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Using the partial sums of the Alternating Harmonic Series
to prove the Harmonic Series diverges
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Abstract: In this article we shall use the partial sums of the alternating harmonic series
to (a) prove the harmonic series diverges, and (b) show that every harmonic number
greater than 1 is the sum of partial sums of the alternating harmonic series.

There are many ways to prove the harmonic series diverges. We shall give a novel proof
using the partial sums of the alternating harmonic series. Then we shall show that every harmonic
number greater than 1 is the sum of partial sums of alternating harmonic series.

The partial sums of the harmonic series are the (finite) harmonic numbers:

H —1+1+1+ +1 =123
n= 513 o forn=1,2,3,...

Related to the harmonic numbers are the partial sums of the alternating harmonic series:

Zn:(_l)k_l—l S O G =1,2,3
2 . = >t373 - , forn=1,2,3, ...

So we establish a connection between both partial sums.

Lemma:
2n 27’1 k_l 21’1—1
21_2(—1) +Zl =1,2,3
o . o forn=1,2,3, ...
k=1 k=1 k=1
Proof:
1+1+1+ + 1 +1 (1 1+1 + 1 1)
2 3 2n—1 2n 2 3 2n—1 2n

= -0+ ()4 -t ot g ) + (et )
= ( ) 2 2 3 3 2n—1 2n—1 on ' ogn

As an aside plugginginn = 1, 2, 3, ... gives us the following list of harmonic numbers:
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H—1+1—(1 1)+1
2 2 2
H,=1+ +1+1—(1 1.1 1)+(1+1)
4T T3 T 23 4 2
Hyo=1+ +1+1+1+1+1+1—(1 1+1 L 1+1 1)+(1+1+1+1)
8- " T2"3"4' 5 678" 2'3 4'5 6 7 8 23" 4

As shown below this listing of the subsequence {sz}:):l contains all that is required to prove the
harmonic numbers diverge.

Theorem 1: The sequence {H,};— is divergent.

Proof: As the identity holds for n = 1, 2, 3, ... we list the subsequence {HZk}ZO=1 as follows:

H—1+1—(1 1)+1
2= 2 2
H—1+1+1+1—(1 1+1 1)+(1+1)
N 2 3 4 2 3 4 2
_(1 1 1 1) u
Pttt
_(1 1 1 1) (1 1) 1
“\tzt3Ty) T
Ho=14-4+-+ +1+1+1+1—(1 1+1 1+1 1+1 1)+<1+ + +)
87 ""2"'3"4' 56 78 " 2'3 45 6 7 8 2 3 4
_(1 1+1 1+1 1+1 1)+H
- 2'3 4'5 6 7 8 4
—(1 1+ +1 1)+(1 1+1 1)+(1 )+1
B 2 7 8 2 3 4 2

Therefore, as each consecutive harmonic number has an additional partial sum on the r.h.s. the
subsequence {sz} is unbounded. Hence, the sequence {H,,} is divergent.

The proof above raises the question of whether every harmonic number greater than 1 is
the sum of partial sums of the alternating harmonic series?

Lemma A:

il—i(_l)k_l+zn:1 =1,2,3 A
v . P forn=1,23, ... 4)
k=1 k=1 k=1
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Proof:
1+1+1+ + ! +1 (1 1+1 + ! 1)
2 3 2n—1 2n 2 3 2n—1 2n
—a 1)+(1+1)+(1 1)+ +( ! ! )+(1+1)
N 2 2 3 3 2n—1 2n—1 2n  2n
—1+1+1+ +1
N 2 3 n
[
Lemma B:
2n+1 2n+1( 1)k1 n 1
Z Z ZE forn=1,23, ... (B)
k=1 k=1
Proof:
1+1+1+ +1+ 1 ( 1+1 1+ 1)
2 3 2n 2n+1 2 3 2n 2n+1
=(1 1)+<1+1)+(1 1)+ +(1+1)+( ! ! )
N 2 2 3 3 2n  2n 2n+1 2n+1
=1+ +1+ +1
N 2 3
[

Theorem 2: Every harmonic number greater than 1 is the sum of partial sums of the alternating
harmonic series.

Proof: Similar to the previous proof using A and B allows us to consecutively list the harmonic

numbers as follows:

H1=1=1
A):in=1 i1—1+1—<1 3+1
A)n= 2 = 5= 2
(B):n =1 H —1+1+1—(1 1+1)+1
= 3T LT3 273
(A):n =2 H—1+1+1+1—(1 L] 1)+(1+1)
= 4T ATy, 27371 2
—(1 1.1 1)+(1 1)+1
- 2 3 4 2
(B):n=2 H 1+1+1+1+1—(1 1.1 1+1)+@+1)
n= 5T AT T3T3 7S 2737475 2
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S R e T (o B
- 2'3 45 2
H. =1+ +1+1+1+1—(1 1+1 1+1 1)+(1+1+1)
6 2' 3456 2 3 45 6 23
—(1 1+1 1+1 1)+(1 1+1)+1
- 2'3 4'5 6 23
Hy=14+-+ +1+1+1+1—(1 1+1 1+1 1+1)+(1+1+1)
775727345 6 7 2 3 45 6 7 23
—(1 1+1 1+1 1+1)+<1 1+ )+1
N 2 3 4 5 6 7 2 3
He=1+ +1+1+1+1+1+1—(1 1+1 1+1 1+1 1)+(1+1+1+1)
87 ""2'3"4' 56 7 8 \" 23 45 6 7 8 2 3 4
—(1 ! il 1)+( 1.1 1)+(1 )+1
N 2 7 8 2 3 4 2
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