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ABSTRACT. In this paper, we introduce a new pre-order stemming from
the w-core-EP inverse in a ring. We characterize this generalized inverse
by combing the w-core inverse with nilpotent elements. This characteriza-
tion allows us to explore a new binary relation among w-core-EP invertible
elements, leveraging the w-core pre-order. Using the Pierce matrix for two
idempotents as a new tool, we find equivalent conditions for the forward and
reverse order laws of w-core-EP invertibility. In addition, we extend the *-
DMP property to encompass a broader range of cases within the w-core-EP
pre-order.

1. INTRODUCTION

A ring R is called a *-ring if there exists an involution * : z — x* satisfying
(x4+y)* =" +y*, (vy)* = y*z*, (z*)* = . An element a in a *-ring R has
core inverse if and only if there exist x € R such that

ar® =z, (ax)* = ax,zd® = a.

If such x exists, it is unique, and denote it by a® (see [34]). An element a € A
has core-EP inverse (i.e., pseudo core inverse) if there exist x € A and k € N

such that

azr® =z, (ax)* = azx, xa*! = d”.

If such z exists, it is unique, and denote it by a® (see [10]). The core and
core-EP inverses have been extensively studied by many authors from various
perspectives, including, for example, [1, 6, 22, 24, 27, 32].

Let a,w € R. Following Zhu et al., an element a € A has w-core inverse if
there exist © € A such that

awz® = r, (awz)* = awz, rawa = a.
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Many properties of w-core inverse have been investigated in [36, 39]. Recent-
ly, Mosi¢ extended the w-core inverse to a new class of weighted generalized
inverse. An element a € A has w-core-EP inverse if there exist z € A such
that

k+1

awz? = z, (awz)* = awz, z(aw) a = (aw)"a.

Such z is unique if it exits, and we denote it by a2 (see [25]).

In [28], Raki¢ and Djordjevié¢, introduced the core pre-order on a ring with
involution. That is, if a € R®,b € R, then a is below b under core pre-
order (written as a <® b), if aa® = ba® and a®a = a®b. In [9], Dolinar et
al. introduced and studied the core-EP pre-order. Recently, the w-core pre-
order, induced by the w-core inverse, has been defined and studied (see [40]).
For more papers on various binary relations induced by specific generalized
inverses, we refer the reader to [8, 9, 12, 17, 19, 20, 21, 23, 37].

The motivation of this paper is to introduce and study a new pre-order
induced by the w-core-EP inverse. Let a,b,w € R.

Definition 1.1. Let a € RD. We define a binary relation "<®” on R in the
following way: a <@ b if and only if

awa® = bwa®?,aPa = a@b.

w ) W

In Section 2, we characterize the w-core-EP inverse by combining the w-core
inverse with nilpotent elements. This characterization establishes a foundation
for examining a new binary relation among w-core-EP invertible elements,
utilizing the w-core pre-order.

In Section 3, we investigate the pre-order of w-core-EP inverses, which in-
cludes certain self-adjoint elements, thereby extending many established results
on Hilbert operators to a more comprehensive class of ring elements.

In Section 4, we apply the method used for the Pierce matrix relative to
two idempotents to establish equivalent conditions for the forward and reverse
order laws of w-core-EP invertibility in a ring setting.

An element a is w-weighted *-DMP if and only if @ € R? and wawa® =
waPaw. Finally, in Section 5, we consider w-weighted *-DMP elements, broad-
ening the applicability of the w-core-EP pre-order framework. This extends
related results on *-DMP elements to a wider class that includes weighted
considerations.

Throughout the paper, all *-rings are associative with an identity. RP*, R®
and RO denote the sets of all w-Drazin, w-core invertible and w-core-EP in-
vertible elements in R, respectively.
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2. WEIGHTED CORE-EP DECOMPOSITION

The objective of this section is to characterize the w-core-EP inverse by
combing the w-core inverse and nilpotent within the framework of a *-ring.
We begin with

Theorem 2.1. Let a,w € R. Then the following are equivalent:

(1) a € RO.
(2) There exists © € R such that

r = awz?, (awz)* = awz, z(aw)"™ = (aw)*

for some k € N.
(3) a € R has the w-core-EP decomposition, i.e., there exist x,y € R such
that
a=z+y 2y =ywzr =0z R® yec R
In this case, a® = 2®.

Proof. (1) = (2) By hypothesis, there exists z € R such that

2 k-i—laz( k

awz” = x,zx(aw) aw)”a and (awx)* = awz.

Then

k+1

42 = | alw = [(aw)ajw = (aw)*+,

x<aw >k+1

z(aw
as required.

(2) = (3) By hypotheses, there exists x € R such that
r = awz?, (awr)* = awz, z(aw)* ™ = (aw)*

for some k£ € N. Then

rawzr = [z(aw)")2" = (aw) 2" = awa? = .

Set z = awza and y = a — awzxa. We check that

ywz = (a— awra)wawra = awawza — awz(aw)?za
= awawza — aw(awzx)a = 0,
2y = (awza)*y = a*(awx)y = a*(awz)(a — awza)

= a*aw(xa — rawza) = 0.

We claim that z € R® and :® = z.
Claim 1. z = zwx?. We verify that

zwr? = awz(awz?) = awr® = .

Claim 2. (zwz)* = zwzx. Clearly, we have zwx = aw(zrawz) = awz, and
then (zwz)* = (awz)* = awr = zwz.
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Claim 3. rzwz = 2. One checks that
rzwz = (vawz)awawra = r(aw)*ra = awza = 2.

Therefore z € R®. Moreover, we see that

(aw)" — awz(aw)” = (a — awza)w(aw)"
= yw(aw)" ! = ywaw(aw)" >
= yw(z +y)wlaw)"? = (yw)*(aw)"
e D
Therefore
Tim (yw)" =0,
and then y € R
(3) = (1) By hypothesis, there exist z,y € R such that
a=z+y 2y=ywz=0,2¢€ R® yec RV
Set x = 2®. Then
awr = (Z + y)wzf? = ZUJZ?7
(awzx)* = awz,
awz? = (awr)r = zwz® (2 +y) = 202@2 = 1.
It is easy to verify that
vawr = 2P(zw:®) =D =2,
z(aw)lr = (vaw)(awz) = 2Z(z + y)wzwz® = 2B 2wzw2®

- B @ — @ —
2P zwzwzl = 2wz = aww.
Moreover, we have

awzra = (awz)a = 2wz (2 +y) = 2w2P2 = 2,

and so
a—awza=a—z=y¢c R
Write (yw)™ = 0 for some n € N. Then we verify that
(aw)™ — awz(aw)” = (a — awza)w(aw)" !

= yw(aw)" ! = ywaw(aw)
= yw(z+ywlaw)"* = (yw)*(aw)""*
= = (yw)" =0.

n—2

Accordingly,
(aw)"™ = awzx(aw)".
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As z € R®, there exist s € R such that
2ws® = s, 52wz = z and (zws)* = zws.

Then

(zw)s? = s, s(zw)
Hence, zw € RP. Therefore zw € RP. Since ywz = 0, it follows by [26,
Theorem 3.2] that aw = zw + yw € AP,

According, we have

? = 2w and (zws)* = zws.

awz® = x, (awr)* = awz, (aw)" = awr(aw)" = (aw)"z" (aw)".
Let t = (aw)(aw)Pz. We claim that aQ =t. One directly verifies that

awr —awt = [1 — (aw)(aw)P](aw)x = [1 — (aw)(aw)P]"(aw) z"
= [(aw)" — (aw)"(aw)P]az™ = 0,

Then awt = awzx, and so (awt)* = (awz)* = awz = awt.

t—awt® = (1—awt)t=(1— awzr)(aw)(aw)?z
= (1 - awz)(aw)"[(aw)P]"x
= [(aw)" = (aw)"2"(aw)"][(aw)"]"z = 0.

Hence, t = awt?.
Furthermore, we see that
(aw)™ — t(aw)™+?
[(aw)" — (aw)" " (aw)”] + [(aw)" (aw)” — (aw)(aw) z(aw)"+]
[(aw)"* (aw)? — (aw)(aw)Pz(aw)"™ ]
= E w)"a E w)? — (aw)”[(aw)z(aw)"] (aw)

aw)" M (aw)P — (aw)P (aw)™(aw) = 0.

a
aw)™ thus yielding the result. O

1

1
_ 1
Then (aw)"™ = t(
Corollary 2.2. Let a,b € RO. If a*b = 0 and awb = bwa = 0, then a + b €

RO. In this case,
(a+b)0 =aD 400,

Proof. Case 1. a,b € R®. Set v = a® + b®. Then we verify that

(a+bw(r+y) = awz+ dbwy,
((a+bw(x+y)" = (a+buwlx+y),
(a+bw(r+y)? = (awx+bwy)(xr+y)
= awr® +bwy? =x+y,
(z+y)la+bwla+d) = zawa+ ybwb=2x+y.

Hence a +b € R® and (a +0)® = o® + @,
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Case 2. Since a,b € RO, by virtue of Theorem 2.1, there exist z,s € R®
and y,t € R™ such that

a = x4y, 2y =0,ywr =0,vr € R® y € R",
b = s+t,st=0,tws=0,s € R® t c RM.

As in the proof of Theorem 2.1, # = awaPa, y = a—awaPa and s = bwbPb, t =
b — bwb@b. Then a = (v + s) + (y +t). Cleatly, (y + t)w = [(a — awa@a) +
(b — bwb@b)Jw € R™. This implies that y + b € R, We directly check that

(x+s)(y+t) = a'y+st=0,
(y+tw(x+s) = ywz+tws=0.

By using Theorem 2.1, a + b € RD. In this case,
(a+b)p =22 +y& =ap +07.

Lemma 2.3. Let a,w € R. Then the following are equivalent:

(1) a € RO.

(2) aw € RO.

3) a € RP™ and there exists € R such that
(

r = awr?, (awr)* = awz, (aw)" = awz(aw)".
In this case, a? = z = (aw)®.

Proof. (1) < (2) This is proved in [25, Theorem 2.14].
(2) = (3) In view of [25, Theorem 2.4], a € RP™ and there exists z € R

such that

r = awz?, (awz)* = awz, (aw)" = awz(aw)".

Moreover, we have (aw)(aw)Pz = aP. Since x = awz?, by induction, we have
r = (aw)"x"*! for any n € N. Then

r — (aw)(aw)ir = x— (aw)(aw)iz

— 1 — (o) (a0))(a)"a?
= (aw)" — (aw)? (aw)" 'z

As (aw)" = (aw)P (aw)" !, we see that

r = (aw)(aw)Pz = 0,
and therefore z = (aw)(aw)Pz = a2, as required.

(3) = (2) Since a € RP we have aw € RP. Let m be the Drazin index of

aw. Set k =m +n. Then (aw)kz* = awz and (aw)* = (aw)*z*(aw)*. Hence,

(aw)* € R, Therefore aw € RP by [10, Theorem 2.3]. O
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If a and z satisfy the equations @ = axa and (az)* = ax, then x is called
(1, 3)-inverse of a and is denoted by a**. We use R3) to stand for sets of
all (1,3)-invertible elements in R. We now derive

Theorem 2.4. Let a,w € R. Then the following are equivalent:

(1) a € R%.
(2) a € RP* and a”* € R®.
(3) a € RP* and aPv € RO,

D]Z [aD,w]@ — aD,wwaD,w (aD,w>(1,3) )

In this case, a? = [(aw) g

Proof. (1) = (2) In view of Lemma 2.3, aw € R® and z = (aw)®. By virtue
of [10, Theorem 2.3], aw € RP. Evidently, [(aw)P]® = (aw)?(aw)®. Let
r = ((aw)D)@. Since (aw)? = [(aw)P?aw = aP*w, we have aP*w € R®.
We direly check that

a”Ywr® = =z,

Hence,

raPwaPv = raPw
D,w

= [za”"wa

Therefore a?* € R® and (aD’“’)? = .
Additionally, we have

a® = (aw)®
= [(aw)"P[(aw)"]®
= [(aw)"P[a")2.

(2) = (3) Since a”* € R®, by virtue of [39, Theorem 2.6], a®* € R as
required.

(3) = (1) Let 2 = aP?"wa?*(a®*)*3). Thenz = [(aw)D]3a(((aw)D)2a)(1’3).
Let k = i(aw). Then (aw)P(aw)*! = (aw)*.

Claim 1. awz(aw)*a = (aw)*a.

We verify that

awz(aw)ka = aw[(aw)D]3a(((aw)D)2(112(1’3)(aw)ka
= [(aw)”a(((aw)?)?a) " [(aw) " Pafw(aw)*
= [(aw)?Palw(aw)**'q]
= [(aw)"]*(aw)?*(aw)"a] = (aw)*a
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Step 2. (aw)*aR = zR.
Clearly, xR C (aw)PR C (aw)*aR. Also we see that
(aw)*a = ( ) ( w)*a [(( w)?)?al[w(aw)"*a]
Pa(((aw)”)a) " ((aw)”)a] [w(aw)*+2
= ﬂf((a’w) w(aw)k“a];
hence, (aw)*a C xR. Therefore (aw)*aR = zR.
Step 3. Rz = R((aw)*a)".
We easily verify that
v = [(aw)Pa(((aw)?)?a)"”
(aw0)"Pa(((aw)”)%a) )’
(aw)*aw((aw)?)][(aw)P]? (<<aw>D>2 )“3>
P l(w)Pa(((aw)?a) )’

and then, Rz C R((aw)*a)”. Moreover, we have
D

-
-
-

(aw)fa = (aw)P(aw)*ta = [(aw)P]2aw(aw) +a
= ([(aw)”PPa([(aw)"?a) M3 (aw)P?a) w(aw)**a,
and then
((aw)"“a)* = ([(aw)D]Zaw(aw)k“a)*[ aw)P)?a([(aw)P]?a)*?)

= ([(aw)P]Paw(aw)*ta)" (aw)
= ([(aw)PPaw(aw) *a)" (aw)z.
Hence R((aw)*a)* C Rx. Therefore Rz = R((aw)*a)*.
Accordingly, a € RO by [25, Theorem 2.4]. O

Corollary 2.5. Let a,w € R. Then the following are equivalent:

(1) a € R%
(2) a € RP and awa”*w € R?).
(3) a € RP™ and there exists a prOJection q € R such that a”¥R = qR.

D,w (aD;w)(l,?)) — aD,'w

In this case, a? = aP*“wa
Proof. (1) = (3) By virtue of Theorem 2.4, a”* € R13) and then
aD,w _ CLD,w(CLD,w)(l,ZS)aD,w and [aD,w<aD,w)(1,3)]* _ aD,w(aD,w)(l,S).
Let ¢ = aPv(aPv)(13), Then aPVR = qR, ¢*> = q¢ = ¢*, as required.
(3) = ( ) Let # = aP*wq. Then awr = awa” wq = aw|(aw)P]?awq =
aw(aw)Pq = q, and so (awx)* = ¢* = g = awx. Moreover, we have

wq.

awr? = (awz)r = qa”“wq = a® wq = x.
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Let n be the Drazin index of aw. Then (aw)" = (aw)? (aw)". Obviously,

aPw(aw) = (aw)a?*w, and so
(aw)" — (aw)”“
= (aw)" — wq(aw)™*!
= (aw)" - ( ) glaw)"* = (aw)" — (aw)Pg(aw)” (aw)"*
= (aw)" — (aw)? (aw)? (aw)""? = (aw)" — (aw)? (aw)"** = 0.
Hence ( w)" = ( w)™ L. Thus # = aP. In this case, a@ = 2 = aPPwq =
w(a

( ) (1) Let x = aD’ww(awaD’ww)(L?’). Then we verify that

( aw)a; = awaPw(awa? " w) ) = aw(aw)P (aw(aw)P )33,
awz? = aw((;w) (aw(aw)P) B3 aP 0w (awaP P w) )
B AT R ST
= (aw)P(awaP " w)"?) =z,
Let n be the Drazin index of aw. Then
awz(aw)” = aw(aw)® (aw(aw)?) 3 (qw)”

= aw(aw)? (aw(aw)”)*? (aw)(aw)” (aw)"
= aw(aw)? (aw)" = (aw)".

Hence, (aw)" = awx(aw)"™. Therefore a € RQ by Lemma 2.3. In this case,
a® = aPw(awaPw)*). O

Corollary 2.6. Let a € R. Then the following are equivalent:

(1) a € RO.

(2) a € RP and aP € R®.

(3) a € RP and a? € R,

(4) a € RP and aa” € RU),

(5) a € RP and there exists a projection ¢ € R such that a” R = ¢R.

In this case, a® = (aP)?(aP® = (aP)?(aP)1?) = aPq.

Proof. This is obvious by choosing w = 1 in Theorem 2.4 and Corollary 2.5. [

3. WEIGHTED CORE-EP ORDERS

Let a € R® b € R. Recall that a <% b if awa® = bwa® and a®a =
a®b (see [40]) By employing the w-core- decomposmon as a tool, we now
characterize the weighted core-EP inverse through the weight core order.
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Theorem 3.1. Let a,b € R%. If a = ay + as,b = by + by are w-core-EP
decompositions of a and b. Then the following are equivalent:

(1) a <90.

(2) ai S? bl-

(3) (aw)"™ = bw(aw)™ and a*(aw)™ = b*(aw)™ for some n € N.
Proof. (1) = (2) Since a <@ b, we have awa? = bwa® and a@a = aPb. For
any m € N, we derive

aw(a)® = (a; + ax)w(a))® = awa? = bwa?
= bwaw(a?)? = bw[awaP]a? = bw[bwaP]a®
= (bw)*(aR)? =+ = (bw)™(aQ)™,

biw(a)® = bwb@bwal = bwbPbwaw(a?)? = bwd? (bw)?(aD)?
= o= bwb@ (bw)™(a2)™.

Thus, we have
ayw(ay)® — bjw(a,)®
= (bw)™(aR)™ — bwb (bw)™ (aP?)™
= [(bw)™ — bwbR (bw)™] (aR)™.
In view of Lemma 2.3,
(bw)™ = bwb@ (bw)™.
Hence,
arw(a))® = byw(a)®.
Since b; = bwb®b, we verify that
awa® = a;w(a)® = byw(a)® = bwb@bwa® = bwbPawd?.
Thus,
[awa®P]* = [pwbPawa®P]*,

and so

Then we see that

(al)l@al = a

Therefore a, gj? by.
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(2) = (1) Obviously, we have

awa? = (a1 + aQ)wai@ = alwai@ = blwai@ = bwb?bwa?.

Then
a® = aw(a®)? = bwbPow(a2)2.
Since (bw)™ = bwb®@ (bw)™ for some n € N, we derive that
bwb@bwa® = bwa®.
Then
awa®? = bwa®.

Clearly, aPay = (a1)®ay = (a1)@a,w(a))Bay = (a1)B(a1w(a))®)*ay =
(a1)@[w(a)E] (ar1)*az = 0.

Moreover, we have

awa® = bwb@bwa® = (bwb®?)(awa®).
Then
awa® = (awa®D)*
= (awa@)*(bwb?)*
= awaPbuwd®.
Hence, a@ = aPawa? = aPawaPbwb® = aPbwbd®?. Accordingly, aPb =
aPbwb@b = (a1)0b; = (a1)Pa; = aP(a; + ay) = aPa, as required.

(1) = (3) Since awa®? = bwa®? and (aw) ' = (aw)*, we see that (aw)F+ =
(aw)(aw)* = (bw)(aw)*. Also we have aPa = a@b. Then a*(a®)* = v*(a0)*;
hence,

a*(ai)*(aw)*(aw)* = b*(a)"(aw)* (aw)".

w
B+ = (qu)h+? k+1 _

As (awa®?)* = awa,, and awa@ (aw) aw)"** we deduce that a*(aw)
b*(aw)**t. Choose n = k + 1. Then (aw)"™ = bw(aw)" and a*(aw)" =
b*(aw)™, as required.

(3) = (1) By hypothesis, (aw)"™ = bw(aw)” and a*(aw)" = b*(aw)"
for some n € N. Since (aw)"' = bw(aw)", we have (aw)(aw)™(a®)"*+! =
(bw) (aw)™(a@)"*1. As aw(a®)? = aP?, we have (aw)al = (bw)a?.

Since a*(aw)"™ = b*(aw)", we have ((aw)")*a = ((aw)™)*b. Hence,

[(a)")" ((aw)")*a = [(a2)"]" ((aw)")"b.
This implies that
awaPa = awa®b.

Therefore
a@a = aPa = a@[awalad]
= a®Plawa@b] = [aw)Pawa®@]b = aDb,
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as required. O

Corollary 3.2. The relation <O for w-core-EP invertible elements is a pre-
order on R.

Proof. Step 1. a Sg a. Let a = a; + as be the w-core-EP decomposition. In
view of [40, Theorem 2.3], a; <# a;. By using Theorem 3.1, a <O a.
Step 2. Assume that a <P b and b <@ ¢. We claim that a <@ c. Let
a = ay + as,b = by + by and ¢ = ¢ + ¢ be the w-core-EP decompositions of
a,b and c, respectively. By virtue of Theorem 3.1, a; S? b; and by S? c.
According to [40, Theorem 2.3], we have a; <# ¢;. By using Theorem 3.1
again, a <0 ¢
Therefore the relation <® for w-core-EP invertible elements is a pre-order.
O

Lemma 3.3. Let a,b € RO and a <@ b. Then the following hold:
(1) awa®? = (awa®)(bwb®?) = (bwd?)(awa®P).

(2) a®@ = a@(bubD) = (bwb@) D,
(3) bwa® = = awaP awb
(4) b2a = (aD}*.

Proof. In view of Lemma 2.3, aw,bw € RP, (aw)® = a0 and (bw)® = 2.
Since a g;? b, we have

awa®? = bwa®?,aPa = a2b.
Hence, a@aw = aPbw. This implies that aw <® bw. In view of [7, Lemma
6.2.6], we derive

(aw)(aw)® = [(aw)(aw)®][(bw) (bw)®] = [(bw) (bw)®][(aw)(aw)®].
Therefore
awa? = (awa®?)(bwb?) = (bwd?)(awa®).
We directly check that
a® = aPlawa®@] = [aPawa?]
= a@Owb?) = [awaP]a?
= (bw)(bw)Paw[(aw)®)? = (bwb®)a?.

Analogously, (3) and (4) are proved by using [7, Theorem 6.2.7]. O
Theorem 3.4. Let a,b € RD. Then the following are equivalent:

(1)a©<®b© D, 4O O O O O O
(2) aPb=bPawaPa,ald = aPbwa?, bway = awad awbf
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Proof. (1) = (2) We claim that

a%b = [a%(bwbg)]b = a% [bwbgb]
= (01)®b1 = (01)%ay = (b1)&a,
= bPawaPla.

By virtue of Lemma 3.3, a2 = a@bwa®@, bwa® = awalawb®.
(2) = (1) Step 1. By hypothesis, we have

(aw)® = (aw)® (bw) (aw)®, (bw)(aw)® = (aw)(aw)® (aw)(bwo®.

Since a2b = b2awaPa, we get (aw)®(bw) = (bw)®(aw)(aw)®(aw). Accord-
ing to [7, Proposition 6.2.8], aw <® bw. Thus, (aw)(aw)® = (bw)(aw)®;
hence, awa® = bwa®.

Step 2. We verify that

aga = [aR(bwaR)]a = [aRb][waal
= [bPawa@a)[wala] = b2 aw[aPawaP]a
= bPawaPla = a2b.

This completes the proof. O

Employing the technique of Hilbert operator decomposition, many proper-
ties of the core-EP pre-order between two Hilbert space operators, grounded in
their corresponding self-adjoint operators, were explored in [25]. Through an
elementary-wise analysis, we will characterize the pre-order of weighted core-
EP inverses, which includes certain self-adjoint elements, thereby extending
many established results to a more comprehensive class of ring elements.

Theorem 3.5. Let a,b € RD. Then the following are equivalent:

(1) a <O0».

(2) bwa? is self-adjoint and aPa = aDb.

(3) bwa? is self-adjoint and awaPa = awa®@b.

(4) bwa? is self-adjoint and a*a® = b*aQ.

(5) bwa? is self-adjoint and a*(aw)™ = b*gaw)" for some n € N.
(6) bwa? is self-adjoint and a*a”¥ = b*aP™.

Proof. (1) Since a <P b, we have awa® = bwaPb and aPa = aPb. Since
(awa@)* = awa®@, we see that (bwa?)* = bwa®D. That is, bwa®? is self-adjoint,
as required.

(2) = (3) This is obvious.
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(3) = (1) By hypothesis, (bwa@)* = bwa®. In view of —
cite[Theorem 2.4]MZ, a2 = aPawa®? and (awa?)* = awa®. Then
bwa® = b (agawag)]
= (awa@)*(bwa?)*
(awa®)(bwa®?)

—_——

as desired.

(1) = (4) Obviously, bwa® is self-adjoint and aPa = a@b. Hence, awala =
awaPb. This implies that (awa®?)*a = (awa?)*b. Hence, a*(awa®?) = v* (awa®?).
Therefore a*a? = [a*awaP]al = [b*awaP]al = b*aQ, as required.

(4) = (5) Since a@a"*! = a™ for some n € N, we have

a*(aw)" = [ot*ag?]a"“[b*oti?]amr1 = b"(aw)",

as desired.

(5) = (6) As a*(aw)™ = b*(aw)", we have a*(aw)? = a*(aw)"[(aw)P|" T =
b*(aw)™[(aw)P]" ™ = b*(aw)P. Therefore a*a”v = [a*(aw)”][(aw)Pa] =
[b*(aw)P][(aw)Pa] = b*aP®.

(6) = (3) Since aw(aw)? = aP“waw, we have a*aw(aw)? = b*aw(aw)P.
In view of [10, Theorem 2.3], (aw)® € (aw)PR, and then a*aw(aw)® =
b*aw(aw)®. Hence a*awa? = b*awa®. As (awa@)* = awa®, we deduce
that awa®Pa = awa®b. Therefore

aPa = aPlawa®a) = a®P[awa®@b] = aOa,
as asserted. m

Theorem 3.6. Let a,b € RD. Then the following are equivalent:

(1) a <O».

(2) (awa©a) b is self-adjoint and awa® = bwa®.

(3) (awa a)*b is self-adjoint and awaPa = bwaga
(4) (awag a) b is self-adjoint and a©(aw) = a©(bw)

Proof. (1) = (2) By hypothesis, we have
awa®? = bwa®?,aPa = a@b.

Hence,

(awaPa)*b = a* (awa?)*b = a*aw[a®b] = a*aw[aPa] = a*[awa®]a.
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This implies that (awa@a)*b is self-adjoint.
(2) = (3) This is obvious.
(3) = (1) Since awaPa = bwaPa, we see that
awa? = aw[aPawa?]
= [awaPa]wa®
= [bwa@a)wa?
= bwa®.

Since (awa@a)*b is self-adjoint, we verify that
a®b = aP(awa®)*awaOb

= a@wal)*a* (awa®l)*b

= a®(waQ)*(awaPa)*b

= a2wa2)* ((awala)* b)*

= a®(awa@)*(wa0)* (awa@a )*
= a@(wa®)*a* (wa2)*((awaPa)*b)"
= a®(wa@)*(wala)* ((awa@a )*b)”
= a@wa?)* ((awala)*[bwaPal)”
= aQ(wa?)* ((awala)*[awaPa])”
= a2 wal)*(awala)*[awaPad]

= a®(wa@)*a* (awa?)*[awaPa]

= a®(awa@)*(awa®?)*[awaPa]

= aQ(awa®@)(awa®@)(awa®)a

= ala.

Therefore a <2 b.

(1) = (4) Obv1ously, (awaPa)*b is self-adjoint. Clearly, awa®@ (aw)?aQ =
bwa®@ (aw)? CL© Since a2 (aw)?a? = (aw)al, we deduce that aw(awa@) =
bw(awa®?). As (awa®?)* = awa%)), we have (awa®@)(aw)* = (awa®@)(bw)*.
Since a© (awa,ﬂ?) = a0, we get aD(aw)* = aQ(bw)*, as required.

(4) = (2) Since a@(aw)* = a2 (bw)*, we have [awa®@](aw)* = [awa@](bw)*.

As [awa®P]* = awa®, we deduce that aw[awa®] = bw[awaP]; and then
awa®? = awlaw(a®)?] = [(aw)?aP]a® = [pwawaP]a® = bwlaw(aP)?] =
bwa®, as desired. O
Theorem 3.7. Let a,b € RD. Then the following are equivalent:

(1) a <90.

(2) awala = bwalb and awa®? = bwa?.
(3) awa@(a - bwcg@b) — 0 and awa® = bwa?.
(4) a@(a - bwa@b) =0 and awa® = bwa?.
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Proof. (1) = (2) Since a <O b, we have aPa = aPb and awa® = bwa®. Then
awaPa = bwaPa = bwaPb, as required.
(2) = (3) We directly check that

awa®(a — bwa®b) = awa®(a — awa®a) = awa®a — aw[aPawa®]a = 0,

as desired.

(3) = (4) Since a2 = aPawa®?, we conclude that a2 (a — bwalb) =
aPlawa@(a — bwaPb)] = 0.

(4) = (1) By hypothesis, we have

aPa = a2 (bwa®)b = aP(awa®)b = [aPawaP]b = aPb.
This completes the proof. O

We are ready to prove:
Theorem 3.8. Let a,b € RD. Then the following are equivalent:

a<9u.

(1 — awa?)bwa®? = 0 and aPa = aOb.

(1-— awa@)bwa@a =0 and awa@a = awa0b.

(1-— aw@@)bwa@ =0 and a*(aw)" = b*gw)” for some n € N.

(1 - awaug)bwaug = 0,a2a = aPbwala and aPa(1 — wawa®?) =
a®b(1 — wawa®).

6) (1 — awa@)bwala = 0,a0 = a@bwa? and awala(1l — wawa®?) =
awaPb(1 — wawa®).

Proof. (1) = (2) By hypothesis, we have awa®? = bwa®? and aPa = aDb.
Then (1 — awa®)bwala = (1 — awa®@)awaPa = 0, as required.

(2) = (3) This is trivial.

(3) = (1) By hypothesis, we have bwaPa = awaPbwaPa and awala =
awaPb. Then bwaPa = [awa@bwaPa = [awaPa]waPa = aw[aPawaP]a =
awaPa. Hence, bwa? = [pwalalwa® = [awaPa]wa® = awa®?. Since
awaPa = awa®b, we deduce that a@a = aP[awala] = aQ[awaPb] = a0, as
desired.

(1) = (4) By the argument above, we have (1 — awa@)bwa® = 0. In view
of Theorem 3.1, a*(aw)” = b*(aw)" for some n € N.
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(4) = (1) By hypothesis, we verify that
(bwag)* = (awagbwag)*

= )
= away.

Therefore bwa? = (awa?)* = awa®?. Obviously, we can find some n € N
such that a*(aw)™ = b*(aw)™ and a2 (aw)™*! = (aw)™; hence, bwa? (aw) "+ =
(awa®)* = awa®@ (aw)" . This implies that bw(aw)” = awa®? (aw)™. Accord-
ingly, a <@ b by Theorem 3.1.

(1) = (5) Since awa? = bwa®? and aPa = aPb. We verify that

a®a = [aPawa®)a = aPbwaPa,

as required.

(5) = (6) Obviously, a® = [aPa]wa? = [aPbwaPa]wa® = aCbw[a@awa?]
= aPbwa®, as desired.

(6) = (3) By hypothesis, we have

awaPbwawa® = awaPbwla@ (aw)?]a?
= aw[a@bwa®](aw)?a?
= awa®@(aw)?aQ.
Therefore awaPa = awalb, as asserted. O

4. WEIGHTED CORE-EP INVERSE OF PRODUCT AND DIFFERENCE

Let p,q € A be idempotents. Then for any x € A, we have x = pxq +
pr(1 —p) + (1 —p)zqg + (1 — p)z(l — ¢q). Thus x can be represented in the
prp pz(l —p)
(1—=plzp (1-pz(l—q)
orthogonal sum of a Hilbert space, Stanimirovi¢ and Mosi¢ provided conditions
for the equivalence between the forward order law and the reverse order law for
the core-EP inverse of Hilbert space operators. We will utilize the preceding
matrix, in relation to idempotents, to extend the main results in [25] to a

broader class of ring elements. The following theorem is crucial.

matrix form x = ) . With respect to the
(,q)

Theorem 4.1. Let a € AD. Then the following are equivalent:
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(1) a <.
(2) a,w and b are represented as

ay Qg w; Wiz a1 Qa2
a = b w = ) b = )
0 a9 0 Wao 0 b2
pXq gxp pPXq

where
p = awa®?, ¢ = waPa,
ayw; € (pAp)~t wiay € (qu)*l,
aswy € ((1—p)A(L —p))™,
waaz € ((1—q)A(1 — )™,
wia12 + Wigas = wib1z + wi2bs.

Proof. (1) = (2) Let p = awa®, ¢ = wa@a. Then we verify that

(1-plag = [l —awa®]awaPa
= awaPa — aw[aPawaP]a
0
1—quwp = [1—walawawa?
= wawa? — wa?(aw)?a?
= 0.
Moreover, we verify that
aw; = awla@awa®@](aw)?a?
= awa®?(aw)?a®
= (aw)*al
€ (pAp)h
wia; = wawaPa
€ (¢Ag)™h
aywy = [l —awaP]a[l — waPalw[l — awa®?]

aw — awa%}aw

€ [(1-pAl-p)]m
woay = [1 —waPaw[l — awaP]a[l — waPad]
= wa — wawaPa '
€ [(1-qAQl - g™
Write b = b b . Clearly, we have
ba1 by -

ag(1—p) = ap(l —awaR) =0,
(1-p)a® = (1-awa?)a? =0.

w
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Then
O 9
O _ A
aw—(o 0) |
pXp

19

Since a <P b, we have

( alwla%}) 0 )
0 0 pxa
_(Cl1 a12> (w1 wlz) (ai? 0)
0 a pXgq 0w axp 0 0 pXq
= (aw)a®@v = (bw)a®v
_ b bio wy Wi a
ba b px 0w axp pXp
. blwlag 0
- bglwlai? 0
Then alwlag = blwlag,bzlwlag = 0. Hence, aqw; = byw, and then a; =

(ayw)(aqw1)a® = (byw;)(ayw1)a? = b;. Also we have byw; = 0, and so
bo1 = (byywy)a;w1a? = 0. Moreover, we have

Og@
oS O

pXxq

0 0
_ a® 0 wy Wiz ay G2
- 0 0 PXq 0 Wa axp 0 [25)) pXq
= ag(wa) = ap(wh)
_ a® 0 wy Wiz a1 b
o 0 O 0 w9 0 b2
pxq axp pxq

. ( agwlal ai?wlblg + (Igwlzbg
N 0 0

O O O
( ApW1a1 Ay Wia12 + G W20
PXq

Thus, we have

a?wlalz + a?wlgaQ = a9w1b12 -+ a?wlng.

Thus W1a12 + WioQo = w1612 + wlgbg.
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< a%al a?alg )
0 0 X

(lgl);D 0 a; ai2
0 0 0 as
pPXp pXq

= aQa=dPb
- a® 0 ar bz
n 0 0 0 bo
pXxp pxq
a%al a?blz
0 0 '
pXxq

Hence ai?alz = agblg. Therefore ai;s = bis, as required.
(2) = (1) By hypothesis, we have

O
a,i? —( % 0 .
0 0
pXq
Moreover, we derive

[ mqwr aqwie + apwo [ amwy ajwig + bigws
aw = 0 AW  w = 0 bow '
2W2 oxp 2 W2 oxp

Further, we see that

Then
@w [ mwiay 0 B ()
awa™" = ( 0 0 ) = bway,, .
pXp

Moreover, we have
ap a2
0 Q9
pxq ( pxq

EQ

[aw]
oo OO

D, — a
g a
ay a2

- (5 0)
oxa 0 b

= a0b.

Og@

pXxq

Therefore a <P b, as asserted.
Corollary 4.2. Let a,b € AP. Then the following are equivalent:

(1) a <Pb.
(2) a and b are represented as

. a1 Qg . ap a2
a‘(o a2> ’b—<o b2> :
pPXp PXp
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where p = aa®, ay € (pAp)~', b1 € (pAp)™,ay € ((1 —p)A(1 —p))~"
and by € ((1 —p)A(1 — p))mi.

Proof. This is evident by setting w = 1 in Theorem 4.1. OJ

We now derive the equivalent conditions for the forward order law of the
weighted core-EP inverse.

Theorem 4.3. Let a,b,awb € RY and a <P b. Then the following are
equivalent:

(1) (awb)® = aP02.

(2) (awb @(1 - awa@) = a2b2(1 — awa®?) = 0.
(3) (awb @(1 - awa@) = awa@b@(l - awa@) = 0.
(4) (awb b~ 4040 and awaﬁbdj(l — awad) 0.
(5) (awb)@ = bb b and a@b@(l — awa®?) = 0.

Proof. In view of Theorem 4.1, a,w and b are represented as

ayp Qg w; Wi2 a1 a2
a= ,W = b= ,
0 as 0 Wa 0 bg
PXq gxp pXq

~— N —

where
p = awa97 q= wa?a,
aywy € (pAp) ™t wiay € (qAg)™,
aswy € ((1 —p)A(1 — p))™,
waay € ((1—q)A(1 —q))™,
wia12 + Wiz = wibiz + wi2bs.
Then

awh = awiar  (a1wy)age + (a1wie + ajpws)be
0 CLQU)QbQ pxq )

( CL? 0 ) D ( @9 _a%ambg(l _p) )
= ’b,w - o @ 1 _ 9
00/ . 0 (A=pbg(=p) ).,

O
(awd)® = ( (a®)?2 —(aD)?[(a1w1)ais + (a1wis + a12UJ2>b2](CL'LUb)w( —p) )( ).

0 (1~ p)(awh)2 (1~ p)
a®)? —(a0)%a 1269 (1 —
agbg:(( 0) ( 0 ( P))(pp)'

(1) = (2) Since (awb)? = a2b2, we see that a@b0 (1 — awa?) = 0. More-
over, we have

p(awb)Pp = (1 — p)(awb)2(1 — p),
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and then (awb)2(1 — awa®) = 0.
(2) = (3) This is trivial.
(3) = (1) Since awaPb@(1 — awa?) = 0, we see that

O 0
b0 = ( w D ) .
0 (1 - p)bw (1 _p) (p,p)

1Op0 — (@2)* 0
(p:p)

Therefore a2bQ = (awb)?, as required.
(3) < (4) < (5) By the preceding argument, we have

[ d® 0 (a® —aPab2(1 - p)
2= ) #= (T G ),
_ (@) (@@ (@w)ar + (arwn + awn)bs] (auwb) (1 - p)
(awb)© = ( 0 (1 —p)(awb)2(1 — p) )(pp)‘

Hence,

Then

L0, _ < ap —aRabP (1l —p) ) ( ag 0 ) _ ( (a®)* 0 )
ww _ O o — .
0 (1-pbg(1-p) (p.p) 00 pXxp 0 0 pXxp

Then (awb)? = v2a? if and only if (awb)P(1 — awa®?) = 0, as required. [

As an immediate consequence of Theorem 4.3, we extend [29, Theorem 3.2]
from the core-EP pre-order for Hilbert space operators to that for elements of
a ring with involution.

Corollary 4.4. Let a,b,ab € R® and a <® b. Then the following are equiva-
lent:

(1) (ab)® = a®O.

(2) (ab)@(1 — aa®) = a®PO(1 — aa®) =
(3) (ab)©(1 — aa®) = aaPb®@(1 — aa @g
(4) (ab) = bPa® and aa@b@ 1 —aa
5) (ab)®

= bPa® and a@b®(1 —aa®) = O
Lemma 4.5. Let a,b € R® and a <@ b. Then the following are equivalent:

1) a@ <@ 4D,
§2§ a@bé = b@a@
(3) a®pd = (aD)2.
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Proof. By virtue of Theorem 4.1, a,w and b are represented as

. a1 Qg . w; Wi2
a = , W =
0 (05}
pXq

) h— ( ap a2 )

) Y
0 Wa axp 0 b2 pXq
where p = awa?®, ¢ = waPa.

As in the proof of Theorem 4.3, we have

(8) O _,D O(1 _
@ (5 0),, (8 dU ),
PXP w (p,p)

Then

W00 — (ai? 0) (ai? —a%?alzbi?(l—p))
w Yw - _ () _
0 0/),.,\ 0 A=pb(L=p) /) .,

o (@®)? —(aD)?ab2(1 - p)

- 0 0 -
P (a;? —a;?aub;%—p)) ( a® o)
w w - _ @ _

0 (A=-pbyA-p) J,,\ 0 0/
_ [ @®)? o
- 0 0 '
pXp

(1) < (2) Obviously,

e

; )
0 0 '
pXp
Then a? <© b2 if and only if the following hold:

0 0 =0

2,0
2010 — <(“w> % 0) o|D,
@ pPXp
)% = (“’ 0)
pPXp

SO

s

£Q
©

0 0

awa% —pawbg(l —p)
0 0 pxp

— [a2]%0.
i.e., pa;pb@(1 —p) =0.

On the other hand, a0 = v2a® if and only if —aLa1,02(1 — p)
Clearly, a2 = a@p. Then pa;2b?(1—p) = 0 if and only if —aPa;,62 (1—p)
as required.

23
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: 2 (a)? 0 2 :
(1) & (3) Since (aD)? = ( 0 o ) , we see that a2b0 = (a0)? if
pxp
and only if —(a®)2a,b2(1 — p) = 0.
Since p = aw(a?)? and (a2)? = a@p, we have —(aD)2a1262(1 — p) = 0
if and only if pa;2b?(1 — p) = 0. By the argument above, we complete the
proof. O

Theorem 4.6. Let a,b, awb € R® and a <@ b. Then (awb)® = o280 if and
only if

(1) a@ <0 D;

(2) (awb) (1 — awa®@) = 0.

Proof. = Since a <@ b, by using Theorem 4.3 and Lemma 4.5, a@ <© pD.
According to Theorem 4.3, (awb)2(1 — awa®?) = 0, as required.
<= By virtue of Lemma 4.5, a202 = vQa?. This completes the proof by

Theorem 4.3. O
Corollary 4.7. Let a,b,ab € R® and a <P b. Then (ab)® = a®Pb® if and
only if

(1) a® <P 9;

(2) (ab)®(1 — aa@) =0.
Proof. This is obvious by choosing w = 1 in Theorem 4.6. 0J

Dually, we derive the equivalent conditions for the reverse order law of the
weighted core-EP inverse.

Theorem 4.8. Let a,b,bwa € RY and a <P b. Then the following are
equivalent:

(1) (bwa)?® = 2a?.

(2) (b a)@(l - awa@) = awaPb?(1 — awa?) = 0.
(3) (b a)@(l - awa = aQb@QQ — awa®?) = 0.
(4) (b a)@ = a2b2 and awa® (1-— awa® = 0.
(5) (b wa)? = abb@ and a@b@(l — awa@) = 0.

Proof. By virtue of Theorem 4.1, a,w and b are represented as

a1 a2 w1 Wiz a1 a2
a = ”u} = 7b = s
0 a9 0 Wao 0 bz
PXq gxp pXq
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where p = awa®?, ¢ = waPa. Then a? and vQ can be written in the matrix
forms as in the proof of Theorem 4.3. Moreover, we check that

040 — (@) 0
(p.p)

(1) = (2) Since (bwa)? = b2a?D | we have (bwa)2(1 — awa®?) = v2aD(1 —

w w
awa®@) = 0. Moreover, we have

plawb)2p = (1 - p)(awd) 2 (1 — p),
and then (awb)2(1 — awa®) = 0.
(2) = (3) This is trivial.
(3) = (1) Since awa2b2(1 — awa?) = 0, we see that

WO ( a; 0 )
w = Co0(1 - :
0 a-pR-p) ),

10p0 — (@) 0
(p:p)

Therefore a2bQ = (awb)?, as required.
(3) < (4) < (5) By the preceding argument, we have

) o _,0 O(1 _
a% = ( aév 8 ) 7b9 = ( aéu (16‘@1@1)255((11_ p)) ) )
PXP P)ow p (p,p)

a®)?  —(a2)?[(a1wr)ars + (a1wia + araws)by](awb)P (1 — p) )
0 (1 —p)(awd)D(1 - p) op)

L2, ( ap  —aPaib (1 - p) > ( ap 0 ) _ ( (a2)? 0 )
ww _ O _ — .
0 (I=pby(1-p) (p.p) 00 PXp 0 0 pXxp

Then (awb)? = v2a? if and only if (awb)P(1 — awa®?) = 0, as required. [

Hence,

We now explore the equivalent conditions for (b — a)® = b2 — a0,

Theorem 4.9. Let a,b,b —a € RY and a <@ b. Then the following are
equivalent:

(1) (b—a)® =02 —aD.

(2) (b—a) = b@(l - awa@

3) b—a)P =(1- awa@)b and a2 = (a2)2.

@é@ev
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4) (b—a)? = (1 — awa@)b? and aP2(1 — awa®?) = 0.

Proof. By virtue of Theorem 4.1, we have

ayp Qg w; Wi2 a1 Qo
a= ,W = b= ,
0 (05} 0 Wao 0 172
pPXq gxp pXq

where p = awa?, q= wa%a.. Moreover, we compute that
O o _,0 O —
CL% = < aéu 8 > Jbg - ( aév (1alia1)2£5((11_ p)) ) )
pXp P)%w p (p.p)

0 0
(b—@gzz(o ﬂ—pxh—@gu_p))mm.

(1) & (2) Obviously, —aPa12b2(1 — p) = pb@(1 — p). Then (b — a)? =
b2 —a® if and only if (1—p)(b—a)2(1—p) = (1 =p)b2(1—-p), pb2 (1 —p) =0,
ic., (b= a)2 = (1— p)(b— 0)2(1 — p) = B2(1 — awal).

(2) = (3) By the argument above, we have

O a® 0
w s Uy O
00/ ., 0 (1=pbd(1=p) /..,

oo _ ( (@) 0 — (402 ' D_ D _ 4D _
Then aPbP = 0 o = (a?)*. Accordingly, (b—a)P =02 —al) =
(p,p)
b9 — aw(a®)? = b2 — awaPb0 = (1 — awa2)b2.
(3) = (4) This is obvious as a2b2(1 — awa®?) = (a?)?(1 — awa?®) = 0.
(4) = (1) Since a <P b, we have b2a = aPa. By hypothesis, a2bD =
a®b8awa®?, and then

(b—a)y = b —aw(aQb)

bO — aw(aPbvPawa?)
b9 — awa®@ (b2a)wa®
b9 — awa®@ (aPa)wa®
= b0 — [aw(a?)?]awa?
b9 — aLawa®

- b% - a??

as asserted. O

5. WEIGHTED *-DMP ELEMENTS

The aim of this section is to characterize the weighted *-DMP element using
a specific weighted core-EP decomposition. Subsequently, we will investigate
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the weighted core-EP order involving the weighted *-DMP element in a ring.
An element a is w-weighted EP if and only if a € R® and wawa® = wa@aw.
We now express the weighted core-EP element by combining the weighted EP
element with a nilpotent element in a ring.

Theorem 5.1. Let a € R. Then the following are equivalent:

(1) a is w-weighted *-DMP.
(2) There exist z,y € R such that
a=x+yry=ywr=0,r€ Ris w-weighted EP,y € R™.

Proof. (1) = (2) Since a is a w-weighted *-DMP element, a € RY. By virtue
of Theorem 2.1, There exist x,y € R such that
a=zr+yr'y=ywr=0x € R?,y € RZ”.
Evidently, a® = 2®. Since wawa® = walaw, we check that
wrPrw = wrPrw + wrBlwr®)* (2 y)w
wrBrw + wr[rwr®Blyw = wrPrw + WrPrwrB|yw
= wr@rw + wrPyw = wr®(z + y)w = waLaw
= awa? = w(z + y)wr® = wrwr®.

Therefore x is a w-EP element, as required.
(2) = (1) By virtue of Theorem 2.1, a € R?. Since x is a w-EP element,
we see that wr®rw = wrwr®. Hence, we have

walaw = wrBrw + wrByw
= wrBrw + waPrwr®Byw
= wr®zrw + w[z@ (wz®)*](x*y)w
= wrBrw = w(r + y)wr® = wawa®.

Therefore a is w-weighted *-DMP, as asserted. U
Corollary 5.2. Let a € R. Then the following are equivalent:

(1) ais *-DMP.
(2) There exist z,y € R such that

a=x+yr'y=ywr=0ux€ Ris EP,y € R™.
Proof. This is obtained by choosing w = 1 in Theorem 5.1. 0
Theorem 5.3. Let a € R.Then the following are equivalent:

(1) a € R is w-weighted *-DMP.
(2) (aw)? € R® and (aw)P[(aw)P]Ba is w-weighted EP.
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Proof. (1) = (2) Obviously, a € RY; and so aw € R®. In light of [4, Theorem
4.1], (aw)? € R®. By virtue of Theorem 5.1, there exist z,y € R such that

a=x+y, 'y =ywr =0,z € R is w-weighted EP,y € Rgil.

Evidently, # = awaPa. By using Theorem 2.4, we have * = awala =
aw[(aw)P?[(aw)P)Pa = (aw)P[(aw)P]®Pa. This implies that (aw)”[(aw)P]®Pa
is w-weighted EP.

(2) = (1) Let 2 = (aw)P[(aw)P]#a and y = a — (aw)P[(aw)?]Pa. Then
a = z +y. Let n be the Deazin index of aw. Then (aw)”(aw)"™*! = (aw)™.
Obviously, we have

aw — [(aw)”]"[(aw)?|®(aw)"
= aw — [(aw)"]"[(aw)"]® (aw)® (aw)"*!
aw — [(aw)?]" ! ((aw)P[(aw)P]® (aw)?) (aw)" !
= aw — [(aw)”]" " (aw)" (aw)"*
= aw — [(aw)P]" (aw)" = aw — (aw)? (aw)?
Hence, aw — [(aw)P]"[(aw)P]®(aw)(aw)"~! is nilpotent. Since yw = aw —
(aw)P[(aw)P)Paw = aw — (aw)" ' [(aw)P]"[(aw)P]®aw, we show that yw € R
is nilpotent. One easily checks that
vy = ((aw)”[(aw)”1®a)"[a — (aw)[(aw)”]®a]
a* ((aw)P[(aw)P]®) 1 — (aw)?[(aw)")®]a
= a*(aw)P[(aw)P)®[1 — (aw)P[(aw)P])®la = 0,
ywe = [a — (aw)”[(aw)?|®a]w(aw)”[(aw)”]®a
= [1 = (aw)?[(aw)”]®law(aw)"[(aw)"]|Pa
= [1— (aw)”[(aw)”]®][(aw)"]®a
= 0.
Therefore a € R is w-weighted *-DMP by Theorem 2.1. O

As an immediate consequence of Theorem 5.3, we derive
Corollary 5.4. Let a € R. Then the following are equivalent:

(1) a € R is *-DMP.
(2) a® € R® and aP(aP)®a is EP.

Lemma 5.5. Let a € R be w-weighted *-DMP. If a <O b, then (awa@)bw =
bw(awa®?) and a@b0 = 124D,
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Proof. Since a is w-weighted *-DMP, we have w(awa®) = w(aPaw). Assume
that a <O b. Then awa? = bwa®? and aPa = aPb. We check that
(awaP)bw = aw(a@b)w = aw(aPa)w
= (awa®)aw = (bwa®?)aw
= bw(a@aw) = bw(awa®?).
Since (awa®)* = (awa?), we deduce that (awa®?)(bw)* = (bw)*(awa?). In
view of [3, Theorem 15.2.12], (awa®@)(bw)® = (bw)®(awa®?). Thus we have

(awa@2)b® = b

Therefore
aRbY = [aPawaR]bR = al[(awa)0R)]
= (aR)? = bR (awaR)]aR = bR [aw(a)’] = bRaf,
as desired. 0

We are ready to prove:

Theorem 5.6. Let a € R be w-weighted *~DMP. If a <P b, then bw(1 —
awa®?) € RO.

Proof. Since a gg? b, we have

awa®? = bwa®?,aPa = a@b.

w W

Since a is w-weighted *-DMP, by virtue of Lemma 5.5, we have
(awaP)bw = bw(awa®).

We claim that [bw(1 — awa®@)]® = b0 — aP. Since b is w-weighted *-DMP,
we have wbwbQ = wb@bw. In light of Lemma 4.5 and Lemma 5.5, we have
a®b® = (a2)2. Then

[bw (1 — awaR)][b) — a?]
= [b(w — wawa®)]p? — [b(w — wawa®?)]a?
= bwb? — bwaw[a@bP] — bwal + bwlaw(
= bwbl — bw[aw(a?)?] — bwa® + bw[aw(
= bwbl — awa®;
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Since (bwb?)* = bwb® and (awal)* = awa?, we have ([bw(l — awa?)][pO —
a2))" = [bw(l — awa?)][bQ — aD]. Moreover, we check that

[bw(1 — awad)][BP — a1
= [bwb? — awa@][b? — a2
bw(bP)? — bwb@al — awalb? + aw(a?)?
bR — [bwaP bR = bY — [awaP|b
= b2 — aw(a®)? = b2 — a0;
b2 — aQ][bw(1 — awa)]F
= [bD — a2)(bw) (1 — awa®) = b ((bw)* (1 — awa)
= (bw)*(1 — awa®) = [bw(1 — awa®?)]*.

This completes the proof. O
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