TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 00, Number 0, Pages 000-000

S 0002-9947(XX)0000-0

A COMPLETE PROOF OF THE CONJECTURE c < rad%(abc)

ABDELMAJID BEN HADJ SALEM

I dedicate this work to the memory of my Father who taught me arithmetic.
To my wife Wahida, my daughter Sinda and my son Mohamed Mazen

ABSTRACT. In this paper, the abc conjecture is considered, a proof of the
conjecture ¢ < rad'-%3(abc) is proposed, it constitutes one key to resolve the
abc conjecture.

1. INTRODUCTION AND NOTATIONS
Let a be a positive integer, a = []; a;*, a; prime integers, and a; > 1 positive
integers. The radical of a the integer []; a; is denoted as rad(a). Then a is written
as:

(1.1) a= Ha?"' = rad(a). Ha?ﬁl

We denote:

(1.2) fa = Ha?i_l = a = pg.rad(a)

The abc conjecture was proposed independently in 1985 by David Masser of the
University of Basel and Joseph (Esterlé of Pierre et Marie Curie University (Paris
6) [1]. It describes the distribution of the prime factors of two integers with their
sum. The definition of the abc conjecture is given below:

Conjecture 1.1. (abc Conjecture): For each € > 0, there exists K(€) such that
if a, b, c positive integers relatively prime with ¢ = a + b, then :

(1.3) ¢ < K(e).rad* *(abc)
where K is a constant depending only on €.

Logc
Log(rad(abc))
given by Reyssat [2] is as follows:

We know that numerically, < 1.629912 [2]. The best example

(1.4) 2 +3'9.109 = 23° = ¢ < rad" "2 (abc)

A conjecture was proposed that ¢ < rad?(abe) [3]. In 1996, A. Nitaj [4] proposed
the following conjecture:
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Conjecture 1.2. Let a,b,c be positive integers relatively prime with ¢ = a + b,
then:

(1.5) ¢ < rad*% (abc)
(1.6) abe < rad***(abc)

In this paper, we will give the proof of the conjecture given by (1.5) that con-
stitutes the key to obtain the proof of the abc conjecture using classical methods
with the help of some theorems from the field of the number theory.

2. THE PROOF OF THE CONJECTURE ¢ < rad*%3(abc)

Let a,b, c be positive integers, relatively prime, with ¢ = a+b,1 < b < a and
j/:J/
R—rad(abc)c—HcB"/ Bi» > 1, ¢;s > 2 prime int 3
— s = S i = 1, ¢ =2 P € mtegers.
j'=1

In the following, we will give the proof of the conjecture ¢ < rad*-%*(abc).
Proof. :

2.1. Trivial cases: - We suppose that ¢ < rad(abc), then we obtain:

c < rad(abe) < rad**(abc) =

and the condition (1.5) is satisfied.
- We suppose that ¢ = rad(abc), then a,b, ¢ are not coprime, case to reject.

In the following, we suppose that ¢ > rad(abc) and a,b and ¢ are not all prime
numbers.

- We suppose p, < rad®%3(a). We obtain :

c=a+b<2a<2rad"%(a) < rad" % (abc) = ¢ < rad"®(abc) =

Then (1.5) is satisfied.

- We suppose p. < rad®%3(c). We obtain :

¢ = perad(c) < rad“%(c) < rad"%?(abc) =

and the condition (1.5) is satisfied.
2.2. We suppose . > rad®%(c) and p, > rad®%(a).

2.2.1. Case : rad*%(c) < p. < rad*%3(c) and rad®%(a) < po < rad*®(a). We
can write:
pe < rad'%3(c) = ¢ < rad*%(c)
= ac < rad*%(ac) = a*® < ac < rad*%(ac)
pa < radt%3(a) = a < rad®%3(a)

— a < rad'3(ac) = ¢ < 2a < 2rad' 3 (ac) < rad"%(abc)

—|c=a+b< R
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2.2.2. Case : rad*®(c) < p. or rad*%3(a) < p,. I - We suppose that rad*%3(c) <
pe and rad'-%3(a) < p, < rad*(a):

I-1- Case rad(a) < rad(c):
In this case a = p,.rad(a) < rad?(a) < rad*®(a)rad'>3"(a) < rad*®(a).rad*-37(c)

= ¢ < 2a < 2rad*%(a).rad'37(c) < rad'-%3(abc) = .

I-2- Case rad(c) < rad(a) < radrs (c): Asa < rad>%3(a).rad"3"(a) < rad*%3(a).rad>53(c)
= ¢ < 2a < 2rad*%(a).rad%3(c) < R*%3 = .

I-3- Case radi# (c¢) < rad(a):

I-3-1- We suppose rad>%(c) < p. < rad*?®(c), we obtain:
c < rad®*(c) = ¢ < rad-%3(c).rad"%(c) =
c < rad*%(c).rad* 3" (a) < rad*%3(c).rad%3(a).rad"%*(b) = R*% —
I-3-2- We suppose . > rad*?5(c) = ¢ > rad*?%(c).

I-3-2-1- We consider the case y, = rad*(a) => a = rad®(a) and ¢ = a + 1. Then,
we obtain that X = rad(a) is a solution in positive integers of the equation:

(2.1) X341=c
I-3-2-1-1- We suppose that ¢ = rad™(c) with n > 4, we obtain the equation:
(2.2) rad"(c) — rad®(a) =1

But the solutions of the equation (2.2) are [5] :(rad(c) = 3,n = 2,rad(a) = +2), it
follows the contradiction with n > 4 and the case ¢ = rad™(c),n > 4 is to reject.

1-3-2-1-2- In the following, we will study the cases p. = A.rad™(c) with rad(c) 1
A,n > 0. The above equation (2.1) can be written as :

(2.3) (X+1D)(X?-X+1)=c
Let ¢ one divisor of ¢ so that :

(2.4) X+1=4
(2.5) X2—X+1:§:m:62—3X

We recall that rad(a) > radt's (c).

I-3-2-1-2-1- We suppose § = l.rad(c). We have § = l.rad(c) < ¢ = pe.rad(c) =
¢ perad(c)  pe 9 2
I < pie. As 5 Irad(c) S =m 0% —=3X = p. =1l.m =1(6* — 3X). From

m = 62 —3X and X = rad(a), we obtain:
m = I?rad*(c) — 3rad(a) = 3rad(a) = I*rad*(c) —m

A- Case 3lm = m = 3m/;m’ > 1: As pu. = ml = 3m'l = 3|rad(c) and
(rad(c),m’) not coprime. We obtain:

rad(c) ,

-m
3

rad(a) = *rad(c).
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It follows that a, c are not coprime, then the contradiction.

B-Case m =3 = p. =3l = ¢ = 3lrad(c) = 36 = §(62 - 3X) = §* =
31+X)=30=d=lrad(c)=3=c=30=9=a+1=a=8=¢c=9<
(2 x 3)163 ~ 18.55, it is a trivial case and the conjecture is true.

I-3-2-1-2-2- We suppose § = l.rad?(c),l > 2. If n = 0 then pu, = A and from the
equation above (2.5):

_ ¢ perad(c)  Arad(c) A
6 Irad®(c)  Irad?(c)  lrad(c) = rad(c)l4

It follows the contradiction with the hypothesis above rad(c) 1 A.

I-3-2-1-2-3- We suppose 6 = Irad?(c),l > 2 and in the following n > 0. As
C* d C . . .

m = % = /;r(;;?((cc)) = lr:d(c)’ if lrad(c) 1 p. then the case is to reject. We sup-

pose lrad(c)|pe. = pe = m.lrad(c), with m,rad(c) not coprime, then g =m =

62 — 3rad(a).

C-Casem =1=c/d = 6> —3rad(a) =1 = (6 —1)(§ + 1) = 3rad(a) =
rad(a)(d + 1) = § = 2 = l.rad?(c), then the contradiction.

D - Case m = 3, we obtain 3(1 + rad(a)) = §*> = 30 = 6§ = 3 = lrad®(c). Then
the contradiction.

E - Case m # 1,3, we obtain: 3rad(a) = I*rad*(c) — m = rad(a) and rad(c) are
not coprime. Then the contradiction.

I-3-2-1-2-4- We suppose § = l.rad™(c),l > 2 with n > 3. ¢ = perad(c) =
lrad™(c)(6% — 3rad(a)) and m = 6% — 3rad(a) = §* — 3X.

F - As seen above (paragraphs C,D), the cases m = 1 and m = 3 give contradic-
tions, it follows the reject of these cases.

G - Case m # 1, 3. Let ¢ be a prime that divides m (g can be equal to m), it follows
ql(pe = l.m) = q = ¢j; = ¢;;|6° = ¢;;|3rad(a). Then rad(a) and rad(c) are
not coprime. It follows the contradiction.

1-3-2-1-2-5- We suppose 6 = Hj€J1 cfj, B; > 1 with at least one jo € J; with:
(2.6) Bj, =2, rad(c)td

We can write:

(2.7) 0 = ps.rad(d), rad(c) =rrad(d), r>1, (ryus)=1

Then, we obtain:

¢ = perad(c) = perrad(d) = §(6% — 3X) = ps.rad(8) (6% — 3X) =
(2.8) e = ps(6% — 3X)
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- We suppose ji. = pis =1 = 62 — 3X = (pe.rad(8))? —3X. As § < 62 — 3X =
r > 3§ = rad(c) >r > (pcrad(d) = Arad™(c)rad(d)) = 1 > A.rad”1(3), then
the contradiction.

- We suppose pi. < ps. As rad(a) = — 1 = psrad(d) — 1, we obtain:
rad(a) > pe.rad(0) —1 > 0= rad(ac) > c.rad(é) — rad(c) >0
As ¢ =1+ a and we consider the cases ¢ > rad(ac), then:

¢ > rad(ac) > c.rad(d) — rad(c) > 0 = ¢ > c.rad(d) — rad(c) > 0 =

rad(c)

(2.9) 1> rad(d) — >0, rad(d) > 2= The contradiction

- We suppose . > ps. In this case, from the equation (2.8) and as (r, us) = 1, it
follows we can write:

Pe = p1-p2,  f1,p2 > 1,
¢ = perad(c) = py.pz.rad(d).r = 6.(6% — 3X),
We do a choice so that s = s, 7.y =62 —3X = § = ps.rad(6).

** 1- We suppose (1, o) # 1, then J¢;, so that ¢y |1 and ¢, |pe. But ps = pe =
¢ 10. From 3X = 6% — rup = ¢, |3X = ¢,| X or ¢j, = 3.

- If ¢;,|(X = rad(a)), it follows the contradiction with (c,a) = 1.

-If¢j, =3. Wehave rpg =62 —3X =62-3(6—1) =62 —35+3 —r.u; = 0.
As 3|lpy = p1 = 38p4, 31 4y, k > 1, we obtain:
(2.10) 62 =35 +3(1 -3 1ru}) =0
#% 1-1- We consider the case k > 1 = 3 { (1 — 3*7Irp}). Let us recall the
Eisenstein criterion [6]:

Theorem 2.1. (Eisenstein Criterion) Let f = ag+---+a, X" be a polynomial
€ Z[X]. We suppose that Ip a prime number so that p{ an, pla;, (0<i<n-—1),
and p* { ag, then f is irreducible in Q.

We apply Eisenstein criterion to the polynomial R(Z) given by:
(2.11) R(Z)=Z? —3Z +3(1 — 3" 1ry))
then:
=341, -3[(=3),- 313(1 —3*"1ru)), and - 324 3(1 — 3~ 1ru}).
It follows that the polynomial R(Z) is irreducible in Q, then, the contradiction with
R(6) = 0.
** 1-2- We consider the case k = 1, then p; = 3u) and (p},3) = 1, we obtain:
(2.12) 62 =35 +3(1—ru)) =0

** 1-2-1- We cousider that 3+ (1 —r.u}), we apply the same Eisenstein criterion to
the polynomial R'(Z) given by:

R(Z)=2?—-3Z +3(1 —ru})
and we find a contradiction with R'(§) = 0.

** 1-2-2- We consider that:
(2.13) 31 —rpy) = rpy —1=3"h,i>1,3{h,h c N*
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0 is an integer root of the polynomial R'(Z):
(2.14) R(Z)=2*-3Z+3(1—ru})=0
The discriminant of R'(Z) is:

A=3*+3""x4h

As the root § is an integer, it follows that A = t? > 0 with ¢ a positive integer. We
obtain:

(2.15) A=3%1+3""1x4h) =1
(2.16) =143t x4h=¢*>1,qe N*

We can write the equation (2.12) as :

(2.17)  6(6 —3) =3FLh = 3% mé((s) Aphrad(0) —1) =37 h =

(2.18) i rac?l)(é) (pirad(8) —1)=h

We obtain i = 2 and ¢ = 1+ 12h = 1 +4uirad(d)(pirad(§) —1). Then, g satisfies:
(2.19) q® — 1 =12h = 4p}rad(8)(pyrad(d) — 1) =

(2.20) a2l) @) — 35 = (uyrad(6) — 1)1y rad(8) =

(2.21) q—1=2p rad(d) —2

(2.22) q+1=2u rad(d)

It follows that (¢ = z,1 = y) is a solution of the Diophantine equation (we consider
it as the first solution):

(2.23) 22 —y? =N

with N = 4pirad(§)(pjrad(d) — 1) = 12h > 0. Let Q(N) be the number of the
solutions of (2.23) and 7(N) is the number of suitable factorization of N, then we
announce the following result concerning the solutions of the Diophantine equation
(2.23) (see theorem 27.3 in [7]):

- If N=2(mod 4), then Q(N) = 0.

- If N=1 or N=3(mod 4), then Q(N) = [7(N)/2].

- If N=0(mod 4), then Q(N) = [r(N/4)/2].

[z] is the integral part of z for which [z] <z < [z] + 1.

As N = 4uirad(d)(pjrad(d) — 1) = N=0(mod4) = Q(N) = [7(N/4)/2]. As
(g, 1) is a couple of solutions of the Diophantine equation (2.23), then 3 d, d’ positive
integers with d > d’ and N = d.d’ so that :

(2.24) d+d =2

(2.25) d—d =21=2

*¥* 1-2-2-1 As N > 1, we take d = N and d’ = 1. It follows:

{N+1:2q

N_l_92 — N = 3 = then the contradiction with N=0(mod 4).
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** 1-2-2-2 Now, we consider the case d = 2u)rad(d)(pjrad(d) — 1) and d’' = 2. Tt
follows:
2urad()(pyrad(d) — 1)+ 2 =2q
2urad(6)(pirad(d) — 1) —2 =2

As g+ 1 =24 rad(§), we obtain pjrad(§) = 2, then the contradiction with 3|4.

= 2uirad(8)(pirad(d) — 1) = q+1

** 1-2-2-3 Now, we consider the case d = pjrad(d)(pjrad(d) —1) and d' = 4. Tt
follows:
phrad(6)(pirad(d) — 1) +4 = 2q

{ phrad(6)(pirad(d) — 1) — 4 =2 = pirad(d)(pirad(d) — 1) =6
As pirad(d) > 0 = pirad(d) =3 = pf =1, rad(d) =3 and ¢ = 5. From
¢> = 1+ 12h, we obtain h = 2. Using the relation (2.13) ruj — 1 = 3'h as
ph =1, =2,h =2, it gives r — 1 = 9h = 18. As ¢ is the positive root of the
equation (2.12):

7?2 -3Z+31-r)=0=6=9 =3

But § = 14+ X =1+ rad(a) = rad(a) = 8 = 23, then the contradiction.

** 1-2-2-4 Now, let ¢;, be a prime integer so that c;,|radd, we consider the case

d =} rad(9) (pyrad(8) — 1) and d’' = 4c;,. It follows:
Jo
rad(d) , ,
7 (1t rad(5) ~ 1) + ey, = 2 )
rad(s) = m—_— (pirad(d) = 1) = 2(1 + 2¢;,) =
) rad(5) 1) - e, =2 o

Jo

Then the contradiction as the left member is greater than the right member 2(1 + 2¢;, ).
** 1-2-2-5 Now, we consider the case d = 4pjrad(d) and d' = (pjrad(d) —1). It
follows:

dphrad(6) + (pyrad(d) — 1) = 2q

4prad(d) — (pirad(d) — 1) =2
** 1-2-2-6 Now, we consider the case d = 2pjrad(d) and d' = 2(pjrad(d) — 1). It
follows:

= 3ujrad(d) = 1 = Then the contradiction.

2uirad(8) + 2(pirad(d) — 1) = 2g = 2p)rad(d) — 1 =g¢q
2uirad(d) — 2(pirad(d) — 1) =2=2=2

It follows that this case presents the first solution (g, 1).

j=J
** 1-2-2-7 plrad(6) and pirad(d) — 1 are coprime, let pfrad(d) —1 = H )\3“, we
j=1

_ 2u'1rad(5) -1

57

Y
pirad(6) — 1
Ajr

consider the case d = 2\ pfrad(d) and d’ . It follows:

20 pyrad(6) + 2 =2q

B 2u’17’ad(5) -1

2\ phrad(6)
A

=2
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#K 1-2-2-7-1 We suppose that v, = 1. We consider the case d = 2 pfrad(d) and
/ —
d= 2%. Tt follows:
j/

phirad(d) — 1

2\ pyrad(8) + 2 3 =2q
j/
= A\ pirad(d) = 2(g+1) = 2\ pirad(s) = g+1
2\, rad(8) — 2% =2

But from the equation (2.22), ¢ + 1 = 2uirad(6), then \;; = 1, it follows the con-
tradiction.

K 1-2-2-7-2 We suppose that v;, > 2. We consider the case d = 2/\;/,"/7 i wirad(d)
2,u1rad(5)

and d' = . It follows:
)\ .7
=7 d(é
2)\;7,] wirad(8) + % 2q
A i
s = 4/\;7/ " yhrad(8) = 2(g+ 1)
/ 1
N i rad(s) — 2 T(/) _9
A
j

= QAZf/_T;'u’lrad(é) —g+1
As above, it follows the contradiction. It is trivial that the other cases for more
factors H )\;/5,'”4”]'” give also contradictions.
I
** 1-2-2-8 Now, we consider the case d = 4(pjrad(d) — 1) and d' = pjrad(d), we
have d > d'. Tt follows:
{ 4(phrad() — 1) + pirad(d) = 2q = 5ujrad(d) = 2(q¢ +2) N { Then the contradiction as

4(pirad(d) — 1) — pirad(d) = 2 = pirad(d) =2 3|9.
** 1-2-2-9 Now, we consider the case d = 4u(ujrad(d) — 1) and d’ = @,
where u > 1 is an integer divisor of pjrad(d). We have d > d' and:
du(pirad() — 1) + @ =2q
= 2u(pirad(d) — 1) = p)rad(9)
du(pirad(d) — 1) — M =2

Then the contradiction as ujrad(d) and (p)rad(d) — 1) are coprime.

In conclusion, we have found only one solution (g,1) of the Diophantine equation
2?2 —y? = N. As 7(N) is large and also [7(N/4)/2], it follows the contradiction
with Q(N) =1 and the hypothesis (i1, u2) # 1 is false.
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** 2- We suppose that (u1, pe) = 1.
From the equation rp; = 62—3X and the condition rad(a) = X > rad"%3/137(¢c) <=

§—1=X > rad"'%(c), we obtain the following inequality:

§—1> (rrad(0))'1? = —3(6 — 1) < —3r.rad(6).(r.rad(5))%!® =
rup =62 —3(6 — 1) < (r.rad(8))? — 3r.rad(6).(r.rad(8))%1Y =
w1 < r.rad?(8) — 3.rad(6).(r.rad(8))%1 =

(2.26) w1 < r.rad?(5) (1 — (7“.7"cwl(36))0'81)

As a = rad?(a) < ¢, we can write:

rad’®(a) < pipgrad(c) < pg.rad(8).rad*(c) <1__(nradi”)081>

but (r,rad(6)) = 1, rrad(§) > 6 = (r.rad(5))*8! > (698! ~ 4.26) and § =
pa.rad(9), it follows:

rad®(a) < pyparad(c) < pg.rad(s).rad®(c) = rad®(a) < é.rad?*(c) < 1.6rad(a).rad*(c)

As rad(a) > (rad%?/37(¢) = rad*'*(c)) = rad"**(c) < rad(a) < 1.27rad(c),
then we obtain:

rad*?(c) < 1.27rad(c) = rad(c) < 3.5 = rad(c) < 3, but rad(c) = r.rad(s) > 6
Then the contradiction.

It follows that the case p. > rad*?%(c) = ¢ > rad®?°(c) and a = rad3(a) is impos-
sible.

I-3-2-2- We consider the case i, = rad?(a) = a = rad?(a) and ¢ = a + b. Then,
we obtain that X = rad(a) is a solution in positive integers of the equation:

(2.27) X*+1=c¢
withé=c—b+1=a+ 1= (¢,a) = 1. We obtain the same result as of the case

I-3-2-1- studied above considering rad(a) > radis (¢). If rad(a) < radts (),

then the cases I-1 and I-2 above give ¢ < R R = rad(ac).

I-3-2-3- We suppose p. > rad®?%(c) = ¢ > rad*?*%(c) and c large and p, <
rad®(a), we consider ¢ = a + b,b > 1. Then ¢ = rad®(c) + h,h > rad3(c), h a
positive integer and we can write a + [ = rad>(a), I > 0. Then we obtain :

(2.28) rad®(c) +h = rad®*(a) — 1 + b = rad®(a) — rad®*(c) =h+1—-b>0
as rad(a) > radT57 (¢). We obtain the equation:
(2.29) rad®(a) —rad*(c) =h+1—b=m >0

Let X = rad(a) —rad(c), then X is an integer root of the polynomial H(X) defined
as:

(2.30) H(X) = X3+ 3rad(ac)X —m =0
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3

To resolve the above equation, we denote X = u + v, It follows that u3,v3 are the

roots of the polynomial G(t) given by:
(2.31) G(t) = t* —mt — rad®(ac) = 0

The discriminant of G(t) is A = m? + 4rad®(ac) = a?, « > 0. As m = rad?(a) —
rad3(c) > 0, we obtain that o = rad®(a) + rad3(c) > 0, then from the expression
of the discriminant A, it follows that the couple (o = 2, m = y) is a solution of the
Diophantine equation:

(2.32) 2 —y* =N

with N = 4rad®(ac) = 4rad®(a).rad*(c) > 0. (a,m) is the first solution of the
Diophantine equation (2.32). Here, we will use the same method that is given in
the above sub-paragraph ** 1-2-2- of the paragraph I-3-2-1-2-5-. We have the
two terms rad>(a) and rad®(c) coprime. As (a,m) is a couple of solutions of the
Diophantine equation (2.32) and « > m, then 3 d,d’ positive integers with d > d’
and N = d.d’ so that :

(2.33) d+d =2
(2.34) d—d =2m
I-3-2-3-1- Let us consider the case d = 2rad®(a), d’ = 2rad?(c). It follows:

2rad®(a) + 2rad®(c) = 2a = a = rad3(a) + rad>(c)
2rad®(a) — 2rad®(c) = 2m = m = rad®(a) — rad®(c)

It follows that this case presents the first solution (cr, m)
I-3-2-3-2- Now, we consider for example, the case d = 4rad?(a) and d’ = rad?(c) =
d > d'. We rewrite the equations (2.33-2.34):
drad®(a) + rad®(c) = 2(rad®(a) + rad®(c)) = 2rad®(a) = rad®(c))
drad®(a) — rad®(c) = 2(rad®(a) — rad®(c)) = 2rad®(a) = —rad®(c))
Then the contradiction.
I-3-2-3-3- We consider the case d = 4rad®(c)rad®(a) and ' =1 = d > d'. We
rewrite the equations (2.33-2.34):
4rad®(c)rad®(a) + 1 = 2(rad®(c) + rad®(a)) =
2(2rad®(c)rad?(a) — rad®(c) — rad®(a)) = —1 = a contradiction
drad?(c)rad®(a) — 1 = 2(rad®(c) — rad®(a))

Then the contradiction.

1-3-2-3-4- Let ¢; be the smallest prime factor of rad(c). We consider the case
d3
d = 4cirad®(a) and d' = rad’(c)

C1

— d > d'. We rewrite the equation (2.33):

rad?(c)

o - 2(rad®(a) + rad>(c)) =

4eyrad®(a) +

rad’(c) (2¢1 — 1) = 2rad®(a) = radQ(c).M

2rad3(a)(2¢; — 1) =
rad®(a)(2c; — 1) o o




THE CONJECTURE c¢ < rad'%3(abc) 11
c1 = 2 or not, there is a contradiction with a, ¢ coprime.

The other cases of the expressions of d and d’ not coprime so that N = d.d’ give
also contradictions.

Let Q(N) be the number of the solutions of (2.32), as N=0(mod 4), then Q(N) =
[T(N/4)/2]. From the study of the cases above, we obtain that Q(N) = 1 is
< [(T(N)/4)/2]. Tt follows the contradiction.

Then the cases j1, < rad?(a) and ¢ > rad®?5(c) are impossible.
I1- We suppose that rad'-%(c) < p. < rad®(c) and p, > rad"%(a):

II-1- Case rad(c) < rad(a) : As ¢ < rad3(c) = rad'%3(c).rad'*"(c) = ¢ <
rad*%3(c).rad'3"(a) < rad*%3(ac) < rad*%(abc) = .

II-2- Case rad(a) < rad(c) < radT (a):
Asc < rad?(c) < radv%3(c).rad'3"(c) = ¢ < rad*%(c).rad"%3(a) < rad'-%3(abc) =

c<+]
I1-3- Case radi™ (a) < rad(c):

I1-3-1- We suppose rad"%*(a) < pa < rad**(a) = a < rad"%(a).rad"%(a)
— a < rad"®(a).rad'¥(c) = ¢ = a+b < 2a < 2rad"%(a).rad"%(c) <

rad'-%3(abc) = ¢ < R*% — .

I1-3-2- We suppose p, > rad®?%(a) = a > rad®>?%(a) and p. < rad?(c). Using
the same method as it was explicated in the paragraph I-3-2- (permuting a, ¢ see
in Appendix II’-3-2- with the condition rad(c) > radT# (a)), we arrive to obtain
a contradiction. It follows that the cases p. < rad®(c) and p, > rad*2?%(a) are
impossible.

2.2.3. Case p, > rad*%(a) and p. > rad'%3(c): Taking into account the cases
studied above, it remains to see the following two cases:

- pte > rad®(c) and p, > rad*%(a),

- pig > rad?(a) and p. > rad'-%3(c).

III- We suppose . > rad?(c) and p, > rad'%3(a) = ¢ > rad®(c) and a >
rad®%3(a). We can write ¢ = rad®(c) + h and a = rad®(a) + [ with h a positive
integer and [ € Z.

ITI-1- We suppose rad(c) < rad(a). We obtain the equation:
(2.35) rad®(a) —rad®*(c) =h —1—b=m >0

Let X = rad(a) — rad(c), from the above equation, X is a real root of the polyno-
mial:

(2.36) H(X)= X3+ 3rad(ac)X —m =0
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As above, to resolve (2.36), we denote X = u + v, It follows that u3 v® are the
roots of the polynomial G(t) given by :

(2.37) G(t) = t* —mt — rad®(ac) = 0
The discriminant of G(t) is:
(2.38) A =m? + 4rad®(ac) = o*, a >0

As m = rad?®(a) —rad?(c) > 0, we obtain that a = rad®(a)+rad®(c) > 0, then from
the equation (2.38), it follows that (o« = x,m = y) is a solution of the Diophantine
equation:

(2.39) ?—y*=N

with N = 4rad®(ac) > 0. (a,m) is the first solution of the Diophantine equation
(2.39). Let Q(NN) be the number of the solutions of (2.39) and 7(N) is the number
of suitable factorization of N, and using the same method as in the paragraph I-
3-2-3- above, we obtain a contradiction.

ITI-2- We suppose rad(a) < rad(c). We obtain the equation:

(2.40) rad®(c) —rad®*(a) =b+1—h=m >0

Let X be the variable X = rad(c) — rad(a), we use the similar calculations as in
the paragraph above ITI-1- permuting ¢, a, we find a contradiction.

It follows that the case u. > rad?(c) and p, > rad*%3(a) is impossible.

IV- We suppose p, > rad*(a) and p. > rad*%3(c), we obtain a > rad3(a) and
¢ > rad®%3(c). We can write a = rad®(a) + h and ¢ = rad®(c) + 1 with h a positive
integer and [ € Z.

IV-1- We suppose rad(c) < rad(a). We obtain the equation:

(2.41) rad®(a) —rad®*(c) =1 —h—b=m >0

Let X = rad(a) — rad(c), from the above equation, X is a real root of the polyno-
mial:

(2.42) H(X) = X?+3rad(ac)X —m =0

As above, to resolve (2.42), we denote X = u + v, It follows that u?,v% are the
roots of the polynomial G(t) given by :

(2.43) G(t) =t* —mt —rad®(ac) =0
The discriminant of G(t) is:
(2.44) A =m? +4rad®(ac) = o, a>0

As m = rad®(a) —rad®(c) > 0, we obtain that a = rad®(a)+rad®(c) > 0, then from
the equation (2.44), it follows that (o = z,m = y) is a solution of the Diophantine
equation:

(2.45) 2 —y* =N

with N = 4rad®(ac) > 0. (a,m) is the first solution of the Diophantine equation
(2.45). Let Q(N) be the number of the solutions of (2.45) and 7(N) is the number
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of suitable factorization of N, and using the same method as in the paragraph I-
3-2-3- above, we obtain a contradiction.

IV-2- We suppose rad(a) < rad(c). We obtain the equation:

(2.46) rad®(c) —rad®*(a) =b—1+h=m >0

Let X be the variable X = rad(c) — rad(a), we use the similar calculations as in
the paragraph above IV-1- permuting c, a, we find a contradiction.

It follows that the case u. > rad'-®3(c) and u, > rad®(a) is impossible.

All possible cases are discussed. O
We can state the following important theorem:

Theorem 2.2. Let a,b,c positive integers relatively prime with ¢ = a + b, then
¢ < rad*%(abc).

From the theorem above, we can announce also:

Corollary 2.3. Let a,b, c positive integers relatively prime with ¢ = a + b, then
the conjecture ¢ < rad?(abc) is true.
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APPENDIX

I1-3-2- We suppose p, > rad*?%(a) = a > rad®?%(a).

IT-3-2-1- We consider the case . = rad?(c) = ¢ = rad®(c) and ¢ = a+ 1. Then,
we obtain that Y = rad(c) is a solution in positive integers of the equation:

(2.47) Y3-1=a
II’-3-2-1-1- We suppose that a = rad™(a) with n > 4, we obtain the equation:
(2.48) rad(c) — rad™(a) = 1

But the solutions of the Catalan equation [5] 2? —y9 = 1 where the unknowns x, y, p
and ¢ take integer values, all > 2, has only one solution (z,y,p, q) = (3,2,2,3), but
the solution of the equation (2.48) are (rad(c) = 3,rad(a) = 2,3 # 2,n > 4), it
follows the contradiction with n > 4 and the case a = rad™(a),n > 4 is to reject.

IT’-3-2-1-2- In the following, we will study the cases p, = A.rad™(a) with rad(a) {
A,n > 0. The above equation (2.47) can be written as :

(2.49) Y -1D)Y?*+Y+1)=a
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Let ¢ one divisor of a so that :

(2.50) Y-1=4
(2.51) Y2+Y—i—1:%:m:52+3Y
We recall that rad(c) > radis (a).

II’-3-2-1-2-1- We suppose § = l.rad(a). We have § = l.rad(a) < a = pg.rad(a) =
a d a

I < pg. As § is a divisor of a, then [ is a divisor of g, @ _ Harad(@) _ pa _

6 lrad(a) l

62 +3Y, then i, = l.m. From p, = (6% + 3Y), we obtain:
m = I?rad*(a) + 3rad(c) = 3rad(c) = m — *rad?(a)
A’- Case 3jm = m = 3m/,m' > 1: As u, = ml = 3m'l = 3|rad(a) and
(rad(a),m’) not coprime. We obtain:
rad(a)
3
It follows that a, ¢ are not coprime, then the contradiction.

rad(c) = m' — 1*rad(a).

B’ - Case m = 3 = p, = 3l = a = 3lrad(a) = 36 = §(62 +3Y) = §* =
3(1-Y) = —36 <0, then the contradiction.

I1’-3-2-1-2-2- We suppose 6§ = l.rad?(a),l > 2. If n = 0 then p, = A and from
the equation above (2.51):

_a_ parad(a)  Arad(a) A
8 Irad®(a)  lrad?(a)  lrad(a)
It follows the contradiction with the hypothesis above rad(a) t A.

= rad(a)|A

I1’-3-2-1-2-3- We suppose § = Irad?(a),l > 2 and in the following n > 0.
a g rad(a) a

A = — = =

R Irad?(a) Irad(a)’

We suppose lrad(a)|pya = pa = m.rad(a), with m,rad(a) not coprime, then

% =m = 0% 4 3rad(c).

C’ - Case m =1 =a/§ = 6 + 3rad(c) = 1, then the contradiction.

if lrad(a) t pe then the case is to reject.

D’ - Case m = 3, we obtain 3(1 —rad(c)) = 6> = §? < 0. Then the contradiction.

E’ - Case m # 1,3, we obtain: 3rad(c) = m — [*>rad*(a) = rad(a) and rad(c) are
not coprime. Then the contradiction.

II’-3-2-1-2-4- We suppose 6 = l.rad™(a),l > 2 with n > 3. From a = p,.rad(a) =
Irad™(a)(6% + 3rad(c)), we denote m = 6% + 3rad(c) = 6> + 3Y.

F’ - As seen above (paragraphs C’,D’), the cases m = 1 and m = 3 give contradic-
tions, it follows the reject of these cases.
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G’ - Case m # 1,3. Let ¢ be a prime that divides m (¢ can be equal to m), it
follows g|u, = q = aj, = aj6|52 = ajs|3rad(c). Then rad(a) and rad(c) are

not coprime. It follows the contradiction.

I1’-3-2-1-2-5- We suppose § =[] B B; > 1 with at least one jo € J; with:

jen 4
(2.52) Bj, =2, rad(a)td
We can write:
(2.53)

§ = ps.rad(d), rad(a) =rrad(d), r>1, (rrad(d))=1= (r,us) =1
Then, we obtain:
a = pg.rad(a) = pq.r.rad(d) = §(6% + 3Y) = ps.rad(8)(6? +3Y) =
(2.54) T = ps(0% + 3Y)
- We suppose jiq = pis => 1 = 62 + 3Y = (q.rad(8))? + 3Y. As § < §* +3Y =

r > 8§ = rad(a) > r > (pg.rad(d) = A.rad™(a)rad(§)) = 1 > A.rad”~1(4), then
the contradiction.

- We suppose i, < ps. As rad(c) = psrad(d) + 1, we obtain:
rad(c) > pg.rad(d) +1 > 0 = rad(ac) > a.rad(d) + rad(a) > 0
As ¢ =1+ a and we consider the cases ¢ > rad(ac), then:

¢ > rad(ac) > a.rad(d) + rad(a) > 0= a+1 > a.rad(d) + rad(a) > 0 =

d
n rad(a)
a

a > arad(d) + rad(d) = 1 > rad(0) >0, rad(§) > 2= The contradiction

- We suppose ji, > us. In this case, from the equation (2.8) and as (r, us) = 1, it
follows we can write:
(2.55) Ha = p1-pho,  H1,p2 >1
— — _ 582

(2.56) a = pgrad(a) = py.pg.r.rad(d) = 6.(6° + 3Y)
(2.57) sothat 7.y =624+ 3Y, g = ps = 0 = pp.rad(d)
** 1’- We suppose (1, t2) # 1, then Jaj, so that aj,|p and ajy|pe. But ps =
pg = a3 |6. From 3Y = ruy — 6% = a;,[3Y = a;,|Y or a;, = 3.

- If a;,|(Y = rad(c)), it follows the contradiction with (c,a) = 1.

-Ifaj, =3. We have rpy =62 4+3Y =62 +3(6+1) = 62 +36+3 —r.ug = 0.
As 3|y = 1 = 3%}, 31 ph, k > 1, we obtain:
(2.58) 2 +35+3(1-31ru)=0
** 17-1- We consider the case k > 1 = 3 1 (1 — 3*71ry}). Let us recall the
Eisenstein criterion [6]:

Theorem 2.4. (Eisenstein Criterion) Let f = ag+---+a, X" be a polynomial
€ Z[X]. We suppose that Ip a prime number so that p{ an, pla;, (0<i<n-—1),
and p* { ag, then f is irreducible in Q.

We apply Eisenstein criterion to the polynomial R(Z) given by:
(2.59) R(Z)=Z? +3Z +3(1 — 3" ry))
then:
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-341,-3|(+3),- 3|13(1 — 3*~ru}), and - 32§ 3(1 — 3% 1ru)).
It follows that the polynomial R(Z) is irreducible in Q, then, the contradiction with
R(5) =0.
** 17-2- We consider the case k = 1, then py = 3uf and (u},3) = 1, we obtain:
(2.60) 2435 +3(1—rph) =0

** 17-2-1- We consider that 3 1 (1 — r.p}), we apply the same Eisenstein criterion
to the polynomial R/(Z) given by:

R(Z)=2Z*+3Z+3(1 —ru})
and we find a contradiction with R'(§) = 0.

** 17-2-2- We consider that:

(2.61) 3(1 —rp)) = rp) —1=3"h,i>1,31h,h € N*
0 is an integer root of the polynomial R'(Z):
(2.62) R(Z)=7?+3Z+3(1—rp,) =0

The discriminant of R'(Z) is:
A=3+3""x4h

As the root § is an integer, it follows that A = ¢ > 0 with ¢ a positive integer. We
obtain:

(2.63) A = 32<1 4371« 4h) = 2
(2.64) = 143"t x4h=¢*>1,qe N*
As ps = po and 3|us = po = 3ub, then we can write the equation (2.60) as :
; d(s ,
(2.65)  0(0+3) =3t h = 33 Tag( ) (phrad() + 1) = 371 h =
d(s
(2.66) 1, 3( ) (iyrad(8) + 1) = h

We obtain i = 2 and ¢? = 1+ 12h = 1 + 4phrad(8)(phrad(§) + 1). Then, q satisfies

(2.67) ¢® — 1 =12h = 4pyrad(8) (uhrad(d) + 1) =

(2.68) -1 @) — 3p = phrad(8)(uhrad(8) + 1). =

(2.69) q+1=2u5rad(d) + 2

(2.70) q—1=2u5rad(d)

It follows that (¢ = x,1 = y) is a solution of the Diophantine equation:
(2.71) 2 -y’ =N

with N = 4pubrad(d)(phrad(d) +1) = 12h > 0. (g,1) is the first solution of the
equation (2.71). Let Q(N) be the number of the solutions of (2.71) and 7(N) is
the number of suitable factorization of N, then we announce the following result
concerning the solutions of the Diophantine equation (2.71) (see theorem 27.3 in
7):

- If N=2(mod 4), then Q(N) = 0.

- If N=1 or N=3(mod 4), then Q(N) = [7(N)/2].
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- If N=0(mod 4), then Q(N) = [r(N/4)/2].
[x] is the integral part of z for which [z] < z < [z] + 1.

As N = 4uhrad(6)(uhrad(d) + 1) = N=0(mod4) = Q(N) = [r(N/4)/2]. As
(g, 1) is a couple of solutions of the Diophantine equation (2.71), then 3 d, d’ positive
integers with d > d’ and N = d.d’ so that :

(2.72) d+d =2
(2.73) d—d =21=2
** 17-2-2-1 As N > 1, we take d = N and d’ = 1. It follows:
{ %1— 1 i ;q =—> N = 3 = then the contradiction with N=0(mod 4).

** 1°-2-2-2 Now, we consider the case d = 2u5rad(d)(phrad(d) +1) and d' = 2. Tt
follows:
{ 2ubrad(d)(phrad(d) +1) +2 = 2¢

2ubrad(d)(phrad(d) +1) —2 =2 = parad(d)(pprad(6) +1) = ¢~ 1

As g — 1 =2ubrad(d), we obtain phrad(d) = 1, then the contradiction.

** 17-2-2-3 Now, we consider the case d = phrad(d)(phrad(d) + 1) and d’' = 4. Tt
follows:

{ whrad(8)(phrad(d) +1) +4 = 2¢

1) —4=2= phrad(d)(uyrad(d) +1) =6

+ +

hrad(8) (hrad(s)
As phrad(d) > 2 = phrad(d) =2 = phb =1 = p2 = 3 = ps and rad(d) = 2 but
312, then the contradiction.
** 17-2-2-4 Now, let a;, be a prime integer so that a;,|radd, we consider the case:
rad(d
a = 1" i rad(9) + 1)

Jo

and d’ = 4a;,. It follows:

rad(d =2 —
,ulz ( )(MIQTGd((S) +1) 4aj, q rad(9) +2a
aJ((Jé) = ,U/IQ ] (UlzTad((S) +1)=201+2 jO)
. /2 a : (N’Qrad((S) +1)— daj, =2 "

Jo
the contradiction as the left member is greater than the right member 2(1 + 2a,, ).

** 17-2-2-5 Now, we consider the case d = 4pbrad(0) and d' = (phrad(d) +1). Tt
follows:
dpbhrad(0) + (phrad(d) +1) = 2¢
4phrad(d) — (phrad(d) +1) =2
*k 17-2-2-6 Now, we consider the case d = 2(u5yrad(d) + 1) and d = 2ubrad(d). It
follows:

= 3ubrad(d) = 3 = Then the contradiction.

2(phrad(8) + 1) + 2phrad(8) = 2 = 2uhrad(8) +1 =g
2(phrad(8) + 1) — 2ubrad(d) =2 =2 =2
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It follows that this case presents (g, 1) the first solution of the Diophantine equation
(2.71).

Jj=J
** 10-2-2-7 phrad(d) and phrad(d) + 1 are coprime, let phrad(d) +1 = H )\;»Yj, we
j=1

B 2u'2rad(6) +1

51

J

!
N 2u2rad(5) +1
Ajr

consider the case d = 2\ p5rad(d) and d’ . It follows:

2 j phrad(6) =2q

3 2u'2rad(5) +1

2\ pyrad(6)
Y

=2

¥ 17-2-2-7-1 We suppose that v;; = 1. We consider the case d = 2 u5rad(d) and

! rad(8) + 1
d = 2%. It follows:
j/

/ —
n 2u1rad(5) 1

2)\]/,11,/17'0461(5)
X

= A\ pirad(d) = 2(q+1) = 2\ pirad(6) = g+1
B 2,u’1rad(5) -1

2\ phrad(6)
Y

=2

But from the equation (2.22), ¢ + 1 = 2uirad(6), then \;; = 1, it follows the con-
tradiction.

** 17-2-2-7-2 We suppose that y;; > 2. We consider the case d = 2)\;,"/7Tj'p'2rad(6)

_ 2u'27’ad(5) +1

and d’ . It follows:

r

/
j/

’

— srad(0) +1
2)\37 7 rad(s) + B2 T2 T({ ) +1_ 2
A
J

=4\ phrad(0) = 2(g + 1)

/
Vi =Ty

phrad(d) + 1
2X; phrad(d) — 252———— (9) =

2

jzl
= 2)\;/7'7Tj'u’2rad(5) =q+1

As above, it follows the contradiction. It is trivial that the other cases for more
factors H )\;i”ﬂ 7 give also contradictions.

I
** 17-2-2-8 Now, we consider the case d = 4(u4yrad(d) + 1) and d' = phrad(0), we
have d > d'. It follows:

A(phrad(8) + 1) + phrad(8) = 2q = Sphrad(d) = 2(q + 2) N Then the contradiction as
A(psrad(d) + 1) — pprad(d) = 2 = pyrad(d) = 2 3/0.
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Lrad(é
** 17-2-2-9 Now, we consider the case d = 4u(phrad(d) +1) and d' = M,
u
where u > 1 is an integer divisor of ubrad(§). We have d > d' and:
Srad(d
4u(pyrad(6) +1) + %() =2q
= 2u(pbrad(0)+1) = pyrad(d)+1 = 2u =1
Srad(d
du(phrad(d) +1) — Harad(9) =2
u

Then the contradiction.

In conclusion, we have found only the first solution (g, 1) - the case (** 1’-2-2-6
above). As 7(N) is large and also [7(N/4)/2], it follows the contradiction with
Q(N) =1 and the hypothesis (1, p2) # 1 is false.

** 27~ We suppose that (uq,pe) = 1.

We recall that rad(c) = Y > rad"%/137(a), §+1 = Y, rad(a) = r.rad(s), (r,rad(8)) =
1,0 = porad(8) and ruy = 62 + 3X, it follows:
(2.74) U(6)=0%+36+3—ru =0

¥ 2°.1- We suppose 3|(3 —ru1) and 3% (3—7rpu1), then we use the Eisenstein crite-
rion [6] to the polynomial U(d) given by the equation (2.74), and the contradiction.

** 2°.2- We suppose 3|(3 — rp1) and 32[(3 — ru1). From 3|(3 — ruy) = 3jrps =
3|7 or 3|u1.

- If 3r = (3,radd) = 1 = 3 1 §. Then the contradiction with 3|62 by the
equation (2.74).

- If 3|1 = 34 pua = 314, it follows the contradiction with 3|62 by the equa-
tion (2.74).

** 27-3- We suppose 31 (3 —ru1) = 31rus = 317 and 31 uq. From the equa-
tion (2.74), U(8) = 0 = rp1=6%(mod3), as §2 is a square then §°=1(mod3) =
ru1=1(mod3), but this result is not all verified. Then the contradiction.

It follows that the case p, > rad*?%(a) = a > rad®>?%(a) and ¢ = rad3(c) is im-
possible.

I1°-3-2-2- We consider the case p. = rad®(c) = ¢ = rad®(c) and ¢ = a+b. Then,
we obtain that Y = rad(c) is a solution in positive integers of the equation:

(2.75) Yi+l=c

withc=a+b+1=c+ 1= (¢, ¢) = 1. We obtain the same result as of the case
I-3-2-1- studied above considering rad(¢) > radis? (c).

I1°-3-2-3- We suppose ji, > rad>?%(a) = a > rad®*?5(a) and c large and p, <
rad?(c), we consider ¢ = a + b,b > 1. Then a = rad®(a) + h,h > 0, h a positive
integer and we can write ¢ + 1 = rad3(c),l > 0. As rad(c) > radis (a) =
rad(c) > rad(a) = h+1+b=m > 0, it follows:

(2.76) rad®(c)—1 =rad*(a)+h+b>0= rad*(c) —rad®*(a) = h+1+b=m >0
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We obtain the same result (a contradiction) as of the case I-3-2-3- studied above
considering rad(c) > radT3 (a). Then, this case is to reject.

Then the cases . < rad?(c) and a > rad®25(a) are impossible.

(1]

(5]

(6]
(7
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