dE . d (E . . d(E . . d(E .
wtuGE ) -rgGEy)-rnG =0 ®3
Suppose that v # ¢ than (83) becomes:

dE  (#2+y%+22) dE % p & _ 3 pay_ 2z pdz

v o a albg Bz EL=0 (84
So:

dE 2 E dvz_

T(1-%)-= =0 (85)

Let’s do the following balance in equation (85):

*If v = constant than we get from (85) that 0 = 0 (nothing) but we are in contradiction to

our hypothesis that the energy is varying so we should exclude this case.
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dE  d
*The energy is varying so we have — = — (a. c?.7) = a.c? than we get from
(85)&(43):

2 2 2
a.cz.(l—v—z)— = .di=a.cz.(1—v—2)— L Ly (86)
c 2 v dt c _v2 dt
c? c?
With:
1 2
£€=2.MV (87)
And :
1 de
dt 2 = (88)
ez

So we get from (86), (87) & (88) that:

2

1-Z=1 (89)

c2

It comes that the corpuscle should be in rest (v = 0) but we have exclude the constant speed.

From (86) we have:

3

% = a.c?, (1 — :—z)z (90)

To resolve the dilemma of equation (90) that the energy is varying and the speed of the
corpuscle is approximately constant is that the speed of the corpuscle vary slowly close to the
speed of light "'c’":it is the balance which we search. I think that this dilemma is similar to the
dilemma of wave-corpuscle duality: how to have a corpuscle present in a position (¢t, x) and
the same time it is a plane wave present everywhere, the solution was that the speed of the

corpuscle should be identified to the group speed of a packet of plane waves.

Another solution is that the speed of the corpuscle is varying slowly nearly zero to be

approximately conform to equation (89). In this case we have:

1 3 vt
XMV —_.m— (91)
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Let’s remark that when the corpuscle has a speed closely to "¢’ it signify that a corpuscle is
like light and it can have a wave behaviour. It signify also that it should be maintained in

motion by an external force equal approximately to “a.c".

Let’s define the proper time "'{"'of the corpuscle as the following:

d{===dt [1-5 (92)

The time """ is the time indicated by a clock moving with the corpuscle at the same speed: it

is like it is attached to the corpuscle. Between two positions A & B is space-time we have:

_1 rtp __ rts _ 17_2
(g — {4 = c'ftA ds = ftA 1 cz.dt (93)
We remark that the proper time is always less the time of the referential of motion :we
conclude that a mobile clock function slowly than a fixed clock.

The laws of Nature are invariants in inertial referentials. The referential of the fixed clock is
an inertial referential but the referential of the mobile clock is not an inertial referential. If
the motion of the corpuscle is happened approximately in constant speed than its universe line
is a straight line parallel to the axle of time. A universe line of a corpuscle is its trajectory in
four-dimensional space-time constructed by the universe points from which the corpuscle
passes . A universe point is the three dimensional space coordinates x,y, z and the time t

when the corpuscle passes.

The interval of time of any clock is of course % J ds among its universe line (Suppose that
this clock is attached to a corpuscle). The universe line of a fixed clock in an inertial
referential is a straight line parallel to the axle of time. In another hand we have that the fixed
clock indicate always a time interval superior than the interval time indicated by the mobile
clock. It comes that the integral [ ds between two universe points presents its maximum value
if those points are linked by a universe straight line. We suppose that those points and lines

which links them are that the elementary intervals ds along those lines are times genre.

An interval is a time genre when the module of the line which link two universe points

(c.t1,%1,Y1,21) and (c. ty,x5,y2,Z5) IS positive.

This module is the following square:
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st =%t — 1, (94)
With: ti; =t —t; and 1§, = (xp — x)° + (2 — y1)* + (22 — 21)?
If the square (94) is negative than the interval is a space genre.

Two events had a causal relation only if the interval which separate them is time genre. This
result comes from that any interaction can’t spread with a speed more than the light speed.

The notions of “before’” and * after” had an absolute sense.

In our case the corpuscle can’t be in motion in constant speed because its energy is varying
continuously. Than to be conform with the image of constant speed the motion of the
corpuscle should be in curved trajectory to get the same length interval as in straight motion
in constant speed. An important conclusion that the motion of free massive corpuscle never
can’t be in straight line: it is always curved. This phenomenon is called universal gravitation:

the vacuum curve the motion of every massive corpuscle.

The same analysis can be done referring to the proper time of the corpuscle. From (92) we

have:

fds=fcdl=[[1-%cdt<[cdt (95

If the speed is augmenting continuously than from (95) we get an interval less than the case of
constant speed and to be in coherence with the image of constant speed than an observer

attached to the corpuscle see the light in curved motion.

To be coherent from the beginning, let’s search the action of the corpuscle in the quadric-
dimensional space-time. The first idea which comes is that this action is proportional to the
integral of the interval ds. We should at first verify that ds’ = ds to be conform with (27).
We can take it also as a demonstration of equation (27) by following the same path of Lev
Landau & E.Lifchitz in their book “Theory of fields”.

In the referential R" we have also from equation (94):
sty =c%t', =T, (96)

with: t', =t —t'y and  I'f = (X, =X )? + (V2 —y')? + (22 — 2'1)?
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For light which move with constant speed c in the two inertial referentials R & R’ we have of
course that:

Sl%z = 3122 =0 (97)

We can consider that equation (94) or equation (52) are the intervals between two points in
the quadric-dimensional space-time (ct, x, y, z) but with a special form geometry: The
Minkowski geometry.

From (97) it is evident that if ds = 0 in an inertial referential that ds’ = 0 in any other
inertial referential. In another hand ds & ds' are infinitely little in the same order that we can

consider ds? & ds'? are mutually proportional:
ds? = y.ds"? (98)

The factor of proportionality y is only a function of the absolute relative speed of the two
referentials and is not a function of space coordinates and time coordinate otherwise the
points of space-time will not be equivalents as implies the homogeneity of space-time. This
factor is also independent from the sens of the relative speed because this makes default of the

isotropy of space-time .

Let’s have three inertial referentials R, R; & R, and let’s take I/; & V, the relatives speeds of

respectively R, & R, in the referential R .So we have:
ds? =y(Vy).ds? & ds?=y(V,).ds2 (99)
We have also:

dsf = y(Vy).ds3 (100)

Where V;, the absolute speed of K, referring to K;. So from (99) & (100) we get:

y(V2) —
) Y (V12) (101)

But V;, depends not only of the modules of V& V, but also of the angle between the two
vectors. As this angle doesn’t exist in the first member of equation (101), so equation (101)

can’t be verified if only the function y (V) is equal to one. So we have:

ds? = ds'? (102)
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We return now to search the action of the corpuscle in four dimensions. For a free corpuscle
I.e. a corpuscle which is not under any force, the action is an integral of a scalar. The unique

convenient scalar is the interval ds .So the action should be as:
S=a. [ ds (103)

“Ja
With : a a constant which characterise the corpuscle.

The integral f: ds has its great value along a universe straight line. Along a curved line this

integral will be more great. For the principle of least action of a mechanical system we can
define an integral S called action which presents a minimum for real motion i.e. its variations

&S are equal to zero. It comes that the constant « should be negative.

We have:
§S=a.[ 8.ds=0 (104)

Or from (74) we have:

_ dxl-dxi
T ds

_ dx;Sdxt

ds S0 8ds = = u;déx
ds

Than :
B . B . .
6S =a. [, wdsx' = a. |, [d(w;6x") — §x'dy;]  (105)
So:
55 = a. [u;8x'15 — a. [ 6x' = ds (106)

As in classical mechanics to find the equations of motions of a corpuscle we should compare

many trajectories of the corpuscle which all pass from two given points i.e. satisfying the limit

conditions that (6x%) 4 = (8x') = 0. The real trajectory of the corpuscle is deduced from

the condition that S = 0. Than we conclude from (106) that % = 0 expressing the

constancy of the speed of a free corpuscle in the quadri-dimensional form of coordinates.
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To determinate the variation of the action as a function of coordinates , we put that the point A

is given as (8x*),, = 0 and that the point B is any point of space-time which satisfy the

equation of motion i.e. its belong to the real trajectory of the corpuscle. In consequence the

integral in (106) is equal to zero and by putting that (6x%) 5 = 8x* it comes :

8S = —a.u;. 6x (107)

. . ) . . .. 0S8 0S 0s
Referring to classical mechanics the partials derivations P @ '3, are the components of

as . . . :
the moment vector of the corpuscle and — Pyl its energy. So it comes that the covariant

components of the four moment of the corpuscle is:

as E
pi = —55=—au =(,—p) (108)

So we deduce from (108) and (73) that:
a=-m.c (109)

The transformations of energy and moment are as follows:

r _ E-pV
E= (110)
v
E
-V
p =22 (111)

v2
-z

Equations (110) ,(111) and (75) are what implies the relativist invariance of equation of

motion deduced from the principle of least action in four dimensions .

To find the equation of motion it comes from (75) that:

p pl o axi dxt - c? at) ax) (ay) (aZ) =m-.c (112)

Equation (112) is the Hamilton-Jacobi relativist equation of motion of the corpuscle. .

We have obtain the equation of motion (112) with the hypothesis that the quadric-dimensional

du; .
speed of the corpuscle d—l = 0. But we had seen that a massive corpuscle can’t never move
S
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in a straight line with constant speed otherwise it should be like light or it is in rest. Equation
of motion is not the good equation, it is only a step to get the good equation.

2-2-2-3)Theory of fields:
Let’s develop equation (57) and see what does it mean:

_ d*(atx) _ d’x _ dv _a?Ex) _dp _
f_—dT2 —a.T.dTZ+2.a.v—a.r.dr+2.a.v— 2wz dc a.v (113)

Let’s note that equation (113) is independent from the choice of the origin of the referential.

Let’s develop the conventional definition of the force:

d d(a.tv dv d mu m dv muv dv?
®_de) _gv+arZ=2L = — . (114)
dt dt dat  dt v2 v2 dt = p(1-Ly3/2 ct.dt

1_6_2 1_6_2 : c2

It comes that:

mu dv?
av = (115)

So:

a=—" 9" (11)

= > .
2.(1_]:‘_2)3/2 c?.drt

We have:

dr=d| 2= |=—2— 2 (117)

2 | v2 :
v 2_(1_C_2)3/2 [

Replace (117) in (116) we have:

(118)

m
a=—
T

We get nothing special.

Let’s define the following force as:
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Ez%l\@/lzd_ (121)

If we adopt the same definition in classical mechanics that W is the work of the classical force

aw
apr 1 d .c? 1 d = F
G==—-= 2, 2 = e, ) (119)
ds 2 1_£ dat 1_£ 1_£ dat 2 1_£ 1_£
c2. | = = c. = c.} = c./ =
With that:
d . I
= d—’: (120): the classical definition of the force.
aw m.c? \ dH
t

F than we have:

_dw _ dE

Fo=2=-% (122)
We have also this relation:

E
pP=5.v (123)

E? 2 2 2
——p°=m-.c (124)

Vo=t -0 (125)
From (119) we have:

_F _ 2___ Z_a.m2.06 d_E_ Z(Z—E) d_E_ 2
fv=Fv—av® = ac =g At =)= v
(126)

It comes that:
v=c (127)
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The speed of the corpuscle is equal to "¢’ only referring to its proper time but the referential
which is attached to the corpuscle is not an inertial referential. The only way to get out from
this contradiction is to accept that the corpuscle can have a wave behaviour like light in a
curved line motion. Along its inertial time coordinate the corpuscle is like light and had the

"o
(o

speed . It is like maintained in motion with a force:

f=a.c (128)

The work of this force along the inertial length of the corpuscle is:
AEkinetic = f Al (129)
With :

B iy « ¢ (130)

Cc

Al=1l—-1ly=c(t—19) =

N | =

Of course the force f = a. ¢ respect relativist invariance. This force ‘’maintain’’ the
corpuscle in motion with a speed ¢ along its inertial coordinate. In the four dimensions space-
time the motion of the corpuscle is in a curved universe line but we can consider this motion
is constant between the time t and t + dt and the corpuscle is maintained in motion by the
force f = a. v just in this laps of time. At the same time the corpuscle can have a waving

behaviour.

Let’s suppose that the corpuscle is in constant speed. The characteristics of a plane wave is its

frequency w and wave-vector . We can form a four-vector k! as the following:

=2 kl=k, k2 =k, ,k®=k, (131)

w
c y

Of course the four components should have the same dimension.

If the corpuscle can have a waving behaviour necessary there is a relation ship between its

four dimension moment and its four dimension wave-vector:
pi = L. ki (132)
Where :  [: a new universal constant .
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So we have:

% = .2 (133)
p=p0.k (144)
It comes that from equation (51) :

(B-2)% = (B-k)* = (m.c)? (145)
In other terms equation (145) becomes:

-k = (5 (146)

The wave-vector associated to the corpuscle is not a linear function of the frequency i.e. the
medium in which the corpuscle move is a dispersive medium. A dispersive medium for
waves correspond for the corpuscle to a viscous medium : there is friction in space-time and

this doesn’t surprise us.

The group speed of the wave is as defined :

dw dw dE
vo=— == ==

9 gk ae'ak Y (147)

The phase speed is as defined:

w B P2  m2.c? m2.c? c? V2 c?

The corpuscle is like a packet of waves which are reinforced around its position and

annihilate themselves above. This condition requires that:

Ay Ax =1 ,Aky Ay =1 Ak, Az > 1 (149)

Aw.At > 1 (150)

Where  Ak: the uncertainty about the wave-vector;

AX: the uncertainty about the position of the corpuscle;
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Aw: the uncertainty about the frequency (i.e. about the energy of the corpuscle)
At: the uncertainty about the time.

The equation of motion is:

dp _ _
—~=f-av (151)

Which is only valid locally in the position X + AX at the time ¢t + At .So this equation can’t
be the solution to found the real trajectory of the corpuscle. The only way to found the
trajectory of the corpuscle is to determine its action i.e. to apply the principle of least action in
a curved space-time and respecting the principle of uncertainty (149) &(150).

2-2-2-3-1)Motion of a charged corpuscle in an electromagnetic field:

In the interaction of a charged corpuscle with an electromagnetic field we consider only its
electric charge e which can be positive, negative or equal to zero and we neglect its spin the

intrinsic momentum of the corpuscle.

The electromagnetic field is characterised by the quadric-potential A; which its components
are a function of coordinates and time. The action of the corpuscle is the sum of the action

(103) for a free corpuscle and the action of the electromagnetic field:

B e i
§=[, (=mc.ds - y.-Aidx") (152)
The factor% is chosen for commaodity.

The coefficient y is a conversion factor since there is not any known relation ship between
the potential vector or the electric charge with the MKS system or cgs system. The only fact
which we know is that gravitational field is acting in great scale and electromagnetic field is

acting in microscopic scale.

The time component of the quadric-potential is the scalar potential of the field and it is noted

A° = @ and the three space components of the field are the vector potential A of the field.

We have:
Al = (¢, A) (153)
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We can write the integral (152) as:

S = ff(—mc. ds + y.%.A. dX — ye. @dt) (154)

ax .
Introduce the speed v = I of the corpuscle , equation (154) becomes:

Szfttlz(—m.cz. /1—Z—z+y§.A.v—ye.<p>.dt (155)

So the Lagrange function of the corpuscle is:

L=-m.c% /1—:—2+y§.A.v—ye.go (157)

The equation (157) is different from equation (35) for a free corpuscle by the term

y % .A.v — ye. @ which describe the interaction of the corpuscle with the field.

L oL . .
The derivative — is the generalised momentum of the corpuscle noted as . We found that:

ov
m.v e e
P=\/7+]/Z.A=p+]/z.z4 (158)
1=z
Where p = —— is the ordinary momentum of the corpuscle.
p 2

c2

The Hamilton function of the corpuscle in the field is:

oL m.c?

H=v.——L =
ov v2

1-=

c

+ye.p (159)

The Hamilton function should be written as a function of generalised momentum and as a
function of speed. From (158) & (159) we have:

(D2 — (P -y 2. 4)? = m2.c? (160)

Than we have:
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H =\/m2.c4+cz.(P—y§.A)2 + ye. @ (161)
Let’s write the Hamilton-Jacobi equation for a corpuscle placed in an electro-magnetic field.

This equation is obtained by replacing in the Hamilton function the generalised momentum

by Z—i and H by — % . We get from (160):

(gradS—y%.A)Z—ciz. §+ye.¢))2+m2.c2=0 (162)

2-2-3-2)Locally equation of motion of an electric charge in a field:

We suppose that the electric charge is small and can’t affect the electromagnetic field . We get

the equation of motion by varying the action so we can use the Lagrange equations (19) as:

a(5) 5= (162)

We neglect any non conservative force in equation (163). The Lagrange function L is given
by equation (157).

The derivative g—i is given by equation (158). Also we have:

Z—; =VL = y%.grad(A.v) —ve.grad(p) (164)

As we know in mathematics that for any two vectors A & v we have:
grad(A.v) = (AV). v+ (WV). A+ v XrotA+ A X rotv (165)

Locally the speed v of the corpuscle is approximately constant so we take it constant . We

have:

Z—; = y%(vV).A + y%.v X rotA — ye.grad(¢) (166)

So locally the Lagrange equations are as the following:

da
“(p+v24) =yi@V).A+yZ.vxrotA—ye.grad(p)  (167)
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Or the total differential % .dt include two terms the local variation Z—‘:.dt of the potential

vector as a function of time in a given point of space and its variation when we translate of a

distance dX to another point. This second term is equal to (dXV)A . So we have:

dA 0A
— =5+ @A (168)

Introduce equation (168) in equation (167) we get:

ap _ _ €94 _ ¢
il et ye.grad(<p)+yc.v><rotA (169)

Equation (169) is the locally equation of motion of a charged corpuscle in an electromagnetic
field. In the first member of this equation we found the derivative of the momentum of the
corpuscle to time so the second member of this equation represent the force exerted by the
electromagnetic field on the electric charge. This force is composed of two terms. The first
term is independent from the speed of the corpuscle but the second term it depends and it is

proportional to the module of the speed and perpendicular to it.

The first term is called the intensity of electric field , it is noted E and is equal for one unit

charge:

E=-L24_ y.grad (o) (170)

¢’ ot

The factor after the speed v is the second term of the force applied on a unit charge and it is

called magnetic field vector which is noted B and so we have:
B = %.rotA (171)

So the locally equation of motion of an electric charge in an electromagnetic field is:

dp

dt:e.E+e.v><B (172)

Let’s establish the variation of the total energy of the corpuscle locally:

AErotal _ 0, P _ LE » (173)
dat dat

We remark that the work furnished to the corpuscle is only due to electric field, the magnetic

field doesn’t do any work for electric charges in motion.
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Mechanical motion are locally invariants to the change of the direction of time which we can
d d m&
deduce it from d—’;’ = (%) in other terms the motion in inverse direction of a
(&)
1_—

c2

mechanical system is possible and product the same affects as in the first direction.

For electromagnetic field let’s remark that when we do the following substitutions t — —t,
E - E, B - —B the equation (172) doesn’t change but regarding to equations (170) &
(171) the scalar potential doesn’t change and the potential vector change its sign: ¢ — ¢,

A - —A . So when a certain local motion is possible in the electromagnetic field, the motion
in the inverse direction is also possible with the condition to inverse the direction of magnetic
field.

2-2-3-3)Gauge invariance:

Let’s remark that when we add a constant to potential vector and/or another constant to the
scalar potential in the equations (171) and (170) than the electric field and the magnetic field
doesn’t change: the question is that are the potentials of the field determined in only one

manner.

The electromagnetic field is characterised by its action on the charges in which they move
and in the equation (172) there is only the electric field E and the magnetic field B so we
can conclude that two fields are physically the same only if they are characterised by the same
vectorsE & B .

For a given potentials A4 & ¢ we can determine the field by equations (170) & (171) but as we

had seen to a unique and the same field can correspond many different potentials . In the
general case lets add to the components of the potential A, the quantity — ;C—fk where f is an

arbitrary function of coordinates and time. We get the new potential:

A=A, - o (174)

dxk

This substitution engender in the integral of the action (152) a supplement term which is a

total differential:

Yo gk dxt = dy 2. ) (175)

c axk’
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Which doesn’t affect the equations of motion .

If we introduce instead the quadric-dimensional potential another vector potential and another

scalar potential and instead the coordinates x* the coordinates ct, x , y, z we can write the
fourth equalities (174) as:

, , 10
A=A+ grad(f) , o =go—;.a—{ (176)

It is very easy to verify that the electric field and the magnetic field given by equations (170)
& (171) don’t vary if we replace A & ¢ by the potentials A’& ¢’ given by equations (176). So
the transformation of potentials (174) doesn’t affect the field. So the potentials are not

defined in a unique manner, the vector potential is defined with a gradient function nearly and

the scalar potential is also defined to time derivative of the same function nearly.

Only the values invariants referring to the transformations of potentials (176) have a physical
signification. So all the equations should be invariants referring to this transformation: this

invariance is called gauge invariance.
2-2-2-4)Unification of fields:
Let’s take the locally equation of motion (151). It can be written as:
“@+ax)=f (177)
Where:
p: the momentum of the corpuscle;

X: the position of the corpuscle.

We can write the equation (177) as the following:

dpP
ol f (178)
With :

P=p+alX (179)
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Equation (179) is like equation (158) but here the corpuscle is not charged. The only potential
which can curve the motion of the corpuscle is the field of gravitation.

Let’s define the following generalised momentum as the following:
P=p+ulU (180)
With:

p: the momentum of the corpuscle;

U= y.% (181) :if we are dealing with a charged corpuscle
U=a (182): if we are dealing with a non charged corpuscle
U=A (183): if we are dealing with a charged corpuscle in motion in

an electromagnetic field;

U=X (184): if we are dealing with a non charged corpuscle in

motion in a gravitational field.

So we can write the Hamilton-Jacobi equation of motion for any corpuscle charged or not

charged in any field by going back to the equation (162) as:

(grad S — u.U)? —Ciz. §+ c.u.p):+m?.c?=0 (185)

Let’s take a non charged corpuscle. The force of first specie which is applied on the

corpuscle as referring to equation (170) is:

Y 0X
G=—-.——7V. grad(@) = —grad(¢") (186)
With :
‘;—f = 0 :we accept that this force vary slowly with time or independent from time.

@' =7y.@ :isthe gravitational field

We choose the coefficient y as G becomes an acceleration. The corpuscle will be under a

force of a first specie as in classical mechanics:
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f=m.G (187)
The force of the second specie is as referring to equation (171):
F = %.rotX =0 (188)

The total energy of the corpuscle as referring to equation (159) is:

ac

(189)

If we have v « c than the total energy is :
Erorqr = m.c? + %.m. vi+ " (190)
With:

@' = %.q)’ (191)
2-2-2-4-1)Newton gauge:
Let’s take a corpuscle in rest. Which gravitational field it create?.
From equation (186) we have:
div(G) = —V?¢' = —A¢’ (192)
The Newton gauge is when we have:
div(G) = —4.m.G.p (193)
With :

G: gravitational constant (Newton constant)

p: density of masses

The general solution for the equation (193) is as:

, av
¢ =~k [ (194)
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Where :
dV = dx.dy.dz :volume element;
R: the distance between the corpuscle in the center and the volume element.
Of course we suppose that G has a spherical symmetry.

For low speed corpuscles the equation (194) determine the gravitational field for any masses

distribution. For one corpuscle we have:

g = -2 (195)

R

The force which is exerted on a corpuscle of a mass m’ in this field is:

f — _m/.% — _ G.m.m/ (196)

OR R?2

We found the second law of Newton.
2-2-2-4-2)Coulomb gauge :
Let’s have a charge in rest .Which electrical field create?

From equation (170)& (171) we have in general:

rotE = —%.%(rom) —y.rotgrad(p) = —Z—I: (197)

divB =0 (198)

Equations (197)and (198) are called the first group of Maxwell equations without sources .
In electrostatic the Coulomb gauge is as:

divA=VA=0 (199)

So we have in electrostatic:

divE = VE = —%.‘%A— v. V2@ = —y. V29 = —V2¢' (200)
rotB = %V(VA) — V24 = —V?24 (201)
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With:

' =v.¢

Like the Newton gauge we suppose that the field E is spherical and radial and we impose
that:

divE = 4.m.0.p (202)
With:

o: electrical constant (Coulomb constant ) ;

p: density of charges;
Equation (202) is called First Maxwell equation with source.

The general solution of equation (202) is as:
d
¢ =0 [5= (203)

Where :
dV = dx.dy.dz :volume element;
R: the distance between the charge in the center and the volume element.

For low speed charges the equation (203) determine the scalar potential for any charges

distribution. For one charge we have:
@' == (204)
The force which is exerted on a charge e’ by the charge e is :

— %_a.e.er
F=—e 22 -2 (205)

So we found the law of Coulomb.

The electric field is as:

—_roa_ N _Y 04 oe
E=--.— grad(e') = ~o TR (206)
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If we add another condition which is that the electrical field vary slowly or constant in time ,

we get:

0A

5 =0 (207)
g.e F

E=—5.R=~— (208)

2-2-2-4-3)Continuity equation for masses:

The variation of density of masses as a function of time is:
2 [ p.dv (209)
at” T’

The variation of quantity of masses per unit time depends on the quantity of masses getting
out or in the element volume. The quantity of masses going in this volume is equal to pv. df
where v is the speed of a corpuscle in the point of space where exist the element . The total

mass going out the volume is as:

¢ pv.df (210)

Where the integral (210) is extended to the total closed surface bordering the volume. So we

have:

2 [p.dv =—§pv.df =—§j.df (211)

The negative sign forward the second member of equation (211) is that the first member
should be positive when the total mass in the volume augment . The element of surface df is

oriented to the exterior of the volume.

Apply Gauss theorem to the second member of equation (211) we get:
$j.df = [divjdv (212)
Replace (212) in equation (211) we have:

[@ivj +2)av =0 (213)
The equation (213) is valid for any volume so we should have:
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. ., . 0
divj +=2=0 (214)
Equation (214) is the continuity equation.

2-2-2-4-4)Quadric-vector current of mass or flux of mass:

For a corpuscle an element of its mass is as:
dm = p.dV (215)
Multiplying the two terms by dx‘ we get:

dxt

dm.dx' = p.dV.dx! —pdV— dt (216)

In the left dm is a scalar and dx’ is a quadric-vector so the product is a quadric-vector. In the

right dV.dt is a scalar so p.‘i—’f is a quadric-vector noted as j* and called quadric-vector of

density of current of mass or flux of mass. We have:

i di
jt=p— (217)

The three space components of this quadric-vector define the three dimensional flux of mass:
j=p.v (218)
The time component of this quadric-vector is p.c so we have:

jt=(p.c.)) (219)

The total mass in a volume V' is the mass of the corpuscle so we have:
_ _1 r-o0

m—fp.dV—C.f] av (220)

From equation (214) we deduce that:

. ., 0p 9j2 1 d(p.c) _ ajt
dw1+at +6x2+ +C. or al—O (221)

For vacuum where absence of mass we have from (220):
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my = Po .%.n.R3 (222)

With:
mg :the mass of vacuum contained in a sphere of radius R
po - the density of vacuum
jo = 0 :density of current of vacuum.

Normally we should take in consideration the action of vacuum on the corpuscle when

establishing the equation of motion of the corpuscle referring to the principle of least action .
2-2-2-4-5)Applications in classic physics:

Let’s have a classic corpuscle in motion nearly the border of the Universe. We draw a sphere

tangent to its motion. The gravitational action on this corpuscle referring to (196)is:

Fo _ —-G.my.m (223)

RZ
Replace m, by its expression in (222) so:

Fy = —G.g.po.n.m.R (224)

The corpuscle interact with every point of space-time as like an harmonic oscillator.

The density of vacuum referring to equation (5) & (6) is:

M
po=r = (225)
So:
Fo=—2mGS.mR  (226)

For fine structure the electromagnetic force is the most important.

Let’s have two charges e in interaction .From equation (205) we have:

2

F=2 (227)
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To compare the generalized momentums of classic non charged corpuscle and a classic

charged corpuscle , they differ by terms a. X and y.f.A . Let’s choose the coefficient y as a

two coefficients ye in order to get:
a=y.- (228)

X=c¢cA (229)

If we replace (228) in (226) we get for fine structure:

_ 4 y2.e?
F = 3.7‘[.G. — .m.R (230)

The same conclusion, in fine structure charges interact with others like harmonic oscillator.

In equation (228) , a & c are universal constants , y is a conversion factor so we can deduce
that there is an universal constant e, which has a dimension of electric charge. This constant

is called Maxwell constant .

In fine structure the electrical force is so great compared to the gravitational force. For two

charged corpuscles with the same mass and the same charge in absolute value we have:

2 2

g.e G.m
> (231)
So we get:
o
m<Ke. \/; (234)

The gravitational interaction is negligible if the mass of the corpuscles are under the

following constant :

The constant M,, is called Maxwell mass.

The radius of interaction for microscopic sizes is as:

4
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So:

3 hc
Ry = (.=

1
i .My)3 (237)
The constant R, is called Maxwell radius.

We define also the Maxwell force:
fo=a.c (238)

Also the Maxwell pressure:

po = =% (239)

" 4.m.R?

Maxwell period is as per definition:
Ty =— (240)

With M, Ty, R, we can define a new system of unities which match well with the microscopic

scale. For great scale we take the system of unities as defined by equations (5), (6) &(7).

For microscopic scale the motion of the corpuscle is like nearly the center of the Universe.
The vacuum around the corpuscle create an attractive/repulsive force because of the

dissymmetry of the position of the two half of the Universe referring to the position of the
corpuscle: one half is always more near to the corpuscle than the other half referring to the
center: this force maintain the orbital speed of the corpuscle as constant in module after a

certain distance of the corpuscle from the center :we say that it is due to Dark Matter.

For great scale the motion of the corpuscle is like nearly the border of the Universe . The
vacuum in the sphere tangent to the motion of the corpuscle create a repulsive/attractive force
in the direction of the center. The corpuscle becomes accelerated in the direction of the

position of the corpuscle- center of the Universe: we say that it is due Dark Energy.
This phenomenon in the Universe is called scale invariance gauge.[8]

Of course equation of continuity is also valid for charges: instead we speak about flux of

masses, we say flux of charges...etc.
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Negative charge correspond to negative pressure of vacuum in microscopic scale and vice

Versa.
2-2-2-4-T)Lorentz gauge:
The second Maxwell equation with sources is as the following[9]:

M= (241)

c? J c?’ ot

rotB =

It is possible to get the scalar potential ¢ and the vector potential A not coupled.

From equation (170) &(171)we have:

e 0vA

divE = V.E = —y.V?¢p — y.o. oo =4mo.p (242)
VxB=Lvx(Vxa)=Lv(v.a)-Lvia =227 +Clzg—f (243)
With the condition (Lorentz gauge):
Y
= atgo+)/ V.A=0 (244)
We get:
y 9% 2 o (v 99 e _
(242)9 Sz Y Vg — % (c_Z'E +y.- VA) =4.m.0.p (245)
Ye y2q = _Amoe ;e (_y A ;00 Y 9,) =
(243)9(1'VA_ c? J cz'( c’ ot? yvat)-l_v(cz'at(p) a
4moe ,  ye 90%4 y  y.e\op
— 2 ]+C—3¥+V[(C—z+?)5] (246)
Let’s add another condition:
2=0 (247)
(246) becomes:
24 _ _4mo . YV 024
y.V°A = —Jt 5oz (248)

Finally we have:
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1 92 4.1.0.

(245)967.6—;5— V2p = —V2¢p = ”y"” (249)
1 024 1 024 4mo .

(246)96—2§ —_ VZA = C_Zﬁ = :ya ] (250)

If vacuum, equations (249) and (250) had solutions in microscopic scale & also in great

scale.

2-2-2-4-6)Equation of motion of a charged corpuscle:

Equations (197) and (198) are the two first Maxwell equations without sources. Those

equations don’t characterize completely the electromagnetic field because if we want to

. 0B . OE
determine for example 50 Ve haven’t another equation for v

Equation (198) can be written as referring to Gauss theorem:
fdivB dV=95B.df=0=<D (251)

The integral of the second term in (251) is for all the surface bordering the volume on which

done the integral of the first term.

The integral of a vector taken on a surface is called flux of this vector (@) through the surface.

So the flux of an electromagnetic field through a closed surface is equal to zero.

Equation (197) can be written as referring to Stokes theorem:

[rotE.df =§E.dl=—=[B.df =-2"=f.em (252)

The integral of a vector along a closed contour is called circulation of this vector along this
contour. The circulation of electric field is called force electromotive (f.e.m) in the

considered contour.

Let’s write the equation of motion of a charged corpuscle in motion in en electromagnetic

field using quadric-coordinates.

From equation (152) we have:
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65 =8 [ (—m.c.ds —y.2. Aydx') = 0 (253)

Or ds = \/dx;dx' so we get:

dx;déxt e A dox e SA-dy!
—f(m.c.T+y.E. idox +y.z. idx")

= — [ (m.coudsx’ +y.2. 4idoxt +y.2.64dxt) =0 (254)

d .
w ==L the quadric-vector speed.
L ds

Integrate by party the first two terms in (254):
f(m.c.u;déx + y.%.Aidei) = [(m.c.u; + y.%.Ai)ddxi — [(m.c.du; +
y.%. dA)Sx =0 — [(m.c.du; + y.%.dAi)6xi (255)

Replace (255) in (254) we get:

e . e .
— J{(m. c.du; + y.;.dAi)(le — y.z.(SAl-dxl}

= — [{(m.c.du; +7.2. 22 dx*)oxt — y. 2 22 sxdx'} (256)

Equation (256) because we have:

dA—ldk ,6A—‘6k

dxk dxk

Replace in (256) du; = %.ds and dx' = u'ds and permit indices i & k in the third term

(which doesn’t change the result):

= — [{(m.c. —‘ds6x + y Lukdssxt —y.2 Zi'i‘ukdwxi =
_ au _ : Ok _ OAiy, k i —
[{m.c. ——v.-. (G~ 5 k)u ldséxt =0  (257)
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The variations §x' are arbitrary so we should have:

m.c. By 8 (aAk - aAi)uk =0 (258)

ds o \oxi  oxk
Equation (258) is the equation of motion of the charge written in quadric coordinates.

Let’s introduce the notation:

Fuo = (52— 224) (259)

axt  oaxk

This anti-symmetric tensor is called tensor of electromagnetic field. The equation of motion

of the corpuscle becomes as:

du; e i
m.c.— = y.;.F‘kuk (260)

With the notation A; = (¢, —A) we have from (259)&(170) &(171):

. 0Ag 0Ay
l=0,k=0—>F00=ﬁ—ﬁ—0
. 0A 0A 0A o 1
=Ok=1—)F = 1_ O:— x——:—.E
! ! 01 ™ 5x0  gx1 act) oax y X
. 1
i=0k=2->F,,=-.E

02 y y
. 1
i=0k=3->F,;,=-.E

03 y z
. 04, 04, 9@ = 04, -1
=1,k=0->Fy=n_24_20, %% g
' 10 ™ gx1 gx0 6x+6(c.t) y X
i=1,k=1_)F11:O
. _ _04A, 0A; _ 04y 04,
l—1,k—2_)F12—ax1_ax2—_ax+ay—_)_/BZ
. _ 943 0A, 04, 04, ¢
l_l'k_B_)FB_axl_ax?’__ax-l_az_)_/By
. _ 043 0A, 04, A 04y, ¢
l—2,k—3_)F23—ax2_ax3—_ay+az—_)_/Bx
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So:
0 E, E, E,
1 —Ex 0 —C.BZ C.By
Fiyp = -. 261
“Ty|-E, ¢B, 0 —c.B, (261)
—E, —c.B, c.By 0 /
/ 0 —E -k —EZ\
pik _ E, O —c.B, c.B, | (262)

1
vy’ {Ey ¢.B; 0 —c.By
E, —c.B, c.By 0 /

For space components (i = 1,2,3) the equation (260) is exactly the vector equation of motion
(172).

For time component (i = 0) the equation (260) is exactly the work equation (173) which

becomes from the locally equation of motion.

We can verify that only three equations from the four equations (260) are independents: we
can multiply the two members of equation (260) by u' and as we know that u* and f are

orthogonal and the second member is :
F¥*u,ut = Fyufut = 0 (263)

From equation (255) we have:

8S = —(mcu; + y%.Ai)(Sxi (264)
So we have:

as e e
—EZM.C.uiﬁ'Vz.Ai:pi‘F]/zAi=Pi (265)
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So:

P (266)

I
<
_|_
~<
('\.l (]
N

2-2-2-4-T)Lorentz transformations of the field:
2-2-2-4-7-1)Tensor algebra:
a)four-vector position of a universe point :

Let’s have an inertial reference R (O, ct, x,y, z) .A universe point X have the coordinates in

this spae-time (Minkowski vectorial space) as the following [10]:
X=Y:xle (a-1)
Where:
e; : base of the Minkovski vectorial space M.
x%=c.t, x* =x ,x? =y ,x3 = z :the contra-variant coordinates of the Universe point.
i =0,1,2,3 :variable indices.
With Einstein convention for repetitive indices we write (a-1) as the following:
X =xl¢ (a-2)

We do implicitly summation if only the same indices is viewed one time in the top and
another time in the down. For example T;; represent a diagonal element of a tensor (a
matrices) and not a summation. The trace of the matrices is T} so the convention summation

is applied for repetitive indices.

We call free indices an indices on which the summation rule is not applied and so it remains
as it is in the final expression and we call mute indices an indices which is the subject of an
implicitly summation and don’t appear as it is in the final expression. For free indices we
respect the rule of “balance”. In an equation the free indices which appears in the two

members should corresponds one to one and appears in the same position (up or down).

55



We can associate for our space-time a scalar product , which is of course commutative.

Let’s have two four-vectors X = x'.e; & Y = y/.e; , the scalar product is as follows:
X.Y =xiyle;. e; (@-3)

We pose a table of numbers of two indices as:

gij = e;.€; (a-4)

The scalar product is as:

XY= gijxiyj (a-5)

We hope of course that the scalar product have an expression which compatible with the
notion of interval in four dimension space-time. For this we should have X.X = ¢?t? —

x? —y? —z* . We get a convenient scalar product is the g;; which we call metric tensor is as

follows:
1 0 0 0
sw={o o 5 o] @
0 0 0o -1

In this table i is the line indices and j is the column indices.
b)Covariant coordinates:

We pose:
Vi = 9y’ (b-1)

The repetitive indices (up and down) in the right member of (b-1) is j .We should made
summation on all values of this indices. The indices i is a free indices which appears with the
same name with the same position in the two members of the equation. We call covariant

coordinates of the Universe point the components y;.

With this notation we have y, = y° & y; = —y* for i = 1,2,3. The metric tensor permit to
download or to upload the indices as an escalator with a general rule : the downloading or the
uploading of a space indices changes its sign and the downloading and uploading of a time

indices doesn’t change the sign.
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With those notations the scalar product of two four-vectors is as:

X.Y =xly; (b-2)
And also:

X.Y=x;y' withx; = gl-jxj (b-3)
And :

X.e;=xlej.e;=gjx) = x (b-4)

We can also write the inverse transformation which gives us the contra-covariant coordinates

as a function of covariant coordinates by defining a new table of numbers g¥ as :
¥t =gy (b-5)

We can write:

vt =gy = gVgpy" = 8y (b-6)

With:

9Ygji = 5 (b-7)

With :

S =0ifi#jand1if i = j:Kronecker symbols.

As matrices the g%/ is the inverse of the matrices g,;. We have:

1 0 0 0
. 0 -1 0 0

9°=\0o o -1 o0 (b-8)
0 0 0 -1

c)Duality:

For a space vector M we can define a linear forms. A linear form associate for every vector a

real number (or complex). We note R a linear form and R(X) the real number associated to

57



the vector X . A linear form is a linear function of its vector argument. So we have such

relations as R(X +Y) = R(X) + R(Y) etc...

We can define on the ensemble of linear forms an addition and a multiplication with a real
scalar. This two operations confer to the ensemble of linear forms a structure of space vector:

it is called the dual of our initial space vector M and noted as M*.

Also if M have a finite dimension, its dual have the same dimension. Also if it is defined a
scalar product in the space vector M we can define a bijection between the space and its dual.
We associate to every vector Y a linear form Y defined as ¥ (X) = Y. X .A Universe point in
four dimensions space-time can be considered as a vector or a linear form. In fact the two

representations are the same one subject.

In the dual space we choose the base:

éi(e;) = 6 (c-1)

We have :

e.Y=-e ey =gy =y (c-2)

eNY) = éi(yjej) = yjéi(ej) = yjdji =y'#y; fori=1,2,3. (c-3)
So we have in general:

e.Y=y, & €&W=y' (c-4)

So we can form from a four-vector Y = yfej a linear form yjéf. The action of this linear
form on a vector X = x'e; isas y;&/(x‘e;) = y;x/ = Y.X . The form constructed coincide

with the linear form ¥ associated to the vector Y. If the components contra-variants are the
components of the four-vector , the covariant components are the components of the linear
form associated to this vector on the dual base. As we can confound vector and linear form in
one physical subject , the writing of contra-variants components and covariant components

are different writing of the same quantity.
d)Change of referential, change of base:

We can write the contra-variant coordinates by Lorentz transformations as:
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x't =LY x) (d-1)

Where x/ are the contra-variant components in the referential R and x'* are the contra-variant
components of the Universe point in the referential R’. We associated the line indices i for
the new referential and the column indices j for the old referential. In the Lorentz

transformations the table £° ; is the following matrices :

_v
[ vz V2
-z -z

0 O
. \4
L= _—¢ 1 00 (d-2)
-5 -5
\ 0 0 1 0 )
0 O 0 1
The inverse transformation is as follows:
xt= (L7 jx (d-3)

The inverse matrices (£L71)* ; is obtained by change in the matrices L , V by — V.

The transformations of covariant coordinates in the dual space are defined as:
ro_ J
Xi= Li x] (d-4)

Where L, Jis a table of numbers. Note that L; 7 is different from £’ ;-We can deduce the

link between L} and Lij by the invariance of the scalar product which is a consequence of the

invariance of the interval. We have in this case:

I

x'ty'; = xty; with x'* = Lijxj and y'; = L; ¥y,  (d-5)
So:
£ijxj£i “y = xty; = xj}’j = xjyk5]k (d-6)

The relation (d-6) should be verified for every couple of vectors so:
j k _ ok
L k=4 (d-7)
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Let’s note that the left term in (d-7) is not a product of two matrices. It is a summation on two
lines indices. In Lorentz transformations the matrices are symmetric and the matrices of
transformations of covariant coordinates is the inverse matrices of transformations of contra-
variant coordinates and we get this matrices by changing the speed V' in contra-variant

matrices by -V .

The link between the two transformations is:
X.Y =x'g;y = x"*guy" (d-8)

The metric tensor which expressing an orthogonal base is the same in all bases and so it is an
invariant by Lorentz transformation. From (d-8)and (d-5) we get:

X' gy = L% g Lt my™ (d-9)
This relation (d-9) is always verified , so we deduce that:
Ijm = Lk jglel m (d-10)

Multiply (d-10) by g™ we get:

9 Ggim = 6 = gV L g L1 (d-11)
So:

(gnjgkl['kj)['l m = Om (d-12)

d-7)> (g™ g L" ;)L m = LLLT = L L] (d-13)
So:

L;"= gnjgkl’ckj (d-14)

The inverse relation of (d-14) is:
L™ =gug™L;t (d-15)

Let’s remark that for the coordinates the change of a space coordinate indices change the sign

and the change of the time coordinate indices doesn’t change the sign . In the passage from a
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transformation to another only changes in the sign the coefficients indexed space & time. The
coefficients only space or only time are unchanged. This is what we observe in Lorentz

transformation.

We can choose that acting on Lorentz transformations is only by the metric tensor and define

new quantities as the following:

LU =gkt (d-16)
Lij = gL’ (d-17)
We have with those tensors:

x't =L jxj =L jgjkxk = L%x, (d-18)

Where the line indices is assigned to the new referential and the column indices is assigned to
the old referential.

Also we have:
X,i = Likxk (d-lg)

For the inverse change of the referential we can use the relation (d-7) without using the

transformation £~1.We have:

LY x' =LY L Fx = 8Kx, = xp, (d-20)
So:
x; = LK X'y (d-21)

This transformation is of course different from the direct transformation:
1o k
x;=L; "x (d-22)

The indices relative to the new referential i and the other relative to the old referential k
change the position (up/down) between the two expressions. In terms of matrices in case of
Lorentz transformation it correspond to a change of sign in the components space & time and

so taking the inverse of the matrices.
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We can do the same for the contra-variant components of coordinates or any combination of

mixture components as the following:

X' =L, % (d-23)
x't=Lh x (d-24)
x =L X, (d-25)
xt=L; % (d-26)

Those four combinations are obtained by respecting the balance rule by assigning the first
indices to the new referential, assigning the second indices to the old referential and summing

on the indices of the coordinate which to be transformed.

We finish this paragraph by examining the transformations of the base vectors of our space-

time. We remark that:

yi=Y.e,=Y(e) & y;=Y.e; =Y(;) (d-27)

Where the e’; are the transformations of the base vectors. We can write:
Y.e'i=L, 'Y.e (d-28)

In other terms the law of vector transformations is the same law of the transformations of
covariant coordinates which the inverse of the one of contra-variant components

transformations.

For the dual base we have:
yi=e(¥) & y' = &\(Y) (d-29)
So we deduce:

~i i A
et =L ;e (d-30)
The vectors of the dual base are transformed like the contra-variant components .

e)Tensors:
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e-a)Contra-variant tensors :

The operation of tensors product permit to associate to a vector space M a space M@QM more
great. For every couple of vectors X & Y of M we associate a vector X ® Y of M @ M.A base

of M @ M is formed of 16 tensor products obtained with the four-vectors base of M ,e; & e;.

The components of X @ Y in this base are the components of X & Y as the following:
XQY=xiye® e (e-a-1)

The dimension of tensor product space is 16. We define a tensor of order 2 completely contra-
variant T¥ which components are defined on the base e; ® e;j. In a base change with Lorentz

transformation the new components of the tensor are as:
.. _ . j k

T =t L, T (e-a-2)

The inverse transformation is as:

TU = L, L )T*km (e-a-3)

We can also consider that the tensor T is the image of its dual M* in M. The image W of a

vector V is:
Wt =Ty (e-a-4)

Its transformation as a four vector is:

w't =Lt wk = £t THY, (e-a-5)
But:
Vi = mkV,m (e'a'6)
So:

w't =Lt L, TEWY = TV (e-aT)

The operation of tensor product can be generalised for any number of terms. We can define

the space M®¥ tensor product of M , k manner its self. The elements of this space have a
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dimension 4% are the tensors completely contra-variant of order k and their elements are

written as T¥*!--P Those components are transformed as k Lorentz transformations.
e-b)Covariant tensors , Mix tensors :

Which was done for the space M can be done for its dual M* .We can define tensors of an
order 2 completely covariant where the components are written on the dual base product

tensor é° ® &/ as T;; . The Lorentz transformation of those quantities are:
T,ij == Li kL] lTkl (e'b'l)

We can do the tensor product of any number of dual space. We can also define subjects as the
tensor product of the space M with its dual M*.We obtain mix tensors of an order 2 (or more

if we use many times M & M =) which the components are written as T* jforM @ M and

T, / for M* ® M. The transformation rule of such mix tensor is :
o _ pi kml

T =L L kT, (e-b-2)

And it can be generalised for every mix tensor of any order.

Covariant components and contra-variants components describe the same physical subject.
The same thing is for tensors: a physical quantity represented as a tensor can be also written
as a tensor completely contra-variant, completely covariant, or mix in arbitrary manner. Like

for four-vectors the metric tensor g/ or g;; can be used to upload or download indices, so

we can write:

TV = g g/'Ty (e-b-3)
T' ;= g%guTy " (e-b-4)
T'; =guT" (e-b-5)

In terms of linear applications, all those forms are different manners to write the image Y of a

four-vector :
Yt =Tkx, =T X¥ (e-b-6)

And:
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Y; = TyX* =T, KX, (e-b-6)
e-c)Terminology:

A tensor of an order 2 is symmetric if:

TU =T/ (e-c-1)

We deduce immediately T;; = Tj; & T'; =T, *. So for a symmetric mix tensor we can write
it as Tji without order of indices. Note that in this case it doesn’t implies that Tji IS the same

T/

L

A tensor of an order2 is anti-symmetric if:
TU = —TJt (e-c-2)
A symmetric tensor can be written as:

0 a, ay a,
—a, 0 —b, by\

ij: = -C-
T —a, b, 0 _bx/ (a,b) (e-c-3)

—-a, —b, by O

Where a is a vector and b is a pseudo-vector (which is transformed to its symmetric opposite
in a base change included a space reflexion). The couple electric field/magnetic field obey to

those conditions.

We call trace of a tensor of an order 2 the quantity T¢; = T; *.

We call contraction of a tensor the expression like T L.j. The contraction of a tensor order k is

a tensor order k — 2. The contraction of a tensor order 3 for example gives a tensor order 1
i.e. a four-vector. The trace is a contraction of a tensor order 2 and it gives a tensor order 0

i.e. a four-scalar.

Example for contraction of a tensor order3:
T =Lt T =L T = L0, T (e-c-d)
So it is a four-vector.
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As a tensor we have the metric tensor which is invariant by Lorentz transformation. It is a
symmetric tensor. Its mix form gji- = g“‘gkj = 6}'. The Kronecker symbol is the mix form of
the metric tensor. The relation between the contra-variant form and the covariant form

999, = 6L is only a simple downloading of indices.

Finally we define a tensor order 4 completely anti-symmetric (Levi-Civita tensor) e*! By the
256 elements of this tensor only are not equal to zero whose indices correspond to one
permutation of (0,1,2,3). If the permutation is pair the correspondent element is equal to +1. It
is equal to -1 if the permutation is impair. So there is 24 elements of the tensor not equal to
zero, 12 equal to +1 and 12 equal to -1. We have e“/¥! = —¢; ;. Finally we have: eV¥¢;;, =

—24.
f)Derivation & vector analysis:
f-a)Derivation:

We can define for a four-vector which is a Universe point , the derivation by the contra-

variant coordinate as:

ai = — (f-a-l)

For a scalar function its variation is :

df = 0,f (x!). dxt = 2L dx (f-a-2)
' ' oxt’

df is a scalar, and dx’ is a contra-variant vector, d; is a covariant vector. It is transformed as

it is in a Lorentz transformation:
—_r J
o', =L, (f-a-3)
Where 0’ represents the derivatives according to the new contra-variant coordinates.

The derivative according to the covariant coordinates is:
o' = g7o, (f-a-4)

f-b)Vector analysis:
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If £ is a scalar function, 9;f generalise the gradient and we have:

0f = G V) (F-0-1)
And:
0'f = oy =) (f-0-2)

If we have a four-vector A'(x/) = (a°, a) its divergence is defined as:

da®

0'4; = 0;A" = —;tV.a (f-b-3)

The analogue of the rotational is a tensor of order 2 completely anti-symmetric :
atAl — 9l Al (f-b-4)

In its covariant form the rotational is:

0;4; — 0;4; (f-b-5)

The Laplace operator of the space-time is the norm of the vector 9¢ :

9,00 =2 _A=] (f-b-6)

c20t?

Which is the dalembertian [ ].

f-c)Integration:

We define a volume integral of space-time for any types of quantity as :
[da (f-c-1)

Where dQ = cdtdxdydz the integral element in space-time.

A surface in space in three dimensions is a variety in three dimensions. We can define an

integral on those surfaces ( a flux) with the condition to define a four-vector element surface
dSt . Asurface element is a little subject of three dimensions. It is defined by three four-

vector dxt,dy',dz" . dS* should be orthogonal to any vector of the element and its length
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should be a measure of the volume of the surface element. To define dS¢ we form at first a

tensor of an order 3, dS¥* as:

o dxt @Y gz
dSUk = |qxi  dyl dzJ (f-c-2)
dxk dyk dz¥

The surface element is obtained by contracting this tensor with the tensor of order 4
completely anti-symmetric:

dst = —=€lk dsy, (f-c-3)
We establish for surface integrals a theorem which generalise the Gauss theorem as:
J; AldS; = [, 9;A'dQ (f-c-4)

Where V is a volume in space-time and S is its surface border.

So the integral of the divergence extended to all the space is equal to the flux on the sphere at

infinite. This is in general equal to zero for physical fields.

We can also define an integral on two dimensions varieties . The element of the integral is a

tensor anti-symmetric of an order 2 madden on the vectors dx‘& dy’ delimitate the integral

element:
dfY = dx‘dy’ — dx’dy? (f-c-5)

Finally we can define a curvilinear integral on a universe line. The theorem of Stokes link the

integral on a variety in two dimensions to the integral on its contour:
fAl-dxi = fdfij(aiAj — 0;j4;) (f-c-6)
2-2-2-5)Generalised equation of motion:

2-2-2-5-1) A corpuscle in a field:

Let’s have a system of many corpuscles in a free field. The total action of this system is as:

S = Sfree corpuscles + Sfree fields + Slnteraction (267)
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We consider here charged corpuscles to facilitate writing the equation of motion. For non
charged corpuscles do the conversion factors in unified field as defined in (181), (182), (183)
& (184).

In a first step we consider only one charged corpuscle in interaction with a free field. Ina
second step we consider many charged corpuscles in interaction between each other and the
free field.

The action of a free corpuscle is as:

Sfree corpuscles — —mc f ds (268)

The field can be represented by a unique potential four-vector as A = (¢, A) and its action is

as:
Simtercation = — [ V-~ Adx' = —q [ Aidx'  (269)
With:

q= y.f is a constant which we call charge of the corpuscle.

2-2-2-5-2)Electromagnetic field tensor :

F;; is per definition an anti-symmetric tensor of an order 2, the four-rotational of the potential
(p,A) . It depends only of six independent coordinates. The three space-time coordinates are
the components of a space vector, and the three only space coordinates are the components of

a pseudo-vector.

We can write the space-time components as the following:

04; 120 E;

Fo; = 0,4; — 0;4, = R riatew bl fori =1,2,3 (270)
We pose :
E=— %.% —y.grad(p) (271)

Which is called electric field the real space vector defined.

The space coordinates of the field tensor are:
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c.B, 04y,  0A,

F12 = - » == E 3y (272)
— C'BLV — 04, 0Ay

Fi3 = T T + e (273)
__CBx _ 04, %

Fg = —=—F= -+ (274)

If we introduce the pseudo-vector called magnetic field:
B = %.rotA (275)
The electromagnetic tensor describe well the Maxwell equations of electromagnetism.
We have:
Fj. = (E,B) & F* =(—E,B) (276)
2-2-2-5-3) Change of referential for the field:
We have in an inertial referential:
F' ('t = L8 xd) = L8 L Fimxd)  (277)
Where the quantities F'** are relative to the new referential ’ .

The transformations of fields are as the following:

E.=E, (288)
, _ Ey-VB,
E, = yl_v_z (289)
c2
g = VB (290)
B, =B, (291)
, BytE
By =2 (292)
2
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(293)

For the inverse transformations change V by — V.

The transformations of potentials are as the following [11]:

0 A0+L a4
A0 =" (294)
1 Art4La,0
At =1 (295)
I
A% = A7 (296)
A3 =4 (297)

For covariant components of the potentials we have:

|4 |4
A’O__.A’1 A’l__.A’O
J— C J— C
Ay = —— ) A=

V2 f V2 !
1—C2 1_(:2

With the four-vector A* = (¢, A) we have:

A :A’2 , As =A’3

1,V 174
() +?.A’x A’x+?.(p’ / /
o=t A= A=A, A =4,
Y 1——
c2 c2

2-2-2-5-4) Invariants of the field:

There is two invariants which have physical interest. They are:
F;x F* = inv. (299)
eftmEp. F. = inv. (300)

This is due to the power of mathematics.
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It comes that:
c?B? — E? = inv. (301)
E.B = inv (302)

Another approach be described for the invariants of the field represented by anti-symmetric

four-tensor .

Let’s consider the complex vector:
F=E+icB (303)

The Lorentz transformation of this vector along the axle (0, x) according to (288)...(293) is

as:

FE.=F, , E =F,chf —iF';shd = F', cos(if) — F';sin(if) (304)
E, = F',cos(i0) + F'y, sin(i0) th(0) =~ (305)

The rotation of the vector F in the plan (0, x, t) of the four-dimensional space ( it is the
Lorentz transformation which we search here) is equivalent of a rotation of an imaginary
angle inthe plan (0, y,z) of the three dimensional space. The ensemble of all possible
rotations in the four-dimensional space (included the simples rotations of axles x,y & z) is
equivalent to the ensemble of all possible rotations of complexes angles in the three
dimensional space ( for the six rotation angles in the four-dimensional space correspond three

complexes rotation angles of the three dimensional referential).

The unique invariant of the vector according to those rotations is its square F? = E? —
c?B? + 2icE. B .So the real quantities E? — ¢c2B? and E. B are the unique invariants of the

tensor Fj.
2-2-2-5-5)First group of Maxwell equations:

Equation (259) signify the electromagnetic tensor is the rotational of the potential. In three
dimension this propriety implies the nullity of its divergence. Let’s establish this propriety in

four dimensions. We have:

Fik - 6iAk - 6kAi (306)
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We deduce that:

ajFik == a]alAk - a]akAl (307)
aiji = aka]Al - 6k61A] (308)
(')l-ij - alakA] - 616]Ak (309)

The sum of (307), (308) & (309) gives us:
6]-Fl-k + akF}'i + aiij - 0 (310)

There is only four independents equations of (310) where i # j # k. Otherwise the

components of (310) are equal to zero.

The first one is for indices 1,2,3:

01F;3 + 03F;5, + 0,F31 =0 (311)
le.:

V.B=20 (312)

For the other three equations we have also that:

0B
VXE = _E (313)

So we found the first pair of Maxwell equations (homogeny Maxwell equations)which are the

existence of a scalar potential and a vector potential.
2-2-2-6)Fields as a function of sources:

We will establish the equations which links the field to its sources i.e. to the motion of
charged corpuscles. In the following we suppose that is imposed the dynamics of corpuscles
and we are interested only to the dynamics of the field. The dynamic variables are the values

of potentials or fields in every space-time point.

2-2-2-6-1)Interaction field-current:
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We consider an ensemble of punctual charged corpuscles whom motion is imposed and they

are indexed with indices («) .

Instead to pose that the charges are punctual we consider that the charge is repatriated in a
continuous form . This allows as to define the density of charge p and to pose that pdV is the
charge contained in the volume dV.The density of charge is a function of coordinates and
time. The integral of p represents for a given volume the charge contained in this volume. We
shouldn’t forget that the charges are punctual and that the density p is equal to zero
everywhere except in the points where localised punctual charges; the integral [ pdV should
be equal to the sum of the charges contained in this volume. This permit us to represent the

density p as :

p=2ae)d(—r(a)) (314)

Where :

e () are respectively the charge and the position of the corpuscle a.

§(x) is the function defined as §(x) = 0 for every x # 0, for x = 0,5(0) = oo but
fj;o S(x)dx = 1.

If f(x) is an arbitrary continuous function than:
+00
J_, f()8(x — a)dx = f(a)
In consequence we have fj;o f(x)6(x)dx = f(0).

The limit of integration can be different than +oo and the domain of integration can be anyone

but should contain the point where & exist.

The signification of those equalities is that their members furnish the same result when used

as a factors under the sign of integration:
§(=x) = 8(x), 8(ax) = 6(x) .

And in general we have:
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1
lo’(apl

Slp(x)] =%

6(3( - ai)

Where the a; are solution of ¢(x) = 0 and ¢’(a;) the derivative of ¢(x) at the point a;.

For three dimensional space we can define a function & (r) which equal to zero everywhere
except in the origin the three-dimensional coordinates system and also its integral extended to
the total space is equal to one. This function can be represented in the form of a product of

(x)6(»)6(2) .

Per definition the charge of a corpuscle is an invariant i.e. it is independent from the choice of

the referential. The density p is not an invariant but the product pdV is an invariant.

Let’s multiply by dx‘ the two terms of the equality = pdV :
, . d i
dedx! = pdVdx' = pdthd—’; (315)

In the left we found a four-vector ( because de is a scalar and dx! is a four-vector).In
consequence we should found in the right a four-vector. As dVdt is a scalar ,so p ‘Z—’Ctl is a
four-vector. This one noted j¢ is called four-vector of current density:

dxt

o ax-
Jjt=r— (316)

The three space components of this four-vector define the three-dimensional density of

current:
j=pv (317)

Where v is the speed of the considered charge. The time component of this four-vector is pc .

So we have:

jt=(pc,J) (318)

The total charge contained in all space is equal to the integral [ pdV extended for all space.

We can represent this integral in a four-dimensional form:

[pav ==[j%dv ==[jids; (319)
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Where the integral is extended to a four-dimensional hyper-plan orthogonal to the axle x° .In
a general manner the integral % [ jtdS; extended to an arbitrary hyper-plan represents the sum

of charges whom the universe lines cut this hyper-surface.

Instead of punctual charges e we introduce a continuous repartition of density p and so the
action due to interaction charge-charge and charge-current is:

1 .
Sinteraction = — - f p Aidxldv (320)
If we write it in this form:

1 dxt 1 i
Sinteraction = = | p=-AidVdt = —— [Aj'da  (321)

Where :
dQ = dVcdt = cdtdxdydz (322) (four-volume)
2-2-2-6-2)Interaction charge-field:

To find the form of the action Sg,. fie1q We refer to an important propriety of electromagnetic
fields which is that the experience shows that the electromagnetic fields satisfy the principle

of superposition: the field generated by a system of charges result only in a simple addition of
fields due to every charge taken separately. In other terms the field vector resultant is equal to
the sum of all vectors values in the point of every fields considered separately. Every solution
of field equations is a field which can be realised in the Nature. According to the principle of

superposition the sum of two fields should be a field which can exist in the Nature and should

verify the equations of field.

It is known that the linear differentials equations had the propriety that the sum of their
solutions is also a solution. In consequence the equations of the electromagnetic field should

be linear differentials equations.

So in the action S¢,.. fie1q We should have a quadratic expression under the integral referring

to the field.

The potentials of the field can’t be used in the expression of the action Sgy.ce rie1q DECaUSE they

are not defined in one manner (univocal manner and this univocal manner have no importance
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in the definition of Si,teraction). We conclude that Sgy.e. ierq IS an integral of the tensor Fy;, of
the electromagnetic field. But because the action should be a scalar , it should be the integral
of a scalar. The unique scalar existent in this case is the product F;;, F*. The function under
the sign of the integral in the expression of the action S¢,. fieia shouldn’t contain any
derivative of F;;, because that the Lagrange function can’t contain except the coordinates of
the system ,only the firsts derivatives according to time. The role of coordinates (i.e. the
variables according to them we execute the variations of principle of least action) is assumed
here by the potentials A, of the field. Reminder that in classical mechanics the Lagrange
function of a mechanical system contain only the coordinates of corpuscles and their firsts

derivatives according to time.

Concerning the quantity e*™F,, F,... it represents the total four-dimensional divergence and
its insertion in the expression of the S, rie1q doesn’t affect the equations of motion. This

quantity is excluded from the expression of the action independently of the fact that is a

pseudo-scalar. This pseudo scalar can be represented as a form of four-divergence

. 9 . ] . . . ; . .
ektmp. F,.. = 4— (etktm4, . Am) Which can be easily verified because ekim is anti-
symmetric.

So the action of fields is as:

Sf‘r‘ee field = — MIFikFide (323)

Where k & G are positive constants to choose one and determine the other.

The total action is:

S = —{f mcds + [ Aj* dQ + F FkdQ} (324)

K
2048.m3.G f
For many charges the action is the sum of equation (324).

2-2-2-6-3)The second pair of Maxwell equations:

When we search to establish the equation of the field from the principle of least action , we
are obligated to pose that the motion of the charges are given and to vary only the potentials

of the field (which play in this case the role of coordinates of the system ).In the inverse sense
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to establish the equations of motion, we had pose that the field is given and we vary only the
trajectory of the corpuscle.

In consequence the variation of the first term of equation (324) is maintained equal to zero

but in the second term we should only vary the current j.So:

5S = —= [[-j'6A; + F, 6F*1dQ  (325)

512. 3Gf

For equation (325) take in consideration that F;, 5 F* = F*§F;, .

Substitute in (325) F, = ‘;A’f — % we get:

d a
:_-f{ ]‘SA + /51’;‘:36 k=84 ~ /51§C3GF1'< -§A;}dQ (326)

Permute in the second term of (326) the indices i & k on which we do the summation and

replace Fy; by —Fj :

1,01 .5 d
§=—-J{j'0A - /128 3GF”< -5A;3dQ (327)

Integrate by party the second integral which means apply the theorem of Gauss:

_ _ Lot / P s 4.dO)L — ik
S = cf{c] T 128.m3.G axk}dAldQ 128. 3GfF 04; dSk (328)

In the second term we should take its value in the limits of integration. The limits of

integration on the coordinates are extended to the infinite because the field disappear in the
infinite. In the limits of integration on time i.e. in the initial and final instants given the
variation of the potentials is equal to zero because according to the principle of least action
those potentials are known in those instants. In consequence the second term of (328) is equal

to zero and thus we get:

1.;
f{;]l+ /128 366 k}(SA dQ =0 (329)

As the principle of least action implies that the variations §A; are arbitrary, the coefficient of

64A; In (329) should be equal to zero:
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ik .
oFt* 1 128.1'[3.Gjl (330)

axk — ¢ K
Rewrite those equations (i = 0,1,2,3) in three-dimensional form .

For i = 1 we have:

19F10 gfFll  gfF12  gf13 1 |128.m3.G .
- +o—=—— [ (33D)
c ot 0x oy 0z c? K

By substituting the values of the components of the tensor F* we get:

1 0E, 0B, L 0By,  y [128.m%.G .

c ot "oy "0z c? K Jx

(332)

The equation (332) and the succeeded equations for (i = 2,3) can be written as a unique

vector form:

1 0E vy [12873.G .

rotB = 23 + o . (333)
Finally for i = 0 we have:

oF° oF°t  9F°2 QF%* 1 [128.73G .g

0x9 + ox1 + 0x? + 9x3 2 K J (334)

By substituting the values of the tensor F¥ and the current j° we get:

p [128.m3.G

c K

divE =y (335)

The equations (333) and (335) are the second pair of Maxwell equations as formulated by

H.A.Lorentz for the electromagnetic field in vacuum contained punctual charges.

We can write equation (335) as:
divE = 4mop (336)

With o constant. So we have:
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8.m.G

Yy = oc (337)
In fact don’t forget that conversion coefficient y is a product of two conversion coefficients
y& € . If we resolve the problem for one coefficient, it remains unsolved for the other so the

second group of Maxwell equations remains inhomogeneous equations .

To resolve the problem for one coefficient we had build a theory so there is experiences to do

& so there is new technologies to rise.

Resolving the problem for the second conversion coefficient needs a new theory to build, new
experiences to do and new technologies will rise but we will notice that this coefficient is in
fact a product of two coefficients....etc. So the science will be never had an end: welcome to
the city of science.

2-2-2-6-4)Continuity equation for charges:

The variation of the charge contained in a given volume is represented by the derivative

0

In other hand the variation per unit of time depends on the quantity of charge going out or in
this volume. The quantity of charges going in this volume per unit time among the element df
of the surface bordering this volume is equal to pvdf where v is the speed of displacement
of the charge in the point of space where exist the element df . As it is useful in usage , the
vector df is directed in the same sense of the extern vector orthogonal to this surface i.e. in
the same sense of the orthogonal vector directed out the considered volume. So the quantity
pvdf is positive if the charge go out the volume and negative if the charge go in the volume.
The total charge going out per unit time of a given volume is equal to § pvdf where the

integral is extended for all the closed surface bordering this volume. So we have:

d
—~J pdV = — ¢ pvdf (338)

The minus sign before the second member of (338) is introduced to consider the first member
positive when the total charge in the volume is augmenting. The equation (338) is the
conservation law of continuous charge called also continuity equation written in an integral

form.

80



a
We remark that pv is the density of current ,we can write the equation (338) as: P f pdV =
—$jdf (339)

In a differential form we apply Gauss theorem for the second member of (339) :

$jdf = [ divjdv (340)
We get:

. ., Op _
[ (divj +2)av =0 (341)

Equation (341) should be verified by integrate in any volume , so we should have:
. . . 0p

divj + Pl 0 (342)

(342) is the differential form of the continuity equation.

We can insure that the expression (314) which give p as a function of § verify automatically
the equation (342).

Let’s suppose that it exist only on charge as:
p=ed(r—rgy) (343)
The current is :

j=evd(r—ry) (344)

Where v :is the speed of the charge.

. .. 0 . . .
Calculate the derivative a—’; . When the charge move its coordinates varies so rq vary.

We have:
dp _ 0p dry
at  dry ot
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ary . : :
Or % is the speed v of the charge . In the other hand as p is a function of r — ry we have

dp _ _dp . .

o = " ar and so in consequence :

9 . . . . . .

a_l: = —vgradp = —div(pv) = —divj considering that v as independent from r .

So we get the equation (342).

In a four-dimensional form the equation (342) is obtained by putting equal to zero the four-

divergence of the four-current :

9~ (345)

dxt

In equation (319) we had established that the total charge can represented as % f ji ds;

where the integration is extended to the hyper-plan x° = const. In another instant the total
charge can be represented by a similar integral extended to another hyper-plan orthogonal to

the axle x° . We can easily verify that the law of charge conservation is coming from the
equation (345) i.e. the integral fji dS; is the same for any hyper-plan of integration x0 =

const.

The difference between the integrals f ji dS; taken on two hyper-surfaces x°® = const can

be written as 95 j idSl- where the integral is extended to the closed hyper-surface bordering the

four-volume existing between the considered hyper-plans (this integral is different from the
difference obtained by an integral extended to the lateral hyper-surface localised at the
infinite which is eliminated because there is no charge in the infinite). With Gauss theorem
we can transform this one on an integral in the four-volume existing between the two hyper-

plans and be insured that :
$j'ds; = IZ—;dﬂ =0 (346).

CQFD.

This demonstration remains available for two integrals [ j'dS; extended to two hyper-surfaces

infinites chosen arbitrary (and not only for hyper-plans x° = const ) which bordering
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all the three-dimensional space. Those considerations shows that the integral % [jtds; onlya

unique value (equal to the total charge contained in the space) for any integration hyper-

surface .

We had seen in equation (247) that the gauge invariance of equations implies the

conservation of charge . In the equation of motion (324) let’s replace A4; by A; the

la i
mtegral f ] dﬂ will be added to the second term of (324): this is the conservation of
charge given by the continuity equation (343) which allow us to write the expression under
the symbol of integration as a four- dlvergence (f %) and with Gauss theorem this integral

will be transformed as an integral on the hyper-surfaces bordering the four-volume .Those
integrals will be eliminated when we vary the action and thus will not affect the equations of

motion.
2-2-2-7)Density & flux of energy:

Let’s multiply equation (333) by E and equation (313) by B we get :

128.m3.G

Lg% po_ v ; _ _
= E. y + B. Pyl E.j+ E.rotB — B.rotE =

c3

y |128.m3.G

c3 K

E.j— div(E x B) (347)

With the notation H = B.c equation (345) becomes:

)
E[C 512. 30( E* + HZ)] —j.E — divS (348)

With:

S=—. —EXH= A—ExH (349)
y 128.m3.G

S : is called Poynting vector.

With:
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c
A=-.
Y 8.m.G

(350)

Equation (348) becomes:
92 p2opyy] = i F o di
ot [64n'(E +H )] = —j.E—divS (351)

Integrate (351) in a certain volume V and apply Gauss theorem for the second member we
get:

a9 A(E%*+H?)
ot 64T

AV =—[j.E dV—¢S.df (352)

If the integration is extended for all the space, the surface integral disappear because at the
infinite the field is equal to zero. Referring to equations (218) & 289) or (344) &(289) for

punctual charge instead of density of charges we can write:

2
[j.EdV={pv.EdV ==[% T+ ] (353
2
So (352) becomes:
d | r L.(E2+H?) m.c? ’"

’ 2
v
1_(:_2

For a closed system which composed of charged corpuscles and electromagnetic field the
quantity between parentheses in (354) is conserved. The second term of this expression is the
total energy of all the corpuscles i.e. it evolves their Kinetic energy and their potential energy.
So the first term represent the energy of the electromagnetic field itself. The quantity:

_ A(E%+H?)
T 64m

w (355)

Is called density of energy of the electromagnetic field.

For vacuum when there is no charges & no masses and if we suppose taht the average density

of the energy of vacuum tends to zero ,we get from (355):
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E, = +iH, (356)

There is an electromagnetic field associate to vacuum. If the magnetic field of vacuum H,, is
imaginary than the electric field of vacuum E, is real and so it can interact with charged
corpuscle. The other way is also correct. We have take only corpuscles without spin, if they
are with spin they can also interact with the magnetic field of vacuum. We can take equation
(355) as an average of electric field and magnetic field which the sum given by (355) is equal

to zero.

For a finite volume (352) becomes:

m.c? /"

iz

a9 f/l.(E2+H2)
ot 64T

av + 3,

For vacuum (357) becomes:
9 [ A(E?+H?) . _
~|[==22av| + fdivsav =0 (358)

Equation (358) is valid for any volume so:

= 2 (E} + H}) + divSg = 0 (359)

2-2-3)The meaning of the constant "a’’:

From equation (43) we have in Cartesian coordinates:

2 (1- 22 = 2 (360)

CZ
Differentiate (345) we will get :

2.7, (1—

x%+y2+22
—2 +
c

2 e e .
TZ.(;.[X.X-I-}/.}/-I-Z.Z]) =0 (361)

Let’s consider one dimension the abscissa coordinate:

(1-5)-—=@5H=0 (362

2
c ,
2
ce. |1—
2
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So we get :

3
To

(1-5)-Zxx=0 (363

c? c?’

Let’s suppose that the speed of the corpuscle tends to "'c’’ so from equation (363) we deduce
that the acceleration tends to zero : we can’t apply on the corpuscle any force , there is a
maximum force to apply . Also the power to transmit to the corpuscle had a superior limit: we
can’t exchange any amount of energy with the corpuscle instantaneously, there is always a

delay time to exchange energy and that’s which translate this new constant.
2-2-4)Wave-corpuscle duality:

For m = 0 it correspond to light which have a peed equal to “'c". It is possible that we can

treat corpuscles and waves as the same thing.

If we can treat a corpuscle as a wave , we can represent it by a plane wave as the following:
Y(x,t) = A.exp(ik.x —iw.t) (364)

Where :

A: the amplitude of the wave function;

k : the wave-vector;

w: the frequency of the wave.

The principle of relativity implies the invariance of phase of the wave i.e. we have:
x.k—wt=x"k'—o't (365)

Let’s suppose that the corpuscle is in rest in the referential R’, so we consider that it’s wave-

vector in this referential is equal to zero (nothing is in propagation):
k' =0 (366)

And so we deduce that:

k=22 (367)
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w = = (368)
So:

k = m“’c p (369)
0= (370)
k = C—“; 14 (371)

We generalise those equations for every speed of the corpuscle.

But in this conception there is a major contradiction: how do we accept that a corpuscle which
limited in space-time extension can be represented by a plane wave which is present
everywhere. In 1927 de Broglie had found the solution by applying the principle of non-
contradiction: the corpuscle is a packet of waves which reinforce each other in a limited
region of space-time and annihilate each other above. The group speed of waves is identified

to the corpuscle speed.
2-2-5) Unity-multiplicity duality:

As a consequence of de Broglie conception the corpuscle is considered as a unique object and
also multiple of superposing waves. The wave function associated to the corpuscle has a

quasi-monochromatic frequency w and a wave vector k verifying the principle of uncertainty

as follows:
Ak.Ax > 1 (372)
Aw.At > 1 (373)

The group speed v, of the packet of waves is the speed with which the energy is transmitted

.Its definition is as follows:

== (374)

Vg dw
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From (369) and (370) the uncertainties are as the following:

w'!

Ak = — Ap (375)
w!
Aw = — AE (376)
We have:
w'!
Ak.Ax = — .Ap. Ax (377)
Aw. At = == AE.At (378)
m.c

From equations (372) & (373) we deduce that:

Ap.Ax > TE (379)
AE.At > ™ (380)

m.c?

The constant <
w'!

should be independent from any corpuscle. We declare it an universal

constant.

We put:

=h (381)

The constant 7 should have a very low value in the MKS system.
Equations (370) & (371) becomes:

hk=p (382)

hw=E (383)

It is very easy to verify that:

1 _ dk _

bt (384)

Vg dw
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And that what is CQFD.
2-2-6)Viscosity-dispersion duality:
The equation of propagation of the wave function (Klein-Gordon equation) is:

m?2 c?

L) VPt = — LSyt (385)

We define the following operator called also d’Alembertian:

=L 9 _p (386)

c?’ ot2

Equation (93) can be written also as the following:

@) = -"Zyxt)  (387)

h

The d’ Alembertian of the wave function is not equal to zero so there is dispersion of the wave
function. The medium in which the packet of waves is in propagation is a dispersive medium:

there is attenuation of the packet of waves with absorption of energy.

A dispersive medium for waves correspond for corpuscles to a viscous medium. The equation

of motion of the corpuscle is:

dp .
Py f—av (388)
Where:

f: all unknown forces which act on the corpuscle;
—a. v: an universal friction force which act on the opposite side of motion of the corpuscle;
a : friction coefficient of the space-time (or mechanical impedance of vacuum).

So we can conclude that for wave-corpuscle duality there is another duality which is

viscosity-dispersion duality of space-time .
Equation (388) is the same equation (4).

We define the moment of the corpuscle as:
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p=<.v (389)
Where :

¢ : the inertia of the corpuscle;

v : the speed of the corpuscle.

From equation (388) we deduce that:

(v+e=f-av (390)

We put that:

§=a (391): if the energy of the corpuscle is varying;
£E=0 (392): if the energy of the corpuscle is constant.

So we deduce from (391) &(392) that :
E=a.rt (391)
Where:

. is the inertial time of the corpuscle;

With:
drt = dt (392): if the energy of the corpuscle is varying;
dt =0 (393): if the energy of the corpuscle is constant.

If the corpuscle is in rest that we associate to it an inertial time in rest as:
m=a.t, (394)

So we get from (390):

f-2.av

a.T

. .d ,
U () erten = M=) opeo = 0 (395)
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So the speed of the corpuscle tends to a constant "¢’ and this constant is declared as an

universal constant: we know that it is the speed of light in vacuum.

We get the transformations of space and time (8) & (9). Also we have the transformations of

momentum and inertia as the following:

(396)

p =2 (397)

p'and &' are respectively the momentum and the inertia of the corpuscle according to the

reference R’. There is always invariants in inertial references to conserve the same speed of

light. We have here an invariant which is:

&= (% =m? (398)

c

Now we can write equation (379) as:

f=2E0 (399)

dt?
Where :
X: the position of the corpuscle.

We can take this formulae as a beginning for the equation of motion of a corpuscle and we get

the same results. Let’s develop equation (399):
f=EX+28v+EX  (400)

In a referential inertia equation (400) should be independent from the choice of its origin so

we get from (400):

§=0 (401)
So:

§=a (402)
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And so on.
2-2) Black body radiation:

This experiment is the black body radiation [12] .Let’s have a cavity in a temperature T with a
little hole from which we measure the energy and power of the emergent radiation.

2-2-1)Black body thermal equilibrium:

The number of photons of the frequency v at the thermal equilibrium is :

ﬁ (403): Boltzmann formulae

n =
exp(k—T

Where  h = 6.626 10734 j.s: the constant of Planck
k = 1.380 10723j.°K ~1: the constant of Boltzmann

T: the temperature of the black body

The energy of photons at the frequency v is :

_ _ h.v
E,=n.hv= I ('”’)—1 (404)

kT

The power of photons at the frequency v is :

2
P, =n.a.c? = —4 - (405)

—
exp(ic7) -
2-2-2)Number of modes contained in the interval of frequency év :

For a length L there is a stationary polarized wave if we have:

A n
L =J.3 _]'k,- (406)
So:
ki =Jj.7 (407)
j:integer , A:wave length , k;: wave vector.
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The interval between two successive waves numbers is :
Sk = % (408)
The number of values of k included in an interval &k is very high than §k. This number is :

% = k.= (409)

A stationary wave contains two waves . The number of modes M is the half of the number of

values of k so:

_ SkL
T 2m

M (410)

In three dimensions we get:

Ly.Ly.Ly.8ky.8ky .0k,

oM = 6M,. 6My. oM, = a3 (411)
i.e.:
V.6k3
M =2 (412)
With V=L,. Ly.LZ

The photon had two states of possible polarisation so:

2.V.6k3
oM = )

(413)

8k3 is the spherical volume interval in the space of k and it is equal to :

4. k2. 8k = 6K3 (414)
So:
SM = %:)5" = L. k2.6k (415)

With k = Z%V * the wave vector.
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S0 we get:
2
M = 8. V.Z—S.Sv (416)

2-2-3)Black body volume power density:

The cavity of the black body englobe §M modes which everyone contains the power given
in (405).

So the power which is contained in the interval of frequency v is :
a.c?

—. 0V (417)

exp(ﬁ)—l

Here k is the Boltzmann constant.

2
8P = P,.6M = 8m.V.=.
[

The volume power per frequency interval §v is:

5P v? a.c?
dP—7—8T[.§.W.dV (418)

Integrate (409) for all frequencies:

a.c?

—exp (%)_1 .dv (419)

foe) 2
P =] 871.1;—3.

Replace x = Z—; in (411) we get:

) 1 Kk2.T? a.c? k.T
P = fO 87'[C—3 h2 .xz exp(x)—l'de (420)
So:
_ (% 8mak3T3 x? _300(3).0.a.c* .3
P = fO ch3  Texp(x)-1° - w4k T (421)

with:  ¢(3) = 1.202056 ..., {(x) =¥,  (x>1) :Riemam
function (or Zeta function).

8.7m°. k*

O = 15.13.c3

=7.5610716 . m3.°K*
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P have a dimension of [W.m™3]

rn_r

Than P is a linear function of T3 where the linearity coefficient contains "a’’ so we can

determinate it.
2-2-4)Volume energy of the black body:
The energy contained in the interval of frequency év is:

8m.V.v2 hv

' h.v
¢ exp(ir)-
exp T 1

SU = E,.6M = Sy (422)

The volume energy per interval of frequency dv is:

3
au ==V 1 gy (423)

oo Ten(ip)

By integrate (423) we found:

3
_ 8mk* 4 (oo (Z_;)
U= T Gl

Because we have:

G =0.T*  (424)

3

(o8] X
fo —exp(x)_l.dx = (425)

U have a dimension of [j.m™3]

The power of radiation per surface unit is:

U — 2.7'[5.](4 4

c
R =-. .
4 15.c2h3

(426)

R have a dimension of [W.m™?]

2-3)Limits of the constant ""a’’:

If the Universe is dominated by an isotropic radiation than we have its state equation as [13]:

Pressure of radiation = g (427)
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The total power is :

Prot = P.V = 2. (L. Ly + Ly Ly + Ly L) (428)

So we have:
30.{(3).0.a.c? 2.m° k4
T.T3. LyLyL,=7—-. T* (L, Ly+ L, Ly+LyLy) (429)
Than:
30.0(3).a.c? 8m°k* _ 2mdk* 1,1 1
Tk 1shic s L (Lx + Ly T LZ) (430)
So:
2 4 1 1 1
360.{(3).a.c* =k.c.T.w .(L—+L—+L—) (431)
X y z

Let’s design by D a characteristic dimension of the Universe, we have:

360.{(3).a.c? = k.c.T.7*.~ (432)
Than we will have that:
k.T.m* (433)

A= 120¢3)cD

If we take for D = 1000 Mpc = 3.1 102> m a distance to study the properties of homogenous
Universe expanding slowly [14] and a temperature T = 2.725 °K [15] than we get:

1.3810723.2,725.1%

— -~ -57 -1
T 120.(3).3108.3,11025 281077 kg.s (434)

In the other hand with the meshing done for space-time by equations (5), (6) & (7) the density

of vacuum is a mass M in a volume of L3 than we have:

Po = (435)

The energy density of vacuum is :
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a?.c

EO = po.CZ = T (436)

Cosmologists find by observations that the vacuum density is approximately as [16]:
00~ 107%° g.cm™3 (437)

So we deduce that :

a=2 10726 kg.s7! (438)

We can say that constant “a’’ is:

28107°7kg.s1<a<210"2%6kg.s7?! (439)

We need another experience to slice about the value of constant “a’’ such as the photoelectric
experience or the black body radiation experience otherwise we will have the same history of

the lamda constant in General Relativity Theory.

We can get a more accurate interval for the constant "a". A mole of perfect gas occupy a
volume of 22.4 liters at the normal conditions of pressure and temperature (1bar@20 °C).

We suppose that photons doesn’t interact with each either.

So the distance D = (22.4 liters)é = 0.282 m and we have kT = 404.34 10~23joule than:
a=~ 3233 103t kg.s7?1 (440)

So:

0.3 10728 kg.s71 <a <200 10728 kg.s7?! (441)

We should expect that the number of corpuscles in this volume should be near the Avogadro
number (N, = 6.02 10%3) if of course Boltzman statistics still valid for photons (but it is

wrong because photons are relativist corpuscle and there is another statistics).

From equation (421) we deduce the density of photons:

P 3030 3

a.c? ntk

n= (442)
Sofor T =20°C &V = 22.4 liters the number of photons is:
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N=nV =114 103 # 6.02 1023 (444)

. . i . . kT . .
The most important in equation (433) is the ratio ry which we should search the meaning.

The reader is invited to do this.
3)Vacuum energy levels:
3-1)The energy of the corpuscle as an exchange energy with vacuum:

The work of the friction force between two points A & B of the trajectory of the corpuscle is
as follows:

B B
€45 = j —a.v.dx :j —a.v?.dr =
A A

1 1
2 e Y 22 (T
a.cc.(tg —14) —a.c .TO.(TB TA)
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=—a.c® (15 —14). (1 — ) (445)

TA-Tp
We take the origin of the energy as the rest state of the corpuscle so:
SAB = SB - SA (446)

With:

eg = —a.c?. (15 — TO).( —z—;) = —a.cZ.TB.( — i—;)z (447)
Idem for &,.

We define the energy exchanged by the corpuscle with vacuum as:
e=a.ct.(l- 1—0)2 =¢&c2(1— ?)2 (448)
In general this energy can be positive of negative.

If the speed of the corpuscle tends to the celerity of light than we have from (448):

e~ &.c? (449)
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The energy exchanged with vacuum (445) corresponds exactly to the energy exchanged with
vacuum by light i.e. by a corpuscle which has a mass equal to zero. We can deduce that the

energy of a corpuscle of a mass m is approximately as follows:

2

E ~ m.cv2 (450)
1=z
Its moment is as follows :
E muw
p=5.V~ = (451)
N
Its Lagrangian is as follows :
2
L=p.v—E~—-m.c2 1—:—2 (452)

3-2)Vacuum energy levels :

In the interval (x + Ax, t + At)the corpuscle is a superposition of many monochromatic
waves at every point of this interval and also above. If we choose a certain discernible
number of positions in this interval we can accept that the exchanging energy with vacuum is

approximately:
g, =N =n.&.c2. (1 —2)2 (453)
n - L] - L] . . E
Where : is an integer which can be positive or negative (the corpuscle can take energy from
vacuum or loose energy for vacuum).

With the condition that &,, —» 0 when n — +oo: the total energy of the corpuscle should be

finite.
The total energy of the corpuscle is:

E=¢&c?+e,=8c?+né&c%(1 —%)2 (454)

With the condition that § - m whenn — +oo (the momentum is very well defined and it

tends to zero but the position is bad defined).
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This image is that the corpuscle is like an harmonic oscillator maintained in oscillation by a

force f = a.v where "a" is a coefficient of a mechanical impedance.

The “’stability’’ for any mechanical system is in general defined as when its energy is an

extremum i.e. in our case that :

Z_§ =0 (455)
So we get:
§=1tm. |— (456)

Replace (456) in (454) we get:

E(+) = Z.m.cz.\/ﬁ.(vn+ —\/ﬁ) (457)
E_y=—-2.m.c’Vn.(Vn+1—+n) (458)

With :n positive integer

We can draw the curve E = function(§) and we find that it had a minimum given by
2
equation (454) for positive ¢ and that there is no inflexion point because ‘;Tf doesn’t change in
sign.
If we consider the rest state as the origin of energy, the exchanged energy is:

AE = E —m.c? (458)

For vacuum we take the mass m as equal in equation (5) and by equations (457) , (458) &

(454) we get many levels of vacuum energy and exchanged energy with vacuum.

. . E
For every level of vacuum energy we can define a certain mass as for example —= and from
c
this origin we get infinite other levels and so on.
4)Conclusion:

In equation (133) we had concluded that the energy of corpuscle is as:
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E=p.w (459)
If we take two electric charge separated by a distance R the Coulomb force is:
62
f =o. 2 (460)
The question is what is the value of constant . We can take the way of Planck which is that:
p=h (461)

Where the Planck constant # is determined by thermodynamics experiment (black body
radiation).

There is another way which to have a force f = ac acting between charges separated with

the distance R = \/é so we have :

B=0." (462)

The two constants should be equal to avoid any contradiction, so there is an universal constant

e as.
= = (463)

Which is equivalent to:

0.-=1 (464)

hc

From equation (228) & (463) we have:

Yy = a. \/% (465)

Don’t forget that conversion factor y is a product of two conversion factors.

It is clear that conversion factors open us for more theories so more experiments & so more
technologies. The same problem will be found in thermodynamics because we have the

conversion relationship Aw <« kT or Aw > kT and we see that in relationship (465) there is a

101



conversion constant in relation with constant #. Never mind for Gilles Cohen Tannoudji

constant k is not an universal constant [19].

The most important thing done here is the unification of fields in a Minkowski space-time i.e.
in inertial referential where Lorentz transformations are available. But physics experiments
should be independent from the choice of the referential. The reader is invited to rewrite this
paper in a Riemann space-time (any transformations of space & time between referentials).
The reader can take the document 49089264 of Pierre Paillere [17]available on the internet
and rewrite the 115 pages available with the same spirit of this paper. Join to this document
the paper of C.LANZANOS [18].
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