Magnetic symmetry of geometrical optics
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We propose that there exist magnetic symmetry in the geometrical optics. What are the consequences of the
magnetic symmetry existence to the formulation of refractive index and its related curvature?

I. INTRODUCTION

Dirac proposed, due to symmetrical reasoning in the
Maxwell’s theory of electromagnetism, there exist mag-
netic monopole which has magnetic charge'*. Inspired
with Dirac idea of monopole, the magnetic symmetry was
formulated as the SU(2) local gauge theory, non-Abelian
theory of the (4 4+ n)-dimensions of unified space’. The
(44 n)-dimensions of unified space is actually the (341)-
dimensions of external space, i.e. the (3 4 1)-dimensions
of curved spacetime, plus the n-dimensions of (curved)
internal space”.

To the best of our knowledge, the geometrical optic-
s (the eikonal equation) is formulated without including
magnetic symmetry’~ . The eikonal equation can be de-
rived from the Maxwell equations’. Because of Maxwell’s
theory is U(1) local gauge theory, Abelian theory, and
the eikonal equation can be derived from the Maxwell’s
theory, we argue that the geometrical optics is also U(1)
local gauge theory, Abelian theory and there erist mag-
netic symmetry in the geometrical optics.

The formulation of the SU(2) local gauge theory, non-
Abelian theory of the (44n)-dimensions of unified space
looks like the SU(N) Yang-Mills theory'® where the
choice of the simple Lie group G = U(1) reduces the
Yang-Mills theory to Maxwell’s theory

Because of the Abelian U(1) local gauge theory can be
generalized to non-Abelian SU(2) local gauge theory'*,
it has the consequence that we can obtain the magnetic
symmetry in the Abelian U(1) local gauge theory from
the magnetic symmetry of the non-Abelian SU(2) local
gauge theory.

We will apply the U(1) gauge potential of the magnet-
ic symmetry to the geometrical optics, especially in the
formulation of eikonal equation, the refractive index and
the curvature relation.

Il. POTENTIAL AND FIELD STRENGTH TENSOR

In the (34 1)-dimensions of spacetime, for the geomet-
rical optics approximation (short wavelength, A — 0''),
the four-vector potential, A,, and the field strength ten-
sor, F,, 3, can be represented respectively as"

Ay = ag €Y (1)

Fop = Vads — VA, (2)

where ¥ (z, vy, 2, t) is the phase, the eikonal, a large quanti-
ty which is ”"almost linear” in the coordinates and time'",
an angle as a function of spacetime. The time derivative
of v gives the frequency of the wave, 91/0t = —w and the
space derivatives of 1 gives the wave vector, ﬁw =k
which shows the direction of the ray through any point in
space . aq is a slowly varying amplitude, a slowly vary-
ing function of the coordinates and time'’, a,(z,y, 2, 1).
V. denotes a spacetime covariant derivative’.

The equation of ray propagation in a medium with the
refractive index, n, is”

Vipy| =n (3)

where 1 (z,y, z) is a function of the coordinates only
It is also called the eikonal'” or the optical length (i.e. a
real scalar function of position)”. So, the equation (3) is
called the eikonal equation™

In case of a steady monochromatic wave, the frequency
is constant and the time dependence of the eikonal, v, is
given by term —wt, then the eikonal in eq.(3), ¥4, can be
expressed as

P = 51/1 +ct (4)

Here, 1) is same as 9 in eq.(1).

We assume that the geometrical optics "lives” in the
(4 + n)-dimensions of unified space, so the indices «, 5 in
eqs.(1), (2) run from 1 to 4+n. The eikonal, ¥ (z,y, 2, 1),
as a function of coordinates and time then ”lives” in the
(4+n)-dimensions of unified space so it has a consequence
that the eikonal, 11 (z,y, 2), should ”lives” in the (4+n)-
dimensions of unified space. We denote 11 with 1,, which
describes that ¥y is actually a function of space, but it
lives in the (4 + n)-dimensions of unified space. We can
imagine it simply as e.g. a one-dimensional string which
”lives” on the surface of the two dimensional space of
paper. The gradient operator, ﬁ, in eq.(3) transforms
to the four-gradient, 0 (the covariant four-gradient, 0,
or the contravariant four-gradient, 0¥)'". So, eqs.(3), (4)
become

Nuy = |au¢u| (5)

Yy = 51/) +ct (6)

where p, v as «, 8 run from 1 to 4 + n.
In case of the Maxwell’s theory in the (3 + 1)-
dimensions of spacetime, the four-vector potential, A”,



and the field strength tensor, F*7, can be represented
respectively as

A — (‘C/,Az,Ay,AZ) (7)

FPm = 8,A7 — 9, A7 (8)

where 0, = 0/0z, is the four-gradient, i.e. the differen-
tiation with respect to the covariant vector, z,. We see
that the formulations of the field strength tensor in the
geometrical optics (2) and in the Maxwell’s theory (8)
look similar.

1. SU(2) GAUGE POTENTIAL AND FIELD
STRENGTH IN UNIFIED SPACE

Magnetic symmetry of the non-Abelian SU(2) local
gauge theory in the (4 4+ n)-dimensions of unified space
is formulated in relations with the symmetry of unified
metric’. The Killing vector fields must satisfy

<>€m Juv = 0 (9)

where m is wvector field, £,, is the Lie derivative along
the direction of m, g,.(u,v = 1,2,..,4 + n) is metric in
the (4 + n)-dimensions of unified space”.

The eq.(9) has consequence that

Dy = A+ gB,, x i = 0 (10)

where m is the multiplet and Eﬂ is the gauge potential of
the n-dimensional isometry group

B, = A, — —1h X Q1 (11)

Q|+~

where A, is the unrestricted electric (scalar) potential,
i.e. the part which is not restricted by the condition (10)
and i is the restricted magnetic (vector) potential, i.e.
the part which is completely determined by the magnetic
symmetry or the condition (10).

The corresponding field strength, é,“,, to the gauge
potential (11) is

G =9,B, —d,B, +gB, x B, (12)

We see that the formulation of the field strength tensor
in the non-Abelian SU(2) local gauge theory (12) is d-
ifferent from egs.(8) and (2), because of there exist the

third term of (12) i.e. gBE'M x B,,.

IV. U(1) GAUGE POTENTIAL AND FIELD STRENGTH
IN UNIFIED SPACE

In an analogue that the choice of G = U(1) reduces
SU(2) Yang-Mills theory to the U(1) Maxwell’s theory,

from eqs.(11), (12) we obtain that the U(1) gauge po-
tential and the related U(1) field strength tensor can be
represented respectively as

. 1
BYW = AUD U@ EmUU) x 9,mVM  (13)

G =0,BYV - 0,80 (14)

where Ag(l) is the unrestricted electric (scalar) potential
of the U(1) gauge potential and mY ™M) is the multiplet of
the n-dimensional U(1) group.

Because, G,5") in (14), F*™ in (8) and F.sz in (2)
are in principle same i.e. the fields, so we can replace
FPT or F,g with C_jﬂ(l) In other words, we can re-
place the four-vector potentials, A” or A, with the U(1)
gauge potential, EHU(l). If we replace A, with Eg(l) (by
considering the harmonic form of notation) then eq.(1)
becomes

EMU(l) =a, eV (15)

This is the U(1) gauge potential of the geometrical optics
in the (4 4+ n)-dimensions of unified space.

V. THE REFRACTIVE INDEX-CURVATURE IN
UNIFIED SPACE

In general relativity, light rays follow null geodesics'®,
i.e. the line-element of the "world” of space-time, ds,
vanishes . The null geodesics are the tracks of rays of
light Mathematically, the tracks of rays of light are
expressed in the Fermat’s principle.

To simplify the problem, the Fermat’s principle is for-
mulated in case of a static gravitational field ', isotropic
and spherically symmetric metric*’. The Fermat’s prin-
ciple is

(5/ ndr=20 (16)

The relation between refractive index and curvature
can be derived from the Fermat’s principle (16) as
below

1 . Vn
=N.— (17)
R n
where N is the unit vector along the principal normal, R
is the radius of curvature and n is the refractive inder.
We see from eq.(17), the rays are therefore bent in the
direction of increasing refractive index
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Fig. 1 The illustration of eq.(17).



In the geometry of (3+1)-dimensions of curved space-
time, eq.(17) can be written as**

Ryvpe = gNy 0,Inn, (18)

where R, is the Riemann-Christoffel curvature tensor.

We assume that the form of eq.(18) does not change
if we extent the formulation to the (4 + n)-dimensions of
unified space. So, we can say that eq.(18) is the relation
between refractive index and curvature in the (4 + n)-
dimensions of unified space.

VI. THE GAUGE POTENTIAL-REFRACTIVE
INDEX-CURVATURE IN UNIFIED SPACE

We see from eq.(15)
e = ég(l)a;1 (19)
Using Euler’s formula, eq.(19) can be written as

cosyp +isiny = Ef{“h;l (20)

To simplify the problem, we only take the real part of
(20), then eq.(20) becomes

cos) = éﬂ”a;l (21)

1 = arccos ég(l)a;1 (22)

Substituting eqs.(22), (13) into eq.(6), we obtain

g
+ct (23)

1
Py, = garccos (Ag(l) MV — 2t 8ﬂfnU(1)) a;l

Substituting eq.(23) into eq.(5), we obtain

0, {C arccos (Af{(UmU(U — lmU“) X aHmU“)) a;l
w g

+ ct}| = nu (24)

Substituting eq.(24) into (18), we obtain

9N, 0,1n |0, {E arccos
w
(00 L g0 524}
= Ruupo (25)

VIl. DISCUSSION AND CONCLUSION

We see from eqgs.(24), (25) that there exist the magnet-
ic symmetry (magnetic monopole) represented by mV®
in the geometrical optics, especially in the eikonal e-
quation (24), the refractive index and the Riemann-
Christoffel curvature tensor relation (25) where both are
formulated in the (4 4+ n)-dimensions of unified space.

Ag(l) and mYM) contribute to the refractive index

and in turn to the refractive index and the Riemann-
Christoffel curvature tensor relation. In other words,
the formulations of the refractive index, the refractive
index and the Riemann-Christoffel curvature tensor rela-
tion consist of the unrestricted electric (scalar) potential
of the U(1) gauge potential and the multiplet or the re-
stricted magnetic (vector) potential of the n-dimensional
U(1) group.

What does it mean physically that the refractive index
and the curvature are decomposed into the unrestrict-
ed electric (scalar) potential of the U(1) gauge potential
and the restricted magnetic (vector) potential of the n-
dimensional U(1) group?

Related with the gravitational lensing problem (when
the light passes near a massive mass object, the curva-
ture of space-time due to such a massive mass object
will deflect the light path), what is the consequence of
the decomposition of the refractive index to the angle of
deflection of the light path?
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