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Abstract
In this paper, we present an identity which generalizes Vajda’s and D’ocagne’s
identities involving Fibonacci sequence. Vajda’s and D’ocagne’s identities are
known to contain 3 and 2 variables respectively, but the identity to be presented
contains 7 variables. Binet’s formula for generating the nth term of Fibonacci
sequence will be used in proving the identity.
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1 Introduction

It is widely known that Fibonacci sequence is one of the most commonly
used sequences for establishing recurrence relations and many identities which
relate to Fibonacci sequence have been discovered over time. For instance, in
1680, Cassini discovered without proof that

Fn1Fnp — Fr% =(-1)"

which was later independently proven by Robert Simson in 1753.
In 1879, Eugene Charles Catalan discovered and proved that

F?_—F, ,Foip=(—1)"""F?

which generalizes cassini’s identity. Another identity which generalizes Cassini’s
identity was discovered by Philbert Maurice D’Ocagne and the identity states
that

FpFrpy — Frp1Fy = (=1)"Fpy_p, (1)

In 1989, Steven Vajda published a book on fibonacci numbers book which
contains the identity
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FoyiFnyj — FnFnyivy = (=1)"FF; (2)

which carries his name and thus generalizes both Cassini’s and Catalan’s
Identities.
Fibonacci sequence is generated by employing the formula:

Fy=Fy 1+ Fy2,k>2Fy=0,F =1

2 The Identity

The identity be proven states that

if
Q= Fn+i+zszn+j+y+z
B = Fntoty—kFntititk
Y= ()R Fktaa
then

a—fB=y (3)
From (3), we can see that settingz =y =2=k=0,a =, b= 5,c =, we
get

a=Fotiva—Fotjty+ts
a = Fniivo-0Fntjto+0
a=FnyiFny (4)

b= Frtory—rEnyivjvk
b= Frtoto-0Fn+titjto
b= F,Fniiyj (5)

c= (1" RE ey Fihga
c= (1" o 40-0Fj+0+0-0
c=(=1)"F;F} (6)
Now, we can see that the relationship between (4), (5), and (6) (i.e. a — b= ¢)
yields (2)

Also, we can see that setting a; = a,b; =b,c; =c¢,i=1,j=m —nin (4),
(5) and (6), we get



a1 = FnyiFnj
ayp = Fn+1Fn+m—n
ayp = Fn+1Fm (7)

by = FFhyiqg
bl = FnFn+1+m—7L
by = F,F (8)

c1 = (—1)”FiFj
1= (_1)nF1Fm—n
c1 = (=1)"Fnn (9)

Now, we can see that the relationship between (7), (8), and (9) (i.e. a;—b; = ¢1)
yields (1)

o

3 Prove of the identity

We know from Binet’s formula for generating nth Fibonacci number that

if
b= 1+v5  1-+5
Ty YT T
then
P = "~y
V5
where F,, is the nth Fibonacci number
let 2n+itz+j+ 2n+itz+j+
n+i+r+j+y nriTTrj)Ty
p=? Py = ,
5 5
n+i+r—z, n+j+y+z n+j+y+z, nt+itr—z
P, = ¢ ® Py ¢ @ ’
5 5
n+x+y—k  nt+itj+k n+itj+k ntrty—k
P, = ¢ 5@ Py = ¢ gﬂ

P7 _ ¢i+k—y—z(pj+z+k—x7P8 _ ¢j+z+k—xwi+k—y—z
Pg _ ¢2k+i+j—m—y’P10 _ <P2k+i+j—z—y

Pll = Fi+k—y—sz+k+z—m



From (3), we see that

a=Fotiva—Fotjtyts
¢n+i+x—z _ Lpn+i—~-ac—z ¢n+j+y+z _ (pn+j+y+z

NG ) N

o=

Oz:P1—P3—P4+P2
Also from (3), we see that
6 = Fn+x+y7an+i+j+k
¢n+w+y—k _ (pn-&-o:-i-y—k ¢n+i+j+k _ (pn+i+j+k
B= 7 ) 7
B=P —Ps—Ps+ P
Deducting (11) from (10) gives
a—pB=(P+PF)— (Ps+ FPy)
From (12), let
Vi=—(Ps+ Py)
Vo = (Ps + Fs)
then
n+itxr—z, n+j+y+z n+j+y+z, ntitr—=z
Vie (¢ 2 L ¢ 2 )
5 )
(¢S0)n+:v+y7k ¢n+i+zfz<pn+j+y+z ¢n+j+y+zsan+i+:rfz
Vi=-— = ( + )
(pp)rtety=h 5 5
ntitr—z  n+jt+ytz n+jt+y+z ntitr—z
‘/1 _ _7((¢<p)n+z+y—k)( ¢ — ¥ — ¢ — ¥ 716)
5 ¢n+a:+y Sanr:chy d)nJr:chy (pn+z+y

1 . . . )
Vl _ _g((gb(p)n-‘rx-i-y—k)((bz-‘rk—y—z(pj—&-z-i-k—x + ¢j+z+k—x<pz+k—y—z)

Note that
Pp =—1
1
Vi = — (- (P By
Also,
- (¢n+m+y7kwn+i+j+k ¢n+i+j+k<pn+z+y7k
Ve = 5 * 5 )



(¢@)n+z+y—k ¢n+x+y—k(pn+i+j+k ¢n+i+j+k¢n+x+y—k

V =
1T (gp)rterk 5 - 5 )
1 n+z+y—k ntitjit+k n+i+j+k ntazty—k
‘/2 — 7((¢ )n+x+y—k)(¢ —— 14 — + ¢ 7k§0 —
5 ¢n Tty SD'th:ery ¢n+z+y (pn+x+y
1 — it+j—r— i+j—T—
Vi = £ (9)" ) (¢ o g g0
1 : — i+j—x— i+j—x—
Vo = g((¢(p)n-i-1-|-y k)(¢2k+ +J Y4 302k+ +3 y)
Note that
pp=—1
1 n+z+y—k
Ve = 2 ()R Ry + Puo)

Now, we see from (12) that
a—pB=(Ps+Ps)— (Ps+ Ps)
a—B=Vi+V,
1 _
a—pf= 5((—1)n+$+y *)(Py — Pr — Py + Pyo)
From (3), we see that

vy = (*1)n+aj+yikFi+k—y—zFj+k+z—m

v = (=L (py)
But
Py= FiJrkfyszjJrk«szz

¢i+k—y—z _ (pi—i-k—y—z ¢j+k+z—x _ (pj—&-k-i-z—x

7 ) 7 )

j+k+zfz)

P =(

1
5
We can see that the expansion of (15) gives

Pll _ (¢i+k7y7z o wiJrk*y*Z)(quJrkJrZ*m o

14

1
5
So, putting (16) in (14) gives

Py = —(Py — P; — Py + Pyo)

1 _
Y= g(_l)n-i-w-l-y k(Pg — P7 - Pg + PIO)

Since (13) equals (17) then, (3) is true which completes the proof.



4 Conclusion

In this paper, we have stated and proven an identity which generalizes both
Vajda’s and D’Ocagne’s identities (involving Fibonacci sequence) using Binet’s
formula for generating nth Fibonacci number.

5 Acknowledgement

The author would like to thank all the lecturers who taught him during his
undergraduate days.

References

[1] A.T. Benjamin and J.J.Quinn, Recounting Fibonacci and Lucas identities,
CollegeMath. J. , 30, No.5(1999), 359-366.

[2] Steven Vajda, ”Fibonacci and Lucas Numbers, and the Golden Sec-
tion:Theory and Applications”, Dover Publications, Inc, New York, 1989.

[3] T.Koshy, "Fibonacci and Lucas Numbers with Applications”, A Wiley-
Interscience Publication, New York, 2001.

[4] Yashwant k. Panwar, Bijendra Singh, V.K. Gupta, ” Generalized Fibonacci
sequences and its properties”, Palestine journal of mathematics, vol.
3(1)(2014), pp. 141-147.



