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Abstract: The purpose of this article as a continuation of development of the multiplical topic is
to find a solution for operation of differentiation and factorization of a function with points of
interruption, points where function turns to zero. The solution which allows restoring the
original function as result of reverse operation of integration and factorial-multiplication of
previously obtained derivative and factor-derivative respectively and with an appropriate
selection of an arbitrary multiplier B or addend C, respectively. As the result of the work made
new classes of function properties are introduced as function point properties.
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Introduction

Function critical points are function singularities (function interruption point), and considering
the factorials and the factorization, in addition are points where the function turns to zero.

The operations of differentiation and factorization are interrupted at function critical points, so
information about function characteristics at those points are not transferred to its derivative
and factor-derivative (hereinafter referred to as the first derivatives), that is, it is lost forever.
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As a result, with the reverse integration or factorial-multiplication, respectively, of the
previously obtained first derivatives, there is no way to restore the original function.

May be we should do nothing about it, but the given circumstance violates the mutual
invertibility of factor-derivative and indefinite multiplical as well as derivatives and indefinite
integrals or imposes restrictive conditions on the analyzed functions, and thus indirectly
violates the postulate of the mutual invertibility of factorial-multiplication and factorization as
well as integration and differentiation operations, for which it is worth fighting
methodologically, as | guess.

The goal is to develop a new extended logic for the above mentioned operations of
mathematical analysis, in the application of which the reverse operations would lead to the
effective restoration of the original function in the form of an indefinite multiplical or an
indefinite integral with an appropriate selection of an arbitrary multiplier B or addend C,
respectively, if not for all, then for a much larger number of cases, and which could be used in
practical applications.

The new logic implies existence of new properties for functions. In this case, we are talking
about the functions properties at dimensionless points, or the properties that has an effect
when passing through a point in the course of analysis. The general name of the class of such
properties is singular properties of functions at points. These can either be present at points of
analytically given functions in a natural way, in which case the analysis will show them, or they
can be applied to the points of functions both analytically and automatically in the course of
functions factorization and differentiation when certain circumstances occur. Common to the
singular properties of functions is that, when analyzed, their value does not depend in any way
on the differential of argument dx. The first and well-known example of the singular properties
is the discrete values in the definition of a function. Despite the fact that the latter does not
directly participate in analytic transformations described here, nevertheless, the discrete
definition falls under the definition of singular properties.

The new operation logic that takes into account the singular properties of functions finds its
notational reflection, which distinguishes it from the classical logic - the one that ignores the
singular properties of functions, both naturally present and applied.

Inclusive and exclusive states

Since we are talking about such properties of functions that are effective when passing through
points, it becomes necessary to determine the boundary of the analyzed segment, interval or
domain of the function with an additional indication of whether or not the considered
boundary point of the interval, segment, domain is included in the corresponding interval,
segment, domain, which is true for both (right and left) end boundary points, except for cases
when there is simply no boundary point or both at once, when the function domain has no
boundary and goes to infinity. Thus, the definition of the border includes not only the
coordinate of the point of this border, but also information about the state: inclusive or not



inclusive (exclusive), which should be reflected in the notation when writing coordinates.
Speaking about the inclusion or exclusion of points in the interval, one should not take this
figure of speech literally, because it makes no sense to include or exclude a dimensionless
something (points). In this case, we are talking about taking into account (inclusion) or not
taking into account (exclusion) the corresponding singular property of the function at a critical
point in the process of analyzing the function in one of its two directions: upward or downward
of the function argument. The inclusive/exclusive state for the substituted value of the function
argument also becomes decisive in the approach under consideration.

For the segment right boundary point the state included in the segment implies the position of
the segment boundary when it infinitely approaches the boundary point from the right, and the
state excluded in the segment implies the position of the segment boundary when it infinitely
approaches the boundary point from the left, and for the left boundary point it is the other way
around, included in the segment implies the position of the segment boundary when it
infinitely approaches the boundary point from the left and not included in the segment implies
the position of the segment boundary when it infinitely approaches the boundary point from
the left. This example describes the principle of the relative state inclusive / exclusive, what
about a specific segment.

In the circumstances that the analysis of functions is carried out along the entire abscissa axis,
with potential division of the analyzed domain into adjacent segments located at the junction
with each other, without gaps and overlaps, when the left border of one segment
simultaneously means the boundary of the segment following it and adjacent to it (coincides in
its definition: the coordinate of the point + inclusive/exclusive), it is necessary to switch to the
principle of an absolute, non-segment-centric state of inclusion or exclusion points in intervals,
segments and domains, otherwise the conflict of the latter in the “struggle for common points”
is inevitable ".

The special notation for the absolute state inclusive/exclusive for the value of an argument or
for the coordinate of the boundary of an interval, segment, domain is taken as follows:

e Absolutely inclusive x: [x]

e Absolutely exclusive x: (x)

Since there are discrete functions that return their values only at Absolute state
points, and the function analysis is carried out in the direction of X
growth of its argument by the default, the rule that the absolute state *
inclusive or exclusive for the coordinates of points, boundaries of (x) [x]

intervals, segments, domains of functions coincides with the above-

described relative state inclusive or exclusive for the right border of the segment. At the same
time, as a consequence of the above reasons, the rule implies an absolute inclusion state by the
default for substituted values as a function argument for specifying the coordinate of a point, or
boundaries of intervals, segments, domains, including as a definition of integration and
factorial-multiplication segments, if another state is not indicated specifically. Expression f(x) is



equivalent to expression f([x]), where both imply inclusive x, which distinguishes them from
expression f((x)), which implies exclusive x.

Note: The default inclusive state rule does not apply to a passed function argument at points
where a discrete value definition is present. For such points, the expression f(x) will return a
discrete value at the point x. In order to get the value of the continuous definition of the
function when approaching the point from the right (if any), you need to give the function an
explicit indication of the on state: f([x]).

Switching to measurement and taking into account the absolute state inclusive or exclusive for
points on the abscissa axis and choosing one of the states as the default state under the
conditions of analysis that takes into account the singular properties of functions, leaves valid
the following equations of Multiplical concept article: 4; 5; 7.1; 7.2, and valid in the form in
which they are presented. Similar equations for definite integrals also remain valid under the
conditions described.

Taking into account the state of the point inclusive or exclusive, special binary operators for
comparing two coordinate values are introduced, which define the state inclusive as greater,
and the state exclusive as less, in case if both compared values have the same numerical values:

[x] > x > (x) true,
(x) =< x =< [x] true,
(x) =< (x) false,
(x) < [x] false,

where >= is more, taking into account the state; =< is less, taking into account the state; > is
more stateless; < is less stateless; x is absolute coordinate of the point, [x] is absolutely
inclusive x; (x) is absolutely exclusive of x.

Other signs that take into account states: 2= is equal and greater; =< is equal or less.
Equalities and inequalities of coordinates with states:
(x) = (x) true,
(x) === (x) true,
(x) = [x] true,
(x) === [x] false,
(x) <=> [x] true,
(x) V=== [x] true,
(x) <> [x] false,

(x) '=[x] false,



where = is stateless equality; === is stateful equality; !"== and <=> are stateful inequality; !=and
<> are stateless inequality.

Arithmetic operations with coordinates ignore states inclusive or exclusive, and the return
result of such operations is simply a number, and is identical to the length of the interval, or the
coordinate of a point without the specified state:

[x] = (x) = O true.
Functions to operate with states:
St = get_state(x), (19.1)
X; = set_ state (xo, St), (19.2)

where get_state is a function that returns the state of the passed x coordinate as follows: =1 is
coordinate exclusive, +1 is coordinate included, 0 is stateless point or just a real number, null is
error; set_state is a function that returns the x; coordinate with the state St and xq position.

Natural singular properties

Singular factorial and singular differential are values that are present at any point of a
function, including the function critical points, numerically describing the change in the function
from one of its value, which is exclusive at the point, to its other value, which is inclusive at the
point when passing through the points in the direction of growth of the argument and are
determined as follows: the singular factorial as ratio of function value at point inclusive to
function value at point exclusive, the singular differential as difference of function value at
point inclusive to function value at point exclusive:

sff(x) = S (20.1)

()
sdf (x) = f(0) - f((®),  (20.2)

where sff(x) is the singular factorial of the function f(x) at the point x; sdf(x) is the singular
differential of the function f(x) at the point x.

Through the mediation of the function f, there is interdependence between the singular
factorial and the singular differential, but only if the hypothetical division by zero operation (in
the case of critical points) in the following equations does not prevent this:

sdf () = £(00) /00 — () = ) -2, @1
_safm - f(@) _ f@
Y () B (€ R e



The singular factorial and the singular differential can be characterized as function singular
increments of the second and first order, respectively.

At non-critical points, the singular differential is 0, and the singular factorial is 1 by definition.
This condition is necessary and sufficient. At these points, the described singular properties are
not informative.

A finite value different from 1 for a singular factorial and from 0 for a singular differential takes
place in function interruption points, but only if the function values at the point on both its
sides are within the allowed range that is they are defined finite and for defining the singular
factorial are not zero in addition. In such case the singular factorial and the singular differential
are informative at the point and they numerically describe the interdependence between the
two function domains separated by the interruption point, the singular differential describes
the absolute difference of function values, the singular factorial describes the relative
difference of function values.

Natural singulars The diagram shows the described case with an interruption of the

function at x=0. Despite the fact that the singular increments are
not being explicitly indicated, because there is no need for, since

the graph of the function is self speaking, indirectly indicates the
0,5

values of the natural singular properties, nevertheless, for clarity,
the singular factorial is indicated in this diagram as circle, and the
singular differential is indicated as diamante and they have visibly

informative values there.

The stored value of this numerical relationship between the

o function domains separated by a critical point is necessary to

restore the function in a reverse factorial-multiplication or reverse

T integration of its factor-derivative or its derivative respectively. In

-0,5 0 0,5 Process of the mentioned operation the continuous definition of

the function respective first derivative in the vicinity of the critical

point can be excluded and replaced by the stored numerical value as a multiplier or as an

addend of the intermediate result of the operation being performed. Thus, despite the obvious

gap of the factor-derivative or derivative with values that are out of the allowed range at the
point, the described technique allows us to effectively restore the function.

If the function value on one or both sides of the point when approaching it are out of the
allowed range then the singular factorial and differential are indefinite, informative. Further
analysis based on the singular differential is not possible in the case, and it is not possible to
restore the function as a result of the reverse integration of the function derivative. But if the
analysis is based on the singular factorial then the one can numerically relate the values of the
function measured on both sides of the critical point at the same (symmetrically with respect to
the point) and infinitely small distance from it. In other words, find a factorial of a function, as
its change with a change in the argument from one of the measurement points to another. In
view of the fact that the measurement points are located at an equal distance from the critical
point x, this factorial can be characterized as a symmetrical factorial:



iff(x 9 = Lot ) o
siff (x,dx) = ———=, .

f(x—dx)
where x is the coordinate of the critical point; dx is module of an infinitesimal distance from
measurement points to the critical point x; siff is the function symmetric factorial as a function
of the coordinate x and the module of the infinitesimal distance from measurement points to

the critical point x.

The previous ratio can be converted into a product of two multipliers: a finite non-zero
proportionality factor V and in general an infinitesimal or infinitely large value which depends
on the distance from measurement points to the critical point. Both multipliers are properties
of the object - the hyperbolic singular factorial as a natural singular property of the function at
the point:

hsff(x) = {V,H(dx)} (22.2)
siff(x dx) = V- H(dx) = hsff(x).V- hsff(x).H(dx),  (22.3)

Example:
hsff(x) = { —5,dx* } (22.4)

siff(x,dx) = =5 -dx!  (22.5)

where hsff is a hyperbolic singular factorial of the function f; V or hsff(x).V is the value of the
hyperbolic singular factorial of the function f at the point x as its property; H or hsff(x).H is the
hyperbolizer as a function of the modulus of the distance dx of the measurement points of the
function values from the point x and as a property of the hyperbolic singular factorial of the
function f at the point x; dx is the hyperbolization arm as the hyperbolizer argument.

The value of the hyperbolic singular factorial indicates the value of the proportional relation
between the domains of the function separated by a critical point.

The hyperbolizer has such a name, because with an infinitesimal value of the hyperbolization
arm, it returns an infinitely large or infinitely small value, and even possibly raised to some
finite power. When numerically solving definite multiplicals, the hyperbolizer returns
sufficiently small or sufficiently large values, depending on the size of the hyperbolization arm
and its possible exponentiation. The return value of the hyperbolizer is always positive, since
the arithmetical sign of the symmetrical factorial is always bound to the value of the hyperbolic
singular factorial V. The hyperbolizer cannot be zero or undefined, since such symmetrical
singular values are assigned to the value of the hyperbolic singular factorial.

The hyperbolizer describes the order of incommensurability (not parity) of function values on
both sides of a critical point when approaching it to the limit. Incommensurability is a general
case of function properties at critical points. If the values of the functions on both sides of the
critical point are commensurate (parity), then the returned value of the hyperbolizer is 1, in
which case we can talk about a unit hyperbolizer, and in this case the symmetric factorial is
equivalent to the singular factorial at the function point, and this case is special. Such cases
take place for finite non-zero function values at a critical point on both sides of from it, as
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shown in the previous diagram, and also if on both sides of the critical point the function is
represented by the same analytically given constituent functions, differing only in their
multipliers.

The hyperbolizer as a multiplier of the value of the hyperbolic singular factorial, hyperbolizes it,
thereby justifying the names of this class of natural singular properties. This actually explains
the methodological division of the symmetrical factorial into two multipliers, one of them is a
conditional constant that does not depend on the hyperbolization arm, and the other is a
conditional variable that depends on the arm of the hyperbolizer only, and which has its direct
decisive value when carrying out factorial-multiplication using arbitrarily chosen size of the
factorial-multiplication element.

As an example, consider a hyperbolic singular factorial at the junction (at a critical point) at x =
0 of two different power polynomials as constituent functions. Based on the general
formulation of the problem both functions do not necessarily have finite non-zero values at
critical point. They represented by the following equation, with different values of multipliers of
terms and exponents for x in the general case:

N
fx) = Zbi -x%,for a; €Z, (23.1)
i=1

N
f(x) = sign(x) - Z bi-|x|%,fora; €R. (23.1)
i=1

where N is the number of power terms in the definition of the constituent function; b; - i-th
term multiplier; a; is the exponent of the argument x; sign — function that returns =1 in case if
the passed argument is negative, otherwise returns +1.

When approaching a critical point infinitely close (x = 0), the decisive value of the function will
be the term with the minimum value of a;from among those with a finite non-zero value of b;.
When x tends to zero, the components of the value of functions from other terms with higher a;
and finite nonzero b, regardless of the size of the latter, can be neglected, in view of the ratio of
these components of the value of the function to the component of the value of the function
from the decisive term tends to zero. So, if the decisive term is with negative a;, then the value
of the function at a critical point is not defined and it tends to infinity in absolute value as x
tends to the point, and if the decisive term is with positive a;, then the value of the function at
a critical point is equal to zero and tends to zero as x tends to a point. If the decisive term is
with zero a;, then the value of the function at a critical point is equal to b, a finite non-zero.

The value of the symmetrical singular factorial at a critical point at x=0:
For integer a;:

f(+dx) by - (+dx)%

PG = 2 a0 = by - (a0

b
= sign(—|a;|%2) -b—’f cdx@ca) 0 (23.3)
J

For real a;:



siff (x,dx) = fOd) _ +by - dx = —b_’f - dx(@x—ay) ) (23.4)

f(=dx)  —b; - dx? b;

where j is the index of the decisive term of the constituent function, which is before the critical
point; k is the index of the decisive term of the constituent function, which is after the critical
point; % is the division remainder operator.

Properties of a hyperbolic singular factorial:

b
hsff (x).V = sign(—|a|;%2) -b—" fora; € Z, (23.5)
J
by
hsff(x).V = —= fora; € R, (23.6)
]
hsff (x). H(dx) = dx(a3), (23.7)

For constituent functions represented by a power polynomial with natural a; including 0, the
definition of a hyperbolic singular factorial can be expressed in terms of the finite values of the
constituent functions derivatives at a critical point on either side of it, both inclusive and non-

inclusive:
. fetdy PG
Slff(X, dX) = m = 51gn(—] A)Z) : m : ka ), (238)
NP ) -t
thf(X)V = Slgl’l(—] A)Z) : m, (239)
hsff(x). H(dx) = dx¥J, (23.10)

where k is the ordinal number of the first found derivative of a non-zero final value at the point
x inclusive; j is the ordinal number of the first found derivative of a non-zero final value at the
point x exclusive; f'y(x) is the value of the derivative of the ordinal number k at the point x
inclusive; f'j((x)) is the value of the derivative of the ordinal number j at the point x exclusive.

For the purpose of the notation universalizing the function f itself is understood as a conditional
derivative of the zero ordinal number or the conditional 0™ derivative and the value of the
expression 0! is taken equal to 1 as the result of the product of the zero number of multipliers.
The enumeration of derivatives is carried out up to the first one found with a non-zero final
value in the direction of growth of their ordinal number, starting from zero. The first derivatives
found with non-zero finite values, in this case under the ordinal numbers j and k, are the
decisive derivatives for their respective function domains, since the increase in the derivatives
of higher ordinal numbers can be neglected if dx tends to zero.

Since, the function value is negative to the left of the critical point for an odd exponentiation of
the decisive term or for an odd ordinal number of the decisive derivative, and also since the
positive symmetric factorial must describe the numerical proportional relationship of the pair
of function values of the same arithmetic sign on both sides of the critical point (without
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passing through x-axis), and negative, on the contrary, the different arithmetic sign (with x-axis
crossing), the result of the ratio is multiplied by =1 , which is reflected in the multiplier as the
returning value of the sign function.

If the function value on one of the sides is finite non-zero, that is in case of the polynomial at a;
=0 or ax =0 or in case of the function’s conditionally zero derivative being decisive (k=0 or j=0),
and since this value, in turn, does not depend on the size of dx, then on the corresponding side
the module of the interval between the function value measurement point and the critical
point can be greater or less than the same on the opposite side, or even equal to zero. The rule
of symmetry of the positions of the function values measurement points relative to the critical
point can be violated in this case, and then the module of the interval on the side of the critical
point, where the value of the function is determined by the derivative of the ordinal number
from one and higher, is substituted as dx.

Note: It should not be assumed at all that the hyperbolizer is an exclusively power function, as
in the above example with a power polynomial, since the described is a special case. So, for
example, the constituent function may be logarithmic, thus the logarithm will be present in the
hyperbolizer definition. Nevertheless in general a successful finding hyperbolic singular factorial
via analysis of the constituent functions derivative values at the critical point, that is the
confirmed fact of their finite non-zero values there, makes the hyperbolizer definition to be
exactly a power function in deed.

On the diagram, colored thick lines indicate graphs of the Hyperbolic

continuous function definition of two domains on both sides 2 smgularfactorlals

of the critical point in a form of power polynomials with

natural exponents. Thin lines indicate the component of the 1,5

function value from the decisive term or, in other words, the —

function growth from the decisive derivative measured in the 1 | .

critical point on the corresponding side of it, with the |

exponent of the term or with the ordinal number of the 05 | N

derivative, respectively, as follows: red - zero (the function ‘

itself), orange - the first, green - the second. On both sides of 0

the critical point at points with coordinates along the x-axis

-1 and 1, components of the function values from the 03 s \
decisive terms were measured, or in other words, the growth 1 O——

of the function from the decisive derivative was measured. ~
Small one-color bullets located at the intersection of the thin 15 +

lines with the grid lines of the coordinate system at marks -1 1 0,5 0 0,5 1

and 1 reflect the result of the corresponding measurement. The ratio of Y coordinate values of
all pairs of the small bullets of different colors are numerically reflected as the Y coordinates of
large bullets, which are located in the coordinate x of the critical point, as a graphical reflection
of the point property. For them, the outer color of the bullet is associated with the function
domain to the right of the critical point, and the inner color is associated with the function
domain to the left of the critical point. Thus, the numerical relation of the function domains in
the vicinity of a critical point is reflected, arising from the corresponding pair of terms or from
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the corresponding pair of derivatives. Since the arm of the hyperbolizer dx = 1 in the diagram,
and therefore the return value of the hyperbolizer is one, these values would point to the
values of the hyperbolic singular factorials if the terms or the derivatives whose graphs are
displayed as thin lines of the corresponding colors would be decisive. The values of large single-
color bullets do not depend on dx, since in this case pairs of identical functions join at a critical
point and the value of the hyperbolizer for such a pair is equal to one regardless the dx size.

The singular factorial of a function is a special case of the hyperbolic singular factorial, and the
hyperbolic singular factorial as a concept is a hyperbolic extension of the concept of a singular
factorial. Probably here it is worth noting that the concept of a singular differential cannot
fundamentally have its own hyperbolic expansion since this does not make sense. An evidence
of this is also the fact that the concept of zero-order derivatives is principally absent, in contrast
to how the existence of the concept of first-order derivatives (one order lower than the order
of a singular factorial) gives sense to the concept of a hyperbolic singular factorial as it is
described above. Concepts and entities of higher orders are based on concepts and entities of
lower orders, and we can only recognize the higher and lower orders in entities and concepts.
This is the philosophy of mathematics, which once again brings us back to its source - to the
concept of a hyper-operator.

Singular factorial and singular differential, as well as the hyperbolic singular factorial, are
inherent natural singular properties of functions at points revealed by analysis, they cannot be
removed from the function definition and cannot be added to it as they are not part of it, but
they depend on it.

Applicable singular properties and logic of factorization and differentiation
taking into account applicable singular properties

According to the updated logic of the operations of factorization and differentiation of
functions, when these operations pass through critical points, the hyperbolic singular factorial
or singular differential existing at such points and belonging to them, respectively, is
automatically copied into the applicable singular properties of the functions, respectively:
hyperbolic singular multiplier or singular addend, generally named as applicable singulars, and
are automatically applied to the generated, respectively factor-derivative or derivative at the
appropriate points and by this becoming applied singulars. Thus, the operation of factorization
or differentiation of a function is not interrupted at critical points of the respectively modulated
or differentiable function:

hsmf*(x) = hsff(x), (24.1)
hsmf (x) = hsfF*(x), (24.2)
saf’(x) = sdf (x), (24.3)
saf(x) = sdF(x),  (24.4)
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where hsmf(x) is the hyperbolic singular multiplier of the function f at the point x; saf(x) is the
singular addend of the function f at the point x; f° - factor-derivative of the function f;, f' -
derivative of the function f; F* factor-anti-derivative of the function f; F is the anti-derivative of
the function f.

It seems important not to confuse natural singular properties with applicable ones, despite the
identity of the content of one and the other, since they exhibit their properties in different
ways, nevertheless determined by the common content. So, unlike natural singular properties,
applicable singulars are part of the function definition, they can be added (to be applied) or
removed from the function definition, changing the latter in this way. Adding or removing an
applicable singular changes the first or second order anti-derivatives and derivatives according
to the type of applied singular.

It is proposed to graphically display the applied singulars on the diagrams as part of the
function definition as follows: the x coordinate is the position of the singular; the y coordinate
is the numerical value of the singular. Singular sign in the diagram: singular addends - "+",
hyperbolic singular multipliers - "X”. The crosshairs of the signs must accurately indicate the
position of the singular on the diagram (x-coordinate and numerical value in y).

For a hyperbolic singular multiplier the definition of a hyperbolizer is indicated on the right and
above its sign, but only if the hyperbolizer is not unit. If the hyperbolizer is a power function,
then it is allowed to indicate only the exponentiation at dx, while omitting dx itself. Examples:

xIndx (25.1)
I o %2, (25.2)
X", (25.3)

where h is a function — hyperbolizer which definition can be given additionally, for example in
cases where the latter is simply bulky.

When the continuous function definition and the applied singulars describe different physical
quantities and/or have different physical dimensions, for example, the Power (Watts) and the
Energy or Work (Joules), respectively, if the Time (seconds) is an argument, or there is a
different numerical order of values of the continuous function definition and singular values,
then the diagrams are supposed to use two mutually independent Y scales, separately for the
function continuous definition and for the applied singulars.

Similar to the factorial-multiplication, when factorizing, the function domain can be divided into
several constituent domains with analytically given functions and their separate factorization
can be performed.
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Building a factor-derivative In the example, the construction of the

out of consistuent functions - .
3 factor-derivative (magenta) for a function

(black) is divided into domains by break

23 \ points and three critical points of the

2 \ function. At the break points of the

\ \ function, as expected, its factor-derivative

15 e is interrupted. Also, as expected, the graphs

1 p of the factor-derivatives of the domains are

\/ / located above the x-axis, which allows

0,5 reverse factorial-multiplication of the

0 N factor-derivative to restore the function. In

X / this regard, the function interruption at

0,5 / x=1.5 and x=2 and function critical point at

1 x=3.5 where the function crosses the x-axis,

1 both cause interrupting the factorization

-1,5 process with the loss of information about
0 o5 1 15 2 25 3 35 4

the change in the function at the those

—f —f=1 —f=2 —f=3 —f=4 —f=5 f*6 —f*6 x hsf

critical points.

At the points x=1.5 and x=2 , the function has singular factorials as ratio of the finite non-zero
value of the function to the right of the respective point to the finite non-zero value of the
function to the left of the respective point:

f([1.5])  1.41421
f((1.5))  1.06066

faz) -1
@y E s @22

sff(1.5) = = 1%, (42.1)

sff(2) =

Specially the point x=1.5 represents a good example of how a presence of a singular multiplier
at function (the factor-derivative in our case) point causes an interruption of its multiplical (the
analyzed function in our case) at the same point even though the function itself (the factor-
derivative in our case) has no interruption at this point.

At the point x=3.5, the function has a hyperbolic singular factorial that is determined by finite
non-zero values of the function derivatives, including the function itself, at the point x=3.5 on
both sides of it:

hsff(3.5) = {sign(—l%Z) f(3.5) - 1 -dxo‘l}

F((3.5))-0!’

_ { 0.66943 - 1

hohba S | (Y . o1
o5 & } {—1.33887;dx"'}. (42.3)

Factorizing the function domain at critical points, taking into account the singular properties of
the functions, applies corresponding hyperbolic singular multipliers to the factor-derivative. In
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the process of the reverse factorial-multiplication of the factor-derivative at infinitely close
approximation to the point x=2, the finite non-zero intermediate result of the factorial-
multiplication is multiplied by the finite value of the singular at this point, and at infinitely close
approximation to the point x=3.5, the infinitely small intermediate result will be multiplied by
product of the singular finite value and the hyperbolizer return value, which is, in this case,
equals to the size of extremely small interval to the interruption point (hyperbolizer arm),
raised to the power of —1, that is, the intermediate result is multiplied by an infinitely large
number, and as a result become non-zero and finite. Also, the proportion of the relative
distance to the x-axis for the locus of points of the indefinite multiplical of factor-derivative and
the same of the initial function is preserved, which makes the indefinite multiplical of the
factor-derivative be identical to the original function when choosing and coordinating arbitrary
factors B.

Working with applicable singulars using helper functions

In addition to the automatic generation and application of applicable singulars to functions in
the process of factorization and differentiation, these singulars can also be applied to functions
in an analytical way, using the universal “apply” method, which accepts a singular directly or
generates it according to data submitted to the method: singular type, its numerical value and
hyperbolizer (the hyperbolizer is only for the hyperbolic singular multiplier, which is assumed to
be y=1 by the default, hereinafter information about the hyperbolizer, which is given in these
brackets is not mentioned, but is meant). The application of singulars is possible both ways by
one singular per call of the “apply” method, and by an array, where the coordinates x of the
points of application of singulars are the array keys:

apply(f, x,s),  (26.1)
apply(f, x, V, T, [H] ),  (26.2)
apply(f, array), (26.3)

where f is the identifier of the function as the target of the object's application; x is the value of
the function argument - point as the target of the object’s application; V is a real number as the
numerical value of the singular to be applied; s is the applicable object; T is the type of the
applicable object with the following possible constants: "D" - discrete value for the function
point; "SA" - singular addend, "HSM" - hyperbolic singular multiplier; H - hyperbolizer; array -
an array of objects to be applied at the given coordinates x of their application in the function.

The “apply” method works on the principle of replacing an existing object with a newly applied
object in cases where the latter has the same setting criteria as those already existing in the
function definition: the x coordinate (the new one is placed at the existing one location point)
and the object type (the new object matches the existing one type ). Two or more objects or
singulars of the same type cannot exist at the same point of the function.
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Separately, it is worth clarifying that placing a discrete value in the definition of a function at a
point will override the continuous definition of the function for this point, if it existed there, but
will not lead to an effective interruption of the function when doing differentiation or
factorization and integrating or factorial-multiplicating, as it is shown by example of factorial-
multiplication of y = |bn| - |x|" at the zero point, but will cause the function to return this
discrete value when it is called, submitting the coordinate of the requested point without
explicitly specifying the inclusive or exclusive state.

The given singular can be removed from the function definition using the universal function
"remove" according to the submitted singular setting criteria to the method:

s = remove(f,[xo,[x:]1,[T]),  (27)

where X is the coordinate of the object for a single removal, or the first of the coordinates of
the removal interval; x; is the second coordinate of the removal interval; T - type of function
definition - the object of removal: "V" - continuous function definition, coupled with discrete
function definition; "C" - continuous function definition; "D" - discrete function definition; "SA"
- singular addend, "HSM" - hyperbolic singular multiplier; s is entity to be removed, as object or
as function.

If one does not submit the type of the object to the “remove” function, then the entire existing
definition is being removed from the function. If an interval is passed to the “remove” function,
then the specified function definition object type is being removed within the specified interval,
if neither the object coordinate nor the interval is passed, then the specified function definition
object type is being removed in the entire interval from —eo to + o=. If one coordinate is passed
to the “remove” function, then an object of the specified type will be removed at the specified
coordinate: singular or discrete function definition. The “remove” function returns the
removed object, or null, if the latter is not found in the function definition according to the
passed setting criteria. In case of multiple removal of objects of the specified function definition
object type by the specified interval, or the same, but without specifying the interval, then the
“remove” function returns a function created with all objects of the specified function
definition object type that are removed: continuous definition and/or, discrete values in points,
all singulars of the specified type in relation to their original coordinates.

The "create_singular" function transforms a passed real number or a discrete values of a
function definition, which are passed as an argument, respectively, into the value of the
applicable singular created and returned or into the values of one or more applicable singulars
in the function created and returned in relation to original discrete values coordinates, and all
having passed singular type and hyperbolizer:

a = create_singular(V, T, [H]), (28.1)
fi = create_singular(fo, T, [H]), (28.2)

where V is a real number as the numerical value of the returned singular; fo is a discretely
defined function; f; is a function containing singulars.
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The "merge" function merges several functions into one and returns the result of the merge
made:

f= merge(flr [fZI [f3r . [fn]]])r (29)
where f —result function; f,, f,, f3.. f, — functions to merge.

The “merge” function works on the principle of replacing the function definition to the right
with the function definition to the left in the list of passed arguments, acting in the direction
from left to right along the list. Discrete values, singulars with matching setting criteria, and
overlapping domains of continuous function definition are subject of substitution.

The "extract" function extracts a part of the definition of a function of the specified function
definition object type at the specified point or specified interval, and returns the result of the
extraction as a function:

s = extract(f,[xo,[x4]],[T]). (30)

The returned object, the set of arguments and the logic of their processing of the "extract"
function completely coincides with that of the "remove" function. The only difference between
the "extract" function and the "remove" function is that "extract" does not modify the function
passed as an argument.

In order to find the first singular and its coordinate in the function definition, the following
functions are called:

s =find_one (f, [xo,[x1],T), (31.1)
x = find_one_coordinate (f, [xo,[x1],T), (31.2)
where s is an object (singular); x - coordinate of the object (singular).

The functions "find_one" and "find_one_coordinate" search in the direction from xo to x; until
an object of the specified type is encountered. The set of arguments and the logic of their
processing of functions completely coincides with that of the "extract" function. The only
difference between these two functions and "extract" function is that they do not return a
function under any circumstances.

All of the listed helper functions that accept intervals support the submitting of interval
boundaries with the specified absolute state inclusive or exclusive and with the absolute state
inclusive by the default.

The hyperbolic singular multiplier and singular addend applied to the functions do not exhibit
themselves in any way during an ordinary function call with the specified argument value
corresponding to the position of these features, they are in a hidden state. In order to explicitly
get their numerical value, type and hyperbolizer, one needs to call the following functions,
respectively, passing them a singular as an argument:

V =singular_value(s), (32.1)
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t =singular_type(s), (32.2)
H = singular_hyperbolizer(s), (32.3)

where s is an object (singular); T - type of object (singular); V is the numerical value of the
object (singular), H is the singular hyperbolizer.

If undefined is passed to the "singular_type", "singular_value", and "singular_hyperbolizer"
functions as an argument, they also return undefined. The "singular_hyperbolizer" function
returns undefined in case if a singular addend is passed as a singular. Also one can get the value
of a singular or its hyperbolizer by directly referring to its property: V=s.V; H = s.H.

Algorithm for calculating defined multiplical and defined integral taking into
account applied singulars

Operation constants:

Common for factorial-multiplication and integration:

dox — positive infinitely small or small enough when applying numerical method;
Only for factorial-multiplication: T ="HSM”, N = 1.

Only for integration: T ="SA”, N = 0.

Input variables:

Common for factorial-multiplication and integration: f1, f>, Xo, Xi.

Setting the initial state of the variables: x¢ := Xo, g := X1°< Xo? =1:+1, R:= N.

Executing following actions of the present paragraph in the given order in a loop till x0 <=> X1
and R is finite and not equal to In(N):

Common for factorial-multiplication and integration:
X1" 1= Xo = X1 ? set_state(Xy, g) : set_state(g - xo+dox > g X1? X1: X0+ g - dox, —g) (33.1),
Xc 1= Xp = X1 ? undefined :
(find_one_coordinate(fl, Xo, X1', T) | | find_one_interruption_coordinate(f5, Xo, x1’)), (33.2)
Only for factorial-multiplication:

i=|x1-%ol /22 [xc—Xo|, (33.3.1)

X1 =X ? (Xc =Xo ? set_state(2 - xo — x1’, —8) :
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(xC =x.'? set_state(x{’, g) :set_state(z “Xe— (i ? X0 : X1), —g))) 1 Xy, (33.4.1)

Only for integration:
i:=x.=%o, (33.3.2)
X1:= X ? set_state(xc, iv”g: —g) :x1, (33.4.2)
Common for factorial-multiplication and integration:
dx := X1 — %o, (33.5)
s :=i ? find_one(fs, Xo, X1, t) : undefined, (33.6)
V :=singular_value(s), (33.7)
X:=i?X:(X1+X0) /2, (33.8)
Only for factorial-multiplication:
H :=singular_hyperbolizer(s), (33.9)
dhx := sign (ln(H(dOX))) “g7X1- X X - Xo, (33.10)
tsf = (V-H(dpx))®, (33.11.1)
thi= (0 '] L™ - f(x)%/2, (33.12.1)
R:=R- (tsf|| tf), (33.13.1)
Only for integration:
tsd(x) =V-g, (33.11.2)
td == fo,(x) |'| f(xo) dx/2 + f(x1) dx/2, (33.12.2)
R:=R+ (tsd || td), (33.13.2)
Common for factorial-multiplication and integration: xo := x;. (33.14)
Returning the result: R.

where dox is the nominal element of factorial-multiplication or integration, sets the length of
the corresponding value; T is the type of the applicable singular; it depends on the operation
being carried out: factorial-multiplication or integration; N is a neutral element which depends
on the operation being carried out; f; is a multiplicand or integrand function containing
hyperbolic singular multipliers or singular addends, respectively; f, is a multiplicand or
integrand function containing a continuous function definition; Xo is the absolute beginning
boundary of the factorial-multiplication or integration segment; X; is the absolute ending
boundary of the factorial-multiplication or integration segment; := - assignment sign, value to

the right of itself is set to variable to the left of itself; xo is the absolute beginning boundary of
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the factorial-multiplication or integration element; {..} ? {..} : {..} is a conditional operator that
works according to the scheme: {questioned statement} ? {expression in case of truth} :
{expression in case if false}; g - sign of the element of factorial-multiplication or integration, at
the same time it is an indicator of the direction of factorial-multiplication or integration,
respectively: +1 in the direction of the growth of the argument, —1 in the opposite direction of
the direction of the growth of the argument; R is the result of factorial-multiplication or
integration, and also the intermediate result of factorial-multiplication or integration,
respectively; x;’ is the absolute preliminary ending boundary of the factorial-multiplication or
integration element; || - sign of the enumeration operator, returns the value to the right of
itself, if the value to the left of it is not defined, otherwise it returns the value to the left of it;
find_one_interruption_coordinate(f, xo, X1) - a function that returns the absolute coordinate of
the first interruption of f, within the boundaries of the specified interval from xq to X3, searching
in the direction from xq to X3; X. is the absolute coordinate of the applied singular in f; or the f,
interruption; i — indicator of singular inclusion or function interruption in the operation
element; x; is the absolute ending boundary of the factorial-multiplication or integration
element; s is the applied singular; V is the singular numerical value; x is the absolute coordinate
of the conditional middle of the factorial-multiplication or integration element; dx is the
effective element of factorial-multiplication or integration; dyx - part of the factorial-
multiplication element - the hyperbolization arm; H is the hyperbolizer; tsf — technical singular
factorial of the factor-anti-derivative; |!| - sign of the negative enumeration operator, returns
the value to the left of itself if it is not defined, otherwise it returns value to the right of itself; tf
— technical continuous factorial of the factor-anti-derivative; tsd — technical singular differential
of the anti-derivative; td is the technical continuous differential of the anti-derivative.

Note: functions f;, f» can be represented by one function. In present case, the explicit
separation to two functions demonstrates the fundamental possibility of calculating over two
separate functions.

Explanation of the algorithm for calculating a definite multiplical and integral
taking into account applied singulars

Factorial-multiplication or integration (hereinafter referred to as the operation) begins with
setting the initial state: the beginning boundary of the first element of the operation xqis set to
the beginning of the segment of the operation Xq. The intermediate result R is set to a neutral
number N. The direction of operation relative to the direction of the x-axis is determined by
means of determining the indicator of the direction of operation g.

The iterations of the loop are repeated till the intermediate result of the operation does not go
beyond the allowable values and till the initial boundary of the operation element is less than
the final boundary of the operation segment, taking into account the absolute state of the
boundaries (inclusive or exclusive). Further explanation is given on the example of the forward
direction of the operation, which is in the direction of growth of the argument. And here it is
necessary to clarify that if considering the operation in the opposite direction then the
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described absolute states of the boundaries change to the opposite: inclusive to exclusive, and
exclusive to inclusive, which g is responsible for.

At the beginning of each cycle, based on the nominal size of the operation element, the
preliminary ending boundary of the operation element x,’ is determined. The ending boundary
of the segment of the operation is taken into account here. By default, the ending boundary of
the operation element is defined as exclusive, except for the case when the beginning
boundary of the operation element with the state exclusive coincides in coordinate value with
the ending boundary of the segment of the operation with the state inclusive, by other words,
when the last element of the operation contains only a transition through point of the ending
boundary of the segment of the operation.

After determining the preliminary ending boundary of the operation element, a check is made
for the presence of applied singulars of f; inside this element, and if they are not found, then a
check for the presence of f, interruptions inside this element, and in that order, and the
coordinate of such a point x. is extracted, if it is found. If the values of the coordinates of the
beginning and preliminary ending of the operation element coincide (the operation element is
only a transition through a point), then it makes no sense to look for the coordinate of the
applied singular or interruption, if one of them exists, then it is at the point.

Once Xq, X1’ and x. are known the final coordinate and state of the ending boundary of the
operation element x; can be determined, which will finally determine the position and size of
the operation element. The method of obtaining this value is different for factorial-
multiplication and integration.

The peculiarity of determining the operation element for factorial-multiplication is that, the
position of the applied singular found, if possible, should fall in the middle of the operation
element with the equality of the lengths of the resulting parts of the operation element on both
sides of the applied singular in order to comply with the above described symmetry. The
exceptions are cases where symmetry cannot be achieved in principle potentially for the first
and last element of the operation, if the corresponding boundaries of the operation segment
are specified with the state exclusive for the beginning or inclusive for the ending boundary,
and same time singulars are applied at these boundary points.

The ending boundary of the operation segment approaches the beginning one in order to
comply with the symmetry condition indicated above, or in order not to include the found
singular at all to the current iteration, but to include it in the next one, because otherwise the
length of the operation segment potentially will exceed the nominal length, which may be
critically important when applying the numerical method for calculating the multiplical or
integral.

The specific feature of defining an operation element in integration is the separation of
singulars or interruptions of a function from domains of continuous function definition and
their allocation among different operation elements. Thus, if the applied singular or
interruption is found at the beginning of the operation element, then the operation element
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includes only the transition through this point, otherwise the operation element ends before
the point, without passing through it and excluding the point in itself.

The indicator i indicates the inclusion of the found singular or interruption in the current
iteration.

After determining the ending boundary of the operation element, it is possible to determine
the length of the operation element dx, which can be zero if the operation element is only a
transition through a point, and also it is possible to find the applied singular s in the operation
element if it is certain that it is included in the current element of the operation, for which i is
responsible. If the singular is found then it is possible to read its numerical value V, and for the
hyperbolic singular multiplier, also its hyperbolizer H. If the inclusion of the applicable singular
or function interruption in the current element of the operation is confirmed, then the
coordinate of the detected one of them is taken as the midpoint x of the operation element,
thereby recreating the conditions of the singular creation from a symmetric factorial of the
multiplicand function anti-derivative (if it is created during factorization). If the inclusion of the
applicable singular or function interruption in the current operation element is not confirmed,
then the midpoint of the operation element is taken as the default midpoint. One of the two
halves of the factorial-multiplication element. formed by its division by the midpoint, is
designated as the hyperbolization arm dux.

After the preparatory steps are completed, it is possible to begin to calculate the elementary
increment of the operation result, for factorial-multiplication it is an elementary multiplier, for
integration it is an elementary addend. Each of them is determined by the values of its two
parts: the first and prior, responsible for the increment associated with the presence of the
applicable singular, and the second and secondary, responsible for the increment associated
with the continuous definition of the function. So, if the first part has certainty (the applicable
singular is present in the operation element), then the second part is not taken into account. As
a rule, the interruption of the function is covered by the presence of the applicable singular,
which, as it were, puts a patch on this section of the function, which, in particular, justifies the
priority of the first part over the second. Also, the reason for the priority of the first part is the
immeasurability of the parts as multipliers or addends. The second part influence on the result
of the operation wsbi tending to nothing, compared to the influence of the first part, when the
size of the operation element approaches zero.

The calculation of the first part of tsd for integration is quite trivial and is the result of
multiplying the value of the singular addend by the integration direction indicator g, depending
on the integration direction, either leaving the singular addend as an addend (for direct) or
effectively turning it into a subtrahend (when reversed). The calculation of the first part tsf for
factorial-multiplication is somewhat similar, but just as complicated. Instead of multiplying the
hyperbolic singular multiplier is raised to power of the direction indicator g, depending on the
direction of factorial-multiplication, either leaving the hyperbolic singular multiplier as a
multiplier (when forward) or effectively turning it into divider (when reverse). Also, the
hyperbolic singular multiplier itself has a positive hyperbolizer return value H as its own
multiplier, which for obvious reasons is not present with the singular addend in any form.
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As it is already clear, the value of the hyperbolic singular multiplier can be negative. The
negative arithmetic sign allows, during the factorial-multiplication, to translate the
intermediate result of the factorial-multiplication, and hence the multiplical function from the
positive zone to the negative one, and vice versa, an unlimited number of times, which is one of
the guarantees of restoring the function from its derivative filled with hyperbolic singular
multipliers. If we are talking about an indefinite multiplical, then the freedom to choose an
arbitrary multiplier B saves us from the need to choose the arithmetic sign of multiplical
domains, which are separated by the transition of the multiplical through zero, directly in the
process of factorial-multiplication. In this case, the determining factor is the position of the zero
crossing points and their number within the factorial-multiplication segment or within the
entire domain of the indefinite multiplical definition.

Speaking about the number of transitions of the multiplical from the positive to the negative
zone and vice versa, and therefore about the number of negative multipliers encountered in
the process of factorial-multiplication, we can refer to the fact that hyperbolic singular
multipliers in general, being discrete quantities, assume the finiteness of their number relative
to the finite interval of the multiplicand function, which obviously casts to the finiteness of the
number of negative multipliers of the intermediate factorial-multiplication result in the finite
factorial-multiplication segment, and thus fundamentally removes the prohibition on the
negative value of the hyperbolic singular multiplier, which is fundamentally imposed on the
negativity of the multiplicand function continuous definition the precisely because of the
appearance in this case of a sequential series of negative multipliers of infinite quantity.

tsf or tsd, having priority over tf or td, respectively, effectively “cuts out” this function
continuous definition in the interval of the operation element and replaces it with itself. From a

technical point of view, the intermediate result
"throwing" the multiplical

over zero by the multiplier . . L
\ \ operation element is multiplied by tsf or added by

\

\ corresponding to the ending of the operation

corresponding to the beginning point of the

td, respectively, at the entrance of the iteration and

passed to the iteration exit, to the point

element.

Thus, the intermediate result of the factorial-
multiplication does not reach extreme values:

uncertainty or zero. Suppose it approaches zero at

an infinitely small distance from it and then either
“throws” over the x-axis by the negative value of the

hyperbolic singular multiplier, or “reflects” from it if

29 AN

the latter is positive. With or without “refraction”,

with the equal angle of reflection to the angle of

/ incidence or not, with “jump” in the value of the

function or its derivatives or not, all this depends on

I

/ / the value of the modulus of the value of the singular
hyperbolic multiplier, whether it differs from 1, and

22



for how much.

The diagram shows an illustration of the "throwing" and "reflection" varieties in the vicinity of
the critical point (gray zone) depending on the value of the hyperbolic singular multiplier and
the definition of its hyperbolizer.

Strictly speaking, the multiplical obtained as a result of the reverse factorial-multiplication of
the factor-derivative with the applied singulars is not an exact copy of the original function due
to the presence of “throws” through zero or “reflections”, which we know about, but
nevertheless is effectively identical to it which, in particular, is necessary for the practical use.
Despite the presence of such an infinitely small "patches"”, the new function has hyperbolic
singular factorials indistinguishable from those of the original function, which makes it possible
to repeat the factorization with it again and obtain an identical factor-derivative.

In the vicinity of the interruption point of the integrand or multiplicand function (hereinafter
the sub-operational function) we can calculate respectively arithmetical mean or geometrical
mean out of two values of the sub-operational function taken on both sides of the interruption
point and at the same infinitesimal distance from it. We call this the value as the conditional
average at the interruption point.

So the finite value of this quantity indicates that the influence of the sub-operational function
values before the interruption point on the intermediate result of the operation (on the integral
or multiplical, respectively) is compensated by its values after the interruption point. We can
say that the values of the function in the vicinity of the interruption point on both sides of it are
mutually compensating. In this case a singular addend or a hyperbolic singular multiplier with
unit hyperbolizer can be placed at this point as a “patch”, which generates the finite size values
of tsd and tsf respectively, establishing the absolute difference or the relative (proportional)
difference between the two domains of the integral or multiplical respectively.

During the factorial-multiplication, if the conditional average value at the critical point is
infinitely small or infinitely large in modulus, then compensation is performed by the return
value of the hyperbolizer, by the hyperbolizer definition which is corresponding to the case, and
which is different from unity. The hyperbolizer is something what brings the value of the
hyperbolic singular multiplier into line with the continuous definition of the multiplicand
function on either side of the interruption point. An infinitely large conditional average is
compensated by an infinitely small hyperbolizer return value, an infinitely small conditional
average is compensated by an infinitely large hyperbolizer return value.

For this reason, a definite multiplical for a segment consisting of only one point with a singular
with a non-unit hyperbolizer will not give a finite result. Also, the result of factorial-
multiplicating the segment, the boundaries of which include points with hyperbolic singular
multipliers with a non-unit hyperbolizer, may not give the finite result. For the integration
operation, the conditional average value, which is infinitely large in modulus, at the critical
point, unfortunately, cannot be compensated.
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If the hyperbolizer definition at a point does not
correspond to the conditional average value at a
point, and not necessarily at the interruption
point of the multiplicand function, then the
factorial-multiplication can be interrupted by
turning the multiplical to zero or to infinity
modulo. In such cases, the hyperbolizer is
insufficient or excessive. The automatic
generation of the applicable singulars during the
factorization of functions by definition cannot
lead to a mismatch of the hyperbolizer definition.
Here deliberately applied singulars, function
modification are meant.

The diagram shows combinations of the
continuous definition of the multiplical on both
sides of the critical point (black graphs) given by
the following power equations: y=C/x; y=C;
y=C-x; y=C-x2. The colored graphs show how the
multiplical possibly could develop to the right of
the critical point when a hyperbolic singular
multiplier is placed at the critical point,
depending on the definition of the hyperbolizer,
namely on the value of exponentiation, as
follows (from right to left): light green: -2,
aquamarine: =1, blue: 0, lilac: 1, magenta: 2. A
fan of color plots of non-zero finite value
indicates a matched hyperbolizer definition of a
combination of indefinite multiplicals on either
side of a critical point. Zero or undefined values
of these graphs indicate inconsistency:
insufficiency or excessivity of the hyperbolizer,
respectively.

A hyperbolizer return value depends on the
factorial-multiplication element passed as the
hyperbolization arm which is infinitesimal or
small enough respectively for the analytical or
numerical solution of a definite multiplical.
Metaphorically speaking, the hyperbolic singular
multiplier is a “seed” containing quantitative
(finite value of the singular) and qualitative
(hyperbolizer definition) information about its
potential growth, the factorial-multiplication
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element is a growth resource, “fertile soil”, and the result of “powering” the hyperbolic singular
multiplier by the factorial-multiplication element generates a "fruit" ready for use as a
multiplier or divisor of the intermediate result of the factorial-multiplication.

The question of why the singular contains qualitative information, why the nature of
hyperbolization is not determined "automatically", "in place" in the process of factorial-
multiplication, disappears for two reasons. Firstly, an applicable singular is a property of a
function at a point, which in principle cannot depend on the analysis being carried out, on its
logic and surrounding circumstances, in other words, the analyst must have the right and the
technical ability to purposely apply a singular at a point with a hyperbolizer definition that does
not correspond to this point. Secondly, the factorial-multiplication process is sequential, it does
not "run ahead" in order to possibly determine the nature of the development of the factorial-
multiplication after the interruption point, and then choose the appropriate definition of the
hyperbolizer for the interruption point. The operation logic of factorial-multiplication or
integration is built in such a way that it “works blindly”, as it should be in principle, it should not
care about the input value and state of the intermediate result at the entrance to the iteration,
whether it is finite, infinitesimal or infinitely large (the arbitrary multiplier B is purely
responsible for the input value), so it does not care about the output value, whether it is finite,
infinitesimal, or infinitely large.

Analysis of the continuous definition of a sub-operational function solely (function derivative or
function factor-derivative, respectively) without taking into account the applied singulars does
not allow us to guarantee the restoration of the function itself, if we admit the possibility of
interruptions of the function or interruption of its derivatives at critical points (for a multiplical
at zero points), that is, due to for the presence of the problem of coordinating arbitrary
addends or arbitrary multipliers. This circumstance once again indicates the need to introduce
the class of applicable singulars and their application to sub-operational functions in the
circumstances of the analysis, including the critical points themselves and the properties of the
functions at these points.

If a singular is not found in the operation element, then the process is effectively executed by
the continuous definition of the sub-operational function. A preliminary check is made of the
definiteness of the sub-operational function at the midpoint. For example, the zero point
passes such a check in the absence of an applicable singular when factorial-multiplicating the
modulus of the function that intersects the x-axis. To ensure significantly greater practical
accuracy in the numerical solution of a definite multiplical or a definite integral, the multiplier
or addend of the intermediate result, respectively, of factorial-multiplication or integration is
calculated as the geometric mean and arithmetic mean, respectively, out of the values of the
sub-operational function at the beginning boundary and at the ending boundary of the
operation element.
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Recording the multiplical and integral, taking into account applied singulars

Since the singulars applied to functions do not manifest themselves in any way when the latter
is usually called, the formal approach requires modifying the notation of the multiplical and
integral, which implies the operation that takes into an account applicable singulars in the
function definition:

For multiplical:

|
[ A6 1AL (411)

I
f f(xdx) || 1, (34.2.1)

+
-ff(x,dx)dXH 1, (34.3.1)

. f FE™ |1, (34.4.1)

For integral:

I
j fikx,dx) || L(x)dx || 0, (34.1.2)
I
J f(x,dx) || 0, (34.2.2)

+
Jf(x, dx)dx || 0, (34.3.2)

J f(x)dx || 0, (34.4.2)

where "|" - the function accent, forcing the function to return only multipliers or only addends
for the intermediate result of factorial-multiplication or integration, respectively, which are due
to the applied singulars that fall into the operation elements, otherwise it returns uncertainty;
"+" the function accent, forcing the function to return multipliers or addends for the
intermediate result of factorial-multiplication or integration, respectively, which is due both to
the singulars that fall into the operation elements and to the continuous definition of the
function.

Accenting gives the function the logic described above, essentially defining a new function,
which is based on the function under the accent. dx is passed to this new function as an
additional argument. This is necessary so that, acting in the new logic, the function could search
for a singular inside the operation element and generate the hyperbolizer return value. At the
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same time, the reduced notation, the one with an accent “+”, formally implies the return of
infinite values by the function under the accent: tsd / dx when integrating, and “tsf when
factorial-multiplicating. It is assumed that before extracting the root from tsf, the latter
decomposes into two multipliers: its module |tsf| and its arithmetic sign sign(tsf) as follows:

d’i/sign(tsf) . d’{/|tsf|, which is necessary for the possibility of transferring the sign of the
multiplier through the operation of raising to an infinitesimal power dx. In this context,

whatever the expression =1 is, but subsequently raised to the power of dx, must result —1 .

The expanded notation, the one with the accent "|", allows us to perform operations using two
separate functions: one is for function definition with singulars and another for continuous
function definition.

Equations 34.4.1 and 34.4.2 reflect the classical conduct of operations without taking into
account the applicable singulars, even though they are present in the definition of the sub-
operational function.

The optional additions | |1 and | |0 can be used to prevent the operation from being aborted if
there is no continuous function definition.

Solely for the purpose of demonstrating the possibilities of factorial-multiplication taking into
account the singular properties of functions, it is possible to define x! using a definite
multiplical. To do this, we need to introduce the getZ function, which generates a discrete
function from a continuous one passed as an argument by removing the definition of the
function from its entire domain except for the points of the integer value of the argument:

X(x) =%, (35.4)

- |
X! = j create_singular(getZ(X), "HSM")(x/,dx") || 1.  (35.5)
0

The rule for matching an arbitrary multiplier "B" and an arbitrary addend "C"
taking into account applied singulars

The coordinating equations for arbitrary multipliers and arbitrary addends for adjacent domains
of functions in the analytical construction of indefinite multiplicals and indefinite integrals,
taking into account the presence of hyperbolic singular multipliers and singular addends, take
the following form:

Fo((x)) + Cy +saf(x) = F,(x) +C;, (36.1)
dl)i(r;r)l0 F*y(x—dx) - By -hsmf(x).V-hsmf(x). H(dx) = c})i(r_l)io F*i(x+dx) -B;, (36.2)
px = dl)i(r_r)l0 logs, hsmf (x). H(dx), (36.3)

(F*0)*((x)) - ky! - Bg - hsmf(x). V- 0Px~kxtin) = (F*)Kx(x) -j, ! By, (36.4)
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where Fy is the anti-derivative of the function to the left of the point x with a singular addend;
F; - anti-derivative of the function to the right of the point with the singular addend; Cy is an
arbitrary addend of the indefinite integral of the function to the left of the point x; C; is an
arbitrary addend of the indefinite integral of the function to the right of the point x; saf(x) is the
value of the singular addend at the point x; p — exponentiation at dx in the hyperbolizer
definition; jy is the ordinal number of the first found derivative of the anti-derivative with a non-
zero finite value at the point x exclusive, starting from the 0™ ordinal number, meaning the
anti-derivative itself; ky is the ordinal number of the first found derivative of the anti-derivative
with a non-zero finite value at the point x inclusive, starting from the 0™ ordinal number,

meaning the anti-derivative itself,'(F'o)'jx — j™ derivative of the factorial-anti-derivative function

to the left of the point with a singular x exclusive; (F'1)'kx — k™ derivative of the factorial-anti-
derivative function to the right of the point with a singular x inclusive; Bg is an arbitrary
multiplier of an indefinite function multiplical to the left of the point x; B; is an arbitrary
multiplier of the indefinite multiplical of the function to the right of the point x; hsmf(x).V is the
value of the hyperbolic singular multiplier at point x; hsmf(x).H is the hyperbolizer of the
hyperbolic singular multiplier at point x.

The coordinating equation for arbitrary addends of indefinite integral is a coordinating equation
for the singular differential of the anti-derivative with the singular addend of the integrand
function (36.1). For an indefinite multiplical, the analogy is expressed in coordinating the
symmetric factorial of the anti-derivative with the hyperbolic singular multiplier of the
multiplicand function (36.2), and for this reason the equation is solved through the limit as dx
tends to zero.

If it is possible to find a solution for a hyperbolic singular factorial of indefinite multiplical at the
point x in terms of non-zero finite value derivatives of its adjacent constituent functions and if
the hyperbolizer of the hyperbolic singular multiplier at the point x is represented by a power
function with natural, including zero, exponentiation at dx, the coordinating equation for
arbitrary multipliers for these constituent functions can be expressed in terms of their
derivatives (36.4). The size of dx in this case is not critical, it is necessary only to extract the
integer exponentiation at dx from the hyperbolizer definition (36.3). As it is seen in 36.4 a
successful arbitrary multipliers coordination is only possible in case if the hyperbolizer
compensates a potential immeasurability of the indefinite multiplical constituent functions
values on both sides of point x. The following equation has to be valid: px = ky + jx = 0, implying
0°=1, as checking for satisfaction of the compensation.

References:
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BseaeHue

Kputnueckne Toukn OyHKLMU — 3TO 0COBEHHOCTU YHKLMM (TOYKM NpepbiBaHMA GYHKLMM), a
ANA paccmoTpeHnn GaKkTopuanos M onepaumm GakTopMpoBaHMUA AOMONHUTENBHO €LLE TOYKM
obpalLeHna GyHKLMM B HOSb.

Onepaumn pguoddepeHUMpPoBaHUA U GaKTOPUPOBAHMA MNPEPBLIBAIOTCA B KPUTUYECKMX TOYKAX
bYHKUMM, TaK MHOOPMAULMA O XapaKTepuUCTUKe QPYHKUMM B TOYKE He MNepeHoCUTCA Ha eé
COOTBETCTBEHHO NPOM3BOAHYIO U GAKTOP-NPOU3BOAHYIO (Aanee nepsblie MPOU3BOAHbIE), TO €CTb
TepseTcA 6e3B03BpaTHO. B pe3synbtate yero npu ob6paTHOM COOTBETCTBEHHO MHTETPUPOBAHUM
WA MYyNbTUNAULMPOBAHUN  NpenBapuUTeNbHO MOJYYEHHbIX MEPBbIX MPOM3BOAHbLIX HeT
BO3MOHOCTWN BOCCTAHOBUTb UCXOAHYHO PYHKLMIO.

HaBepHoe Ha 3TOM MOXHO 6bl1I0 Obl NOCTaBUTL KUPHYIO TOYKY, HO NpuBELEHHOE
06CTOATENbCTBO HapyLLAET B3aMMHYH 06paTMMOCTb GpaKTOP-NPOM3BOAHbIX U HeonpesenéHHbIX
MY/IbTUN/IMKANOB, @ TaKXKe NPOU3BOAHbIX U HEONPEAENEHHbIX MHTErpanoB UM HaKNaAblBAET Ha
aHanusupyemble GYHKLMU OrpaHUYUTENbHbIE YCI0BUSA, U TaKUM 06Pa3somM KOCBEHHO HapyLluaeT
noctynat 06 B3aMmHOM 06PATUMOCTM onepauuii MyAbTUNAIMUMPOBAHMA U GAKTOPUPOBaHMKA, a
TaKXKe WHTerpupoBaHua w anddepeHLMpPoBaHMA, 3a KOTOpble CTOUT METOLONOrMYecKu
nobopoTbcs, KaK A nonarato.

3agava cBOAMTCA K BbipabOTKe HOBOM pPaclIMPEHHOW NIOTUKK paboTbl YNOMAHYTLIX onepauuii
MaTeMaTUYeCKOoro aHann3a, Npu NPUMeEHEHMM KOTOPbIX 0bpaTHbIe onepaumm NpuBoAnUan bl K
3pPEeKTUBHOMY  BOCCTAHOBNEHUID  UCXOAHOW  GYHKUMM B BUAE  HeonpeaenéHHoro
MY/NbTUMNMKANA WAM  HeonpenenéHHoOro WHTerpana MnpuM  COOTBETCTBYHOLWEM noabope
NPOW3BO/IbHbIX MHOXUTeNs B nam cnaraemoro C COOTBETCTBEHHO, €CNM He A/1A BCeX, TO A/
3HauYUTEeNbHO BONbLUEro Yncia Cay4Yaes, YTO MOr0 6bl BbiTb MCNONB30BAHO B MPAKTUYECKOM
NPUNOMNKEHUMN.

HoBaa nornka paboTbl NoApasyMeBaeT BO3MOXKHOCTb Hannuma y GpyHKLMIA HOBbIX CBOMCTB. B
OAHHOM c/lydae peyvyb MAET O CBOMCTBAX GYHKUWIA B Be3pasmepHbIX TOYKAX, WAM CBOMCTBAX,
npoasnfaembix OYHKUMAMKW MpU nepexofe uYepe3 TOYKY B npouecce aHanmsa. Obuwee
HaMMeHOBAHME Knacca TaKMX CBOMCTB - CUHIYNAPHbIe CBOMCTBA QYHKLMIN B TOYKax. OHM moryT
KaK NMPUCYTCTBOBATb B TOYKAX aHAaNIMTUYECKM 3a4aHHbIX QYHKLMIN ecTecTBEHHbIM 06pa3om, u B
3TOM C/ly4ae aHa/M3 MOKAXKET Ha HUX, TaK M ObiTb NPUIONKEHHBIMU TOYKAM YHKLMIA Kak
aHa/IMTMYECKM, TaK W aBTOMATMYECKM B XOoA4e MpPoBOAMMOro (GaKTOpMpOBaHMA U
andoepeHunpoBanma GyHKUMIA NPM HACTYNAEHUM onpeaenénHbix obctoaTenbcts. Obwmm ana
CUHTYNAPHDBIA CBONCTB QYHKUMI ABNAETCA TO, YTO NPU aHA/IM3e UX 3HAYEHNE HUKaKMm o0bpasom
He 3aBUcUT oT gudbdepeHunana aprymeHta dx. B KayecTtBe MepBOro M M3BECTHOrO Npumepa
CUHTYNIAPHbBIX CBOMCTB MOYKHO MPUBECTU AUCKPETHbIE 3HAYEHMA B onpeseneHnn GpyHkumu. He
CMOTPSA Ha TO, YTO Noc/iefHee HANPAMYIO He y4acTBYeT B ONUCbIBAEMbIX 34E€Cb aHAIUTUYECKUX
npeobpasoBaHWii, TEM He MEHee AUCKPETHOE OonpeaefneHne nognagaeT nog onpegeseHue
CUHTYNAPHbIX CBOMCTB.

PaboTta onepaTtopoB MO HOBOW YUYNTbIBAIOLLEN CUHTYNAPHbIE CBOMCTBA QYHKUMUIA IOTUKE HaxoauT
CBOE HOTALMOHHOE OTParKeHWe, OoTnYatoLero eé oT paboTbl NO KNACCMYECKON NOTUKE - TOMW,
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YTO UIHOPUPYET CUHIYNAPHbIE CBOMCTBA QYHKLMIN KaK eCTeCTBEHHO MPUCYTCTBYIOWME, TaK U
NPUNOMKEHHDbIE.

CocrosiHue BKHlO‘-IMTEIIbHO/He BK/NIOYUTENIbHO

MoCKONbKY peyb MAET O TaKNX CBOMCTBAX GYHKLMMN, YTO 3GDEKTUBHDBI NPU NPOXOAE Yepes TOUKM,
CTAaHOBUTCA HEOOXOAMMbIM OMpefenATb rPaHuLYy aHaNM3MPyemMoro oTpesKa, MHTepBasia Wau
obnactm ¢GyHKUMM C [OMONHUTENIbHBIM  YKa3aHMEM O BK/IKYEHUM WAUM HEe BKIHOYEHUU
paccMmaTpMBaeMOMN MOrPaHUYHOM TOYKWU MHTEpBasa, OTpe3Ka, 061acTM B COOTBETCTBYHOLLUIMA
MHTEepBa/, OTpe3oK, 061acTb, YTO CnpaBea/IMBO MO OTHOLUEHUID K obenm (npaBoii U neBow)
KOHEYHbIM MOrPaHMYHbIM TOYKAM, 32 UCK/IOYEHMEM CNy4YaeB, Korga NOrpaHUYHON TOUKU UK
cpasy obeux npocTo HeT, Korga o6nactb OGYHKUMM He UMeeT rpaHuubl M yXxoaAuT B
b6eckoHeyHoCTb. TakMm o06pa3om onpeaeneHue rpaHuubl BKAOYaeT B cebAa He TO/bKO
KOOPAMHATY TOYKW 3TOW rpaHuLbl, HO U MHOOPMALMIO O COCTOAHUM: BKAKOUUTENBHO UAWN He
BK/IIOYMUTENBHO, YTO AO0/IKHO HaxOAUTb CBOE OTPa*KeHWe B HOTaLUWMM NPU 3anucu KoopAauHar.
FOBOPSA O BKAKOYEHUM UIN HE BKIOYEHUN TOYEK B UHTEPBAN He cneayeT BOCNPUHUMATb AaHHYIO
odurypy peum 6ykBasbHO, MOO HE MMEET CMbICNA BKAKOYATb UM He BK/OYATb HespasmepHoe
HeuyTo (TouKku). B gaHHOM cnydvae pedb MAET 06 yyéTe (BKAOYEHMU) MAM O He y4yéTe (He
BK/IIOYEHMM) COOTBETCTBYHOLWEIO CUHIYASPHOrO CBOMCTBA GYHKUMW B KOHKPETHOM TOYKE B
npouecce NpoBeAeHMA aHaM3a GyHKLMM B OAHOM M3 ABYX €r0 HanpaB/IeHWUI: B CTOPOHY poCTa
AN B CTOPOHY yBbiBaHMUA aprymeHTa ¢yHKUMKU. COCTOSHME BKAOUYMTENbHO/HE BKAOUYUTENbHO
AN NOACTaBNASEMOro 3HayeHWs aprymeHTa OQYHKUMW TaKKe CTaHOBMTCA onpeaensowmm B
paccmaTpMBaeMOM MOAXOAE.

[na nNpaBoi NOrpaHMYHOM TOYKM OTpPE3Ka: BK/IOYEHO B OTPE30K NogpasyMeBaeT MoJoKeHue
rPaHULbl OTpe3Ka Npu eé HGecKOHeYHOM MPUBAMMKEHUM K MOrpaHMYHOM TOYKe CrpaBa, a He
BK/IOYEHO B OTPE30K NogpasyMeBaeT MOJIOXKEHUE TPaHULbl OTpe3Ka npu eé becKkoHeyHoM
NPUBAUMKEHUM K MOrpaHUYHOM TOYKWU CNEBa, a ANA IeBOM NOrpaHUYHOM TOUYKM BCE HAaobopOT,
BK/IOYEHO B OTPE30K NogpasyMeBaeT MOJIOXKEHUE TPaHULbl OTpe3Ka npu eé BecKkoHeyHoM
NPUBAUMKEHUM K MNOrPaHUYHOM TOYKE CNeBa WM He BKIKOYEHO B OTPE30OK NoapasymeBaeT
NONOMKEHME TPaHULbI OTpe3Ka Npu BeckoHe4yHOM eé MPUBAUNKEHMM K NOTPaHUYHON TOYKK
cneBa. B gaHHOM npumepe onMcaH NPUHUMN OTHOCUTE/IbHOFO COCTOAHMA BKAOYUTENbHO/HE
BK/IIOYUTE/IBHO, TO YTO OTHOCUTE/IbHO KOHKPETHOTO OTpe3Ka.

B obcToATenbcTBax TOro, Yto aHanu3 OyHKUMIMA NpoBOAUTCA BAONAb Bcelt ocu abcumce, ¢
BO3MOXHbIM pa3bueHnem aHanmsmpyemon 061acTv Ha CMeXKHble OTPEe3KM, pacnonaratoLwmecs
B CTbIK APYry K gpyry, 63 nponyckoB M HakKNafZoK, Korga neeas rpaHuLa O4HOro OTpesKa
OZHOBPEMEHHO O3HaAYaeT rpaHuLy CneayoLero 3a HAM U CMEXHOro eMy oTpesKa (coBnagaeT B
CBOEM oOnpefeneHnn: KoopAmHaTa TOUYKM + COCTOAHWE BK/AOUYUTENbHO/HE BKAKOUYUTENBHO),
HeobxoAMMO nepexoauTb Ha NPUHLMN abCONOTHOrO, HE OTPE3KO-LEHTPUYECKOro COCTOAHUSA
BK/IIOYEHMA MU HE BKIOYEHUA TOYEK B MHTEPBA/bl, OTPE3KM M 061aCTH, B MPOTUBHOM C/lyyae
HeunsbexkeH KOHGINKT nocnegHnx B «b6opbbe 3a 0bLLMe TOUKMY.,
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CneumanbHoe ob603HayeHUe ana abCoNOTHOrO COCTOAHWUA BKAOYUTENbHO/HE BKAOYUTENBHO
ONs 3HAYeHMA aprymeHTa WAW ANA KOOPAWMHATbl rPaHUUbl WHTEpBasa, OTpe3Ka, obnactm
NPMHUMAETCA Kak cieayerT:

e  ABCONIOTHO BKOYUTENbHO X: [X]
e AGCONIOTHO He BKAKOUYUTENBHO X: (X)

MOCKONbKY CYLLECTBYIOT AUCKPETHblE QYHKLMM, BO3BPALLAIOLLME CBON  ABCONIOTHOE COCTORHUE

X
3HaUYEeHMA TONbKO B TOYKax, M TaKXe MO MPUYMHE TOro, YTO Mo
YMONYaHUIO aHann3 OYHKUMKM NPOBOAWUTCA B HanpaBiAeHUMM pocTa °
aprymeHTa, MpUMHUMaeTcA npasuMao0 O TOM, 4YTO abCcoNtOTHOE (x) [x]

COCTOAHUW BK/OYUTENbHO/HE BKIOYUTENBbHO A1 KOOPAMHAT TOYEK, FpaHuL, MHTEpBasos,
oTpe3koB, obnacteit GyHKLMIA COBMAZAET C BbILEONUCAHHBIM OTHOCUTENIbHBIM COCTOAHUEM
BKNHOYMTE/IbHO/HE BKNHOYMTE/IbBHO MMEHHO AN NPaBOM rpaHuMLbl oTpeska. O4HOBPEMEHHO B
KayecTBe cneacTBma Bbile O0603HAYEHHbIX MNPUYMH AaHHOE MpPaBWMIO NOApPa3ymeBaeT
abCcoNtoTHOE COCTOSIHME BKIOYUTENIBHO MO YMOMYaHUIO A/A MOACTaBAAEMbIX 3HAYeHUA B
KayecTBe aprymeHTta QyHKUMM ONA YKa3aHMM KOOPAMHATbl TOYKW, WUAW TPAHWUL, UHTEPBA/OB,
OoTpe3KoB, 06nacTeil, B TOM 4YMCAe B KA4yecTBe OnpefeneHuUAa OTPE3KOB WHTErpuUpOBaHUA U
MYAbTUMNNULMPOBAHUA, €CIN [pPYroe COCTOAHME He YyKa3aHo cneumanbHo. BbiparkeHune f(x)
paBHocKbHO BblparkeHuto f([x]), rae o6a noapasymeBatoT BKAOUMTENBHO X, YTO OT/IMYAET UX OT
BbipaxkeHus f((x)), noapasymeBatoLLErO HE BKIOYUTE/IBHO X.

MpumedyaHune: NpaBUAO O COCTOAHWE BKAOUYMTENbHO MO YMOMMAHMIO He AeicTByeT AnA
nepegaBaemoro aprymeHTa GyHKUMKM B TOYKaX, rae NpUCYTCTBYET onpeaeneHne AUCKPETHOro
3HauyeHuA. [Ina Takux Touek BbiparkeHue f(x) byaeTt Bo3BpallaTh AMCKPETHO 3aZlaHHOE 3HaYeHne
B TOYKE X. ANA 4TOo 6bl MNONYYUTb 3HAYEHME HenpepbiBHOro onpeaeneHua OGYHKUUK MNpU
NPUBAMNKEHMM K TOUKE CripaBa (€c/iv OHO ecTb), HY»KHO noAaTb B GYHKLUMIO ABHOE YKa3aHMe Ha
cocTosiHue BkAtodeHo: f([x]).

Mepexon Ha U3MepeHne 1 y4€T abCoNTHOrO COCTOAHUM BKAKOUYUTENbHO/HE BKIOUMTENbHO ANA
TOYEK Ha ocu abcuymcc 1 BbiIbopa 0AHOIO M3 COCTOAHUI COCTOSSHUEM MO YMOIMAHUIO B YC0BUAX
NpPoBeAEHNA aHaNu3a, YYMTbLIBAIOLLErO CUHTY/IAPHbIE CBOWMCTBA  GYHKUMKA, OCTaBader
AeNcTBUTEIbHbIMUY ypaBHeHus: 4; 5; 7.1; 7.2, nelicTBUTE/IbHbIMM B TON popMme, B KOTOPOM OHU
npeacrasieHbl. AHaANOMMYHbIE YPaBHEHMA ANA onpenenéHHbIX MHTErpasioB TaKKe OcCTatoTca
OENCTBUTENbHBIMM B NPU ONUCAHHbIX YCOBUSAX.

C Y4Y48TOM COCTOAHMA TOYKWU BKAKOYUTENbHO/HE BKAKOYMTENIbHO BBOAATCA CheuuasbHble
O6MHapHble onepaTopbl CPAaBHEHWMA [ABYX KOOPAMHATHbIX 3HAYeHUM, KoTopble onpeaenser
COCTOSIHME BKIOYUTENBHO KaK Oo/ibllee, a COCTOAHME HE BKIHOYMUTENbHO KaK MeHbllee, Nnpu
YyCNOBUM TOFO, YTO 06€ CpaBHUBAEMbIE BEIMYNHBI UMEIOT OANHAKOBbIE YNC/IEHHbIE 3HAYEHUA:

[X] > x > (x) wnctuHa,
(x) =< x =< [x] nctuHa,

(x) =< (x) noxb,
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(x) < [x] noxb,

rae >* - 6bonblue ¢ Y4ETOM COCTOAHUSA; "< — MeHbLLE C Y4ETOM COCTOAHUSA; > - Bonblie 6e3 yyéTa
COCTOAHUA; < - MeHblle 6e3 y4yéTa COCTOAHMUA; X — abcoNoTHaA KoopauHaTa ToukK, [x] —
abCcoIlOTHO BKAKOUUTENBLHO X; (X) — aBCOIOTHO HE BKIOUYUTESIbHO X.

[pyrne 3Hakn y4nTbIBatOWME COCTOAHMA: 2= - PaBHO M 6O/bLUE; *< - PaBHO UM MEHbLUE.
PaBeHCTBa M HEPABEHCTBA KOOPAMHAT C COCTOSHUAMM:
(x) = (x) ncTnHa,
(x) === (x) nctnna,
(x) = [x] nctnna,
(x) === [x] noxb,
(x) <=> [x] nctuHa,
(x) === [x] nctuHa,
(x) <> [x] noxb,
(x) '=[x] noxb,

roe = - paBeHCTBO 6es yqéTa COCTOAHMA,; === - PaBEHCTBO C y‘-IéTON\ COCTOAHMUA, Iz <o> -
HEPaBeHCTBO C y‘-IéTON\ COCTOAHUA, I=n<>- HepPaBeHCTBO 6es yqéTa COCTOAHUA.

ApudmeTnyeckme [ENCTBUA C KOOPAMHATAMM WUIHOPUPYHOT COCTOAHWUA BKAKOUUTENbHO / He
BK/IIOYMTE/IbHO, @ BO3BPALLAEMbI pe3ynbTaT TaKUX AEeUCTBMIA NPOCTO YUCAO, U TOXKAECTBEHEH

ANIVHE MHTepBana, AN KoopauHaTe TOYKM 6e3 YKazaHHOro COCTOAHUA:
[x] = (x) = 0 uctnHa.
®OYHKUMKM ansa paboTbl C COCTOAHUAMM:
St = get_state(x), (19.1)
X; = set_ state (xo, St), (19.2)

roe get_state — dyHKUMA, BO3BPALLAIOLLAA COCTOAHME NepesaHHON KOOPAMHATBI X KaK cneayer:
—1 — KoopAanHaTa He BKAOUYUTENBbHO, +1 - KoopAMHaTa BKAoYeHO, 0 — TouKka 6e3 coOCTOAHUA UK
npocto BewectBeHHoe u4ucno, null - owwnbka; set_state — ¢yHKUMA, BO3BpaLLatOLLAA
KOOPAMHATY X3 C COCTOAHMEM St 1 NO NONOXKEHWUIO Xo.

EcTecTBeHHble CUHIYAAPHbIe CBOMUCTBA

CUMHIyNApHbIN paKTopmuan 1 CUHrynapHbid audpdepeHumnan — BEMUYUHDLI, NPUCYTCTBYOWME B
Nto6oMn TouKe OYHKUMM, BKAOUMTENBHO W B KPUTUYECKUX TOYKax OYHKUMM, UYUCNEHHO
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onucbiBalowmne wu3meHeHMe GQYHKUMM OT O[HOrO CBOEro 3HA4YeHWsA, 4YTO B TOYKe He
BK/IIOYMUTENBHO, A0 APYrOro CBOEro 3Ha4YeHWs, YTO B TOUKE BK/IOUMTE/IbHO NMPU NPOXOKAEHUM
yepes TOYKM B HaMpaB/ieHMM POCTA aprymeHTa, U ONpeaenAtoTCA KaK cneayeTt: CUHTYNAPHbLIN
baKTOpMan Kak OTHOWEHME 3HaYeHUA GYHKLMU B TOUKE BKAOUMUTENBHO K 3HAYEHWNIO QYHKLMU B
TOYKE HEe BK/IOYUTENIbHO, U CUHTYNAPHbIN AnddepeHuman Kak pasHuLa MeXKAY 3Ha4YeHUEM
GYHKLMN B TOUKE BKAKOUMTENIBHO M 3HaYeHMEM QYHKLIMW B TOUKE HE BKIOUYUTENBHO:

sff(x) = RION (20.1)

F(G0)
sdf(x) = f(x) - f((x),  (202)

roe sff(x) — cuHrynapHoii ¢aktopuan o¢yHKuMmM f(x) B Touke X; sdf(x) — CUHrynspHbIn
andoepeHuman GyHKUmMM f(x) B TOUKe X.

Mpu nocpegHuyectBe GyHKUMKM f Mexay CUHIYAAPHbIM  GAKTOPMANOM U CUHTYAAPHbIM
anddepeHLManom cyLecTByeT B3aMMO3aBMCMMOCTb, HO MPU YC/I0BMU, ECAN TUNOTETUYECKOoE
COBEPLUEHUN OMepaLnn AeNeHUs Ha HOMb (B CllyYyae C KPUTUYECKMMM TOYKaMK) B Ciedyowmx
YPaBHEHUAX He NPenATCTBYIOT 3TOMY:

sdf () = £(00) 1700 — () = F) -2, @1
_safm - f(@) _ f@
Y () B {CO R e

CuHrynapHble ¢GaKkTopuan M CUHIYNApHbIM anddepeHLman MOXKHO OXapaKTepu3oBaTb Kak
CUHTYNAPHbIE NPMPALLEHUA GYHKLMM BTOPOTO M NEPBOro NopsAaKa COOTBETCTBEHHO.

B HEKPUTMUYECKMX TOYKAX CUHTYNAPHbIA anddepeHuman paseH 0, a CUHIYAAPHbIN dakTopuan
paseH 1 no onpegeneHuto. JaHHOE yc/i0BUE ABAAETCA HEOBXOAMMBIM U AOCTAaTOYHbIM. B 3TUX
TOYKaX OMMUCbIBAaEMbI€ CUHTYNAPHbIE CBOMCTBA HE MHOOPMATUBHDI.

KoHeyHoe 3HauyeHue oTAnYHoe OT 1 AnA cuHrynspHoro ¢aktopuana v ot 0 4NA CUHIYAAPHOTO
anobdepeHumMana NPUCYTCTBYIOT B TOYKax paspbiBa QYHKLMW, HO MPW YCNOBUM TOro, YTO
3Ha4YeHMA GyHKUUKM No obe CTOPOHbI OT TOYKM pa3pbiBa He ABNAIOTCA 3anpeselbHbIMU, TO eCTb
ABNAIOTCA ONpenenéHHbIMM KOHEYHbIMU, a ANA onpeneneHua CUHIynspHoro ¢akTopuana
AOMO/IHUTENIBHO He ABAAIOTCA Hy/NeBbIMW. B Takom cayyae CUHIyAapHbii daktopuan wm
CUHTYNAPHbIN anddepeHuman ABAAOTCAS MHPOPMATUBHLIMU B TOYKe (PYHKUMWU, U YUCAEHHO
OMUCbIBAIOT B3aMMO3aBUCUMOCTb MEXAY ABYMA pa3fenéHHbIMU TOYKOM paspbiBa obnactamu
OYHKUMN, TaK CUHTYAAPHbIM anddepeHUMan onucbiBaeT abCONOTHYIO pasHULY 3HAYEHWUN
bYHKLUMN, @ CUHTYNAPHBIN GaKTopMan onncbiBaeT OTHOCUTE/IbHYIO PasHULY.
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EctecTBeHHble cuHrynapel  Ha amarpamme u306pa’KEH OMUCAHHbLIM  CAy4al C  Pa3pbiBOM
1

¢yHKUMM Npun x=0. He cMOoTpA Ha TO, YTO CUHTYNAPHbIE NPUPALLEHMA
He 0603Ha4aloT ABHO, MO0 B 3TOM HET HYXKAbl, MOCKONbKY rpaduK
camoi GYHKUMM rOBOPUT cam 3a cebs, KOCBEHHO MOKa3blBaeT Ha

0,5 .
3HAYeHUA eCTECTBEHHbIX CUHIYAAPHbLIX CBOMCTB, TEM He MeHee

WUCKNOYUTENbHO ANA HArNALHOCTM Ha MPUBEAEHHOW Anarpamme
CUHTYNAPHbIN  paKTopman o603HaYyeH B BUAE KPY)KKa, a

CUHIynapHbI aguddepeHunan obo3HayeH B Buae pombuka, rae oHu

BUOAMMO UMEOT MHd)OpMaTMBHbIe 3Ha4YeHune.

oy CoxpaHéHHana WHbopmauma 06 3TOM UYMC/NEHHOM CBA3K Mexay

Pa3sAenéHHbIMM  KPUTUYECKOM  TO4YKOM  obnactamum  yHKUUM

HEO6XOAMMa ANnA BOCCTaHOBNEHUA d)yHKLI,MM B onepauunn 06paTHOI'O

0,5 0 0,5 MYAbTUNANLMPOBAHMA MM 06PaTHOTO MHTerpupoBaHnA eé dakTop-
NnpousBOAHON WAN €€ nNpPOoU3BOAHOM COOTBETCTBEHHO. B xoZe yKasaHHOM onepaunu
HenpepbiBHOE OMNpefefieHne COOTBETCTBYIOWEN MEePBOA MPOU3BOAHON B OKPECTHOCTU
KPUTUYECKOM TOYKM MOMKET ObITb BbIK/IIOYEHO M 3aMEHEHO Ha COXPaHEHHOE 4YUC/IeHHoe
3HauyeHue CBA3U GYHKUMM B KayecTBe MHOXMUTENs WAW CNaraemoro npoMeXKyTOUYHOro
pe3ynbTaTa NpoBOAMMON onepaumn. Takum o6pa3som He CMOTPS Ha OYeBMAHbIA pPa3pbiB
daKTOp-NPON3BOAHON NN NPOM3BOAHON C 3anpee/ibHbIMU 3HAYEHUAMM B TOYKE OMUCAHHbIN
npuém nossonsaet 3¢GEKTUBHO BOCCTAHOBUTb GYHKLUIO.

Ecnn 3HayeHns GyHKUMM MO OAHY MAM MO 06e CTOPOHbI OT TOYKM MPU NPUBAUKEHUU K HeM
ABNAIOTCA 3anpeneibHbIMU, TO CUHIYAApHble GpakTopman u guddepeHunan He onpeseneHbl n
He WHPOpMaTUBHLI. B Takom  cnyyae pJanbHENWM OCHOBAHHbLIM HA PACCMOTPEHUU
CcUHrynapHoro amddepeHumana aHanns GyHKUMM He BO3MOIKEH, BOCCTAHOBUTb QPYHKUUIO B
pe3ynbTate 0H6PaTHOr0O WMHTErpMpOBaHUA €€ NPOU3BOAHOM TEXHUMYECKM He npeacTaBnAeTcs
HEBO3MOXHbIM. Ho anAa cnyyas nposegeHMA aHanM3a, OCHOBAHHONO Ha pPACCMOTPEHUM
CUHTYNAPHOro ¢akTopuana, MOXKHO YMCNAEHHO CBA3aTb 3HAYEHUsA PYHKUUM, U3MEpPEeHHble Mo
06€e CTOPOHbI OT KPUTUYECKOM TOYKU Ha OAMHAKOBOMN (CMMMETPUYHO OTHOCUTENIBHO TOYKM) U
6eCKOHEYHO Manoi AUCTaHUUKM 00 Heé. ApyrMMu cnoBamm HANTU HeKUI daKTopmnan dyHKLNUMK,
KaK eé M3MeHeHMe C M3SMeHeHMeM aprymeHTa OoT O4HOM U3 TOYeK 3amepa A0 gpyron. B suay
TOro, YTO TOYKM 3amepa pPacrnoaaraloTcA Ha PaBHOM PACCTOAHUM OT KPUTMUYECKOM TOYUKM X,
OaHHbIM GaKTOpPMaN MOXKHO OXapaKTepn3oBaTb KAK CUMMETPUUYHbIA daKTopuan:
if q f(x+ dx)
S1 f(X, X) = m, (221)

rae X — KoopanHata KpUTUYecKkol Toukn; dx — moaynb 6€CKOHEYHO Masion AUCTAaHUUM TOYEK
3amepa 3HavyeHUN QYHKUMM [0 KPUTMYECKOM Touku X; Siff — cummeTpuuHbin daKTopuan
byHKUMK f KaK OYHKUMA OT KoopAMHaTbl X M OT mogyna 6eckoHeyHo manon auctaHumm dx
TOYEK 3amepa 3HaYeHUM QYHKLMWN 00 TOYKM X.

Mpeablaywee OTHOWEHWE MOXHO nNpeobpas3oBaTb B NPOU3BEAEHWE ABYX MHOXUTENEWN:
KOHEYHOTO0 HEeHY/NeBOro KoapdpuumeHTa NpPonopLMOHANbHOCTU U BECKOHEeYHO Manion wuau
6eckoHe4yHO 60/blWON BennYMHbI B 06Lem cayyae, 3aBUCALLErO OT AMCTAaHUMM TOUYKM 3amepa
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00 KpUTnyeckor Toukn. Oba MHOXKUTENA ABNAIOTCA CBOMCTBaMM 0H6beKkTa — runepbonunuecknii
CUHIYNApPHbI PpaKTOpUan KaK ecTeCTBEHHOTO CUHIYAAPHOrO CBOMCTBA PYHKLUMM B TOUKE:

hsff(x) ={V,H(dx)} (22.2)
sif f(x,dx) = V- H(dx) = hsff(x).V - hsff(x). H(dx), (22.3)

Mpumep:
hsff(x) = {-5,dx'} (22.4)

siff(x,dx) = =5 -dx!  (22.5)

roe hsff — runepbonnyecknin cuHrynspHoin daktopman dyHkumm f; V unum hsff(x).V — sHayeHue
rMnepboaMYECKOro CUHIYNAPHOrO dakTopmana GyHKUMKM f B TOUKE X KaK ero cBoicTteo; H nau
hsff(x).H — runep6onusarop Kak ¢yHKuMA oT dx moayna AUCTAHUMM TOYEK 3aMepa 3HAYeHUM
bYHKLUMM 40 TOYKM X U KaK CBOMCTBO rMnepboanyeckoro cuHrynapHoro dakropmana GpyHkumm f
B TOuKe X; dX - nne4yo runep6onum3aumm B KauecTse aprymeHTa runepbosmsaTtopa.

3HayeHne rmnepboaNYECKOro CUHIYNSPHOrO GpaKTopMana YMCNEHHO MOKa3biBAeT Ha 3Ha4YeHue
NPOMNOPLMOHANbHOM CBA3U MeXKAY Pa3AeNIEHHbIMN KPUTUYECKON TOUKON 0b6nacTaAMKN GyHKLUM.

Mnepboan3aTop MMeeT Takoe HaMMeEHOBAHWE, MOTOMY YTO NPU BECKOHEYHO Ma/IOM 3HaYEeHUN
nnedya runepbonmsaumm Bo3Bpallaer 6eckoHeYyHo 6o/blyld WMAM  OECKOHEYHO Masyko
BE/IMUMHY, O3 M elé BO3MOXKHO BO3BEAEHHblE B HEKOTOPYI KOHe4yHyk cTeneHb. [Mpu
UACNEHHOM pelleHUn onpeaenéHHbIX  MyAbTUNAMKANoB runepbonnsatop Bo3BpaLLaeT
AOCTAaTOMHO Masble WAWU A0CTaTOYHO 6o/bluMe 3HAYeHWs B 3aBMCMMOCTM OT pa3mepa naeva
rmnepbonM3aumMm M BO3MOXKHOM CTEeNeHM ero BO3BeAeHWs. Bosepawaemoe 3HayeHue
runepbonun3atopa Bceraa nosoXKUTENIbHO, MOCKO/bKY apudPMETUYECKUIA 3HAK CUMMETPUYHOTO
daKkTopmMana Bcerga BbIHOCUTCA B 3HAYEHME TMNepbHOMYECKOrO CUHTYAPHOro daKkTopuana V.
f'Mnepb0oan3aTop He MOXKET BbiTb paBeH HY/O UK BbiTb HeonpeaeNnEHHbIM, NOCKO/bKY Takue
3HAaYeHMA CMMMETPMYHOrO CUMHIYAsAPa BCeraa CBA3bIBAKOTCA CO 3HaYeHnem runepbosmnyeckoro
CUHrynapHoro dakTopuana.

M'Mnep6onn3aTop OMMUCbIBAET MNOPAAOK HECOM3MEPUMOCTU (HE MAPUTETHOCTU) 3HAYEHUM
bYyHKUMIA no obe CTOPOHbI OT KPUTUYECKOW TOYKe Npu NpesesibHOM MPUOANMNKEHUM K Hel
HeconsamepumocTb npeactasnseT cobor obwmii cny4yam CBOMCTB YHKLMA B KPUTUYECKUX
TOYyKax. Ecan 3HaveHua o yHKUMI NO obe CTOPOHbI OT KPUTUYECKOM TOYKM COM3MEpPUMble
(napuTeTHbIE), TO BO3BpalLaeMoe 3HaYeHMe rMnepboansaTop paBHO 1, B TaKOM C/ly4ae MOXKHO
roBOpuUTb O eAnHMYHOM runepbonmnsaTtope, U B TaKOM Caydae CUMMETPUYHBLIN daKTopman
3KBUBANIEHTEH CUHIYNAPHOMY GaKTOpMany B ToUKe GYHKUMM, U STOT C/lydalt ABNAAETCA YAaCTHbIM.
Takune cnyyam MMeT MeCTO NPU KOHEYHbIX HEHY/IEBbIX 3HAYEHUAX B KPUTUYECKOM TOUKe Mo obe
CTOPOH QYHKLMN OT HEeE, KaK 3TO MOKa3aHO Ha Npeaplayliein Anarpamme, a TakxKe ecam no obe
CTOPOHbl OT KPUTMYECKOM TOYKU OYHKUMA NpeacTaBfeHa OAMHAKOBbIMM  aHA/NUTUYECKM
3a4aHHbIMW COCTABAALWMMU GYHKLUNA, PA3TNYAIOWMMUCA TOSIbKO CBOMMU MHOKUTENAMM.

MMnepboan3aTtop Kak MHOMWUTENb 3HAYeHMAa rMnepboaMyYecKoro cCUHrynapHoro ¢axktopuana,
rmunepbonun3npyeT ero, TemM onpasBAbIiBas Ha3BaHMA AAHHOMO K/1acCca eCTECTBEHHbIX CUHTYNSAPHbIX
CBOMCTB. ITMM COOCTBEHHO O0ObBACHAETCA MEeTOoA0/IoTMYeckoe pasgeneHne CUMMETPUYHOro
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daKTopMana Ha ABa MHOXUTENS, OAMH M3 KOTOPbIX YC/IOBHAA KOHCTaHTa, He 3aBucAwas oT
nnedva runepbonusaummn, a Apyrom TOAbKO OT naedya runepbonmsaTopa 3aBUCALLASA YCOBHaA
nepemeHHas, U 4YTo MMeeT CBOE HenocpeacTBEHHOE pellatollee 3HavYeHWe Npu NpoBeaeHUU
MYNbTUNAULMPOBAHUM C MNPUMEHEHMEM MPOU3BONbHO BbIOPAHHOIO pasmepa 31eMeHTa
MYNbTUNANLUPOBAHUA.

B KayecTBe npuMmepa PacCMOTPUM rMNepbOoaMYECKUIN CUHTYNAPHDBIN GaKTopMan B TOYKE CTbiKa
(B KpuTHUecKoM Touke) Mpu X = 0 ABYX OT/IMYAIOLWLMXCA CTENEHHbIX MHOro4Y/JieHa B CBOEM
KayecTBe cocTaBialoWMX PyHKUMN. ncxoaa u3 oblien NocTaHOBKM 3agaum obe PpyHKUMU He
06A3aTeNbHO MMEKT KOHEYHble HEeHy/NeBble 3HAaYeHUA B KPUTUYECKOW Touke. PyHKUUM
npeacTaBfieHbl  CNeAylwmMm YpaBHEHMEM, TMPU  OT/IMYAOWMXCA A8 HUX  3HaYeHuAx
MHOXUTeNel Y1eHOB 1 NoKasaTesnien CTeneHn npu X B obLiem cayyae:

N
f(x) = Zbi -x% nna a; €7, (23.1)
i=1

N
f(x) = sign(x) - Z b; - |x|* ansa; € R (23.1)
=1

rae N — KONMYECTBO CTEMNEeHHbIX Y1IEHOB B onpeaesieHnn cocrtasasiowen GyHkuum; by - i-bii
MHOMWUTE/Ib Y/IeHa; a; — MOKasaTesib CTerNeHu NPU aprymeHTe X; sign — yHKUMA — 3HaK,
BO3BpalaeT —1, ecin nepenaHHbI apryMeHT OTPULATESIEH, B MPOTMBHOM C/y4ae BO3BpallaeT
+1.

Mpwn 6eckoHeYHO 6AN3KOM NPUBAMIKEHUN K KPUTUYECKOM ToUKe (X = 0) peLlualoLmm 3HaYeHnem
bYHKUMKM ByaeT uYneH C MWMHUMAZbHbIM 3HAYEHMEM a; M3 4YUCNA TeX, YTO C KOHEYHbIM
HeHyeBbIM 3HayeHnem b;. Mpu cTpeMNEHUMN X K HYNHO COCTABAAKOLMMMU 3HAYEHUA PYHKLMI OT
NpPoYnX YneHoB ¢ 6osee BbICOKMMU Qj U KOHEYHbIMW HeHyeBbIMK b;, He B3upaa Ha pasmep
nocneaHux, MOXXHO npeHebpeyb, B BUAY CTPEMIEHUA K HY/IHO OTHOLIEHMA 3TUX COCTaBAAOLWMX
3HaYeHMA GYHKLUMM K COCTaBAAOWEN 3HauyeHUa GYHKUMM OT pellatowero yneHa. Tak, ecau
pewarwmnin YneH C¢ oTpULATe/IbHbIM a;, TO 3HA4YeHWe QYHKLMM B KPUTUYECKOM TOUKE He
onpeaenéHo 1 OHO CTPEMUTCA B HECKOHEYHOCTb MO MOAY/HO NPU CTPEMNEHUN X K TOYKE, a eCAK
PEeLLAOWNIN YNEeH C NONOKUTENbHbIM @i, TO 3HAYEeHUEe PYHKUMM B KPUTUYECKOM TOYKE PaBHO
HYNI0 U CTPEMUTCA K HYNO MPU CTPEMIEHUN X K ToUKe. Ecam pelwatowmii YaeH ¢ HyaeBbIM a;, TO
3HaYeHMe PyHKUMM B KPUTUYECKOM TOUKE paBHO bj, TO eCcTb KOHEYHO.

3HayeHne CMMMETPUYHOTO CUHIYNAPHOTrO GaKTopUana B KPUTUYECKOM TouKe npu x=0:

Ana uenouncrieHHbIx a;:

f(+dx) by - (+dx)
f(=dx)  bj - (—dx)¥

b
siff(x, dx) = = sign(—|a;|%2) -b—" cdx(@a) - (23.3)
J

Ona nencTBUTENbHbIX a;:

. _ f(+dX) _ +bk - dx@k _ bk (ak_a_)
siff(x,dx) = o) e = b, dx i), (23.4)
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roe sign — GyHKUMA — 3HaK, BO3BpallaeT —1, ecnm nepeaaHHbIM aprymeHT oTpuuaTeneH, B
NPOTMBHOM C/iydae Bo3BpawaeT +1; % - 3HaK onepaTtopa OcTaTKa OT AeNeHusa; j — MHAOEKC
pelwatolero 4aeHa cocraBasiowen OGyHKUMM, 4TO A0 KpuTuyeckoh Toukm k - umHAaekc
pellatolero YneHa coctasasowen ¢GyHKUMM, 4TO NOCNe KPUTUYECKOM TO4YKM; % - 3HaK
onepaTtopa ocTaTKa OT AeNeHus.

CBoiicTBa runepbonYecKoro CUHrynapHoro gpakTopuana:

b
hsff (x).V = sign(—lalj%Z) b—k A4 a; € Z, (23.5)
j
by
hsff (x).V = 5 IS a5 € R, (23.6)
j
hsff (x). H(dx) = dx(a2), (23.7)

Ona  coctaBnAowmx OYHKUMM B BUAE CTEMEHHOTO MHOFOY/IeHa C  HaTypaibHbIMU
BKAtOYaOWMMKM O 3HAYEHMAMK CcTeneHen a; onpeaeneHue runepbosnyeckoro CUHryNApPHOro
dakTopmrana moxKeT HbiTb BbIparKEHO Yepe3 KOHEYHbIe 3HaYeHUA NPOU3BOAHbIX COCTABAAOLWMNX
GYHKUMIA B KPUTMYECKOM ToYKe Mo obe CTOpPOHbl OT HEE KaK BKAOYMTENbHO M KaK He

BKNHOYUTENDBHO:!
. fx+dx) " f*(x) - j! i
siff(x,dx) = a0 sign(—j%2) - m - dxk, (23.8)
L " f*(x) - j!
thf(X)V = 51gn(—] /02) : m, (239)
hsff(x).H(dx) = dx¥-J, (23.10)

rae k — nopsaxkoBbii HOMep NepBOM HaWAeHHOW MPOU3BOAHOM HEHYJ/IEBOrO KOHEYHOro
3HaYeHUA B TOYKE X BK/OUYUTE/IbHO; j — NOPAAKOBbI HOMEpP NepBoi HaleHHON NPOMU3BOAHOM
HEHY/IEBOTO KOHEYHOrO 3HAaYeHUs B TOUKE X HE BKIOUMTENbHO; F¥(X) — 3HaYeHre Npon3BoaHON
nopsakoBoro Homepa k B TouKe X BK/AOUYUTENBHO; f)((x)) - 3HaueHwe npou3BogHoOM
NopAAKOBOro HOMEpPA j B TOUYKE X HE BKIOUYUTENBHO.

[na uenn yHuBepcanmsauum 3anucu nog npowusBoAHOW YCAOBHOTO Hy/€eBOro MopAAKOBOro
HOMEpa WAM YCIOBHOW HYNeBOM NPOM3BOAHOM MPUHMMaeTcA cama OyHKUMA f, a TakKe
3HayeHue BbipaxkeHus 0! npMHMMaeTca paBHbIM 1 KaK pe3ynbTaT NPou3BEAEHUA U3 HY/IeBOro
KonyectBa MHoOXUTenen. Mepebop NpPou3BOAHbIX MPOBOAUTCA A0 NEPBON HAWAEHHOM C
HEHY/IEBbIM KOHEYHbIM 3HaYeHMeM NPOU3BOAMTCA B HaMnpaB/ieHUMM pPOCTa UX MOPAAKOBOro
HOMepa HauyMHas C Hyns. lepBble HaWAEHHble C HEHY/IEBbIMU KOHEUYHbIMM 3HAYEHUAMMU
Npou3BoAHblE, B 4@aHHOM C/ay4Yae nog nopaaKoBbiMU HOMepamu j 1 k, ABnstoTca peluatowmmm
NPOM3BOAHbIMU A/1A CBOUX 0bnacTeit GyHKUMKM, MOCKONbKY MPUPOCTOM NPOU3BOAHBIX BbICLINX
NopAAKOBbIX HOMEPOB MOXKHO NpeHebpeyb Npu dx CTPEMSALLEMCA K HYIO.

lNocKONbKY 3HaYeHune dJYHKLI,MM oTpunuyaTenbHO Npur HEe4YETHOM NoKasartesie CTeneHu pewaruero
Y€éHa uan npu HEYETHOM nopAAKOBOM HOmepe pemaroLu,eVl I'IpOVI3BO,£I,HOl7I, 4YTO CneBa OT
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KPUTUYECKOM TOUYKU, N TaKKe MOCKONbKY NONOXKUTENbHbIN CUMMETPUYHDBIA GaKTopman A0MKeH
OMNUCbIBATb YMUC/IEHHYIO MNPONOPLMOHANIbHYIO CBA3b Mapbl 3HAYEHWU YHKUMW OAMHAKOBOrO
apudmMeTMYEeCcKoro 3Haka no obe CTOPOHbl OT KPUTMYECKOW TOYKM (6e3 nepexoga yepes ocb
abcumcc), a oTpuLaTeNbHbIW, HANPOTUB, Pa3HOTO APUPMETUYECKOTO 3HAKa (C nepexoaom yepes
ocb abcumcc), pe3ynbTaT OTHOWEHUA YMHOXAEeTCA Ha —1, YTo HalNo CBOE OTpaXeHwe B
MHOUTENE B BUAE BO3BPALLAEMOrO 3HAYeHMA GYHKUMK sign.

Echn 3HaueHue ¢yHKUMM NO O4HY M3 CTOPOH GYHKUMM npeacTaBnseT coboll KoHeyHoe
HeHy/eBOe 3HaYeHMA, YTO B C/ly4ae C MHOroYs1ieHoM npu aj = 0 unun ax = 0 nnun B KauecTse CBOeW
pellatolleint ycnosHo Hynesor npoussogHoi (k=0 unum j=0), n NOCKONbKY AaHHaAA BE/NMYMHA B
CBOIO oYepenb He 3aBUCUT OT pasmepa dxX, TO C COOTBETCTBYHOLLEN CTOPOHbI MOAY/1b AUCTAHLUMM
TOYKM 3amMepa 3HaYEeHUS GYHKLMM [0 KPUTUYECKOM TOUKM MOMKET BbiTb 60NbLUE UM MEHbLUE OT
TaKOro e C NPOTMBOMOJIOXKHOM CTOPOHbI, AMM60 BoObLWE paBeH Hyto. MPaBUIO CUMMETPUM
NOJIOXKEHUA TOYEK 3amepa 3HAYEHUN PYHKLUN OTHOCUTENBHO KPUTUUYECKOM TOYKU MOXKET BbITb
HapyLeHO B TaKOM C/lyyae, U Torda B KayecTse dx noacraBnsetcs moAy/ib MHTepBana C TOM
CTOPOHbI OT KPUTUYECKOWM TOYKM, rAe 3HayeHue OYHKUMKW onpesenseTca MpPou3BOAHOM
nopAAKOBOro HoOMepa OT e4MHULbI U Bbille.

MpumeyaHue: BOBCE He caeayeT noJsaraTb TO, YTO rMnepboamn3aTop — 3TO WCKIUYUTENbHO
cTeneHHan ¢yHKUMA, Kak B NpuBeAEHHOM NpUMepe CO CTeNeHHbIM MHOTrOY/IEHOM, MOCKO/bKY
OonucaHHoe npeacTaBaseT coboM YacTHbIM caydait. Tak, Hanpumep, COCTaBAAlOWAA PyHKUMUA
MOXEeT npeacTaBnaTb coboit norapudmumyeckyro, B 3TOM C/lyvyae B ONpeaeneHuu
runepbonunsatopa b6yaeT nNpucyTcTBoBaThb siorapudm. N Tem He meHee B obuiem cnydyae Pakr
ycnewHoro onpegeneHua runepbosnMyeckoro CUHryApHOro ¢akTopuana Ha OCHOBE aHanu3a
3HaYeHU NPOM3BOAHbLIX (PYHKUMM B KPUTMUYECKOM TOYKE, TO €CTb YCTAaHOBAEHHbIN aKT
O6HapyXeHUA MX KOHEYHbIX 3HAYeHW Tam, B AENCTBUTENbHOCTU 00ycnaBAMBaAET MMEHHO
CTeNeHHOM xapakTep rmnepbonnsaTtopa.

Ha anarpamme LBETHbIMW TOACTbIMU IMHUAMWU OBO3HAYEHDI Iunep6onuueckue
rpaduKM HenpepbIBHOrO onpegeneHua QyHKUMM B ABYX 5 C““W""P“b'elq’a“mp”a"b'
obnacTax no obe CTOPOHbI OT KPUTUYECKON TOYKM B BUAE

CTENEHHbIX MHOTOYNEHOB C HaTypa/bHbIMM MOKa3aTeNaAMU 15

cteneHei. TOHKMMU ANHUAMKM 0BO3HAYeHa COCTaBaAOLWAA —

3Ha4YeHMA OYHKUMM OT peLIaoWEro YaeHa Wan Apyrumu 1 | L

CnoBamn MNPUPOCT OYHKLUMM OT peLlatoleir nponsBoaHoOM, |

3aMepeHHO B KPUTUYECKOW TOYKe MO COOTBETCTBYIOWYK 0,5 S|

CTOPOHY OT Heé, C MOoKa3aTefeM CTeneHU YneHa WAuM C ‘

NopAAKOBbIM HOMEPOM MPOU3BOAHOM COOTBETCTBEHHO KakK 0

cnenyet: KpacHbl — HyneBas (cama GyHKLMA), OpaHKeBbl —

nepsan, 3enéHblX — BTOpas. Mo obe crTopoHbl or 02 N
KPUTUYECKOM TOYKM B TOYKax € KoopauHaTamu Mo ocu :,__\
abcumcc -1 M 1 npoussesEH 3amep COCTAaBAALWMX - ~~
3HaYeHUN QYHKLMW OT peLIaloLLMX YNEHOB UAW APYTUMU

cnoBamu 3amep npupocta  QyHKUMM OT  peluatowmx L5 4 05 05 )

NPOU3BOAHbIX. Manbie OAHOLBETHbIE oynnetobl,



PacnoNoKeHHble Ha NepeceyeHn TOHKUX IMHUIA C IMHUAMM CETKM KOOPAMHATHOM CUCTEMbI Ha
oTMeTKax —1 1 1 oTparkatoT pe3y/ibTaT COOTBETCTBYIOLLErO 3aMepa. BennymnHbl oTHOWEHNIM BCex
nap 3HavyeHMn Y KOOpAMHAT mManbix Bynnetos pasHbiX LBETOB YMCNEHHO OTpa)keHbl B Buae Y
KoopAuHaT 6onbwmnx BynneTos, YTO PACMO/IONKEHbI B X KOOPAMHATE KPUTUYECKOM TOYKM, B
KayecTBe rpadMyecKoro OoTParKeHWA COOTBETCTBYIOLWLErO CBOMCTBA TOYKM. 1A HUX BHELIHMMN
uBeT bynneta accoumnmnpyetca ¢ 06nacTbio GYHKLMM NpaBee KPUTUYECKOM TOUYKM, @ BHYTPEHHWI
UBeT accouumpyetca K obnactm OyHKUMM  leBee KPUTMYECKOM TO4uKkU. Takum obpasom
OTPa)KeHa uuc/ieHHaa cBA3b obnactelt YHKUMM B  OKPECTHOCTU KPUTUYECKOM TOYKM,
BO3HWKAIOLLYIO OT COOTBETCTBYIOLLEN NApPbl Y1EHOB MAN COOTBETCTBYIOLLEN NAPbl NMPOMU3BOAHbIX.
MocKkonbKy Ha Anarpamme nnedyo runepbonmsatopa dx = 1, n cnegosaTenbHO BO3BpalLaemoe
3HauyeHue rmnepboan3aTopa PaBHO eaAnHMLE, AAaHHbIE 3HAYEHWUS NMOKa3biBa/M Obl Ha 3HaYeHuA
rmnepbonnMYeCcKNX CUHTYNAPHBIX GAaKTOPMANOB, €CIN COCTABNAIOLME 3HAUYEHNE PYHKLUM YeHbI
WAW  MNPUPOCT OT MPOM3BOAHbLIX, YbM TrPadUKM OTOOpPaKeHbl TOHKMMM  JIMHUAMMU
COOTBETCTBYIOLLMX LLBETOB, Obl/IM Obl pellatoWmMMn. 3HaYeHNA B60bLLIMX OAHOLBETHbIX BynneToB
He 3aBMCAT OT dX, MOCKO/AbKY B 3TOM CAy4ae B KPUTUYECKOM TOYKE CTbIKYHOTCA nNapbl
OAMHAKOBbIX GYHKUMIA M 3HayeHWe runepbonmsaTopa ANA TaKoM nNapbl PaBHO eAuHULE
He3aBMCUMO OT pa3mepa dx.

CuHrynapHbit - paktopmMan OyHKUMM  ABAAETCA YaCTHbIM - C/iydaem  runepbonnyeckoro
CUHTynsApHoro ¢aktopmana, a rmnepbosMYecknii CUHIYASPHbIN  GaKTopuan Kak MOHATUE
ABaaeTca runepbon3MpoBaHHbIM paclMpPeHMEM MOHATUA CUHTYIAPHBLIA pakTopuan. HasepHoe
TYT CTOMUT OTMETUTb W TO, YTO MOHATME CUHIYAAPHbIN AnddepeHuMan NPUHUMNUANBHO He
MOXET MMeTb CBOEero rmnepboanM3MpoBaHHOIO pacliMpPeHusa, MOCKONIbKY He MMeeT CMbina.
MPU3HAKOM 3TOrO TaK¥Ke ABNAETCA OTCYTCTBME MOHATMA MPOM3BOAHbIX HYNEeBOro Nopsaka, B
NPOTUBOMOJIOXKHOCTb TOMY, KaK CyLL,eCcTBOBaHME MNOHATMA MPOM3BOAHbLIX NEPBOro nopAgKa
(ogHOro nopsaKka HWXKe, 4Yem MNOopPAAOK CUHrynApHoro ¢aKkrtopuana), Kak 3TO Bbilwe
NPOAEMOHCTPUPOBAHO, MNPUAAET CMbIC/T  TMOHATUIO  TMNEPOO/IMYECKOrO  CUHTYIAPHOTO
dakTopmnana. MOHATUA M CYLWHOCTU BbICWIMX MOPAAKOB MMEIOT B CBOEW OCHOBE MOHATUA U
CYLLLHOCTM HU3LIMX NOPALKOB, @ HAM OCTAETCA /INLb PAaCcno3HaTb BbICLIME WU HU3LWIKE NOPALKA B
CYLWLHOCTAX M NOHATUAX B 3TOM 3akntouaetca ¢unocodmss maTeMaTuMKK, YTO B o4YepeaHoMn pa3
BO3BPALLAET HAC K €€ UCTOKY - K MOHATUIO rMneponepaTopa.

CuHrynapHbole ¢aktopnan u guddepeHumnan, a TaKkKe rMnepboNnYeckuii CUHIYAAPHbLIN
dakTopuan, ABNAIOTCA  BblABAAEMble  aHA/IM30M  HEOTbEMJIEMbIMU  €CTECTBEHHbIMU
CUHTYNIAPHBIMWU CBOMCTBAMM QYHKLMIA B TOYKAX, UX HENb3A U3bATb U3 onpeaeneHns GyHKLUN U
Henb3Aa [06aBUTb Ty[a, NOCKONbKY OHM K HEMY He OTHOCATCS, OHW 3aBUCAT OT Camoro
onpeaeneHuna pyHKUMN.

Mpunaraemble CUHryNAPHbIE CBOUCTBA U IOrMKa GpaKTOPUPOBaHUA U
anddepeHuUpPoBaHMNA C YYETOM NPUNAraeMbiX CUHIYNIAPHbIX CBOUCTB

CornacHo o6HOB/IEHHOM NoruKke onepaumin GakTopnposaHusa n auddepeHUnpPoBaHUA GYHKLNIM
NpY NPOXOXKAEHUN STUMW ONEPALUAMU KPUTUYECKMX TOYEK CYLLECTBYHOLIMI B TaKUX TOYKAX U

NPUHAANEXKALWMN UM COOTBETCTBEHHO TMNEPOONMYECKUI CUHTYAAPHBLIA  daKTopuan wuam
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CUHTYNAPHBIN  AnddepeHuMan aBTOMATUYECKM KOMUPYeTCA B MNpUAaraemble CUHIyAspHble
cBoiCcTBA OYHKUMIA COOTBETCTBEHHO: rMNEpbONMUYECKUI CUHIYAAPHBIX MHOXXUTENb WK
CUHrynapHoe cnaraemoe, O6OOOLWEHHO WMMeHyemble Kak npuaaraemble CUHFYAAPbI, W
aBTOMATUYECKM npwuaaratoTca obpasyemolt COOTBETCTBEHHO (GAKTOP-NPOU3BOLAHOM UM
NPOW3BOAHOM B COOTBETCTBYIOLLMX TOYKAX B pPe3y/ibTaTe CTAaHOBACb MNPUIOKEHHbIMU
cuHrynapamu. Takmm obpasom onepauma ¢akTopupoBaHua wuan auddepeHUMpPOBaAHUA
bYHKUMM He npepbiBaeTcA B KPUTUYECKMX TOYKAX COOTBETCTBEHHO (aKTOpPUPYyemMon uau

anoddepeHunpyemon GyHKunK:

hsmf*(x) = hsff(x), (24.1)
hsmf (x) = hsfF*(x), (24.2)
saf'(x) = sdf (x), (24.3)
saf(x) = sdF(x),  (24.4)

roe hsmf(x) — runepb6onnyecknin CUHIyNAPHbIN MHOXUTENb GYHKUMKU f B Touke X; saf(x) —
CUHryNapHoe cnaraemoe ¢yHKUMM f B Touke X; f° - daKkTop-npousBogHaa ¢yHkuun f; f7 -
npoussogHas dyHKumuK f; F* - dakTOop-nepBoobpasHasa yHKuuK f; F - nepBoobpasHaa GyHKLUK

f.

MpeacTaBaAeTcAa Ba*KHbIM He NyTaTb eCTECTBEHHbIE CUHIYNAPHbIE CBOMCTBA C NpuiaraemMbiMu,
He CMOTPS Ha WAEHTUYHOCTb COAEP’KAHWUA OAHMX U APYrUX, MOCKONbKY OHW NO pPasHOMy
NPOABAAIOT CBOM CBOMCTBA, TEM HE MeHee onpegensemblie ob6WMM coaepskaHuem. Tak B
OT/IMYME OT EeCTECTBEHHbIX CUHIYAAPHbIX CBOWCTB, Mpuiaraemble ABAAKTCA  4acCTbio
onpeaeneHns ¢pyHKUMM, UX MOMKHO [06aBUTb (MPUIOKMTB) MAN U3bATbL U3 ONpeaeneHus
GYHKUMN, U3MEHMB ero Takum obpasom. [JobasneHne UM U3bATUE NPUAAHHOTO CUHIYAAPa
BHOCUT M3MeHeHMe B nepBoobpasHble U NPou3BOAHble (YHKUUM MEepBOro UAM BTOPOrO
nopsAAka B COOTBETCTBUM C TUMOM NMPUIOKEHHOIO CUHTYyAAPa.

Mpepanaraetca Ha Auarpammax rpapuyeckm otobparkaTb NMPUIOXKEHHbIE CUHTYAAPbI Kak 4acT

onpeaeneHns GyHKUMM Kak CnedyeT: KoopAMHaTa X — TO4YKa MOJIOXKEHWUE CUHIYAAPa;
KOOpAMHATA Y — UYMUCNEHHOe 3HayeHWe CUHIYNApa. 3HaK CUHIYAspa Ha  Auarpamme:
CUHTYNAPHbIE C/laraemble - «+», TUNEepPBOANYECKME CUHTYNAPHbBIE MHOMKUTENU - «X».

MepekpecTe 3HAKOB AO/KHO TOYHO YKasblBaTb Ha MOJIOXKEHWE CUHIYNsApa Ha guarpamme
(KoopaMHaTy MO X M YNCIeHHOE 3HaYeHue No y).

Ana runepb60MYECcKOro CUHIYNAPHOrO MHOXUTENEN CNpaBa U CBEPXY OTHOCUTE/IbHO ero 3HaKa
YKa3blBaeTca onpeaeneHune runepboansatopa, Ho TONbKO €C/IM OH He eAMnHUYeEH. B cayyae ecam
rmnep6onm3aTop — 3TO cTeneHHaa QYHKUMA, TO AOMNYCKAeTCA yKa3aTb TO/IbKO cTeneHb npu dx
onycTus npu aTom cam dx. Mpumepol:

xIndx (25.1)
I o %2, (25.2)
X", (25.3)
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roe h — dyHKuma — runepbonmsatop, Yb€ onpegeneHve moxet ObiTb AAHO OTAENBHO,

Hanpumep, 4NA CAy4aes rPOMO3AKOCTU NocieaHero.

Korga HenpepbiBHOe onpeaeneHne GyHKUMU U NPUNONKEHHDBIE CUHTYNAPbI ONUCLIBAIOT pPa3Hble

du13nMYeckne BeNNYMHDI

N/MAM MMelT pasHylo GU3NYECKYHD Pa3MepHOCTb, Hanpumep,

MoLWHOCTb (BT) n paboTta nam sHeprua (M) COOTBETCTBEHHO NPU BpemMeHW (C) B KayecTse

aprymeHTa, WUanm wnMeetr MmecCTo pa3HbIﬁ YNCNEHHbIN nopAaaokK 3HaAYeHUN HenpepbIBHOro

onpegeneHunA (I)yHKLI,MM M 3HA4YeHuMn CUHIyNnAapos, TOorga B AuMarpammax npeanosiaraetca

MCNONb30BaTb ABe B3aMMHO He3aBucumble Y LWKanAbl, OTAENbHO ANA HEe NpepbiBHOrO

onpeaeneHna GyHKUMN U ANA NPUNOMKEHHbBIX CUHTYIAPOB.

AHaNOrMYHO NPOBEAEHUIO MYAbTUNNLMPOBAHMSA, NPU NpoBeaeHUN daKTopMpoBaHMa 061acTb

OYHKUMM MOXKHO Pa3buTb Ha HECKOJIbKO COCTaBAAOLWMX 0b6/1acTel C aHaIMTUYECKN 3a4aHHbIMU

OYHKUMAMM N NPOU3BECTU UX OTAENbHOE PpaKTOpUpPOBaHME.

Ha npuBegéHHOM npumepe nocTpoeHne GaKTop-npousBogHOM (NypnypHbIM) Ana GyHKUUK

(4épHbIM) Pa3buMTOM Ha 061ACTU TOYKAMM M3IOMA U TPEMA KPUTUYECKMMM TOYKaMK. B TouKax

n3noMa OGYHKUMM OXMOAEMO MNPOUCXOAUT npepbiBaHWe eé daKkTop-nponsBogHON. TakKe

oXuaaemo rpadukm $akTop-Npom3BOAHbIX OTAENbHbIX obnacTelt ¢yHKUMM pacnonaratorca

Bblle OCK abcumcc, YTO NO3BOJIAET MPOM3BECTM 06paTHOE MyAbTUNAMUMPOBAHME QaKTop-

NpPoOuU3BOAHON A5t BOCCTaHOBJEHWA ¢YHKUMK. B 3TolM cBA3M onpedenéHHyo npobaemy

npeacTaBaAlT coboi KpUTUYECKMEe TOYKWU: TOYKa NpepbiBaHMA B TOYKax X=1.5 n x=2 u

obpaweHne B HoMb npu X=3.5, rae ¢GyHKUMA nepexoauT 4Yepe3 Hosb. Obe 3TU TOYKM

NPUYUHAIOT NpepbiBaHWe npouecca GakToOpUpoBaHUA ¢ notepert MHPopmaLmm 06 U3MeHeHUn

bYHKUMM B 3TUX KPUTUYECKUX TOYKAX.

NoctpoeHue paKTOpP-NPOUIBOLHOM

W3 COCTaABAAIOLLUX DYHKLUIA

2,5

2 \

\
\

1,5

0,5

0

X
-0,5 /
/
-1
-1
-1,5
0 0,5 1 1,5 2 2,5 3 3,5 4

—f —frl —f22 —f3 —f=4 f=5 f*6 —f*6 x hsf

B Toukax x=1.5 n x=2 y PyHKummn
NPUCYTCTBYET CUHIYAAPHble (aKkTopuanol
KaK OTHOLIeHMe KOHEeYHOro HeHyneBoro
3HayeHusa bYHKUMM npasee
COOTBETCTBYIOLLEM TOYKM K KOHEYHOMY
HeHyneBOMYy 3HauyeHuto OYHKUMKM fneBee
COOTBETCTBYIOLLEN TOUKM:

f(15]) 141421

stf(15) = Fids)) ~ 106066
=11, (42.1)
_fazn -1
SIf(2) =7y =5 =% (422)

MpumeyaTenbHO TO, 4YTO TouKa x=1.5
npeacrasnaetT cobon HarnagHbI npumep
TOrO, KaK Hannuune CUHTYNAPHOrO
MHOXNUTENA bYHKUNM (dbakTOp-
NPOW3BOAHOM B C/ly4ae) B TOYKE NpUBOAMUT
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K NpepbiBaHUIO €€ My/abTUMNAMKana (aHanuMsmpyemon GyHKUMKM B CAyyae), OarKe ecivM cama
byHUMA (paKTOp-NpOM3BOAHAA B C/Iy4ae) HE MMEET NpepbiBaHMA B AaHHOM TOYKe.

B Touke x=3.5 y o¢yHKUMM npucytctByeT  runepbonnYecKUii CUHTYNAPHBIA  daKkTopman,
onpeaensiemblit KOHEYHbIMU HEHYIEBbIMM 3HAYEHUAMM MPOU3BOAHDBIX QYHKLMK, BKIKOYAA camy
dyHKUMIO, B TOUKe X=3.5 N0 0 06€e CTOPOHbI OT Heé:

hsff(3.5) = {sign(—l%Z) f(3.5) - 1 -dxo‘l}

F((3.5)- 0!

~ { 0.66943 -1

-1 _(_ . -1
o5 }_{ 1.33887;dx '} (42.3)

dakTopupoBaHMe 061acTU QYHKLMW B KPUTUYECKMX TOYKAX C YYETOM CUHTYNSAPHbIA CBOMCTB
bYHKUMIA npunaraeT GakTop-nNpon3BOAHOM COOTBETCTBYIOWME rTMNepbonMyYeckne CUHIYAAPHbIE
MHOXutenn. Mpu obpaTHOM MyIbTUNAUUMPOBAHUM GaKTOP-MPOU3BOAHOM HA NpeaesbHOM
NPUOAUMKEHNUN K TOYKE X=2 KOHEYHbI HEHY/NeBOM MPOMEKYTOYHbIN  pe3ynbrart
MYJIbTUNAULMPOBAHUA YMHOXKAETCA HA 3HAYEHMEe CUHTYAsApa B 3TOM TOYKE, a Ha NpeaesibHOM
NPUBAMNKEHMN K ToYKe X=3.5, 6ECKOHEYHO Ma/iblii MPOMENKYTOUHbIN pe3ynbTaT YMOXKaeTca Ha
pe3ynbTaT MNPOU3BEAEHMA KOHEYHOro 3HAYeHUA CUHIynsipa W BO3BpaALLAEMOro 3HavyeHus
rmnepbonunsatopa, KOTOPbIA B AaHHOM C/ly4ae paBeH npeaesibHO MaioMy MHTEPBANy 40 TOYKM
npepbiBaHusa (nnedvy runepbonnsaTopa), Bo3BeAEHHOMY B cTeNeHb —1, TO €CTb MPOMEKYTOYHbIM
pe3ynbTaT YMHOXaeTcA Ha 6OeckoHeyHO 6osbloe 4YMcno, B pes3y/bTaTe 4Yero CTaHOBMUTCA
HEHYNEeBbIM N KOHEYHbIM. TaK»Ke CoXpaHAeTca NPONopUMA OTHOCUTE/IbHOTO PAcCTOAHUA 40 OCU
abcumcc Ana reomeTpuyYecKoro MecTa TOYEK HeonpenenéHHoro MyabTunAMKana aKktop-
NPOM3BOAHOM W TaKOro e WCXo4HOW &YHKUMM, 4YTO npu noabope M COrnacoBaHUM
NPOM3BONIbHbIX MHOXWUTenen B cpenaer HeonpeAenéHHbIX  MyAbTUNAMKAn  dakTop-
NPOU3BOAHON UAEHTUYHBIM UCXOAHON GYHKLMMN.

PaboTa c npunaraembiMu CUHIynApaMu Yepe3 BCnomorartenbHble GyHKLUU

Kpome aBTOMatuMyeckoro ¢opmmpoBaHMA U NPUAOKeHMA  GYHKUMAM B npouecce
dakTopupoBaHma N andodepeHLMpPoBaHNA COOTBETCTBEHHO TMMNEpPbOIMYECKMX CUHTYAAPHBIX
MHOMUTENEN U CUHTYAAPHBIX CNAraemblX AAHHbIE CUHIYAAPLI TAKXKe MOTyT ObiTb NPUNONKEHDI
OYHKUMAM aHANUTUYECKMM CNOCOOOM, UCNOb3yA ANA 3TOr0 YHUBEpPCaNbHbIN MeTog «apply»,
NPUHUMAIOLLNIA  CUHTYNAP HEMNOCPEeACTBEHHO WAW TEHEPUPYIOLWUIA ero no  WU3BECTHbIM
nepegaBaeMbiM B MeTOA: TUME CUHIYAApPa, €ro YMCNEHHOM 3HavyeHuM W runepbonmsatop
(Tonbko gna rMNepboNMYECKOro CUHTYNAAPHOTO MHOXUTENA, YTO MO YMONYaHUIO NMPUHUMAETCA
Kak y=1, ganee no TeKkcty MHbopmaumna o runepbonmMsaTope, YTO B HaACTOSALWMX CKOBOKax He
NPUBOAUTCA, HO MMeeTca B BUAY). [PUNOKEHUE CUHTYNSAPOB BO3MOMKHO KaK MO OgHOMY
CUHIYNAPY Ha OAMH BbI30B MeToga «apply», Tak M maccMBom, rae K/a4amMM Maccusa
BbICTYNAOT KOOPANHATLI X TOUEK NPUIOKEHUA CUHTYNAPOB:

apply(f, x,s),  (26.1)

apply(f,x, V, T, [H]), (26.2)
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apply(f, array), (26.3)

roe f — npeHTMdmKaTOp PYHKUMM KaK Lenn npunoxeHuna obbekTa; X — 3Ha4YeHMe aprymeHTa
GYHKUMM - TOYKA KaK UeNb NPUAoXKeHMA obbekTa; V — BelecTBEHHOE 4YMC/IO B KayecTse
YMCNEHHOTO 3HAYeHMA MNPWUIAraemoro CUHIynapa; S — npunaraemblt obbekT; T — TUn
npunaraemoro ob6bekTa CO CneaylowmMmMn BO3MOMKHbBIMU KOHCTaHTamu: «D» - gucKpeTHoe
3HauYeHMe ANA TOUKM QYHKLMUK; «SA» - CUHTynsapHoe cnaraemoe, «HSM» - runepbonnyeckuii
CUHTYNAPHBIA MHOXKMKTENb; H — runepbonnsatop; array — maccme npunaraemblx 06bEKTOB MO
3343HHbIM KOOPAMHATaM X UX MPUIOKEHMA B GYHKUUMN.

MeTog “apply” paboTtaeT no nNpPUHUMNY 3aMeleHUa HOBO-NpuaaraembiM 06beKTOM
cywecTByowero obbekTa B C/Ayyasx, ecin nocnedHuin obsagaeT coBNafaltolUMM C yXKe
CYLLeCTBYOWMM B onpeaeneHnn OyHKUUMM  YCTAaHOBOYHLIMM  AAHHbIMU:  KOOPAMHATOM
NONOXKEHUA X (HOBbIN NMOMELLAETCA B Ty XK€ TOUKY) U TUNOM 06beKTa (HOBbIM 06BEKT coBNagaeT
C TMMNOM cyllecTeylolero). B ogHol Touke GyHKUMWM He MoOryT Haxoautca 6onee ogHoro
06beKTa UM CUHTYNAPaA O4HOTO TUNa.

OTaenbHO CTOUT MOACHUTb TO, YTO MOMELLEHME AUCKPETHOW BENWMYMHLI B ONpepefieHue
bYHKUMM B TOUKE, MepeonpesenunT HenpepbiBHOE onpeaeneHme GyHKUMM ANA STOM TOUKM, eCu
OHO TaM CyL,eCTBOBA/IO, HO He NpuMBeAET K 3OEKTMBHOMY NpepbiBaHUIO YHKUMX Npu
nposeaeHnun  andodepeHUMpoBaHNA  UAM  PAKTOPUPOBAHMA U WMHTErPUPOBAHUA UK
MYNbTUNANLUPOBAHUA, YTO Obl/I0 NOKA3aHO Ha NpUMepe MyAbTUMNAULMPOBAHUA GYHKLUN Y =
bl - [x|" B HyneBoit Touke, HO NpPUBEAET K TOMY, YTO QYHKUMA BO3BPALLAET AaHHYIO
ANCKPETHYHO BEZIMUYMHY NPW €€ BbI30BE C YKa3aHMEM KOOPAMHaTbl TOYKM No ocu abcumce, Ho 6e3
SBHOTO YKa3aHWA COCTOAHUA BKAOYUTENBHO/HE BKAOYUTENBHO.

MPUNONKEHHDBIA CUHIYNAP MOXHO YyAanuTb W3  onpegeneHns ¢yHKUMM € MOMOLLbLO
YyHUBepCcanbHOW OYHKLUMM «remove» Mo WM3BECTHbIM M NOAaHHbIM B METOJ, YCTaHOBOYHbIM
[AaHHbIM CUHTyAApa:

s = remove(f,[xo,[x:]],[T]),  (27)

roe Xo — KOOpAWHaTa 06beKTa A1 €4MHUYHOTO YAANEeHUA, UM NePBAn KOOPAMHATA UHTepBana
yOaneHusa; X, — BTopaa KoopAuHaTa MHTepBana yaanenua; T - Tun onpeaeneHma GyHKUMKN —
obbekTa yaaneHua: «V» — HenpepbiBHOe onpeaeneHne GyHKLMU B Kyne C AUCKPETHbIM; «C» —
HenpepbiBHOE onpeaeneHne GyHKLUMK; «D» — TONbKO AUCKpeTHoe onpeaeneHme GyHKUNUWK;
«SA» - cuHrynapHoe cnaraemoe, «<HSM» - runepbonMyYeCcKUN CUHIYAAPHBIN MHOXUTEND; S —
yaanaembi 06beKT, 06BEKT UN PyHKUMA.

Ecnn He nepepatb TMN o6bekTa onpeaeneHna GyHKUMKM «remove», TO U3 GyHKUMnM byaet
y4aneHo BCé cyuwecTeylowee onpeaeneHme. Ecam B GyHKLUMIO «remove» nepeaatb UHTepPBas,
TO byaer ypaneHo onpegeneHne QGyHKLMM yKa3aHHOrO TMNa o6bekTa BHYTPM YKa3aHHOro
WHTEpPBaNa, eCcAn He nepefatb HU KOOPAMHATY 0b6beKkTa HU WHTepBan, To byayT ypaneHo
onpeaeneHne GyHKUMM yKa3aHHOro TMNa 06beKTa BO BCEM MHTepBasie OT — o A0 + oo, Ecim B
dYHKUMIO «remove» nepeaHa ogHa KoopAauHaT, To byaeT yaaneH o6beKT yKazaHHOro Tuna no
YKa3aHHOW KoOpAMHAaTe: CUHIYAAP WAW AUCKPETHoe onpegeneHve OyHKUMU. DyHKUMA
«remove» BO3BpallaeT yAaNéHHbIh ob6bekT, uan null, ecnn nocnegHuii He HawaeH B
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onpeaeneHnn GyHKLMN NO NOAAHHbLIM YCTaHOBOYHbIM AaHHbIM, @ B C/ly4ae MHOXEeCTBEHHOro
yhaneHna o6beKToB YKa3aHHOro onpeaeneHna no yKasaHHOMY UHTepPBaly AW TOXe CaMoe, HO
6e3 yKasaHuA MHTepBana, To PyHKUMA «remove» BO3BpaALLAET CO34aHHYI0 el GYyHKUMIo co
BCEMMU YOANEHHbIM OObEKTAMM YKa3aHHOrO TUNA ONpefeneHua: HeNpepbiBHOE onpegeneHune
n/MnNn, ONCKpPeTHble 3HAYEeHUA B TOYKAX, BCE CUHIYNAPblI YKA3aHHOro TMNa B MPUBA3KE K WX
OPUTMHANbHBIM KOOPAMHATaM.

®yHKuMA «create_singular» TpaHchopmupyeT nepesaBaemoe BELLECTBEHHOE YWUCN0 WM
OVCKPETHbIE 3HAYeHUs B onpeaeneHum QGyHKUMM, 4TO nepefaHbl B KayecTBe aprymeHTa,
COOTBETCTBEHHO B 3Ha4YeHMe BO3BPALLAEMOrO €l MPUIaraemMoro CUHrynapa WanM B 3HaYeHun
OAHOro M 60see NPUIONKEHHbIX CUHIYNAPOB B BO3BpallaemMol el PpyHKUMK, coaeprkallel
COOTBETCTBYIOLLEE CUHTYNAPHOE ONpeaesieHNe B NPUBA3KE K KOOpAUHATaM No nepeaaBaemomy
B KQYecTBe apryMeHTOB TUMNE CUHTYAApa U ero runepbonunsaTope:

a = create_singular(V, T, [H]), (28.1)
f1 = create_singular(fo, T, [H]), (28.2)

rae V — BeLLecTBEHHOE YMC0 B KaYeCTBE YNCIEHHOIO 3HaUYeHWsA BO3BPaLLAeMoro cuHrynspa; fo
— OMCKpeTHOo onpeaenéHHan dyHKuma; f; — dyHKLMA, coaepiKallan CUHIyaapsbl.

®yHKUMA «merge» CIMBAeT HECKOIbKO B QYHKLMUI B O4HY M BO3BPALLAET pe3ynbTaT C/INAHUA:
f = merge(fy, [fy, [f5, .. [flll),  (29)
roe f — pesynbtupytowan oyHkums; fy, £, f3.. f, — chrmBaemole dyHKUMK.

PyHKUMA «merge» paboTaeT No NpUHUKUNY 3amelleHna GyHKUMK, Y4To npasBee, GYHKUUEN, YTO
NeBee B CNUCKe nepenaBaeMblX apryMeHTOB, AENCTBYIO B HanpaB/ieHUM CaeBa HanpaBo Mo
CMUCKY. 3aMeLlleHu0 noaneXaTb [AWCKPETHble 3HAYeHWA, CUHTYAApPbl C COBMALANOLWMMMU
YCTaHOBOYHbIMM AAHHBIMW U NepeKpbiBaloWwmMeca 061acTM HEMNPEPBLIBHOTO OnpeaeneHus

bYHKUNIA.

®yHKuMA «extract» BblaenseT yacTb onpeneneHna GpyHKUMM yKa3aHHOro TMNa B yKa3aHHOWM
TOYKE UM YKa3aHHOM WHTepBase, U BO3BPALLAET pe3y/bTaT BblaeeHNn B BUAE GyHKUMK:

s = extract(f,[xo,[x1]],[T]). (30)

BosBpallaemble 06bEKT, HabOp aprymMeHTOB, M TaKKe JIoOTMKa Mx 06paboTkm y O yHKUuUK
«extract» MO/IHOCTbIO COBMAAAET C TaKOBOM OYHKUMWM «remove». EAMHCTBEHHbIM OTAMYMEM
byHKuMM «extract» oT PyHKUMM «remove» fABAAETCA To, YTo «extract» He moguduumpyet
nepesaBaemMyto B KauecTBe aprymeHTa GyHKUMIO.

Ona Toro, 4to G6bl HAMTM NEPBO-NOMNABLUMNCA CUHIYNAP M €ero KoOOpAWMHATy B ONpeneneHum
bYHKLMM, BbI3bIBAOTCA cnepytowme GyHKUNN:

s =find_one (f, [xo,[x1],T), (31.1)

x = find_one_coordinate (f, [xo,[x1],T), (31.2)
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roe s — 06bEKT (CMHIyNAp); X - KoopanHaTa 06beKTa (CMHrynspa).

®dyHKkuum «find_one» n «find_one_coordinate» npon3sBoaAT NOUCK B HanpaBAeHUN OT Xg A0 X1
NnoKa He byaeT BCTpeyeH 06BbEKT yKa3aHHOro Tmuna. Habop aprymeHToB M fIorMka nx ob6paboTkm
bYHKUMIA NONHOCTLIO COBMagaeT ¢ TakoBOM GyHKUMKM «extract». EAMHCTBEHHOE OTAMYME ABYX
bYyHKUMIM OT «extract» B TOM, YTO OHM He BO3BPALLAOT GYHKUMIO HM NPU KAaKUX YCIOBUAX.

Bce nepeuncneHHble BcnomoraTtesibHble GYHKLUWM, MPUHUMAIOLLME UHTEPBA/IbI, NOAAEPKUBAIOT
nogayy rpaHuL, MHTEPBANOB C YKa3aHHbIM abCOMIOTHbLIM COCTOSSHUEM BKAKOUUTENBbHO/ He
BK/IIOYMUTENBHO U C aBCONOTHBIM COCTOAHMEM BKAKOUUTENBHO MO YMONAYAHUIO.

MpunoXeHHble GYHKUMAM TUNepboMUYeckne CUHTYAAPHBbIA MHOXUTENb U CUHTYIAPHOE
cNnaraeMoe HUKakum obpasom He npoasaaoT ceba npu 0bbIKHOBEHHOM Bbi30Be GYHKUMUU C
YKa3aHHbIM 3HaYeHMEeM aprymeHTa, COOTBETCTBYHOLLMM MOJIOKEHUIO AAHHbIX CBOWCTB, OHMU
HaxoAATCA B CKPbITOM COCTOAIHMU. [lna TOro, 4to-6bl U NONYYNTb B SIBHOM BUAE UX YNC/IEHHOE
3HayeHne, TMN KU runepbonmszaTtop, HeobxogMmo Bbi3BaTb cneaywouwme  GYHKUUMK
COOTBETCTBEHHO, nNepefaBas WM NpPeABapUTENIbHO BblAENEHHbIA CUHIYAAP B KayecTse
aprymeHTa:

V =singular_value(s), (32.1)
t =singular_type(s), (32.2)
H = singular_hyperbolizer(s), (32.3)

roe s — o6beKt (cuHrynap); T - Tun obbekTa (cuHrynapa); V - yncneHHoe 3HayeHne obbekTa
(cuHrynsapa), H — runepbonnsatop.

Echm B dyHKuMKM «singular_type», «singular_value» u «singular_hyperbolizer» nepepaHa
HeonpeaenéHHOCTb, TO OHW  TaKXKe  BO3BPALLAOT  HeonpeaenéHHocTb.  PyHKuwmA
«singular_hyperbolizer» Bo3Bpawaer HeonpeaenéHHOCTb, €CAM B KayecTBe CUHrynsapa
nepefaHo CUHrynapHoe cnaraemoe. MonyynTb 3HAYEHUE CUHTYAApa UAKM ero rmnepbonumsatop
MOXHO HenocpeacTBEHHO 0OPaTUBLLMCH K ero cCoOoTBeTCTBYtoWeMY cBoiicTBy: V =s.V; H=s.H.

ANropuTm BblUMCNIEHUA oNpeaeNEHHOro MyibTUN/IMKANA U onpeaenéHHoro
MHTEerpana c y4ToM NPUNOIKEHHbIX CUHTYNAPOB MO NYHKTaM

1. KoHcTaHTbI Onepauyuu:
Obuwee 0718 MynbMuUnAUYUPOBAHUA U UHME2PUPOBAHUA:

doX — MoNIoXUTEIbHanA 6ECKOHEeYHO Manan Be/IMYNHA UK AOCTAaTOYHO MasaAa NpuU NpUMeHeEHUA

YNCNEHHOTO MEeToAa;
Tonbko 014 mynemunauyuposaHua: T="HSM”, N = 1.

Tonbko 014 uHmezpuposaHua: T="SA”, N = 0.
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2.

BBogHble NnepemeHHble:

Obuwee 0718 MyAbMUNAUYUPOBAHUA U UHMe2puposaHus: f1, fa, Xo, Xi1.

3.

4.

YcTaHOBKa Hauya/ibHOrO COCTOAHMA NEePEMEHHDbIX: Xg := Xq, 8 := X1 "< Xo? —1:+1, R:=N.

BbinonHeHMe [eACTBMIA HaCTOALLEro NYHKTa B YKAa3aHHOM NOpAAKe B LMKAe NOKa Xg <*>
X1 1 R KoHeuHoe u HepaBHoe In (N):

Obuwee 0718 MyaAbMUNAUYUPOBAHUSA U UHME2PUPOBAHUSA:
X1" 1= X = X1 ? set_state(Xy, g) : set_state(g - xo+dox > g - X1? X1: X0 + g - dox, —g) (33.1),
Xc :=Xo =X, ? undefined :
(find_one_coordinate(fl, Xo, X1', T) | | find_one_interruption_coordinate(f5, Xo, xl')), (33.2)
Tos16K0 0419 MyAbMUNAUYUPOBAHUA:

i::IXl—Xol /22 |XC—X0|, (3331)

X1 1= X ? (xC =Xo ? set_state(2 - xo — x1’, —g) :

(xc =x,'? set_state(x{’, g) :set_state(z “Xe— (i ? X0 : Xq), —g))) :xy, (33.4.1)
TosbKO 018 UHME2PUPOBAHUA:
i:=%x.=Xo, (33.3.2)

X1:=Xc ? set_state(xC ,i?g: —g) :x1, (33.4.2)
Obuwjee 018 MynbMUNAUKUPOBAHUA U UHME2PUPOBAHUA:
dx := X1 — %o, (33.5)

s := i ? find_one(fs, Xo, X1, t) : undefined, (33.6)

V :=singular_value(s), (33.7)
X:=i?X: (X1 +X0) /2, (33.8)

TonbKo 0418 MynbmMunAUYUPOBAHUA:

H := singular_hyperbolizer(s), (33.9)
dpx := sign (ln(H(dox))) “87 X1 - Xc i Xc-Xo, (33.10)
tsf = (V-H(dpx))®, (33.11.1)

thi= £,00 |1 L2 - fx)P?, (3312.1)
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R:=R- (tsf|| tf), (33.13.1)
TonbKO 0719 UHME2PUPOBAHUA:
tsd(x) =V-g, (33.11.2)
td = fo(x) |'] f(xo) dx/2 + f(x) dx/2, (33.12.2)
R:=R+ (tsd || td), (33.13.2)
Obuwee 018 MyaAbmunaAUYUPOBAHUA U UHME2PUPOBAHUA: Xo := X1. (33.14)
5. BosBpauweHue pesynbrara: R.

roe doX — HOMUHAIbHBIN 31EMEHT MYNbTUNINLMPOBAHUA UNM UHTETPUPOBAHMA, 3a43ET ANUHY
COOTBETCTBYIOWEN BeNMYUHbI; T — TUN NpPUNaraeMoro CUHryaspa, 3aBMCUT OT NPOBOAMMOM
onepauum: MyibTUNANLMPOBAHUE WU UHTErpupoBaHue; N — HEMTPaNbHbIN 31eMEHT, 3aBUCUT
OT NPOBOAMMON onepauuu; fi — NOAMYNbTUIMINMKA/IbHAA WAW NoAbIHTErpanbHas ¢yHKUMS,
cogeprkawas runepbosMyeckme CUHIYIAPHbIE MHOXUTENN WAW CUHTYNAPHbIE Cnaraemble
COOTBETCTBEHHO; f, — NOAMYNbTUNANKANAbHAA UAM NOAbIHTErpasbHana GyHKUMUA, coaeprKallas
HenpepbiBHOe onpegeneHne ¢yHKUMKN; Xo — abCoONOTHAA HayanbHaA rpaHWLa OTpes3Ka
MYNbTUMNULMPOBAHUA UAN UMHTErpupoBaHuA; X; — abCoNOTHAA KOHeYyHas rpaHuLa oTpeska

MYNbTUMIMLMPOBAHUA UAN UHTETPUPOBAHUA; := - 3HAK NPUCBOEHMA, NPUCBANBAET BblPaXKEeHUS
cnpaBa nNepemMeHHOW CneBa; Xo — abconoTHaa HayanbHas rpaHMLA 3/1eMeHTa
MYNbTUNAMUMPOBAHMA wuan uHTerpuposanma; {..} ? {..} : {..} — ycnosHbIt onepatop,

paboTatowmin no cxeme: {nposepsemoe ymeepicoeHue} ? {BblpaxkeHMe B C/ly4ae UCMUHbI} :
{BblpakeHue c cnyyae /mxuU}; g - 3HAK INEMEHTA MYNbTUNANLMPOBAHUA UAN UHTETPUPOBAHMS,
OLHOBPEMEHHO  ABNAETCA  WMHAMKATOPOM  HanpasBAeHMA  MYAbTUNAUMLMPOBAHMA UMK
WHTErpupoBaHMA  COOTBETCTBEHHO: +1 B HanpaBneHMM pocTa aprymeHta, -1 B
NMPOTMBOMO/IOXKHOM  HanpaB/IEHUW HaMpaB/JeHMA pPoCTa aprymeHta; R — pesynbrart
MYAbTUMNNMLMPOBAHUA  WAW  UHTErPUPOBAHMA, U  TaKXKe MPOMENKYTOUYHbIN  pe3y/abTaTt
MYAbTUMAMLMPOBAHUA  UAM  WHTETPUPOBAHMA  COOTBETCTBEHHO; X;° —  abcontoTHas
npeaBapuTeNibHAA KOHEYHasA rpaHMLUa 3N1eMeHTa MYyIbTUNINMUMPOBAHNA UAM UHTETPUPOBAHWUS;
|| - 3HaK onepatopa nepebopa, Bo3BpaLLaeT nNpaBoe OT cebAa 3HaYeHUe, ecm NeBoe OT Hero
3HaYeHMe He onpegeseHo, B MNPOTMBHOM C/ly4ae BO3BPALLAET JiIeBOE 3HAYEHMUE;
find_one_interruption_coordinate(f, Xo, X1) — ¢yHKUMA, BoO3BpalLlaOWan abCONOTHYHO
KOOpAMHATy NepBO-NONAaBLIErocA NpepbiBaHMA f, BHYTPU FPaHUL, YKa3aHHOTO MHTEPBana oOT Xo
[0 X1, BeAA NMOUCK B HanpaB/ieHUM OT Xp K X1; Xc — aBCONOTHAA KoopauHaTta npuaaraemoro
CUHIYNApa fi1 WA npepbiBaHUA fr; | — MHOMKATOP BKAKOYEHUA CUHTYAAPa WAW MpepbiBaHUA
bYyHKUMM B 3neMeHT onepauuu; X; — abcontoTHaA KOHEYHaA rpaHuLUa 31emeHTa
MYAbTUMNMULMPOBAHUA WAN WHTETPUPOBAHUA; S — MpPUAAraemblt cuHrynap; V - 4yncneHHoe
3HaYeHMe CUHrynsapa; X — abcontoTHas KoopauHata YCNOBHOW CcepeauHbl  3/1eMeHTa
MYAbTUMNNNLMPOBAHUA nnu NHTErpUpPOBaHUS; dx —  3¢pdekTMBHbIV 3NeMeHT
MYAbTUMNNNLMPOBAHUA UAN UHTETPUPOBaHMA; dyX — YacTb 3/1€MEHTA MYNbTUNNLMPOBAHUA —
nneyo runepbonmsaummn; H — runepbonusatop; tsf — TexHUUECKUIA CUHTYNAPHBIN daKkTopUan
dakTop-nepBoobpasHon; |!| - 3HaK onepaTopa HeraTMBHOro nepebopa, BO3BpPaALLAET /IEBOE OT
cebA 3HaYeHWe, eCNM OHO He onpeseneHo, B NPOTUBHOM C/ly4ae BO3BpALLAET npasBoe OT cebn
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3HayeHue; tf — TexHuueckM HenpepbiBHbIN dakTopuan ¢akTop-nepBoobpasHon; tsd —
TEXHUYECKUIN CUHTYNAPHbIN anddepeHumnan nepsoobpasHoi; td — TEXHUYECKMIA HeNpepbIBHbIN
anododepeHuman nepsoobpasHom.

MNpumeyanue: PyHKUMK f1, f> moryT HbITb NpeacTaBneHbl ogHON PyHKUMEN. B gaHHOM cnyyae
pa3geneHvem Ha ABHO OTAe/bHble ABe NOKa3aHa NPUHLMNMANbHAA BO3MOXHOCTb NPOBOAMUTL
PacyéT No ABYM OTAENbHbIA QYHKLUAM.

MNosacHeHue paboTbl aArOpMTMa BbIYMCIEHUA ONpPeAeNIEHHOrO My/IbTUMJINKANA U
WHTerpana c NpUMeHeHMeM NpuaaraemMbiX CUHIyNAPOB

MynbTUNANUMPOBAHNE WAM UHTErpMpoBaHMe (ganee onepauma) HaYMHAETCA C YCTAHOBKM
HaYa/IbHOrO COCTOAHMA: HayabHasA rpaHMLA NEepPBOro 31eMeHTa onepaLmm Xo yCTaHaB/IMBaETCA
Ha Hauyano oTpeska onepaumn Xo. [POMEKYTOUHbIA pe3ynbTaT R ycTaHaBAMBaeTcA Ha
HelTpanbHoro umcno N. Onpegensercs Hanpas/ieHWe onepauumn OTHOCUTENbHO HanpaBaeHMA
ocu abcumcce No cpeacTsam onpeneneHma MHANKAToOpa HanpasaeHMA onepaummn g.

NTepaumm UMKNA MOBTOPAIOTCA MOKA MPOMENKYTOUYHbIN pe3ynbTaT onepaummn He BbIXOAMUT 3a
AOMNYCTUMbIe 3HAYeHWA M MOKa HayanbHaA rpaHWLA 3/eMeHTa Ofepauumnm MeHblue, 4Yem
KOHEYHaa rpaHMUa OTpe3Ka onepauuu yuutbiBaa abCONOTHO COCTOSHWE  FpaHuy,
(BKNtOUMTENBHO/HE BKAOYMTENLHO). [lafiee MOACHEHWE NPUBOAMTCA Ha MpUMepe MNPAMOro
Hanpas/JeHMA NPoBefeHMA onepalmm, No HanpaBAEHUIO POCTa aprymeHTa. M TyT HeobxoamMmo
YTOYHUTb TO, YTO MPU PACCMOTPEHMU onepaummM B O06paTHOM HanpaB/ieHUM OMUCbiBaeMble
abCcoNtoTHbIE COCTOAHUA TPaHUL, MEHSIOTCA Ha MNPOTMBOMOJIOXKHbIE: BK/AOUYMTEIbHO Ha He
BK/IIOUNTENIbHO, U HE BKAKOUYMTENbHO HA BK/IKOYMTE/IbHO, 33 YTO OTBEYaeT g.

B Havyane KaX[oro UMKAQ Ha OCHOBE HOMWHAJbHOMO pasmepa 3n1emeHTa onepauunn
onpenenAaeTca npegsaputesibHaAd KOHe4YHaA rpaHuua 3/1EMEHTa onepaunun X1’ |_|pl/l 3TOM BO
BHUMaHME MNPUHMMAETCA KOHEeYHaA rpaHuua oTpe3ka onepauun. o ymonvyaHuMo KOHeYyHasA
rpaHnNUa 3N1eMEHTA onepaunumn onpenenaeTca Kak He BKAKOYNTE/IbHO, 3a UCKNKOYHEHUEM Cay4ad,
KOrga Ha4da/ZibHaA rpaHnua azieMeHTa onepaunm ¢ COCToOAHNEM HE BKIKOYUTE/IbHO COBMNaadaeT no
3HA4YEeHUNIO KOOpPAUHATbl C KOHeYHOM rpaHmu,eVl OTpe3ka onepaunun C COCToAHUNEM
BKKOYNTENIBHO, APYr’MMWN CNOBaMU, KOrga I'IOCI'IG,D,HMVI 3/IEMEHT onepaunn cogeput B cebe
TOJZIbKO Nnepexon 4yepes TOHKY KOHEeYHOM rPaHnUbl OTPE3Ka onepaunn.

Mocne onpegeneHva nNpenBapuTE/IbHOM  KOHEYHOM  FpaHWLbl  31EMEHTa  onepauuu
NPOWU3BOAMTCA NPOBEPKA HA HaNMYMe NPUIAraeMbiX CUHTYNAPOB f; BHYTPU AAHHOMO 3/1EMEHTA],
a eC/IM UX HeT, TO NPOBEPKA HA HaZInuMe NpepbIBaHUN f, BHYTPU AAHHOMO 3/1EMEHTA, U UMEHHO
B TaKOM MOPAZKe, U M3BNEKAETCA KOOPAMHATA TaKOBOM TOYKMU X, €CAN OHa HauaeHa. Ecam
3HAYeHMA KOOPAMHAT Hayana M NpeaBapuTENIbHOTO KOHLA 3/1EMEHTA Oonepauuu coBrmagatoT
(3nemeHT onepaumm — 3TO TO/ILKO Mepexos, Yepes TOYKy), TO HET CMbICAa UCKATb KOOPAWHATY
NOJIOXKEHWUA NPUAAraeMoro CUHIyAspa UAK NPEPbIBAHNUA, €C/IN OANH U3 HUX €CTb TO, OH B TOYKE.

Mocne TOro Kak CTaaAn M3BECTHbl X;' M Xc U Npn U3BECTHOM Xo MOXXHO oOnpegenntb
OKOHYaTeNbHOK KOOPAWMHATY U COCTOAHMUE KOHEeYHOWM rPaHULbl an1eMeHTa onepaunn X;, 41O
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OKOHYaTe/NIbHO OonpeaenuT MOJIOXKEHME M pa3mep dnemeHTa onepaunn. Cnocob nonyyveHuA
3TOW BE/IMYUHBI Pa3/INYEH A7 MyNbTUNANLNMPOBAHNUA U UHTETPUPOBAHUA.

OcobeHHOCTb onpeneneHnn 3n1emeHTa onepauum nNpyu MyabTUNAMLMPOBAHMM 3aK/OYaAETCA B
TOM, 4YTO NO BO3MOXHOCTM MOJIOKEHWE NPUNATAEMOro CUHIYNApPa, €CAW TaKoBOW HaWAeH,
AONIKHO NPUXOAUTCA HA CepeamHy 3/1eMeHTa onepaumn C PaBeHCTBOM ANUH 06pasyroLmxcs
yactell 3snemeHTa onepauum Mo obe CTOPOHbI OT MPUAAraeMoro CUHIyaapa gaa ueau
coObNOAEHNA  BbILWEONUCAHHON CcUMMMeTpUU. WUCKAloYeHMe npeacTaBAAloT Cayvyan, Korga
CUMMETPUN HEBO3MOMKHO A06UTbCA B NPUHLMMNE MOTEHLMANbHO A4 NEPBOro U NocAeaHero
3NemMeHTa onepauuu npu yCAOBUW 33a4aHUM COOTBETCTBYIOLLMX TPAHWUL, OTPe3Ka onepauuu ¢
COCTOAHMEM HE BKNHOYMTENbHO ANSA HAYa/NbHOM WM BKAKOYEHO 418 KOHEYHOW rpaHuubl, U
04HOBPEMEHHO C GAKTOM TOr0, YTO MMEHHO B 3TUX FPAHMYHBIX TOYKAX HAXO4ATCA NpUNaraemble
CUHTYNAPbI.

KoHeyHas rpaHuua 3nemeHTa onepauuuM NpubAMMKAeTCA K HayanbHOW ANA TOro, Yto Obl
cobnoctn Bbiwe 0603HAYEHHOE YCNOBME CUMMETPUM, MAM ANA TOro, 4TOo-6bl BOOGLLIE He
BKHOYATb NPU TEKYLLEN UTepaLmmn HalAEHHbIN CUHTYAAP, @ BKAKYUTb €ro B cieayoluLyto, Mbo B
NPOTUBHOM CNy4Yae A/MHA 3/1eMEHTa OTPe3Ka BO3MOMKHO MPEBbICUT HOMUHABHYIO AJINHY, YTO
MOKET ObITb KPUTMYECKM BaXKHbIM NPU MNPUMEHEHUM YUCNEHHOTO MeToAa BblYMCAEHUA
MYNbTUMNMKaNa AN UHTErpana.

OcobeHHOCTb OnpeaeneHus 371eMeHTa oOnepauun Mpu MHTErPUPOBAHUM 3aKNtOYaeTcA B
OTAENEHUN CUHTYNAPOB UK NPepbiBaHNA GYHKLUKM OT 0bnacTei HeNpPepbIBHOIO onpeaeneHnn
GYHKUMI M MX pacnpegeneHnn no pasHbIM 31eMeHTam onepauuu. Takum obpasom, ecau
npuAaraemblit CUHTYNAP UAK NPepbiBaHWE HAMAEHO B HaYase 31IeMeHTa onepaLuu, To 31eMeHT
onepauuu BKAtOYAET B cebA TONbKO Nepexos Yyepes 3Ty TOUKY, B MPOTUBHOM Cayyae 3/1eMeHT
onepauum 3aKaHYMBAETCA Nepes TOYKOM, He Mepexoas Yepes Hell 1 He BK/IoYas TOUKy B cebs.

NHanKaTop i NOKasbiBaeT Ha BKAOYEHWE HAMAEHHOIO CUHIYASAPA UM NPEepPbIBAHUA B TEKYLLYHO
utTepaymtio.

Mocne onpeaeneHusa KOHEYHOM TpaHWUbl dN1EeMEHTa OoMnepauunu MOXKHO OnpenenvuTb AJIUHY
anemeHTa onepauumn dx, Kotopaa MOXKeT 6biTb U HYNEeBOW, €CNM 31eMeHT onepauun — 3To
TONbKO Mepexos Yyepes3 TOYKY, a TaKKe MOXHO HalTWM Npuaaraemblii CUHIYAAP S B 3/1€MeHTe
onepauuu, eciv AOCTOBEPHO M3BECTHO O TOM, YTO OH BK/IHOYEH B TEKYLLMIN 3NEMEHT onepauum,
3a YTo oTBeyaeT i. [lpu yCNnoBUM TOTO, YTO CUHIYNAP HAMAEH MOXKHO NPOYMTATb €ro YUCAEHHOEe
3HayeHue V, a gnsa runepboMYecKoro CUHIYIAPHOrO MHOXUTENA eweé 1 ero runepbonnsatop
H. Ecan noaTBepKAEeHO BKIOYEHME MPWUIATaeMOro CUMHIyAApa WKW NpepbiBaHUA GYHKUMM B
TEKYLLMIA 3/1eMeHT onepauum, To KoopauHaTa 0bHapYKEHHOro OAHOro U3 HUX MPUHUMAETCA 3a
YCNOBHYIO CepeAuHy X 3/leMeHTa onepauun, Tem CcaMbiM BOCCO34aloTCA  YC0BUSA
BO3HWMKHOBEHMA CUHIYAPa W3 CUMMMETPUYHOro ¢dakTtopuana akTop-nepBoobpasHol
NoAMYNbTUMNNMKANbHON PYHKLUMM (ecan OH co3aaH npu pakTopupoBaHuu). Ecamn BratoueHMe
NPWNAraeMoro CUHIynsipa WAM NpPepbiBaHUA OYHKUMW B TEKYLWMA 3/1eMEHT onepaumm He
NOATBEPKAEHO, TO MO YMONYAHUIO 33 CEPEANHHYIO TOUYKY MPUHUMAETCA CcepeduHHas TouKa
anemeHTa onepauun. OgHa U3 ABYX MONOBUH 3/1eMEeHTa MYAbTUMAULMPOBAHUA HE HYNEeBOM
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AONvHbl, o06pa3oBaHHaA ero JAefieHneM CepeauHHOM TOYKOM, HasHayaeTca nJjeyom
runepbonmnsaumnm dpx.

Mocne Toro, Kak NOAroTOBUTE/IbHbIE AEMNCTBUA 3aBEPLUEHbI, MOMKHO NPUCTYNaTb K BbIYUCIEHWNIO
31EMEHTAPHOr0 MNpUpaLeHMa pesyabTaTta onepauuu, AAa8 MyAbTUNAUUMPOBAHUA — 3TO
3N1€MEHTaPHbIA MHOXKMUTENb, ON1A UHTETPUPOBAHUA — 3TO 3NEMEHTapHoe cnaraemoe. Kaxapii
N3 HUX onpeaenseTca 3HaYeHUAMM ABYX CBOUX YacTel: NepBoi 1 NPUOPUTETHOM, OTBEYatoLLEN
3a npupalleHue, CcBA3aHHOE C HaAMYMEM MNPUNAraemoro CUHrynapa, U BTOPOU MU
BTOPOCTENEHHOW, OTBEYaloLWeEeN 3a NpuUpaLLeHne, CBA3aHHOE C HEMPEepPbIBHbIM onpeaeneHnem
byHKUMK. TaKk B Cyyae, eciv nepBas 4acTb MMeeT onpenenéHHOCTb (Mpuaaraemblit CUHIYAAp
NPUCYTCTBYET B 3/1IEMEHTE ONepaLun), To BTOpasa YacTb He NPUHUMAETCA B pacyéT. Kak npasuio
npepbiBaHne GYHKLMMU NPUKPbLIBAETCA HA/IMYMEM MPUIAraeMoro CUHryiApa, KOTOPbIA Kak-6bl
CTaBUT 3aMNiaTKy Ha 3TOT Y4YaCTOK PYHKLMM, YTO, COBCTBEHHO, ONpPaBAbIBAET NPUOPUTET NEPBOIA
YyacTu Hag BTOpPOW. TaKKe NPUYMHOW NpUopUTETa NEepBOM YacTU ABAAETCA HEU3IMEPUMOCTb
yacTell B KayecTBe MHOMMUTENEeW WMAM CNaraembiX, a UMEHHO, CTPEMIEHME K HYNI BAMAHUA
BTOPOW YaCTU Ha pe3y/bTaT onepauuu No CPaBHEHUIO C BAUSHMEM NMEPBOWN MPU NPeae/bHOM
NPUBANKEHUM pasMmepa dN1eMEHTa onepaLmn K HyHo.

PacuyéT nepsoi Yyactu tsd ana MHTErpupoBaHMA AOCTAaTOMHO TPMBMAJIEH U NpeacTaBaseT coboi
pe3ynbTaT YMHOXEHWA 3HAYEeHUA CUHTYAAPHOrO CNAraemoro Ha MHAMKATOP Hanpas/ieHuA
WHTETPUPOBAHUA g, B 3aBUCMMOCTM OT HaMpPaBNEHUA WHTErPUPOBaHUA MO0 OCTaBAAIOLLErO
CUHTYNIAPHOE Caraemoe cilaraeMbiM (Npu Npamom), Anb6o apPeKTMBHO NpeBpaLLAOLLErO Er0 B
BbluMTaemoe (npu obpaTHom). Pacyét nepBon yactu tsf gna mynbTUnaMuMpoBaHus B
HEKOTOPOM Mepe aHaNorMyeH, HO HACTO/NIbKO Ke U CNoXKHee. Bmecto yMHOXeHuA
rMNepboNnMYEeCcKUA CUHTYNAPHBIN MHOXUTENb OXUAAEMO BO3BOAMTCA B CTENEHb WMHAMKaTOpa
Hanpas/seHMA g, B 3aBUCMMOCTU OT HaMNPaBAEHUSA MYNbTUNIULMPOBAHUA MO0 OCTaBAAIOLLEIO
rMNepboaMYECKUI CUHTYNAPHBIN MHOXUTEND MHOXUTENEM (Npu npamom), Nnbo 3ddeKTMBHO
npespaLLatoLwero ero B Aenntenb (Npun obpatHom). Takke cam rmnepboanYecKmii CUHTYAAPHbIN
MHOXUTEeIb UMeEeT BCerga NoJIoXKUTeNbHOE BO3BpalLaemoe rmnepbonmM3aTopom 3HaveHue H B
KayecTBe CBOEro COOGCTBEHHOrO MHOMWUTENA, KOTOPbIA MO MOHATHbIM NMPUYMHAM OTCYTCTBYET
NPW CUHIYNAPHOM CNaraeMom B KaKoi-To HU Bbia1o popme.

KaK 3TO y)Xe MOHATHO 3HayeHue rMNepboMYECKOro CUHIYAAPHOTO MHOMUTENA MOXKET ObITb
oTpuuaTenbHbiM. OTpuuaTeNbHbIM apudMeTUYECcKMiA 3HAK MO3BOMIAET MO Xo4e NpoBeAeHMA
MYAbTUMNMLMPOBAHUA MNEPEBOAUTb MPOMENKYTOYHbIN pPe3ynbTaT MyAbTUMNNMLMPOBAHMA, a
3HAYNT U OYHKUMIO MYNbTUNAMKANA W3 NONOXKUTENbHOM 06/nacTM B OTpULATENbHYO, U
HaobopOT, NpPU 3TOM HeOorpaHMYEeHHOEe YMCA0 pas, 4YTo ABAAETCA OAHWM M3 33/0T0B
BOCCTAHOB/MEHMA  PYHKUMM MO €€ HAYMHEHHOM rMNepbOIMYECKUMU  CUHTYNAPHBIMU
MHOXUTENAMU PaKTOP-NPOM3BOAHON. ECAM Mbl FOBOPUM O HeonpeaeNEHHOM MY/bTUNIUKAE,
To cBoboga BblbOpa NPOM3BONLHOIO MHOXUTENA B un3baBnseT Hac oT HeobHXoAUMMOCTU
HenocpeacTBEHHO B Npouecce MyAbTUNINLMPOBAHUA BblbMpaTb apudPmeTUYecKUn 3HaK
obnacten MynbTUNANKANG, YTO Pa3feNieHbl Nepexo4oM MyNbTUMNINKANG Yepes HOMb. B aaHHOM
cNyyae onpeaensArwmMm ABNAETCA NONOXKEHNE TOYEK Nepexosa Yepes Ho/lb U UX KOIMYECTBO B
OTpesKe MyAbTUNAULMPOBAHMA WAM BO BCeM 06nacTU onpeaeneHns HeonpenenéHHoro
MYAbTUMIMKaNa.
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foBOpA O KO/AMYECTBE MNEpPexoAoB My/AbTUMAMKANA M3 MNONOXKUTENbHOM obnactn B
oTpuuaTeNnbHylO M 006paTHO, a 3HAYUT O KONMYEeCTBE BCTPEYaeMblXx B npouecce
MYAbTUMNAULMPOBAHUA OTPULLATE/IbHbIX MHOXUTENEeN, MOMHO COCNaTbCA HA TO, U4TO
rmnepbonmyeckme CUHIYNAPHbIE MHOXWUTENWN B 06LeMm, Byayun BeNMUMHAMMU AUCKPETHLIMMU,
npeAnonaraloT KOHEYHOCTb CBOEro KO/MYeCTBa OTHECEHHOTO Ha KOHEYHbIW WHTepBan
NOAMYAbTUMNNNKANbHON YHKUMM, YTO OYEBUAHO MEPEHOCUTLCA HAa KOHEYHOCTb KOAMYecTBa
OTPULATENbHbIX  MHOMUTENIEM MPOMENKYTOYHOro pesynbTaTa  MyAbTUNIMUMPOBAHUA B
KOHEYHOM OTpPEe3Ke MY/NbTUNINLMPOBAHUSA, U TAKUM 06pa3soM NPUHLMMIMANBHO CHUMAET 3anpeT
Ha OTPULLATE/IbHOCTb 3HAYEHMUA TMNepPHONMYECKOTO CUHTYAAPHOTO MHOXKUTENA, NPUHLMNUANBHO
HaNOMEHHbI Ha OTPULLATE/IbHOCTb HEMPEPLIBHOTO ONpeAeneHus MNoAMYNbTUNANKANbHOM
OYHKUMM MMEHHO WM3-3a BO3HMKHOBEHMA B TAKOM C/ly4yae MOCNe[0BaTe/lbHOro pAga M3
OTpULATENbHbIX MHOXWUTENE HECKOHEYHOCTU KO/IMYECTBa.

tsf n tsd o6napaa npuoputetom nepen coorsetcTBeHHo tf u td adpdekTMBHO «BbipesaeT» 3To
HenpepbiBHOE onpegeneHve OYHKUMW B MHTEpBane 3/leMeHTa onepauuu U 3aMeHAeT ero
coboii. C TexHWYeCcKOM TOUKM 3PEeHUA MPOMEKYTOYHbIA pPe3ynbTaT, COOTBETCTBYHOLLUN
Haya/IbHOM TOYKE 3N1eMeHTa MyAbTUNAULMPOBAHMA, HA BXOAE B UTEPALMIO COOTBETCTBEHHO
yMmHoKaeTcA Ha tsf mam npubasnaetca tsd u nepegaetca Ha BbIXOA M3 UTepauuK, B TOYKY
COOTBETCTBYIOLLYHO KOHLY 3/1eMeHTa onepauuu.

Takum  06pasom  NPOMENKYTOYHbIM  pe3ynbTaT  MyAbTUNAMLMPOBAHMA He  AocCTuraet
3anpefenbHblX 3HaYEHUI: HeonpeaenEéHHOCTU UK Hyns. [LonycTUM OH NPUBAUNKAETCA K HY/IHO
Ha GECKOHEYHO Manyl AUCTaHUMIO OT Hero M 3atem Anbo «nepebpacbiBaeTca» 4Yepes ocb
abcumcc oTpUUATENbHBIM 3HAYEeHWEM TUMNEPBOANYECKOTO CUHTYNAPHOrO MHOMKUTENdA, Mbo
«OTpa)KaeTcaA» OT Heé, ecnn nocnegHui nonoxuteneH. C «npenomneHnem» uam 6es, c

"Mepebpocka” MynbTUNAMKana PaBEHCTBOM Yr/la OTPAXKEHWUA YINY NAAEHUA UK HET,
MHOXHUTeNeM Yepes HoMb CO CKa4YkOM B 3HaYeHUU OYHKUMM uanm  eé
\ \ NPOU3BOAHbIX WAM HET, BCE 3TO YXKe 3aBUCUT OT
3HAYEeHMA  MOAYNA  3HAYEHWs  CUHTYNAPHOro
\ ‘ rMnepboanNYECcKOro MHOXWUTENA, OTIMYEH NN OH OT

\ €4MHU1LbI, U HACKO/IbKO.
\ Ha Aauarpamme  npeactaBneHa — MAKOCTPALUA
\K% BApMaHTOB  «MepebpocKM» U  «OTPaXKeHus» B
OKPECTHOCTU KPUTUYECKOW TOYKM (cepas 30HA) B
~ " 3aBMCMMOCTM OT  3HaueHuA runepbonunyeckoro
r\nﬁi CUHTYNAPHOTO MHOXWUTENA W ONpeaeneHus ero

NS >( runepbonunsartopa.

/ CTporo roBops NOMy4YeHHbIV B pe3yabTaTte obpaTHOro

MYNbTUNANLUMPOBAHUA  PaKTOP-NPOM3BOAHON  C

/ NpUAaraeMbiMM  CUHTYAAPAaMU  MYAbTUMAMKAA He

ABNAETCA TOYHOM KOMMen OPUTrMHANIbHON GYHKLUM

T

/ / M3-3a Haan4yuAa «nepe6poc0K» 4yepes HOJb Un

1 £ ((OTpa>KeHMl71)) OT HEero, 0 KOTOpPbIX Mbl 3Haem, HO TEM
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He meHee 3¢PEeKTMBHO TOXKAECTBEHEH €M, YTo, COOCTBEHHO, HEOOXOAMMO ANs NPAKTUYECKOM
paboTbl. HecmoTpsi Ha Hanuume TakuMx OECKOHEeYHO Masioro pasmepa «3anaaToK» HoBas
OYHKUMA  MMeeT  HeoTAMYMMble  runepbosiMyeckme  CUHrynspHole  daktopuanbl  OT
npuHagnexXawmx opurmHanbHoOn GyHKUMM, YTO NO3BOIAET BHOBb MOBTOPUTb C HEM onepaumio
baKTOpUPOBaAHMA N MNONYYUTb AEHTUYHYIO PAaKTOP-NPOM3BOAHY!IO.

B OKpecTHOCTU TOYKM NpepbiBaHUA MOAbIHTErpasibHOM MAM NOAMYNAbTUNANKANAbHOW GYHKLUK
MMeeT 3HaUYeHWe TaKkan Be/IMYNHA KaK cpeaHeapudpmeTUyeckoe Uam cpesHereomeTpmyeckoe ot
3HAYEHUW MNOAbIHTErPaANbHOMW WAW NOAMYNbTUMNIUKANLHOM (PYHKLMMU COOTBETCTBEHHO (Aanee
nogonepauMoHHON GyHKLMK), B3ATbIX NO 06€ CTOPOHbI OT TOYKM NpepbIBaHUA NpU BECKOHEUYHO
6/1M3KOM NPUBAUIKEHUU K HE. HA30BEM AaHHYIO BE/IMYMHY YCIOBHOE CpeAHee 3HAHME B TOUKe
npepbIiBaHUA.

TaK KOHe4YyHoe 3HayYeHue AAHHOM BEeNUYMHbI CBUAETENbCTBYET O TOM, YTO BAMAHME 3HAYEHMM
nofonepauMoHHOW GYHKUMKN 40 TOYKM NPepbIBaHUA Ha NPOMENKYTOUHbIN pe3ynbTaT onepauum
(Ha WHTerpan MAM MyNbTUMNAMKAN COOTBETCTBEHHO) KOMMEHCUPYETCA eé 3HaYeHMAMM nocne
TOYKM MpepbiBaHMUA. MOMKHO FOBOPUTb O TOM, YTO 3HAYEHUS GYHKLUMU B OKPECTHOCTU TOUKM
npepbiBaHUA Mo 06e CTOPOHbI OT HEE B3aMMHO-KOMMNEHCcUpytowue. B aTom cnydae B Kayectse
«3annatkmM» B 3Ty TOYKY MOXeT ObiTb MOMELLEHbl CUHTYASPHOE CAaraemoe WM
rMNepboIMYECcKOro  CUHIYNAPHOrO MHOMMUTENA C  eAMHWYHbIM  rMnepbonnM3aTopom, YTo
reHepupyeT BeaMYMHbl cooTBeTcTBeHHO tsd u tsf KoHeyHoro pasmepa, ycTaHaB/iMBatoLWMe
COOTBETCTBEHHO abCO/IIOTHYIO PasHULY WKW OTHOCUTENIbHYIO (NPOMOPLMOHANbHYIO) PasHULY
Mexay AByMA 061acTAMM MHTErpana uamM MyabTUMNAMKANG COOTBETCTBEHHO.

Mpu onepauumn MynbTUNAIMLMPOBAHUA €CAN YCAOBHOE CpeAHee reoMeTpuYecKoe 3HayeHue B
KPUTUYECKOW TOYKe BeCKOHEYHO Mano MAM BECKOHEYHO BEIMKO MO MOAY/0, TO KOMMNEHCcaLma
OCYLLECTB/AEGTCA OTAMYHBIM OT eAMHMLUbl BO3BpalLaemMbiM 3HayeHuem runepbonmnsatopa
COOTBETCTBYIOLLErO CyYato onpeaeneHua. N’mnepbonmsaTop — 3To TO, YTO NPUBOAMT 3HaAUYEHMeE
rMnepb0oIMYEecKoro CUHIYNSPHOTO MHOXKMUTENA B COOTBETCTBUE C HEMPEPbLIBHbIM ONpeaeneHuem
NOAMYNbTUNANKANbHON GYHKLMM NO 0b6e CTOPOHbI OT TOYKM pas3pbiBa. becKkoHeYHo Hosblioe
YCNOBHOE cpeAHee 3HayeHWe KOMMeHcupyeTcss 6GECKOHEYHO MasibiM  BO3BPaLLAEMbIM
3HayeHnem runepbonmsaTopa, 6eCKOHEYHO Masnoe YCNOBHOE cpedHee  3HayeHue
KomneHcupyeTca 6eckoHeyHo 60blMM BO3BpaLLaeMbiM 3HaYeHMeM runepbomsaTopa.

Mo 3ToW NpUYNHE onpenenEHHbIN MyNbTUNANKAN AN OTPE3Ka, COCTOSLLErO TO/IbKO U3 OA4HOM
TOYKU C CUHTYNSIPOM C HEe eAMHUYHbIM TMnepboan3aTopom, He [4acT KOHEeYHOro B KayecTse
pe3ynbTaTa. TakKe pesynbTaT MyAbTUNAULMPOBAHNA OTPE3Ka, rPaHULLbl KOTOPOro BK/KOYAIOT B
cebAa TOUYKM C TUNEPBONUYECKUMM  CUHTYAAPHBIMW  MHOXUTENAMW C He eAMHUYHbIM
rmnep6011M3aTopomM MOTyT HEe AaTb KOHEYHOro 3HaYeHUs B KayecTBe pesyabTaTa. [aa onepaunm
WUHTErpupoBaHNSA 6GECKOHeYHO 60nbloe N0 MOAYNIO YCNOBHOE CpeaHee 3HayeHue B
KPUTUUYECKOM TOUKE K COMKANEHUIO HE MOXKET BblTb KOMMEHCUPOBAHO.
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B cnyyae ecnm onpepenenune runepbonmsatopa B
TOYKE He COOTBETCTBYET YCNOBHOMY cCpegHemy
3HAYEHUIO B TOYKe, N He 06A3aTenbHO B TO4YKe
npepbIBaHUA NOAMYNbTUNAMKANbHOM YHKUUMK,
TO MY/IbTUNANLMPOBAHME MOXKET BbITb MPepBaHO
obpalieHnem MyAbTUNANKANA B HOJMAb WAN B
6ecKOHeYHOCTb MO Mmoaynto. B Takux cay4vasx
runepbonmsauma ABNAETCA HeAOCTAaTOYHOW UK
n36bITO4YHON. ABTOMATMYECKOE TFEHEepUpOBaHMe
npuaaraembix CUHTYNAPOB B npouecce
¢daKkTopMpoBaHUA GYHKLMN HE MOXKET NPUBECTU K
OMNMUCbIBAaEMOMY HECOOTBETCTBUIO OnpeaeneHus
runepbonusatopa no onpegeneHuo. 3aecb
MMETCA B BMAY YMbIWAEHHO MPUIOXKEHHbIE
CUHTYNApbl, MognduKauma GyHKUUNA.

Ha  pguarpamme  nokasaHbl ~ KOMBWMHauuu
HenpepbIBHOro onpeaeneHns MynbTUNAMKana no
o6e CTOpPOHbl OT KPUTUYECKOM TOYKWU (Y4€pHble
rpadumKku), 3aZilaHHbIE CIEAYIOWMMN CTENEHHbIMMN
ypaBHeHuamu: y=C/x; y=C; y=C-x; y=C-x2.
LiBeTHbIMM rpadrKamm NoKasaHo TO, Kak Mor Obl
pa3BMBaTbCA MYNbTUNANKAN cnpaBa oT
KPUTUYECKOM  TOYKM NpU  MNOMELWEeHMn B
KPUTUYECKYIO TOYKY runepbonmyeckoro
CUHTYNIAPHOTO MHOXMUTENs B 3aBUCMMOCTM OT
onpeaeneHus ero runepbonnsaTopa, a UMEHHO
OT cTeneHW runepbonmsaummn, Kak cnepyet
(cnpaBa HaneBo): canaTHbIN: —2, aKBamapuH: —1,
ronyboii: 0, cupeHesbili: 1, MannHoOBbIN: 2. Beep
M3 ULBETHbIX TPadUKOB HEHY/IEBOrO KOHEYHOrO
3HAaYeHMA  MOKasblBaeT Ha  COOTBETCTBUE
onpeaeneHne runepbonusatopa KombuHauMm
HeonpeaenéHHbIX MYyIbTUNAMKANOB nNo obe
CTOPOHbI OT KPUTUYECKOW TOYKWU. Hynesble wau
HeonpeaenéHHble 3HayYeHWss 3TUX rpadurKoB
NMoKasblBatoT Ha HecoOTBETCTBUE, Ha
HeAOoCTaTOMHOCTb  WMAM  Ha  U3ObITOYHOCTb
rmnep60oa13aumnm COOTBETCTBEHHO.

Bo3Bpawaemoe 3HayeHue runepbosmsaTopa
3aBUCMT OT 3JIEMEHTa MYAbTUNINLUPOBAHUSA
nepeaaHHoOro B KayecTtse nneya
runepbonmsaumm  HGECKOHEYHO  Manoro  Uan

OueHka cooTBeTcTBMA runepbonunsaropa
KOMBMHALMAM BUAOB CMEMHbIX
cocraBnmou.l,ux GyHKUMIA

-/ /
_2////
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OOCTAaTOMHO MaNoro 3HAYeHUsA COOTBETCTBEHHO MPU AHAIMTUYECKOM MeTode WAW npwu
YMCNEHHOM METO/E BblYMCNEHMA ONpPeaeNEHHOro0 MyabTUNAMKaNa. Bolpaxkaacb meTadpopuyHo,
rMnepbonnNYECKNI CUHTYNAPHBIA MHOXUTENb — 3TO «CEMA», CogepXKalee KONYEeCTBEHHYHO
(KoHeuyHoe 3HauyeHue

CUHIYNApa) WM KayecTBeHHyl (onpeaeneHuve runepbosimsatopa) WMHPOPMAULMIO O CBOEM
NOTEHLMANbHOM POCTE, 3/IeMEHT MY/AbTUNINLUPOBAHUA — 3TO pecypc pocTa, «bnarogaTHan
noysa», a pPesy/bTaT «3aNUTKM» rMNepbONNYECKOro CUHIYNSPHOTO MHOMUTENA 3/1eMEeHTOM
MYAbTUMIMLMPOBAHMUA NOPONKAAET TOTOBbIA K YNOTPEONEHUIO B KAYeCTBE MHOXUTENA UK
Aenutena NPOMEXKYTOYHOro pesybTaTa My/bTUNAULUPOBAHUA «NIOAY.

Bonpoc o ToM, NOYEMY CUHTYNIAP COAEPMKUT KaAuyecTBEHHY MHGOPMaLMIO, MOYEMY XapaKTep
rmnepbonusaummM He onpeaenseTca  «aBTOMATMYECKM», «Mo  MecTy» B npouecce
MYNbTUNAULMPOBAHUA, OTNaZaeT No ABYM NpUUYMHAM. Bo-nepBbiXx NPUIOMKEHHbIA CUHTYNAP —
3TO  CBOMCTBO OYHKUMM B TOYKE, KOTOPOE MNPUHUWMMNNANBHO HE MOXKEeT 3aBUCeTb OT
NPOBOAMMOrO aHanu3a, ero JIOTMKM W OKpyKalWwmux o6cToATeNbCTB, APYITMMU CNOBaMM,
aHaANIUTUK JO/IKEH MMETb NPABO U TEXHUYECKYHO BO3MOXHOCTb HAPOYHO NPUJIOKUTb CUHTYAAP B
TOYKe OYHKUMM C HECOOTBETCTBYIOLWIMM 3TOM TOYKMU onpeaeneHunem runepbonmsatopa. Bo-
BTOPbIX B MPOLECC MY/NbTUNINUMPOBAHNA NOCAe[0BaTe/IbHbIN, OH He «3aberaet Bnepea» AnA
TOro, 4To Obl ONPEeAENNTb XapaKTep Pas3BUTUA MYAbTUNANLMPOBAHUA NOCNE TOYKU NPEPbIBaHMUA,
M 3aTem Bbl6paTb COOTBETCTBYIOLLEE TOYKE MpepbiBaHUA onpegeneHne runepbonnsaTopa.
Jlornka onepauum MynbTUNAULUMPOBAHUA WAN WUHTErpUPOBAHMSA MOCTPOEHA TaK, 4YTO OHa
«paboTaeT B C/AEMYHO», KaK U AO/MKHO ObiTb B MpUHUMME, €A AO0J/IKHO ObiTb 6e3pa3nmyHo
3HAYeHMEe M COCTOsIHME MPOMEXKYTOYHOrO pe3y/bTaTa Ha BXOAE B MTEpPaLMio, KOHEYHOe,
6eckoHe4YHo manoe wuan 6eckoHeyHo 6o0nblwoe OHO (33 BXOAHOE 3HayeHue oTBevaeT
NCKNOYUTENbHO NPOU3BO/bHBLIA MHOXUTENb B), cnepoBatenbHo el 6e3pasnnyHo nonyyaemoe
Ha BbIXo4e 3HayeHwe, OyaeT /M OHO KOHEeYHbIM, GEeCKOHeYHO MasbiM, MM BEeCKOHEeYHOo
6osbwnM.

AHanM3 TONbKO HEMPEpPbIBHOIO onpeaeneHns noaonepaumoHHon ¢yHKUMM (Npou3BoaHOM
OYHKUMM Mnn paKkTop-NpPom3BOAHON COOTBETCTBEHHO) 63 yYETa NPUJIONKEHHbIX CUHTY/IAPOB HE
NO3BONAET FapaHTUPOBAHO BOCCTAHOBUTb CamMy QYHKLUMIO, eCinm [0NycKaTb BO3MOMKHOCTb
Ha/IM4YMA NPepPbIBaHUN GYHKUUM UM NPEepbiBaHMA €€ NPOM3BOAHbIX B KPUTUYECKUX TOYKaX (ons
MYNbTUNAMKANa B Hy/NEBbIX TOYKax), TO €CTb M3-3a HanMuusa npobaembl COrnacoBaHUA
NPOU3BOJIbHbIX CAaraemblX MAW MPOU3BO/IbHLIX MHOMUTENeN. ITO 06CTOATENBCTBO €lé pas
YKa3blBaeT Ha HEOOXOAMMOCTb BBEAEHMA KAacca NPUIAraemMblX CUHIYIAPOB U UX NPUNOXKEHMUA
nogonepaumoHHbIM GYHKUMAM B 06CTOATENbCTBAX NPOBEAEHUA aHAIM3a C BK/IOYEHMEM B HEro
CaMMX KPUTUYECKUX TOYEK U CBOMCTB YHKLMIN B STUX TOYKaX.

Ecnv B anemeHTe onepauum cUHrynap He obHapyKeH, To npouecc 3¢GeKTUBHO UCNONHAETCA MO
HenpepbIBHOMY OnpeAeneHno NoAONEPALNOHHON GYyHKLMK. Npon3BOANTCA NpeaBapuTenbHan
npoBepKa onpeaenéHHOCTM noaonepaunoHHoM ¢yHKUMM B cepeaMHHON TouKe. Hanpumep
TaKyl0 MPOBEPKY B OTCYTCTBUWU MPUIONKEHHOTO CUHIYAApPa NPOXOAMT Hy/leBas TOYKA Npu
MYAbTUMNAMLMPOBAHUM MOALYNA Nepecekarowen ocb abcumcc odyHKumun. Ona obecneyeHun
CywecTBeHHO 6osblwe NPaKTUYECKOM TOYHOCTM MPU YMCAEHHOM pPEeLleHUU onpenenéHHoro
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MYAbTUNAMKANA NN ONPeaeNnEéHHOr0 MHTErpasa MHOXUTEIb AKX CNaraeMoe NPOMEXKYTOYHOrO
pe3ynbTaTa COOTBETCTBEHHO MY/IbTUMIMLUMPOBAHNA UAN UHTEIPUPOBAHMA PACCYMUTBLIBAETCA KakK
COOTBETCTBEHHO  CpegHereomeTpuyeckoe U cpeaHeapuPmeTUYecKOM  OT  3HAYEHUM
NnoAonepauMoHHOM OGYHKUMM B HAYaNbHOM FPaHULE WM B KOHEYHOM TrpaHWULEe 3SN1eMeHTa
onepauuu.

3anucb MyibTUN/IMKANA U UHTErpana ¢ y4ETOM NPUNONKEHHbIX CUHIYNIAPOB

MOCKO/IbKY NPUNOMKEHHbIE K QYHKUMAM CUHTYAAPbI HUKAK He NpoAsBaAatoT ceba npu ob6blMHOM
Bbl30Be nocnegHen, GopmanbHbI noaxon TpebyetT mogmduKaLmm 3anucn MyabTUNAMKana u
WHTerpana, NnogpasymeBatowMx NpoBeaeHme onepaumm ¢ y4ETOM NPUNOXKEHHDBIN CUHTYIAPOB B
onpeaeneHnm GyHKUMK:

Ana mynemunaukana:

I
[ a0 A" a1
|
f f(xdx) || 1, (34.2.1)

+
-ff(x,dx)dxu 1, (34.3.1)

. f FE)™ |11, (34.4.1)

Ana uHmeezpana:

I
f fikxdx) || (0)dx || 0, (34.1.2)
I
J f(x,dx) ||0, (34.2.2)

+
Jf(x, dx)dx || 0, (34.3.2)

J f(x)dx || 0, (34.4.2)

roe «|» - akueHT GyHKUMKM, 3acTaBasioWwmMii GYHKUMIO BO3BPALLATb TO/IbKO MHOMUTENU UM
TONbKO  C/naraemble  Aas  MNPOMEXKYTOYHOro  pesynbTata  MyAbTUNANLMPOBAHUA  UAN
WHTErpUPOBaAHMA COOTBETCTBEHHO, YTO OOYCNOB/IEHbI MPUNOXKEHHbBIMU  CUHTYNAPaMMU,
nonaaalwLWmMmMm B 3/IEMEHTbI onepauunm, B NPOTMBHOM C/ly4ae BO3BpaLLLaeT HeonpeaeNéHHOCTb;
«+» aKUEHT OYHKLMK, 3aCTaBNAOWNK GYHKUMIO BO3BPALLATb MHOXUTENU UM Cnaraemble ans
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NPOMENKYTOUYHOIo pe3ybTata MyAbTUNANLMPOBAHUA WUAM UHTETPUPOBAHMA COOTBETCTBEHHO,
4yto 00YyCcnoB/AEeHbl KaK MNOMafalolMMM B 3SNEMEHTbl OMepaunmn CUHIYAApaMK, TaK MU
HenpepbIBHbIM onpeaeneHnem GpyHKUMK.

MocTaHOBKa akuUeHTa NpMAAET PYHKLUMM Bbllle ONUCAHHYIO JIOTUKY, NO CYyTU onpeaensas HOBYIO
dYHKUMIO, 32 OCHOBY KOTOPOI B3siTa GYHKUMA MO aKLEHTOM. B 3Ty HOBYIO QYHKLMIO B KayecTBe
OONONHUTENBHOIO aprymeHTa nepegaétca dx. 3To HeobxoaMMO ANA TOro, YTo 6bl AeincTByA B
HOBOW /IOFMKE OHa MOr/1a BECTU NOMUCK CUHTYsipa BHYTPU 3/1EMEHTa onepaunmn 1 reHepmpoBaTb
BO3Bpallaemoe 3HayeHue runepbonmsatopa. lNpu 3TOM COKpalleHHaa 3anucb, Ta, 4YTO C
aKueHTOM «+» ¢dopMasbHO nogpasymeBaeT BO3BpalleHue OyHKUMen nog akUueHTOM He
KOHEYHbIX 3Ha4yeHunin: tsd/dx npu MHTErpMpoBaHuuy, n Vst npu MynbTUNANLMPOBaHUK. Mpu
3TOM npeanonaraeTcs To, YTO nepepn u3BneyeHnem KopHa us tsf nocnegHuin pasnaraetca aga
MHOXUTENA: cBon moaynb |tsf] wn ceon apudmetmnyecknin 3Hak sign(tsf) Kak cnepyer:

d - d:
f/SIgn(tsf) . ’{/ltsf|, YTO HEOH6XOAMMO AN BOSMOMKHOCTM Nepeaayum 3Haka MHOXUTENs Yyepes
onepauuio BO3BeAeHME B HECKOHEYHO Manyo creneHb dx. B gaHHoOm cnydae, yem 6bl He

d .
ABNANOCH BblpakeHe ‘V—1, HO B NocneacTBUMM BO3BeAEHHOE B CTeneHb dX, J0/KHO AaTb B
pesynbTate —1.

PasBepHyTaa 3anucb, Ta, 4YTO C aKUEHTOM «|», no3BonseT npoBOAUTL oOnepauum C
WCMNOJIb30BaHMEM [ABYX OTAENbHbIN GYHKUMA: ONA  ONpPeaeneHua CUHTYIAPOB U AAs
HenpepbIBHOro onpeaeneHua GyHKUMH.

YpasHeHuns 34.4.1 n 34.4.2 oTpakaloT KJIaCCMYECKOe npoBedeHWe onepaunii 6es ydeta
NPUOAHHBIX CUHIYNAPOB, AaXKe He CMOTPA Ha TO, YTO OHM MPUCYTCTBYIOT B OMNpeneneHun
nogonepauMoHHON GyHKLUM.

HeobssatenbHble aobasku ||1 n ||0 moryT 6bITb MCNoNb30BaHbl ANA NPeAoTBPaLLEHMA
npepbIBaHNA onepaLumn Npm oTCYTCTBMU HEMPEPbIBHOro onpeaeneHna GyHKUuUK.

NckniountenbHo ans Uuenn AeMOHCTPaLMM BO3MOMKHOCTEM MYNbTUMAMLMPOBAHMA C YYETOM
CUHTYNAPHbIX CBOWCTB  OYHKUMIA  MOXKHO onpegenntb X! wncnonb3ys onpeaenéHHblin
MYAbTUMAMKAA. Ona 3Toro Heob6xoauMMo BBECTU GYHKUMIO getZ, 4To reHepupyeT AUCKPETHYHO
bYHKUMIO U3 NepeaHHOM B KaYecTBe apryMeHTa HeMnpepbIBHOM NyTEM yAaneHUa onpeaeneHns
bYyHKUMN 13 BCcen eé 061acTn Kpome TOYEK LLeI0YMCIEHHOTO 3HAaYEeHUA apryMeHTa:

X(x) =%, (35.4)

X
|
Xl =o f create_singular(getZ(X), "HSM")(x/,dx") || 1.  (35.5)
0

MpaBuno cornacoBaHMA NPOU3BO/ILHOTO MHOXUTENA «B» U NPOU3BOILHOrO
cnaraemoro «C» ¢ yYETOM NPUNOIKEHHDbIX CUHIYNAPOB

ypaBHeHme cornacoBaHmMA nNpPOU3BOJIbHbIX MHOXUTENEN W NMPON3BOJIbHbLIX CnaraembiX AnAa

CMEXHbIX obnacteii  GYHKUMA NpU  aHAa/IMTUYECKOM  MOCTPOEHUM  HeonpeaenEHHbIX
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MYNbTUNANKANOB W HeonpeaenéHHbiX MHTErpasioB C Yy4ETOM Hanuuma runepbonnyeckmx
CUHTYNIAPHDBIX MHOXUTENEN U CUHTYNAPHBIA CnaraeMbix NprMobpeTatoT crneayowni sua;

Fo((x)) +Co +saf(x) =F(x) +C;, (36.1)

(}imo F*o(x —dx) By -hsmf(x).V-hsmf(x). H(dx) = (}imo F*i(x+dx) -B;, (36.2)
X— X—
Px = C}im0 logg, hsmf (x). H(dx), (36.3)
X—

(F'0)*((%) - ky! - By - hsmf(x). V- 0®Px~ketin) = (F*)Rx(x) -ji! - By, (36.4)

roe Fo — nepBoobpasHaa OyHKUMW cneBa OT TOYKM X C CUHTYNAPHbIM cnaraembim; Fp -
nepsoobpasHaa PyHKUMM cnpaBa OT TOYKM C CUHrynsapom; Cop — NMPOM3BOJIbHOE C/araemoe
HeonpeaenéHHoro uHTerpana ¢yHKUMM cnesa OT TOYKM X; C; — MPOU3BONIbHOE Cnaraemoe
HeonpenenéHHOro uHTerpana GyHKLMM cnpasa OT TOYKM X; saf(x) — 3HauYeHMe CUHTYNAPHOTO
CNlaraemoro B TOYKe X; p — cTeneHb npu dx B onpeaeneHnn runepbonmsaTopa; jx — NOPALKOBLIN
HOMep NepBOi HalAEHHOM NPON3BOAHOM OT GaKTOP-NEepPBOOOPA3HON C HEHY/IEBbIM KOHEUYHbIM
3HAYEeHMEeM B TOYKE X He BKAOYMTE/NIbHO, HAaYMHaA C HyN1eBOro NOpPAAKOBOrO HOMepa, UMmes B
Buay camy akTop-nepsoobpasHyto; ky — nopAaKoBblIM HOMEp nNepBol HaMAeHHOM
NPou3BOAHOM OT ¢GaKTOp-NepBOOOPaA3HOM C HEHYNEBbIM KOHEYHbIM 3HAa4YeHMEeM B TOYKE X
BK/IIOUMUTE/IbHO, HauMHaA C HylA MMeA B BUAY camy dakTop-nepBoobpasHyto; (Feo)™ — j-an
npoussBogHaa oT ¢aKTop-NnepBoobpPa3HOM GYHKUMKM CneBa OT TOYKU C CUHTYASAPOM X He
BKJHOUYUTENBHO; (F‘1)'kx — k-aa npounsBogHaa ot ¢aKTop-nepBoobpasHoli GpyHKUMM cnpasa oOT
TOYKM C CUHTYNIAPOM X BKAOUMTENbHO; By — NPOM3BONbHbLIA MHOMXUTEND HEOMNpPeAeNEHHOMO
MYAbTUMNAMKaNa OYHKUMM CcneBa OT TOYKM X; By — MpPOM3BOMIbHLIA  MHOXUTEND
HeonpeaenéHHOro MynbTUnAMKana ¢yHKUMM cnpasBa oOT Touku X; hsmf(x).V — 3HaueHue
rMnNepbo/IMYecKoro CUHIYNSIPHOTO MHOKuUTena B Toudke X; hsmf(x).H —runep6onnszatop
rMnepboanMYECKOro CUHIYNAPHOTO MHOXUTENA B TOYKE X.

[Ona HeonpepenéHHOro WHTerpana ypaBHEHME COr/lacoBaHMA MPOU3BOJIbHbBIX C/laraemblx
npeactasnsaer  coboih  ypaBHEHWE  COrlacoBaHWA  cUHryaspHoro  auddepeHumana
nepBoobpasHOM C CUHIYNAPHbIM CRaraembiM  MogblHTErpanbHon ¢yHKumMm (36.1). Ona
HeonpenenéHHOro  My/AbTUMAMKaNa aHa/ZIoOTMYHOE  BbIPAXKaeTca B COr/lacoBaHMMU
CUMMETPUYHOTO GpaKkTopmana nepBoobpPasHOM C rMNepboNNYECKMM CUHTYASPHBIM MHOXUTENEM
NOoAMYNbTUNANKANbHOM PYyHKUMK (36.2), U NO 3TOM MPUYMHE B ypPaBHEHUM PeLLAETCA 4yepe3
npegen npu dx cTpemaALLEMCS K HYAHO.

Echm MOXHO  HaWTM  peweHne Aana  runepbonnMyeckoro  CUHrynAapHoro  gaktopuana
HeonpeaenéHHOro My/nbTUMN/IMKANA B TOYKE X 4Yepe3 KOHEeYHble HeHyneBble 3HayYeHus
NPOU3BOAHbIX €ro cocTaBAAlWmMX OGYHKUMM M ecan rmnepbonmsaTop rmnepbosmMyeckoro
CUHTYNAPHOTO MHOMWUTENA B TOYKE X MPEACTaBAeH CTeneHHOM ¢yHKUMen C HaTypasiibHbiM
BK/IOYAIOLMM HO/Ib 3HAYEHWEM MOKasaTensa creneHu npu dx, To ypaBHeHMEe COrnacoBaHUA
NPOW3BOJ/IbHbIX MHOXUTENEN ANA 3TUX COCTAaBAAOWMX GYHKUMIN MOXKET ObiTb BbIpaXKeHO Yepes
nx npomssogHble (36.4). Pazamep dx B LaHHOM Cnyvae He NPUHLMNMANEH, OH HeEOBXoAUM NULb
Ana TOoro, 4to 6bl M3BNEYL LENOYUC/IEHHOE 3HayeHwe cTeneHu npu dx u3 onpeaeneHma
runepbonusatopa (36.3). Kak BugHO w3 ypaBHeHMA 36.4 ycnewHoe CcOrnacoBaHue
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NPOU3BOJIbHbIX MHOXUTE/NIEM BO3MOXKHO B TO/MIbKO C/lyyae, ecaM runepbonamsatop
KOMMEHCUPYET MNOTEHUMANIbHYIO HECOM3MEPUMOCTb 3HAYEHWI COCTaBAAKWMX PYHKLUMNIA
HeonpeaenéHHOro MynabTUNAMKaNa no obe CTOpPOHbl OT TOYKM X. B KauyecTBe KOHTpoOAs
YO,0BNETBOPUTENBbHON KOMMEHCAUUM OONKHO cobntoaaThcs ypaBHEeHME: py — Ky + jx = 0, npwu
sTom noapasymesasn 0° = 1.

CcblnKku:

[1] OcobeHHocTb https://ru.wikipedia.org/wiki/OcobeHHoCTb

[2] OmuTpuin Bhagummnposud MNypbaHoB, KoHUenumus mynbTUNAKKana
https://vixra.org/abs/2205.0150

59


https://ru.wikipedia.org/wiki/Особенность
https://vixra.org/abs/2205.0150

