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Abstract

We apply SING, a notion inspired by singularity (viXra:1812.0480 [v1]), to the Birch and
Swinnerton-Dyer conjecture to suggest that the conjecture is related to the twin prime conjec-
ture.

1 Glossary

A = B: Ais defined as B.

ae A: s an element of the sef A .
AB: line segment AL .

A" transpose of matrix 4 .

BSD: Birch and Swinnerton-Dyer .
C: the set of complex numbers .
CHT: Cayley—Hamilton theorem .
D: discriminant .

det: deferminant .

EC: elliptic curve .

GCM: generalised Cartan matrix .
GIMP: GNU Image Manipulation Program .
?: Imaginary unit .

I,,: n X n identity matrx .

LHS: left-hand side .

MR: multiple root .

MT: multiplication table .
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N: {1,2,3,...}.

O: the origin (0, 0) or (0, 0, 0) .
O,,: n X n null mafrix .

RR: fhe set of real numbers .

RHS: right-hand side .

SIM: singular matrix .

Sn—1: p-dimensional unit sphere .
SYM: symmetric matrix .

TPC: twin prime conjecture .

tr: race .

2 Introduction

Being relafed to an EQ , the BSD conjecture has been of some interest [1, 2. Our idea is to consider
the EC

y* = 2° — d*x [3, Figure 1.2] (D

and apply SING, a singularity-inspired notion [4], to it.

3 Applying SING to EC

First, let D of (1) be
—16{4- (—d®)® +27-0?} = 64d° " )
We assume D # 0, that is, d # 0 in (2) 2. Next, in order to compute SING, we write (1) as

2 —d?r—y* =0

and set this

¢ =2 —dxz—y*=0.

By computing

'ct, [5].
2If d = 0, d? in (1) becomes 0. In this case, we deal with y? = 2. Cf. [4, 7.1]. We will also treat the cases d>
in (1) are pure imaginary numbert s in Discussion.
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=
ASH

= %(m?) —d?r —y?) = 32® — d* — 29%’

one gets the T-form w = d¢ = (32? — d?)dz — 2ydy. And one solves

322 —d* =0,
—2y=20

to get (z,y) = (i\%, 0). Thus, SING’s of (1) are the points

(G50 and (=20) G
Remark 3.1. Since ({\% + (—\%)}/2, (04 0)/2) = (0,0), O is the midpoint of (3).

Example 3.2. y? = 2® — 25x. SING’s are (:I:\%, 0).

We visualise this example as follows:

load(draw);
draw2d(xaxis=trueyaxis=truexlabel="x" ylabel="y",
implicit(y*2=x"3-25-x,x,-8,12,y,-20,20));

Jusrfshare/maxima/5.46.0/share/draw/draw.lisp
[gr2d(implicit)]
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Fig. 1. Visualisation of Example 3.2. Black dots indicate its SING’s B .

3 wxMaxima ver. 24.02.1 is used for this kind of visualisation, and yielded images are sometimes retouched by
appropriate software e.g., GIMP ver. 2.10.36.
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We classify this example into the categories IN and OUT, according to the whereabouts of its

SING’s? .

4 Visualising ‘non-EC’s’ with SING’s

Talking of the roots of the RHS of (1), when an EC is written as y* = f(z), f(x) doesn’t have MR
by definition . By the way, there seem some curves which are related to, but not regarded as EC’s,
since their RHS’s have MR’s. We call such curves ‘non-EC’s’ tentatively, and for the sake of
comparison, we visualise some of them with SING’s.

Example 4.1. y? = (x + 1)*(z — 1).
Remark 4.2. x = —1 is MR of the above example.

First, we try visualising the example.

load(draw)s
draw2d(enhanced3d=true,xaxis=trueyaxis=truexlabel="x",ylabel="y",
implicit{y*2=(x+1)"2-(x-1),%,-4,4,y,-4,4));

[gr2d(implicit)] Gnuplot (window id : 0) - 0 6

FE # #@aa 3 ?

4

Fig. 2. Visualisation of Example 4.1

4Cf. [4, Table].


https://brilliant.org/wiki/elliptic-curves/#definition
https://brilliant.org/wiki/elliptic-curves/#definition

Clearly and unfortunately, the point (—1,0) 5 is missing for some reason in the above figure &+ 2.
So we add it to the figure ¥ :

Fig. 3. Fig. 2 after the addition of the point (—1, 0), which is indicated by a black dot.

Next, we compute SING as before. Since

&l&
8 [

= Hz+1)@-1) -yt =(x+1)(Bz—1) — 2y ¥,

we get the [-form w = d¢ = (v + 1)(3xz — 1)dx — 2ydy. Then, we set

(x+1)(3xz—1) =0,
_2y - 07

5See Remark 4.2.

°Cf. [6, Figure 12].

"There might be technical reason(s) behind this phenomenon.
8Cf. footnote 3.
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which we solve to get (z,y) = (—1,0) and (5, 0). We plot these points on the above figure, such

points being indicated by red crosses .

Fig. 4. Designating SING’s in Fig. 3

We classify this example into the categories ON and OUT, according to the whereabouts of its
SING’s ™

Remark 4.3. A straightforward computation yields (1'(_22;&'1, EE0) = (3, 0). So the right

SING (3, 0) can be regarded as the point dividing the line segment that joins the points (—1,0) and
(1,0) in the ratio 2 : 1™,

Example 4.4. y? = (x + 1)(z — 1)

Remark 4.5. x =1 is MR of the above example.

Ditto.
108ee footnote 4.
11Cf, herel .
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Likewise, we visualise this example.

load(draw)$
draw2d(enhanced3d=true,xaxis=trueyaxis=truexlabel="x"ylabel="y",
implicit(y*2=(x+1)-(x-1)"2,x,-4,4,y,-4,4));

[gr2d(implicit)] Gnuplot (window id : 0) =

B E # # @@ a@a 1 ?

4

Fig. 5. Visualisation of Example 4.4

We compute SING as before. First,

=
ASH

= L@+ D)@ —1)?—y*} = (z - Bz + 1) — 2y
Then, we get the T-form w = d¢ = (z — 1)(3z + 1)dz — 2ydy. We set

{(x—n@x+n:o,

—2y =0,
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which we solve to get the points (2,y) = (—3,0) and (1,0). Indicating these points by black
crosses, we plot them on the above figure:

Fig. 6. Showing SING’s in Fig. 5

We classify this example into the categories ON and IN, according to the whereabouts of its
SING’s™ .

Remark 4.6. A straightforward computation yields (2'(_1142;1'1, 2041.0) — (=3, 0). So the left

SING (— %, 0) can be regarded as the point dividing the line segment which joins the points (—1, 0)
and (1,0) in the ratio 1 : 2™ |

. . 1
5 Implication of ﬁ?

When we once dealt with SING’s, we encountered the points (\/ig, \/Lg), <_\/L§’ \/Lg), etc [7, Fig. 4].
Taking this opportunity, we try to know whether such \/%’s play some role in our current interest.

First, we notice that the points in (3) contain two \/Lg ’s, which leads us to imagine the following
right triangle , where AB=+3,BC=1,CA =2

12¢f. footnote 4.
BCf. Remark 4.3.
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V3

Fig. 7. A right triangle which is related to the value \/%

Actually, tan 6 = % = \/ig And due to the Pythagoras” theorem , we have AB 2+ BC 2 = CA 2.

Next, we rewrite AB, BC, and CA as z, y, and z, respectively. Then, we have
4yt =20 4)

(4) is akind of the double cone , a three-dimensional object. That is, such rewriting resulted in
‘higher-dimensionalisation’ of the two-dimensional object in Fig. 7. So we leave the Carfesian
plang and mention e.g.,

1
33

a point on 52 : x2 + y% + 22 = 1. Multiplying (5) by v/3 yields

( ); ®)

-
5l

3

(1,1,1). (6)

We get inspired by (6) to write vector i = (1,1, 1) and let «, 3, be angles between the vector
and x, y, z-axes, respectively. Then,

_ 1.141-04+1-0 _ 1 —_ 1-041-141-0 _ 1
COS ¥ = V1211212102402 V3° COS 5 V12412112/02412 402 NEH
cosy = 1.04+1-041-1 __ 1 [m@

V12412412V024024+12 © V3

We have thus seen %’s again and again. At this point, these values might seem a miscellany of
coincidence, but they will prove to have some implication in the following arguments (hopefully).

14Cf, here .
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6 Identity-based decomposition of GCM

Inspired by (6) again, we imagine the line £ = ¥ = %, whose direction vecfor is (1,1,1). This
line passes through O and can be obtained from

(z—y)?*+@Wy—2)7°+(z—2)*=0 7

[4, Discussion|. Using the LHS of (7), we introduce the following identity.

207 + 2% + 227 — 20y — 2yz — 220 = (v —y)* + (y — 2)* + (2 — )% (8)

Each side of (8) is rewritten as follows.

20 —y — z
LHS=2(2x —y—2)+y(—z+2y —2)+ 2(—x —y+22) = (v y 2) [ -+ 2y — 2 ]

—xr —y+ 2z
2 -1 -1 T
-1 -1 2 z
and

r—y 10 -1 1 —1 0
RHS= (z—y y—= zx)[yz](xyz)[l 1 0 ] [ 0 1 1] [

z—XT

Since LHS amounts to RHS, we have

2 -1 -1 1 0 -1 1 -1 0
-1 2 —-1}1=1-1 1 0 0o 1 -11{.
-1 -1 2 0 -1 1 -1 0 1

We notice that the LHS of the above is a GCM. So use of a certain identity resulted in the decompo-

2 -1 -1
sition of GCM A = [ -1 2 -1 ] , which is also an [/.-matrix , into the product of B =

-1 -1 2
1 0 -1
-1 1 0

0 -1 1

1 -1 0
0o 1 -1 ] . And we point out the following.
-1 0 1

and C' =

10
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Property 6.1. det A =0, so Aisa SIM.
Property 6.2. trA = 6.

Property 6.3. A? = 3A.

Property 6.4. AisaSYM, since AT = A.
Property 6.5. B is a SIM, since det B = 0.
Property 6.6. trB = 3.

Property 6.7. BT = C.

Property 6.8. Since det of a square matrix is the same as that of its transpose , det B =
det BT =detC =0T . So C'is a SIM.

Property 6.9. Since a matrix and its transpose have the same t1 , trB = trBT = trC' = 3™ ,
Property 6.10. CB = BC(= A).
Property 6.11. B+ C = A.

Property 6.12. det(B + C) = det B + det C.

Here we get interested in whether other ways of decomposition e.g., A = DE, A = FG, ..., and
so on are possible. We note that from (z — )2+ (y—2)?+ (z—1)* = (y—2)?+ (y—2)? + (2 — 1)?

y— 1 0 -1 11 0
=y—z y—=z za:)[y—z](xyz)[ 1 1 0 ] [ 0 1 —1] [ ]
. 0 -1 1 10 1 p

we obtain the decomposition

2 -1 -1 -1 0 -1 -1 1 O
-1 2 -1 = 1 1 0 0 1 —-11].
-1 -1 2 0 -1 1 -1 0 1

< 8

15See Properties 6.5 and 6.7.
16See Properties 6.6 and 6.7.

11
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Likewise, from (z — ) + (y — 2)* + (z —2)?> = (zr —y)* + (y — 2)* + (v — 2)?

T —y 1 0 1 1 -1 0 x
=r—-y y—-zz—2)y—2z|=@@yz| -1 1 0 0o 1 -1 Yy
T—z 0 -1 -1 1 0 -1 z

we obtain the decomposition

2 -1 -1 1 0 1 1 -1 0
[—12—1][—11 O][Ol—l],
-1 -1 2 0 -1 -1 1 0 -1
2 -1 -1 0o 1 1
[121][1 01][
-1 -1 2 -1 -1 0

And we point out the following.
Property 6.13. P+ PT £ A™
Property 6.14. det P = det PT = 0™ . So P and PT are SIM’s.
Property 6.15. trP = trPT = 0™,
Property 6.16. P3 = P,

Since we have often seen matrices where tr # 0, Property 6.15 intrigues us in a sense, which leads
us to compute

0 1 -1 0 1 1 1 -1
PfP=11 0 -1 1 0 -1 | = 1 2 1 ,
1 -1 0 -1 -1 0 -1 1 2

1Cf. Property 6.11.
8Cf. Property 6.8.
9Cf. Property 6.9.

12



for that matter; we point out the following.
Property 6.17. PTPis a SYM, since (PTP)T = PTP.

Property 6.18. PTP #+ PPT(= A)™ .

7 Implication of CHT?

Inspired by Properties 6.1, 6.2, and so on, we refer to CHT, which states that for a 3 x 3 matrix A,
we have

A — (trA)A® + é{(trA)2 — trA?}A — (det A)I3 = Os. )

Substituting det A = trA = 0 into the LHS of (9) yields

and characteristic polynomial of matrix A is

2
P (tr; >t. (10)
trA2

If we are allowed to replace ¢ and “£- in (10) by = and d?, respectively, we encounter z° — d*z,
the RHS of (1), which suggests that CHT has something to do with an EC. By the way, since SING
computation of (1) yielded \/%’s in (3), we will mention them in what follows.

7.1 Encountering \/% repeatedly

Now we should like to know whether such \/%’s are related to PT. Let us consider the following.

)l

Substituting the above relation into S? : 22 + y? + 22 = 1, one gets

Y -2+ (X -2+ (X -Y)* =1, (11)

which is visualised as follows.

20Cf. Property 6.10.

13
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load(draw)s

draw3d(proportional_axes=xyz,enhanced3d=true,
xlabel="X"ylabel="Y",zlabel="Z",
implicit((Y-Z)22+(X-Z)*2+(X-Y)*2=1,X,-2,2,Y,~2,2,Z,-2,2));

[gr3d(implicit)]

Gnuplot (window id : 0)

B E & # @@ a 1 ?

15 | 2
15
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05
0.5
-1
-1 1.5
15 2

view: 120.000, 324.000 scale: 1.00000, 1.00000

Fig. 8. Visualisation of (11)

What is visualised in the above figure looks cylindrical. To understand it more precisely, we
introduce the following matrix.

V2 0o L
i

R I 2
V6 V2 VB

Property 7.1.1. @ is an orthogonal matrix, since Q' Q) = QQ* = I .
Property 7.1.2. Moreover, since det () = 1, () is a special orthogonal matrix .

Remark 7.1.3. () can be decomposed into RS, the product of

14
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Sis
s =dl-

and S =

A
SR
s ©

Property 7.1.4. Since RRT = RTR SST = STS =I5, and det R = det S = 1, both R and

S are special orthogonal matrices ™

Seeing a few —=’s in (12), we use () for relating (X, Y, Z) to (x, y, z) as follows.

)l

f

Explicitly,
\/§$ 4
X Vst
g = ~7 + ? + 7 ,
R

and we are ready for making a claim.
Claim 7.1.5. The stuff visualised in Fig. 8 is an open cylinder .

Proof. We substitute (13) into the LHS of (11) and compute

T z x 4 _Z 2 fI
{_76+\/L§+_3_2(__6_£?/J§+33)} —I—{\[?) \[ (_T_f f)}+{
(_76+7§+73)} = (\/_Qy) +<7 V2 _|_(7_7) = 322 + 392

So (13) transforms (11) into 322 + 3y? = 1, which is the same as

1
2 2
74y =3

(13)

z

\/g_

(14)

Clearly, this is a circle in a Cartesian coordinate system , whose radius is f However, if we take

for granted the three-dimensional ™ , (14) can be regarded as an open cylinder as shown below.

2LCf. Property 7.1.2.
22Cf, herel .

15
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load(draw)$
draw3d(proportional_axes=xyz,enhanced3d=true,

xlabel="x"ylabel="y" zlabel="z2",
implicit(x~2+y~2=1/3,%,-1.5,1.5,y,-1.5,1.5,2,-1,3));

- o 9

?

Gnuplok (window id : 0)

[gr3d (implicit)]
2 o# @ e a v

E B8

view: 13.0000, 7.00000 scale: 1.00000, 1.00000

Fig. 9. Visualisation of (14)

Schematically,

some transformation . . .
> bpen cylinder in Fig. 9.

stuff in Fig. 8

Since the above transformation is dictated by a special orthogonal matrix = , and every rotation
can be represented uniquely by an orthogonal matrix with unit determinant , the transformation is
essentially a sheer rotation, which doesn’t affect the so-called shape. So one can say the stuff in
Fig. 8 has been transformed into another stuff without change of shape. Hence, the stuff in Fig. 8

is also an ppen cylinder .
After all, we have encountered the values \/Lg’s again and again, which is typically seen in this

proof.

8 Discussion
As suggested in |7, Discussion|, we have tried to get a deeper understanding of the BSD conjecture.

BCf. Properties 7.1.2 and 7.1.4.
16
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First, we should like to discuss the RHS of (1). We have implicitly assumed that d € N * as in
Example 3.2, where d = 5. But what if we go into C? Here we recall the point (—1,0) in Fig. 3
to imagine it is a Gaussian integer . Specifically, the point is read as —1 + 0 - 2, which leads us to
dare to replace some coefficients in the RHS’s of EC’s by pure imaginary number s. Here are two
examples:

In the following figure, the RHS of y? = x® + x (black curve) is read as x> + 1 - x. Then, the
coefficient 1 is replaced by 2 and rewritten as y> = 3 + 1 (red curve).

%i"2; f* This is confirmation.*/
wxdraw2d(color=black key="y*2=x"3+x" line_width=3,implicit {y*2=x"34+x,x,~2,2,y,-2,2),
color=red key="y*2=x"3+ix", /*'i' denotes the imaginary unit. See Glossary.*/
line_width=3,implicit (y*2=x"3+%i-%,%,~2,2,y,-2,2),
xaxis=true, yaxis=truexaxis_type=solid,yaxis_type=solid,
xaxis_width=5, yaxis_width=5,
label_alignment=left,color=blacklabel({["x-axis",1.8,-0.1]) label(["y-axis",-0.2,1.9]));

y-axis

05 -

x-axis

-0.5

Fig. 10. Outcome of replacement of ‘+x’ by ‘+ux’

3 3

Likewise, y> = 23 — x (black curve) is rewritten as y> = 2 — 1z (red curve) and visualised.

24(f. [3, Figure 1.2).

17
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wxdraw2d(color=black, key="y*2=x*3-x" line_width=3,implicit {y*2=x*3-x,x,-2,2,y,-2.2),
color=red, key="y"2=x"3-ix" line_width=3,implicit {y~2=x"3-%ixx,~-2,2,y,-2,2),
xaxis=trueyaxis=truexaxis_type=solid,yaxis_type=solid,
xaxis_width=5,yaxis_width=5,
label_alignment=left,color=black,label(["x-axis", 1.8,-0.1]),label(["y-axis",-0.2,1.5]});

yaxis

Fig. 11. Outcome of replacement of ‘—x’ by ‘—wx’

It might be noteworthy that in Fig.’s 10 and 11, (rather) simple replacement in the RHS’s gave rise
to cusp -looking points on O. Actually, such points came from the arguments about an acnode |
which is shown as the point (—1,0) in Fig. 3, and we wonder whether the so-called acnode (and
perhaps crunode as well) needs treating like sfafistical ontlier (s) in discussing the BSD conjec-
ture.

As for the EC in Fig. 1, Example 3.2 has been classified into the categories IN and OUT
simultaneously; we recall we have once seen this kind of simultaneity [7, Discussion]. On the
other hand, we now see ON and OUT in Fig. 4, ON and IN in Fig. 6. So the difference between
EC and ‘non-EC’ seems to lie in the absence/presence of the category ON in terms of SING.

Talking of identity-based decomposition of GCM, GCM A has been decomposed into the prod-
uct of B and C', where B # C. So A is the product of two different matrices, neither of which is a
SYM. Incidentally, itis known that a GCM can be written as the product of a diagonal matrix and
SYM . So the decomposition we have described might be of some additional interest. Moreover,
Property 6.11 means that A can be expressed as the sum of B and C. Thus, A can be written not
only as the product of two matrices, but also as the sum of the same matrices. Taken together, we
have

18
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A=BC=B+C. (15)

Since a matrix decomposition or matrix factorisation 1s a factorisation of a matrix mnto a product
of matrices , (15) too might be of some additional interest.
And it follows from Properties 6.7 and 6.10 that

BBY = B"B = A.

Since A is a GCM, calling matrices such as B and BT pre-GCM’s, we classify them into two
categories in terms of commutative property of multiplication . That is,

Category 1: commutative pre-GCM.
Examples. Band C'5 .
Category 2: non-commutative pre-GCM.
Examples. P and PT ™
As for Property 6.16, we discuss it in terms of whether
pP?=P (16)
holds.

Case 1. P? = P. Multiplying both sides of (16) by P, one gets P3 = P?. Since P? = P in
this case, P? = P is almost trivial.

1
Example 8.1. T'= | 0
0

o O O
o O O

] .Then, T3 =T?=T.

Case 2. P% # P. In this case, P3 = P is not so trivial as Case 1.

-1 -4 -1
0 1 0 £ U, and U3
2 4 2

1 -2 1
Example 8.2. U = 0 1 0 . Then, U? =
-2 0 =2

=U"%,

By the way, a square matrix P is called a projection matrix, if P? = B ™ , and it has been shown
that Property 6.16 comprises both P> = P and P? # P. So one might be able to say Property
6.16 is an ‘extension’ of the condition P? = P.

With regard to possible implication of CHT, we recall det A =0

, trA = 6 and compute

23See Properties 6.10 and 8.10.

26See Property 6.18.

27U can be slightly generalised. See 9.2.
Bt [8].

2See Property 6.1.

3See Property 6.2.
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trA?2 =¥ tr 3A = 18. So using (9), we obtain A% —6A4%+9A = O, which we view as analogous
to

x> —6x% + 9z = 0.

LHS of this equation can be factored as z(x — 3)?. Furthermore, since A> = 3A™ | we have
A3 —3A% = Oz and thus A% —3-3A4 = A% —9A = Os. That is, we can also consider 2% — 322 = 0
and 2° — 9z = 0, whose LHS’s are factored as z%(z — 3) and (z — 3)x(z + 3), respectively. So
using CHT, one can derive the RHS’s of the equations

1. y* =z(z — 3)%

2. y* = 2*(x — 3),

3.y =(r—3)z(z+3)S
from a GCM. 1 and 2 are ‘non-EC’s’, whereas 3 is an EC. To sum up, arguments about GCM
and CHT we have so far made ® don’t seem pointless from a viewpoint of the BSD conjecture, to

which an EC is relevant (hopefully).
By the way, what if we ‘extend’ (7) to consider

(w =)+ =2+ (z—a) =17 (17
where € R? We make the following definition.
Definition 8.3. Cyl(r) == (x —y)* + (y — 2)* + (z — x)* — r™.

Remark 8.4. Setting Cyl(1) = 0 yields (x —y)?+ (y — 2)*+ (2 — z)* = 1, which is essentially
the same as (11).
Now let 7 tend to 0. In other words, we consider liné Cyl(r). Then, we get Cyl(0) = (z —y)? +
r—
(y — 2)* + (2 — z)?, the LHS of (17). Equating this with 0, we get (7) and thus the line z = y = 2
[4, Discussion|. Hence, C'yl(r) was made to ‘shrink’ to become a line, which leads us to raise the

following questions.
Question 8.5. Does this kind of reasoning have something to do with non-contractibility ?

Question 8.6. Can deriving a line from such ‘shrinking’ offer something significant to the very
concept of cylinder and/or line?

Unfortunately, we find difficulty in answering these questions at the time of writing, but it might
be worth trying to answer them.

31See Property 6.3.
32Ditto.

33Cf. |9, FIGURE 4.3].
3See 6 and 7.
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0 1 -1
We compute %3 = [ -1 0 1 =V, for that matter, and point out the following.

1 -1 0

Property 8.7. detV = 0.
Property 8.8. trV = 0.

These properties remind us of Properties 6.14 and 6.15; matrices whose det and tr are 0 are not
unusual. For example, see [10, Remarks 3.4 and 3.5]. Besides, we refer to the Sobel filter [11] that
uses the matrices

-1 0 1 -1 -2 -1
W:[—QOQ] and X:[O 0 0],

-1 0 1 1 2 1

where det W = trWW = det X = trX = 0. We further point out the following.
Property 8.9. VI = —V. So V is skew-symmetric .

Property 8.10. VVT = VTV = A. So V and VT exemplify Category 1, commutative pre-
GCM.

Now we try applying ‘trinions’ (¢,’s) [12] to (1). Let z, y be
T =1+ Tal + T3f, Y=Y+ Yol + Yl T1,T2,%3 01,92,y € R [7,(12)]. (18)

For convenience, below is MT of ¢,’s [12, Table 1].

ol o = =
O O~ |.

X
1
i
J

S| ol ]

Using (18) and this MT, one gets

{ 23 = a3 + 323 (i + x37), (7, (13)]
y? =y + 2u1(y2i + ysJ)-

Substituting these into (1), one gets
y2 + 2y1 (y2i + y3j) = 23 + 322 (w91 + x35) — d*(21 + T2 + 237).
After some computation, this becomes
2l + d? (2y1y2 — 323wy + d*x2)i + (2y1y3 — 3xiws + d*x3)j =0
Yy —xy 1+ (2Y1Y2 — O0X1 X2 Z2)t Y1Ys — oT1x3 x3)] .
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So we have

yi = o} — &y, (19)
2y = 3121y — d*x, (20)
2y1y3 = 3xiws — d*xs. (21)

(19) is essentially the same as (1). Considering the coordinate (1, z2, y1, y2), one can regard (20)
as something four-dimensional. (21) can also be regarded as something four-dimensional by con-
sidering the coordinate (x4, 3,41, y3). Moreover, if we go so far as to ‘merge’ those coordinates
to consider (z1, T2, T3, Y1, Y2, Y3 ), we will be faced with something six-dimensional. Given that we
didn’t present a single counterexample to the BSD conjecture, let alone its proof, it seems sensible
to refrain from going too far for the moment, though one might be able to imagine four-dimensional
version of the conjecture in case it should be wrong.

Finally, we should like to touch on TPC. Letting p, g € N be a prime and prime gap , respec-
tively, we state our current view on fwin prime pairs :

(p,p+ 2) : intractable in terms of proof,
(p,p+ 3) : watershed of tractability,
(p,p+ g), where g > 4 : tractable in terms of proof.

Concretely, the above ‘watershed’ is (2,5(= 2 + 3)), where 2 1s a prime . Since 5 is the midpoint

of 2 and 8 in RY, we recall (3) and Remark 3.1 to regard 2 and 8 as ‘SING’s’ in N in a similar
manner. Thus, we have drawn a parallel between the BSD conjecture and TPC. Of course, our
arguments leading to such a parallel have been at best speculative. Nonetheless, we wonder if they
can be regarded as a deeper understanding of the BSD conjecture suggested in |7, Discussion).

Acknowledgment. We should like to thank the developers of GIMP, PostScript , and wx=
Maxima for their indirect help, which enabled us to prepare figures for submission.
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9 Appendix

9.1 ‘Quasi-EC’s?

In what follows, we show a few things we have recently run across; they look relevant to our
current interest for some reason.
Firstly,

1
arcsin(1)

z

=1, wherez = —z + 1y, (22)

which is visualised as follows.

Zi=X+%biy;

load{draw)$

draw2d(enhanced3d=true,xaxis=true,yaxis=true,xlabel="x",ylabel="y",
implicit(1/asin(1/z)=1,x,-2,2,y,-2,2));

Gnuplot (window id : 0) - O Q

FARTES P
[g2d(implicyy) | & EH & # @ @ @ 3 2

_Z /

-2

-2.51961,-2.38534

Fig. 12. Something that seems a ‘quasi-EC’
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Some might feel like referring to teardrop curve , while others might get reminded of Fig. 1.

Secondly,

z = arcsin(z?), where z = —x + 1y, (23)

which is visualised as follows.

=X +%i+y;

load(draw)s

draw2d(enhanced3d=true xaxis=trueyaxis=truexlabel="x"ylabel="y",
implicit(z=asin(z"2),x,-2,2,y,-2,2));

%l y—x
[gr2d(implicit)]

Gnuplot (window id : 0) - O Q

B EH @ & @aaa & ?

2 Illl
15 F /
1k /
iy
05 /S
S
F,
——
= 0 <~ } (
— —
l"\
hY
.5 \
\
\
1 \\
A
"“I
15 i
2 L L L i L \ L L
-2 -15 -1 15 aQ 05 1 1.5 2

-2.51961,-2.38534

Fig. 13. Another thing that also seems a ‘quasi-EC’

Some might point out a cusp -looking point around (—1.5, 0), whereas others might get reminded
of Fig. 1.

Thirdly,

1
arcsin(—) = 1, where z = —z + 1y, (24)
z

which is also visualised:
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Zi-X+%i-y;

load({draw)5

draw2d(enhanced3d=true,xaxis=trueyaxis=truexlabel="x",ylabel="y",
implicit(asin(1/z)=1,x,-2,2,y,-2,2));

%i y-x

Gnuplot (window id : 0) — @ Q
[gr2d(implicit)]

Bl =@ # @a@aa & ?

2

15

05

P
= 0 ( I
A .//
M
05
2
-2 15 1 ) o [ 15 2
x

Fig. 14. Something that seems a part of ‘quasi-EC’

Some might recall cubic egg , whereas others a ‘fragment’ of Cycloid of Ceva . That said, we are
not sure whether we can locate the SING’s of (22) — (24) in Fig.’s 12 — 14 at the time of writing.

9.2 Slight generalisation of Example 8.2

1 -2 1 -1 a—4 -1
LetY = 0 1 0 |,wherea € R. Then, Y? = 0 1 0 #£Y,and Y3
-2 a -2 2 4—a 2
1 -2 1
= 0O 1 O =Y. Thus, Example 8.2 has been slightly generalised = .
-2 a =2

351n other words, U is a special case of Y.
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