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Abstract

This paper proposes and systematically elaborates a novel geometric framework—non-differential geom-
etry—whose core lies in entirely abandoning the reliance on smoothness (C'! or higher continuity) required
by traditional differential geometry, demanding only C° continuity for geometric objects. By introducing
new mathematical tools based on limits and infinite series, non-differential geometry overcomes the smooth-
ness constraints in calculating geometric quantities such as curvature. Furthermore, this paper constructs
a unique “integration tool” (distinct from classical integration theory) specific to non-differential geome-
try, providing a novel approach for analyzing geometric objects. Current research focuses on Euclidean
space, but the theoretical framework itself is not confined to any specific spatial structure and is applicable
across low- to high-dimensional spaces. Non-differential geometry completely resolves the contradiction
between continuity and differentiability and offers potential support for theoretical innovations in fields such
as physics.
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1 Introduction

As a cornerstone of modern mathematics, differential geometry has long relied on smoothness assumptions (e.g.,
differentiability and derivability) for geometric objects, significantly limiting its applicability and theoretical
universality. This paper proposes a groundbreaking geometric framework—non-differential geometry—which
requires only C° continuity for geometric objects, thereby entirely eliminating the dependence on smooth-
ness. By developing new mathematical tools based on limits and infinite series, non-differential geometry not
only enables non-smooth calculations of geometric quantities like curvature but also establishes a distinctive
“integration tool,” opening new avenues for geometric analysis.

Current research is centered on Euclidean space, yet the theoretical framework of non-differential geometry
is not inherently tied to any specific spatial structure, exhibiting potential for generalization to broader spaces. Its
key advantage lies in its universality and generality: from low- to high-dimensional spaces, geometric objects
can be analyzed without any differentiability conditions, resolving the inherent conflict between continuity
and differentiability in traditional geometry. Although still in its pioneering stages, non-differential geometry
demonstrates the potential to reshape the foundational framework of geometry and provides new theoretical tools
for disciplines such as physics. This paper systematically presents its fundamental concepts and preliminary

results, laying the groundwork for future research.



2 Construction of Core Mathematical Tools

2.1 Development of mathematical tools for non-differential geometry

In the one-dimensional coordinate system on the x-axis of Euclidean space, let O denote the origin, with point

A located on the positive half-axis satisfying |OA| = 1, as shown in Figure 2.1.
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Figure 2.1: The line segment O A lies on the x-axis
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Figure 2.2: Partition the length of line segment O A into y equal parts

As shown in Figure 2.2, the length of line segment O A is divided into y equal parts y(y € N*), with division
points sequentially marked from O to A asi = -y, -y +1,---,-2,-1,1,2,---,y — 1,7y, Since the essence of

divisibility is equipartition, we now establish the following formula:

|OA| =1
1
Y
1
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By introducing the limit concept and denoting the coordinate of point A on the x-axis as x4, we refine

Equation (2.1) as:

1 Y
Xqg=lim — > 1. (2.2)
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Figure 2.3: Point P~ lies on the negative x-axis, P* on the positive x-axis

As shown in Figure 2.3, let point P* on the positive x-axis have coordinate xp+ (xp+ > 0), and point P~ on

the negative x-axis have coordinate xp- (xp- < 0). Along the positive x-direction, define:



Xp+

=1. (2.3)
XA
By transforming Equation (2.3), we obtain:
Xp+t = XAT] (2-4)
=1X17
1
= — X (11y)
Y
1 L7yl
= lim — 1. (2.5)
Yooy le

From Equation (2.4), 71 is a scaling parameter where 7; = 0 is mathematically admissible, corresponding
to point P* being located at the coordinate origin. We now examine the mathematical significance of Equation
(2.5) for the case 7 = 0.

When 71 = 0, let RHS and LH S denote the right-hand side and left-hand side of Equation (2.5) respectively.

The geometric interpretation is then:

1 0
RHS = lim — >'1, (2.6)
y—00 'y i1
LHS=0.

When considered in isolation, Equation (2.6) is mathematically meaningless but corresponds to a zero value

geometrically. To address this problem, we introduce a nonzero real variable u, from which it follows that:

Lpyl
lim — 1=0. 2.7)
u—0y ;

We now analyze the case where point P~ lies on the negative x-axis. Taking the orientation of line segment

OA (not vector ﬁ) as reference Similarly, define:

o, 2.8)
XA
Transform Equation (2.8) into:
Xp- = XAT
1
= — X (n2y)
Y
[T271]
=— lim — 1. 2.9)
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In this paper, series summations are by default ordered by ascending absolute values, as demonstrated in
Equation (2.9).

To describe the position of any point on the x-axis, we introduce a scaling coeflicient 7. For this purpose, it
is necessary to unify Equations (2.5), (2.7) and (2.8) and define the following formula:

Let T € R, define:

lv], ifv>0,
W) =140, ifv=0,
[vl, ifv<O.
We further introduce a nonzero real variable A.
A
t{t) = lim ki .
-0 |1| + A
Hence, we obtain:
. 1 \uy)
X=L<T>l}1_l’)l’}r—.2 1
y—oo 7 i=1{T)
\uy)
=L<T>gll)l}r—.z cos0. (2.10)
y—oo 7 i=1{T)

At this stage, the embryonic form of the mathematical tool has emerged - though currently it merely
characterizes the x-axis coordinates. As for the intentional design of Equation (2.10)’s specific form, its
geometric significance will be revealed in the next chapter’s curve study.

Regarding the rounding operation rule in Equation (2.10): when the object to be rounded is a known real
number (e.g., 4.52), its integer part is taken directly (i.e., \4.52) = 4); when the object is an unspecified variable
v, \v) represents the definitional expression for performing the rounding operation on variable v, in which case
its value must be determined through the specific formula.

Regarding the computational method of the truncation function, trigonometric function expansion may be
employed for processing: By utilizing the characteristic periodicity of trigonometric functions, after adjusting
the period parameter to integer units, the rounding operation is achieved by subtracting the fractional part from
the original numerical value. The precise formulation is presented below:

Let 6 € R. We now define:

Ty =u.

We obtain:



lu] = 61Ln1}+<6 - %arctan {tan [n(é - %)]} - %>,
[u] = 61i_)n;<6 - %arctan {tan [71'(5 - %)]} + %>

2.2 Temporal and spatial parametric representations of planar continuous curves

We now extend the framework to two dimensions by introducing an infinitely extended curve @, which is only
required to satisfy C° continuity without any assumptions of smoothness, differentiability, or weak differentia-
bility. On curve a, select an arbitrary point B as the origin, then designate one side of B as the positive direction
along the curve and the opposite side as the negative direction. Let point B* be the point at curve length 1
from B in the positive direction, and point B~ the point at curve length 1 from B in the negative direction. This

geometric configuration is illustrated in Figure 2.4.

Figure 2.4: Curve a with starting point B

Using the curve segment BB* as the baseline, insert y — 1 equidistant points along BB*, dividing it into
v curve segments of equal length. The remaining part of curve « is proportionally partitioned accordingly.
Connecting the endpoints of these partitioned segments forms line segments of length ¢;, where the direction
toward BB* is defined as the terminal end and the opposite direction as the initial end. The segments make an
angle 6; with the x-axis in the counterclockwise direction, 6; € [0, 27), as illustrated in Figure 2.5 (for clarity,

the diagram shows the case y = 2).
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Figure 2.5: Partition the curve « into equal segments



Therefore, we obtain:

=1.

S RI=

lim
‘y—)OO

Let 7 be the proportionality coefficient, and let the coordinates of point B be (xg, yg). Then, the expression

for curve a can be derived as follows:

\uy)
x=1(1) /11_)mr — Z cos 8; + xq ,
y—oo ! i=1(T)
\uy)
y=L(T)/}1_>mT — Z siné; +yg .

y—oo 1 i=1(T)

@2.11)

Since Formula (2.11) inherently lacks any capability for differential or derivative operations, it achieves

perfect representation of planar continuous curves.

In Equation (2.11), if ; is identically equal to a constant 6y, then it represents a straight line, namely:

x=T1cosfy+xp,

y=7sinfy+ yg.

For a more intuitive understanding of non-linear curves, we introduce an example - curve @] - where we

substitute 7 for i, as shown below:
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Given the series terms of curve a, since y and n cannot be arbitrarily combined, we introduce the symbol

‘U to represent their constrained composition into curve elements. The series terms are respectively denoted by

Y. (y tn) and ¥, (y ! n) respectively, the curve a can be expressed as:



\uy)
x=u(n) fim 3 Welyim o,
y—oo /' n=1(T)
\ay) (2.13)
y=u(r) im = > W lyen)+yo.

y—oo I n=¢(T)

Equation (2.13) represents the novel mathematical tool we have developed, although it is applicable only
to planar continuous curves. Here, |7| denotes the length of the curve segment from the initial point to the

corresponding point, indicating that Equation (2.13) gives the spatial parametric representation of curve a.

¥

Figure 2.6: Curve a; and curve a;

We now present the temporal parametric representation of curve . Consider two infinitely extending
continuous curves a; and a;, both satisfying the condition of having exactly one intersection point with any
line parallel to the y-axis (as shown in Figure 2.6). Following the methodology from the previous chapter, we
equidistantly partition the point at unit distance from the origin on the positive x-axis, thereby obtaining the

analytical expressions for curves a; and a».

\uy)

y =1{1) Jlim —~ .Z tanfy; +y}, (2.14)
y—oo 1 i=1(T)
\uy)

y=1(1) Jlim — _Z tan 6, ; + y5 . (2.15)
y—oo 4 i=1(T)

Equation (2.14) provides the analytic expression for curve ay, where y| denotes the y-coordinate of its
intersection with the y-axis; Equation (2.15) gives the analytic expression for curve @, with y’, representing the
corresponding y-intercept coordinate.

Given that curve @ is composed of curves @ and @3, and provided its general series term, replacing the

subscript i with n yields the expression for curve « as:

\uy)

x=1¢{1t) lim — Z Yi{yiln) +xy,
4/1::; Y n=u{1)
ay) (2.16)

y=u(m) Jim — > Wa(ytn)+yi.

y—oo /' n=1(T)
Equation (2.16) gives the temporal parametric expression of curve @, where (x1, y1) denotes the coordinates

corresponding to initial time 7 = 0. Here 7 represents relative time with respect to the coordinate origin and

may take negative values.



2.3 Vectorized representation of planar continuous curves

Curve a possesses a spatiotemporal parametric representation, hence the vectorized representation of its con-

tinuous curve carries significant geometric implications.

We define:
) 1 \uy)
@c(r) = (@) lim > Welyin) 0,
y—oo /' n=1(T)
) 1 \uy)
@y ()= (@) fim = 3 Wilyin)+yo.
y—oo /' n=1(T)
) 1 \uy)
@u(r)=e(@) Jim = 3} Wiy i)+,
y—oo /' n=1(T)
) 1 \uy)
@, (1) =L<T>l}1_>mT; D Yalyin)+yi.
y—oo /' n=1(T)
In the k-dimensional Euclidean space with a given coordinate system {O; €1, €2, -, €k}, the curve can

be represented by the vector E) (1) and Z) (1), namely:

E(1) = D (1) €1 + Dy (1) €2,
Z(r) =@ (1) Q1+ D1 (1) .

To ensure the meaning of 7 is explicitly defined, let j = 1,2,...,k, and strictly require that ¢; forms an
standard orthonormal basis. For geometric objects in non-Euclidean spaces, the specification of an standard

orthonormal basis is not required.

2.4 Geometric analysis of planar continuous curves

Since this paper does not involve the calculation of differentials or derivatives, it is necessary to redefine concepts
such as tangents and curvature. Given that the curve may be non-smooth and traditional tangent lines might not
exist, the focus here is primarily on one-sided tangents.

Taking the spatial parametric representation of curve a as an example, let D(®, (19) , D5 (19)) be a fixed
point on the curve, and Q be a moving point on one side of D. When Q approaches D unilaterally along the
curve indefinitely, if the line DQ connecting D and Q has a limiting position, then this limiting line is called

the unilateral tangent to the curve « at point D (see Figure 2.7).

Figure 2.7: Definition of a one-sided tangent line



As the point Q approaches point D, let wq be the angle between line QD and the positive x-axis measured

counterclockwise. We now derive the equation for the one-sided tangent line:

x =T1coswy+ D (19) ,

y = T1sinwgy + g (19) .

Whereas:
O (') —D
coswy = lim e (') — D (1) ,
/,l’—)‘[' /J/ — /.l
H—TO
Q—D
O ('Y - D
sinwp = lim s (u') — D (u) '
ﬂ,—>T IJ’ — /‘[
H—To
Q—D
Let:
lim g’ = lim u+Ar.
W =T H—To
Thus:
. D <,u + A1) — D, </1>
CcoS wq = ﬂh_)n;o A , 2.17)
AT—0
Q—-D
D (u+ At) — Dy
sinwg = lim DHHATD =P 4o (2.18)
H—=T0 At
ATt—0
Q—D

Equations (2.17) and (2.18) are not derivatives and do not support any differentiation operations. It employs

a distinct computational methodology.

Since y > 1, let ¢ € N*,

We define:
ig < At < J_rc 1
Y Y
Therefore,
A

lim = =1

AT—0 ==

c—1 Y

’)/—)00

Replace Equations (2.17) and (2.18) with:



@, <,U + $> - D (1)
coswp = lim
H—T0 +1
Y Y
0—-D
\uy+l) \wy)
=iL<To>l}er;0( > Welyitny— D) ‘I‘c<72n>) :
y—oo \n=t(71p) n=u(1o)
Q—-D
D <,Ui %> — @ (u)
sinwp = lim ;
H—T0 424
Y—0 v
Q—-D
\uy+l) \uy)
= 4(ro) lim ( > Wm- ws<wn>) .
y—oo \n=t(Tp) n=u{T1p)
Q—D

Therefore, the analytical expression for the one-sided tangent can be obtained as:

\uy)
) +L(T0)#li_)n;0— Z W (ytn) +xo,

\uy+l) \uy)
x=iTL<T0>'L}1_>II_}O( Z Y. (yin) - Z Y. (yin)
y—oo \n=t{Tp) n=u{1o) y—oo 1 n=1(Tp)
O—-D
(uy+l) \uy) \uy)
y= i7‘<70>,}Ln}0( > Yyiny— > ‘Ps<wn>) +u(mo) lim = > Wolytn)+yo.
y—oo \n=t(Tp) n=u{1p) y—00 n=u{7o)
0—D

Ifthe curve « is expressed via temporal parametrization, the coordinates of point D are given as (@ {(1p) , @, (10)),

with all other given conditions remaining invariant.
At this stage, the expression for the one-sided tangent is:

x =T1coswy+ D (19) ,

y = Tsinwg + D, <T()> .

Now given:

Dy (u"’) — Dy ()

COS wq = #lniTT
vt (@1 ) = Dy () + (D2 () — s ()2
Q—-D

)~ @ ()
‘;fjé \/1 N (% (") - @, <y>)2
o= D (1) - @ (u)

-1
((Dz (W) - @ <u>)2 s
1 (1) = 1 () |

= ”1”1TT (D) Uy — Dy (u))

1T
0—-D
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o @) (1) = Do ()
sin wg = 1,}QT

s (@1 ) = 01 )+ (@2 () = @ (1)
@ ()~ ()

e \/(cbl ") - @ <,,>)2 »
27PN\ @, (1) — @5 (u)

-1
(cbl W= <u>)2+ 1) .

= Jim @2 ) = @2 600 |G,

HDT)

Q—D
Similarly,
lim y” = lim p+A7,
[1,,_>T H—DT)
’ ’
c c+1
+— < AT <+ )
0% Y
LY o
lim - =1.
AT -0 +<
c'—1 Y
’y—)OO
Therefore,

_1
. , D) (u+ A’y — D () |’ ’
=1 @ Ap')y - @ :
COS wo MLH;ON e+ Ay = @1 () (q)l (u+Ap'y — @1 () ’
A’u’—)o
Q—-D
1 .
b, <,u + —> -0, </1>
='ulirr_} L<<I)1 <,u4_-—>—q)l <ll>> 71/ 1
—T)
é_}D D, </.l + ;> - O </1>

y=l) \uy) 2
Wuy+l) \uy) ( Z Tlrem = Z lP2<7/2n>)
. 1 [\*Y v , MY p 2 n=u(1) n=u(7) 1
—I;I:I‘l’fgL S n;m 1 {ytn) —n;m 1y ) iyl \uy) ¥
2o Z WY, {(yin) - Z Wi (yn)
n=¢(1) n=u(7)
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Nl—

sinwg = Mli_{I;O LB (e + Ap') = D () Dy (u+Ap'y — Do ()

(<b1 (u+Au') - @ (#))2+ 1)

A’ —0
Q—D
1 2\
| <I>2<,Ui;>—<b2<,u>
= MlirrTl L <CI>1 <u + —> J (,u)> 1 +1
e Y
5o o <,ui;>—<l>1 ()
(uy£l) (uy) 2 -2
% ny
. o ( > Wiy - > ‘P1<72n>)
- & 1 HYZ N ) &y v , n=:(7) n=1(1) 1
Ty g, O S O e '
0—D DT Walyiny— > Walyin)
n=1(1) n=.(1)
Consequently, the analytic expression for the unilateral tangent is derived as follows:
-1
\uy+l) \uy) 2 2
el - D Wariny— > Walyn)
_ li 1 HY= N . &y N ) n=:(7) n=.{1) 1
x_TI;I;’HglgL ” n:LZm 1 {y n>_n:LZ<T> 1 {(ytn) Y e +
0—D Z Wiy in) - Z Wi (yn)
n=1(1) n=1(1)
\uy)
+¢(10) ﬂh_)rrTlo — Z Yy (ytn) +xy,
y—oo 7 n=1(719) |
\uy+l) \uy) 2 "2
el - DU Wiyiny = > Wilyin)
1 i | Rt p ) Ky N ) n=¢(1) n=¢(1) 1
v=rmey n;{}ﬂ 2(y n>—n§T> 2(y ) oY ) +
oD D Wa(yiny = > ¥a(yin)
n=u(1) n=u(7)
\uy)
+L<T0>ﬂli_)n_}0— Z Yo (yitn)+y1.
y—oo 7 n=t(T1p)
We now investigate the curvature at point D.
| [,
|
\\ |I IIIII.'-r'
\“.I l,-)"
\ Aw Aw r:
Ay J.|’ H

’ )(: Aoy
Figure 2.8: Determination of curvature
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As illustrated in Figure 2.8, If the current curve a is represented using spatial parameterization, let points F
and E be moving points on opposite sides of point D along the curve «, satisfying that both curve lengths F D
and DE equal |A7”’|. As point G approaches F asymptotically along the curve DF and point H approaches E
along the curve DE, we define the curve lengths FG and EH as second-order infinitesimals |A (A7”")|. Here,
the inclination angles of the one-sided tangent at E (along the curve DE direction) and at F (along the curve
DF direction) are Aw; and Aws, respectively. Aw denotes the directional angular variation of the one-sided
tangent.

Define the curvature « at point D, which yields the following relation:

I Aw
k=| lim ——
AT"—0 2AT"
1 |Aw — Awy|
- 2 AT =0 |AT”|
Analogously, let:
c . c+1
i—2 <A (AT ) <+ 7
Y Y
Consequently:
A A 1
Ao % =1
! G
Yy —00
Hence,

O (u+ AT + AAT”)) — D (1 + AT”)

Aw;= 1
cosfer= I A (A7)
AATY' >0
H—E
(I)C<,ui%i#>—q)c<,ui%>
= lim
i -
H—E Y
VOZIETY Wyl
= % () lim Welyiny— > Yelyim|,
y—00 n=u{7p) n=t{1y)
H—E
) sl 1\ _o 1
c\H*t 3+ 32 c\H~+
cos Aws, = lim
H—T0 $L
y—00 yz
G—F
\pyF1F5) WuyFl)
=Fu(r) lim y| DT Yelyim - > Welyim|,
l)l/—ux(:) n=u{7o) n=u(1o)

G—F
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O (i + A" + A(AT")) — g (u + AT”")

D Awr = i
S AW sty A (A1)
AATY"' 0
H—E
¢S<ui$i#>—¢s<ui—>
= lim ;
Lty +
H—E L4
\pytlzs) \y£1)
= % () lim DU ¥lyimy— D Yy,
y— n=1(7o) n=1{70)
H—FE
(I)S<u¢$$#>—d)s<u+ 1>
sin Aw; = lim
i X
G—F 4
\uyF1F1) Wy Fl)
= F (7o) lim DT Ylyimy— D Wi(yin)
y—00 n=1(7o) n=1{10)
G—F

Regarding the angle between the unilateral tangent and the x-axis in the counterclockwise direction, there
exist at least two distinct computational approaches.
Ifni,n € R, let:

7]1+/l B 7]2+/l +
Iml+4 || +4
771+/l _ 772+/l 1"
Iml+a4 || +4
771+/l 772+/l
CIml+A Impal+2a
m+4a . m+Aa _1"
Iml+a  |mf+4

t (mi,n2) = }im

-0

v (n,m) = /1111}%

Taking Aw; as an example,

3
Aw1 = t{cos Awy) (arcsin (sin Awp) + 1) + ¢1 (sin Aw1,cos Awy ) - g + 1 (sin Awp, cos Awy) - ;, (2.19)

Aw;p = 7+ ¢ {sin Aw;) (arccos (cos Aw;) — ) . (2.20)

Since Equation (2.20) is significantly more concise than Equation (2.19), we consequently discard Equation
(2.20). Therefore,

Awq — Aw; = 1 {(sin Aw1) (arccos (cos Aw1) — ) — ¢ {sin Aw») (arccos (cos Awy) — 1) .
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1 \ﬂyili%) \uy=l)
k== lim y? L<+L<T()> hmEy Z Y(yin) — Z TS<yZn>>x

2 'L)l/:gg n=t{7y) n=t(7p)
\IU’ili%) \uy=xl)
arccos | =¢ (1p) lim vy Z Y. (yin) - Z Y. (ywn)||-n|-
H2E S\ ndimo) n=i(mo)
\/17?1?%) \uyFl)
t{Fe{to) lim y Z Y (yitn) — Z Y (yin)
G-oF n=u{7o) n=1(70)
\ﬂ7¢1¢%) \uyFl)
arccos | F¢ (tg) lim 7y Z Y. (yin) - Z Y. (ywn)||-n
CoF T\ nsdm) n=u(ro)

For the temporally parametrized curve «, after substituting A"’ with A7*: the original condition indicating

equal segment lengths now denotes equal traversal time along curve segments.

By the same token,

ic—z < A(ATY) < + & :1
Y Y
Therefore,
A £
1 a7 _,
A(AT)-0 £
c"—1 Y
’)/—)00
Namely:
. Aw
k=| lim
Arsn [ 2[R 2
D (@i (u+ AT = D () + 4 [ D (D (= AT™) = D; ()
i=1 i=1
- lim |Aa)1 - szl
£ 2 2
TN DS (@ (o AT = @ () + [ D (D (= AT — D (u))?
= i=1
|e {(sin Aw1) (arccos (cos Aw1) — ) — ¢ (sin Aw,) (arccos (cos Aw;) — )|
H—To
AT*—0
’ \/Z(cb (u+AT") = D; (u))? +\/2(<1> (u— ATy = ®; (u))?
i=1
m |e {(sin Aw1) (arccos (cos Aw1) — ) — ¢ (sin Aw,) (arccos (cos Aw;) — )|
s z
@, <u>) ( < > @, (/J>)
Sifofn=g) o) 35 forfur
Whereas,
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\pytlzs) \y=1)
| > Walyimy— > ¥a(yin)
1 \yElsy) \py=l) n=t{7) n=u{7)
cosAwy = lim ¢{— Z Y {yitn) - Z Y (yn) 1
I;/:gg Y n=t{7) n=1(7) k,u'yili;} \py£l)
HoE DU Wilyiny— D Wi{yin)
n=u(1) n=1(1)
\py*lss) Wyl
yatel) o DT Wilyimy = > ¥ilyin)
1 Y ny=xl) n=t{7) n=u{1)
sin Aw; = li_)m t{— Z Y, (yin) - Z Y, (yin) 1
B8 \Y\ wico n=i(t) \uytlesy) \y=1)
H—E Z Yy (ytn) - Z ¥, (y tn)
n=u(1) n=.(1)
\H7¢1¢$} \uyF1)
S ) D Yalyiny— D Walyin)
1 HYT %y \uy=l) n=u(1) n=u(7)
cosAwy = lim ¢ — Z Y (yin) - Z Y {yin) -
l;/_)‘é'g Y\ nEio n=u(1) \wyFlzy) \pyFl)
H—E DV Wiyiny - D Wilyin)
n=u(T) n=.(T)
\pyF1F5) \uyFl)
1 \#7$1¢$1 \uy+1) n%;) ‘Pl <y 2 n> - n%‘r) Tl <7 Z n>
sinAwj = lim ¢{ — Z Y, (yin) - Z Y, (yin) 1
I;/:gg Y\ niio) n=u(T) \wyFlEs) \pyFl)
HoE DV ¥alyiny— D Walyin)

n=u(1) n=1(1)

To avoid overly lengthy formulas, the full expression of curvature « is not expanded here. Through a
theoretical breakthrough that completely abandons differentiability requirements, this study has successfully
established a universal curvature computation framework for arbitrary planar continuous curves (the complete

expressions are omitted here due to excessive length).

3 Characterization of Multidimensional Geometric Objects

3.1 Metric characterization of continuous surfaces

Building upon the 7-proportional coefficient for the x-axis established in Section 2.1, we now extend the space
to a two-dimensional xOy coordinate system, where the x-axis retains 7 as its proportional coefficient, the y-axis
adopts v as its proportional coefficient, and an additional non-zero variable v is introduced. As shown in Figure
3.1, a unit circle centered at the origin O is constructed, with the radius r (x, y) denoting the distance from any

point to the origin. An arbitrary point A’ is selected on the unit circle, and the line segment O A’ is connected.
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Figure 3.1: The unit circle and its radius OA’

Analogous to the operation in Section 2.1, divide OA’ into y equal parts, which yields:

\uy)
x=L<T>giﬁmT;'_2 1, (3.1
y—oo / i=1(T)
\vy)
y=u(v) lim ~ > L. (3.2)

y—00 Y i=(v)

To construct the foundation for continuous surfaces, we integrate Formula 3.1 and Formula 3.2 to obtain:

Wpl+v2y)

1
r{x,y) = Al_)mT — E 1. 3.3)
vV Y i=1
y—00

Equation (3.3) fully characterizes the entire plane.
We now introduce a z-axis to extend the space to three dimensions, redefining the angle 6 in Section 2.2

as the counterclockwise angle from the positive y-axis, while adding a new counterclockwise angle ¢ from the
positive x-axis, as illustrated in Figure 3.2.

Figure 3.2: Angle 6 and angle ¢

Analogous to Formula 2.11, by reducing the two-dimensional case to a one-dimensional scenario, we obtain:
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1 C(T)yVu+vly)
x =1{T) li_)mT— Z cos 0; cos @; + x{),
Irj—w Y i=((T)
’)/—)OO
vy pl+vty)
.1 . ,
y=t(v) 11_>mT— Z cos 6; sin@; + y;,
lil)—)y Y i=(v)
’y—)OO
1 \L(V)\/pzﬂjzy)
z=(v) lim — > sin6; + z;, .
g—»v Y i=(v)
’y—)OO

Given an infinitely extended continuous surface S (where S satisfies only C° continuity), we establish its

parametric representation as follows:

1 W(TyVut+vly)
x=u(7) lim — D Y, (yin) +xg,
/{lj—w Y n=u(7)
y—00
1 vV ut+vty)
y =) lim — DT ¥y (yin)+yg,
vV Y n=(v)
y—00
1 Ly pl+vly)
z=1(v) lerlT— Z Y. (yin) +z.
lzl;—w Y n=u(v)
'y%o@

Where (x{), y(,, z(,) denotes the initial point coordinates.

An alternative parametric representation of surface S is given by:

1 () Vur+vly)
x=1{T) li_)mT— Z Wiy tn) +xg,
/Zl;—w Y n=u(1)
‘}/—)00
1 \L(v)\/p2+uzy}
y =) lim — D> Yy +yy,
v—ov Y n=u(v)
y—00
1 C(v)Vul+vty)
z=1(v) lim — > W (yin) +z .
'llt—n/ Y n=u(v)
’y—?OO

with x;, yi/, z) being constants.

3.2 Metric characterization of continuous space curves

For the infinitely extended continuous space curve 3 (where f8 satisfies only C° continuity) with initial point
(g’ vy’ 25", its spatial parametric representation can be directly established based on the construction theory

of continuous surfaces as follows:
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\uy)
= i ’"r
x—t(‘!‘)gll)l]r Z Wylyin) +x;",
y—oo /' n=¢(T)
\uy)

y=L<T>/‘1li_r>r}r_ Z Yy (yen) +yy,
y—oo /' n=1(T)
\uy)
Z:L(T)Al_l’)l’}r— Z Y. (yin)+z,".

y—oo /' n=¢(T)

We can likewise express curve § in parametric form with respect to time:

\uy)

X=L<T>&1_I’>I}r— Z Yy (yin) +x;,
y—oo /' n=1(T)
\uy)

y=u(r) lim = > ¥a(yin)+ g,
y—oo /' n=1(1)
\uy)

Z=L<T>l11_l’>l’}r— Z W3 (yin) +z;.

y—oo /' n=1(T)

where (x;, y;, z,,) denotes the spatial coordinates at 7 = 0.

3.3 The metric characterization of geometric object in higher-dimensional spaces

Consider an infinitely extended continuous geometric object 8 (where N satisfies only C° continuity) of di-
mension k — 1 embedded in a k-dimensional Euclidean space. Let x(;) denote the j-th coordinate axis, with
nonzero variables ;) and their corresponding parameters 7(;), x,, ) and x;) (j) are constants. Through surface

extension, we obtain two parametric representations of the hypersurface N:

| TGN LTI Y
X(1) =L(T(1>>#(,}ii“,(]) y 2. P (v in) +xop) -
y—00 I’L=L<T(1)>
1 VT E55 Hy Y
o =), fim 2 2 P rIm + 2o ) »
y—00 n=L<T(2)>

1 Ve ) 255 )

Xk-n) = {T@-ny)  lim =

¥ Ln) + X,
He-) =T (k1) Y e U T, o)
'y—)OO

n=1(T(k-1))
| NG NOLRTIeY,
X(k) =t <T(k)> ﬂ(k}i_qlnk) ; Z Wi (v im) +Xo.(k) >
y—00 n=L<T(k)>
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1 V(T EG Ky )

X(1)=L<T(1)> lim -— Z ‘I’(l) (yln)+x8(]),
ﬂ(ly):;(l) Y I’L=L<T(1)> ’
1 \Te) 2o kY
x@) =t{r2)  lim ~ > W) (¥ tn) +X5 ()
H(2) 2y
y—00 n=t<T(2)>

1 Ve TS )Y

Y-y =t{r)) , lim Wikt (y Ln) + x5 4y s

H(k—1) > T(k—
(k 'ly)—)oo<k Y y n=L<T<k_1)>
| (e )T 1Y
Xy = {1k lim - ¥ )+ x5
0 = (Te-n) ,, lim 2. () y L) +x5 1
Y0 n=l<T(k_1)>

Multidimensional geometric objects can be either manifolds or hypersurfaces, but within a non-differential
geometric framework, only continuity is required without any smoothness conditions.

Since the determination of geometric quantities (such as curvature) for continuous surfaces, spatial con-
tinuous curves, and higher-dimensional continuous geometric objects requires new axiomatic theories and

interdisciplinary collaboration (e.g., with physics), this paper does not address the study of such quantities.

4 Theoretical paradigm breakthrough

4.1 Extensions and breakthroughs in integration theory through non-differential geometric
analysis tools

When exploring extensions and breakthroughs in integration theory through non-differential geometric tools, it
is necessary to first verify their compatibility with classical integration. This can be demonstrated by performing
just two types of constructions on classical planar continuous smooth curves y = f (x), as higher-dimensional
geometric objects are inherently extensions of lower-dimensional cases. Selecting the initial point (sg, f (s0))
and taking the positive x-axis direction as the reference orientation, we now construct the spatial parametric
form using non-differential geometry.

Let s be an unknown real number. From the classical arc length formula, we obtain:

Js 1 + 2 (s50) dx = E 4.1)

Y

Since the integrand may be non-integrable, and even when integrable typically requires solving transcenden-
tal equations, Equation (4.1) is practically intractable for analytical solutions. Here, solving the transcendental
equation carries substantive significance — it’s not merely mathematical exercise but theoretical necessity.
Given that Formula (2.12) has established a paradigm through the construct y = X3 (leveraging its analytical
tractability), we postulate s, (n > 0) as the solution to Equation (4.1).

Therefore,
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We (y tn) = e
Vs = 5020+ (F (50) = £ (50-1))?

-
=L<s”_s,l_l>((f<sn)—f(sn_o) +1) ’

Sn — Sn-1

f(sn) _f(sn—])
(Sn = Sn-1)>+ (f (sn) = f (54-1))*

DNf—

lIls(’)’“’l>=

1
2

2
Sn — Sn-1
=1(f (sp) = f (sn=1)) ((f (sp) — f(sn_1)) ¥ 1)

After the construction, the parameter n now satisfies n € Z with n # 0, from which we obtain the non-

differential geometric expression for the curve y = f (x) as:

1
Cy) 2 )
)C:L(T)Ai_)rnTl ”Zy: L{(Sp — Sp—1) ((f(s")_f(s”_l)) +1) + 50,

y—oo 1 n=u(T) Sn = Sn-1

J (sn) = f (sn-1)

The curve y = f (x) intersects the y-axis at (0, f (0)). We now investigate an alternative mathematical

1 \y) Sp = Sp_i 2 _%
y=u(7) lim ~ > t(f(Sn)—f(Sn—1)>(( ) +1) + f (s0) -

y—oo /' n=1(1)

representation of this curve based on a non-differential geometric framework.

Similarly,

(5)-(5)
Yi(yin) = 1
y

=[]0 (57)

Let x be the nonzero real variable corresponding to x, from which we obtain another parametric expression:

wy) n n-1
ety S (1[2) (5 s
yoowon=u(x) \ \Y Y

It follows that the mathematical tools of non-differential geometry are fully compatible with classical
differential geometry, and all problems in classical differential geometry can be transformed into non-differential
geometric formulations for solution. Notably, when classical differential geometry only satisfies C' continuity
yet requires computation of geometric quantities like curvature (which typically demands C? continuity),
conversion to the non-differential geometric framework becomes advantageous—the latter requires merely C°
continuity to achieve equivalent computations. However, if classical differential geometry inherently meets

computational requirements (e.g., with C? continuity), conversion is unnecessary as non-differential geometric
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methods incur higher computational complexity. Therefore, the non-differential geometric tools in this study
are by default applied to cases that cannot be addressed by classical differential geometry.

While differential geometry and non-differential geometry are theoretically compatible, and all conclusions
in the differential geometry framework can be translated into non-differential formulations, the converse generally

does not hold. Typical counterexamples include:

1 \%) 4n® + n% +3n +sinn 5
- +

y = () lim

y—00 Y n=u(x) ynz ty+n

In non-differential geometry, the rejection of differential structures necessitates discarding the integral
symbol ‘I’. However, to ensure compatibility when reducing to classical differential geometry, the symbol
‘ﬁ’ is adopted for two essential reasons: (1) it inherently embodies infinite series (a fundamental feature of
non-differential geometry), and (2) its visual similarity maintains conceptual linkage with classical integration
theory. It must be expressly noted that while resembling an integral, ‘f.’ constitutes a fundamentally distinct
operation.

Given a constant oy, define:

ey)
a’(x)=t(x>%i_1}l}c— Z Y{yin)+oy.

y—oo 7 n=i(x)

Since the curve y = o (x) merely satisfies C continuity, its tangent may not exist, thus precluding the
definition of any concept analogous to the indefinite integral. Consequently, the symbol ‘ﬁ’ must explicitly
specify upper and lower bounds, with ™! defined as a non-differential operator, and its properties studied on
the interval [a, b].

There must exist a definite real number 7 satisfying the following formula:

b
éi ocx)y lx=T. 4.2)

a

Analogous in form to a definite integral but distinct in nature, in Equation (4.2), y~! acts as a non-differential

operator, where its operand !

x must be treated as an indivisible entity, precluding any internal operations.
Since the left-hand side of Equation (4.2) is not a definite integral, and y = o {x) does not constitute a function
(merely satisfying C° continuity), the Newton-Leibniz formula is clearly inapplicable. We therefore must

investigate its mathematical properties anew.
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Figure 4.1: To perform computations based on non-differential operators

Distinct from conventional definite integrals (see Figure 4.1), we must employ non-differential operators for
analytical computation. Therefore:

i‘i ox)ylx= iz o (x)y lx - iz o x)y x.

Whereas:
b \by) 1 n
ge o (x)y 'x = lim Z —0'<—> . 4.3)
0 Yy n=u(b) Y Y
Letm=-n,---,-2,-1,1,2,---,n. It follows that:

o‘<$>=L(n) lim l i Y{yim)+o0y.

Yoy m=t(n)

Substitute it into Equation (4.3), i.e.,

b 1 \by) 1 n
$ O'(x)y_lx=)}im— Z (L(n)— Z Y {y1m)+ oy
0 —00

n=u(b) m=u(n)

1 \by) n
= lim — D)y DL Wy im)+boy
4 Y n=u(b) m=1(n)
= lim — Z (\by) —n+u(b))¥P{yn)+boy.
y—00 ')/2 -
n=u(b)
Therefore,
1 \ay)

a
$ o (x)y~lx = lim
0

y_m; Z (\ay) —n+{a)) Y {(y1n) +aoy.

n=u{a)

We immediately obtain:
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b 1 \by) \ay)
i o{xyy” x—yhrrgoy—(z (\by) —n+1{(b))¥{yln) - Z (\ay)—n+t(a))‘P<y2n))
a nat(b) n=(a)

+(b—-a)oy.

Let the curve y = o-(x) have length [ over the interval [a, b]. We now proceed to determine /, i.e.:

o 3\ ) (5 0 ST 5

Since:
n n—1 J
o(—)—0 =1(n) hm— Z Y {yim)+oy—|t{n) hm— Z Y {yim)+ oy
Y Y 7Y m= «(n) ®Y m=u(n)
N 1 .1
=¢(n) lim — Z Y{yim)—1(n) lim — Z Y {yim)+(n) lim —¥{y n)
y—00 m:t<n> Yy—00 m:L(n) Y00 ’y
1
=¢(n) lim =¥ {yn) .
Yooy
Therefore,
\by) \ay)
[ = lim (L(b) —+—‘I’2(y2n>—t(a) —+—‘P2(y2n))
Ve n=u(b) n= L(a)
1 \by) lay)
=lim—(L(b> DU NI+ (yen) —ilay > \/1+‘P2(72n)).
’)/—)00 ’)/ = =
n=u(b) n=t{a)
Whereas:

b b a
ge 1 +92 (yZn)y_1x=$ 1 +92 (y?n)y_lx—ge L+¥2 (yin)y 'x
a 0 0

\by) \ay)
=)}1_r>EO%(L(b) Zyl V1I+W¥2(yn)—{a) Zy: \/1+‘P2()/2n>)

n=u(b) n=t{a)

Thus it follows that:

b
l=§€ 1+W2 (yin)y 'x.
a

Let 09, and oy, ,, be constants. If the curve is defined by the following expression:
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\uy)
o () = 1(D) Jim ~ 3 Wi (yen) + oo,

y—o0 I n=¢(T)
\uy)
O'y<T>=L<T>l1i_r>l’}r— Z Yo (yin)+op,y.

y—oo /' n=1(T)

We now determine the length [* of the curve segment over the closed interval [a, b]:

e B e R e |
Sl ) 5 e ) )

\by) 1 1 \ay) 1 1
= lim Z —2‘P%<y2n)+—2‘1‘§(yzn)— Z —Z‘I’%(yln)+—2‘l’§('y2n>
Yo n=u(b) Y Y n=({a) Y Y
1 \by) \ay)
=li_I)Igo— Z \/‘P%()/Zn>+‘{’§<y2n>— Z \/‘I’%<y2n>+‘l’%(y2n) .
Y Y n=u(b) n=t{a)
Similarly:
b 1 \by) tay)
$ \/‘I‘%(yln)+‘{‘§(y2n)y_1x = 12120—( Z \/‘I‘%(yln) +‘P%(y2n) - Z \/‘P%(yzn)+‘l’%(yzn)) .
a Y Y n=u(b) n=t{a)

Therefore,

b
r =$ \/‘I’% (yn) +‘I’% (y tn)y 'x.

Since this study is of a pioneering nature, the rigorous definition of “integration” on curved surfaces and
higher-dimensional geometric objects (note: the term “integration” here does not refer to the classical theory
but to an analogue of definite integrals outside the framework of differential geometry) will most likely require a

new axiomatic system for support. Therefore, this paper will refrain from delving into the discussion for now.

4.2 Generalized proof of the shortest property of straight line segments between two points in
Euclidean space: application of non-differential geometric tools

In a k-dimensional Euclidean space, consider a point O (the origin) and an arbitrary point W. We aim to
prove that among all continuous curves connecting O and W, the straight-line segment is the shortest path. For
simplicity in the proof, we assume O to be the coordinate origin.

Let the coordinates of point W be (w, ws,...,w). Then:
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k
OW] =1 2 w5
j=1

Construct a k-dimensional sphere centered at the origin O with radius |[OW/|. On this sphere, take a point
W’ such that the vector O—W7 is parallel to the first coordinate axis x;, and moreover, 0—W7 is codirectional with
the x-axis. Let the sphere’s radius be r = |OW|= |OW’|.

To prove that among all continuous curves connecting O and W, the straight-line segment is the shortest, it
is equivalent to prove: For any rectifiable continuous curve Q connecting O and W, its arc length L (Q) satisfies

L () > |OW’| (the linear distance). We now parameterize the curve Q using spatial parameter 7, expressed as:

\uy) k-1

1
X1y = (1) Al_)mT ; Z(% ﬂcose(j),i,
’)/—)OO l L =
\uy) k=2
X2) = (1) &1_)mT — Z l_[cose(j),i sin @ (x—1y,i »

y—00 Y i=(t) j=1

\uy)
X(k-1) = L{T) P111_>mT - Z cosf(1),;isinfa) ;,
y—oo 7 i=1(T)
\uy)
X(k) = L{T) I}l_)mT — Z sinf(y); .
y—oo 7 i=1(T)

Let 7, (7, > 0) denote the value of parameter 7 at point W’. Then we have:

L (Q) =Tw
1 kgl
= lim — 1,
B2 Y =)
1 \wy) k-l
lOW’| = lim — Z l_[cosaml.
l;/—wg) Y i=(Ty) J=
Since:
1 \uy) 1 \uy) k-1
i s 24 1= lim o ) ] Jeostu.i.
y—00 i=t(Ty) y—00 i=(Ty) j=1
Hence:
L(Q) = |OW’]|.

Thus, by ingeniously employing the properties of multidimensional spheres and non-differential geometric
methods, we have concisely and intuitively demonstrated the minimality of straight-line segments between two

points in Euclidean space.
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