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Definition 1.
A metric space (X,ρ) consists of a set X and a function ρ : X × X → R :
1.∀ x,y ∈ X : ρ (x,y) ≥ 0.
2.∀ x,y ∈ X : ρ (x,y) = ρ (y,x).
3.∀ x,y ∈ X : ( ρ (x,y) = 0 ⇐⇒ x = y ).
4.∀ x,y,z ∈ X: ( ρ (x,y) ≤ ρ (x,z) + ρ (z,y) ).

Proposition 1.
α1, ..., αn, β1, ...βn ∈ R

=⇒ (
∑n

i=1 α
2
i )(

∑n
i=1 β

2
i )− (

∑n
i=1 αiβi)

2 =
∑n−1

i=1 (
∑n

j=i+1 det
2

(
αi βj

βi βj

)
)

Proof.
Proposition 1 is true for n = 1.

Assume Proposition 1 holds for n > 1.

Let α =
∑n

i=1 α
2
i , β =

∑n
i=1 β

2
i , γ =

∑n
i=1 αiβi

(
∑n+1

i=1 α2
i )(

∑n+1
i=1 β2

i )− (
∑n+1

i=1 αiβi)
2 =

(α+ α2
n+1)(β + β2

n+1)− (γ + αn+1βn+1)
2 =

αβ + αβ2
n+1 + α2

n+1β + α2
n+1β

2
n+1 − γ2 − 2γαn+1βn+1 − α2

n+1β
2
n+1 =

∑n−1
i=1 (

∑n
j=i+1 det

2

(
αi αj

βi βj

)
) + αβ2

n+1 + α2
n+1β − 2γαn+1βn+1 =

∑n−1
i=1 (

∑n
j=i+1 det

2

(
αi αj

βi βj

)
) + (

∑n
i=1 α

2
i )β

2
n+1 + αn+1(

∑n
i=1 β

2
i )

− 2αn+1βn+1(
∑n

i=1 αiβi) =∑n−1
i=1 (

∑n
j=i+1 det

2

(
αi αj

βi βj

)
) + (

∑n−1
i=1 det2

(
αi αn+1

βi βn+1

)
)

+ (det2
(
αn αn+1

βn βn+1

)
) =

∑n−1
i=1 (

∑n+1
j=i+1 det

2

(
αi αj

βi βj

)
) + (det2

(
αn αn+1

βn βn+1

)
) =

∑n
i=1(

∑n+1
j=i+1 det

2

(
αi αj

βi βj

)
)

Theorem 1. (Cauchy − Schwarz)
α1, ..., αn, β1, ...βn ∈ R

=⇒ (
∑n

i=1 α
2
i )(

∑n
i=1 β

2
i ) ≥ (

∑n
i=1 αiβi)

2

Proof.

(
∑n

i=1 α
2
i )(

∑n
i=1 β

2
i )− (

∑n
i=1 αiβi)

2 =
∑n−1

i=1 (
∑n

j=i+1 det
2

(
αi βj

βi βj

)
) ≥ 0.

Thus (
∑n

i=1 α
2
i )(

∑n
i=1 β

2
i ) ≥ (

∑n
i=1 αiβi)

2

2



Proposition 2.
(α, β ≥ 0) ∧ (p, q ∈ R) ∧ (p > 1) ∧ ( 1p + 1

q = 1) =⇒ αβ ≤ αp

p + βq

q

Proof.
Since log is (strictly) concave function:

(λ ∈ (0, 1)) ∧ (x, y ∈ (0,+∞)) =⇒

log(λx+ (1− λ)y) ≥ λ log(x) + (1− λ) log(y)

Let λ = 1
p , x = αp, y = βq,then

log(α
p

p + βq

q ) ≥ 1
p log(α

p) + 1
q log(β

q) ,therefore log(α
p

p + βq

q ) ≥ log(αβ)

Since log is strictly increasing : αβ ≤ αp

p + βq

q

Theorem 2. (Holder)
(p, q > 1) ∧ ( 1p + 1

q = 1) ∧ (α1, ...αnβ1, ...βn ≥ 0) =⇒∑n
i=1 αiβi ≤ (

∑n
i=1 α

p
i )

1
p (
∑n

i=1 β
q
i )

1
q

Proof.

(
∑n

i=1 α
p
i = 0) ∨ (

∑n
i=1 β

q
i = 0) =⇒

(i ∈ {1, ..., n} =⇒ αi = 0) ∨ (i ∈ {1, ..., n} =⇒ βi = 0) =⇒∑n
i=1 αiβi = 0.

Now lets assume that (
∑n

i=1 α
p
i ̸= 0) ∧ (

∑n
i=1 β

q
i ̸= 0).

Let γi =
αi

(
∑n

i=1 αp
i )

1
p
, δi =

βi

(
∑n

i=1 βq
i )

1
q∑n

i=1 γiδi ≤
∑n

i=1(
γp
i

p +
δqi
q ) = 1.

Therefore
∑n

i=1 αiβi ≤ (
∑n

i=1 α
p
i )

1
p (
∑n

i=1 β
q
i )

1
q

Theorem 3. (Minkowski)
(p ≥ 1) ∧ (α1, ..., αn, β1, ...βn ≥ 0) =⇒

(
∑n

i=1(αi + βi)
p)

1
p ≤ (

∑n
i=1 α

p
i )

1
p + (

∑n
i=1 β

p
i )

1
p

Proof.

The theorem is true for p=1.Lets Assume that p > 1.

Let q = p
p−1 , then q > 1 and 1

p + 1
q = 1.
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Let A = (
∑n

i=1(αi + βi)
p)

1
p .

Ap =
∑n

i=1(αi + βi)
p =

∑n
i=1(αi + βi)(αi + βi)

p−1 =∑n
i=1 αi(αi + βi)

p−1 +
∑n

i=1 βi(αi + βi)
p−1

(Holder) ≤ (
∑n

i=1 α
p
i )

1
p (
∑n

i=1(αi + βi)
(p−1)q)

1
q +

(
∑n

i=1 β
p
i )

1
p (
∑n

i=1(αi + βi)
(p−1)q)

1
q =

(
∑n

i=1 α
p
i )

1
p (
∑n

i=1(αi + βi)
p)

1
q +

(
∑n

i=1 β
p
i )

1
p (
∑n

i=1(αi + βi)
p)

1
q = A

p
q ((

∑n
i=1 α

p
i )

1
p + (

∑n
i=1 β

p
i )

1
p ).

Therefore

A ≤ (
∑n

i=1 α
p
i )

1
p + (

∑n
i=1 β

p
i )

1
p

Example 1.
ρ1 : Rn × Rn → R, ρ1 (x,y) =

∑n
i=1 |xi − yi|.

Proof.

x, y, z ∈ Rn

1.

∀i ∈ {1, ..., n} : |xi − yi| ≥ 0,

Therefore ρ1(x, y) ≥ 0.

2.

∀i ∈ {1, ..., n} : |xi − yi| = |yi − xi|,

Therefore ρ1(x, y) = ρ1(y, x).

3.

ρ1(x, y) = 0 =⇒ (∀i ∈ {1, ..., n} : |xi − yi| = 0) =⇒ x = y

x = y =⇒ (∀i ∈ {1, ..., n} : |xi − yi| = 0) =⇒ ρ1(x, y) = 0

4.

∀i ∈ {1, ..., n} : |xi − yi| ≤ |xi − zi|+ |zi − yi|.

Therefore,∑n
i=1 |xi − yi| ≤

∑n
i=1 |xi − zi|+

∑n
i=1 |zi − yi|
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Therefore,

ρ1(x, y) ≤ ρ1(x, z) + ρ1(z, y).

Example 2.
ρ2 : Rn × Rn → R, ρ2 (x,y) = (

∑n
i=1 (xi − yi)

2)
1
2 .

Proof.

x, y, z ∈ Rn

1.

(i ∈ {1, ..., n} =⇒ (xi − yi)
2 ≥ 0) =⇒ (

∑n
i=1(xi − yi)

2)
1
2 ≥ 0

=⇒ ρ2(x, y) ≥ 0.

2.

(i ∈ {1, ..., n} =⇒ (xi − yi)
2 = (yi − xi)

2) =⇒

(
∑n

i=1(xi − yi)
2)

1
2 = (

∑n
i=1(yi − xi)

2)
1
2 =⇒ ρ2(x, y) = ρ2(y, x).

3.

ρ2(x, y) = 0 ⇐⇒ (i ∈ {1, ..., n} =⇒ (xi − yi)
2 = 0)

⇐⇒ (i ∈ {1, ..., n} =⇒ xi = yi) ⇐⇒ x = y.

4.

ρ22(x, y) =
∑n

i=1(xi − yi)
2 =

∑n
i=1((xi − zi) + (zi − yi))

2

=
∑n

i=1(xi − zi)
2 + 2

∑n
i=1(xi − zi)(zi − yi) +

∑n
i=1(zi − yi)

2 ≤∑n
i=1(xi − zi)

2 + 2
∑n

i=1 |xi − zi||zi − yi|+
∑n

i=1(zi − yi)
2 ≤∑n

i=1(xi − zi)
2 + 2(

∑n
i=1(xi − zi)

2)
1
2 (
∑n

i=1(zi − yi)
2)

1
2 +

∑n
i=1(zi − yi)

2

= ((
∑n

i=1(xi − zi)
2)

1
2 + (

∑n
i=1(zi − yi)

2)
1
2 )2

= (ρ2(x, z) + ρ2(z, y))
2.

Therefore,

ρ2(x, y) = |ρ2(x, y)| ≤ |ρ2(x, z) + ρ2(z, y)| = ρ2(x, z) + ρ2(z, y).

Example 3.
ρ∞ : Rn × Rn → R, ρ∞ (x,y) = max {|xi − yi| : i = 1, ..., n}
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Proof.

1.

(i ∈ {1, ...n} =⇒ |xi − yi| ≥ 0)

=⇒ max{|xi − yi| : i ∈ {1, ...n}} ≥ 0

=⇒ ρ∞(x, y) ≥ 0.

2.

(i ∈ {1, ...n} =⇒ |xi − yi| = |yi − xi|)

=⇒ max{|xi − yi| : i ∈ {1, ...n}} = max{|yi − xi| : i ∈ {1, ...n}}

=⇒ ρ∞(x, y) = ρ∞(y, x)

3.

ρ∞ = 0 ⇐⇒ (i ∈ {1, ...n} =⇒ |xi − yi| = 0) ⇐⇒ x = y

4.

∃j ∈ {1, ..., n} : ρ∞(x, y) = |xj − yj |

|xj − yj | ≤ |xj − zj |+ |zj − yj | ≤

max{|xi − zi| : i ∈ {1, ..., n}}+max{|zi − yi| : i ∈ {1, ..., n}} =

ρ∞(x, z) + ρ∞(z, y)

Example 4.

ρp : Rn × Rn → R, ρp (x,y) = (
∑n

i=1 (xi − yi)
p)

1
p , p ∈ [1,∞)

Proof.

1.

(i ∈ {1, ..., n} =⇒ |xi − yi|p ≥ 0)

=⇒ (
∑n

i=1 |xi − yi|p)
1
p ≥ 0 =⇒ ρp(x, y) ≥ 0.

2.

(i ∈ {1, ..., n} =⇒ |xi − yi|p = |yi − xi|p)

=⇒ (
∑n

i=1 |xi − yi|p)
1
p ) = (

∑n
i=1 |yi − xi|p)

1
p
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=⇒ ρp(x, y) = ρp(y, x)

3.

ρp(x, y) = 0 ⇐⇒ (i ∈ {1, ..., n} =⇒ |xi − yi| = 0) ⇐⇒ x = y

4.

ρp(x, y) = (
∑n

i=1 |xi − yi|p)
1
p ) = (

∑n
i=1 |(xi − zi) + (zi − yi)|p)

1
p

≤ (
∑n

i=1 |xi − zi|p)
1
p ) + (

∑n
i=1 |zi − yi|p)

1
p ) = ρp(x, z) + ρp(z, y)

Proposition 3.

Assume (X1, σ1), ..., (Xn, σn) are metric spaces, and X =
∏n

i=1 Xi.

We define :

1.ρ1 : X ×X → R, ρ1(x, y) =
∑n

i=1 σi(xi, yi)

2.ρ2 : X ×X → R, ρ2(x, y) = (
∑n

i=1 σ
2
i (xi, yi))

1
2

3.ρ∞ : X ×X → R, ρ∞(x, y) = max{σi(xi, yi) : i ∈ {1, ..., n}}

4.if p ∈ [1,+∞) we define ρp : X ×X → R, ρp(x, y) = (
∑n

i=1 σ
p
i (xi, yi))

1
p

(X, ρ1), (X, ρ2), (X, ρ∞), (X, ρp) are metric spaces.

Example 5.

p ∈ [1,+∞),

lp = {(xn) ∈ RN :
∑∞

n=1 |xn|p < +∞}

ρp(x, y) = (
∑∞

n=1 |xn − yn|p)
1
p

Then (lp, ρp) is a metric space.

Proof.

x, y ∈ RN ∧ n ∈ N =⇒ (
∑n

i=1 |xi − yi|p)
1
p ≤

(
∑n

i=1 |xi|p)
1
p + (

∑n
i=1 |yi|p)

1
p ≤ (

∑∞
n=1 |xn|p)

1
p + (

∑∞
n=1 |yn|p)

1
p < +∞

Therefore,

ρp(x, y) ∈ [0,+∞).

Let x, y, z ∈ RN.
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1.

(i ∈ N) =⇒ |xi − yi|p ≥ 0 =⇒

(n ∈ N =⇒
∑n

i=1 |xi − yi|p ≥ 0) =⇒∑∞
n=1 |xi − yi|p ≥ 0 =⇒

(
∑∞

n=1 |xi − yi|p)
1
p ≥ 0 =⇒

ρp(x, y) ≥ 0.

2.

(i ∈ N) =⇒ |xi − yi|p = |yi − xi|p =⇒∑n
i=1 |xi − yi|p =

∑n
i=1 |yi − xi|p =⇒∑∞

n=1 |xn − yn|p =
∑∞

n=1 |yn − xn|p =⇒

(
∑∞

n=1 |xn − yn|p)
1
p = (

∑∞
n=1 |yn − xn|p)

1
p =⇒ ρp(x, y) = ρp(y, x).

3.

ρp(x, y) = 0 ⇐⇒ ∀i ∈ N : |xi − yi| = 0 ⇐⇒

(n ∈ N =⇒
∑n

i=1 |xi − yi| = 0) ⇐⇒
∑∞

n=1 |xn − yn| = 0 ⇐⇒

ρp(x, y) = 0.

4.

(n ∈ N) =⇒ (
∑n

i=1 |xi − yi|p)
1
p ≤ (

∑n
i=1(|xi − zi|+ |zi − yi|)p)

1
p

≤ (
∑n

i=1 |xi − zi|p)
1
p + (

∑n
i=1 |zi − yi|p)

1
p

Therefore,

(
∑∞

n=1 |xn − yn|p)
1
p ≤ (

∑∞
n=1 |xn − zn|p)

1
p + (

∑∞
n=1 |zn − yn|p)

1
p

Example 6.

l∞ = {(xn) ∈ RN : sup{|xn| : n ∈ N} < +∞},

ρ∞((xn), (yn)) = sup{|xn − yn| : n ∈ N},

Then (l∞, ρ∞) is a metric space.

Proof.
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(xn), (yn) ∈ RN =⇒ (n ∈ N =⇒ |xn − yn| ≤ |xn|+ |yn|)

=⇒ sup{|xn − yn| : n ∈ N} ≤ sup{|xn|+ |yn| : n ∈ N}

sup{|xn|+ |yn| : n ∈ N} ≤ sup{|xn| : n ∈ N}+ sup{|yn| : n ∈ N}

Therefore,

sup{|xn − yn| : n ∈ N} < +∞

Let(xn), (yn), (zn) ∈ RN.

1.

0 ≤ |x1 − y1| ≤ sup{|xn − yn| : n ∈ N}.

Therefore,

ρ∞((xn), (yn)) ≥ 0.

2.

∀n ∈ N : |xn − yn| = |yn − xn|.

Therefore,

sup{|xn − yn| : n ∈ N} = sup{|yn − xn| : n ∈ N}

3.

ρ∞((xn), (yn)) = 0 ⇐⇒ ∀n ∈ N : |xn − yn| = 0 ⇐⇒ (xn) = (yn).

4.

∀n ∈ N : |xn − yn| ≤ |xn − zn|+ |zn − yn|.

Therefore,

sup{|xn − yn| : n ∈ N} ≤ sup{|xn − zn|+ |zn − yn| : n ∈ N}

sup{|xn − zn|+ |zn − yn| : n ∈ N} ≤

sup{|xn − zn| : n ∈ N}+ sup{|zn − yn| : n ∈ N}

Therefore,

ρ∞((xn), (yn)) ≤ ρ∞((xn), (zn)) + ρ∞((zn), (yn)).

Example 7.
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Assume that (X1, σ1), (X2, σ2), ... is a sequence of metric spaces such that :

∀n ∈ N : (∀x, y ∈ Xn : (σn(x, y) ≤ 1)).

We define

X =
∏∞

i=1 Xn, ρ : X ×X → R, ρ(x, y) =
∑∞

n=1
σn(xn,yn)

2n .

Then (X, ρ) is a metric space.

Proof.

x, y ∈ X =⇒
∑n

i=1
σi(xi,yi)

2i ≤
∑n

i=1
1
2i <

∑∞
n=1

1
2n = 1.

Therefore,

ρ(x, y) ∈ R.

x, y, z ∈ X

1.

∀i ∈ N : σi(xi, yi) ≥ 0 =⇒ ∀n ∈ N :
∑n

i=1
σi(xi,yi)

2i ≥ 0

=⇒
∑∞

n=1
σn(xn,yn)

2n ≥ 0.

2.

∀i ∈ N : σi(xi, yi) = σi(yi, xi)

=⇒ ∀n ∈ N :
∑n

i=1
σi(xi,yi)

2i =
∑n

i=1
σi(yi,xi)

2i =⇒ ρ(x, y) = ρ(y, x).

3.

ρ(x, y) = 0 ⇐⇒ ∀n ∈ N : σn(xn, yn) = 0

⇐⇒ ∀n ∈ N : xn = yn ⇐⇒ x = y.

4.

∀n ∈ N :
∑n

i=1
σi(xi,yi)

2i ≤
∑n

i=1
σi(xi,zi)+σi(zi,yi)

2i =∑n
i=1

σi(xi,zi)
2i +

∑n
i=1

σi(zi,yi)
2i

Therefore,∑∞
n=1

σn(xn,yn)
2n ≤

∑∞
n=1

σn(xn,zn)
2n +

∑∞
n=1

σn(zn,yn)
2n

Example 8.
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C([α, β]) = {f : [α, β]→ R : fcontinuous}.

1. ρ∞ : C([α, β])× C([α, β])→ R, ρ∞(f, g) = sup{|f − g|(x) : x ∈ [α, β]}.

2. ρ1(f, g) : C([α, β])× C([α, β])→ R, ρ1(f, g) =
∫ β

α
|f − g|

(C([α, β]), ρ∞), (C([α, β]), ρ1) are metric spaces.

Proof.

1.

|f − g| : [α, β]→ R is bounded.

(Assume that |f − g| is not bounded. Then

∀n ∈ N : ∃xn ∈ [α, β] : |f − g|(xn) > n.

(xn) contains a convergent subsequence (xkn
) (Bolzano−Weirstrass)

, such that xkn
→ x0 ∈ [α, β].Since |f − g| is continuous f(xkn

)→ f(x0).

Constradiction.Therefore |f − g| is bounded.)

1.1

(∀x ∈ [α, β] : |f − g|(x) ≥ 0) ∧ (∃M > 0 : |f − g|(x) ≤M) =⇒

0 ≤ sup{|f − g|(x) : x ∈ [α, β]} < +∞.

1.2

∀x ∈ [α, β] : |f − g|(x) = |g − f |(x) =⇒

sup{|f − g|(x) : x ∈ [α, β]} = sup{|g − f |(x) : x ∈ [α, β]}.

1.3

ρ∞(f, g) = 0 ⇐⇒ ∀x ∈ [α, β] : |f − g|(x) = 0 ⇐⇒ f = g.

1.4

∀x ∈ [α, β] : |f − g|(x) ≤ |f − h|(x) + |h− g|(x).

Therefore,

sup{|f − g|(x) : x ∈ [α, β]} ≤ sup{|f − h|(x) + |h− g|(x) : x ∈ [α, β]}.

sup{|f − h|(x) + |h− g|(x) : x ∈ [α, β]} ≤ sup{|f − h|(x) : x ∈ [α, β]}
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+ sup{|h− g|(x) : x ∈ [α, β]}.

Therefore,

sup{|f − g|(x) : x ∈ [α, β]} ≤ sup{|f − h|(x) : x ∈ [α, β]}+

sup{|h− g|(x) : x ∈ [α, β]}.

2.1

∀x ∈ [α, β] : |f − g|(x) ≥ 0 =⇒
∫ β

α
|f − g| ≥ 0.

2.2

∀x ∈ [α, β] : |f − g|(x) = |g − f |(x) =⇒
∫ β

α
|f − g| =

∫ β

α
|g − f |.

2.3

((f : [α, β]→ R continuous) ∧ (∀x ∈ [α, β] : f(x) ≥ 0)

=⇒
∫ β

α
f = 0 ⇐⇒ f = 0)

Therefore,

since |f − g| is continuous and ∀x ∈ [α, β] : |f − g|(x) ≥ 0,

ρ1(f, g) = 0 ⇐⇒ f = g.

Definition 2. (Open Sphere)

Let (X, ρ) be a metric space, x ∈ X, and ϵ > 0.

Open sphere with center x and radius ϵ is the set :

S(x, ϵ) = {x′ ∈ X : ρ(x, x′) < ϵ}.

Proposition 4.

Let (X, ρ) be a metric space, and Y ⊂ X.

σ = ρ|Y × Y =⇒ (∀y ∈ Y : (∀ϵ > 0 : (Sσ(y, ϵ) = Sρ(y, ϵ) ∩ Y )))

Proof.

z ∈ Sσ(y, ϵ) ⇐⇒ z ∈ Y ∧ σ(y, z) < ϵ

⇐⇒ z ∈ Y ∧ ρ(y, z) < ϵ ⇐⇒ z ∈ Y ∩ Sρ(x, ϵ).

Proposition 5.

Let (X, ρ) be a metric space, x ∈ X and ϵ > 0.Then,
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∀y ∈ S(x, ϵ) : (∃δ > 0 : (S(y, δ) ⊂ S(x, ϵ))).

Proof.

Let y ∈ S(x, ϵ) and δ = ϵ− ρ(x, y).

z ∈ S(y, δ) =⇒ ρ(y, z) < δ.

ρ(x, z) ≤ ρ(x, y) + ρ(y, z) < ρ(x, y) + ϵ− ρ(x, y) = ϵ.

Therefore,

z ∈ S(x, ϵ).

Therefore,

S(y, δ) ⊂ S(x, ϵ).

Definition 3. (Open Set)

Let (X, ρ) be a metric space and G ⊂ X.G is an open set if

∀x ∈ G : (∃ϵ > 0 : (S(x, ϵ) ⊂ G))

Corollary 1.

Let (X, ρ) be a metric space.

x ∈ X, ϵ > 0 =⇒ S(x, ϵ) is an open set.

Theorem 4.

Let (X, ρ) be a metric space.Then,

1. ∅, X are open sets relative to X.

2. (I ⊂ P (X)) ∧ (∀c ∈ I : c is open relative to X)

=⇒ G =
⋃

c∈I c is an open set relative to X.

3.(n ∈ N) ∧ (G1, ..., Gn, open sets relative to X) =⇒

G =
⋂n

i=1 Gi, is an open set relative to X.

Proof.

1.

It follows from the definition.

13



2.

x ∈ G =⇒ ∃c ∈ P (X) : x ∈ c

Since c is an open set relative to X,

∃ ϵ > 0 : S(x, ϵ) ⊂ c.Therefore,

S(x, ϵ) ⊂ G.

3.

x ∈ G =⇒ ∀i ∈ {1, ..., n} : ∃ϵi > 0 : S(x, ϵi) ⊂ Gi.

Let ϵ = min{ϵi : i ∈ {1, ..., n}}.Then,

∀i ∈ {1, ..., n} : S(x, ϵ) ⊂ Gi.Therefore,

S(x, ϵ) ⊂ G.

Proposition 6.

Let (X, ρ) be a metric space, and G ⊂ X.Then,

G is an open set relative to X ⇐⇒

(∃I ⊂ P (X) : (∀c ∈ I : c is an open set relative to X) ∧ (G =
⋃

c∈I c)).

Proof.

−→ (G is open relative to X)

∀x ∈ G : ∃ϵx > 0 : S(x, ϵx) ⊂ X.

Let I = {S(x, ϵx) : x ∈ G}.Then,

G =
⋂

c∈I c.

←−

It follows from Theorem4.

Proposition 7.

Let (X, ρ) be a metric space, Y ⊂ X,σ = ρ|Y × Y, and G ⊂ Y.Then,

G is open relative to Y ⇐⇒ ∃A ⊂ X : ((A open relative to X)∧(G = A∩Y ))

Proof.

−→

14



∀x ∈ G : (∃ϵx > 0 : (Sσ(x, ϵx) ⊂ G))

Sσ(x, ϵx) = Sρ(x, ϵx) ∩ Y

Let A =
⋃

x∈G Sρ(x, ϵx).

A is open relative to X and

G =
⋃

x∈G Sσ(x, ϵx) =
⋃

x∈G(Sρ(x, ϵx) ∩ Y ) = (
⋃

x∈G(Sρ(x, ϵx)) ∩ Y = A ∩ Y

←−

Let x ∈ A ∩ Y.

∃ϵx > 0 : (Sρ(x, ϵx) ⊂ A)

Sσ(x, ϵx) = Sρ(x, ϵx) ∩ Y ⊂ A ∩ Y.

Therefore,

G = A ∩ Y is open relative to Y.

Definition 4. (Interior Set)

Let (X, ρ) be a metric space and A ⊂ X.The interior of A is the set

Ao =
⋃
{G ⊂ X : (G open relative to X) ∧ (G ⊂ A)}

Proposition 8.

Let (X, ρ) be a metric space.Then :

1.(G ⊂ A) ∧ (G is open relative to X) =⇒ G ⊂ Ao

2.A is open relative to X ⇐⇒ A = Ao

Proposition 9.

Let (X, ρ) be a metric space and A ⊂ X.Then,

Ao = {x ∈ A : ∃ϵ > 0 : S(x, ϵ) ⊂ A}

Definition 5.

Let (X, ρ) be a metric space and F ⊂ X.

F is closed relative to X if F ′ is open relative to X.

Theorem 5.

Let (X, ρ) be a metric space.Then,
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1.∅ and X are closed relative to X.

2.(n ∈ N) ∧ (i = 1, ...n) ∧ (Fi closed ⊂ X) =⇒ F =
⋃n

i=1 Fi is closed ⊂ X.

3.F =
⋂
{F ⊂ X : F is closed} =⇒ F is closed.

Proposition 10.

Let (X, ρ) be a metric space, Y ⊂ X,σ = ρ|Y × Y and F ⊂ Y.Then,

F is closed relative to Y ⇐⇒ ∃K closed ⊂ X : F = K ∩ Y.

Proof.

F is closed relative to Y ⇐⇒

Y \F open relative to Y ⇐⇒

∃A open ⊂ X : Y \F = A ∩ Y ⇐⇒

∃A open ⊂ X : F = Y \(A∩ Y ) = Y ∩ (A∩ Y )c = Y ∩ (Ac ∪ Y c) = Ac ∩ Y.

Definition 6.

Let (X, ρ) be a metric space and A ⊂ X.

The closure of A relative to Xis the set :

Ã =
⋂
{F ⊂ X : F closed and A ⊂ F}

Proposition 11.

Let (X, ρ) be a metric space and A ⊂ X.

Then,

1.K ⊂ X,K is a close set , A ⊂ K =⇒ Ã ⊂ K.

2.A is close ⇐⇒ A = Ã

Proposition 12.

Let (X, ρ) be a metric space and A ⊂ X.Then,

Ã = {x ∈ X : ∀ϵ > 0 : S(x, ϵ) ∩A ̸= ∅}.

Proof.

We assume that ∃ϵ > 0 : S(x, ϵ) ∩A = ∅.
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Let K = Sc(x, ϵ).

K is closed and A ⊂ K, therefore,

Ã ⊂ K.Since x ̸∈ K,x ̸∈ Ã.

Therefore,

x ∈ Ã =⇒ ∀ϵ > 0 : S(x, ϵ) ∩A ̸= ∅.

Lets assume that ∀ϵ > 0 : S(x, ϵ) ∩A ̸= ∅.

x ∈ (Ã)c =⇒ ∃ϵ > 0 : S(x, ϵ) ⊂ (Ã)c

=⇒ ∃ϵ > 0 : S(x, ϵ) ∩A ⊂ (Ã)c ∩A = ∅.

Therefore,

x ∈ Ã.

Therefore,

x ∈ Ã ⇐⇒ ∀ϵ > 0 : S(x, ϵ) ∩A ̸= ∅.

Definition 7.

Let (X, ρ) be a metric space, ∅ ≠ A ⊂ X,x ∈ X.

ρ(x,A) = inf{ρ(x, y) : y ∈ A}.

Proposition 13.

Let (X, ρ) be a metric space.Then,

∅ ≠ A ⊂ X,x ∈ X =⇒ (x ∈ Ã ⇐⇒ ρ(x,A) = 0)

Proof.

(x ∈ Ã ⇐⇒ ∀ϵ > 0 : S(x, ϵ) ∩A ̸= ∅.)

Lets assume that x ∈ Ã.

Let (ϵn) : N→ R, ϵn = 1
n .∀n ∈ N : ∃xn ∈ A : ρ(x, xn) < ϵn = 1

n

0 ≤ ρ(x,A) ≤ ρ(x, xn) =
1
n .

Therefore,

ρ(x,A) = 0.
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Lets assume that ρ(x,A) = 0.

Then ∀ϵ > 0 : ∃y ∈ A : ρ(x, y) < ϵ.

Therefore,

∀ϵ > 0 : S(x, ϵ) ∩A ̸= ∅.

Therefore,

x ∈ Ã.

Proposition 14.

Let (X, ρ) be a metric space,A ⊂ X.Then,

1. ˜(Ac) = (Ao)c

2.(Ac)o = (Ã)c

Proof.

1.

x ∈ ˜(Ac) ⇐⇒ ∀ϵ > 0 : S(x, ϵ) ∩Ac ̸= ∅.

⇐⇒ ∀ϵ > 0 : S(x, ϵ) ̸⊂ A ⇐⇒ x ̸∈ Ao ⇐⇒ x ∈ (Ao)c.

2.

x ∈ (Ac)o ⇐⇒ ∃ϵ > 0 : S(x, ϵ) ⊂ Ac

⇐⇒ ∃ϵ > 0 : S(x, ϵ) ∩A = ∅ ⇐⇒ x ̸∈ Ã ⇐⇒ x ∈ (Ã)c

Definition 8.

Let (X, ρ) be a metric space and A ⊂ X.

1.A member x ∈ X is called accumulation point of A if :

∀ϵ > 0 : (S(x, ϵ)\{x}) ∩A ̸= ∅.

A′ = {x ∈ X : x is an accumulation point of A}

2.A member x ∈ X is called isolated point of A if :

∃ϵ > 0 : S(x, ϵ) ∩A = {x}.
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Proposition 15.

Let (X, ρ) be a metric space, and A ⊂ X.Then,

Ã = A′ ∪A.

Definition 9.

Let (X, ρ) be a metric space, and D ⊂ X.D is dence (in X) if D̃ = X.

Definition 10.

A metric space is called separatable if it contains a countable dence subset.

Proposition 16.

Let (X, ρ) be a metric space and D ⊂ X.Then,

D is dence (in X) ⇐⇒ ∀x ∈ X : ∀ϵ > 0 : D ∩ S(x, ϵ) ̸= ∅.

Proof.

Assume that x ∈ X, and ϵ > 0.

x ∈ D̃, therefore S(x, ϵ) ∩D ̸= ∅.

Definition 11.

Let (X, ρ) be a metric space, (xn) : N→ X.

(xn) converges to x ∈ X ⇐⇒ ∀ϵ > 0 : ∃n0 ∈ N : ∀n ≥ n0 : ρ(xn, x) < ϵ

Proposition 17.

Let (X, ρ) be a metric space and (xn) : N→ X.Then,

xn → x, xn → y =⇒ x = y.

Proof.

ρ(x, y) ≤ ρ(x, xn) + ρ(xn, y)→ 0.

Therefore,

ρ(x, y) = 0,

Therefore,

x = y.
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Proposition 18.

Let (Xn, ρn) be a sequence of metric spaces such that :

∀n ∈ N : ∀x, y ∈ Xn : ρn(x, y) ≤ 1.

X =
∏∞

n=1 Xn, ρ : X ×X → R, ρ(x, y) =
∑∞

i=1
ρ(xn,yn)

2n .

((X, ρ) is a metric space(example7))

(xn) : N→ X, y ∈ X =⇒ (xn → y ⇐⇒ ∀m ∈ N : limn→∞ xnm → ym)

Proof.

Lets assume that xn → y and m ∈ N.Then,

∀n ∈ N : ρ(xnm , ym) ≤ 2mρ(xn, y)→ 0.

Therefore,

xn → y =⇒ ∀m ∈ N : limn→∞ xnm
→ ym

Lets assume that ∀m ∈ N : limn→∞ xnm → ym, and ϵ > 0.

∃n0 ∈ N :
∑∞

n=n0

1
2n < ϵ

2 .

limn→∞
∑n0−1

m=1
ρm(xnm ,ym)

2m = 0.

Therefore,

∃n1 ∈ N : ∀n ≥ n1 :
∑n0−1

m=1
ρm(xnm ,ym)

2m < ϵ
2 .

Assume that n ≥ n1.

ρ(xn, y) =
∑∞

m=1
ρm(xnm ,ym)

2m =
∑n0−1

m=1
ρm(xnm ,ym)

2m +
∑∞

m=n0

ρm(xnm ,ym)
2m

≤ ϵ
2 +

∑∞
m=n0

1
2m < ϵ

2 + ϵ
2 = ϵ.

Therefore,

∀m ∈ N : limn→∞ xnm → ym =⇒ xn → y

Proposition 19.

Let (X, ρ) be a metric space ∅ ≠ A ⊂ X and x ∈ X.Then,

x ∈ Ã ⇐⇒ ∃(xn) : N→ A : xn → x.
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Proof.

(x ∈ Ã)

Let ϵn = 1
n .Since x ∈ Ã,∀n ∈ N : S(x, ϵn) ∩A ̸= ∅.

Therefore,

∀n ∈ N : ∃xn ∈ A : ρ(x, xn) < ϵn = 1
n .

Since ρ(x, xn) <
1
n , xn → x.

Therefore,

x ∈ Ã =⇒ ∃(xn) : N→ A : xn → x.

(∃(xn) : N→ A : xn → x)

Let ϵ > 0.Since xn → x, ∃n0 ∈ N : ∀n ≥ n0 : ρ(x, xn) < ϵ.

Therefore,

S(x, ϵ) ∩A ̸= ∅.

Therefore,

x ∈ Ã

Therefore,

∃(xn) : N→ A : xn → x =⇒ x ∈ Ã

Proposition 20.

Let (X, ρ) be a metric space and A ⊂ X.Then,

A is closed ⇐⇒ ((xn) : N→ A, xn → x =⇒ x ∈ A)

Proof.

(A is closed)

Let (xn) : N→ A, xn → x.

x ∈ Ac =⇒ ∃ϵ > 0 : S(x, ϵ) ⊂ A.

Since xn → x, ∃n0 ∈ N : ∀n ≥ n0 : xn ∈ S(x, ϵ).Contradiction.Therefore,

x ∈ A.
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Therefore,

(A is closed) =⇒ ((xn) : N→ A, xn → x =⇒ x ∈ A)

((xn) : N→ A, xn → x =⇒ x ∈ A)

We assume that Ac isnt open.Then,

∃x ∈ Ac : ∀ϵ > 0 : S(x, ϵ) ∩A ̸= ∅.

Let ϵn = 1
n .Then,

∀n ∈ N : ∃xn : ρ(x, xn) < ϵn = 1
n .xn → x, therefore x ∈ A.Contradiction.

Therefore,

A is closed.

Therefore,

((xn) : N→ A, xn → x =⇒ x ∈ A) =⇒ A is closed

Definition 12. (Subsequence)

Let X be a set , (xn) : N→ X, (nk) : N→ N strictly increesing.

Then xnk
: N→ X, is a subsequence of (xn).

Proposition 21.

Let (X, ρ) be a metric space and (xn) : N→ X.Then,

xn → x ⇐⇒ (yn is a subsequence ofxn =⇒ yn → x)

Proof.

(xn → x)

Let (yn) be a subsequence of (xn).

Let ϵ > 0.∃n0 ∈ N : ∀n ≥ n0 : ρ(xn, x) < ϵ.Then,

∀n ≥ n0 : ρ(yn, x) < ϵ.

Therefore,

yn → x.

Therefore,

xn → x =⇒ (yn is a subsequence ofxn =⇒ yn → x)
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((yn) is a subsequence ofxn =⇒ yn → x))

(xn) is a subsequence of (xn)

Therefore,

xn → x.

Therefore,

(yn is a subsequence ofxn =⇒ yn → x) =⇒ xn → x.

Corollary 2.

Let (X, ρ) be a metric space and (xn) : N→ X.Then

xn ̸→ x ⇐⇒ ∃(yn) : N→ X : (yn) subsequence of (xn) and yn ̸→ x.

Definition 13.

Let (X, ρ), (Y, σ) be metric spaces, f : X → Y, and x0 ∈ X.

Then, f is continuous at x0 if :

∀ϵ > 0 : (∃δ > 0 : (x ∈ X, ρ(x0, x) < δ =⇒ σ(f(x0), f(x)))) < ϵ.

Theorem 6.

Let (X, ρ), (Y, σ) be metric spaces and f : X → Y.Then,

f is continuous ⇐⇒

G ⊂ Y,G is open =⇒ f−1(G) is open ⊂ X ⇐⇒

F ⊂ Y, F is close =⇒ f−1(F ) is close ⊂ X ⇐⇒

∀A ⊂ X : f(Ã) ⊂ ˜f(A)

Proof.

1.

(f is continuous =⇒ (G ⊂ Y,G is open =⇒ f−1(G) is open ⊂ X)

Assume that G ⊂ Y is open, and x ∈ f−1(G).Then f(x) ∈ G.

∃ϵ > 0 : S(f(x), ϵ) ⊂ G.Since f is continuous
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∃δ > 0 : x′ ∈ X, ρ(x, x′) < δ =⇒ σ(f(x), f(x′)) < ϵ

Therefore,

S(x, δ) ⊂ f−1(G).

2.

((G ⊂ Y,G is open =⇒ f−1(G) is open ⊂ X) =⇒

(F ⊂ Y, F is close =⇒ f−1(F ) is close ⊂ X))

Assume that F ⊂ Y is close.F c is open, therefore f−1(F c) is open.

f−1(F c) = (f−1(F ))c is open.Therefore,

((f−1(F ))c)c = f−1(F ) is close.

3.

((F ⊂ Y, F is close =⇒ f−1(F ) is close ⊂ X) =⇒

(∀A ⊂ X : f(Ã) ⊂ ˜f(A)))

A ⊂ f−1(f(A)) ⊂ f−1( ˜f(A)).Since ˜f(A) is closed, f−1( ˜f(A)) is closed.

Therefore,

Ã ⊂ f−1( ˜f(A))

Therefore,

f(Ã) ⊂ f(f−1( ˜f(A))) = ˜f(A)

4.

((∀A ⊂ X : f(Ã) ⊂ ˜f(A)) =⇒ (f is continuous))

Assume that f isn′t continuous at x ∈ X.Then,

∃ϵ > 0 : (∀δ > 0 : (∃x′ ∈ X : (ρ(x, x′) < δ, σ(f(x), f(x′)) > ϵ))))

Let δn : N→ R, δn = 1
n .Then,

∀n ∈ N : (∃xn : (ρ(xn, x) < δn, σ(f(x), f(xn) > ϵ)))

Let A = {xn ∈ X : n ∈ N}.Then x ̸∈ A, x ∈ Ã, therefore

f(x) ∈ f(Ã).
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Since S(f(x), ϵ) ∩ f(A) = ∅, f(x) ̸∈ ˜f(A).

Therefore,

f(Ã) ̸⊂ ˜f(A)

Proposition 22.

Let (X, ρ), (Y, σ) be metric spaces and f : X → Y.Then,

f is continuous ⇐⇒ (xn) : N→ X : xn → x =⇒ f(xn)→ f(x).

Proof.

(f is continuous =⇒ (xn) : N→ X : xn → x =⇒ f(xn)→ f(x))

Let x ∈ X and ϵ > 0.

∃δ > 0 : x′ ∈ X, ρ(x, x′) < δ =⇒ σ(f(x), f(x′)) < ϵ.

∃n0 ∈ N : ∀n ≥ n0 : ρ(x, xn) < δ.

Therefore,

∀n ≥ n0 : σ(f(x), f(xn)) < ϵ.

(((xn) : N→ X : xn → x =⇒ f(xn)→ f(x)) =⇒ f is continuous)

Assume that f isn′t continuous at x ∈ X.Then,

∃ϵ > 0 : ∀δ > 0 : ∃x′ ∈ X : ρ(x, x′) < δ, σ(f(x), f(x′)) > ϵ.

Let (δn) : N→ X, δn = 1
n .Then

∀n ∈ N : ∃xn ∈ X : ρ(x, xn) <
1
n , σ(f(x), f(xn)) > ϵ.

xn → x,

Therefore,

f(xn)→ f(x).Contradiction.

Therefore,

f is continuoss.
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Definition 14.

Let (X, ρ), (Y, σ) be metric spaces and f : X → Y.

f is uniformly continuous if :

∀ϵ > 0 : ∃δ > 0 : x, x′ ∈ X, ρ(x, x′) < δ =⇒ σ(f(x), f(x′)) < ϵ.

Proposition 23.

Let (X, ρ), (Y, σ) be metric spaces and f : X → Y.

∃k > 0 : ∀x, x′ ∈ X : σ(f(x), f(x′)) < kρ(x, x′) =⇒ f is uniformly continuous.

Proposition 24.

Let (X, ρ) be a metric space, σ : X ×X → R, σ(x, y) = ρ(x1, y1) + ρ(x2, y2).

Then ρ : (X ×X,σ)→ R is uniformly continuous.

Proof.

Let x, y ∈ X ×X.

ρ(x1, x2) ≤ ρ(x1, y1) + ρ(y1, y2) + ρ(y2, x2),

ρ(y1, y2) ≤ ρ(y1, x1) + ρ(x1, x2) + ρ(x2, y2)

Therefore,

|ρ(x1, x2)− ρ(y1, y2)| ≤ σ(x, y).

Proposition 25.

Let (X, ρ) be a metric space ∅ ≠ A ⊂ X, f : X → R, f(x) = ρ(x,A).Then,

f is uniformly continuous.

Proof.

Let x, y ∈ X and ϵ > 0.

∃x′ ∈ A : ρ(x, x′) < ρ(x,A) + ϵ,

ρ(y,A) ≤ ρ(y, x′) ≤ ρ(y, x) + ρ(x, x′) < ρ(x, y) + ρ(x,A) + ϵ.

Therefore,

ρ(y,A)− ρ(x,A) ≤ ρ(x, y).
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...ρ(x,A)− ρ(y,A) ≤ ρ(x, y).

Therefore,

|ρ(x,A)− ρ(y,A)| ≤ ρ(x, y).

Definition 15.

Let (X, ρ), (Y, σ) be metric spaces and f : X → Y.

f is called an isometry if :

∀x, y ∈ X : ρ(x, y) = σ((f(x), f(y)).

Definition 16.

Let (X, ρ), (X,σ) be metric spaces.

ρ, σ are equivalent if :

∀A ⊂ X : (A is ρ− open ⇐⇒ A is σ − open)

Proposition 26.

Let (X, ρ), (Y, σ) be metric spaces.Then,

ρ, σ are equivalent ⇐⇒

∀x ∈ X : (∀ϵ > 0 : (∃δ1, δ2 : (Sσ(x, δ1) ⊂ Sρ(x, ϵ), Sρ(x, δ2) ⊂ Sσ(x, ϵ)))) ⇐⇒

(xn) : N→ X =⇒ (xn →ρ x ⇐⇒ xn →σ x) ⇐⇒

id : (X, ρ)→ (X,σ), id−1 : (X,σ)→ (X, ρ) are continuous.

Proof.

1.

(ρ, σ are equivalent =⇒

(∀x ∈ X : (∀ϵ > 0 : (∃δ1, δ2 : (Sσ(x, δ1) ⊂ Sρ(x, ϵ), Sρ(x, δ2) ⊂ Sσ(x, ϵ))))))

Let x ∈ X and ϵ > 0.
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Sρ(x, ϵ) is ρ− open therefore is σ − open, therefore,

∃δ1 > 0 : Sσ(x, δ1) ⊂ Sρ(x, ϵ).

Sσ(x, ϵ) is σ − open therefore is ρ− open, therefore,

∃δ2 > 0 : Sρ(x, δ2) ⊂ Sσ(x, ϵ).

2.

(∀x ∈ X : (∀ϵ > 0 : (∃δ1, δ2 : (Sσ(x, δ1) ⊂ Sρ(x, ϵ), Sρ(x, δ2) ⊂ Sσ(x, ϵ)))) =⇒

(xn) : N→ X =⇒ (xn →ρ x ⇐⇒ xn →σ x))

Let (xn) : N→ X,xn →ρ x.

Let ϵ > 0.Then,

∃δ > 0 : Sρ(x, δ) ⊂ Sσ(x, ϵ).

∃n0 ∈ N : ∀n ≥ n0 : xn ∈ Sρ(x, δ).

Therefore,

∀n ≥ n0 : xn ∈ Sσ(x, ϵ).

3.

((xn) : N→ X =⇒ (xn →ρ x ⇐⇒ xn →σ x) =⇒

id : (X, ρ)→ (X,σ), id−1 : (X,σ)→ (X, ρ) are continuous)

It follows from proposition 24.

4.

(id : (X, ρ)→ (X,σ), id−1 : (X,σ)→ (X, ρ) are continuous =⇒

ρ, σ are equivalent)

It follows from theorem 6.
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