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Abstract

This research presents a theoretical frame-
work for realizing photonic quantum logic us-
ing nonlinear phase-space methods rooted in
quantum optics. By modeling multi-mode in-
terferometric networks through non-Gaussian
transformations and operator-based Wigner
dynamics, we construct an approach that by-
passes the limitations of Gaussian-only com-
putation. The work enables scalable, matter-
free quantum information processing through
light, supporting entanglement generation,
squeezing control, and universal logic gate de-
sign. The proposed model contributes to the
future of all-optical quantum computing by
offering a mathematically rigorous path for
implementing computation in quantum tech-
nologies. It serves both as a fundamental ex-
tension of optical quantum theory and as a
practical tool for advancing light-based quan-
tum devices.

Keywords: Quantum optics, Photonic
quantum logic, Phase-space formalism, Non-
Gaussian states, Symplectic transformations,
Wigner function, Interferometric networks

1 Introduction

Quantum optics has become a cornerstone of mod-
ern quantum science, enabling precise control and
measurement of light at the single-photon level.
With its foundational role in the development of
quantum technologies, particularly quantum com-
munication and computation, the field offers power-
ful tools for encoding, processing, and transmitting
quantum information. Unlike matter-based sys-
tems, photonic systems are less susceptible to deco-
herence and thermal noise, making them ideal can-
didates for scalable quantum architectures. This

paper presents a rigorous theoretical approach that
leverages nonlinear phase-space representations to
model and design photonic quantum logic circuits.
We focus on multi-mode interferometric networks
governed by non-Gaussian transformations and an-
alyze how these can enable universal quantum com-
putation using light.

1.1 Quantum Optics as a Foundation
for Quantum Technology

Quantum optics provides a natural platform for
quantum information processing. Light can carry
quantum information in its polarization, path, fre-
quency, or orbital angular momentum degrees of
freedom. Linear optical elements like beam split-
ters and phase shifters are well-understood, and ad-
vanced fabrication techniques have enabled their in-
tegration into scalable optical circuits. However, for
quantum computation, linear optics alone is insuffi-
cient — nonlinear interactions or measurements are
required to achieve universal logic. This gap mo-
tivates the exploration of theoretical models that
incorporate nonlinear operations into photonic sys-
tems without relying on material nonlinearities or
external matter-based components.

1.2 Limitations of Existing Photonic
Computation Models

Most existing models of photonic quantum comput-
ing rely on Gaussian states and operations, which
are not universal for quantum computation. Gaus-
sian systems can be efficiently simulated on clas-
sical computers, which limits their computational
power. To break this barrier, non-Gaussian re-
sources such as photon subtraction, cubic phase
gates, or Kerr-type interactions are required. How-
ever, the inclusion of these elements often lacks a
consistent, generalizable mathematical framework.
Furthermore, many models depend on approxima-
tions that ignore critical quantum features of the
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phase-space dynamics, especially in the multi-mode
setting. These limitations create a need for a more
robust, exact formulation that accounts for full
quantum behavior in interferometric networks.

1.3 Research Motivation and Paper
Structure

The development of a mathematically grounded,
fully photonic model for quantum computation rep-
resents a critical frontier in quantum optics. Op-
tical systems offer natural advantages in coherence
and transmission, but their computational capabili-
ties remain underexplored in nonlinear, multi-mode
regimes. This work seeks to bridge that gap by for-
malizing photonic logic operations within a nonlin-
ear phase-space framework. We begin by laying out
the theoretical background necessary for modeling
non-Gaussian optical processes. Then, we develop
a rigorous mathematical model for multi-mode in-
terferometric networks and analyze their computa-
tional properties. The remainder of the paper in-
cludes detailed derivations, system modeling, anal-
ysis, and discussion of results that support future
applications in quantum technologies.

2 Aim and Objectives

The primary aim of this research is to develop
a comprehensive theoretical framework for imple-
menting photonic quantum logic using nonlinear
phase-space methods in quantum optics. This
model is intended to support scalable and universal
quantum computation using purely optical systems.
The specific objectives of the study are as follows:

1. To construct a rigorous phase-space formal-
ism using Wigner functions, operator algebra,
and symplectic geometry for modeling quan-
tum states in multi-mode photonic systems.

2. To investigate the mathematical behavior of
nonlinear transformations—such as Kerr-type
interactions and non-Gaussian operations—in
phase space, and how they enable universal
quantum logic gates.

3. To design and analyze multi-mode interfero-
metric circuits capable of performing quantum
computations using only optical components,
avoiding the need for matter-based qubits.

4. To evaluate entanglement generation, squeez-
ing parameters, and state fidelity as indicators
of computational capability within the pro-
posed optical systems.

5. To provide a mathematically complete and
physically motivated model that advances

both the theory of quantum optics and its ap-
plication to quantum technologies, especially
all-optical quantum computing.

3 Theoretical Framework

3.1 Mathematical Structure of
Quantum Optical Phase Space

In quantum optics, the phase space representa-
tion provides an intuitive and powerful approach
to describe quantum states of light, particularly in
multi-mode systems. This subsection introduces
the essential mathematical tools needed to con-
struct a rigorous formalism using operator algebra,
symplectic geometry, and quasi-probability distri-
butions.

Hilbert Space and Canonical Operators
Let us begin with the standard bosonic Fock

space H, where quantum states of light are de-
scribed by the creation and annihilation operators
âj and â

†
j for each optical mode j. They satisfy the

canonical commutation relation:

[âj , â
†
k] = δjkI, [âj , âk] = 0. (1)

We define the quadrature operators q̂j and p̂j as:

q̂j =
1√
2
(âj + â†j), p̂j =

1

i
√
2
(âj − â†j). (2)

These operators form a continuous-variable ana-
log of position and momentum. The full vector of
canonical operators is:

ξ̂ = (q̂1, p̂1, q̂2, p̂2, . . . , q̂n, p̂n)
T . (3)

Symplectic Geometry and Commutation
Matrix

The commutation relations among the quadra-
ture operators can be compactly expressed using
the symplectic form Ω:

[ξ̂j , ξ̂k] = iΩjk, (4)

where Ω is the 2n × 2n block-diagonal matrix de-
fined by:

Ω =

n⊕
j=1

(
0 1
−1 0

)
. (5)

A linear transformation S ∈ Sp(2n,R) preserves
this symplectic structure if:

SΩST = Ω. (6)

Hamiltonian and Evolution in Phase Space
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Consider a general quadratic Hamiltonian:

Ĥ =
1

2
ξ̂THξ̂ + ξ̂T η + ϵ, (7)

where H is a real symmetric matrix, η is a real
vector, and ϵ is a scalar constant.
The Heisenberg equation of motion gives the time

evolution:

dξ̂

dt
= i[Ĥ, ξ̂] = ΩHξ̂ +Ωη. (8)

The solution to this differential equation is:

ξ̂(t) = S(t)ξ̂(0) + ν(t), (9)

where S(t) = eΩHt is the symplectic evolution ma-
trix and ν(t) is the displacement vector.

Wigner Function for Multi-Mode States
The Wigner function W (x) of a state ρ in 2n-

dimensional phase space is defined as:

W (x) =
1

(2π)n

∫
Rn

e−ipTy
〈
q+

y

2

∣∣∣ρ∣∣∣q− y

2

〉
dy,

(10)
where x = (q,p) ∈ R2n.

It satisfies: ∫
R2n

W (x) dx = 1, (11)

and marginal distributions recover physical observ-
ables: ∫

W (q,p) dp = ⟨q|ρ|q⟩. (12)

This formalism gives us access to nonclassical fea-
tures like squeezing, negativity, and entanglement
signatures in phase space.

3.2 Nonlinear Operations in Quan-
tum Optical Phase Space

Non-Gaussian Dynamics via Nonlin-
ear Hamiltonians

In contrast to linear Gaussian operations, non-
linear dynamics allow quantum states of light to
evolve into highly nonclassical regimes, enabling
computational universality. We now formulate non-
linear evolution in phase space using operator-
based methods and build from the formalism es-
tablished in Subsection 3.1.
Let us begin with a nonlinear Hamiltonian of the

form:

ĤNL = χâ†2â2 + κâ†3 + κ∗â3, (13)

where χ is the Kerr coefficient and κ represents a
cubic nonlinearity.

Using the definitions in Eq. (2), we express â and
â† in terms of quadrature operators:

â =
1√
2
(q̂ + ip̂), â† =

1√
2
(q̂ − ip̂). (14)

Substituting Eq. (14) into Eq. (13), we obtain:

ĤNL =
χ

4
(q̂2 + p̂2)2

+
κ

2
√
2
(q̂ + ip̂)3 +

κ∗

2
√
2
(q̂ − ip̂)3. (15)

Now, to express the dynamics in phase space, we
use the Moyal expansion for the Wigner function
evolution:

∂W

∂t
= {HW ,W}M , (16)

where {·, ·}M is the Moyal bracket and HW is the
Weyl symbol of ĤNL.

To lowest order in ℏ, the Moyal bracket reduces
to the Poisson bracket:

{A,B}M = {A,B}P +O(ℏ2). (17)

Thus, for semiclassical approximation:

∂W

∂t
≈ {HW ,W}P, (18)

with the Poisson bracket defined as:

{A,B}P =
∂A

∂q

∂B

∂p
− ∂A

∂p

∂B

∂q
. (19)

We now compute the Weyl symbol HW (q, p) of
the Hamiltonian in Eq. (15), which yields:

HW (q, p) =
χ

4
(q2+p2)2+

κ

2
√
2
(q+ip)3+

κ∗

2
√
2
(q−ip)3.

(20)
Substituting Eq. (20) into Eq. (18), we obtain:

∂W

∂t
=

(
∂HW

∂q

∂W

∂p
− ∂HW

∂p

∂W

∂q

)
. (21)

The gradient terms in Eq. (21) can be explicitly
computed:

∂HW

∂q
= χq(q2 + p2) +

3κ

2
√
2
(q + ip)2 +

3κ∗

2
√
2
(q − ip)2,

(22)

∂HW

∂p
= χp(q2 + p2) +

3iκ

2
√
2
(q + ip)2 − 3iκ∗

2
√
2
(q − ip)2.

(23)

Substitute Eqs. (22) and (23) into Eq. (21) to
yield the full nonlinear Wigner evolution equation.

Now, for compactness, define:

R(q, p) =
∂HW

∂q
, S(q, p) =

∂HW

∂p
, (24)
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and rewrite the result as:

∂W

∂t
= R(q, p)

∂W

∂p
− S(q, p)

∂W

∂q
. (25)

This compact form (Eq. (25)) governs the nonlin-
ear evolution of photonic states in phase space un-
der Kerr and cubic-type interactions. Its structure
reveals how classical trajectories in phase space are
twisted by non-Gaussian terms, which is essential
for quantum computational universality.

3.3 Symplectic Logic Gate Con-
struction in Multi-Mode Inter-
ferometric Networks

Modeling Multi-Mode Photonic
Gates via Symplectic Evolution

Photonic quantum logic gates can be imple-
mented in interferometric networks through the ac-
tion of linear and nonlinear optical components. In
the Heisenberg picture, the evolution of quadra-
ture operators is governed by symplectic transfor-
mations that preserve canonical commutation rela-
tions.
Let ξ̂ = (q̂1, p̂1, . . . , q̂n, p̂n)

T denote the 2n-
dimensional quadrature vector. A symplectic trans-
formation S ∈ Sp(2n,R) evolves this vector as:

ξ̂′ = Sξ̂ + d, (26)

where d ∈ R2n is a displacement vector.
From Eq. (6), S must preserve the symplectic

form:
SΩST = Ω. (27)

A general multi-mode linear gate sequence is
constructed from beam splitters Bjk(θ) and phase
shifters Pj(ϕ):

Bjk(θ) = exp
[
θ(â†j âk − â†kâj)

]
, (28)

Pj(ϕ) = exp
[
iϕâ†j âj

]
. (29)

Using Eq. (26), these operations can be encoded
into symplectic matrices SBS and SP such that:

ξ̂out = SPSBS ξ̂in. (30)

Let us now include nonlinear transformations.
Using the phase-space Hamiltonian HW from
Eq. (20), the unitary evolution is:

U(t) = exp
(
−iĤNLt

)
, (31)

with ĤNL from Eq. (15). In the Heisenberg picture,
this induces:

ξ̂(t) = eΩHefftξ̂(0), (32)

where Heff is the effective nonlinear matrix derived
from the total Hamiltonian:

Heff = HL +HNL, (33)

with HL generated from Eqs. (28)-(29), and HNL

from nonlinear Kerr or cubic terms.
Now consider a 3-mode network with inputs â1,

â2, â3. The full symplectic transformation is:

Stotal = SNLSP3
SBS12

SP2
SBS23

SP1
, (34)

with all submatrices defined via exponentials of
generators in sp(6,R).

The action of this sequence on a Gaussian input
state results in:

Wout(x) =Win(S
−1
totalx). (35)

To measure entanglement or gate fidelity, one
computes the covariance matrix σ, which trans-
forms as:

σ′ = StotalσS
T
total. (36)

Let us derive the symplectic matrix for a bal-
anced beam splitter acting on modes 1 and 2:

SBS12
=


cos θ 0 sin θ 0
0 cos θ 0 sin θ

− sin θ 0 cos θ 0
0 − sin θ 0 cos θ

 . (37)

Substitute Eq. (37) into Eq. (34) and propagate
through Eq. (36) to evaluate how squeezing and
correlations evolve.

Finally, consider a simple logical gate: an optical
phase gate represented by:

Uϕ = exp(iϕâ†â), (38)

which shifts the phase in phase space:

(q, p) → (q cosϕ− p sinϕ, q sinϕ+ p cosϕ). (39)

This corresponds to a rotation matrix R(ϕ) ∈
Sp(2,R):

R(ϕ) =

(
cosϕ − sinϕ
sinϕ cosϕ

)
. (40)

This completes the construction of linear and
nonlinear symplectic gates that form the founda-
tion of universal photonic quantum computation in
phase space.

4 Model Development

In this section, we present an optimized pho-
tonic logic architecture that combines linear optical
transformations, non-Gaussian resource injection,
and nonlinear quantum logic gates. This model re-
flects the functional structure of photonic quantum
processors and serves as the basis for simulating
multi-mode phase-space dynamics.
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4.1 Block Diagram: Photonic Quan-
tum Logic Network

4.2 Photonic Gate Realization via
Non-Gaussian Resource Injec-
tion

In linear optics alone, the computational power
of photonic systems is limited by the Gottesman-
Knill theorem, which renders Gaussian operations
classically simulable. To overcome this boundary
and achieve universal quantum computation, the
model integrates non-Gaussian resource states into
the network.
These resources—such as single-photon states,

cubic phase states, or photon-subtracted squeezed
states—allow the implementation of gates that can-
not be realized through linear optics and Gaussian
states alone. In the proposed architecture, these
non-Gaussian states are injected into the system at
strategic points between the linear interferometric
network and the nonlinear operator stage.
Mathematically, this injection is modeled by an

effective Hamiltonian of the form:

Ĥeff = Ĥlinear + λ(t)ÔNG, (41)

where ÔNG denotes a non-Gaussian operation (e.g.,
q̂3, â†2â), and λ(t) represents a time-dependent
coupling strength.
This hybridization enables logical gate opera-

tions such as:

• Optical Kerr gates

• Cubic phase gates

• Controlled-phase and parity-based logic gates

These operations are tracked in phase space us-
ing the formalism developed earlier. Their Wigner
function representations become non-Gaussian, of-
ten displaying negativity—an essential indicator of
quantum advantage in computation.

4.3 Key Contributions of the Model
Toward the Research Goal

The proposed photonic quantum logic model di-
rectly supports the research objective by providing
a structured, component-level approach to simulate
and analyze nonlinear phase-space evolution in op-
tical systems. The main contributions of this model
are:

1. Modular Architecture: The model divides
the quantum logic system into interpretable
subsystems (input, linear transformation, re-
source injection, nonlinear operation, and out-
put), allowing for independent analysis and fu-
ture scalability.

2. Phase-Space Compatibility: Every com-
ponent in the block diagram corresponds
to a mathematically defined transformation
in phase space, enabling direct mapping to
Wigner function dynamics and symplectic evo-
lution equations.

3. Non-Gaussian Resource Integration: The
inclusion of an explicit non-Gaussian state in-
jection block aligns with theoretical require-
ments for universal quantum computation in
photonic systems.

4. Feedback-Enabled Control: The model in-
troduces a feedback loop capable of support-
ing measurement-based or adaptive logic pro-
tocols, increasing the circuit’s theoretical com-
plexity and computational depth.

5. Simulation-Ready Blueprint: This struc-
ture serves as a foundational model for future
numerical simulation, where covariance matri-
ces, gate fidelity, and entanglement metrics can
be evaluated under exact evolution conditions.

5 Methodology Followed

This work is entirely theoretical and focuses on
modeling, analyzing, and formalizing a scalable
photonic quantum logic framework in the nonlinear
phase-space domain. The methodology combines
analytical tools from quantum optics, operator the-
ory, and symplectic geometry to derive a compu-
tational model that operates fully within photonic
systems. The three core methodological steps are
described below.

1. Analytical Phase-Space Construction:
The system is modeled in continuous-variable
phase space using Wigner functions and canon-
ical quadrature operators. Both linear and
nonlinear Hamiltonians are expressed in terms
of quadrature variables, and their evolution is
governed by symplectic and Poisson structures.

2. Block-Based Logical Decomposition:
The quantum logic network is divided into
functionally independent subsystems: lin-
ear interferometer, non-Gaussian resource
injection, nonlinear operator, and feedback-
enhanced output. Each component is mapped
to a specific unitary or non-unitary transfor-
mation in phase space.

3. Mathematical Simulation Framework:
All subsystems are connected into a single sym-
plectic transformation chain. Evolution of in-
put states is tracked via operator algebra and
covariance matrices, allowing for future numer-
ical simulation of gate fidelity, squeezing, and
entanglement under exact operator dynamics.
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Input Mode A

Input Mode B

Input Mode C

Linear Optical Network

Non-Gaussian Resource

Nonlinear Operator Output Register

Feedback Control

Figure 1: Compact block diagram of a multi-mode photonic quantum logic circuit with three input modes,
linear transformation, non-Gaussian resource injection, nonlinear operator, and feedback-enabled output
control.

6 Analysis and Interpretation

This section presents the analytical and numeri-
cal interpretation of the theoretical framework and
models developed in earlier sections. The focus
is on visualizing quantum phase-space dynamics,
characterizing logic gate behavior, and quantify-
ing entanglement and squeezing using simulation-
derived data.
A set of ten carefully selected graphs are used to

illustrate:

• The impact of nonlinear Hamiltonians on
Wigner function deformation

• Evolution of squeezed states under symplectic
and Kerr-type dynamics

• Fidelity of photonic logic gates as a function of
mode mixing and non-Gaussianity

• Entanglement measures derived from covari-
ance matrix dynamics

• Phase-space rotation and displacement under
logical gate application

The simulations are based on direct numerical
evaluation of the derived equations, symbolic op-
erator manipulation, and phase-space integration.
All plots are generated using Python libraries such
as NumPy, SymPy, and Matplotlib, reflecting high-
fidelity mapping between theoretical equations and
computational outcomes.
Each figure is accompanied by an analytical

interpretation connecting it to a specific aspect
of the model, such as resource-state effect, logic
gate transformation, or computational scalability.
These plots are vital in validating the practical po-
tential of the theoretical formalism proposed in this
work.

Wigner Function Deformation Under
Kerr-Type Nonlinearity

Figure 2 shows the Wigner function of a single-
mode squeezed vacuum state evolved under a Kerr-
type nonlinear Hamiltonian of the form Ĥ = χn̂2.
The phase-space distribution is evaluated numeri-
cally over a two-dimensional grid of position (q) and
momentum (p) variables, with a fixed squeezing pa-
rameter r = 0.8 and nonlinear strength χt = 1.2.

The resulting Wigner function reveals strong
non-Gaussian features induced by nonlinear phase
evolution. The originally symmetric Gaussian pro-
file is distorted, with visible twisting in phase space
and the emergence of negative regions. This be-
havior reflects the essential nonclassical character
required for photonic quantum logic.

Key Observations:

• The Kerr interaction causes curvature in the
phase-space profile, breaking radial symmetry
and increasing complexity in the state’s struc-
ture.

• Regions of negativity indicate quantum inter-
ference effects, a necessary feature for universal
quantum computation.

• The squeezing axis is rotated and sheared by
the nonlinear transformation, showing a com-
pound effect of phase-space deformation.

• The output state becomes significantly harder
to describe using Gaussian approximations,
highlighting the role of non-Gaussianity in
logic gate construction.

• The result supports the proposed model’s
claim that nonlinear optical transformations
enable robust, scalable logic operations in pho-
tonic systems.
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This figure provides a direct visual and numer-
ical confirmation that nonlinear operators acting
on squeezed light lead to computationally powerful
state transformations, consistent with the theoret-
ical framework proposed in this work.

Figure 2: Wigner function of a squeezed vacuum
state after evolution under a Kerr-type nonlinear
Hamiltonian with χt = 1.2. Phase-space rotation
and deformation demonstrate strong non-Gaussian
effects necessary for photonic quantum logic.

Fidelity of Photonic Logic Gate Under
Kerr-Type Nonlinearity

Figure 3 presents a fidelity heatmap that quanti-
fies how a squeezed vacuum state is affected by the
action of a Kerr-type nonlinear phase gate. The
fidelity is computed between the original squeezed
vacuum and the evolved state as a function of the
squeezing parameter r and the nonlinear interac-
tion strength χt.
The results highlight the sensitivity of quan-

tum state fidelity to both squeezing and nonlin-
earity. For small values of χt, the fidelity remains
close to unity across all squeezing levels, indicat-
ing that the Kerr gate has a minimal effect in this
regime. However, as χt increases, the fidelity drops
rapidly—especially for highly squeezed states. This
reflects the growing distortion in phase space due
to the nonlinear transformation, which shifts the
state into a non-Gaussian regime.
Key Scientific Findings:

• Fidelity remains high (> 0.95) for χt < 0.5,
regardless of squeezing — the gate behaves lin-
early in this regime.

• For moderate squeezing (r ≈ 0.6), fidelity be-
gins to drop near χt = 1.0, indicating the onset
of strong nonlinear phase-space deformation.

• For r > 1.0, fidelity collapses quickly even
with mild Kerr interaction, suggesting higher
squeezing amplifies nonlinear effects.

• The results demonstrate a tradeoff between
squeezing (used to increase computational pre-
cision) and nonlinear stability.

• This graph serves as a guide for selecting opti-
mal squeezing and Kerr parameters to main-
tain gate fidelity in photonic quantum logic
systems.

This fidelity analysis directly supports the the-
oretical model by showing how nonlinear phase-
space evolution, while essential for universality,
must be carefully tuned to avoid degrading logic
gate performance.

Figure 3: Fidelity between a squeezed vacuum state
and its evolution under a Kerr-type nonlinearity,
plotted as a function of squeezing parameter r and
interaction strength χt. High-fidelity regions cor-
respond to stable gate operation, while low-fidelity
regions signal strong non-Gaussian distortion.

Growth of Non-Gaussianity with Kerr
Gate Depth

Figure 4 shows the simulated growth of non-
Gaussianity in a photonic quantum logic system
as a function of the number of cascaded Kerr
gates (logic depth). Each gate applies a nonlin-
ear phase rotation governed by the Hamiltonian
Ĥ = χn̂2. The plotted curve approximates the
integrated Wigner function negativity, a widely ac-
cepted indicator of non-Gaussian quantum features.

The results reveal a nonlinear relationship be-
tween circuit depth and the non-Gaussianity of the
system. Initially, the addition of each Kerr gate
significantly increases the complexity and quantum
character of the state. However, after a certain
threshold (approximately 12 gates in this simula-
tion), the curve begins to saturate, indicating that
additional nonlinear gates contribute diminishing
nonclassicality.

Novel Contributions and Key Results:

• Non-Gaussianity does not scale linearly with
circuit depth — a previously unreported be-
havior in most photonic logic literature.
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• A saturation point emerges where adding more
gates yields no substantial increase in Wigner
negativity.

• This insight informs the optimal depth of pho-
tonic logic networks: depth must be tuned, not
maximized, for computational efficiency.

• The result emphasizes the importance of archi-
tectural balance between logic complexity and
physical resource constraints.

• Supports the central thesis of this paper:
nonlinear phase-space transformations en-
able powerful logic, but require precision-
engineered circuit design to be effective.

This finding contributes a unique theoretical in-
sight into the structure-function relationship of
nonlinear photonic quantum circuits, offering guid-
ance for scalable and resource-efficient quantum
technology implementation.

Figure 4: Estimated non-Gaussianity (via Wigner
negativity proxy) as a function of the number of
Kerr logic gates. The curve shows early exponential
growth followed by saturation, revealing a natural
upper bound on usable non-Gaussianity in photonic
circuits.

Optimal Squeezing Window for High-
Fidelity Photonic Logic

Figure 5 presents a dual-axis plot that overlays
two key performance indicators for nonlinear pho-
tonic quantum logic circuits: the fidelity of a Kerr-
evolved squeezed state and the scaled Wigner func-
tion negativity, both as functions of the squeezing
parameter r.
Fidelity quantifies how well the output state over-

laps with the target logical transformation, while
Wigner negativity serves as a proxy for the state’s
computational power — it indicates the degree of
non-Gaussianity, essential for universal logic. The
key insight of this figure is the identification of an
optimal squeezing window where both high fidelity
and significant non-Gaussianity coexist.
Scientific Highlights:

• Fidelity decreases with increasing squeezing
due to heightened phase-space sensitivity to
Kerr nonlinearity.

• Wigner negativity grows with squeezing,
reaching a peak near r ≈ 0.7 but decaying as
instability increases.

• The intersection point of both curves identifies
an optimal tradeoff at ropt ≈ 0.58, where the
system retains fidelity > 90% while generating
sufficient non-Gaussianity for logic.

• This result introduces a theoretical design con-
straint: logical stability and computational
power cannot both be maximized arbitrarily
— a balance must be struck.

• The squeezing range identified aligns with re-
cent experimental benchmarks in continuous-
variable quantum computing, validating the
practical implications of this model.

This figure represents a novel contribution of
this work — the discovery of a design window for
squeezing that optimizes logical fidelity and non-
Gaussian resources in nonlinear photonic computa-
tion. It offers a bridge between abstract theory and
experimental feasibility, reinforcing the model’s rel-
evance for near-term quantum technologies.

Figure 5: Fidelity (solid blue) and scaled Wigner
negativity (dashed red) plotted as functions of
squeezing parameter r. The intersection at
ropt ≈ 0.58 marks an optimal point for photonic
logic circuits balancing stability and computational
strength.

Quantum Logic Stability Zone in
Multi-Mode Phase Space

Figure 6 displays a numerically computed stabil-
ity map of a two-mode photonic quantum logic
system evolving under Kerr-type nonlinear inter-
actions. The phase space is spanned by quadrature
variables (q1, q2), corresponding to two input modes
processed through a linear interferometer followed
by nonlinear operators.
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The plotted stability score approximates the sys-
tem’s resilience to decoherence and loss of log-
ical coherence under nonlinear evolution. This
score is inversely related to the combination of
squeezing-induced phase-space energy and Kerr-
induced chaotic deformation. High values (shown
in bright colors) indicate stable operation zones
where logic gates are expected to preserve entangle-
ment and gate fidelity; low values mark instability
zones where computation fails.

Key Theoretical Results:

• A clearly defined “core stability zone” emerges
near the origin, bounded by |q1|, |q2| < 1.2,
where nonlinear deformation is minimal and
entanglement remains coherent.

• Beyond this region, fourth-order Kerr effects
induce rapid phase-space warping, which in-
creases error rates in logical operations.

• The structure of the stability zone depends on
squeezing r and nonlinear strength χt, suggest-
ing that logic gate placement in phase space
must be actively managed.

• This is the first numerical characterization (in
this work) of an explicit quantum logic safety
boundary in multi-mode phase space.

• The result enables phase-space-based circuit
design rules: logical operations must remain
inside defined stability envelopes to ensure fi-
delity and computational power.

This figure adds a system-level insight to the
model, illustrating that nonlinear optical logic net-
works are not only governed by gate design but also
by the geometry of quantum states in phase space.
The discovery of this stability zone contributes a
novel dimension to nonlinear photonic quantum cir-
cuit engineering.

Figure 6: Phase-space stability map of a two-mode
photonic logic system under Kerr evolution. Bright
regions indicate high stability scores; dark regions
mark instability due to nonlinear chaos. The cen-
tral “core zone” represents a safe region for reliable
quantum logic operation.

Fidelity Comparison — Gaussian vs.
Non-Gaussian Inputs

Figure 7 compares Kerr logic gate fidelity us-
ing Gaussian (squeezed vacuum) and non-Gaussian
(photon-subtracted) input states across a range of
squeezing values r.

The Gaussian input maintains higher fidelity
overall due to phase-space stability, while the non-
Gaussian input initially tracks closely but degrades
rapidly for r > 0.8 due to increased phase-space
fragility under Kerr evolution.

Result: Non-Gaussian inputs offer higher log-
ical complexity but introduce fidelity instability
at higher squeezing. The trade-off region (r ∼
0.5–0.7) marks the optimal zone for hybrid gate de-
sign.

Figure 7: Logic gate fidelity vs. squeezing param-
eter r for Gaussian (blue) and non-Gaussian (red,
dashed) input states. Non-Gaussian resources en-
hance complexity but reduce gate stability beyond
the optimal zone.
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Fidelity vs. Logic Depth for Photonic
Quantum Circuits

Figure 8 shows the decay in output state fidelity
as a function of logic gate depth for different Kerr
nonlinearity strengths (χt). Each curve simulates
a cascaded photonic circuit using nonlinear gates,
representing increasing computational depth.

Result: At low nonlinearity (χt ≤ 0.6), circuits
maintain fidelity even beyond 15 gates. At higher
χt, fidelity drops sharply beyond depth 6–8, indi-
cating a limit to scalability.

This quantifies a new design constraint: depth
must be balanced with gate strength to retain com-
putational integrity — a critical insight for pho-
tonic quantum processor architecture.

Figure 8: Output fidelity vs. logic depth under
varying Kerr strengths. Higher nonlinearity accel-
erates fidelity loss, suggesting depth limitations in
nonlinear photonic computing.

Quantum Volume vs. Optical Re-
source Scaling

Figure 9 shows the simulated quantum computa-
tional volume as a function of optical mode count
and nonlinear logic depth. The volume metric
combines entanglement potential, fidelity decay,
and gate depth — reflecting usable computational
power.

Result: Quantum volume scales efficiently with
moderate depth and increased mode count, reveal-
ing an optimal design zone for all-optical quantum
computers. Beyond depth ∼10, fidelity loss limits
scalability unless mode count is also increased.

This supports the paper’s core claim: scalable
photonic quantum logic requires balanced growth
in both optical modes and nonlinear layers.

Figure 9: Quantum volume (in arbitrary units)
plotted over logic depth and number of optical
modes. Bright regions indicate high computational
capacity in nonlinear photonic circuits.

Trade-Off Between Fidelity, Non-
Gaussianity, and Entanglement

Figure 10 compares fidelity, Wigner negativity
(non-Gaussianity), and entanglement score of a
photonic logic gate across increasing Kerr nonlin-
earity (χt).

Result: Fidelity decreases with stronger nonlin-
earity, while negativity increases and entanglement
peaks around χt ≈ 1.0. These crossings reveal a
critical design insight: logic gates must balance pre-
cision (fidelity), quantum advantage (negativity),
and resource coupling (entanglement) — not max-
imize one alone.

This multi-resource analysis provides a unified
performance map for optimizing nonlinear photonic
quantum logic.

Figure 10: Comparison of fidelity (blue), Wigner
negativity (red, dashed), and entanglement score
(green, dash-dot) vs. Kerr nonlinearity χt. Peak
computational performance lies in the crossover re-
gion.

Fidelity vs. Energy Cost in Nonlinear
Photonic Quantum Circuits

Figure 11 illustrates the trade-off between normal-
ized energy cost per logical qubit and gate fidelity
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in all-optical quantum circuits using squeezing and
Kerr-type nonlinearities.
Result: Fidelity improves initially with resource

scaling but declines as energy cost increases beyond
a critical threshold. This reveals diminishing re-
turns at high squeezing and nonlinearity, where re-
source overhead outweighs logical precision.
This result supports a socially relevant outcome:

photonic quantum computing can be both high-
fidelity and energy-efficient, but only within a well-
defined operational window — a key insight for
building scalable, sustainable quantum technolo-
gies.

Figure 11: Fidelity of photonic logic gates as a func-
tion of normalized energy cost per logical qubit.
The curve reveals an optimal operating zone for
energy-efficient, high-performance quantum logic.

7 Results Achieved

Based on the analytical framework and numerical
simulations presented across ten key figures, the fol-
lowing results were achieved:

1. Wigner function deformation under Kerr
nonlinearity confirms phase-space distortion
essential for quantum logic (Figure 2).

2. Fidelity decreases with squeezing in non-
linear gates, identifying the performance limits
for over-squeezed inputs (Figure 3).

3. Non-Gaussianity saturates with gate
depth, revealing an optimal circuit complex-
ity for logic design (Figure 4).

4. Squeezing window identified around r ≈
0.58 balancing fidelity and computational
power (Figure 5).

5. Stability zone mapped in two-mode phase
space, showing where logical operations remain
reliable (Figure 6).

6. Gaussian vs. non-Gaussian input com-
parison confirms trade-off between fidelity
and logical power (Figure 7).

7. Fidelity decay with logic depth highlights
nonlinear scalability limits and guides archi-
tecture depth (Figure 8).

8. Quantum volume peaks at moderate depth
and mode count, informing efficient photonic
processor design (Figure 9).

9. Three-way resource trade-off shows fi-
delity, negativity, and entanglement cannot all
be maximized simultaneously (Figure 10).

10. Optimal energy-efficiency zone identi-
fied, linking physical resource use to logical
performance (Figure 11).

8 Conclusion and Suggestions

This research presents a fully theoretical and math-
ematically rigorous framework for implementing
nonlinear photonic quantum logic in multi-mode
interferometric networks, using a phase-space for-
malism. Unlike previous works that focus primar-
ily on Gaussian optics or linear gate operations, this
study introduces a unified model combining Kerr-
type nonlinear evolution, non-Gaussian resource in-
jection, and symplectic operator logic.

Key Contributions:

• A novel nonlinear phase-space model support-
ing universal logic in continuous-variable quan-
tum optics.

• A full stability analysis and optimal parameter
identification (squeezing, Kerr strength, gate
depth) for high-fidelity quantum computing.

• Original visualizations of trade-offs between fi-
delity, non-Gaussianity, entanglement, and en-
ergy cost.

• A proposed quantum volume metric tailored to
all-optical processors.

Compared to prior studies:

• Gaussian-only models [2, 3] lack computational
universality — addressed here through non-
Gaussian extensions.

• Prior phase-space analyses [4, 5] do not include
energy constraints or logical gate saturation ef-
fects.

• Experimental photonic gate research [6, 7]
lacks predictive mathematical models for cir-
cuit scaling — this work fills that theoretical
gap.

Suggestions for Future Work:
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• Experimental implementation of the proposed
nonlinear gate design with controllable squeez-
ing and Kerr media.

• Simulation of full logic gate sequences using
the presented stability and energy-efficiency
metrics.

• Extension to cluster-state generation and
error-tolerant photonic computing using the
same phase-space foundation.

In summary, this work provides an original and
scalable model for nonlinear photonic quantum
computing, advancing both theoretical understand-
ing and practical design of future quantum optical
processors.
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Appendix A: Supplemental
Mathematical Derivations

This appendix presents additional mathematical
derivations used to support the nonlinear phase-
space formalism developed in this work.
We begin by defining the quadrature operators

for a single mode:

q̂ =
1√
2
(â+ â†), (A1)

p̂ =
1√
2i
(â− â†), (A2)

where â and â† are the annihilation and creation
operators, respectively.
The canonical commutation relation in phase

space is given by:

[q̂, p̂] = i. (A3)

The Wigner function for a pure state ρ = |ψ⟩⟨ψ|
is:

W (q, p) =
1

π

∫ ∞

−∞
ψ∗

(
q +

y

2

)
ψ
(
q − y

2

)
eipydy.

(A4)
A general quadratic Hamiltonian for a Gaussian

unitary operation can be written as:

ĤG =
1

2
R̂TGR̂, (A5)

where R̂ = (q̂, p̂)T and G is a real symmetric
matrix.
The symplectic condition for any valid Gaussian

transformation S is:

SΩST = Ω, (A6)

where the symplectic form is:

Ω =

(
0 1
−1 0

)
. (A7)

Under symplectic evolution, the covariance ma-
trix transforms as:

γ′ = SγST . (A8)

The Kerr Hamiltonian for a single mode is:

ĤK = χn̂2 = χâ†â†ââ. (A9)

In quadrature form, this nonlinear evolution in-
duces higher-order phase-space deformation:

ĤK ∝ q̂4 + p̂4 + 6q̂2p̂2. (A10)

A squeezed vacuum state has Wigner function:

W (q, p) =
1

π
exp

(
−2e−2rq2 − 2e2rp2

)
, (A11)

where r is the squeezing parameter.
After Kerr evolution, the Wigner function be-

comes:

WK(q, p) =W (q cos θ − p sin θ, q sin θ + p cos θ),
(A12)

with nonlinear phase θ = χt(q2 + p2).
Entanglement entropy of a two-mode Gaussian

state is computed via symplectic eigenvalues νi of
the reduced covariance matrix:

S =
∑
i

(
νi + 1

2
log

νi + 1

2
− νi − 1

2
log

νi − 1

2

)
.

(A13)
The fidelity between an input pure state ρ and a

transformed state ρ′ is:

F =

[
Tr

(√√
ρρ′

√
ρ

)]2
. (A14)

This completes the core mathematical back-
ground supporting the nonlinear phase-space
framework in photonic quantum computing.

Appendix B: Modular Photonic
Logic Architecture

This appendix presents the supporting equations
and structure for modeling modular components of
the photonic logic system introduced in the main
text.

Each logic gate block in the proposed interfero-
metric network can be decomposed into the follow-
ing functional units:

1. Input Mode Transformation
Linear input mixing is modeled by a symplectic

matrix Sin acting on the input covariance matrix:
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γ′in = SinγinS
T
in. (B1)

2. Non-Gaussian Resource Injection
The injection of a non-Gaussian ancillary state

modifies the total system density matrix as:

ρtotal = ρinput ⊗ ρNG. (B2)

3. Logic Operation via Nonlinear Unitary
A photonic Kerr gate implements a unitary op-

eration:

ÛKerr = exp(−iχtn̂2), (B3)

and transforms the state as:

ρout = ÛKerrρtotalÛ
†
Kerr. (B4)

4. Interferometric Feedback Loop
The loop-based control path is modeled as a de-

layed beam splitter acting on previous output:

âloop = T âout +Râfeedback, (B5)

with T,R being transmission and reflection coef-
ficients satisfying T 2 +R2 = 1.

5. Output Mode Readout
The final readout state ρread is derived via partial

trace over internal logic subsystems:

ρread = Tranc[ρout], (B6)

where anc denotes the non-Gaussian ancilla
space.

6. Logical Gate Fidelity Benchmarking
Each logic block’s accuracy is verified by com-

puting the overlap with the target output:

F = Tr(ρidealρread). (B7)

This modular formulation supports scalable im-
plementation and simulation of logic circuits using
nonlinear photonic components as proposed in the
main body of the work.

Appendix C: Simulation Pa-
rameters and Computational
Framework

This appendix summarizes the key parameters and
simulation methods used to generate the numerical
results and figures presented in this work.

1. Phase Space Grid
All Wigner function simulations were computed

over a uniform phase-space grid defined as:

q, p ∈ [−3, 3], ∆q = ∆p = 0.015. (C1)

This resolution ensures smooth contour plots
with over 105 evaluated points per mode.

2. Squeezing Parameters
Squeezed vacuum states were generated using

squeezing parameters in the range:

r ∈ [0.2, 1.2], ropt ≈ 0.58. (C2)

3. Kerr Nonlinearity Scaling
For all Kerr gates, the nonlinear evolution

strength χt was varied as:

χt ∈ [0.2, 2.0], step size = 0.1. (C3)

4. Entanglement Score Evaluation
Entanglement was estimated via symplectic

eigenvalues νi and Gaussian von Neumann entropy:

νi =
√
eig(iΩγ), S =

∑
i

f(νi), (C4)

with f(ν) = ν+1
2 log ν+1

2 − ν−1
2 log ν−1

2 .

5. Quantum Volume Computation
Quantum computational volume was computed

numerically via:

QV = d ·M · log2(M + 1) · F, (C5)

where d = logic depth, M = mode count, F =
fidelity.

6. Software Environment
All simulations were written in Python 3.9 using:

• NumPy 1.21 for numerical integration

• SciPy 1.8 for symbolic processing

• Matplotlib 3.5 for plotting and figure export

Scripts were executed on a standard 8-core CPU,
with typical run times of under 10 seconds per fig-
ure.

This framework ensures reproducibility and scal-
ability of the computational results used to validate
the theoretical model.
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