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Abstract

This paper presents a detailed derivation and analysis of the series

π =

∞∑
k=0

(
1

2k + 1
+

2

4k + 1
+

1

4k + 3

)(
−1

4

)k

.

We demonstrate its equivalence to a definite integral, prove its convergence to π via analytical evaluation,
and analyze its convergence rate, showing that it yields approximately 3 correct decimal digits per
5 terms. Crucially, we show that the factor of (−1/4)k imbues the series with the property of a spigot
algorithm for the binary digits of π. While not as computationally efficient as the Bailey–Borwein–Plouffe
formula, this series’ derivation from a simple rational function using undergraduate-level techniques
offers significant pedagogical value in understanding the construction of digit-extracting algorithms for
fundamental constants.

1 Introduction

The computation of the digits of π has a long and storied history. A landmark result was the 1995 discovery
of the Bailey–Borwein–Plouffe (BBP) formula, a π-series capable of directly calculating hexadecimal digits
without computing prior digits [1]. This paper explores a series derived from elementary principles that
shares this spigot property, albeit for binary digits and with a slower convergence rate. Its value lies not
in computational efficiency but in its pedagogical clarity, serving as a constructive bridge between slowly
converging alternating series and modern, efficient algorithms.

2 Derivation of the Series

We begin with the infinite series:

S =
∞∑
k=0

40k2 + 42k + 10

(2k + 1)(4k + 1)(4k + 3)

(
−1

4

)k

. (1)

Applying partial fraction decomposition to the rational function yields:

40k2 + 42k + 10

(2k + 1)(4k + 1)(4k + 3)
=

1

2k + 1
+

2

4k + 1
+

1

4k + 3
.

Substituting this into Eq. (1) gives the target series:

S =

∞∑
k=0

(
1

2k + 1
+

2

4k + 1
+

1

4k + 3

)(
−1

4

)k

. (2)
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3 Transformation to an Integral

We now express the series as an integral. Using the identity
∫ 1

0
xndx = 1

n+1 for n ≥ 0, we write:

1

2k + 1
=

∫ 1

0

x2kdx,
1

4k + 1
=

∫ 1

0

x4kdx,
1

4k + 3
=

∫ 1

0

x4k+2dx.

Substituting into Eq. (2) and interchanging summation and integration (justified by uniform convergence
for x ∈ [0, 1)), we obtain:

S =

∞∑
k=0

(∫ 1

0

x2kdx+ 2

∫ 1

0

x4kdx+

∫ 1

0

x4k+2dx

)(
−1

4

)k

=

∫ 1

0

∞∑
k=0

(
x2k + 2x4k + x4k+2

)(
−1

4

)k

dx.

Factoring the powers of x and recognizing the resulting geometric series (|−x2/4|, |−x4/4| < 1 for x ∈ [0, 1)),
we find:

S =

∫ 1

0

[ ∞∑
k=0

(
−x2

4

)k

+ 2

∞∑
k=0

(
−x4

4

)k

+ x2
∞∑
k=0

(
−x4

4

)k
]
dx

=

∫ 1

0

[
1

1 + x2/4
+

2

1 + x4/4
+

x2

1 + x4/4

]
dx

=

∫ 1

0

[
4

4 + x2
+

8

4 + x4
+

4x2

4 + x4

]
dx.

Thus, we have the integral form:

S =

∫ 1

0

(
4

4 + x2
+

8 + 4x2

4 + x4

)
dx. (3)

4 Proof of Convergence to π

We prove S = π by evaluating the integral in Eq. (3). Let S = I1 + I2, where:

I1 =

∫ 1

0

4

4 + x2
dx, I2 =

∫ 1

0

8 + 4x2

4 + x4
dx.

The first integral is elementary:

I1 =

∫ 1

0

4

4 + x2
dx = 4 · 1

2
arctan

(x
2

) ∣∣∣1
0
= 2arctan

(
1

2

)
.

The second integral, I2, requires partial fraction decomposition. We factor the denominator and seek
constants such that:

8 + 4x2

4 + x4
=

Ax+B

x2 −
√
2x+ 2

+
Cx+D

x2 +
√
2x+ 2

.

Multiplying through by 4 + x4 and solving the resulting system of equations yields the unique solution:

A =
√
2, B = 4, C = −

√
2, D = 4.

Therefore,
8 + 4x2

4 + x4
=

√
2x+ 4

x2 −
√
2x+ 2

+
−
√
2x+ 4

x2 +
√
2x+ 2

.
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Completing the square in the denominators:

x2 ±
√
2x+ 2 =

(
x± 1√

2

)2

+

(√
6

2

)2

.

Substituting u = x − 1√
2
for the first term and v = x + 1√

2
for the second, the integrals become standard

arctangent forms. After simplification and evaluating the limits, the result is:

I2 = π − 2 arctan

(
1

2

)
.

Combining the results:

S = I1 + I2 = 2arctan

(
1

2

)
+

(
π − 2 arctan

(
1

2

))
= π.

This conclusively proves that the series S converges to π.

5 Convergence Rate and Digit Extraction

5.1 Convergence Rate

The series in Eq. (2) is alternating and linear convergence. The magnitude of the k-th term is O(4−k).
Calculating the first few partial sums:

S0 = 1 + 2 +
1

3
= 3.33333...

S1 = S0 +

(
1

3
+

2

5
+

1

7

)(
−1

4

)
≈ 3.33333− 0.21905 = 3.11429

S2 = S1 +

(
1

5
+

2

9
+

1

11

)(
1

16

)
≈ 3.11429 + 0.03207 = 3.14636

S3 = S2 +

(
1

7
+

2

13
+

1

15

)(
− 1

64

)
≈ 3.14636− 0.00568 = 3.14068

S4 ≈ 3.14068 + 0.00116 = 3.14184

S5 ≈ 3.14184− 0.00026 = 3.14158

After 5 iterations (k = 0 to k = 4), the value is correct to 3 decimal places. This pattern holds, yielding
approximately 3 correct decimal digits per 5 terms.

5.2 Binary Digit Extraction

The factor (−1/4)k = (−1)k ·2−2k is the source of the digit extraction property. To compute the n-th binary
digit of π (or more precisely, a block of digits starting at the (2n + 1)-th position), one can calculate the
fractional part of 22nπ:

{22nπ} =

{
22n

∞∑
k=0

(
1

2k + 1
+

2

4k + 1
+

1

4k + 3

)
(−1)k2−2k

}
.

Splitting the sum at k = n isolates the fractional part:

{22nπ} =

{ ∞∑
k=n

(
1

2k + 1
+

2

4k + 1
+

1

4k + 3

)
(−1)k22(n−k)

}
.

For k ≥ n, the terms 22(n−k) are ≤ 1, contributing to the fractional part. Since these terms decay as
O(4−(k−n)), only a few terms after k = n need to be computed to determine the fractional part with
sufficient accuracy, thus revealing the binary digits. This is the defining mechanism of a spigot algorithm.
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6 Context and Comparison

6.1 Connection to Arctangent

The integral evaluation proves the identity:

π = 2arctan

(
1

2

)
+

∫ 1

0

8 + 4x2

4 + x4
dx.

The final result, π = 2arctan(1/2) + (π − 2 arctan(1/2)),, while a tautology after evaluation, reveals the
structure that allows the series to sum to π exactly.

6.2 Comparison with BBP and Ramanujan Series

The Bailey–Borwein–Plouffe formula [1]:

π =

∞∑
k=0

1

16k

(
4

8k + 1
− 2

8k + 4
− 1

8k + 5
− 1

8k + 6

)
is a spigot algorithm for hexadecimal digits. Its term 16−k = 2−4k provides faster convergence (4 binary
digits per term) than our series (2−2k, 2 binary digits per term).

In contrast, Ramanujan’s series [2]:

1

π
=

2
√
2

9801

∞∑
k=0

(4k)!(1103 + 26390k)

(k!)43964k

converges spectacularly fast (8 decimal digits per term) but offers no digit extraction capability.
Our series occupies a middle ground: it is a true spigot algorithm derived from first principles using

undergraduate calculus, making it an exceptional pedagogical tool for understanding the concept before
approaching the more advanced BBP formula.

7 Conclusion

This paper has presented a detailed derivation of a series for π from a simple rational function. We proved
its value equals π via integral transformation and evaluation, analyzed its convergence, and demonstrated
its property as a spigot algorithm for binary digits. Its primary contribution is pedagogical, offering a
transparent and constructive example of how digit-extracting series are built upon the foundation of classic
alternating series and integral identities. It provides a accessible pathway to understanding a profound
modern result in the computation of π.
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