Collatz Sequence Proof (1st Way)

Abstract: A Collatz sequence is a sequence of numbers generated by starting with a positive
integer and repeatedly applying two rules: e If the number is even, divide it by two e If the
number is odd, multiply it by 3 and add 1

let Collatz Sequence (n) = S(n), Loop of Collatz Sequence (n) = LS(n),

let r = number of elements of IS(n), & x,y,z,t,7,k,h,g,m,n € N,
n n
[n even — E,or nodd » 3n+1)] & Sn) = {E or 3n+ 1), ...,4,2,1} o IS(n) ={4,2,1}

Proof
A) let IS(n) = {x}vVn € N,,

Taha's Sketch of 1S(n) to find equivalent expresion (Cloud) to x

Cloud Cloud = x X
X Z=x=>x=0¢IS() ===
> 2

3x+1 3x+1=x=>x=—%6£l$(n) -

=~ 1S(n) # {x} Vvn € N,



B) let IS(n) = {x,y}Vn € N,

Taha's Sketch of IS(n) to find equivalent expresions (Cloud) to x

Cloud Cloud = x x y
X X
7 Z:x::»xzoelS(n)
3x +2 3x2+2=x:>3x+2=2x:>x=—26515(n)
2
3x +1 3x:1=x:»x=—1$15(n)
2

~1S(n) # {x,y} Vn € N,



C)letlS(n) ={x,y,z} vn € N,

Taha's Sketch of IS(n) to find equivalent expresions (Cloud)to x

Cloud Solve equation: Cloud = x x y z
X Z=x=2x=0¢IS(n) aa B -
8 8
3x+4 12—y 5 x =4 €lS(n) 4 |Z=2 z=
2 4 2 4
3x+2 |22 _ x5 x=2€l5(n) 2 |Z=1 42 _ 4
2 4 2 2
3x+1 3x:1=x=>x=1ElS(n) 1 3x+1 3":1 =2
4 =3(1)+1=4
9x+5 |2 _yox=-2¢isn) B —
> 2 7

~IS(m) ={x,y,2z} ={42,1},vn € N,




D) letlS(n) = {x,y,z,t} Vn € N,

Cloud | Solve equation:Cloud =x | x z t
X |==x=x=0¢15(n)
16

3x+8 |28 e Is(n)
8 8

B+ 4 |2 _ e s
8 8

3¥+2 |2 e is()
8 8

3x+1 |3 _ v o x g IS(n)
8 8

9% +10 | 9x +10 o x ¢ I1S(n) N - - —
2 T XX n

x+7 |Ix+7 o x € IS() | - - -
2 A n

9 +5 [9x+5 | - -— -
2 T =>x & 1S(n)

~1S(n) # {x,y,z,t}Vvn € N,




r is number of elements of IS(n), & let x € IS(n)

x =eorodd
r=1
x 3x+1
2
=e
=e or odd
_)
r=2 . . I
X 3x+2 3x+1
4 2 2
=e or odd —e =e or odd
- R
- = -
r=3 X 3x+4 | 3x+2 3x+1 9x +5
8 4 4 4 2
=e or odd =e =e or odd | =e or odd =e
B - -
r=4] N - - -
E 3x+8 3x+4 3x + 2 3x+1 9x + 10
16 8 8 8 8 4
=eor =e =eorodd | =eorodd | =e orodd =e
odd . . -




-
9x + 7 9x +5
4 4
=e =e or odd
.
r=>5 [] -
X 3x + 16 3x+ 8 3x+4 3x+2 3x+1
32 16 16 16 16 16
=eorodd | =eorodd | =eorodd | =eorodd | =eorodd | =eorodd
* $ ! @ # %
[] - - -
9x + 20 9x + 14 9x + 11 9x + 10 9x + 7 9x + 5 27x + 19
8 8 8 8 8 8 4
=e =e =e =e or odd =e or odd =e or odd =e
@@ & (( { (L x Fhk
r=6 * * $ ! @ # %
ve 3x+32 | 3x+ 16 3x + 8 3x+4 3x+ 2 9x + 19
64 32 32 32 32 32 16
% | § q @ 7 % $ i
3x+1|9x+64 | 27x+ 38| 9x + 28 | 9x + 22 3x+1 9x + 64 9x + 40
32 16 8 16 16 32 16 16
@@ & (( {{ [l (L *k
9x + 20 9%x+14 | 9x+ 11 | 9x+10 | 9x +7 27x + 29 9x +5
16 16 16 16 16 16 16
%k kkk
27x +23 | 27x +19
= =




Taha’s Table to find IS(n) Pattern

r=1=3(0)+1 x:sff0$x=0¢N+,0ezlS(n)=>lS(n)i{x}, vn €N,
k=0
r=2=3(0)+2 x=23:f0:x=§$N+=>x,y$lS(n)=>lS(n)¢{x,y}, vn € N,
k=0
r=3=30 x =2 1y =4,72=2IS() = (421}, VnEN,
k=1
r=4=3(1)+1 31x43020

X = Tﬁ xX¢&N, = lS(n)=(Z),VnEN+
k=1 2
r=5=3(1)+2 |32 L aN o S()=@,VnEN,

k=1

25-1

— — 2 0 052
r=6=3(2) x=”ﬂ#:>x=1,y=4,z=2:> IS(n) = {1,4,2}, Vn € N,
k=2
r=7=3(@2)+1 32x + 3(2°) + 3922 7
x = 72 :>x=§eEN+:> IS(n) =0,vn e N,

k=2

— — 3 2(-0 1(~2 054
r=9=30) x = ZFCVS I, o 1,y =4,2= 22 1S(n) = (14,2},
k=3
vn € N,
r=12 = 3(4) 3%x + 3%(29) + 32(22) + 3(2+)+3%26
K =4 X = 124 >5x=1=>

IS(n) ={1,42},vn e N,




Taha's Pattern to find LS(n)

Part A:

i) if r =3(k),

. 3kx_+ 3k—1(20)_+ 3k—2(22)_+ 3k—3(24)_+__,+_3k—k+1(Zz(k—z))4_(30)22(k—1)

isx = T =17
Proof:

3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+(30)22(k—1)
= =
23k—k

(2%k — 3k)x = 3k71(20) + 3k72(22) + 3K73(2%) + -+ + 3kThFL(22(k=2)) 1 (30)22(k-1) og1,
letk =4

~ (2%k —3k) = (28 — 3%) =175 ... (Coef ficient of x in LHS of eq1)

33(20) + 32(22) + 31(2%) + 3°(2°) = 175 ... (RHS of eql)

~175x =175=>x=1= IS(n) = {4,2,1},vn € N, whenr = 3(k)

i) if r =3(k + 1),

3hH1y 4 3K(20) 4 3K1(22) 4 3K2(2%) 4 ... 4 Zk+1(22k=2) 1 (30)72k ~

X

isx = 2r—(k+1) =17
Proof:

3k+1x + 3k(20) + 3k—1(22) + 3k—2(24) R 3k—k+1(22k—2)+(30)22k
X = =

23(k+1)—(k+1)

(22k+2 _ 3k+1)y — 3K (0) 4 3k=1(22) 4 3K-2(4) 4 ... 4 ZK-KF1(2K=2) 4 (30Y02k gD
letk =4

o (2%k+2 — 3k+1) = (210 — 35) =781 ... (Coefficient of x in LHS of eq2)

34(29) + 33(22%) + 32(2%) + 31(2°%) + 3°(2%) = 781 ... (RHS of eq2)
~781lx=781=>x=1= IS(n) ={4,2,1},vn € N, whenr =3(k+1)

byi&ii= IS(n) ={4,2,1},Vn € N, whenr is divisible by 3.



Part B:
i)if r=3(k)+ 1,eql below:
3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1)

isx = >k & N.?
Proof:

ka + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1)
X = SGk+D—k

(22k+1 _ 3k)x — 3k—1(20) + 3k—2(22) + 3k—3(24) + ot 3k—k+1(Zz(k—z))+3022(k—1) eql
letk =4

o (2%k+1 — 3Ky = (2° — 3%)=431... (Coef ficient of x in LHS of eql)

RHS of eq1: 23(2°) + 32(2%) + 3'(2*) + 3°(2%) = 156

~431x =156 > x ¢ N, = AlS(n),vn € N, whenr =3(k) +1

ii)if r=3(k)+ 2,is eq2 below:
B 3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1)

X 2K & N.?
Proof:

3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1)
X = S(Bk+2)—k

(22K+2 — 3y = 3K1(20) 4 3K-2(22) 4 3K3(2%) 4 .. 4 3KK+1(22(=2)) $30920-1) 042
letk =4

o (22%k+2 — 3k) = (210 — 34) =943 ... (Coef ficient of x in LHS of eq2)

RHS of eq2: 23(2°) + 32(22) + 31(2%) + 3°(2°)

% 943x =156 > x ¢ N, = AIS(n),vn € N, whenr = 3(k) + 2

by i &ii:A1S(n),vn € N, r =3(k) + h,h € {1,2}

=~ Final Conclusion by parts A& B = 1S(n) = {1,2,4},Vn € N,



Taha's Graph to find S(n)and IS(n)



