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Definition 1.
A metric space (X,p) consists of a set X and a function p : X x X — R:
IVzye X:p(xy) > 0.

2¥zy€e X:p(ny) =p (y,3)
Vaye X:(p(ry) =0 < z=y).

4V zyze X (p(vy) <p(x,2) +p (2y) )

Proposition 1.
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Proof.
Proposition 1 is true for n = 1.

Assume Proposition 1 holds for n > 1.
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Theorem 1. (Cauchy — Schwarz)
A1y -eny O 617 5n €eR

= (X 0))(Xin, 87) > (7, aifi)?
Proof.
n 2 n 2\ n AN2 n—1 n 2 [ QG ﬂj
(Xim1 05) Qi B7) — (i i)™ = 22y (20— 4 det <5i )) = 0.

Thus (327, O‘?)(Z?ﬂ 87 > (s @ifi)?



Proposition 2.
(@, B=0)A(p,g e R)A(p>1)A(

Proof.

Since log is (strictly) concave function:

(A€ (0,1)) A (z,y € (0,400)) =

log(Az 4+ (1 = A)y) > Alog(z) + (1 — A) log(y)

Let A = %,:z: = aP,y = (9,then

log(% + %q) > %log(ap) + %log(ﬁq) ,2therefore log(% + ’%q) > log(ap)

Since log is strictly increasing : af < QT;) —+ %q

Theorem 2. (Holder)
(P> DA G+ E=1)A(a1,anfi, .., > 0) =

S i < (0 af) (0, BT

Proof.

Cimiof =0)v (i, 8 =0) =

(ted{l,.,n} = =0)V(Ee{l,..,n} = 5 =0 =
S B =0.

Now lets assume that (3, af #0) A (31, BT #0).

Let%: Qs l,éi: Bi T
(Zio )P (i 8

n n v 8
21 70 < 21:1(% + 7&) =1
1 1
Therefore Y7 au; < (Y7, o) (S0, B0}

Theorem 3. (Minkowski)
(p=1) Ao, .osan, Br,..fn 2 0) =

n 1 n 1 n 1
iz (s +B)P)r < (X0 )7 + (0=, BY)?
Proof.
The theorem is true for p=1.Lets Assume that p > 1.

Letq:ﬁ,thenq>1and%+%:1.



D=

Let A= (S, (ci + Bi)7)7.
AP =370 (o + Bi)P = 300 (o + Bi) (o + Bi)P =
Y ai(aq+ BP0 Bila + B

(Holder) < (X7 af)» (S, (os + B;) P~ D9)a +
(X0, BD) 7 (S e + Bi) P~ D) a =

(Ciy af)7 (i (ai + Bi)P)7 +
(i B (i (s + B)7) 7 = A

Therefore

S

=
Q=

A< (S ad)e + (S0, B7)
Example 1.
P1 - R™ x R"® — R} P1 (l’,y) = Z?:l |‘Ti - y’L|

Proof.

z,y,z € R"

1.

Vie{l,...,n}:|x; —yi| >0,

Therefore pi(x,y) > 0.

2.

Vie{l,...,n} |z —yi| = |y — x4,

There fore py(z,) = pr (3 ).

3.

p(z,y) =0 = (Mie{l,..,n}:|z;, —y|=0) = z=y
r=y = (Mie{l,..,n}:|z;—y|=0) = pi(x,y) =0
4.

Vie{l,..,n}:la; — | <z, — 2|+ |z — vl

Therefore,

Sy ws =yl <300 e — 2l + 200 2 — il



Therefore,

p1(x,y) < pi(w, 2) + p1(z,y)-

Example 2.
n 1
p2 : R" xR" =R, py (z,y) = (30, (2 —yi)?)=.

Proof.

z,y,2 € R

1.

(e{l,nn} = (1i—y:)?>0) = (Xi(z—v)?)? >0
= p2(z,y) = 0.

2.

(i€{l,.ont = (zi—u:)?= (i —2:)?) =

i1 (@i — i)z = (il (vi — 0)?)
3.

NI
=

= p2(z,y) = p2(y, 7).

p2(w,y) =0 <= (i€{l,..,n} = (2; —y:)*=0)

e G e{ln) — m—y) > z—y.

4.

pi(x,y) = iy (@i —i)® = 1 (w0 — 20) + (20 — 4))®

= 2@ = 2)® + 2300 (@ — 2) (20 — ) + 207 (2 — i) <

S (@i — 22+ 2300 ey — zillz —wil + 2 (2 —wi)? <

S (@i = 2)? + 2000 (i — 2)2) 2 (e (2 — wa) D) E + S0 (2 — wi)?

= (i, (i — %)%) + (i (zi — yi)?)%)>?
= (p2(x,2) + pa(2,9))%.
Therefore,

pg(x,y) = ‘pZ(zvy)‘ < |p2(x,z) +p2(z,y)| = pg({ZZ,Z) +p2(z,y).

Example 3.
Poo - R XR" = R, poo (,y) = maz {|x; —yi| :i=1,....,n}



Proof.

1.

(te{l,.n} = |z, —yi| >0)

= maz{|lz; —yi| i€ {1,..n}} >0

= poo(z,y) 2 0.

2.

(ef{l,.n} = |2 —wl = |yi — @il)

= maz{|r; —y;| 11 € {1,..n}} = max{|y; — x| : i € {1,...n}}
= Poo(,Y) = Poo(y; )

3.

Po=0 <= (i€{l,..n} = |z;—y;| =0) <= z=y

4.

Jje{l,...n}t poo(®,y) = |2 — yjl

25 = g5l < laj — 2] + |25 — ;] <

max{|z; — z;| i € {1, ....,n}} + maz{|z; —y;| : i € {1,..,n}} =

Poo (T, 2) + poo(2,Y)

Example 4.
n 1
pp i R"XR" =R, pp (1,y) = (3= (@i —yi)")7,p € [1,00)

Proof.

1.

(te{l,..,n} = |z;—y|? >0)

— (Xl —wil)? 20 = py(a,y) 2 0.
2.

(i€{l,...n} = |z —yl? = [yi — x|7)

n 1 n 1
= (Lic |z —wil?)?) = Qs lys —zafP)»



= pp(T,y) = pp(y, )

3.

pp(x,y) =0 <= (ie{l,...,n} = |zi—y|=0) < z=y
4.

po(@,y) = (Siy 2 = wil")») = (S0, (s — ) + (2 — wa)|P)»

<0y e — 2lP)) + (S0 |2 — wilP)7) = ppl@, 2) + pp(2,1)

Proposition 3.

Assume (X1,01), ..., (Xn,00) are metric spaces,and X =[[_; X;.

We define :

Lp: X x X > R, pi(z,y) =30, 0i(zi,9)

2.02: X x X = R, pa,y) = (7, 07 (2, 91))

3P0 : X X X = R, poo(z,y) = max{o(x;,y:) 11 € {1,...,n}}

4.if p € [1,400) we define pp: X x X = R, pp(x,y) = (> Uf(mi,yi))%

(X7 Pl): (X7 p2)? (Xa pOC)a (Xa ,Op) are metric spaces.

Example 5.

p € [1,+00),

P ={(z,) € RN: 3 |z,P < +o0}
po(.y) = (S0 |on = val?)?

Then (IP, pp) is a metric space.

Proof.

sy eRNAnEN = (X0, |oi —uil?)? <

(i leal)7 + (S lal?)? < (o2 )7 + (202 lyal?) 7 < oo
Therefore,

pp(@,y) € [0, +00).

Let z,y,z € RY.



1.

(teN) = |z, —ylP >0 =

(neN = Y1 |z, —ylP >0) =

ZZO:1 |zi —yil? >0 =

(0, o —yaP)? >0 =

pp(x,y) > 0.

2.

(teN) = |z, —ulP =y — P =

Z;L:l | — yilP = Z?:1 lyi — x;|P =

Sl n = ynlP = 00 [yn — TP =

(0 e = yalP)? = (00 yn — 2al?)? = ppl@,y) = pp(y, ).
3.

pp(T,y) =0 <= VieN:|z; —y| =0 <<

(neN = Y |oi—y| =0) <= Yo |10 —ya| =0 <=
pp(ﬂc,y) = 0.

4.

(neN) = (S0 o —vil?)7 < (X0 (i — 2l + 20 — wi)P) 7
< (00 s — zfP)e + (0 |2 — wil?)

Therefore,

[e’e) 1 e’} 1 oo 1
(51 1 — 9al?)F < (5 o — 2al?) (5 2 — )
Example 6.
1° = {(z5) € RY : sup{|zn| : n € N} < 400},

Poo (1), (Yn)) = sup{|zn — yn| : n € N},

Then (I°, pso) is a metric space.

Proof.



(@), (yn) ERY = (n€N = |zn — yn| < |zn] + ynl)
= sup{|z, — yn| : n € N} < sup{|z,| + |yn| : n € N}
sup{|zn| + |yn] : n € N} < sup{|z,| : n € N} + sup{|y,| : n € N}
Therefore,

sup{|zn — yn| : n € N} < 400

Let(xy), (Yn), (z,) € RY.

1.

0 < |zy —y1] < sup{|zy, — yn| : n € N}.

Therefore,

oo (@), (yn)) = 0.

2.

Vn € N:|Zn — Yn| = |Yn — Tnl.

Therefore,

sup{|zn — yn| : n € N} = sup{lyn — zn| : n € N}

3.

poo((#n), (yn)) =0 <= Vn e N: |zn —yn| =0 <= (2n) = (yn)-
4.

Vn e Nz, —yn| < |zn — 20| + |20 — Unl-

Therefore,

sup{|en — yn| : n € N} <sup{|zn — zn| + [2n —ynl : n € N}
sup{|zn — zn| + |20 —yn] :n € N} <

sup{|zn — 2zn| : 1 € N} + sup{|z, — yn| : n € N}
Therefore,

Poo((n); (Yn)) < Poc((%n), (2n)) + Poo((2n)s (Yn))-

Example 7.



Assume that (X1,01),(X2,09),... is a sequence of metric spaces such that :
VneN: (Vo,y € X, : (on(z,y) <1)).

We define

X =TI, Xnyp: X x X = R, pla,y) = 300, Inllnyn)
Then (X, p) is a metric space.

Proof.

ryeX = Y ) o5 Loy Lo
Therefore,

p(z,y) € R.

z,y,z € X

1.

VieN:o(x;,y,) >0 = VnEN:ZLlwzo
= > W > 0.

2.

Vi€ N:oy(xi,yi) = 0i(yi, z4)

— VneN: Y1, o) s qler) iy y) = p(y, @),
3.

plz,y) =0 <= VYneN:o,(2n,y,) =0

<~ VneN:x, =y, < x=y.

4.

VneN: Y il (@ovi) <y w:
Sy G T, 2

Therefore,

oo T, 00 T, ,
Z . O'n(22’ Yn) S Zn 0'71( n zn) _’_Zn_ an( Zn yn)

n=1

Example 8.

10



C(le, B]) ={f : [, B] = R : feontinuous}.
L poo : C([a, B]) x C([av, B]) = R, poo(f, 9) = sup{|f — gl(z) : @ € [ov, B]}.
2 p1(£.9) : C(la, B]) x C(la, B]) = Ropa(f,9) = [ 1f — gl

(C([e, B]), poo), (C([er, B]), p1) are metric spaces.
Proof.

L.

If — gl : [, B] = R is bounded.

(Assume that |f — g| is not bounded. Then

Vn e N: 3z, € o, 0] : |f — gl(zn) > n.

(zn) contains a convergent subsequence (zy,,) (Bolzano — Weirstrass)
,such that zi, — o € o, B].Since |f — g| is continuous f(zy,) — f(x0).
Constradiction.Therefore |f — g| is bounded.)

1.1

(Ve € [a, 8] f - gl(x) > 0) A (BM > 0:|f — gl(a) < M) =

0 < sup{|f — gl(z) : @ € [, B]} < +o0.

1.2

Vo € fo, f]: [f —gl(@) = |g = fl(z) =

sup{|f — gl(x) : w € [a, B]} = supflg — fl(x) : = € [, B}

1.3

po(fr9) =0 <= Ve ela, f]:|f—gl(x) =0 < [f=g.

1.4

Vo € o, 8] 1f — gl(@) < |f — hl(@) + |k - gl(a).

Therefore,

sup{[f — gl(z) : @ € [o, B]} < sup{[f — hl(x) + |h — gl() : x € [a, ]}

sup{|f — h|(x) + |h — g[(z) : = € [a, B]} < sup{|f - hl|(z) : = € [o, B]}

11



+ sup{|h — gl(x) : 2 € [, 8]}

Therefore,

sup{|f — gl(a) : @ € [, B} < sup{|f — hl(2) : x € [a, B]} +
sup{|h — g|(z) : = € o, B]}.

2.1

Vo€ a8 |f —gl@) >0 = [7|f—g| >0.

2.2

Vo€ o, B |f — gl(x) =g — fl(x) = [ 1f—al =[]l fl.
2.3

((f : [o, B] = R continuous) A (Vx € o, 8] : f(z) > 0)

= [Pf=0<+ f=0)

Therefore,

since |f — g| is continuous and Yz € [o, B] : |f — g|(x) > 0,

pi(fig) =0 = f=g
Definition 2. (Open Sphere)

Let (X, p) be a metric space,z € X,and € > 0.

Open sphere with center x and radius € is the set :

S(z,e) ={2' € X : p(z,2') < €}.

Proposition 4.
Let (X, p) be a metric space,and Y C X.

o=plY XY = (YyeY:(Ve>0:(S:(y,e) =5,(y,e) NY)))
Proof.

z2€ 89,(y,€) <= z€Y No(y,z) <e

= 2€Y Ap(y,2) <e <= ze€YNS,(z,¢).

Proposition 5.

Let (X, p) be a metric space,x € X and ¢ > 0.Then,

12



Yy € S(x,€): (30 >0: (S(y,d) C S(z,¢€))).
Proof.

Let y € S(x,€) and 6 =€ — p(z,y).

z€8(y,0) = p(y,z) <6.

pla,z) < pla,y) +p(y, 2) < p(z,y) + €= p(z,y) = €
Therefore,

z € S(z,e).

Therefore,

S(y,d) C S(z,e€).
Definition 3. (Open Set)

Let (X, p) be a metric space and G C X.G is an open set if

Ve e G:(Je>0:(S(z,e) CG))

Corollary 1.
Let (X, p) be a metric space.

re€ X, e>0 = S(x,¢€) is an open set.

Theorem 4.

Let (X, p) be a metric space.Then,

1. 0, X are open sets relative to X.

2. (I Cc P(X))A(NVeel:cis open relative to X)
= G = ¢;cis an open set relative to X.

3.(n € N) A (G4, ..., Gy, 0pen sets relative to X) =

G= ﬂ?:l G, 18 an open set relative to X.

Proof.
1.

It follows from the definition.

13



2.

r€G@ = JeceP(X):x€c

Since c is an open set relative to X,
Je>0:8(z,¢e) CcTherefore,

S(z,e) C G.

3.

r€G = Vie{l,..,n}:3¢ >0:5(z,¢) CG;.
Let e = min{e; : i € {1,...,n}}.Then,

Vi e {l,...,n}:S(x,e) C G;.Therefore,

S(z,€) C G. O

Proposition 6.
Let (X, p) be a metric space, and G C X.Then,
G is an open set relative to X <=

(3I € P(X) : (Ve € I :cis an open set relative to X) A (G = J.¢;c))-
Proof.

— (G is open relative to X)
Ve G:3ey, >0:8(z,e,) C X
Let I ={S(x,¢;) : © € G}.Then,
G={\es

«—

It follows from TheoremA. O

Proposition 7.
Let (X, p) be a metric space,Y C X,0 = p|Y xY,and G C Y.Then,

G is open relative to Y <= JA C X : ((A open relative to X)A (G = ANY))

Proof.

—

14



Ve e G:(Jey >0: (So(x,€6,) CG))

So(,€2) = Sp(z,6,)NY

Let A=,cq Sp(z,€r).

A is open relative to X and

G =Useq 90 (7, €2) = Upea(Sp(2,€2) NY) = (Upea(Sp(@,€2)) NY = ANY
-

Letz € ANY.

ey > 0:(S,(z,€e,) C A)

So(z,€2) = Sp(z,6,)NY CANY.

Therefore,

G = ANY is open relative to Y.

Definition 4. (Interior Set)
Let (X, p) be a metric space and A C X.The interior of A is the set

A° = {G C X : (G open relative to X) A\ (G C A)}

Proposition 8.
Let (X, p) be a metric space.Then :
1.(G C A) A (G is open relative to X) = G C A°

2.A is open relative to X <= A= A°

Proposition 9.
Let (X, p) be a metric space and A C X.Then,

A°={re€A:3e>0:85(x,¢) C A}
Definition 5.

Let (X, p) be a metric space and F C X.

F is closed relative to X if F' is open relative to X.

Theorem 5.

Let (X, p) be a metric space.Then,

15



1.0 and X are closed relative to X.
2.(neN)A(i=1,..n) A (F; closed C X) = F =J_, F; is closed C X.

3.F=({F C X :Fisclosed} = F is closed.

Proposition 10.
Let (X, p) be a metric space,Y C X,0 = p|Y xY and F C Y.Then,

F is closed relative to Y <= dK closed C X : F=KnNY.

Proof.

F is closed relative to Y <=

Y \F open relative to Y <=
JAopen CX Y \F=ANY <

JAopen C X F=Y \(ANY)=YNANY)* =Y N(A°UY®°) =A°nY. O
Definition 6.

Let (X, p) be a metric space and A C X.
The closure of A relative to Xis the set :

A={F C X : F closed and A C F}

Proposition 11.

Let (X, p) be a metric space and A C X.
Then,

1.K C X,K is a close set , ACK — ACK.

2.Aisclose < A=A

Proposition 12.
Let (X, p) be a metric space and A C X.Then,

A={zecX:Ye>0:85(z,e)NA#0D}.

Proof.

We assume that e > 0: S(z,e) N A = 0.

16



Let K = 5¢(z,¢).

K is closed and A C K, therefore,

Ac K.Sincex ¢ K,z & A.

Therefore,

r€A = VYe>0:5(x,e)NA#(.

Lets assume that Ye > 0: S(z,e) N A # (.
e (A = Fe>0:5(x,€) C (A)°

= Je>0:S(z,e)NAC (A)°NA=0.
Therefore,

z € A

Therefore,

reA = VYe>0:8(xe)NA#0.
Definition 7.

Let (X, p) be a metric space,) # A C X,z € X.

p(z, A) = inf{p(z,y) 1y € A}.

Proposition 13.
Let (X, p) be a metric space.Then,

PAACX,zeX — (zeA < p(x,A) =0)
Proof.

(xeA & Ye>0:8(x,e)NA#D.)

Lets assume that x € A.

Let (en):N%R,en:%.VnEN:EIa:nGA:p(x,xn) <€n:%
0 < p(x, A) < p(z,2,) = L.
Therefore,

plx, A) =0.

17



Lets assume that p(z, A) = 0.
ThenVe>0:3y € A: p(x,y) <e.
Therefore,

Ve > 0:S(x,e)NA#D.

Therefore,

re A

Proposition 14.

Let (X, p) be a metric space, A C X.Then,
() = (a0)¢

2.(A%)° = (A)°

Proof.

1.

z € (A°) < VYe>0:S(z,e)NA° £
— Ve>0:5(z,6) g A < 2 ¢ A° <— z € (A°)".
2.

x € (A°)° <= Je>0:S(x,¢e) C A€

= F>0:8x,e)NA=0 < ¢ A — zc(AF

Definition 8.

Let (X, p) be a metric space and A C X.
1.A member x € X is called accumulation point of A if :
Ve>0: (S(z,e)\{z})NA#0D.

A ={z € X : x is an accumulation point of A}
2.A member x € X is called isolated point of A if :

Je>0: S(z,e)NA={z}

18



Proposition 15.

Let (X, p) be a metric space,and A C X.Then,
A=A UA.

Definition 9.

Let (X, p) be a metric space,and D C X.D is dence (in X) if D= X.
Definition 10.

A metric space is called separatable if it contains a countable dence subset.

Proposition 16.
Let (X, p) be a metric space and D C X.Then,

D is dence (in X) <= Vre X :Ye>0:DnNS(z,e¢) # 0.
Proof.

Assume that x € X,and € > 0.

x € D,therefore S(z,€) N D # 0. O

Definition 11.
Let (X, p) be a metric space, (z,,) : N = X.

(x5,) converges tox € X <= Ve >0:3ng € N:Vn > ng: p(an,z) <€

Proposition 17.
Let (X, p) be a metric space and (x,) : N — X.Then,

Ty =T, Ty =Y = T=Y.

Proof.

Therefore,

p(z,y) =0,

Therefore,

T =y.

19



Proposition 18.

Let (X, pn) be a sequence of metric spaces such that :
Yn e N:Va,y € X, : pulz,y) < 1.

X =TI, Xpyp: X x X = R, pla,y) = 352, Llnvn),
((X, p) is a metric space(exampleT))

(zn): N> XyeX = (2, 2>y < YmeN:lim, 00 Tn,, = Ym)
Proof.

Lets assume that x, = y and m € N.Then,

Vn € N: p(zn,, ,Ym) < 2™p(xn,y) — 0.

Therefore,

Tp =Yy = VmeN:lim, o0 Tn,, = Ym

Lets assume that Vm € N : lim, o0 Tn,, — Ym,and € > 0.

e eN: Y2 <%

. no—1 pm (T, Ym)
limy, o0 Dy Fgm®e = 0.
Therefore,

I €N:Vn>ny: o) enlEnum) o <

Assume that n > ny.

_ oo pnz(wn ym,) _ no—1 p'n(wn y'n) oo pm,(wn ym,)
P(l'n, y) - Zm:l 2"7'?) - Zm:l - 2:";’ . + Zm:ng 2:’?)
€ oo 1 € € __
S5t Xmenpam <3t3=c
Therefore,

Vm € N:limy yoo Ty, = Y = Tn = Y

Proposition 19.
Let (X, p) be a metric space® # A C X and x € X.Then,

r€A < J(z,): N> A:z, -z

20



Proof.

(x € A)

Let €, = L Since v € AVn eN:S(x,e,)NAH0.

Therefore,
VnEN:EIxneA:p(a:,xn)<en:%
Since p(z,z,) < L, 2, = .
Therefore,

reAd = J(z,): N> A:z, -z

Fzn) : N—= Az, = )

Let € > 0.Since x, — x,3Ing € N:Vn > ng : p(z,z,) < €.

Therefore,
S(z,e)NA#0.
Therefore,
zeA

Therefore,

Jxp): Nos Az, 5z = zc A

Proposition 20.

Let (X, p) be a metric space and A C X.Then,

Ais closed <= ((zp):N— Az, 52 = x € A)

Proof.
(A is closed)
Let (z,) :N— A z, — x.

x€A® = Je>0:S5(x,¢e) C A

Since x, — x,3Ing € N:Vn > ng : x,, € S(z,€).Contradiction.Therefore,

r e A
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Therefore,

(A is closed) = ((xn) :N—= Az, > = z € A)

((xn) N> Az, 2 = z € A)

We assume that A° isnt open.Then,

Jr € A°:Ve>0:S(x,e) N A+

Let €, = %.Then,

Vn € N: 3z, : p(z,z,) < €, = %xn — x,therefore x € A.Contradiction.
Therefore,

A is closed.

Therefore,

((xn) N> Az, w2 = v € A) = Ais closed

Definition 12. (Subsequence)
Let X be a set ,(z,) : N — X, (ng) : N — N strictly increesing.

Then x,, : N — X, is a subsequence of (x,,).

Proposition 21.
Let (X, p) be a metric space and (z,,) : N — X.Then,

Ty = T <= (yn is a subsequence ofr, = y, — )

Proof.

(xp, — )

Let (yn) be a subsequence of (xy,).

Let € > 0.3ng € N:Vn > ng : p(zp,x) < e.Then,
Y > ng: p(yn, ) <e.

Therefore,

Yn — T.

Therefore,

Tn =& = (yn is a subsequence ofx, = y, — )
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((yn) is a subsequence ofx, = y, — x))
(zn) is a subsequence of (x)

Therefore,

Xy — T.

Therefore,

(yn is a subsequence ofr, = y, — ) = x, — .

Corollary 2.
Let (X, p) be a metric space and (z,,) : N — X.Then

Tp A <= yn) : N—= X : (y,) subsequence of (x,) and y, / .
Definition 13.

Let (X, p), (Y,0) be metric spaces, f : X — Y,and zp € X.
Then, f is continuous at xqg if :

Ve>0:(30>0:(z € X, p(ro,z) <d = o(f(zo), f(2)))) <e.

Theorem 6.

Let (X, p), (Y,0) be metric spaces and f : X — Y.Then,
f is continuous <=

G CY,G is open = f~YG)is open C X <=

F CY,F isclose = f~YF)isclose CX <=

VAC X : f(A) C f(4)
Proof.

1.
(f is continuous = (G CY,G is open = f~1(G) is open C X)
Assume that G C Y is open,and x € f~1(G).Then f(z) € G.

Je > 0: S(f(x),e) C G.Since f is continuous
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30>0:2" € X, p(z,2') <d = o(f(zx), f(z')) <e

Therefore,

S(x,0) C f~YG).

2.

(G CY,Gisopen = f~YQ)isopen C X) =

(F CY,F isclose = f~Y(F)isclose C X))

Assume that F C Y is close.F is open,therefore f~1(F€) is open.
FUFe) = (f~Y(F)) is open.There fore,

((f7HE)))e = fH(EF) is close.

3.

(FCY,Fisclose = f~1(F)isclose CX) =

(VAC X : f(4) C £(4)))

AC fLUF(A) C FLU(F(A)).Since f(A) is closed, f~(f(A)) is closed.
Therefore,

AC f7Hf(A)

Therefore,

FA) C FUHFA)) = £(A)
4,

(VA C X : f(A) C f(A) = (f is continuous))

Assume that f isn't continuous at x € X.Then,
Je>0:(V0>0: (32" € X : (p(z,2) < 8,0(f(x), f(z') > €))))
Let 6, :N = R,8, = L .Then,

Vn € N: (Jzy 2 (p(zn, 2) < 0n,o(f(2), f(zn) > €)))

Let A={x, € X :neN})Thenz ¢ A,x € A, therefore

f(z) € f(A).
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Since S(f(x),e)N f(A) =0, f(z) & f(A).

Therefore,

F(A) ¢ f(A)

Proposition 22.
Let (X, p),(Y,0) be metric spaces and f: X — Y.Then,

[ is continuous <= (x,):N—=>X:z, 212 = f(z,) — f(2).

Proof.

(f is continuous = () :N—=>X:x, 22 = f(z,) = f(x))
Let z € X and € > 0.

3>0:2" € X,p(z,2') <d = o(f(z), f(z))) <e.

3ng € N:Vn >ng : p(x,x,) < 9.

Therefore,

Vn > ng:o(f(x), f(zn)) <e.

(((xn) : N=>X:z, 52 = f(z,) — f(x)) = f is continuous)
Assume that f isn’t continuous at x € X.Then,
Fe>0:V6>0:32 € X : p(w,2') <6,0(f(x), f(z))) > e

Let (6,) : N = X, 6, = L. Then

VneN:3z, € X : p(z,x,) < =,0(f(2), f(2n)) > €.

Ty — T,

Therefore,

f(zn) = f(x).Contradiction.

Therefore,

f is continuoss.
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Definition 14.
Let (X, p),(Y,0) be metric spaces and f: X —Y.
f is uniformly continuous if :

Ve>0:30 >0: 2,2 € X,p(z,2') <d = o(f(z), f(z))) <e.

Proposition 23.
Let (X, p),(Y,0) be metric spaces and f: X —Y.

Jk>0:Va,2' € X :o(f(x), f(2')) < kp(z,2’) = fisuniformly continuous.

Proposition 24.
Let (X, p) be a metric space,o: X x X = R, 0(x,y) = p(z1,y1) + p(x2, y2).

Then p: (X x X,0) = R is uniformly continuous.

Proof.

Let z,y € X x X.

p(x1,22) < p(z1,y1) + p(y1, y2) + p(y2, 22),
p(y1,y2) < p(yr, 21) + p(a1, 22) + p(e2,y2)
Therefore,

Ip(z1,22) — p(y1,y2)| < o(z,y). O

Proposition 25.
Let (X, p) be a metric spacel #AC X, f: X —- R, f(x) = p(z, A).Then,

f is uniformly continuous.

Proof.

Let x,y € X and € > 0.

' e A:p(z,2') < p(z, A) + ¢,

p(y, A) < ply,2") < p(y, ) + p(z,2") < p(z,y) + pz, A) + €
Therefore,

p(y, A) — p(z, A) < p(x,y).
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p(x, A) — p(y, A) < p(z,y).

Therefore,

lp(z, A) — p(y, A)| < p(z,y).

Definition 15.
Let (X,p),(Y,0) be metric spaces and f: X —Y.

f is called an isometry if :

Vo,y € Xt p(x,y) = o((f(2), f(y))-
Definition 16.

Let (X, p), (X,0) be metric spaces.
p, o are equivalent if :

VAC X :(Ais p—open < Ais o — open)

Proposition 26.

Let (X, p), (Y,0) be metric spaces.Then,

p, 0 are equivalent <=

Ve e X : (Ve>0: (301,02 : (Sy(x,61) C Sp(x,€),S,(x,02) C So(z,¢€)))) <=
(@n) N= X = (2, 2,0 <= z, 2, 2) &=

id: (X, p) = (X,0),id" ' : (X,0) = (X, p) are continuous.

Proof.

1.

(p, 0 are equivalent =

(Ve e X : (Ve > 0: (301,02 : (So(z,01) C Sp(x,€),Sp(x,02) C Se(z,€))))))

Let x € X and € > 0.
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Sy(x,€) is p — opentherefore is o — open,therefore,

301 > 0: So(x,81) C Sy(z,e€).

Sy (x,€) is 0 — opentherefore is p — open,therefore,

02 > 0: S,(x,02) C So(z,e€).

2.

(Vo e X : (Ve > 0: (361,02 : (So(z,61) C Sp(x,¢€),S,(x,02) C So(x,€)))) =
(@n) N2 X = (2, 2,2 < =, =, 7))

Let (z,):N— X, z,, =, .

Let € > 0.Then,

30 > 0:5,(x,0) C So(x,€).

Ing e N:V¥n >ng:x, € Sy(z,9).

Therefore,

Vn > ng: @, € So(z,€).

3.

(#n) N2 X = (2, =)0 <= 2, 25 2) =

id: (X,p) = (X,0),id ' : (X,0) = (X, p) are continuous)

It follows from proposition 24.

4.

(id : (X,p) = (X,0),id™ ' : (X,0) — (X, p) are continuous =
p, 0 are equivalent)

It follows from theorem 6.
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