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Abstract

Take any positive integer N. If it is odd, multiply it by three and add one. If it is even, divide it by two. Repeatedly do the same operations to the
results, forming a sequence. It is found that, whatever the initial number we choose, the sequence will eventually descend and reach number 1,
where it enters an eternal closed loop of 1- 4 - 2 - 1. This has been numerically confirmed for initial numbers up to 2%°. This is known as the
Collatz conjecture which states that the sequence always converges to 1. So far no proof has ever been found that this holds for every positive
integer. This problem has been stated by some as perhaps the simplest math problem to state, yet perhaps the most difficult to solve. In this paper,
we present a proof that the sequence always converges to 1.

Introduction
The Collatz function is defined as:
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CIN)=4 N o
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The Collatz conjecture :

Take any positive number N. If N is odd, multiply it by three and add one. If N is even, divide it by two. Repeatedly do this to form a
sequence. The Collatz conjecture says that this sequence will always eventually converge to 1. In this paper, we prove the Collatz
conjecture by showing that that all Collatz sequences eventually converge to the number 1.



Collatz Sequence of Odd Terms

A term in a Collatz sequence can be even or odd. We start from the fact that even terms always lead to odd terms because of
successive divisions by 2. Therefore, for any initial odd number N, the Collatz sequence can be re-defined as:
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All terms of the above sequence are odd numbers because every time an even term occurs in the sequence it is successively divided by
2 until an odd term occurs. That is, when an even term occurs, we don’t include it into the sequence but divide it by an integral power

of 2 until we get an odd term, which is included into the sequence. Thus, with this we have created an alternative Collatz sequence as
shown above with all terms odd.

By expanding each term we get the following:
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and so on.

From the above, we can see that, if we take N to be the first term, then the n™ odd Collatz term ( C,,) will be:
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Proof that the Collatz Sequence Always Converges to the Number 1

Now we make the following assumption:
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The first term is the coefficient of N. This assumption is yet to be proved. The convergence of these terms to zero at infinity ( infinite
length of the sequence ) would reflect the fact that the number of even Collatz operations is significantly greater than the number of
odd operations in a sequence, which intuitively means that the sequence always follows a general descent, eventually reaching the
number 1. One can intuitively know that the number of even operations is significantly greater than the number of odd operations, and
increasingly so at very large or infinitely large numbers. This follows from the fact that Collatz operation on an odd number always
results in an even number, whereas an even operation may result in several successive even numbers before an odd number occurs,
and this effect is even more pronounced at very large numbers. Note that an odd Collatz operation always gives a number larger than
the number on which the operation has been performed and even Collatz operations always give smaller numbers. However, other
than such intuitive reasoning, | couldn’t conceive of any rigorous proof of the assumption of significantly greater even operations
compared to odd operations, that is rigorous in the conventional sense. However, later | will present a proof that is perhaps the only
possible rigor for the Collatz conjecture. The proof is based on the fact that after every odd operation, the next term is always an even
term and the probability that this even term has large powers of two as a factor (e.g. 2'°%° ) indefinitely increases as the length of the
sequence approaches infinity. The rigor of such proof should not be questioned (claiming that it is based on probability) because one
can arbitrarily increase this probability making it approach 1 in the limit, that is by assuming infinite length of the sequence.

This assumption is equivalent to:
n

K1+ K2+ K3+...

— 0 atinfinity

Note that n is the total number of Collatz odd operations and K1+K2+K3+ . . . is the total number of Collatz even operations.
We will make the same assumptions of convergence to zero at infinity for similar terms in our next discussions.

Now as n (and K1+K2+K3+ . .. .) approach infinity,
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We now factor out the term 25!
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Cancelling the 2! term from both the numerator and the denominator,
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Again, as n and K2+K3+ ... +Kn-1 approach infinity, the first term diminishes to zero:

(3"
OK2+K3+ . .. +Kn-1 0
0
Therefore:
(311—3‘) (371—4 * 21(2 + 3n—5 % 2K2+K3 +. .. +32 * 2K2+ ... Kn-4 +3 * 2K2+ ...Kn-3 + 2K2+K3+ ... +Kn-2 )
Cn - 2K2+K3+ /.. +Kn-1 2K2+K3+ . .. +Kn-1
(311—4- «2K2 4 gn—5  oK24K3 L 432, 2K2+ .. Kn—4 +3 & 2K2+ . Kn=3 4 oK2+K3+ ... +Kn—2)
Cn — oK2+K3+ . .. +Kn-1
Again, factoring out 2<% |
c 2K2(3n—4 4375 4 K3 4 gn—6  9K3+K4 4 432, 2K3+ .. Kn—4 +3 % 2K3+ . Kn—3 | oK3+K4+ ... +Kn—2)
H
n

2K2+K3+ ... HKn—-1

2K2

and cancelling the 2™ term from both the numerator and the denominator,

(371—4 4305 K3 4 gn—6 , oK3+K4 L 432, 2K3+ .- Kn—4 +3 % 2K3+ . Kn=3 4 oK3+K4+ ... +Kn-2 )

2K3+ ... +Kn—-1

C, —

Again, this can be re-written as:
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Again applying our assumption about convergence to zero at infinity, that is as n and K2+K3+ ... +Kn-1 approach infinity, the first
term diminishes to zero.
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Next we factor out 2° and repeat the above procedure, then factor out 2* | and so on.
It can be shown that eventually we get:
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Now, since C, can only be a whole number, then the term:
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Since C, can only be a whole number, only three possible values are possible for C, .
2fn-1 =1 = (C,=4
k-1 =9 — (¢, =2
2kn1 =4 = (¢, =1
Thus we have proved that all Collatz sequences eventually converge to the 1-4-2-1 loop.
Proof of convergence to zero at infinity

So far, we have reduced the problem of the Collatz conjecture to a problem of proving that those terms indicated as converging to zero
at infinity indeed converge to zero. Next | present the proof of convergence to zero of the terms we have assumed as converging to
zero at infinity, and perhaps the rigor of the proof is the only possible one for the Collatz conjecture.

We start from the fact that the number of even Collatz operations in a given Collatz sequence is significantly greater than the number
of odd Collatz operations. And this effect indefinitely increases at infinitely large numbers. That is, if one starts with a very, very large
number, the average (and total) number of even operations will be very large compared to the average number of odd operations,
resulting in steep descent of the sequence. In fact, the steepness of the general descent indefinitely increases as the starting value
approaches infinity. The steepness of the general descent will gradually decrease as the sequence descents towards finitely large
numbers and the descent of the sequence becomes less and less pronounced at relatively small numbers, but eventually reaching 1 in
all cases.



Why does the ratio of the number (average or total) of even operations to the number of odd operations increases vastly if the
sequence diverged to infinity? The reason for this is that at infinitely large numbers, unlike at smaller numbers, even integers can have
very large powers of two as a factor, say 2'° , 2% 21%% etc. Thus, since every Collatz operation on an odd number results in an even
number, once the sequence lands on an even number it may go through tens or hundreds or thousands of successive even operations
before ending in an odd number, that is before another odd operation occurs again, with successive divide by 2 operations, vastly
dropping the sequence. There can never be successive odd operations, but there can always be successive even operations. Therefore,
although every odd operation results in a term greater than the term before it, that operation always results in an even operation, which
may vastly drop the sequence, vastly more than it was lifted by the single odd operation. In other words, at relatively small numbers,
an even number can have 2, 2%, 2° | 2* | etc. as a factor and at very large numbers this could be all the way from 2, 22, ... to 2'° and
still at immensely large numbers 2, 22, ... to 2*°% and so on , following the same trend indefinitely. Therefore, as the starting odd
number increases, the average and total ratio of even to odd operations also increases accordingly. Thus, after just one odd operation,
there could be hundreds of successive even operations before the next odd operation occurs, always resulting in a steep average
descent of the sequence.

Average (or total) number of even
operations per odd operations

N

Number

Note that the above graph is qualitative, meant only to explain the concept.
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Now, there are two possibilities for the Collatz conjecture to be disproved.

1. The sequence indefinitely diverges to infinity.
2. The sequence may enter some closed loop (there might be more than one loop.

Now assume that the Collatz sequence indefinitely goes to infinity. However, based on our argument above that the (average ) number
of even Collatz operations for every single odd operation also increases indefinitely, hence leading to the convergence of the terms,
confirming our assumption. This is kind of proof by contradiction and we can see the beauty of mathematics here. We started by
assuming that a Collatz sequence could go to infinity, but ended in a sequence that is in general descent, ending in the 1-4-2-1-...
closed loop.

Next consider the second case of some possible closed loops somewhere at very large numbers. (There is only one closed loop known
for initial numbers up to 2%°). The question is: what could the ratio of even operations to odd operations be in such a loop? Consider
the following closed loop.

We start with an odd integer, 2N + 1, where N is an integer greater than or equal to zero. Since it is odd, we multiply it by 3 and add 1.
To form a loop, successive Collatz operations (divide by 2) on the result must give the original integer,

3(2N+1)+1 = 6N+4
A

A 4

(6N+4)/2

v

(6N+4)/4

v

(6N+4)/2"

2N+1

A
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32N+1)+1

T = 2N+1

= 3(R2N+1)+1=2N+1)2F, kisapositive integer
= 6N +4=(2N+1)2*

6N + 4 .
_ — =
2N +1

2(3N+2)
2N+1

(3N+2) _

2N + 1

QN+1)+(N+1)
2N + 1

— 2k—1

Since the right hand side is always a positive integer that is a power of 2, the left hand side must also be an integer (not a fraction) and
a power of 2, for both sides to be equal. This is possible only if N = 0.

= N=0
Since N =0, our initial odd number 2N+1 will be:

= 2N+1=2%0+1=1
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Thus we have proved that no other closed loop exists other than the 1-4-2-1 loop which has the same form. However, what we have
proved is the absence of any other loop that has the form of the 1-4-2-1 loop, that is a Collatz operation on an odd number gives an
even number, which, when divided by 2% gives the original odd number. Therefore, this proof does not rule out possibility of more
complex loops, for example operation on an odd number gives an even number, and operation on the even number gives another odd
number, etc. eventually returning to the original odd number.

Note that the 1-4-2-1 loop is of the form Odd (1) - Even (4)-> Even(2)->Odd(1). One would have to check infinitely different
possible forms and check if such a closed loop exists. As an illustration, consider a random form of a possible closed loop, and check
if such a closed loop exists: Odd - Even ->0dd - Even->0dd . The loop would look like this:

N 3N+1 (3N+1)/2 3((3N+1)/2)+1

(3((3N+1)/2)+1)/2

Note that, although the initial number is odd, we have designated it by N, instead of 2N+1, to simplify the calculations. For the closed
loop to work:

3N+1

3(—=—)+1

N=—2——
2

3N +1

2N -1=3(—5—)

4N —2=9N +3

N=-1
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Since N cannot be negative, such a loop does not exist. This is only an illustration and it is impossible to check the infinitely possible
forms of closed loops.

Now consider the following form: Odd - Even ->0dd - Even—-> Even—->0dd :
(Note that these examples are being discussed only as illustrations and not as any proofs)

3(3N+1)+1

N= —2—
4

3N +1

4N —1=3(——)

8N —2 = 9N +3
N =-5

Again, since N cannot be negative, a closed loop with this form does not exist. At this point, one may wonder if generalization of the
above calculations is possible for a complete proof.

The question is: is there a way to prove that no closed loops other than the 1-4-2-1 loop exists? Our argument is again based on the
“number theory” | have already proposed: the ratio between the number of even Collatz operations to the number of odd Collatz
operations in such hypothetical closed loop would be large, ensuring convergence of the terms to zero at infinity. Even if this ratio was
2, as in the 1-4-2-1 loop, this would lead to the convergence of the above terms to zero at infinity, which eventually leads to the 1-4-2-
1 loop. We started by assuming a possible loop at some very large number, but ended in the 1-4-2-1 loop!

Having said this, there may still be some gap in my argument that needs to be closed. Can we prove that there is no closed loop at
some large number (or at any infinitely large number) in which the number of even Collatz operations is not significantly greater than
the number of odd Collatz operations such that the assumptions of convergence we have made won’t hold? It should be noted that
even a ratio of 2 would be enough to prove our assumption, whereas at infinitely large numbers average (and total) ratios could be
tens, hundreds, thousands, millions, etc.
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Proof that no closed loops exist other than the 1-4-2-1 loop

The arguments made so far make any other closed loop other than the 1-4-2-1 loop unlikely, but these arguments may not be
considered to be a rigorous mathematical proof. Next | present a more complete proof.

We propose a property of a closed loop as follows: any closed loop is decoupled from the sequences and the numbers in the sequences
leading to it. Since multiple Collatz sequences lead to the closed loop, the closed loop must be independent from any Collatz sequence
(and its terms) leading to that loop.

This necessitates the vanishing of the coefficient of N at infinity, in the following equation:

3n—1N + 371—2 371—3 * 2K1 + ... +32 % 2K1+K2+ ... Kn-4 +3 % 2K1+K2+ ... Kn-3 + 2K1+K2+K3+ ... +Kn-2

Cn +

~ JK1+K2+K3+ . .. +Kn-1 JK1+K2+K3+ . .. +Kn—1

Note that the coefficient of N here is:

3n—1

2K1+K2+K3+ . .. +Kn-1

which in turn brings us back to our previous assumption about the convergence of terms to zero at infinity, which in turn leads to the
1-4-2-1 loop! So we began with an assumption that another closed loop could exist somewhere in the darkness of infinity, which
demanded the vanishing of the coefficient of N, which led back to the only known closed loop of 1-4-2-1. This should be a complete
mathematical proof (by induction) that no other closed loop exists.

In other words, assume that a closed loop exists at some immensely large number. The idea presented here is that any closed loop
requires that the coefficient of N in the above equation should diminish to zero in the limit. Assume that the sequence is not decoupled
from the starting number even at infinity, that is for infinite length of the sequence. By contradiction, there cannot be such a closed
loop because C, cannot be shown to converge to constant numbers (possible terms in the supposed closed loop), in the same way that
we have proved that every Collatz sequence converges to the number 4, 2 or 1. In summary, any closed loop requires the coefficient of
N to diminish to zero at infinity, but this leads to the number 4 which is one of the terms in the 1-4-2-1 loop. This proves that no other
closed loop can exist.
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Argument based on probability

We make an additional argument based on probability. However, this is not meant to imply that the proof we presented so far is not
sufficient. Assume some very large or infinitely large odd number N. Since N is odd, the next term in the Collatz sequence will be
3N+1, which is an even number. The next term will be (3N+1)/2, which can be even or odd. The sequence will ascend for every odd
operation and descend for every even operation. A closed loop of some form could possibly result from a number of odd and even
operations. The sequence would first go in the general ascent and then a general descent, to form a closed loop. My argument is that
the difference between the initial number and the closest possible number to the initial number is the same order of magnitude as the
numbers themselves, whereas a closed form requires exactly zero difference. The closed loop will fail even if there is a difference of 1.
My argument is that the probability of a closed loop essentially diminishes to zero at infinitely large numbers because the difference
between the initial number and any closest number to it in the sequence will also be of the same order of magnitude as the numbers
themselves. If no closed loop other than 1-4-2-1 exists at relatively small numbers, how can one expect a closed loop at very large
numbers?!

To illustrate this, let us look at the Collatz sequences in the Appendix. Consider the sequence starting by the number 564358543425
(first column). The closest number in the sequence to this number is 602662175044. The difference between these numbers is
38303631619, which is the same order of magnitude as the numbers themselves. Now consider the number 110725 in the same
sequence. The closest number in the sequence to it is 83044, the difference now being 27685, which is again the same order of
magnitude as the numbers themselves. Next consider the number 59 in the sequence. The closest number in the sequence to it is 67,
with the difference being 8. In other words, in the first case, a possible closed loop was ‘missed’ by a margin of 38303631619, in the
second case by a margin of 27685, and in the third case by a margin of only 8.

From the above, we can see that the probability of a closed loop at very large numbers is much smaller than at small numbers. In fact,
the only known closed loop of the Collatz sequence occurs at the smallest number, which is the number1! If no closed loop exists up
to 100 or 1000, how can one expect a closed loop at 1000,000,000,000,000 !

Could such argument based on probability be accepted as a mathematical proof? Could the fact that no other closed loop exists at

small numbers (where it is highly probable) rule out the existence of any closed loop at large numbers, where the probability is much
smaller?
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Conclusion

In this paper, we have been able to prove the Collatz sequence, based on an assumption that certain terms diminish to zero at infinity.
This reduces the problem of proving the Collatz conjecture to proving these assumptions. Based on the proposed theory that the
number of even Collatz operations is significantly greater than the number of odd Collatz operations in a sequence, we have been able
to show that the Collatz sequence will always converge to 1, that no sequence exists that diverges to infinity and no other closed loop
other than the 1-4-2-1 loop. The Collatz conjecture has been solved in this paper by introducing an unconventional kind of rigor.

The proof presented in this paper is based on the fact that the probability that an even term in the sequence can have arbitrarily large
powers of 2 as a factor can be made to be arbitrarily close to 1 by assuming infinite length of the sequence. | believe that the new kind
of rigor applied in this paper is perhaps the only possible one for the Collatz conjecture.

Glory be to Almighty God Jesus Christ and His Mother Our Lady Saint Virgin Mary
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APPENDIX

The following are Collatz sequences for four randomly selected initial numbers:

564358543425, 76736783426, 456734256789, and 87654768546 .

We can see that the number of even operations is always greater than the number of odd operations. For the first number there are 116

odd operations vs. 220 even operations before the sequence reaches number 1, for the second number 84 odd operations vs.168 even

operations, for the third number 56 odd operations vs 126 even operations, and for the last number 82 odd operations vs.165 even
operations. This explains why the Collatz sequence always converges.

Sequence

564358543425
1693075630276
846537815138
423268907569
1269806722708
634903361354
317451680677
952355042032
476177521016
238088760508
119044380254

59522190127
178566570382

89283285191
267849855574
133924927787

0 if even,
1if odd

P O R, OFRFR OO0OO0OOOF, OO, OO =

Sequence

76736783426
38368391713

1.15105E+11
57552587570
28776293785
86328881356
43164440678
21582220339
64746661018
32373330509
97119991528
48559995764
24279997882
12139998941
36419996824
18209998412

0 if even,
1if odd

ocoopRroooOFRr ok oOokrr OO0 = o

Sequence

456734256789

1370202770368

685101385184
342550692592
171275346296
85637673148
42818836574
21409418287
64228254862
32114127431
96342382294
48171191147
144513573442
72256786721
216770360164
108385180082

0 if even,
1if odd

OO FrPrOFRrROFRF OFrPr O OOOO O

Sequence

87654768546
43827384273
131482152820
65741076410
32870538205
98611614616
49305807308
24652903654
12326451827
36979355482
18489677741
55469033224
27734516612
13867258306
6933629153
20800887460

0 if even,
1if odd

O PRrP OO0 O0OFrRr OFr OO0k, OO0+ o
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401774783362
200887391681
602662175044
301331087522
150665543761
451996631284
225998315642
112999157821
338997473464
169498736732
84749368366
42374684183
127124052550
63562026275
190686078826
95343039413
286029118240
143014559120
71507279560
35753639780
17876819890
8938409945
26815229836
13407614918
6703807459
20111422378
10055711189
30167133568
15083566784
7541783392
3770891696

cococoopP_rpoOpPpPOORPRPOOCOOOFPORPORPOOOREOOR OOLRO

9104999206
4552499603
13657498810
6828749405
20486248216
10243124108
5121562054
2560781027
7682343082
3841171541
11523514624
5761757312
2880878656
1440439328
720219664
360109832
180054916
90027458
45013729
135041188
67520594
33760297
101280892
50640446
25320223
75960670
37980335
113941006
56970503
170911510
85455755

PO FRPOMFPOPFFPFOOMFPROOMFPROOOOOOOORPOR OOORROLRO

54192590041
162577770124
81288885062
40644442531
121933327594
60966663797
182899991392
91449995696
45724997848
22862498924
11431249462
5715624731
17146874194
8573437097
25720311292
12860155646
6430077823
19290233470
9645116735
28935350206
14467675103
43403025310
21701512655
65104537966
32552268983
97656806950
48828403475
146485210426
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