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Abstract

Rivas’s model of spinning particles describes an electron as a point-like center of charge spinning
around a point-like center of mass with both points satisfying specific equations of motion. The
present remarks comment on various aspects of these equations, including notation, parameters of
the spin motion, methods for numerical integration, and a modification of the equations of motion
to model the Larmor precession of electrons.

1 Introduction

In the introduction to his book “Kinematical Theory of Spinning Particles,” Rivas wrote that it
“is an attempt to produce a classical, and also a quantum mechanical, description of spin and the
related properties inherent to it [...]” [Riv0l, page xix]. Such a description could provide a better
understanding of the internal structure of electrons, which to this day many researchers consider an
unsolved question. Additionally, a classical description of spinning electrons might also lead to a deeper
understanding of the quantum mechanics of electrons.

The present remarks are based on the present author’s efforts to implement a numerical integration
of Rivas’s equations of motion of spinning electrons [Riv01l, Riv24] in order to simulate the motion
of classical electrons in hydrogen atoms. One of the challenges of this scenario is that the center of
charge of the electron moves at the speed of light and orbits the center of mass many thousands of
times during one orbit of the center of mass around the nucleus of the hydrogen atom. Thus, the
numerical integration has to be quite stable to cover even a single orbit of the electron around the
nucleus. At the same time, the exact number of orbits of the spin motion during one orbit around the
nucleus is constrained by Einstein’s quantization condition [Kra25], thus, the numerical integration has
to be rather accurate to be consistent with Einstein’s quantization condition. Furthermore, the center
of mass of electrons in this scenario reaches relativistic speeds even in the ground state of hydrogen
atoms if the ground state is described by linear pendulum-paths as hypothesized by several researchers
[Eps16, PW35, Buc06] including Rivas [Riv24, page 18]. Thus, the scenario of a hydrogen atom sets a
relatively high bar for a successful numerical integration of Rivas’s equations, which might require the
use of multiple constants of motion as discussed in Section 4.

Unfortunately, an accurate numerical integration of Rivas’s classical equations of motion might not
be sufficient to simulate real electrons since the classical motion of electrons as determined by Rivas’s
equations does not always correctly describe the motion of real electrons as noted by Rivas for the case
of Larmor precession of an electron in a uniform magnetic field [Riv01, Riv24]. Therefore, an ad-hoc
modification of Rivas’s equations is proposed in Section 5 to model this Larmor precession in the hope
that this modification is generally useful. Another benefit of the modified equations is that they allow
for a plausible interpretation of each term as discussed in Section 5.

2 Notation

The notation employed in the present remarks follows the notation of Rivas [Riv01, Riv24] except for a
few name changes. Specifically, Rivas’s use of the subscripts “CC” and “CM” referring to the “center
of charge” and the “center of mass” is applied to more symbols as summarized in Table 1.



Table 1: Symbols differing from Rivas’s notation [Riv01, Riv24].

Symbol here Rivas’s notation Description

roem q position of center of mass

reco r position of center of charge

VoM v velocity of center of mass

veo u velocity of center of charge

mcM m mass resisting acceleration of center of mass
mcc — mass resisting acceleration of center of charge
YoM ~(v) Lorentz factor 1/4/1 — |vom|?/c?

qdcc e charge of electron

3 Frequency and Radius of Spin Motion

Rivas concluded that the center of charge of an electron spins around a resting center of mass at a
distance of Ry = h/(2mcwme) with angular frequency w = 2meyc®/h. While this is consistent with
the Zitterbewegung of Dirac electrons, it appears to be in conflict with de Broglie’s internal clock
hypothesis, which assumes an angular frequency of mcyc?/h. Since a resolution of this disagreement
might require different values of Ry and w [Kra24b], the equations in the present remarks do not
assume specific values of Ry and w as long as they fulfill the condition

Row = ¢, (1)

which follows from the assumption that the center of charge moves at the speed of light c.

4 Numerical Integration of Spin Motion

This section describes some methods to improve the stability (but not necessarily the accuracy) of the
numerical integration of the motion of spinning electrons.

4.1 Equations of Motion

In the notation introduced in Section 2, Rivas’s equations of motion for a spinning electron in an
external electromagnetic field in non-relativistic approximation (vem < ¢) are [Riv01, page 68][Riv24,
page 89]:
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where the electromagnetic fields E = E(t,rcc) and B = B(t,rce) are evaluated at roc and
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d*rom qcc 1
= E xB— — E x B) - 6
de? YeMmem vee 2 oM (B +vee ) - vom) (©)
d’rcc ¢ —veu - vee
@w - 5 (rem —rec) (7)
t lrem — rocl



where
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with the same constraint as in the non-relativistic case:
‘Vcc| = C. (10)

This constraint, the velocity-dependent acceleration, and any non-linear external electromagnetic
field (e.g., a Coulomb field) limit the benefits of many advanced numerical integration methods. There-
fore, the author chose to implement a straightforward explicit midpoint Euler integration with a rel-
atively small step size (1072%s) as it allows for a straightforward implementation of the constraint
|[vee| = ¢ by rescaling the vector vee in each step.

To avoid a diverging value of vy, the total energy of the electron was constrained as described in
the next section.

4.2 Constraining the Total Energy of the Center-of-Mass Motion

In the case of a known static external electromagnetic field, computing the total energy of the center-of-
mass motion based on ven, Mo, oo, and goc is straightforward if the motion is considered equivalent
to the motion of a charged particle in an external electromagnetic field. Given the computed total
energy and a constant target value for it, vcy may be rescaled after each integration step to bring the
computed total energy back to the constant target value.

However, care should be taken to avoid this correction if |voy| is very small (since the direction of
vou could be numerically ill-defined in this case), and it is useful to correct only part of the deviation
in each step of the integration in order to avoid any overcompensation, which might result in diverging
oscillatory deviations. Furthermore, the high-frequency spin motion might add an “uncertainty” to
the total energy (depending on the electric potential), which should not be corrected. Thus, as long
as the deviation of the computed total energy from its target value is relatively small, the correction
should be paused.

In addition to constraining the total energy of the center-of-mass motion and constraining the speed
of the center of charge, the radius of the spin motion should also be constrained as discussed next.

4.3 Constraining the Radius of the Spin Motion

Constraining the radius of the spin motion (in the rest frame of a free center-of-mass motion) to a con-
stant target value R is more complicated in the relativistic case due to relativistic length contraction;
therefore, the non-relativistic case is discussed first.

4.3.1 Non-Relativistic Case
The non-relativistic spin motion is described by Eq. (3):

d2 rcc
de?

= w2 (rCM — I'CC) .

Even if |vee| is constrained to ¢, Eq. (3) does not limit the distance |[rcy — rec| to Rg = ¢/w. In
fact, even the radius of curvature is not fixed but varies with the distance |[rcm — recl; thus, a small
numerical deviation of |rom — rocl| from R may lead to increasingly larger deviations over time. One
way of eliminating the dependency of the radius of curvature on the distance |rcm — rec| is to use



Eq. (1), i.e., Row = ¢, to rewrite Eq. (3) assuming |rcym — rec| = Ro:
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Together with the constraint |[vce| = ¢, the last equation fixes the radius of curvature to Ry. Thus,
even if [rom — recl| has deviated temporarily from Ry, the motion of r¢g is very likely to return to a
circular orbit of radius Ry around rcy if roy is at rest.

4.3.2 Relativistic Case

For relativistic speed |vcum|, relativistic length contraction affects the spin motion. In the rest frame
of a force-free electron that is observed to move with vy, the spin motion is always a circular orbit
with radius Ry. However, in the observer’s frame, the distance between rcy and roc may be different
from Ry due to the relativistic length contraction in the direction of vy. Thus, instead of assuming
|rem — rec| & Ry, the “uncontracted” length (the distance in the rest system of the electron) should
be assumed to be approximately equal to Ry.

To this end, the “contracted” distance d & rea — rec in the observer’s frame is split into a part
d; parallel to vou and a part d orthogonal to this direction with [d|? = |d|* +[d L[

o« d-veMm
dq = —= 15
l [vem|? v (15)
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|dj| may be considered the result of a length contraction with the inverse Lorentz factor 1/yom =

1 —|vcum|?/c2. Thus, the “uncontracted” length in the direction of vey is yem|d)|. On the other
hand, |d | is not affected by the length contraction since it is orthogonal to vey. Thus, the “un-
contracted” distance between rcy and roe in the electron’s rest frame depends on the direction of

rom — rec relative to vey and is given by \/7%M|d” |2+ |d 2.

Due to this dependency on the direction of rcy —rec, replacing [rey — rec| by Ro (see the previous
section) is not possible in the relativistic case. Instead, the length of the vector rcy — ree should
be replaced by the length of a vector, whose “uncontracted” length is Ry. Fortunately, it is easy to

construct such a vector by scaling the vector ram — ree with the factor RO/\/’Y%MMH |24 |d1|?. The

length of the scaled vector is then |rov — roc R()/\/7%M|d“ |2+ |d|%

Thus, Eq. (7) for the relativistic spin motion may be rewritten as:
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It might be worthwhile to check the plausibility of the right-hand side of the last equation by

considering two special cases: d| = 0 and d; = 0. For d; = 0, we have \/'y%M\dHP +1]d. ]2 =

|[di| =|d| = |rem — recl; and, therefore, the denominator of the first fraction on the right-hand side
of the equation reduces to Ry, which is plausible since there should be no effect of length contraction



in this case. On the other hand, for d; = 0, we have \/7%M|d||\2 +1di? = youm|d)| = yemld| =

YoM |rom — rocl; and, therefore, the denominator reduces to the fully length-contracted Ro/vcwm,
which is plausible since the full effect of length contraction should apply in this case.

5 Precession of Spin Motion in a Uniform Magnetic Field

Based on Egs. (2) and (3), Rivas computed the precession of the spin motion of a non-relativistic
classical electron in a uniform magnetic field B [Riv01, Ch. 2, Sec. 4.3][Riv24, Sec. 2.2.8]. His result
for the angular frequency of the spin precession is |gcmB|/(2mem) [Riv01l, page 83][Riv24, page 97],
i.e., Larmor’s angular frequency for a particle with g = 1. Rivas attributed the value g = 1 of the model
to a missing spin contribution [Riv01, page 69][Riv24, page 90], and argued that a deeper analysis of
the gyromagnetic ratio of electrons leads to g &~ 2 [Riv01, Ch. 6, Sec. 1.2][Riv24, Sec. 6.1]. Regardless
of the gyromagnetic ratio, however, it remains unclear how the classical version of Rivas’s electron
model could describe a motion that matches the experimentally measured spin precession of electrons.

After numerically confirming Rivas’s result for the frequency of the spin precession, the present
author included an ad-hoc term in the equation of motion for rcc, namely an acceleration of a param-
eterized mass mcc at roc by the external electromagnetic force. Preliminary numerical simulations
showed that the parameter mcc in the new force term may be tuned to model Larmor’s angular
frequency for a range of values of the electron’s gyromagnetic ratio, specifically mcc =~ 0.3mcy for
g ~ 2. At the time of writing, the only other motivation for the additional force term is that it allows
for a convenient interpretation as presented below.

More specifically, the additional force term is inserted in Eq. (3) while Eq. (2) remains unchanged.
Thus, the new equations of motion are:

d’*rem qcc

de2 T mem (B+vee x B) 20)
d’*rcc 9 qcc

gz = @ (rem—roc)+ P (E+vce x B) (21)

where the electromagnetic fields E = E(t,rcc) and B = B(t,rcc) are always evaluated at rec, and
voe is constrained by |[voe| = c.
The relativistic Egs. (6) and (7) become:
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where v is constrained by |[vec| = ¢ as in the non-relativistic case.

As mentioned, preliminary simulations of an electron in a uniform magnetic field with the setting
mgoc ~ 0.3mcy resulted in a spin precession at Larmor’s angular frequency for g ~ 2. The fact
that mgc had to be less than mcy for this result encourages the following interpretation of the
proposed equations of motion: The terms gcc (E 4+ vee X B) in Eq. (21) and Fey in Eq. (24) might
be interpreted as the direct effect of an external electromagnetic force on the electron’s charge at r¢c.
The terms w2 (rCM - I'CC) in Eq. (21) and (rCM - I‘C(j) (02 — VoM -Vcc) / |rCM — rcc|2 in Eq. (24)
could then represent an additive, internal force on the electron’s charge at rcc that keeps it on an
orbit around rcy. In this interpretation, the terms goc (E + vee X B) in Eq. (20) and Fey in Eq. (23)
could describe an indirect, time-averaged effect of an external electromagnetic force since it might
not be the external force itself that accelerates rcy but the motion of roc that accelerates the whole
mass mcym of the electron, which is represented by the center of mass at rcy. mec < mem supports
this interpretation since this relation means that the center of charge is more easily accelerated by an
external force than the center of mass, and, therefore, the center of charge might tend to lead ahead
and pull the center of mass with it.



It should be mentioned that this interpretation might help explaining why the external electromag-
netic force in Rivas’s theory has to be evaluated for the electromagnetic field at rco but accelerates
the center of mass at rcy. While this feature might be considered a strange curiosity in a theory of
point-like electrons, it is an essential characteristic of non-linear field-theoretical models of electrons
[BIF34, Kra23], where only a very small (in good approximation point-like) region of the field solution
reaches large enough field strengths to interact with external fields.

6 Conclusion and Future Work

As mentioned in Section 1, the present remarks are based on the present author’s ongoing efforts
to implement a somewhat general numerical integration of Rivas’s equations of motion of spinning
electrons. This is not a trivial task since finding convergent numerical routines for these equations can
be difficult—as Rivas mentioned already in the epilogue of his book [Riv01, page 314]. The present
author plans to address specific physical scenarios in future work.

With more evidence for the usefulness of Rivas’s model, interest in a plausible interpretation of
this model is likely to grow. Based on the discussion in Section 5, the present author hopes that a
slightly modified version of Rivas’s model could be interpreted as an approximation to an underlying
classical field-theoretical model of electrons—similarly to previously proposed modifications of Beck’s
neo-classical model of electrons [Kra24a].
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