Properties of phase transformation equations for
periodic products

Hajime Mashima

Abstract

General solution conditions applies when the equation of Fermat’s
proposition can be phase-transformed by a periodic product.
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1 introduction
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1.1 0 Loy DEH

Theorem 1 (Fermat’s Last Theorem)

P +yP £ (p23THY 2, y, 2 FEWVIZHET—OMEE)
Proposition 2 p B3FRET 2P + P = 2P i T & X

ple , plyz = p'"le (nz22), p"" ' |z—y

Proof 3 (z+y—2)P =aP +yP — 2P +p(--- HK)
aP+yP — 2P =0=p|(r+y— 2)P
LoTplz=pl(z-y)
—fRAIC
W+z—y)=v"+GE-y ()

_ p! _ p! _ _
Pyt =(2-y) <py” e P T ) e ey = )P T (2 - )P 1>

(p—2)21? -1
a? = (L) (R)
R = pyP~! p! p—2 P! p—2 p—1
= Y (z—y)+-~-+1!(p71)!y(z—y) +(z-v)
PPI|R=plyr ! £ DEHRICKT 20T
R=pK ., (pLlK) (1)
FTep BBRLSEBRCELT, pp?P ' Lz —y DT
L LR (pZFR<) (2)



Definition 4 (1),(2) £D p Labc & LT TFD LS ITEIT %,
ot = (sy) () = e ()
oy =(-z)()=0b"(")
« =iy ()= ()

()~ (e ty) =t~
z—y)—2x=b —c=0 modp

b —cP=(b—c)R LB p|(b—c)&p|R KDT
pPlaP =22 = —? =0 mod p?

XoT. il d
Pl

r=p?aa EIRET S L
P = p2papo/’

(1) &Y 2P = (2 —y) - pa? DT

z—y=pP
—fRANZ
plle (n22)=p"|a” = PP 2y
O
s
r+y—z=ax—(2—y)
r+y—2z=7paa —p"P 'a?
T4y —2z=p"(aa — p"PD1gP)
plrt+y—= (3)



1.1.1 plzDEE

x =plaa z—y=p"P laP
y=>bps z—x =10

z=cy r+y=c

p L aayz § =AFFH (definition)

Proposition 5 z+z—y=p"aS , §|S = § Layz
Proof 6
r+z—y=paa+p"P taP
= pha(a+ pP-Inlgr )
plS , pld
pa? =R=py" ' + (2 —y)(...)
R=py*' moda
pyPt La
ala

S|SDEE§|aEFd|aRbEEFEFETZ2DT
0Lz
2e=(x+y—2)+@+z-y)
belax4y—z
x L be
5 bc72BlE o | 22 TRIFNUIZRHLITFETSDT
0 L be
S| BB S |z +2
r=-—z mod§
2P = —2P mod §
2P+ 2P =0 mod o
2P — 2P =y?P =0 mod § ZRDT
P + 2P — (2P —2P) =0 mod §
22 20 mod J

Lo T 6L p
5y 5 8|z—yRolXFERRIZ

2 —yP + (2P +¢yP) =0 mod ¢
22P 20 mod ¢
Lo T 0Ly



1.1.2 plaDXTF (p|yz FHFITEE)

r=add z—y=a"
y="bp z—x="b"P
2= x+y=c"?
p L ayz § =AT 2L (definition)

Proposition 7 z+z—y=d'S" |, §|5 = §Layz
Proof 8
r+z—y=dd +a?
=d'(a' +aP7h)
pla,3)XbplS |, pls
a?=R=py" ' +(z—y)(...)
R=py*"' modd
pyP~t Ld
o Lad
5|1 DrE§|d £2E6 | BOFELEFIETZDT
0Lz
2e=(x+y—2)+(@+z-y)
Ve |z +y—2
z Lbd
S|V B0 | 20 TRINIRSTFIET2DT
§Lbd
S| B 7%BlEd|z+2
x=-—z modd
2P =—2P mod ¢
2P+ 2P =0 mod ¢
2P — 2P =yP =0 mod § 7RDT
aP + 2P — (2P —2P) =0 mod §
2z 20 mod §

£oT oL p
Sy, 8z —yRolXFERRIC

2P —yP + (2P +9y’) =0 mod
222 20 mod §
£oT oL~



1.2 FROZEM (Solution conditions)

0 L ayzUT D& ZE, y,z DMTEOHEIET 2 O TEHRN &7 3 HFH CERD T
RTET e TE S,

2+ Uz =Ty?"! mod 6

P —yP+UzP" = TyP~! mod 6
P+ U7 = TyP ' 4+ 94P mod 6
PN+ U) = yPH(T+y) modb (4)
PN yz+yU) = y-yP 1 (T+y) mod 0

UzP~! . TyP~! = yP2P mod 0 72 51F

yz=UT mod 6

2N UT +yU) = y?(T+y) modd
UL Y T+y) = y(T+y) modh
[AlkkIC
2272+ U) = 9P 12T +yz) modd

2P(z+U) y* (2T 4+ UT) mod 6
Plz4+U) = Ty ' (24+U) mod 0

FoTHERAR 4) BLP UL TyP~L = yP2P mod § Zifi/zT & &
RO 3@ TH 5,

Uz~ =y? mod 6

Ty*~' =27 mod 6
, and (5)
UzP~'=—2P mod 0

Ty?~'=—y? mod @

or



0 L ayzU'T DL E, 2,z DFITLHFILET 2 D THRIR 272 SHFATER
DXFRTRTIENTE S,

—U'2P7 P = —T'2P~1 mod 6

—U' P P P —T'2zP~Y mod 0

—U'2P7 4P = 2P —T'2P7' mod 6
—2PNU' —2) = 2P Y@ —T') mod¥ (6)
—2P WUz —22) = z-2P'(z—T) mod b

U2~ TPl = 2P2P mod 0 72 513F

xz=U'T" mod @

—P YW U'e —U'T) = 2P(x—T') mod 0
U2 Yo —-T) = 2P(x—T') mod¥b
AR
—2- 2PN U —2) = 2P Haz—T'2) mod
—2P(U' —2) = 2P U'T —T'2) mod
AU —2) = —T2P"Y (U —2) mod @

XoTARRK (6) B —U2P~. —T'2P~! = 2P2P mod 0 &/ 3 & &
ROIZRNE 3@ TH %,

~U'27" 1 =22 mod 6

—T'zP~1 =P mod 6

or , and (7)
—U'2P" =27 mod 6
—T'zP~ 1= 2P mod 6



0 LayzUT” DY E, z,y DFITLHFET 5 D THRIN 27 TH#HHTHEER
DODXFATRT Z e TE S,

—UyP "t —T72P7 = 2P mod 0

—UyP TPt = 2P 4 4P mod @
—aP — TPt = U7yP "l 4 9P mod 6
—2P Nz +T") = YU +y) mod 6 (8)
—2P ey +T7y) = y-y* (U +y) mod 6

_U”yp—l TPl = zPy? mod 6 7% 5

zy =U"T” mod 0

—,’L‘p_l(U”T” + T”y) = yp(U” -+ y) mod 6
_T”xpfl(U” 4 y) yP(U” + y) mod 6

FIREIZ

—z 2P N+ T7) y?"(2U” 4 zy) mod 0
—2P(x+T17) = y”_l(xU” +U’T”) mod 6
Px+T7) = U’y Haz+T”) mod 6

FoTHERAKX Q) BLY —UyP~L. —T72P~1 = 2PyP mod 0 Z{fi/=T & =
fRDIERNE 3@ TH %,
—U’yP"=2P mod @
—T72P"' =y mod 0
or , and (9)
—U”yp_1 =y? mod 0

TP~ = 2P mod 6



U=y, T=2,U=x2,T=2,U0U =2, T"=ydtx

[Solution conditions)

2P 4yzP! =2zy”"! mod @
—z2P7t +yP = —22P"' mod @
—xyP™! —yzPl =2 mod ¢

(4),(6),(8) 225

P ety =y H(z+y) mod @
—2P Nz —2)=2P" Yz —2) mod 0
— P Yz 4+y) =y Nz +y) modd
z—ylaP |, z—z|y? |, z+y|P THZ20H
z—y#0 modd

z—x %0 mod
rz4+y#0 modd

1.3 (2P ) =yrzr ! mod SDEE
z—y=—2z modd &b

P — yaP~! = —zzP"! mod 6
—zyP 'y =2yP"! mod§
—x2P7 4 yzPl =22 mod §

yP"t=y? mod s = —z2’"' =2 mod§

DT
Pl =9yt modd= 2Pt =—2P"! mod§

Lo T
—aP =P~ = 2P71 mod §
or (10)
—aP7t #£yP7t £ P71 mod §

Definition 9 DI, il LT —aP~! £ yP~1 £ 271 mod 0 ¥ R T 255,
—2P 1 £ 271 mod 0 & BEKT 5,

10



1.4 [EEZ#E (Equivalence transformation)
s, t,u BERE B,

0 L sturyz 2 HI1X, zyz OYWTCHIFET 5 D TR ZXFXTHEEITE %,

Definition 10 [Equivalence transformation]

s1zP P+ tyP = u2P7t mod 6
p—1 p—1 — p—1
S9z + tox = Ugy mod 6

s3yP 1 4+ t32P 7 = uza?™! mod 6
COY = DR FIBZROBATAH LIS, IF [ TRT.
[s1 =us —ta mod 0]
[t1 = u2 —s3 mod 6]
[ur = s +t3 mod 0]

1.5 —HZAIBED M (General solution conditions)

Definition 11 FMEZHLD K Z:FD 3 L@ LD TN BRI %
General solution conditions & FE3,

s12Ph tgaPl uzzP™' mod 0
s3yPt +tyPTh =ueyP! mod €

$92P71 4tg2P7l = 42P7! mod 6

1.5.1 —zPl=gyP =21 modh DL

s12P7t —teyP! = —ugzP”t mod 6,
—s32P7l 4tiyPl = we2P”! mod 6y
—s02P7l 4tayP ! = w2P7! mod 6y
mod (91 et LT
S1 =z , =y , U=z
Sg =—x , la=—-Y , U =2
S =—x , 3=y , uz=-—=2

[t+2z—y=0 mod J]

[General solution conditions])

2P —yaP~! = —za2P"! mod
—zyP~t +yP =zy?! mod§
—z2P7t 2Pl =2P mod §

11



1.5.2 Common to —aP~1 % yP~1 2 2P~1 mod 6,

(5)s (10). (11) &b

Uzp~! = —yaP~! mod s
Tyr~' = —z2P~' mod o
xP +yP =2zP mod
=4
2 —yaP~! = —zzP"! mod 6,
2P 4zaP~! =yzP"! mod 6,
—yaP~t . —zaP7l = 9P2P mod §
(sr:p_l)Q =P 12,71 mod §
(7)s (10). (11) &b
~U'zr7' = —zyP71 mod §
—T'zP~' = 2y?"! mod §
P +y? =2P mod J
=4

—ayP~t . 2yP7l = 2PzP mod &
(yp_1)2 = 2P 1271 mod ¢
(9). (10). (11) &b
—UyP~t = —22P"! mod
~T"zP~" =yz’~' mod
xP +yP =27 mod o
<~
—22P7! 4yt =2P mod 6,
yzP7t —z2P~1 =2P mod 6,
—xzP7loyzPml = 2Py? mod §
(zp_1)2 = —2P 1yt mod ¢

12



(12)(13)(14) & b

— (@) =)’ = (") mods

(Zpﬂ)?» . (ypﬂ)?» = (prl _ yp—l)((zp—l)z _i_ypflzpfl + (yp71)2) —0 mods$
(xpfl)?’ + (Zp71)3 = (xp—l +Zp_1)((xp_l)2 L (Zp—l)z) —0 mods

(xp—l)?) + (yp—l)?’ = (xp—l + yp—l)((wp—l)Q _ xp_lyp_l + (yp—l)Q) =0 mods§

2P +y? =27 mod 3

-z 4y -y =2-2" mod 3
3 L xyz D& & Fermat’s little theorem X D

r+y=z mod3
r==+1 mod3
y=+1 mod 3
z=F1 mod 3

z+2=0 mod 3
0 #3

A3 — B3 = (A— B)(3AB + (A — B)?)
A3 4 B = (A+ B)(—3AB + (A + B)?)

§ L3AB DT
§|(A-DB) =61 (3AB+ (A—B)?)
5| (3AB + (A — B)?) =J L (A-DB)
2DODHBDH B, —HIE s EAVWIETH S, (15)

13



1.5.3 —aP 1 #£yP £ modhy DET
(13)(14) &b
(P2 4+ P2+ (P2 =0 mod 6y
(xp_1)2 — P Pt — PPl =0 mod 6
2P~ —yP7l 2271 =0 mod 6,
s " BERE B,
0 L s"t"u"zyz 125, EOHWTTHFET 2D TRRZNFATHRELEHRTE S,
siz+t{y=uf2 mod0
soz+toxr =usy mod 6
sy +thz =ufx mod 6
92 = 93 or 04 tj—éo
1.5.4 —-y=z=z modf; DEE

siz+t]y=wuiz mod 63
shx —tiy = —ulz mod 03

—shr —tyy =wusz mod 03

mod 03 £ LT
" — —1 " — —1 " — —1
Sl = .’Ep s tl = yp s ul = Zp
/A —1 " — —1 " — —1
sy =2aP , th = —yP , Uy = —2P
/A -1 /1 — —1 1 — —1
53 = _ij 5 t3 = —yp 5 US = Zp

[2P7t — Pt — 2P71 =0 mod 6]

[General solution conditions)

22 —yPlz =2’z mod 6,
—2P7ly P = 2Py mod 6y (16)
2Pz —yP~lz =2P mod b,

—y=z=2 mod 6
or (17)
—y #zZx mod by

14



1.5.5 Common to —y # z %z mod 6,
(16)(17) &b

—yP g Py yP2P mod 6,

—2?2 = yz mod b,
> = —yz mod 6, (18)
—zP7ly. —2P7ly = 2PzP mod 6
y> = xz mod 6y (19)
2Pl —yP7lz = 2PyP mod 6,
-2 = zy mod 65
22 = —zy mod b, (20)

(18)(19)(20) & b

—y3 =22=2° mod 6,

B4yt =(+y) (P —yz+y?) =0 mod by
-2 =@—-2) (2 +2z+2) =0 mod b
By} =@+y)(@® —2y+y?) =0 mod b

o =6 DY X 0y L 3zyz. (15) £ —ODEMD—HHEL 3,

24+ xz+22=0 mod b,
(20) &b 2 422z —2y =0 mod 6,
r+z—y=0 mod b,

0s =0 DBTEETBDT O, =0, THD 0546
L0 =00 0,40 THD (18)(19)(20) XK Y 3Lz, ZDHE

r+z—y#Z0 mod by

15



(12) &b (xp_1)2 =yP it
(xz)Pfl = yp=1,p-1

(18) & b (—yz)P ! =y~ 1zP1
ypflzpfl = ypflzpfl

(13) &b (yp_1)2 = —gP 17t
() = o

(19) & b (z2)P ' = —aP~ 122!
PPl = g lpl

§ DEFRIINT B,

(14) &b (zp_1)2 = P ypt

(27" = —ar iy

(20) & D (—ay)P ™t = —aP 1yt
Yy

P hypml = P iyl

S DERIIKTEDTO,#0

mod 04
mod 94

mod 04

mod 64

mod 04
mod 94

mod 04

mod 6,

mod 64
mod 94

mod 64

mod 64

[2P71 —yPL — 271 £ 0 mod §]

16



1.56 F&&

[General solution conditions)

xP +yP =2z mod 6,
=
2P —yaP~! = —za2P"! mod 6,
—zyP! +yP =z2y?! mod 6,
—z2P7t 4yzP! =27 mod 6,
P +yP =2’ mod 0,
=
2P 4zazP~! =yaP™! mod b,
—zyPt +yP =zy?"! mod O,
yzP7l —xzP71 =2P mod O,
P +yP =2zP mod 63
=
2P —yPlz =2’z mod 6s
Py P = —2""ly mod 65
P71z —yPlz =:P mod b
P +yP =2P mod 6,
=
2P —zPlz =yP 'z mod b,
2Py +yP =P~y mod 0,
—yP7lz 4aPlz =2 mod b,

[Equivalence transformation]

—gP7l =Pl = 2771 mod 6,

zaP™t 4yyPt = 22271 mod 6y
—z2P7t Pt = 2yP7! mod 6,
—zyP™t 4Pl = —z2P7! mod 6,

or
oP7t Pl 2771 =0 mod 6,

zzP™l 4Pl =22P71 mod 6,

yzP~l 4zaP! =2yP"t mod O,
—zyP7l 2Pl =Pt mod 0,

17



1.6 —2P ' £yt #Em'P mod s DEF
r—y+ki=—z+k modd &P

Definition 12 —y+k; = —l;y mod §

, —2z+ki1=-—miz modd , Iymy L6

—lLiyzP™t - —myzaP = yP2P mod &

x—1liy=-—miz mod § &b

P —lyaPt = —myzzP"! mod §
—I; Pt +yP =1 'mizy?™! mod &
—m et Hhmyty2Pmt = 2P mod &
ZZT
—lLyzP ' =9? mod § = —mizaP ! =27 mod §
—2P P =171 mod §= —aP P =m P! mod §
TH 5056 HEMI
—lteyP Tt =a? mod§ , I7'mizyP Tt =2P mod &
fml_lxzpfl =2 modd llml_lyzp’1 =y” mod

Ko TaP 4+ yP = 2P mod § DI D ILDOMFIT

—aP! Ell_ly’"_1 =m]

or

1

2?71 mod §

—aP T P £ m P mod 6

1.6.1 Common to —zP~ ' Z I y?~ ' #m 2’1 mod §

(21) & b

—lyyzP~l - —myzaP!

limq (.Z‘p_l)2

e

1)2

=yP2P mod §

y?" 12?71 mod &

=17'my P 12P7 mod 6

—I eyt myzyP !t = 22 mod §
I7%my (y”_l)2

(1Y)

—m]

1

lymy? (zP71)

2

xzP~1. llml_lyzpf1

18

—aP712P71 mod 6§

= —m 2P 12’71 mod §

2PyP  mod §

—zP7 P~ mod §

= 7 P P mod §

(21)

(22)

(23)

(24)



(22)(23)(24) & b
— @)’ = (17 = ()’ mod §
(mi 1) = (177 Y)° = (e ) () i PP (1P )?) = 0 mod 6
(271 4 (my 221’ = (@ Ty L) (@) 2emy e (P12 = 0 mod §

($P—1)3+(Z;1yp—1)3 = (xp_l—l—l;lyp_l)((SCp_l)2—lfl$p_lyp_1+(l;1yp_l)2) =0 mod$§

w

1.6.2 —aP P27 yP £ m P! mod S DEF
(23)(24) &b
(@712 + (my ")+ (7P 7)2 =0 mod 6,
(P12 — 7P P -t aP P =00 mod 6y
P — 7 tyPT = m P =00 mod 6,
oP7 =7 hyP = m P mod 6,

[General solution conditions)

e =T le =mit2P e mod 6y
—LaPly +yP = —lym; 2P 'y mod 6, (25)
miaP 2 —ll_lmlypflz =2z’ mod 04
(25) &b
—I7 P e omi P e = yP2P mod 6,
2* = —lymiyz mod O, (26)
—lLiaP 7y —llml_lzpfly = zP2P mod 0,
y> = I%*mizz mod b4 (27)

mazP 1z —Zflmlyp_lz 2Py?  mod 0,

2’2

—~lymy ey mod 64 (28)
(26)(27)(28) &b

—Byd=m322 =23 mod 6,

N

3B 413y = (maz+ Ly)(m222 — limiyz + 2y?) =0 mod 6y
% —m323
BBy = (e +hy) (@ - Loy +13y*) =0 mod 6,
(15) & ZoDHRBDO—Ti b 725,
22+ mixz + m%z2 =0 mod b4
(28) &Y 2?4+ myzrz — ey =0 mod 6,
r4+miz—lLiy=0 mod 6,

(x —mi2)(z? + mizz + m22%) =0 mod b,

19



(22) &b (xp_1)2 =17 my P 2P mod 6,

(ch)pfl =17 my P 2P mod 6,

(26) & D (=lymyyz)" "' =17 mT P 2P mod 6,

Pt lyp=12p= = [Pl PP mod 6,
P=1,p=1 mod 4,

mod 94

By

P, P
Limy

If
_

(23) &b (1)

—m; 2P 2Pt mod 6,

(y2)p_1 = —l%ml_lxpflzpfl mod 64
(27) &b (ll_2m1$z)p_1 = —my 2P 2P mod 6,
R e R S T )
I72PmPaP~ 2P~ = —gP~12P71 mod 6,
I7%mP = -1 mod 6,

(24) &b (zp_1)2 = —I7'm2aP " 1yP1 mod 6,
(5"

Y
- y

(28) &b (—limi zy Pl I t'm22P Pt mod 6,
Sy Y

Il
S~
A
3
<
8
]

1, —2p+2 - 1 pe
Pt PRyl = 1 im3ePm Pl mod 6,
) _ _ _ _
BPm PP~ tyP~t = —2P~ 1P~ mod 6,
P, —2p _
Fm;™" =-1 mod b,

20



Imy =1 mod 6,

I7%"m p =—1 mod 6,
m _2p =—-1 mod 8,
m3P =13 mod 6y

mi? — B3P = (m} — 1) (m3” + m? + 157)  mod 6,

P — 12p
—my =11’ mod 0,

P =—-m2 mod 6,

- =

m? =122 —m?¥ mod 6,
B—my =0 +m)() —m}) mod b,
1=1+my mod 6,
(P +mP)? =12 mod 6,4
P 4+ 2PmP + m¥ =1 mod 6,
2P 4+ 21Pm? + m2p =[’'mf mod 0,

PP +1PmP +m2 =0 mod 6,
my —1{ #0 mod 04 DT my #1 mod by , I3 Z1 mod b,

F+mi=1 mod 6,
P 4+ 1PmP =% mod 6,

PP~ 4+1=0 mod 6,

Emy =1 mod 64 72D T

1+v-3

A — mod 6,
1Fv-3

my = — mod 64
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(29)

(30)

(31)



x+ky—y=—z+ky modd &P

Definition 13 x + ks =loz modd , —z+ ko = —moz mod §

—lyayP™t - mazyP = 2P2P mod §

lox —y= —moz mod § & D

2P Iy tyaP™t = 1y 'mgza?™t mod §
—lyzyP~t +yP =mozyP"! mod §
—lymytxP pmytyzPmt =22 mod &
ZZT
—layP =2 mod § = mezyP ' = 2P mod §
—lyP L =2P"! mod 6 = moy? ' =271 mod
TH 2750 HEIHNS
flgly:vp’l =y” modd , 712—1m22$p71 =2z mod
—lymy tezP = 2P mod § , mylyP"l =¢P mod §
X o TaP 4+ yP = 2P mod § DI D ILDOEMFIT
Iy taP =Pt =my TP mod 6
or
—ly e £yP Tt £ my 2P mod 6
1.6.3 Common to —I; aP~! # yP~1 £ my'2P~1 mod §
(32) &b
—Iy gt Iy mgzaPt = yP2P mod §
l§2m2 (xp*1)2 = yp_lzp_l mod §
(l;lxp*1)2 =my yP 12?7t mod §
—loxyP ! -mozyP™! =2P2” mod §
lams (yp*1)2 = 2P 1271 mod §
(yp*1)2 = Iy mytaP 127t mod §
—lymy txzPt o my tyzPl = aPy? mod &
l2m2‘2 (zp_1)2 = —2P " 1yP7t mod ¢
(7712_17:’7_1)2 = —I; 2P 1yP71 mod &

22

B lgmg L6
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(33)(34)(35) & b

— (l;lgcp_l)3 = (yp_1)3 = (m;lzp_l)3 mod &

(") = (mg 2 7) = (

(l;lxp_1)3+(yp_1)3 = (Iy ' aP TP (I a2 =1 P P (P72 =0 mod 6

Py P (P ) 2 my tyP T P (g PP )2 = 00 mod S

<

(lz_lxpfl)g—i-(m;lzp*l)g = (I "aP  pmy P (1 PP )2 =1 Py taP T P (my 2P 1)2) =00 mod 6

1.6.4 —I;taP £yl £ my 2P mod s DL F
(33)(35) &b
(my ' 2P )2+ (P2 + (1% 1)2 =0 mod 6,
—Iy Py (P2 4 my tyP 2P =00 mod 6,
Lt P b my TP =0 mod 6y

—ly Pt P = —my TPt mod 6,
[General solution conditions])

lgmz_lzpflw mod 04
Iy ey +yP =-—my 2Py mod 6, (36)

Z;lmgxp_lz —mayP 1z

P —lyP

zP mod 0,

(36) & b

1 1

7 = yP2P mod 0,

22 = —l;%mpyz mod by (37)

—lyyP e lomy

—ly Py —my Py zP2P mod 6,4

y? = lomozz mod 6, (38)
Iy mexP ™z —moyP 'z = 2Py’ mod b,
22 = —lymy2ry mod O, (39)

23



(33) &b (mp_1)2 = 13my yP Pt
(mz)pfl = lgmglyp—lzp—l

(37) &b (fl2_2m2yz)p71 = 12my tyP P!
12_2p+2m12)_1yp712p71 = lgmglypflzpfl

l;meg =1 mod 6,

(34) &b (yp71)2 = Iy my taP P!

(yz)p—l = _l§1m51xp—1zp—1

(38) & (lymogzz)’ ™" = —l7 my taP 1 2P~

e e S T
5mb=—1 mod 6,

Yy
(22)p_1 = Iy 'miaP Tyt
(39) &b (—ZQmQ_Qa:y)ZF1 = Iy 'm3aP Tyt
lg—1m2—2p+2xp—1yp—1 = —l;lmgmp_lyp_l
lgmgzp =—-1 mod 6,
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mod 64
mod 94

mod 604

mod 94

mod 0,4
mod 0,4
mod 64

mod 94

mod 04
mod 04

mod 94

mod 94



Emb=—-1 mod 6,

I;’mb =1 mod 6,
Pmy;* = -1 mod by
3p l;)p

—my = mod 64

maP + 157 = (mb 4 18)(m2P — [Bmb + 157)  mod 6,

2
mb = 15" mod 04
2
5=-m3" mod 6,

B +mb =1 —m mod b,
B+ mh =15 +mb)(5 —mb) mod 6,

1=105—-mb5 mod 6,

(15 —mb)? =1* mod 64
1P —20m% + m3 =1 mod 6,
157 — 215mb + my? = —1hm5  mod 6,
152 —1Bmb +m3’ =0 mod 6,

XoTmh+15#£0 mod 6,

B—mb=1 mod 6,
122 —12mb =12 mod 6y
2P —24+1=0 mod 6y

(21)(32) & b

i lya?™t = —Lya”' mod §
IV = 1 mod$é 40
2
1 = % modd
Emb = —1 mod 0, %% DT
1¥v-3
ly = % mod 6, (41)
173
mbh = % mod 6, (42)
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x—ky—y+k3=—2 modd &P
Definition 14 x — k3 =m3x mod d , —y+ k3 = —Il3y mod ¢
—maxzP 1l lay2P 7 = 2Py? mod §

msx — g3y =—2 mod 6 &P

2P —lgmyztyaPt = —mz'zaP™! mod &
fls_lmgxypfl +yP = l;lzypfl mod
—mgzzP~! +lgy2P 1 =2 mod

(Y
(Y
A

—mgzzP "l = 2P mod 6 = lsyzP ' =4P mod §
Pl = gP~1 mod § = I32P" = yP7! mod §

TH 506 HEAIC

—maz
flgmglyzp’l =y” modd , fmgl
~ly ' mgayP Tt =2 mod§ , I3'zyP Tl =2P mod §

X o TaP 4+ yP = 2P mod § DK D ILDEMFIT

o=l =7l p—1 = p—1
my P T =l YT =2 mod 9
or

—mz et £l P #£ 2P mod §

1.6.5 Common to —mz aP~! # I3 yP~1 # 2P~ mod §

(43) & b

—lgmg tyaPt - —mgtzaP~t = yP2P mod &
I3m3g? (;Up’l)2 =y 1271 mod §
(mglxp*1)2 =l 'yP P mod §
—I3 ' mgayP I3 eyt = 2P2P mod §

2

l3_2m3 (yp_l) = —2P712P71 mod §

(l;,lef"_l)2 = —m3 2P 12P71 mod §
—mazzP~ Lt lgy2Pl = 2PyP mod §
lsms (zp_1)2 = —2P " 1yP~t mod ¢
(zp_1)2 = I3 mytaP P mod §

26

22”771 =27 mod §

B lgmg )

(43)

(46)



(44)(45)(46) & b
—(m5'a )’ = (5 ) = (271 mod s
() () = (P ) (PP T T (0 )P = 0 mod 6
(my 1)+ (221 = (my a2 ) (my a2y e P (P )?) =0 mod 8

(m3 2 )+ (05"’

= (mg 2?7 P ((my TP )P =l img TPy (1P ) = 00 mod 4§

1.6.6 —mg aP £ I7yP 1 £ 2P mod s DL F
(44)(45) &b
(5 P2 + (m3'a? )2+ (2*"12 =0 mod 6,
—my taP T P 4 PP 4 (P72 =0 mod 6,
my Pt —13NyPTt — 2P =0 mod 6,

mztaP™t — I3y = 2P mod 6,

[General solution conditions])

z? flglmgyp’lx =ms2zP" 'z mod 0,
—lgmy Py +y? = 132"y mod 0, (47)
mytaP "tz —lg'yPTlz = 2P mod 6,
(47) &b
—l;lmgypflzz: -m3zP ez = P2’ mod 6,
2 = —lym3z*yz mod 04 (48)
—lgmglxpfly c—l3zP7ly = 2P2? mod 6,
y?> = I3%marz mod 04 (49)
mz Ptz —l;lyp_lz = 2Py mod Oy

2° = —lz3mzry mod b, (50)
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(44) &b (xp_1)2 = I3 miyP 1!
(xz)pfl = l;lmgyp—lzp—l

(48) & (flgm?:Qyz)pfl =13 miyP P!
1

—1_ —2p+2 p—1_p— - —1_p—
lg ms D+ yP 1,p-1 l3 1m§yp 1.p

l§m§2p =1 mod 6,

(45) &b (yp*l)2 = —ZmgtaP 1!

(yz)p—l = _l§m§1xp—1zp—1

(49) &b (lg_anga:z)pi1 = —3mytaP 1Pt

l3_2p+2m§_1xp_1zp_1 = _lgmglxp—lzp—l
15%*mf = -1 mod 6,

(46) &b (zp71)2 = 13 mg e yP !

(Zz)p—l = 7Z§1m 1.0 1yp71

(50) £ (<lgmsay)’™" = ~l3 'my P yP !

lg—lmp—lxp—lyp—l = —l;lm lxp—lyp—l
IEm% =—1 mod 0,4
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mod 0,4
mod 94

mod 64

mod 94

mod 64
mod 64

mod 94

mod 94

mod 94
mod 64
mod 94

mod 94



Emf=-1 mod 6,
l3_2pm§ =—-1 mod 8,

l§m§2p =1 mod 8,

—mgp = l;’p mod 6,
mgp + lg’p = (mh + lg)(mgp — Bmk + lgp) mod 64

P — j2p
—my = 13" mod 6y

2
5=m3” mod 0y

—1E—mhf = lgp — mgp mod 64
(4 mB) = (1 + ) — ) mod 0

—1=1—mf mod

(15 —mb)* = (~1)*> mod 6,
122 —212mf +m3’ =1 mod 6,
137 — 25mk + m3’ = —1kmf  mod 6,
137 —1Bmf +m3’ =0 mod 6,
XoTmh+15#£0 mod 6,
B —mh=-1 mod b,
137 — Bmf = 17 mod 6,

2P 4+124+1=0 mod 6,
(21)(32)(43) &b

—mi et = —mgr’”t mod §
ml_1 = ms mod d
1 = mimf modd
lglzyp_l = mozy? ! mod §
I5' = my modd

Emb =—1 mod b4 75 DT
—1++v-3

L = 5 mod 6,
1++v—
mh = TS mod 64
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1.6.7 Cycle

~1+£y=3\" _ -1x/-3 od 6
9 = 9
“1++/=-3\° _ C1FV3
2 = 2
3
14+ /=
(H) = 1 mod?®
9
14+v=3\"' _1EVs
9 = 2
1+v-3\° T s B
2 = 2
3
14—
( 3) = —1 mod?®
9
1+v=3\" _ C1FV3
2 = 2
1+£v=3\" _ 1¥V-3 od 6
9 = 2
— 6
(1i2_3) = 1 mod?¥#
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1.6.8 A splice

(26) &b

—lymiyz mod 6,

8
Il

—lyy-—mqiz mod b,
—z? (—y+k1)(—2z+ k1) mod 0,
2 yz — (y+ 2)ky + k3 mod 6,
k2 — (y+ 2)k1 +yz+ 2% mod b,

[ |
8 8]
o
1| T

+ 2_4 2
B E VA O it U B

2
y+ 2/ (y—2)% — 4a?
k1 5
Y+ 2+ Va2 — 422

2
y+2++v/—3x2
2

mod 64

kl mod 04

k1 mod 6y

—y+ 2+ -3z

2
— z 4+ /—3x2
—z+k = % mod 6y

mod 04

_y+ki1

~1+./=3
* 2
14 /=3
g LEVSS
2

mod 04

—ly

—miz = mod 94

mod 0,4

» —1Ev-3
x - —_—
2
p 1EV-3
"Z: - —_—
2

—myzzP"t = mod 64

mod 64

|
N

b
Il
8

%

—1++/-3
2
1+£+v/-3
2

mod 64

[
<
%
Il
8
%
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-y = lel_l B mod 94
1+£v-—
—z = zm]*- Tﬁ mod 6,4
(40)(51) &b
—y = xly- %\/Tg mod 64
1+v-3
-z = amg——F5— mod 04

(55) & b
— P
M = Zp . L\/jg mod 64
2 2 2

p
“lEves <1i V3> mod 6,

= m3‘ 2

(41)(54) &b

1+v=3  1Fv/-3 [—1+y=3\""
> . m0d94

2 - 2
143 1+v/-3 [1+v/3\""
5 = 5 . 9 m0d94

=152 mod g, 0¥ &

1+v/-3 14+vV=3 [—14+v=3\""
. mod 64

2 = 2 2
—1+v/=3  1Fv/=3 [1+=3\""
5 = > . 5 m0d94
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(38) & b

y® = lamgxz mod 64
—y2 = Ilyx-—moez mod Oy
—y? = (z+k)(—2+ ko) mod b,
—y? = —zz+(x—2)ky+ k3 mod b,
0 = ki4(z—2)ks—22z+y> mod b,

z—xt/(x—2)2—4(—z2 +y?)

k2 = D) m0d94
o4+ 2 _ 12
hy = 27 V(ZH) Y mod 6,
— xSy — 42
ky = S 2y Y mod 64
/=32
ky = M mod 6,
+ \/—3y2
rz+ky = Mfy mod 64
—z—x £ +/—3y?
itk = = ”32 Y~ mod 6,
1+£v—
lox = TB mod 64
—-1++v-3
—mpz = Y mod 64
1++/-3
LayP™t = p.T mod 64
—1++/-3
—mezyPt = yp-f mod 04
1+v-3
Zp: p'? m0d94
(56)
—1++v-3
xP = ny mod 64
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r = le_1 > mod 64
—z = ymy'- %ﬁ mod 6,4
(40)(51) &b
r = yli- % mod 64
—z = yls- %\/_ﬁ:{ mod 64
P = yPly- <1i;/j3>p mod 64
—2P = PR <1:|:2\/73>p mod 6,
(56) &b
%\/j?) = I <1:|:;/j3>p mod 6y
71%\/773 = lg- <1:|:2\/*3>P mod 6,

(30)(53) & b

“1++/-3 143 1+ /=3\""!
— = 5 . > mod 64
173 143 1423\

5 — = 5 . D) mod 94

=133 mod g, D v X

—1+y=3 _ (1¢\/—73>.(1i\/—73)6n+3 mod 6,

2 2 2
“1FVT3 [ 1FVE3Y -1\
2T 2 ' 2 mod 04
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(50) & b

|
w
Il

|
w
|

|
®
|

z+yE/(r+y)?—4zy + 2?)

—lgmsry mod 04

—mgz - —l3y mod 0,

(—x + k3)(—y+k3) mod 0,4

xy — (x +y)ks + k3 mod 6,

k3 — (x +y)ks + 2y + 2> mod 0,

ks = 5 mod 6,
+ — )2 — 422
ks = StV V(‘TQ Dk
rH+y+vz? 422
ks = 5 mod 6,
+ /3,2
ks = Hyf V=32 od 6y
_ + /322
—y+ky = y+x2 5 mod 64
_ /3.2
ot ks = w mod 6,
—14++v-3
=3y = P mod 64
1++v-3
—m3xr = ZT mod 64
—1++v-3
P zp-f mod 6,
14++/—
—mgzzPTt = ZP'T?) mod 64
(55) &b + OF%E
I
—z? = z”%?) mod 64
1Fv-3 .
yP = Zp.% mod 6,
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—1F+v-3

—y = 23! 5 mod 6,
1 A/ —
- = zmgl . :FTZ% mod 04
(52)(51) & b
-1Fv-3
-y = zmgy- —a mod 64
- = zmq- ? mod 64
/—a\ P
—yP = 2Pmb- (1:':23> mod 6,
/—\ P
—zP = Pmb- (1:‘:23) mod 6,
(57) & b
-1£v=3 _  , [(-1FV=3)"
—s = my |5 — mod 6,4
“15v=3 _ (1373
YT = o (2Y0) mod 6y
2 2
(42)(31) &b
~1+v/73 —1¥v=3) (—1xv=3\TT
2 2 ' 2 mod 64
1773 1Fv=3) (1Fv/=3\""
2 = 2 ' 2 mod 64
=133 mod g, D v X
—1+./-3 1473\ [—1Fv3\"
2 T 2 ' 2 mod 0y
“1FV=3 1+v=3\ [(1Fv/=3\""
2T 2 ' 2 mod 6y
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169 p=6n+1DrF

=il = % mod 6,
mi=m; = @ mod 6,

=1, = @ mod 04
mh=my = _1%\/_73 mod 6,4

h=ly = %\/jg mod 64
mh=ms = % mod 6,

(26)(38)(50) & b

—limiyz mod 0,

22 = —yz mod O,

y2 = lymoxz mod O,
y? = —zz mod 6,

22 = —lsmgzy mod Oy
22 = zy mod b,

—22=22=4® mod b,

Byt =+ —yz+9*) =0 mod b,
P+ =@+2)(@® —22+2%) =0 mod b,
22—y =@—y) (2 +ry+y*) =0 mod b,

x+2z—y=0 mod by DT

r+2#0 mod by

2 —xz4 2= mod 04
22 —2z4+2zy=0 mod 6,

r—2+y#0 mod b,

Lo Tp==6n+11H=ZXRw,
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1.6.10 p—6n+3DLE
pEFEBZDTn=0, p=3. 22 +9> =2 mod b,

(x+z—y)3Ex3+23—y3—3x2y+3x2z—|—3xy2+3m22+3y2z—3y22—nyz
(x+ 2z —y)? =223 + 3(—2y + 222 + 2y + 22° + y?2 — y2® — 22yz) mod b4
(x+2z—y)* =22% + 3(—y(2® + 2x2 + 22) + (z + 2)zz + (x + 2)y?) mod 6,
(x+2z—-y)P* =203 +3(—y(z+2)* + (z + 2)zvz + (x + 2)y*) mod b,
(x+2z—vy)* =22 +3(x+2)(—2y —yz +22+y*) mod b,

(x+z—y)P =20 +3(+2)(—x(y —2) +yly — 2)) mod by
(x+z—y)P =203 +3x+2)(y—2)(y—2) mod b,

0=22%+3yzz mod by
—97% = 3yz mod 0,

(26) £ b
2l1miyz = 3yz mod 64
2l1m1 =3 mod 94
2P1PmP =3 mod 0,
(29) &b

23 =3% mod 4,
8 =27 mod 04
0=19 mod 04

38
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1.7 —2P =y =m'2» mod DL F
r—y+ki=—z+k modd &P

—y+ki=—-liy modd , —z+k =—myz mod

T —ly = —myz mod ¢
zP —lyyzP! = —myzz’"!' mod ¢
xP —2zP = —y? mod 0,

2’ -y +k)aPt = (—z+k)a”! mod Oy

xP +yP =2P mod 6,
2P H(z—k)aPt = (y—k)zP”' mod 64
2P +mqzzP ! =lLyz?~' mod 0,

T +miz =liy mod 0,

Definition 15 z — ki =q1y modd , y—ki =712 modd , girp L9

miz =qy modd

lhy =mriz mod d

T+ qy=riz modd

zP +qryxP~! =rizzP! mod ¢
g tay?! +yP =¢q; 'rizy?”" mod §
ritePmt gy tyz?mt =22 mod 6

1.7.1 Common to zP~' # ¢ 'yP~t Zr; 2P~ mod §

(58) &b
qyrP~t rizaP~t = yP2? mod §
qQr (xp—1)2 =P 1271 mod §
(mf”_l)2 =g TP 2P mod 6
gy twyPtqr rzyPT = 2P2P mod §
a2 (yp_1)2 =221 mod &
(Qflyp_l)z =7 'aP7 1227 mod §
rl_lxzpfl ~q11"1_1yz”*1 = 2Py? mod §
qlrf2 (z"’_l)2 =P Pt mod 6
(rflz”_l)2 =q; 2P yP"t mod §
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(59)(60)(61) & b
(@)’ = ("™ = (17177 mod 6

(r 12D ~(a ™) = P g P (O P g T e (g )P = 0 mod 6

(2771 = (7t

_1\3 — —1\3 _ — _ _ - _ _ — _
(@) = (@ ") = @ g T (@) gy e P (g Ty =0 mod §

(2P ) (@) e T T (2P T)2) =0 mod 6

1.7.2 p-1 £ qflyl)—l E2 rflzp_l mod § DEF
(60)(61) & b
@2+ (727 4 (¢ 'yP 1) =0 mod 6
(@12 gy e P 4T P22 =00 mod 6,
gy T T =00 mod 0,

2P gy = 2P mod 6

[General solution conditions])

2P Jrql—lypflx = —rl_lzpflsc mod 6;
@ty +yP = —qry 2Py mod 6, (62)
—rlxp_lz _qflrlyp_lz =2P mod 6
(62) &b

ql—lyi’*lx . _rl_lzpflx = yPz? mod 6,
> = —qriyz mod 6, (63)

QP ly - —qr 2Py = 2P2P mod 6
v = —q¢*rxz mod 6 (64)

—rzP 2. —ql_lrlyp_lz 2Py mod 60y
2

z qry 2ry  mod 6, (65)
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(59) &b (xp_1)2 =q; lri P 2P7 mod 6y
(5‘”2)1)71 =q¢; 'r7'y? 12?71 mod 6
(63) &b (_fh?“lyz)pil =g lr P 2P7 mod 6y

1 1 1 1

p—1 p— -1 _p—-1_ -1,,-1,p—1_p—
q ry YyPTRAT =gy AP mod 6,
@riyP=tPt = yP12P mod 6,

¢’r? =1 mod 60,

(60) &P (yp71)2 =¢r P22 mod 6,

(y2)p_1 =qgiry 2?7 '2P71 mod 6y

(64) &b (—ql_2r1xz)p_l = @ZritaP712P7 mod 6,

gp P T = g e T mod 6,
= 2P 1271 mod 6,

g7’ =1 mod 6,

2 _
(61) &b (1) =q¢; 'ria? yPt mod 6,
—1 _ _
(32)p =q¢; 2P 1yPl mod 6,
—1
)p Pl mod 6,
q]lo—lrl—2p+2xp71yp71 = ql_lT’%JCp71 p—1 mod 01

-2 _ _ _ _
ri el = e mod 0

p—

y
y
=qp i’y
y

¢&ri? =1 mod 6,
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@rt =1 mod 6
¢ Pr? =1 mod 6,

qfrl_% =1 mod6;

rijp = qi’p mod 64
3 3p _ 2 2
r? = ¢ = (] = q)) (1" + i} + ¢;") mod 6,

2
r’' =¢’ mod 6,

2
¢ =r’ mod 6

D p_ 2p 2p
r—q =¢;" —r; mod 6

) —q) = (¢f +r7)(¢f —r7) mod 6,

-1=¢'+r7 mod 6,

(@ +")*=(~1)? mod 6,
@’ + 2480+ =1 mod 6,
qu +2¢5rY + r%p =g¢'r? mod 6,

q%p +gir! + rfp =0 mod6;

™ —¢) #0 mod 0, XDTri# -1 mod by , ¢1 Z—-1 mod b,

@ +r{'=-1 mod 6,
¢i" +4frf = —¢f  mod 6

P+ +1=0 mod 6,

¢ry =1 mod 0; DT

—1++v-3

¢ = — mod 64
—1Fv-3

o= % mod 6,
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x+ky—y=—z+ky modd &P

T4+ ky=lox modd , —z+ ky = —msoz mod d

lQ!E

—lgxyp_l

(—z+k)y? !
—mozyP !

moz

-y
+yP

+y?
+y?

-y

= —moz mod §

—2P  mod 64

=2z mod 94
= (33 + kg)gpil mod 6,

= lozy?™' mod O,

= —lhz mod O,

Definition 16 —z + ko = gox mod §

—Mmoz

ZQI’

mazyP~t mod &

(z — ko)y?~' mod 6,

, T+ ko =1z mod

g2x mod §

=719z mod§

gx +1y =roz modd

2P +q51yxp—1
+y?

qory taPN g tyzpt

gy’

qglrgzmp_l

=2P mod

mod §

=rozyP~ ! mod §

1.7.3 Common to qgle”_l # Pl £ r;lz”_l mod mod §

(69) £ b

qglyxp_l -qglrgza:p_l =yP2? mod ¢

=P 1271 mod §

4 7rs (a771)°

(g5 tar1)?

-1 -1
qoxy? oy

G2 (yp_1)2

— ,.—1,p—1_p—1
=7y Yy oz

2z?2zP mod §
2?7171 mod 6

q;lrglxp_lz”_l

= 2Py? mod §

mod §

mod §

=P Pt mod 6

— —1_p—1 p—1
=4 T Y
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; q2T2 )

(69)

(70)

(71)



(70)(71)(72) & D

- (yp_1)3 = (r;lzp_l)g mod ¢

~—

(qglxp—l
W) = (3 "2’ = (7 g T () Py T e T ()2 =0 mod §

(qglﬁp—1)3_(yp_1)3

1 5 17\3 1 5123 1 o 1 o 1 o 1 -1 p1 o 1 o
(QQ P 1) _(Tz 12 1) = (q5 P 1_7’2 1P 1)((Q2 P 1)2"“12 17"2 taP TP 1+(T2 2P 1)2)50 mod &

(g2 ' =P ) (g3 'a? ) +q5 2P P (1P )?) =0 mod b

1.7.4 g laP ' ZyP 2 ey 2P mod S DL E
(70)(72) &b
(ra 2272 4+ (P2 + (g3 2?72 =0 mod 6,
gyt P (P 4y PP =0 mod 6,
¢ P P 4y 1227 =00 mod 6,

gy taP Tty = 2P mod 6

[General solution conditions])

2P dgeyP Tl = —qory 2Pz mod 6,
gy taP Ty +yP =—r; "2y mod 6, (73)
—qglrgxp_lz —royP 1z =2P mod 6;
(73) &b
QyP tx- —qy‘z_lzpflz = Pz’ mod 6,
2?2 = —¢y%royz mod 6 (74)

1

gy taP Ty —ry 2Py = 2Pz mod 6

—garoxz mod 0y (75)

<
|

2Py mod 60

-1 _ _
—qy roz? Ly —royP1z

2

z qary 2y mod 6, (76)
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70) & b (2P71)? 2ry 'yP 2P mod 6y
( =qry Y
(xQ)pf = ¢2ry'y? 712271 mod 6,
—2 p—1 —1 _
_ ) = p— )
(74) &V (—g5°royz)"  =ggry'y? 71277 mod 0
gy PTEpp T ypmlpml = 2 typ=lap—l mod 6y
%P2 =1 mod 6,
71) &0 (3?1 = ¢l aP 2Pl mod 6,
( Y dy T
(yQ)P—l = qfl,r_;lxp—l p—1 mod 91
(75) &b (= 27”2$Z)p =gy try taP7 1277 mod 6,
A P q2_17“2 Lpp=1p=1 mod 6,
@&rf =1 mod 0,
(72) &b (,zp*l)2 =gy 'raxP lyP™t mod 6,
(22)p_1 =g, 'raxP lyPt mod 6,
76) & D (qory 2azy)” _q_1 2277 1yP~1 mod 6,
2
@y PR hyP = gy Tr3aP Ty mod 6y
¢ry? =1 mod 6,
¢rb=1 mod 6,
¢ P =1 mod 6,
ary 2p =1 mod 6,
(69)(58) £ b
qglymp_l = qyzP”' mod ¢
' = ¢ modsé
1 = ¢ dé
= ¢ mo

THBE (67) &b

1T/

@ = %3 mod 6,
14/

b = e mod 64

2
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x—ky—y+k3=—2 modd &P

x—ks3=m3x modd , —y+ks3=—Il3y modd

msx —l3y =—2 mod
—mgxzP! HlayzP~1 =2 mod§
yP +aP =2z mod 6y

(—z+k3)2P™t +(y —k3)zP™' =2P mod b,

P +yP =2z mod 0,

(y —k3)2P™t +(—x+k3)2P™! =27 mod b,

+lgyzP~t —mgxzP~! =2P mod Oy

—l3y +msx = —2z mod 0,

Definition 17 y — k3 =g3x mod § , —x + k3 =rzy mod §

lsy =gqg3xr modd

—mgr =r3y mod
qg3x+r3y=z modd

—1

aP gy trayaP ! gz 'zzP~1 mod &
—1

qgrglxypfl +yP =7 zyP~1 mod &

@rzPl 4yt =22 mod 6

1.7.5 Common to qglxp_l e Tglyp_l # 271 mod §

(80) £ b

q?flrgyscp_l -q?jlza:p_l =yP2? mod ¢
a5 °rs (xff’*l)2 =P 1271 mod §
2
(g5 'zP71) =73 'yP" 1271 mod §

2P2P mod 6

-1 1 -1 p—1
qz3rs xYPT Ty 2yP

qsry? (yp*1)2 =2P712P7Y mod §
2
(ry'yP™Y) =gz 2?7 12P7t mod §
qzzzP~lrayzP~t = 2Py? mod §
q3T3 (zp_1)2 =P P! mod §
(zp_l)2 = qglrglmp_ly”_l mod ¢
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(80)

(81)



(81)(82)(83) & b

(5727 )’ = (i)’ = (2*1)° mod s

~—

(prl)?)_(r:s—lyp*l)?’ = (prl_r3—1yp*1)((Zp71)2+r3—1yp71Zp71+(rglyp—1)2) =0 modd§
(qglxp—l)3_(zp—1)3

(350 ) =

(g5 P =P (g5 2P bgz e P (272 =0 mod §

3

= (g5 2P oy P (g5 P ) gy ey TP TP T e (r P2 =00 mod 6

~—

1.7.6 2Pl Z£ g aP P Z£ri P mod S DEE
(81)(82) &b
(r3 ' )2 + (g2 )2 + (212 =0 mod 6,
g3 laP P g PP L (P72 =0 mod 6y
g3 taP ey tyP T 4 2P =0 mod 6y

gz taP gty = 2P mod 6,

[General solution conditions])

2P 4gzry 'yl = —gz2P 'z mod 6
g5 'rsaP "y +y? = —r3z" 'y mod 6, (84)
—qz a7y —rglyPTlz =2 mod 6,

(84) & b

1

q3rs yPlr s —qz2P e = yP2P mod 6

—q3 r3yz  mod 6, (85)

8
Il

2P2P mod 6,

> = —qsr3’rz mod 6 (86)
—q3taP Ty —rytyPTly = 2Py mod 6y
22 = qsrszy mod 6, (87)
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(81) &b (a;p_l) = g2y tyP P
(xz)P— T

(85) &b (—q§2r3yz)p_ = qary YT
1

—2p+2 p—1 p—1_p—1 _ -1, p—1_p
UE] T3 Yy oz fqr Yo oz

¢ =1 mod 6,

(82) &P (ypfl) = gz 'riaPT P

()" = g5 e

2 \P
(86) & D (—gsry?xz)" = g5 'riaP 2l
q§71T;2p+2xp—lzp 1 =q; 1,,,§xp—lzp

¢r3® =1 mod 6,

(83) &b (zpfl)z =gy lrytaPyP!

y
()" = g5ty ey

71 —
(87) &V (gsraay)’™ =gz ryta? yP !
qg_lrg_l$p71yp71 qu—l,,,:i—lmp 1yp 1

1

1

1

1

1

1

-1

mod (91
mod 01
mod 6

mod 64

mod 91
mod 64
mod 91

mod 6,

mod 64
mod 6

mod 64

mod 91

¢@rf =1 mod 6y
q3_2pr§ =1 mod 6,
@Ery* =1 mod 6,
(58)(69)(80) &b
it = gzazPT! mod §
' = g3 modd
1 = &Y modd
r3tzyP ™t = 1ozt mod 6
r3' = ry mod§
(68) &b
—1+v-3
¢ = ———— modb,

2
p —1F+v-3

o= —5— mod0,
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1.7.7 A splice

(63) &b

8
Il

—qir1yz  mod 6;
q1y -1z mod 6y
—z? (z—k1)(y— k1) mod 6
2 yz — (y + 2)k; + k% mod 6,
k2 — (y+2)k1 +yz + 2> mod 6,

[ |
8 8]
o
1| T

+ 2_4 2
b o VR VOEPAGEES) |

2
y+ 2/ (y—2)% — 4a?
k1 5
Y+ 2+ Va2 — 422

2
y+2++v/—3x2
2

mod 6,

k1 mod 6,

kl mod 91

- + v —3x2
—y+k = yt+e x mod 6,

2
— z 4+ /—3x2
—z+k = % mod 6

“1+.=3
. 2
14+./-3
o LEVSS
2

mod 01

—Tz

—qy = mod 6

S
B xpo% mod 6,

, 1EV-3
x - —_—
2

—qyxP !t = mod 6;

mod 6,

» —1Ev-3

14V 2
2

mod 6,
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14+ /=
—z = xrfl T 3 mod 6
1++v—
—y = qu_l-Tg mod 6,
(88)(77) &b
-z = xzq3- # mod 6,
1++/-3
Y = mod 6
—a\ P
—2P = aPgf- (1:23> mod 6
1+v/=3\"
—y? = 2Pgh- (23) mod 6;
(92) &b
-1Fv/-3 _ (—11«—3)‘"
—_— = ¢ | — mod 6,
2 2
1¥+/-3 » (1£v=3\"
5 = ¢ 72 mod 91

(90)(78) & b
“1¥V=3 11\/73'(&\/73)6%1 Y

2 o 2 2
6n+1
1FV=3 _ -1¥V-3 (1i\/—3> mod 8,
2 o 2 2

P 71%‘/?3 mod §; D ¥ &

“1F /-3 1FV3 13\
= . mod 91

q

2 2 2
1:v=3  —1+v=3 [1+y=3\""
5 = 5 . 2 mod 6;
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(75) & b

2 = —qroxz mod 6
—y2 = @z -rez mod 6
—y? = (—z+k)(z+ky) mod b
—y? = —az+(x—2)ky+ k3 mod 6,
0 = kit (z—2)ks—2z+y> mod b,

z—xt/(x—2)2—4(—z2 +y?)

k2 = D) m0d91
—r+ 2 _ Yqy2
ky = 2°° V(ZH) Y nod 6,
— xSy — 42
ko = S 2y Y mod 6,
x4 /32
b = M mod 6
+ +/—3y?
r+ky = Mfy mod 6,
—z—x++/—3y?
etk = — ”32 Y mod 6,
1++v—
roz = T?) mod 6
—1++v/-3
Pr = 5 mod 6
1++/-3
rozyP™t = yWT mod 6;
—1++-3
gy’ = p~72 mod 6,
1++v-3
—zP = p-T mod 6,
(93)
—1++v-3
—zP = yﬂf mod 6,

o1



1++v-3

z = yrQ_I-T mod 6,
—1++v-3

x = ngl'f mod 64

(89)(77) &b

14++/-3

PO Yy mod 6,
-1++/-3

T = yq - ————— mod 6

2

2\ P
2= yPrk. <1:|:3> mod 6

2
—1+v/=3\"
@ = yPeb- (2 3> mod 6,
(93) &b
1¥ /=3 » (1E£V=3Y"
—— = T4 - — mod 6,
-1¥v=3 _ , [(-1xy=3\"
5 = q - 72 mod 91

(91)(67) & D
@ _ (1¢\/73).<1i;/*3)6"“ mod 6,

2

1F V3 13\ -1+ v/3\ "
_— = . mod 91
2 2 2
@ =53 mod b, DL &
15v/-3 13\ 1+ V3N
_— = . mod 91
2 2 2
“1FVT3 [ 1FVE3Y -1\
5 = 5 . 5 mod 91
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(87) &b

z¢ = gqzrsry mod 6
—2> = —qsx-r3y mod 6
—22 = (—y+ks3)(—z+ks) mod 6,
—22 = ay— (x+yks+ki mod 6
0 = k- (x+yks+ay+2z? modb

z+yE/(r+y)?—4zy + 2?)

ks = 5 mod 6,
+ — )2 — 422
ks = StV V(‘TQ v e
T+ y V22— 422
kg = 9 mod91
+ /3,2
ks = Hyf V=32 od 6,
_ + /322
—y+ks = y+x2 32 mod 6,
x4/ 322
ot ks = w mod 6,
—1++v-3
—q3r = zf mod 6,
1++v-3
r3y = ZT mod 6
—1++-3
L zp-f mod 6,
1++/-3
rayzP~t = ZP-T mod 6
(92) &b + OF%
1E /=
—yP = z”%?) mod 6,
(94)
1 /—
P = z”qZTS mod 6

93



1=
—r = q3_lz . %3 mod 6,
11/
y = r3'2- :FT?) mod 6;
(88)(89) &b
- = riz- y mod 6,
. 1F+v-3
y = reze——— mod 6,
5\ P
—zP = Prl. (1:,:23> mod 6,
1 /—a\ P
yP = 2P <:F23> mod 6,
(94) &b
~1+v=3 _ , [(-1Fv=3)"
_— = | — mod 6
2 ! 2
1+v=3 _  , (1FV/-3)
— =T mod 6,
(68)(79) £b
—1+73 1B\ —1E/m3\
2 2 ' 2 mod 6
1+/-3 “1+/-3 15 v/=3\""!
5 - = 5 . 5 mod 91
¢ = 155 mod 6, DL E
“1+/-3 1423\ [—1F/3\"P
2 T 2 ' 2 mod 6y
1+v=3  [—1Fv/=3\ [1Fv=3\""
5 = 5 . 5 mod 91

o4



1.78 p=6n+1Dr

d=qa = _1%\/?3 mod 6
=r = _1%\/?3 mod 6
B=q@ = _1%\/?3 mod 6,
rh=ry = %\/_73 mod 6,
B=qs = %ﬁ mod 6,
rh=ry = Z1Fves 2\/?3 mod 64

(63)(75)(87) & b

—x° = qriyz mod 6,
22 = —yz mod 6y
—y2 = q@oroxz mod 6y
y? = —zz mod 6,
22 = gsrszy mod 6,

22 = zy mod 6,

—22=2*=4® mod 6,

By = (s 4y) (P —yrty?) =0 mod by
P+ =@+2)(2® —22+2%) =0 mod 6,
-y =@-y) (@ +ry+9*)=0 mod b

x+2z—y=0 mod 6, DT

r+2#0 mod 6,

2 —xz4 2= mod 6

22 —zz4+2zy=0 mod 6,
r—z+y#Z0 mod b

X oTp=>6n+11EHEZIR0,
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179 p=6n+3DLE
pEFEBZDTn=0, p=3, 22+3° =2 mod 6,

(x+z—y)3Ex3+23—y3—3x2y+3x2z—|—3xy2+3m22+3y2z—3y22—nyz
(x+ 2 —y)® =223 + 3(—2y + 222 + 2y + 22° + y?2 — y2® — 22y2) mod 6,
(x+ 2z —y)* =22% + 3(~y(2® + 222 + 2%) + (z + 2)zz + (z + 2)y?) mod 6,
(x+2z—y)P =20 +3(—y(x+2)* + (z+ 2)zz + (x + 2)y*) mod 6,
(x+2z—y)? =22 +3(x+2)(—2y —yz +22+y?) mod b

(x+z—y)P =22 4+3+2)(—z(y —2) +yly — 2)) mod 6,
(x+z—y)P =223 +3x+2)(y—2)(y—2) mod 0

0=22%+3yzz mod 6,
—97% = 3yz mod 6,

(63) &b
2q1m1yz = 3yz mod 64
2(]1’/“1 =3 mod 91
22¢r? =3P mod 6,
(66) &b

23 =3% mod 6,
8 =27 mod 6;
0=19 mod 6;

0=19 mod l, BV IDEFET 3,
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1.8 0=20DL&
1.81 2|z , 2Llyz

S=2kpr=
+z—y=pa2r

=2 -y =Gy +(z-y)(..

2| L=p" ta?
2]a

21 R=npa?
21«

r+z—y=pala+pP e

ok = o 4 pP=In=14P=1 — dd

20 =1
LA L, a+p®-Dr—lgp=1 5 1 ZDTFET 5,

S =2y =
z4+z—y=a2"

P =22 —yP = (z—y)(py"t + (2 —y)(..

2| L=a"”
2| d
21 R=a”
21 d

r+z—y=d( +adPh)
28 = o/ + Pt = odd
20 =1

Ll & +adP 1 >1%DTHFET 3,

XoT2lz DL EWD TR,

o7

)



1.9 ¢ L ayz DEH
1.9.1 plzDEE (FERMHITEHE)

T = an y="b0 z=p"cy
z—y=a" z—x=10F r4y=pPlP
p L xyey 8 =HrF%H# (definition)

Proposition 18 z+z+y=p"cS” , 6’| S = ¢ Layz
Proof 19
zrarty=pley+pTie
=pe(y +p@ e
pl S | plLd
PP =R=py" '+ (x+y)(...)
R=py*"' modc
pyPt Le
vyLlec
3| S” DEEY |cERIFS |y RO EREFETLDT
& 1z

2z2=—(z+y—2)+(z+z+vy)

ablxz+y—z
z 1 ab
8 ab 2 BiX 6 | 22 TRITFIIRBROTFET 2DT
8 L ab
3| B7%BIFd |2+
z=—x mod
2P = —2P mod &

2+ 2P =0 mod &
2P — 2P =y? =0 mod &’ DT
P +aP+ (2P —2P)=0 mod &
22 20 mod ¢

koT § LB
8 la , 8| z+y kol FEERIC

P +yP+ (2P —y?) =0 mod &
22 20 mod ¢
£oT 01l
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r+y+ki=—2+k] modd &P

Definition 20 y+kf =ljy mod & , —z+kj =—mjz mod ¢ , Iimj L ¢

IyxP~t - —m)zaP™! = yP2P mod ¢

z+1lly=-—miz mod § KD

P +ihyaP~t = —mjzzP~! mod ¢
Iyt +yP =—I"'mizyP™t mod &
—mte2Pm —UmTy2Pmt = 2P mod &
ZZT
lyzP ' =y mod &' = —m/zaP~! =27 mod ¢
P L =17yPl mod 6 = 2P = —m712PT mod ¢
TH 506 HEAC
leyP ' =2P mod &, —I7'mizyP T = 2P mod &
—mitezPm = 2P mod &, —Uim[ Tyt =yP mod &

XoTaP +yP =22 mod § DR D LD

2P =y = P mod 6
1 1
or

oPTV ATy P £ TP mod

1.9.2 Common to zP~ ' # I 'yP~1 # —m/~'2P~1 mod ¢’

(95) & b

yaP~t . —mfzaP~! =yP2P mod &
12 o
1ymf (2P~1) = —yP 12771 mod ¢
2 T
p—1 — _qy—-1_/-1,p—1_p—1 /
(zP71) =7 my Yz mod J
I toyP=t =t zyP = 2P2P mod 8
- 12 1
572my (yP=h) = 27712771 mod ¢
112 o1
(1t =-—m[ 2?7271 mod ¢
—m T tezP e —lm/ T y2Pt = 2PyP mod &
o o 1)\2 1
lmy 2 (2P71) = 2P 'yP™ mod &
112 1ol e
(mfi~t2p7t) =1 taP Pt mod ¢
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(96)(97)(98) X b
(xp_1)3 = (l/flyp_l)3 =— (mflz”_l)3 mod &’
() (1) = e ) (o R e ) 20
(acp_l)g—&-(m’flzp_l)?) = (xp_l—l—m’flzp_l)((mp_l)2—m'f1mp_lzp_1—|—(m'flzp_1)2) =0 mod ¢
(277 = (7 ) = @ (@ TP T T () =0 mod
1.9.3 2P P17 yP £ —m7 P! mod & DL E
(97)(98) &£ b

(2P 2 4 (m 2P 4 (TP )2 =0 mod 6
(2P )2 41 P yP T - T PP =00 mod 6
P Iy —m TP =00 mod 6

2P TP = m P mod 6

[General solution conditions])

e TP =m TP e mod 6]
I~y +yP =1m| 2"y mod 6} (99)
miaP "z I miyP 2 = 2P mod 6]
(99) &b

I lyP e o m/ TPl = yP2P mod 6]

2?2 = Iimlyz mod @) (100)
BaP=ly Iimi 2Py = 2P2P mod 6)

y? = I7*mizz mod 0) (101)

miaP 2 7 mlyP T2 = 2PyP mod 6]
22 = Iim[2zy mod 0 (102)
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(96) £ b (xp_1)2 = It yP P mod 6
(xz)pfl = —l’flmf yP7 2P mod 6]
(100) &b ( Ilm’lyz)p*1 =7t PP mod 6
PPt P lypmtop=t = /o hypm1pml mod 6
IPmPyP~ 2P~ = —yP~ 171 mod 6
IPm’P = -1 mod 6}

(97) &b (yp_1)2 = —IPZm) 2P 2P mod 6]

(yg)]%1 = —1Pm 2?1227 mod 0]
(101) &b (l’l_Qm’lxz)pf1 = —IPm 2P 12P71 mod 6
L2y lpp=lop—l = 2= 1P 1p=l nod @)
l'1_2pm/1pmp_lzp_1 = —a?p_lzp_l mod 6
I72Pm/P = -1 mod 6

(98) X b (#71)" = I 'mEaP "1yt mod 0

(=3 =17 e~y mod 6

(102) XD (lmi2ey)"" = 17 miZa "y~ mod 0

l/lpflm/ 2p+2 pflypfl El’flm’pr ypfl mod 9:1
l/lp ’12171.,’0 1y

Pm/7* =1 mod 0
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D Ip __ !/
ll my = —1 mod 94
1—2 /
I7PmP=-1 mod ¥
/ 1—2
l1pm1 P =1 mod Hﬁl
13p __ 1/13p
_ml = ll

W I = ol 17— PP ) mod 0

mod 6

'p __ 12p /
_ml = ll mod 94

Ip __ 12p /

1P =mj mod 6

17 +mf =m® — 1" mod 6]
P4 = (4 )P 1) mod 8]

1= mllp — lllp mod 6

Ip mN\2 12 /
(ml — ll ) = 1 mod 94
2 1 12p _ /
P —=2Pm?P +m™ =1 mod 0
2p p__Ip ”2p _ p,_Ip /
5P =20FmP +mi? = -Ifm? mod 0}

I —I'Pm/P +m/® =0 mod 6,
EoTmP+1P#0 mod 6

mP -1 =1 mod 6}

12p p, Ip 'p
ll — ll my = _ll

mod 6

I 417 +1=0 mod 6

IPm? = —1 mod 0, DT

—1 4+ /=

P = fﬁ mod ¢, (103)
1++v—

mP = Tﬁ mod 6 (104)
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z+khb+y=—2+kh modd XD
Definition 21 z+k}, =lix mod 0’ , —z+kl = —mbz mod &' , lym, L ¢
Lay?™t - —mbzyP™! = 2P2P  mod ¢’

b +y=—mbhz mod &' KD

a5yt = <1 mbzaP™t mod &
layP~! +yP = —mlzyPt mod? (105)
—lymby tePt —ml 2Pt =22 mod &
ZZT
ay?P™' = 2P mod & = —mbhzy? ™' =2 mod ¢’
LyP~' = 2P~ mod ¢ = —mbhy?" ' =2P~1 mod &’
TH 2706 HEIHNC

LlyeP b =yP mod & , —Iy 'mhzaP™! = 2P mod ¢

—~lymy ezt = 2P mod &, —mby ly2Pt =yP mod &

XoTaP +yP =22 mod § DD LD
ItaP~t =yt = —ml 2Pt mod &
or

I taPt £yt #£ o7t mod ¢

1.9.4 Common to I, 'aP~1 # yP~1 # —mf'2P~1 mod &'

(105) &b
I yaP=t . 1 tmb 2Pt = yP2P mod &
15 2mly (p=1)” =—y" 2" mod ¢’
=t mas o
léxy’kl . 7m122,yp71 = 2Pz mod ¢’
gmy (71)" =—a" 1! mod ¥
(yp—1)2 =I5 m P27 mod & (107)
—lymb tePt —m y2Pt = 2PyP mod &
Wl () = mod
(my o1 =I5 'aPyP"! mod & (108)
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(106)(107)(108) & b
() = () =~ (i)’ mod o
() (i) = (g el ) (Pl T T2 20 mod o
(157 ) = ()" = (7 ey (R ) =0 mod O

(l;‘lxp*1)3+(m’2_1z”*1)3 = (15 taP pml P (1 P )2l il P P e (P2 =0 m

1.9.5 I laP lZ gl £ —mi 2P mod & DL F
(106)(108) & b
(m 7 4+ () 4 (072 =0 mod 0
U taP=typ=t 4 (yP~ 12 — PP =0 mod 6)
ta?=t Pt =27 =0 mod 6]

LtaP=t 4 yP = mli 2P mod 6

[General solution conditions])

P HlhyP Tl =1my 2P mod 6)
A Y +yP =my 2Py mod 6] (109)
L imbaP™ 1z 4mbyP~12 =27 mod 6
(109) &b
LyP™la - lhmi 2P~y = yP2P mod 6

2?2 = 15%mbhyz mod 6 (110)

I taP~ly mi Py = 2P2P mod 6]
y> = lymbhrz mod 0 (111)

L imhaP~ 1z mhyP~l2 = 2Py? mod 6]
22 = lymy2ry mod 0 (112)
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(106) & D (aP 1) = —12ml Ly~ 1P

(:L‘Z)ZD*I — l yp 1Zp

(110) X1 (5 >mbyz)""" = —12m} 1yp 1

2

17%mP = —1 mod 6,

1=2p+2_ _I/p—1 p—1_p—1 p—1_p—
l mP PP = Pl P

1

1

1

(107) &b (yp71)2 = It gt
(y2)p—1 = _1/271m/271xp—1zp—1

(111) &b (1’2171’2562)1971 S N L A
l;p—lm;p—lxp—lzp—l = _ll—l IQ—lxp—lzp—l

IPm$ =1 mod 0}

(108) & b (2P~ 1)251'2_1 R~ lyr—t

1

Yy

(22)p ! =I5 tmPaPyP
(112) &b (lymby 2ay)’™ ' = I tmPapyp !
lép71m1272p+2zp71yp 1 :l/ 1 /22xp lyp 1

Pm5* =1 mod 0

65

mod 6
mod 6
mod 6}

mod 6}

mod 6
mod 6
mod 6

mod 6

mod 6
mod 6
mod 6

mod 6



IPmf =—-1 mod )
l;_meg’ =-1 mod 0}

Ip_ 1—2p __ /
12 My =1 mod 94

13p __ 1/13p /
5. =157 mod 0y

WP U= (il ) 0n — P+ 1) mod

/ 12
mzp = —12 P mod 9:1
p __ 12p /
ly =mg" mod 0
mP + 12 =mF — 12" mod 0,
2 2 =My 2 4
Ip I _ Ip 'p 'p 'p /
My + l2 = (m2 + l2 )(m2 - 12 ) mod 04

1=mg$ —17 mod 0

(mF —17)*=1? mod 0

2p 'p, Ip 2p _ /
my’ —2lmy +157 =1 mod 6

2p Ip__Ip 2p __ Ip, Ip /
my " — 2l my + 157 = —lym, mod )

2p Ip___Ip 2p _ /
m2 J— l2 m2 —+ l2 = O IIlOd 04

o Tmy +1F #0 mod 6,

mg —1F =1 mod )
—IPm/P 412 = —1” mod 0,

12 412 +1=0 mod 6,

(95)(105) & b

Ly~ = 157 'ya?™" mod &
It = 1, modd (113)
1 = IP1f mod ¢

IPmP = —1 mod ), 2DT

l’P:ﬂ

Po= . mod 6 (114)
1 —
mP = %\/73 mod 0, (115)
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x—ki+y+ki=—2 modd XD
Definition 22 z — kf = mf4x mod ¢’ , y+ ki =15y mod &' , lhmhy Lo
—mbazP~t -~y = 2Py?  mod &

mhx + lhy = —z mod &' XD

a?  Hlhmy tyaPmt = —mf tzaP™t mod ¢
It mbay? ! +yP =1t 2yP7t mod ¢ (116)
—mbxP —lyzP~t =2zP mod ¢

(Y
(Y
)

—mhzzP~t =2 mod &' = —lyy""' =y? mod &
—myzP~t = 2P mod ¢ = —142P "t =yP7t mod &
TH 506 HEANC

Lmy tysP P =yP mod &' |, —mf 'zaP ' =2 mod &

Limbay? ™' = 2P mod &' , —I tzyP =2 mod &
XoTaP+yP =22 mod § DD LD
my taP Tt = yP T = —2P71 mod ¢
or

my P 2T yP T £ 2P mod ¢

1.9.6 Common to mj 'aP~! # 5 'yP~1 # —27~1 mod ¢’

(116) &b

lymy lya? ™t —mgT zaPT = yP2P mod &
lymly? (ar=1)? =—y" 2" mod ¢
(i Lap=1)? = Uyt mod & (117)
Ly tmpayP =t Iy 2y = aP2P mod o
G () = e
(15 yr=1)? =—mjy 2?7 12’"! modd  (118)
—mxzP~t - —lyzP~t = aPy?  mod ¢
Lmly (27=1)? = 2P~ 'y?"" mod &
(1) =5ty ey mod 8 (119)
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(117)(118)(119) £ b
(mé{lacp_l)3 = (l'glyp_l)3 =— (zp_1)3 mod &’
(227 1 (1 ) = (P ) (P2l PP (1 P2 = 0 mod o
(om0 1) 4 (271" = (a2 (o 9 L () =0 mod 8
(m 1) = (157 ) = (et ) (a2 e T P L (1)) =0 m
1.9.7 my taP £ Uy £ 2P mod & DL F
(117)(118) & b

(571371 4 (P 4 (P71 20 mod 6
—miy PP — TP TP 4 (22712 =00 mod 6]
w20 mod o

my P 4 1y = 2P mod 6
[General solution conditions])

Py tmbyPT e =mbeP e mod 6
152P~1y  mod 6 (120)

2P mod 0

lmf taP~ly +yP

/—1_p—1 /=1, p—1
mg Pz g yPT 2

(120) &b
lg_lmgypflm -my2P e = yP2P mod 6
2 = Iymb2yz mod 0) (121)
Uy taP~ly  152P7ly = 2Pz mod 0
y? = 15 %mbrz mod 0) (122)

/—1_p—1 /=1, p—1
mg Pzl yPT 2

2Py?  mod 6
2 = Iliymiry mod 0 (123)

z
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(117) & 1 (27~ 1) = —ly 'miy" P

(xQ) = I mPy

(121) X 0 (yml2yz)" "

1 r—2p42 p1
1P~ tm
3 3

yri =

)
2plzp

7lél /2p1

msy

—lél 12, p—1

mgyP 2P

Ip_1—2p __ /
l3 mg =-1 mod 94

(118) & b (y7 1)’ =

()" =

(122) &b (lg_ngxz)j%
lé—2p+2mép—lxp—lzp 1 =

I—2p Ip __
I3 % mg =

=t

(123) & b (mbay)’ ' = =15
lép 1 gp L.p- 1yp 1—1’

I /
Imf =1

l/2 / 1xp 1

p—1_p
13m3 P~z

l / Lypp=1,p—

1 1 o
R

—1 mod 6}

Y

1 -1, .p—1,p—1

m3 Py

1 I 1xp 1yp 1

1 I 1,.p—1, p—1
my Tty

mOd 04
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-1

1

-1

1

—1

—1

1

1

mod 0
mod 0
mod 6

mod 6

mod 6
mod 6
mod 6}

mod 6

mod 6
mod 6
mod 6

mod 6



IPm =1 mod ) (124)
I57Pm?P  =-1 mod 6}
IPmiy* =-1 mod 6

13p __ 7/3p /
my =13 mod 6,

13p 13p __ Ip p 2p Ip__Ip 2p /
mg’ — g0 = (m3 —13)(m3" +15m3 +137) mod 6}

I'p _ 1/2p /
—mg =1l3° mod 6

p __ 12p /
l3 = —my" mod 8y
Ip p __ 3/2p 12p /
ly —mg =137 —mg’ mod 0,
Ip Ip _ (qIp PN (7D p /
I3 —mg = (3 +mg)(l5" —m3’) mod )

1=12+m? mod 0

(I +mJ)*=1% mod 0
122 +2Pm? + my? =1 mod 6,
122 4+ 2Pm? + mP = 1Pm?  mod 0
122 +1PmP +mfP =0 mod 6
my — 17 #0 mod 0, DT ms#1 mod ) , I4#1 mod 6}
IP+m?P =1 mod )
122 4 1PmP =1 mod 6

2P 12 +1=0 mod 6,

(95)(105)(116) & b

—mitePmt = —mba?”t mod ¢
m{™' = mj mod ¢ (125)
1 = m{m? modd
—I5teyPTt = —mbzyPTt mod &
It = mby mod ¢ (126)
IPm =1 mod ), 2DT
1++/-3
o= — mod 6, (127)
1F¥v/-3
my = :FT mod 6 (128)
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1.9.8 A splice

(100) &b
2 = Iimlyz mod 6
—2? = ljy-—mlz mod @)
-2 = (y+k)(~z+k) mod 0
—2? = —yz+(y—2)kl + k2 mod#)
0 = K2+ (y—2)k) —yz+2> mod#)

syt -2 A yz 1 )

kKl = 5 mod 6}
oyt ./ T _ 4.2
kKl = S (z/2+z) v mod 6}
— :t,/ 2_4 2
kKl = =Y 21‘ a mod 6}
4322
k/1 = # mod@ﬁl
+ v/ —322
y+ K, = Z“’% mod ¢,
syt V32
-2+ Kk = : y2 e mod 6
—-1++v-3
lly = T mod 6
1++v/-3
-miz = T mod 6
14
IyxP~t ;UIWf3 mod 6
1++v—
—mhzaP™t = xp'Tg mod 6
—1++v-3
-2 = $p'f mod 6
(129)
1++v/-3
—yf = 2P T mod 6}
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—-1+v-3

y = a7t 5 mod 6}
—z = zmi*t- # mod 6
(113)(125) & b
y = xly- %\/_73 mod 6
—z = zmly- % mod 6}

~a\ P
yro= aPly (1i23> mod 6
1+v-3\"
—2F = 2Pmy - <2) mod 6
(129) &b
—1F/— -1+v=3\"
%ﬁ = 7. (23> mod ¢,
~1+/-3 w (1£v=3\" ,
27 = mg - 72 mod 94

(114)(128) & b
S1FVEE . —1F /3 (H:\/T%)ﬁ”” ,
. mod 6,

2 = 2 2
“1+/-3 1Fv=3 [1+/=3\"" )
5 = 5 . 5 mod 6

1P = 25Y=3 mod 0, D ¥ &

~1¥/-3 143 -1+ 3\ .
= . mOd 94

2 = 2 2
—1+v/=3 143 [1x=3\""" )
5 = 5 . 5 mod 6,
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(111) &b

y* = lymbrz mod )

= Iz -—mbz mod 0}

—y? = (z+ky)(—2+k) mod 6]
—xz+ (x — 2)khy + k2 mod 6

|
<
I

|
<
|

0 = kP4 (z—2)kh—2z+y> mod @),

z—xt/(x—2)2 —4(—zz +y?)

k/ =
2 2
e+ 2 4,2
g o= ZEEVEFDE oA

2
— xSy — 42
Ky, = S 2y L mod 6}
4 /32
M mod &),

=
e
|

+ /—3y?
r+ky, = Mfy mod 6
a4/ 302
a4k, = = ”32 Y7 mod 8
14/
lhe = y% mod 6
1+v—
—mhz = yTg mod 6}
—1++v-3
lay?™t = yﬂf mod 6}
1++v-3
—mhzyP~t = yp-T mod 6}
(129) X b + O
1573
—zP = yp.%\/i mod@ﬁl
1 -3
P = yp.:FTF mod 0/,

73

mod 6

(130)



1=
x = yl’z_l-:,:#3 mod 6
1 /—
—y = ’2—1.%3 mod 6
(113)(126) & b
v = yli.—l% V73 hed 0
z = ylg~$ mod 6}
—a\ P
¥ = y”l’f’-<1$23> mod 6,
~1+v/-3\"
2P o= yplép-<23> mod 6
(130) &b
P
ST (V)
1+v- —14+v/=3\"
T?) - z;}’-(z?’> mod 6,

(103)(127) & b

—1+v/=3 [ —1£73\ [—1F/=3\"" ,
—— Y 7 = : mod ¢,
2 2 2

1+/-3 1423\ [—14v=3\"" )

P = Z15Y=3 mod 0, D& &

—1i2¢?3 _ (—12@).(—12\/?3)6"“ mod 0,
1+v=3 _ (1¢¢—*3>.(—1i\/?3>6"“ od 8]

2 2 2
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(123) &b

z* = lymizy mod 0)
—22 = —mbx-ljy mod @)
—22 = (—x+k))(y+k) mod @)
-2 = —ay+(y— o)k + k5> mod 0]
0 = K+ (y—a)ky —ay+2> mod 6]

z—y+/(y—2)2—4(—zy + 22)

2
4+ 24,2
Bo= 2TV V(y;x) 7 od 0

RN
AN
I

mod 6

K= xfyj:\2/227422 mod ¢
ki = i e y:l:;/@ mod 6
y+ky = @ mod 6}
—z+ ki = —x—y:;:@ mod 6}
o= z- %\/3 mod 6
—-mhr = z- % mod 6
Ly~ = 2P. %\/_73 mod 6
—mhxPt = P % mod 6
(129) X b + D%
L= . AFVTD :FZ\/TS mod 6
131
Y= 2P 1%\/_73 mod 6 o

()



y = zlg_l . _1%\/_73 mod ¢,
wo= em @ mod 6
(126)(125) & b
y = zmy ! q:2\/j3 mod 6
z = zmy %\/—73 mod 6

2
—1+ — p
o= mf <2\/73) mod 6
(131) b
]-ZF\/T?) . p _]-:F\/j?) P /
9 = M\ T o mod 6
].:I:\/j3 - /p 71:‘:\/773 P /
? = ml . f HlOd 04

(115)(104) &b

2 L (23) ()

== (MQ‘/:”) | (H:ﬁ)ﬁ'”“

P = ATVES mod g, O b X

1FvV-3 _ (1i\/j3>'(_1q:\/j3)6n+1

HEZ/TS = (1{“73) . (1izﬁ>6"+1
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mod 6

mod 6

mod 6

mod 6



1.9.9 p=6n+1DrF

S e
P=1l = %3 mod 6
1F¥v/-3
mP=m) = :FT mod 6
14/
=1 = % mod 6
1+v-3
mfy=mh = — mod 6
1F /=
=1 = %3 mod 6
1+v-3
my=mhy = — mod 6}
(100)(111)(123) & b
2 = I'mlyz mod @),
2 = —yz mod 6
v = lymbhrz mod 6
y> = —xz mod#)
22 = lymhry mod )
2> = zy mod#)

2 =2>=9y> mod 0

B4yt =(+y) (P —yz+y?) =0 mod 0]
P +23 =@+ 2)(2® —22+2%) =0 mod b
-y =@y (2 +ay+y?) =0 mod 0]

x+z+y=0 mod @) DT

r+2#0 mod6)

22 —2z+22=0 mod 0

2> —xz+xy=0 mod #)

r—2+y#0 mod 0]

X oTp=>6n+11&HEZIRW0,

(s



1.9.10 p=6n+3DLE
plEFBHRDTn=0, p=3. 22 +3>=2% mod ¢

3

23+ 23+ % + 32%y + 3222 + 329 + 3222 + 3y°2 + 3y2? + 6ayz
223 + 3(2%y + 2%z + xy® + x2® + vz + y2? +2xyz) mod 0}

r+z+y
ac+z+y3
x+z+y3—

( )

( ) (

( )3 =223 4+ 3(y(a? + 2wz 4 2°) + (x4 2)zz + (z + 2)y°) mod )
(x+2+y)> =222 +3(y(x +2)? + (v + 2)xz + (z + 2)y*) mod 6
( ) (
( ) (
( )

r+z2+y)° =223 4+3+2)(2y +yz +x2+9%) mod 6

T+ z4y)° =22°+3(@+2)(x(y+2) +y(y+2)) mod o)

r+z+y)P° =22 +3@+2)(y+2)(y+z) mod )
0=22°—3yzrz mod )

222 =32y mod 0

(123) &b
2limibay = 3zy  mod 6
2l5m5 =3 mod 0
2P1Pmy =37 mod 0}
(124) £ D

23 =3% mod 6
8 =27 mod 0}
0=19 mod 0}

r4+y—2=0 mod 19D IVDERET S L 2|19 RO FIET %,

8

mod 6}



1.10 /=20t &
1.101 2|z , 2 Lluay

S =2k Dy &
z4x+y=ptc2F

P =aP +yP = (e +y)(py" "+ (@ +y)(...)

2| L =p"P P
2e¢

21 R=py
2 1Ly

4z +y=pre(y+pP e
2% = 4 plP= L=l = o4d
20=1

LA L, y+pl-Dn=1lep=l S 1 RDTFET 2, pLlzDLEHFRMETH 2,
FoT2|zDEEMDILITRN,
y+z—2lEz,ylC2VTo+z—y ERMDLD 2|y DEZHED LR,

kXD
P +yP £ 22 (p23)
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