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Abstract

In this work I present possible extension of Einstein field equations into four
index equation. It takes both Ricci and Weyl tensor [I] parts into account so whole
curvature. It does differ from General Relativity as it does have stress momentum
tensor for vacuum or saying other wise for gravity field itself. Still I do not define
this tensor only it’s properties.
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1 Einstein field equation

Einstein field equations are basis of modern gravity theory. Still in some sense they are
not fully finished as they lead to singularities both at black holes and moment of big
bang. Most ideas about what is next is a quantum gravity theory that unites gravity and
quantum mechanics. My approach will be trying to limit those equations by changing
them into four index equations. That will have in some sense extend them but in truth
will limit their form. Now whole curvature both Ricci and Weyl will be defined in field
equations. Einstein field equations can be written using Einstein tensor simply as:

Gy = KT (1)

Where I skip convention of using Greek letters, as later there will be a lot more indexes
manipulations and it will be easier to write it just in Latin letters, so meaning is still that
those indexes represent space and time. In those equations there is another component
to them, objects follow geodesics , from it follows those equations need another equations
that say how object move, those can be written as:

d?x® dzt dx?
a - — 2
ds? Ty ds ds 2)

Geodesic equation is consequence of taking action of spacetime interval, or more precise
it is a solution to equation:
4] / ds =0 (3)

It means that not only field equations are need to fully have working General Relativity
but geodesic equation. One can argue that one follows from another and that equivalence
principle is where geodesic equation comes from but for now I will just take as a fact that
those two equations are need to make general relativity work. Still those equations are
most tested theory of gravity , but from them follows that at center of a black hole and
moment of big bang those fail as they lead to singularities as mention before. So question
is are there a final form of classical gravity equations? Let me take into account simple
case where matter field vanish:

Gay =0 (4)

Those are so called vacuum solutions, where matter field vanishes. Only condition that
arises from it them is that Ricci tensor does vanish. It still lacks full curvature picture
as those equations contain only Ricci tensor and no Weyl tensor [I]. It means that there
is no gravitational energy tensor in those equations. My approach will be that there is a
gravity energy tensor that later will be equal to Weyl tensor [I]. But before arriving at
those conclusions let’s go back to Bianachi identities [2] .



2 Bianachi identity and conservation of stress momen-
tum tensor

Base of General Relativity is that locally stress momentum tensor is conserved as same
goes with right side of equations so Einstein tensor. I can write that tensor as:

1
Gap = Rap — égabR (5)

It’s total covariant derivative vanishes , same happens with stress momentum tensor:

1
V“Gab = Va (Rab — §gabR) = O (6)
VT, =0 (7)

It means that in Einstein field equations both side vanish when taking covariant derivative,
this gives important clue about four index equation. In general I’'m searching for a four
index tensor that when taken covariant derivative will vanish. Next it has to reduce to
normal two index equations when taken contraction. So in general im searching for a
tensor that has this properties:

VeGaped = 0 (8)

1
9*Gabed = Gpa = Rpa — §gbdR (9)

But same must happen for four index stress momentum tensor, it has to vanish when
taking covariant derivative and it has to reduce to stress momentum tensor upon contrac-
tion:

V% pea = 0 (10)
9" “Tabed = Tha (11)

That will lead to equation of field that equals those two tensors times Einstein constant
on side of stress momentum part. And here comes key change this generalized tensor
will have energy of a gravity field as there will be Weyl tensor [1]| part equal to trace-less
part of stress momentum tensor. Or in other words I need to define whole curvature
and it’s energy, not only Ricci part. Equation in form of Gupeq = KT ypeq needs to define
whole spacetime curvature as consequence of presence of energy both gravitational and
matter. In this work I will derive simplest case of this equation that works only in four
dimensional spacetime. It’s simplest in this way that is fairly easy to derive and stands on
simple assumptions and grounds in general. All those assumptions are in those statement
from above and additionally that I can use only Ricci and Weyl tensor [I] without full
Riemann tensor as it makes those equations in their simplest possible form. To do so I
need to write covariant derivative of this tensor and connect it to stress momentum part,
that is long calculation but in truth a simple one.



3 Is there a simple way to generalize Einstein?

Let me start by writing covariant derivative of Weyl tensor [I] and Bianachi identities [2]:

n—3 1
VeCobed = n—2 (Vdec — V Rpg — m (gbcvd - gbdvc) R) (12)
1
VR, = 5V gu R (13)
1
V'R = 5 V)R (14)

Now all I need to to do is find a tensor that reduces to Einstein tensor and is build from
Ricci tensor and metric tensors. Then calculate it’s covariant derivative. It’s pretty simple
task. I can write this kind of tensor as:

1 n
Rac - Ra c R ac — R cYa -
(Racgba d9bc + Lpag bead) =2 (n—1

ac — Ya CR 15
n—2 )(9 9bd — YadJbe) (15)

Now what is a bit harder is to calculate covariant derivative of this tensor, but doing it
step by step and using Bianachi identity [2]:

1
N — 2va (Racgbd - Radgbc + Rbdgac - Rbcgad) (16>
1
n—2 (VaRacgbd - VaRaclgbc + chbd - VdeC) (17)
L (19, Rgw — LViRg + Vo Rw — VuR (18)
n_22cgbd 2d9bc cdtd d{ipc

Now I can add part with Ricci scalar:

1 1 1 n
a CR Y R C CR - R c | — c - C R
I (2V 9bd 2Vd Gbe + VeRyg — V4 b) 2 —2)(n—1) (Vegoa — Vags )(20)
Take our parts with Ricci scalar and add them to rest:

L (VR — VaRs) — o (Vetiod — Vaghe) R+ ———— (Vogot — Vaghe) R
oo \ Vel d{tpe 2(n—2)(n—1) cGbd dGbe 2(n —2) cYbd c(nglc)
That will give me when summing Ricci parts:

L (VR — VuRi) — ! (Veid — Vagse) R (22)
o — g \Vellud dllpe 2(n—1)(n—2) cGbd d9be
And finally taking out common part in both equations:
1
CR - R c) = T c - C R 23
n—2((v bd — Valye) 2<n_1)(v9bd Vage) ) (23)

That is exactly minus Weyl tensor [I] covariant derivative with only change is the constant
that is missing n — 3.



4 Four index Einstein tensor
Now it’s pretty straightforward to create four index Einstein tensor, I just need to divide

Weyl tensor [1] by n — 3 and add tensor with Ricci tensors and metric tensors defined
before. That written in whole form gives:

1 1
Gabcd = TLT abed + ——= (Racgbd - Radgbc + Rbdgac - Rbcgad)

3 n — 2
n
_2 (n — 2) (n _ 1) (gacgbd - gadgbc) R (24>

Now I can calculate covariant derivative of this whole tensor:

1
n—2

5 ((VcRbd — ViRy.) —

VeGaped = (Vdec — V Ry — (gpeVa — gpaVe) R)

1
2(n—1)

1
(Vegbd — Vagse) R) =0 (25)

n —

+ -
2(n—1)
That is as expected equal to zero. Last thing to check is contraction of this tensor is
equal to Einstein tensor that will be total six contractions, two of them will give Einstein
tensor and two minus it last two will give zero:

9" Gapea = 0 (26)
9“°Gabea = Gra (27)
9"'Gabea = —Ghe (28)
9" Gabed = —Glag (29)
9" Gabed = Gac (30)
9 Gapea = 0 (31)

So this tensor has symmetries of Riemann tensor. Weyl tensor [I] part always vanishes as
it’s trace-less for all indexes. Next step is to find stress momentum tensor that has same
properties. That means that it will fulfill:

9" Tubea = 0 (32)
9" Tavea = Tha (33)
9" Tapea = —The (34)
9" Tavea = —Tad (35)
9" Tuvea = Tac (36)
9 Tubea = 0 (37)

And from it follows that it’s covariant derivative will vanish, this tensor has to be split
into two parts just like Einstein tensor parts, one for vacuum one for matter field. In total
it will give energy of both gravity field and matter field.



5 Four index stress momentum tensor

I can use analogy from before but this time need to calculate covariant derivative of new
stress momentum tensor, that as Ricci part will be equal to, where for now I skip part
with vacuum energy:

1 1
Tac —Ta c T ac_Tca -
n—2< Jbd d9be + 1Lbdg beJad) =2 (n—1

) (gacgbd - gadgbc) T (38)

So I can calculate covariant derivative of this tensor , again split into two parts to make
calculation easier:

1

n— 2va (Tacgbd - Tad.gbc + degac - Tbcgad) (39)
1

— (VT aegya — VToagee + Vedpa — Vilye) (40)

1 1
Vg — Vly) — Vegva — Vagee) T 41
n—2( bd dToe) (n—Q)(n—l)( 9bd dGbe) (41)

Now let me take out common denominator:
1

Vg — Vil — ——— (Vegsa — Vagee) T 42
n—2(( bd dTve) (n—l)( 9bd dGbe) ) (42)

That is exactly propagation equation from General Relativity when I take out constant
n — 3. Now I will add new term that will define a vacuum, vacuum stress momentum
tensor that covariant derivative is equal to minus Weyl tensor [I]:

~

1 1
Toved = —=Tabed + ——= (Tacpa — Taagve + ToaGac — TocGad)
n—3 n—2
1

BCEDICES) (YacGbd — GadGve) T (43)

Now it can be see that covariant derivative vanishes if propagation equation is fulfilled.
That means that it does vanish in general case. So I can write that:

VT ypeqa = 0 (44)
n i 5 ((chbd — Vi) — ﬁ (Vegsa — Vagse) T)
- i 5 (Vdec — VRyg — ﬁ (90eVa — graVe) R) (45)
- i 5 ((VCde — ViTh) — 0 i 0 (Vegoa — Vagoe) T)
“ i 2 (vdeC — Veltha — ﬁ (96cVa = gpaVe) R) (46)
Where crucial here is that Vo7 g = —VeC e that means that covariant derivative of

vacuum energy tensor is equal to minus sign of Weyl tensor [I]. It has to in order to for
this equations to be fulfilled.



6 Four index field equation
Now I have all the parts to create full field equation. Equation will just state that:
Gabcd = KTabcd (47>

That can be expanded:

1 1
——Caped + —= (RacGpa — Radgve + RoaGac — RocGad)
n—3 n—2
n
- ac — Ya c R
2(n_2)(n_1)(g 9bd gdgb)
1 . 1
= —Tabcd + —: (Tacgbd - Tadgbc + degac - Tbcgad)
n—3 n—2
1
- ac — YadYbe T 48

First I examine covariant derivative connections as their are simplest part that comes out
of those equations, to make notation simpler I will use this notation:

Rabcd = m (Racgbd - Radgbc + Rbdgac - Rbcgad)
n
- ac — Ya c R 49
2(n—2)(n—1)<g 9vd — Gadbc) (49)
. 1
Tabcd = m (Tacgbd - Tadgbc + degac - Tbcgad>
1
- ac — Ya c T 50

There is cross relation between covariant derivatives:

~ 1 A
VRapea = ——= VDo 51
bed n—3 bed ( )
. 1
VT uped = ——=V*Cope 52
bed n—3 bed ( )

That suggest strongly that there is relation between opposites in those equations. Matter
field affects gravity or more precise Weyl tensor [I] and opposite vacuum energy affects
Ricci tensor part. Still in general sense this equation is conserved only if those relations
hold. And I can add new equations to them with minus sign as if I switch objects in those
equations will get minus sign:

_ 1
“ abed — — “ abe 53
VRbd —n—3vcbd ( )
- 1 ~
Toped = ———=V T e 54
V bed 7’L—3v bed ( )

That is just normal need in field equations for covariant derivative to vanish. Where they
do differ by a constant that in four dimensions is just equal to one.



7 Matter field can’t exist without gravity field

From field equations there are two kinds of solutions taking out trivial ones where I arrive
just at flat spacetime. Those trivial ones are just saying four index Einstein tensor is equal
to zero so that G, = 0, but skipping those I have two class of equations left. First are
vacuum solutions where Ricci tensor does vanish and Im left only with Weyl tensor [I].
This can be written as:

Cabcd = HTabcd ( 5 5)

So vacuum solutions give zero covariant derivative on both sides as Ricci tensor goes to
Zero So:

vaCabcd - VCL,-ZAjabcd =0 (56>

They are correct solutions from point of view of those equations. But there is second
type of solutions, where matter field does not vanish. Those type of solutions are more
complex, as to make covariant derivative vanish both Weyl and Ricci tensor must be
non zero. It means that in those extensions of General Relativity there is not pure Ricci
solutions, there are either Ricci flat or or whole curvature is not equal to zero, both Weyl
and Ricci. It gives physical consequences, matter field can’t exist without a vacuum field
that is connected to it, or saying it more simply, both shapes and volumes of matter field
change when energy is present. This statement can be written as:

vanabcd = VaT'abcd =0 (57)
~ 1
VaRabcd + —vaCabcd =0 (58>
n—3
- 1 o
vaT‘abcd + —vaTabcd =0 (59)
n—3

So in order to both side vanish when taking covariant derivative there is need for both
Weyl tensor [1] and Ricci tensor to not vanish. It means that from point of view of this
model standard cosmological solutions are not correct as there Weyl tensor [I] does vanish.
It means that there has to be some kind of gravity propagation in universe solution for
this model to hold. This affects other stuff like gravitational collapse where both matter
and gravity will be acting on both Ricci and Weyl tensor [I]. Still its not easy task to
derive complete model or solutions to those equations. As biggest problem is that there
is one tensor that is not fully defined. Only properties of that tensor are defined I mean
vacuum energy tensor is defined by two equations:

gabTabcd = gaCTabcd = gadTabcd = gbCTabcd = gdeabcd = ngTabcd =0 (60)
vij—‘abcd = _vaCabcd (61)

And for vacuum solutions there is third equation:
KJTabcd = CYabcd (62)

That is all information about this tensor , it’s lacking direct form and it’s not easy task
to create an equation for this tensor that is well defined. Still it has to fulfill all those
three equations.
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