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Abstract. The heat bath algorithm is applied to the lattice gauge theories with fermions.

Introduction.

Early lattice gauge theories simulations [1-4] were done for the pure gauge and made use of Monte-Carlo
algorithms: the Metropolis algorithm [5] and the heat bath algorithm [6-8]. With the introduction of fermions
the lattice gauge theories simulations had to deal with the fermionic determinant and it was still possible to use
the Metropolis algorithm but not the heat bath algorithm. Later with the introduction of the pseudofermions
[9,10] it was possible to deal directly with the fermionic matrix and the microcanonical algorithm which is a
deterministic algorithm introduced earlier for the pure gauge simulations [11] was well suited for the simulations
of lattice gauge theories with fermions [12,13]. To improve the ergodicity in the microcanonical algorithm some
randomization was added to it which lead to the hybrid algorithm [14,15]. Another algorithm based on the
hybrid algorithm but differs sufficiently from it was introduced elsewhere [16]. Later a global Monte-Carlo
step was added to it to culminate into the hybrid Monte-Carlo [17]. In parallel to these developments an
algorithm based on the Langevin equation was developped elsewhere [18-21].

Heat bath algorithm with fermions.

As it’s mentionned above the heat bath algorithm was applied only to the pure gauge, in the following it will be
shown that it can be applied to lattice gauge theories with fermions. The starting point is the Φ algorithm in
ref. [16] whose conventions, notations and definitions will be adopted in the following. The equations (13-14)
in ref. [16] for the H field are given by
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for even and odd sites, respectively. The first equation above is corrected for a mistake in ref. [16].
These two equations can be recast in the following form
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One then remarks that the first term in the RHS between brackets is the staples matrix of the pure gauge
while the two terms between parentheses are the contribution of the fermionic sector to the staples matrix.
One then defines an effective staples matrix given by

V ′
j,µ = Vj,µ −

6

β





∑

ν

Uj+µ,νPj+µ+ν,j −
∑

ν 6=µ

U
†
j+µ−ν,νPj+µ−ν,j





V ′
j,µ = Vj,µ −

6

β





∑

ν

Pj+µ,j−νUj−ν,ν −
∑

ν 6=µ

Pj+µ,j+νU
†
j,ν





for even and odd sites, respectively.

hafidoni@hotmail.com

1



For a given SU(N) gauge group the effective staples matrix is given by

V ′
j,µ = Vj,µ −

2N

β





∑

ν

Uj+µ,νPj+µ+ν,j −
∑

ν 6=µ

U
†
j+µ−ν,νPj+µ−ν,j





V ′
j,µ = Vj,µ −

2N

β





∑

ν

Pj+µ,j−νUj−ν,ν −
∑

ν 6=µ

Pj+µ,j+νU
†
j,ν





for even and odd sites, respectively.
One then use the effective staples matrix in the heat bath algorithm as in ref. [6] to update the links for SU(2)
gauge group or the heat bath algorithm as in ref. [8] to update the links for SU(N) gauge group with N≥3.
The new algorithm proceeds as follows
0-Generate a starting links configuration U

1-Generate a vector of random complex numbers R living on all sites and distributed according to e−R†R

2-Compute Φ = M †R with Φ living on even sites
3-Solve

(

M †M
)

X = Φ for X
4-Compute Pi,j

5-Compute the effective staples matrix V′
j,µ

6-Apply the heat bath algorithm
7-Go to 1

The ref. [16] proposes another algorithm called the R algorithm which is claimed to be applicable to any
number (even non-integer) of flavors of fermions just like in the Langevin algorithm [21]. The equations
(46-47) in ref. [16] for the H field in the R algorithm are given by
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for even and odd sites, respectively. The first equation above is corrected for a mistake in ref. [16].
One then extracts the effective staples matrix
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The different steps of the R algorithm are given by eqs.(48-54) in ref. [16] and an adaptation to the heat bath
algorithm proceeds as follows
0-Generate two starting links configurations U(1) and U(2)

1-Generate a vector of random complex numbers R living on all sites and distributed according to e−R†R
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2-Compute Φ = M †
(

U (1)
)

R with Φ living on even sites

3-Solve
[

M †
(

U (2)
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(
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)]

XR = Φ for XR

4-Compute PR
i,j = XR
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j

5-Compute the effective staples matrix V′′
j,µ

6-Copy the configuration U(2) to U(1)

7-Update the configuration U(2) by the heat bath algorithm
8-Go to 1

Instead of the algorithm above one may simply use an algorithm similar to the first algorithm with V′
j,µ

replaced by V′′
j,µ.

The different algorithms above are simple: a code for the heat bath [6] or [8] can be easily upgraded to include
pseudofermions. Also, they should run faster than the hybrid algorithm [16] since there is no H field and the
update of the links U in [16] costs a non-negligible amount of CPU time. Also, there are no parameters to be
tuned to optimize the acceptance as in the hybrid Monte-Carlo algorithm [22]. Moreover, in the ref. [11] it
is concluded that for the local Wilson action in SU(2) the standard heat bath algorithm [6] may be generally
superior to the microcanonical algorithm.
In ref. [16] use was made of the staggered fermions but one may use any other fermionic matrix (Wilson, ...).
One then put the explicit expression of the fermionic matrix in the equation (11) in ref. [16] and then use the
equation (12) to get the equations (13-14) for the H field.
One may also use the Metropolis algorithm instead of the heat bath algorithm above. The two algorithms
above are kept as they are with the replacement of the heat bath algorithm by the Metropolis algorithm. A
practical implementation of a variant of the Metropolis algorithm for SU(3) is given in ref. [23] and which
can be generalized to any SU(N) group. In this variant each link is updated Nh (number of hits) times
before proceeding to the next link. As Nh increases the algorithm converges towards the heat bath algorithm
[1,3]. The term Fµ

x called the ”force” in eq.(2.10) should be replaced by V′
j,µ or V′′

j,µ given above. One
may improve the eq.(3.2) by diagonalizing the argument of the exponential instead of using the fourth-order
approximation. The parameter b in eq.(3.3) should be tuned so as to maximize the acceptance. In the case of
the conventional Metropolis algorithm (Nh=1) the parameter b should be tuned such that the mean acceptance
is 50% [3,24]. The normalization of the matrices given in eq.(3.5) is applied to the whole links after a fixed
number of configurations to correct for the roundoff errors. Finally, one may use other variants of the heat
bath algorithm [1,25,26].

Conclusion.

The heat bath algorithm is applied to lattice gauge theories with fermions. This algorithm is simple and easy
to code and may be faster than the hybrid algorithm. Due to the lack of computing means it was not possible
to compute some observables and then to make comparisons with other algorithms.
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